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Abstract

We consider the metric space of all toric Kéhler metrics on a
compact toric manifold; when “looking at it from infinity” (fol-
lowing Gromov), we obtain the tangent cone at infinity, which
is parametrized by equivalence classes of complete geodesics. In
the present paper, we study the associated limit for the family of
metrics on the toric variety, its quantization, and degeneration of
generic divisors.

The limits of the corresponding Kahler polarizations become
degenerate along the Lagrangian fibration defined by the moment
map. This allows us to interpolate continuously between geomet-
ric quantizations in the holomorphic and real polarizations and
show that the monomial holomorphic sections of the prequantum
bundle converge to Dirac delta distributions supported on Bohr-
Sommerfeld fibers.

In the second part, we use these families of toric metric degen-
erations to study the limit of compact hypersurface amoebas and
show that in Legendre transformed variables they are described
by tropical amoebas. We believe that our approach gives a differ-
ent, complementary, perspective on the relation between complex
algebraic geometry and tropical geometry.
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1. Introduction and main results

Studying families of toric Kahler metrics on a smooth toric variety,
we investigate limits corresponding to holomorphic Lagrangian distri-
butions degenerating to the real Lagrangian torus fibration defined by
the moment map. We use methods of Kéhler geometry and geometric
quantization, which permits us to consider degenerations even though
the algebraic-geometric moduli space of complex structures associated
to toric varieties consists of a point only. More precisely (see Section
2.3), we consider the space of all toric Kéhler metrics on a fixed very
ample toric line bundle, and the limits we take along complete geodesics
are parametrized in a natural way by the tangent cone at infinity of this
space. Below, we study the associated limit for the corresponding fam-
ily of metrics on the toric variety, its quantization, and degeneration of
generic divisors. While the metric limits are distinct across the tangent
cone at infinity, the limit lagrangian foliation is the same for all points.

This approach permits us to obtain the following main results. Let
P be a Delzant polytope and let Xp be the associated compact toric
variety [De]. Let ¢ € C°°(P) be a smooth function with positive definite
Hessian on P. Such a % defines a complete geodesic in the space of toric
Kahler metrics (see Section 2.3). Then,

1. In Theorem 1.1, we determine the weakly covariantly constant
sections of the natural line bundle on Xp with respect to the
(singular) real polarization defined by the Lagrangian fibration
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given by the moment map pp. In particular, we see that they are
naturally indexed by the integer points in the polytope P.

2. We show in Theorem 1.2 that the family of Kahler polarizations
corresponding to the mentioned geodesic converges to the real po-
larization, independently of the direction 1 of deformation.

3. Theorem 1.3 states that the holomorphic monomial sections of the
natural line bundle converge to the Dirac delta distributions sup-
ported on the corresponding Bohr-Sommerfeld orbit of Theorem
1.1.

For the class of symplectic toric manifolds, this solves the im-
portant question, in the context of geometric quantization, on the
explicit link between Kéahler polarized Hilbert spaces and real po-
larized ones, in particular in a situation where the real polarization
is singular. For a different, but related, recent result in this direc-
tion see [BGU].

4. We show that the compact amoebas [GKZ, FPT, Mi] of complex
hypersurface varieties in Xp converge in the Hausdorff metric to
tropical amoebas in the (1)-dependent) variables defined from the
symplectic ones via the Legendre transform

ﬁdj P - ﬁwP C R"”
o
(1) u = Ly)=5-(2).
This framework gives a new way of obtaining tropical geometry
from complex algebraic geometry by degenerating the ambient
toric metric rather than taking a limit of deformations of the com-
plex field [Mi, EKL].

Another significative difference is that the limit amoebas de-
scribed above live inside the compact image £, P and are tropical
in the interior of Ly P.

Let us describe these results in more detail.

1.1. Geometric quantization of toric varieties. Let P be a Delzant
polytope with vertices in Z" defining, via the Delzant construction [De],
a compact symplectic toric manifold (Xp,w, T™, up), with moment map
up. Let Pr C (T'Xp)c be the (singular) real polarization, in the sense of
geometric quantization [Wo|, corresponding to the orbits of the Hamil-
tonian T™ action. The Delzant construction also defines a complex
structure Jp on Xp such that the pair (w, Jp), is Kéhler, with Kéhler
polarization Pc. In addition, the polytope P defines, canonically, an
equivariant Jp-holomorphic line bundle, L — Xp with curvature —iw
[Od].

A result, usually attributed to Danilov and Atiyah [Da, GGK], states
that the number of integer points in P, which are equal to the images
under pp of the Bohr-Sommerfeld (BS) fibers of the real polarization
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Pr, is equal to the number of holomorphic sections of L, i.e. to the
dimensionality of H°(Xp, L).

