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TOPOLOGY OF CERTAIN SUBMANIFOLDS
IN THE EUCLIDEAN SPHERE

Y. L. XIN

ABSTRACT. Using the nonexistence theorem for stable harmonic maps, we study the
fundamental group of certain submanifolds in the Euclidean sphere.

1. Introduction. In [3] R. Schoen and S. T. Yau made the first attempt to study
the geometry of manifolds by using harmonic maps. They proved that if M is a
complete noncompact stable immersed hypersurface in a manifold of nonnegative
curvature and D is a compact domain in M with smooth simply connected
boundary, then there is no nontrivial homomorphism from #,(D) into the funda-
mental group of a compact manifold with nonpositive curvature.

In this paper we consider certain submanifolds in the Euclidean sphere. First of
all we generalize the nonexistence theorem in our previous paper [S] as follows:

Let M be a compact n-dimensional immersed submanifold with second funda-
mental form B and mean curvature H in the Euclidean sphere. When n > 2 + B
there is no nonconstant stable harmonic map from M to any Riemannian manifold
N, where

n 1/2

5-( 3 a@.n,) - @n,)))
1=

According to the J. Simons’ theorem [4], when M as above is minimal, it cannot be

stable.

Using the above nonexistence theorem and Eells-Sampson’s theorem [1], we find
a topological restriction similar to that in Schoen-Yau’s theorem. The result is the
following:

Let M be a compact n-dimensional submanifold with second fundamental form
B and mean curvature H in the Euclidean sphere. When n > 2 + B there is no
nontrivial homomorphism from the fundamental group #,(M) into the fundamen-
tal group of a compact manifold with nonpositive curvature.

2. Preliminary notation. We refer the basic notion about harmonic maps to the
paper [2]. Our purpose in this section is to sketch the immersed submanifolds.

Let M be a compact n-dimensional Riemannian manifold in M, which is an
m-dimensional Riemannian manifold. Set m = n + p, where p is the codimension
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644 Y. L. XIN

of M in M. We shall use the following ranges of indices throughout this paper:
1<A,B,C,...<m=n+p,
1<i,j,k,1<n,
n+1<a,B,v,... <n+p.
Let TM and NM denote the tangent bundle and the normal bundle of M,
respectively, such that for any x € M C M we have an orthogonal splitting
T.(M) = T (M) ® N.(M).

With respect to this splitting we decompose any vector X € T, (M Yas X = (X)T @
0.4 )” M inherits the Riemannian connection from one V of M as follows: let X
and ¥ be vector fields on M. Then for X = X (x)

v, ¥ =(V.7), 2.1)
which is the unique Riemannian connection induced by the metric inherited from
M.

The second fundamental form of M in M is a section of Hom(TM ® TM, NM),
defined as follows: forany X, Y € T .M

Byy = (V.7)" 22)

where Y is an extension of Y to a local tangent vector field on M. At each point
x € M, B, represents a symmetric bilinear map of T, M into N M. Thus we can
define

H,_ = trace(B,) (23)
for each x € M. H is called a mean curvature vector field.
Sometimes it is convenient to consider B in adjoint form. For » € N.M we
define 4”: T, M — T, M with
s AT
A47(x) = -(V,5) (24)

for X € T, M, where 7 is any local extension of » to a normal vector field. It is easy
to check the relation

<A v(X), Y> = <BX,Y9 ">' (2‘5)
We define the squared length of B at each x € M in the usual way as
”B"2 2 " ¢,¢j"2 (2‘6)
ijm=1
where {e,, .. ., ¢,} is a local orthonormal basis of M.