An important general problem in geometric quantization is under-
standing the relation between quantizations associated to different po-
larizations and, in particular, between real and holomorphic quantiza-
tions. Hitchin [Hi] has shown that, in some general situations, the
bundle of quantum Hilbert spaces over the space of deformations of
the complex structure, is equipped with a (projectively) flat connection
that provides the identification between holomorphic quantizations cor-
responding to different complex structures. These results do not, how-
ever, directly apply in the present situation as the complex structure
on a toric variety is rigid. Concerning real polarizations, Sniatycki [Sn]
has shown that for non-singular real polarizations of arbitrary (quan-
tizable) symplectic manifolds, the set of BS fibers is in bijective cor-
respondence with a generating set for the space of cohomological wave
functions which define the quantum Hilbert space in the real polar-
ization. Explicit geometro-analytic relations between real polarization
wave functions and holomorphic ones via degenerating families of com-
plex structures have been found for theta functions on abelian varieties
(see [FMN, BMN] and references therein). Similar studies have been
performed for cotangent bundles of Lie groups [Hal, FMMN]. Some
of the results in this paper, in fact, are related to these results for the
case (T*S1)" = (C*)", where in the present setting (C*)" becomes the
open dense orbit in the toric variety Xp.

As opposed to all these cases, however, the real polarization of a
compact toric variety always contains singular fibers. As was shown by
Hamilton [Ham)]|, the sheaf cohomology used by Sniatycki only detects
the non-singular BS leaves. Also, a possible model for the real quanti-
zation that includes the singular fibers has recently been described in
[BGU].

If, on one hand, it is natural to expect that by finding a family of
(Kéhler) complex structures degenerating to the real polarization, the
holomorphic sections will converge to delta distributions supported at
the BS fibers, on the other hand, it was unclear how to achieve such be-
havior from the simple monomial sections characteristic of holomorphic
line bundles on toric manifolds (where the series characteristic of theta
functions on Abelian varieties are absent).

The detailed study of the degenerating Kéhler structures and their
quantization is made possible by Abreu’s description of toric complex
structures [Ab1l, Ab2], following Guillemin’s characterization of a ca-
nonical toric Kéhler metric on (Xp,w) determined by a symplectic po-
tential gp : P — R [Gui]. In particular, for any pair of smooth func-
tions ¢, satisfying certain convexity conditions (see Section 2.1), the
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functions g;

(2) S+ gs=gp—+ o+ sy,

are admissible as symplectic potentials, i.e. define toric Kéhler metrics
for all positive s.

The quantization of a compact symplectic manifold in the real po-
larization is given by distributional sections. In this case, conditions of
covariant constancy of the wave functions have to be understood as local
rather than pointwise (see, for instance, [Ki]) and the relevant piece of
data is the sheaf of smooth local sections of a polarization P, C*°(P).

Applying this approach just outlined, in Section 3.1 we obtain a de-
scription of the quantum space of the real polarization Qr. The main
technical difference as compared with the techniques of [Sn| (applied
to the present situation in [Ham]) consists in the fact that we do not
only use the sheaf of sections in the kernel of covariant differentiation,
but also the cokernel. It is therefore not surprising that our result dif-
fers from that of [Ham]|, where the dimension is given by the number

of non-degenerate Bohr-Sommerfeld fibers only. In contrast to this, we
find

Theorem 1.1. For the singular real polarization Pgr defined by the
moment map, the space of covariantly constant distributional sections of
the prequantum line bundle L, is spanned by one section 6™ per Bohr-
Sommerfeld fiber ,ul_gl(m), m € PNZ", with

supp 0™ = ' (m).

But not only does the result of the quantization in the real polariza-
tion change; actually, the weak equations of covariant constancy allow
for a continuous passage from quantization in complex to real polariza-
tions. The first step in this direction is to verify that the conditions
imposed on distributional sections by the set of equations of covariant
constancy converge in a suitable sense: if we denote by P¢ the holomor-
phic polarization corresponding to the complex structure defined by (2),
our second main finding is

Theorem 1.2. For any ¢ € CF, . ((P), we have

O (lim Pg) = C(P),

where the limit is taken in the positive Lagrangian Grassmannian of the
complezified tangent space at each point in Xp.

Identifying holomorphic sections with distributional sections in the
usual way (as in [Gun], but making use of the Liouville measure on
the base) we may actually keep track of the monomial basis of holomor-
phic sections as s changes and show that they converge in the space of
distributional sections.
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Consider the prequantum bundle L,, equipped with the holomorphic
structure defined by the prequantum connection V, defined in (12),
and by the complex structure Js corresponding to gs in (2). Let ¢ :
C>®(Ly) — (C(L5Y)) be the natural injection of the space of smooth
into distributional sections defined in (13). For any lattice point m €
PNZ", let o € C*°(L,) be the associated Js—holomorphic section of
L, and 0™ the delta distribution from the previous Theorem. Our third
main result is the following;:

Theorem 1.3. For any 1 strictly conver in a neighborhood of P
and m € PNZ", consider the family of L' —normalized Js-holomorphic
sections

m

RT3 s &M= 22 € CF(Ly,) ¢ (CX(LGY))

ozl

Then, as s — 0o, L(£7) converges to 6™ in (C°(L;1)).

Remark 1.4. Note that the sections 07,07 are L?—orthogonal for
m#m'.

Remark 1.5. We note that the set up above can be easily generalized
to a larger family of deformations given by symplectic potentials of the
form gs = gp + ¢ + ¥, where 9, is a family of smooth strictly convex
functions on P, such that %1,!)3 has a strictly convex limit in the C?-norm
in C*(P).

Remark 1.6. For non-compact symplectic toric manifolds Xp, the
symplectic potentials in (2) still define compatible complex structures
on Xp; however, Abreu’s theorem no longer holds. Theorems 1.2 and
1.3 remain valid in the non-compact case, if one assumes uniform strict
convexity of ¢ for the latter.

As mentioned above, these results provide a setup for relating quan-
tizations in different polarizations. In particular, Theorem 1.3 gives an
explicit analytic relation between holomorphic and real wave functions
by considering families of complex structures converging to a degenerate
point.

1.2. Compact tropical amoebas. Let now Y, denote the one-parame-
ter family of hypersurfaces in (Xp, Js) given by

3 Y= {p €Xp i Y ane Mol (p) = o} ,

mePNZ"
where a,, € C*,v(m) € R,Vm € PNZ". The image of Y5 in P under
the moment map pp is naturally called the compact amoeba of Yj.
Note that Yy is a complex submanifold of Xp equipped with the Kéhler
structure (Js,vs = w(.,Js.)). This is in contrast with the compact
amoeba of [GKZ, FPT, Mi| where the Kahler structure is held fixed.
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Using the family of Legendre transforms in (1) associated to the po-
tentials g5 on the open orbit, we relate the intersection pp(Ys)N P with
the Logi-amoeba of [FPT, Mi] for finite ¢t = e®. For s — oo, the Haus-
dorff limit of the compact amoeba is then characterized by the tropical
amoeba Ay, defined as the support of non-differentiability, or corner
locus, of the piecewise smooth continuous function R"™ — R,

¢
u = mg}Dagizn{ m-u—v(m)}.

In Section 4, we show that, as s — oo, the amoebas up(Ys) converge
in the Hausdorfl metric to a limit amoeba Aj;,. The relation between
Agrop and Ay is given by a projection m : R" — L, P (defined in
Lemma 4.7, see Figure 3) determined by ¢ and the combinatorics of the
fan of P. The fourth main result is, then:

Theorem 1.7. The limit amoeba is given by
ﬁw-Alim = 7"'-"ltrop'

Remark 1.8. There is a set with non-empty interior of valuations
v(m) in (3), the convex projection mAyop coincides with the intersection
of Agrop With the image of the moment polytope £, P. In particular, if
Y(x) = %, then £, = Idp and Ay, is a (compact part) of a tropical
amoeba, see Figure 5.

Remark 1.9. Note that for quadratic ¥ (z) = tx% + tbx, where
G = G > 0, the limit amoeba Aj;,, C P itself is piecewise linear.

Under certain conditions concerning ), this construction produces
naturally a singular affine manifold LyAjiy, with a metric structure
(induced from the inverse of the Hessian of ). In the last Section we
comment on the possible relation of this result to the study of mirror
symmetry from the SYZ viewpoint.

Acknowledgements. We wish to thank Miguel Abreu for many useful
conversations and for suggesting possible applications to tropical geom-
etry. We would also like to thank the referees for thoughtful suggestions
that led to substantial improvements in content and exposition.

2. Preliminaries and notation

Let us briefly review a few facts concerning compatible complex struc-
tures on toric symplectic manifolds and also fix some notation. For re-
views on toric varieties, see [Co, Da, dS]. Consider a Delzant lattice
polytope P C R" given by

(4) P={zxeR" : {(x) >0,r=1,...,d},
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where

L, : R — R
(5) L(z) = ‘ver— A,
A € Z and v, are primitive vectors of the lattice Z"™ C R", inward-
pointing and normal to the r-th facet, i.e. codimension-1 face of P. We
denote the interior of P by P, and the convex hull of k£ points vy, ..., v
by <U1, ‘e ,?)k>.

Let Xp be the associated smooth toric variety, with moment map
up : Xp — P. On the open dense orbit Xp = ,u;l(P) = P x T", one
considers symplectic, or action-angle, coordinates (z,0) € P x T" for
which the symplectic form is the standard one, w = "7 | dz; A df; and
/LP(ipv 0) =Z.