Let R and R be the curvature tensors of M and M, respectively. For any X, Y, Z,
W € T M we have Gauss’ formula for submanifolds:

(RyyZ, W) = <Ex,yz’ W5 — {Byw> Byz) + {Bxz Byw>; 2.7)

which we shall have occasion to use below. We adopt the sign convention of [2]

about the curvature.
Let us consider a submanifold in the Euclidean sphere M c S™ c R™*!, Let §
denote the (n + 1)-dimensional vector space of vector fields on $™ by
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TOPOLOGY OF CERTAIN SUBMANIFOLDS 645

0 = {grad f|gn: fis linear on R™*'}.
For any V € 0 there is a unique decomposition ¥V|,, = VT + V. We denote
0T =(VvT:V €98).
It is easy to check the following relations:
VWV =- X, VT 238)
and
vV, VT =4""(x) - fx. (2.9)
3. The proof of the results. Let M C S™ be a compact immersed submanifold.
We consider any harmonic map ¢: M — M, where the image manifold is any
Riemannian manifold. By means of this map ¢ we obtain an induced vector bundle
¢~'TM over M which inherits a Riemannian connection V from the canonical
connection in M. Choose a local orthonormal basis {e;}, such that (V,e). =0ata
given point x € M. For ¥'T € 07, taking the cross section ¢, V7, we have the
following lemmas:

LeEmMMA 3.1.
ve,‘l’:u(ve, VT) = <(Ve,A)V (e,.), ej>¢#ej - <B¢,,¢,a Be,,VT>¢atej

+<Be,,ej’ VN>ve,¢¢ej — ¢, VT, (3.1)

ProoF. Using (2.5), (2.8) and (2.9), we have
V,0u(Vo V) = V.0,(47"(e) ~ fo)
= V.0.(4""(e), e3¢, = VT, €06,
=V,<47"(e), ¢)d,6 — 0, V7
= (V4" (e), e>0,6 + (A" (e), 6>V, b0, — 0, VT
= (T,4)"(e) 3%y + <AT"(e), 69,6,
+<B,,, V">V 0,6 — 0,V

al

= <(V¢,A)V (ei)’ ej)‘l’.ej - <B¢:.9’ Be,,V7'>¢‘ej
+<Be,,ej’ VN>V¢,¢‘ej - ¢* VT- Q.E.D.

LeEmMMA 3.2.
@ (V*VYVT) = <(V,,A)V (&) g>by6; — (B, yr, B, ,>b,6 — ¢, V. (32)
ProOF. Using (2.5), (2.8) and (2.9), we obtain
¢ (VEVPT) = 6,(V, V. VT) = 6,V (4" (e) — fo))
= 0,((v.4)" (e) + 4%""(e) = V7)
= $4(<(V.,4)""(€), ¢e, — <B,,yr B, ,>e — V7)

= {(V.4)" (e): 606 — <Boyr, B, b0t — 6, V7.
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646 Y. L. XIN
LeEMMA 3.3.
~V* 00, VT = RM(4,6, 0,V )by, + (2 — M, V7T
—{(,4)"" (@), €646 — <H, Byr, 0,6
~XB,,, V">V 0,6+ KB, . B, y>d,e.  (33)

PROOF. In our case M C S™ by using Gauss formula (2.7), we have
RyyZ, W) =XX,ZXY, W) — (X, WXY,Z)
—{Bx,w> Byz) + {Bx_z, By,w)-

Hence
(Ric Y, W) = (R, ye, W)