2.1. Symplectic potentials for toric Kéahler structures. Recall
([Abl, Ab2]) that any compatible complex structure on Xp can be
written via a symplectic potential ¢ = gp + ¢, where gp € 000(15) is
given by [Gui]

1 d
(6) =5Z z)log y(x),

and ¢ belongs to the convex set, C2° (P) C C°°(P), of functions ¢ such

that Hess,(gp + ¢) is positive definite on P and satisfies the regularity
conditions
-1
(7) det(Hess,(gp + ¢)) = [a(m)ﬂleﬁr(az)] ,
for a smooth and strictly positive on P, as described in [Abl, Ab2].
The complex structure J associated to a potential g = gp + ¢ and
the Kéhler metric v = w(-, J-) are given by

(8) J=<G05G_1>;7=<%0G_1>,

where G = Hess g > 0 is the Hessian of g. For recent applications of
this result see e.g. [Do, MSY, SeD].
The complex coordinates are related with the symplectic ones by a

bijective Legendre transform

o 0

Poz—y= 99 ¢ R"™,

ox
that is, ¢ fixes an equivariant biholomorphism P x T = (cHm,
P xT" 3 (x,0) — w= e’ e (C*)™.

The inverse transformation is given by =z = g_Z’ where

9) hy) =tz(y)y — g(z(y)).
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Let us describe coordinate charts covering the rest of Xp, that is,
the loci of compactification. Using the Legendre transform associated
to the symplectic potential g, one can describe, in particular, holomor-
phic charts around the fixed points of the torus action. Consider, for
any vertex v of P, any ordering of the n facets that contain v; upon
reordering the indices, one may suppose that

l(v) = =Ly(v) =0.
Consider the affine change of variables on P
li =li(x) ="ve — N, Vi=1,...,n, ie. 1= Ax—\

where A = (A4;; = (1)) € Gl(n,Z) and X € Z". This induces a change
of variables on the open orbit X P,

PxT" 3 (z,0) — (I = Az—X\, 0 ='A710) € (AP—\)xT" C (RS)"xT"

such that w = > dz; Adb; = > dl; A dY;.
Consider now the union

Po={v}u |J F
F face
veEF

of the interior of all faces adjacent to v and set V, := ,ul_gl(pv) C Xp.
This is an open neighborhood of the fixed point ,ul_gl(v), and it carries
a smooth chart V,, — C" that glues to the chart on the open orbit as

(10) (AP =N xT"3 (1,9) = w, = (wy, =T e C™,

where y;, = gTi’ We will call this “the chart at v” for short, dropping
any reference to the choice of ordering of the facets at v to disburden
the notation; usually we will then write simply w; for the components
of w,. It is easy to see that a change of coordinates between two such
charts, at two vertices v and v, is holomorphic. The complex manifold,
Wp, obtained by taking the vertex complex charts and the transition
functions between them, does not depend on the symplectic potential.
It will be convenient for us to distinguish between Xp and Wp, noting
that the g-dependent map x4 : Xp — Wp described locally by (10),
introduces the g-dependent complex structure (8) on Xp, making x, a
biholomorphism.

2.2. The prequantum line bundle. In the same way, the holomor-
phic line bundle Lp on Wp determined canonically by the polytope P
[Od], induces, via the pull-back by x4, an holomorphic structure on the



420 T. BAIER, C. FLORENTINO, J.M. MOURAO & J.P. NUNES

(smooth) prequantum line bundle L,, on Xp, as will be described below:

L,——1Lp

e

Xpi>WP

Using the charts V,, at the fixed points, one can describe Lp by

LPZ(H%X(C)/N,

where the equivalence relation ~ is given by the transition functions for
the local trivializing holomorphic sections 1,(w,) = (wy, 1) for p € V,,
AATIA-N
]]-v = ’UJ% )]lf)v
on intersections of the domains. Here, we use the data of the affine
changes of coordinates

l=t(x) = Az — ], I =0(z) = Az — A,

associated to the vertices v and v (and the order of the facets there).
Note that one also has a trivializing section on the open orbit, such

that for a vertex v € P, 1, = w,1 on Wp. However, note that the

sections 1, extend to global holomorphic sections on Wp while the ex-

tension of 1 will, in general, be meromorphic and will be holomorphic iff

0 € PNZ™. Sections in the standard basis {0™ },nepnzn € HY(Wp, Lp)

read o = o0l = 0,1y, with

m

of(w) =w", o (wy) = wy™,

in the respective domains.

The prequantum line bundle L, on the symplectic manifold Xp is,
)

analogously, defined by unitary local trivializing sections ]15 M and tran-

sition functions
itAA-IA—N G U(1
(11) ]lg(l) — e1 (AA A )\)19]1’5( )
L, is equipped with the compatible prequantum connection V, of cur-
vature —iw, defined by
(12) v1V® = —it(z — 0)dg 1YW = —if1dy 1V,

where we use £(v) = 0.
The bundle isomorphism relating L,, and Lp is determined by

]1{{(1) = eh“o“PX;]lv, vo = eho“PX;ﬁ,
where, for m € Z", hy,(z) = (v — m)% — g(x) and h is the function in

(9) defining the inverse Legendre transform.
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In these unitary local trivializations, the sections x;o™ read

X;O_m _ —hmo,upeitmGjiU(l) _ e—hmoppeitﬁ(m)ﬂ]lg(l)’
where, after an affine change of coordinates z — ¢(z) on the moment
polytope, as above, we get h,,(I) = (I — K(m))% — ¢(1). Then, for all

o€ H(Wp, Lp), Xy0 € C*°(Ly) is holomorphic, that is
VEX;O- = 0,

for any holomorphic vector field £&. That is, such sections are polarized
with respect to the distribution of holomorphic vector fields on Xp (see,
for instance, [Wo)).

To treat the real polarization defined by the moment map, we will
find it necessary to extend the operator of covariant differentiation from
smooth to distributional sections: we consider the injection of smooth
in distributional sections determined by Liouville measure,

v C®(Lyly) — C~°(Lul) = (C(LS )
(13) s = 1s(g) = [ st ’
U

where U C Xp is any open set. To extend the operator V¢ on smooth
sections to an operator we denote Vg on distributional sections we de-
mand commutativity of the diagram

COO(Lw‘U)(—L) C_OO(Lw’U)

C®(Lu|v)—— C~(Lu|v)

To determine Vé’a for a general distributional section ¢ not of the form
ts, we establish what its transpose is by integrating the operator V¢ by
parts. This gives, for any smooth section s € C°°(L|r) and smooth
test section ¢ € C°(L 1 v) ,
w" ) _ w"
( gLS) (¢) = /(VgS)(JSE = —/s <d1v£¢+ V§ 1¢> e
U U

Here we use the fact that given a connection V on L, the inverse line
bundle L_! (defined by the inverse cocycle in a trivialization) comes
naturally equipped with a connection (defined by the negative of the
connection one-forms); we will denote this connection by V~!. There-
fore, Vg is characterized by its transpose,

Vio(¢) =a('Veo), Vo CE(LS ),

where

Ve = — (divgqs + Vgl¢) .
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Remark 2.1. The formulae for the definition of weak covariant con-
stancy would become more involved if we wrote them using the Hilbert
space structure on sections of L given by the Hermitean structure. For
example, we can extend the operator of covariant differentiation by use
of the (restriction of the) adjoint of V¢ as operator on the dense subspace
C®(Ly|y) € L*(Ly|y). Note that

(5,82 = (18)(s'h), Vs,s" € C(Lylv),

where h € C* ((L, ® L,)™ ') is the Hermitean structure on the line
bundle L. This gives

(Ves,s')p2 = (5, Vis') 2 <= (18)'Ve(s'h) = (1s) (<V23’> h) ,
or
Vis=1Ve (sh) b L.

2.3. The space of toric Kiahler metrics. If we denote the set of toric
Kéhler metrics on (Xp,w) by Mp, it is parametrized by the convex set
of functions C¢% (P). The space Mp carries a Riemannian metric yu(,
introduced by Mabuchi, Semmes and Donaldson (see [SZ] and references
therein), whose geodesic segments are linear in terms of the symplectic
potential ,
s+ gp + o+ s (1 — o) -

From this, it is clear that the tangent cone at infinity (introduced by

Gromov, and which we think of as “the space seen from infinity”, cf.
[Gr, IM])

. 1
(14) TooMp := tliglo <./\/lp, ;7MP>

consists of all functions ¢ € C2° (P) with non-negative definite Hessian
on the whole interior of P, which is the necessary and sufficient condition
for the geodesic ray

(15) s+ gp+ @+ sy

to be defined for all s > 0. Denoting this set by C ~(P), we have
therefore a natural identification B

(16) TOOMP = CI?IOGSSZO(P)'
Actually, for technical reasons we will restrict mostly to the subset
To—gMP = OI?I?BSS>O(P)

of strictly convex directions in Mp, for the following reason: if we
consider the family of Riemannian metrics on Xp over Mp,

XP = MP X Xp
J/ , where (Xp), = (Xp,7y),
Mp
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Figure 1. The family of toric Kéhler metrics, schematically.

we can “lift the limit” (14) to the geodesic families. Indeed, substituting
the potential gp + ¢ + s¢ in (8) and restricting to the diagonal s = t,
we see that

1
(17) ;’Ygo+s¢ =

%Hessx (9p + ) + Hess, v 0
0 % (Hess, (gp + @) + SHeSSm¢)_1 ’

that is,
1

lim <Xp, —’y¢+sw> = (P,Hessz1) .
s

S§—00

It is in this sense that the family of toric Kahler metrics on Xp, when
seen from infinity, collapses to a family of Hessian metrics on P over
TooMp that we denote (with a slight abuse of notation) by To, Xp,

TooXp =2 P xX T o Mp
l , where (TecXp), := (P, Hessy1)).
TooMp

It is natural to turn the attention primarily to the limits which have a
non-degenerate metric, that is, to T-5Mp.