= (n— 1KY, W) — (B, B, y> + <H, Byy>.
Namely
Ric Y = (n — 1)Y — (B, y, B, D¢, + (H, By, e, (34)
By Weitzenbock’s formula and (3.4)
~(F*V dp) VT = RM(9,e, 9,V )b, € — ¢,(Ric V')
= R¥(9,6, 9,V )oy6 ~ (n = Do, V'™
+{B, yr, B, >d,6 — CH, Byr )d,¢;. (3:5)
Thus from (3.1), (3.2) and (3.5), we have
-V, ¥vT = -0,V do(v7)
=-V.((V, dp)V™ + de(V, V7))
(V V, do)vT — 2V, de)V VT — dp(V, V. VT)
-(9.9, do)v7 —27,0,(V,¥7) + ¢,(7.9.V7)
= R”(¢.e,-, 6.V )bue, — (1 — Do, VT
+<{B, yr, B, >d,¢ — (H, Byr,)d,¢
~2(v,4)"" (), >0.¢, + 2B ee? B, yT)P0€
~XB,., V">V, 0.6+ 2,V
+4(V,4)"" (@), ¢>bs6; — (B, yr, B, dbee; — ¢, VT
= R¥(p,0, 6,77 )bues + (2 — )b, VT — (V,4)""(e), ¢>,e,
—(H, Byr, Y6 — %B, ., V')V, 6,6 + 2B, ,, B, yr>¢,6. QED..

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



TOPOLOGY OF CERTAIN SUBMANIFOLDS 647

Using the second variation formula for harmonic maps, we have
i=1(¢,v7, 6,V7)

= fM<-?*§¢, VT = RM(¢,0, 0V )byer 6, V7D # 1

= [ {@ - mis, v
M
_ [<(v,, 4)"e) ey + X(B,,, B, y> —(H, Byr, >]

(046r 0VTY — 2B, ., V3V 0,6, 6,V >} + 1. (36)

Now we choose an orthonormal basis {x, e, »,} for R¥*!, where ¢, are (parallel
to) tangent vectors to M at the point x € M. This basis determines an orthonormal
basis {X, E, F,} for 8 and a corresponding basis {X7, E, FT} for 87 such that
X(x) =0, E(x) = ¢, and F,(x) = »,, namely ET(x) = ¢, E¥(x) =0, F/(x) =0
and F(x) = »,. Hence

trace i = (2 = W)E@) + [ [XB,,, B,o> = CH, B, bses d06) + 1
(3.7)

where E(¢) is the energy integral of the harmonic map ¢. ‘
We have the following lemma whose proof is not difficult; we leave it to the
readers.

LEMMA 3.4. If A and B are symmetric matrices and B is semipositive definite, then
trace AB < (trace A%)'/*trace B.

Therefore (3.7) becomes

trace i < (2 — n)E(¢) + fM Blbyen, dpe> 1, (3.8)

where

n 1/2
B =( > (xB,.,B,,> - <H, B,,,,,>)’) .

ij=1
Thus we obtain the following:

THEOREM 1. Let M be an n-dimensional compact submanifold with second funda-
mental form B and mean curvature H in the Euclidean sphere S™. Whenn > 2 + B
there is no nonconstant stable harmonic map from M to any Riemannian manifold,
where

n 1/2
B =( > (xB,.,B,.>—<H,B,, >)’) .

=1

REMARK. If B = O, M is a sphere S” with the usual totally geodesic imbedding,
this theorem becomes Theorem 3.1 of our previous paper [5].
Using the above Theorem 1, we obtain a certain topological restriction on M.
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648 Y. L. XIN

THEOREM 2. Let M be an n-dimensional compact submanifold with second funda-
mental form B and mean curvature H in the Euclidean sphere S™ and let M be a
compact Riemannian manifold with nonpositive sectional curvature. If n > 2 + B,
then there is no nontrivial homomorphism from the fundamental group m,(M) into
ﬂ,(ﬁ ), where

. n L\
B = (,—El (2<Bek,¢,»’ Be,‘,ej> - <H’ Be,,ej>) ) °

PROOF. Let h: 7,(M) — 7,(M) be a homomorphism. Since M is compact and M
is K(w, 1), there exists a smooth map f: M — M, such that its induced map S
between the fundamental groups is 4. By Eells-Sampson’s theorem [1] there exists a
harmonic map ¢ which is homotopic to f and has minimum energy in its homotopy
class. It follows both that ¢, = h and that ¢ is a stable harmonic map. But
Theorem 1 tells us ¢ is constant so that A is trivial. Q.E.D.
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