In Section 4 we will study the geometry (and how much of it can be
recovered from the limit) of generic divisors in Xp along these lines.
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TXe
. o
TacMP (h ‘

Figure 2. The family of Hessian metrics on a polytope
with limit amoebas, schematically.

3. Quantization

In this Section, we study the geometric quantization of toric sym-
plectic manifolds for the family M p of toric Kahler metrics, and their
degeneration.

3.1. Quantization in a real polarization. We begin by describing
the quantization obtained using the definition outlined above for the
singular real polarization Pr defined by the moment map

Pr = kerdup.

This means that we consider the space of weakly covariant constant
distributional sections, Qg C (C°°(L;')Y,
Qr = {0 € (CX(L,1)) |
VYW C Xp open, V¢ € C®(Prlw), V¢ (olw) =0} .
In the present Section, “covariantly constant” is always understood to
mean “covariantly constant with respect to the polarization Pr”. We
first give a result describing the local covariantly constant sections. Note

that it only depends on the local structure of the polarization, and thus
applies also in cases where globally one is not dealing with toric varieties.

Proposition 3.1. (i) Any covariantly constant section on a T"-
invariant open set W C Xp is supported on the Bohr-Sommerfeld
fibers in W.
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(ii) The distribution

() = / UM e C>®(L; N w),

pp'(m)
18 covariantly constant.
(iii) The sections 0", m € up(W)NZ"™ span the space of covariantly
constant sections on W.

Proof. Note that all the statements are local in nature. Using the
action of Sl(n,Z) on polytopes, we can reduce without loss of generality
an arbitrary Bohr-Sommerfeld fiber u;l (m) with m € P NZ" being
contained in a codimension k (and no codimension k + 1) face of P to
the form

m=(0,...,0,m) withm; >0 Vj=k+1,...,n.
——
k
Furthermore, we can cover all of Xp by charts W of special neighbor-
hoods of y5'(m) of the form
W := B.(0) x <T7L—|—] - 5,5[“"“) x Tk
with 0 < ¢ < 1 and B.(0) C R?* being the ball of radius ¢ in R?*. This
chart is glued onto the open orbit via the map,
p x T™ > (xl,...,a;n,ﬁl,...,ﬁn) —
(u1 = /x1cosv,v1 = \J/xrsinvy, ..., up = \/Tf cos Vg, vp = /T sin Vg,
Th+15--- 7mn719k+17"' 719n) € W

and therefore induces the standard symplectic form in the coordinates
u, v, x,

k n
w=Y du; Adv;+ Y da; Adv;.
j=1 j=k+1

We then trivialize the line bundle with connection L, over 1% by setting
1
V=d-i <§(tudv — todu) + tmd19> .

Therefore, we are reduced to studying the equations of covariant con-
stancy on the space of (usual) distributions C~°°(W) on W, using arbi-

trary test functions in C2°(W) and vector fields £ € C°°(Pr|;5). These
can be written as

u o o = 0
(18) E(u,v,z,9) = Zaj <“ja—vj - Uja—uj> + Z 53‘%7
j=1 J=k+1

where o, 3; are smooth functions on W.
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(i) First, note that if a distribution o is covariantly constant, it is
unchanged by parallel transport around a loop in T, while on the other
hand this parallel transport results in multiplication of all test sections
by the holonomies of the respective leaves. Explicitly, for a loop specified
by a vector a € Z", any test function 7 € C2°(W) is multiplied by the

2mita pp(u,v,2,9)

smooth function e Therefore,

st
o =¥ Py g e,

and o must be supported in the set where all the exponentials equal 1,
Le. on the Bohr-Sommerfeld fibers, where pp takes integer values.

(ii) In the chart on W, any test function 7 can be written as a Fourier
series

(19) T(w,v,z,9) = Y Flu,v,x,b)e"?,

bezZn—k

with coefficients that are smooth and compactly supported in the other
variables,

WheZh k. F(Lb) e 0% (BE(O) x (mﬂ - a,a["—k» .

The local representative of the distributional section 6™ is calculated as

0" () = / el Mo

pp'(m)

= / eitﬁ“?T(u =0,v =0,z =m,d)dd
’]I‘nfk

= T(u=0,v=0,2=m,b=—m).

Differentiating an arbitrary test function 7 along any vector field

k
0
j=1

=k+1

with constant coefficients a;, 3; in the polarization P (which is gener-
ated by such vector fields over C*°(W)) gives

1
"Wer = dré+i <§(tudv — todu) + t:ndz?) &

= Y Za]<uja j§?+i(u +v)>

bezn—k \Jj=

(20) H O By + )7 | e

j=k+1
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whence for arbitrary 7 and any such &

k ~ ~ .
oT oT i
mt _ ) ) . Z (a2 2\
(Ve = | L (w4 5084027
+i E ﬂj(a:j—i-bj)? = 0,
j=k+1

(u=0,0=0,z=m,b=—m)
so that §™ is covariantly constant.

(iii) Consider an arbitrary distribution o € C~°°(W). Using Fourier
expansion of test functions along the non-degenerating directions of the
polarization on W, as in item (ii), to o we associate a family of distri-
butions 73, on B.(0) x (m+] — £,e["*) by setting

) = o (™). o< (510, () 2e0)).
so that

a(r)= > (F(.b)).
bezn—k
It is clear that the map o — (0p)pczn—+ is injective, so we need to show
that the condition of covariant constancy

O'(tV5T) =0, VreCxr(W)¢e COO(’PR"W)
implies that
~ |0 if b # —m,
% = A (u, v,z —m) if b= —m, where A € C.
From (i) we know that &, has support at the point (u,v,z) = (0,0,m)
for each b, therefore it must be of the form (see, for instance, [Tr]
Chapter 24; here j, k, [ are multi-indices)
il +Ik|+1|

~ b ~

op = g D ———————(u,v,x —m).

b ’Y]klaujavka$l ( » Uy )
finite

Using for example a vector field £ with o; = 3; = 1 and explicit test
functions 7 that are polynomial near the point (u,v,z) = (0,0,m), it is
easy to give examples that show that if ’y;-’kl # 0 and either b #% —m or
l7] + |k + |I] > 0, then there exist £ and 7 such that

O'(tVST) 75 O,
thus producing a contradiction. q.e.d.

Immediately from this proposition follows the

Proof of Theorem 1.1. Since the open neighborhoods considered in the
Proposition are T™-invariant and the covariantly constant sections are
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supported on closed subsets, each of them can evidently be extended by
0 to give a global covariantly constant section. q.e.d.

3.2. The degenerate limit of Kihler polarizations. As mentioned
above, we will turn our attention to a family of compatible complex
structures determined by the symplectic potentials gs = gp + ¢ + s,
being interested in the limit of holomorphic polarizations, in the sense of
geometric quantization, and subsequently in the convergence of mono-
mial sections to the delta distributions just described.

In the vertex coordinate charts V,, described above, the holomorphic
polarizations are given by

0
P¢ = spang {%:jzl,...,n}.
J

Let Pr stand for the vertical polarization, that is
Pr := kerdup,

which is real and singular above the boundary 0P. Let now P> :=
limg_ o, P where the limit is taken in the positive Lagrangian Grass-
mannian of the complexified tangent space at each point in Xp.

Lemma 3.2. On the open orbit Xp, P = Pr.

Proof. By direct calculation,
0 0
= E Gy, —

where
(Gs)jr = Hess g5
is the Hessian of gs. Since G5 > sHess¢ > 0, (G71) 5 — 0 and

s

span, i = span i—ii — span i
PR By [ TP By o, PARe B, |-

q.e.d.

At the points of Xp that do not lie in the open orbit, the holomorphic
polarization “in the degenerate angular directions” is independent of g,
in the following sense:

Lemma 3.3. Consider two charts around a fixed point v € P, wy,, Wy, :
Vi — C™, specified by symplectic potentials g # g.
Whenever wj = 0, also w; =0, and at these points
0 0

c.-Z—c..% i=1. . .n
ow; ow,” - "
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Proof. According to the description of the charts,
ZUj = wjf,
where f is a real-valued function, smooth in P, that factorizes through
wp, that is through |wq], ..., |w,|. Therefore,

dw; = %: [(@,,J + @%) diy, + wja%dﬁk
and at point with w; = 0 one finds, in fact,
c. a%] —c. 8%
q.e.d.
The two lemmata together give

Theorem 3.4. In any of the charts w,, the limit polarization P> is
0
P> = Pr @ spang {—8’11)]' wj = }

Proof. It suffices to show the convergence

0 0
spalc 8’[1)8 — spangc 8—016
k

whenever wy # 0, which really is a small modification of Lemma 3.2.
For any face F'in the coordinate neighborhood, we write abusively j € F
if w; = 0 along F'. For any such affine subspace we have then

0 0 0
P = jEF @ — i :k¢F
¢ Sbatic {aw; J } sbatic {8yfk "0, # }
o . 4L 0 .0
= spangc {% 1] € F}@spanc { g ((GS)F)kkl,W - IW k¢ F}
J KEF k k

where (G;)p is the minor of G specified by the variables that are un-
restricted along F', which is well-defined and equals the Hessian of the
restriction of gs there. Since this tends to infinity, its inverse goes to
zero and the statement follows. q.e.d.

This results in

Proof of Theorem 1.2. Given Theorem 3.4, we are reduced to proving
that

c™ <77R @ spang {8% Twy = O}) = C(Pr).
j

This is clear since any smooth complexified vector field ¢ € C°(TCX)
that restricts to a section of Pr on an open dense subset must satisfy
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& = ¢ throughout. Such a vector field cannot have components along
the directions of spanc {aiwj twj = 0}. q.e.d.

Remark 3.5. Note that the Cauchy-Riemann conditions hold for
distributions (see e.g. [Gun] for the case n = 1, or Lemma 2 in [KY]),
that is, for any complex polarization Pc, considering the intersection of
the kernels of V", gives exactly the space

8zj

ﬂ kerV"g = LHO(XP(P(C),LUJ(P(C)) C (COO(Lojl)),

E)
9
az; €Pc

of holomorphic sections (viewed as distributions). Thus one can view
the 1-parameter family of quantizations associated to gs and the real
quantization on equal footing, embedded in the space of distributional
sections, Qs C (C°°(L1)Y,
0, :={o € (C¥(15") |
VW C Xp open, V¢ € C“(ﬁ|w),vg(a|w) =0},

for s € [0, 00|, where P> := Pg, and Q~, = QO in the previous notation.
In the next Section, we will see that the convergence of polarizations

proved here translates eventually into a continuous variation of the sub-
space O, in the space of distributional sections as s — oc.

Remark 3.6. Notice that Theorem 1.2 in this and Proposition 3.1
in the previous Section are also valid for non-compact P, with some
obvious changes such as taking test sections with compact support.

3.3. Degeneration of holomorphic sections and BS fibers. Here,
we use convexity to show that, as s — oo, the holomorphic sections
converge, when normalized properly, to the distributional sections 6™,
described in Proposition 3.1, and that are supported along the Bohr-
Sommerfeld fibers of pp and covariantly constant along the real polar-
ization.

First, we show an elementary lemma on certain Dirac sequences asso-
ciated with the convex function v that will permit us to prove Theorem
1.3.

Lemma 3.7. For any v strictly convez in a neighborhood of the mo-
ment polytope P and any m € P NZ", the function

oY

P>z f(z) ="z —m)% —(zr) eR
has a unique minimum at x = m and
e~sIm
lim ———— — §(x —m),

5% oo P

in the sense of distributions.
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Proof. For x in a convex neighborhood of P, using f,,,(m) = —(m)
and V f,,(z) = ¥(z — m)Hess ,1), we have

1
fm(z) = fm(m)—k/0 %fm(m—l—t(a:—m))dt

1
= —Y(m)+ / t "z —m) (Hess ppiy(zemy?) (& —m) dt.
0
Since 1 is strictly convex, with
Hess ;¢ > 2cl,
for some positive ¢ and all x in a neighborhood of P, it follows that
fm(@) = =(m) + el —m|?

Obviously, m is the unique absolute minimum of f,, in P. For the last
assertion, we show that the functions
e 8fm

Qs

- ”e_sfm ”1

form a Dirac sequence. (We actually show convergence as measures on
P.) Tt is clear from the definition that (s > 0 and ||(s][1 = 1, so it
remains to show that the norms concentrate around the minimum, that
is, given any &,&’ > 0 we have to find a sy such that

Vs > s0: / (s(x)dz >1 ¢
B:(m)

Let rg > 0 be sufficiently small and let 2« be the maximum of Hess ;v
in By,(m). Observe that

2

le™> 1 = / oI dg > / e~ I dg > d,rrestmser
P B (m)

for any r > 0 such that rg > r, and where d,r"™ = Vol(B,(m)). On the
other hand,
(21)

[oemes [ el g < Vol (p)ertme

P\Be(m) P\Be(m)

Therefore,
2

Vol(P)e—sc€2+sar
dpr™

(s(z)dx <
P\Be(m)

Choosing 7 sufficiently small, the right hand side goes to zero as s — oo
and the result follows. q.e.d.
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Let now {07} epnzn be the basis of holomorphic sections of L,
with respect to the holomorphic structure induced from the map x,, in
Section 2, that is 0" = x} (6™, for 0™ € H*(Wp, Lp). We then have

Proof of Theorem 1.3. Using a partition of unity {p,} subordinated to
the covering by the vertex coordinate charts {P,}, the result can be
checked chart by chart. Let 7 € C°°(L;') be a test section and let

ae) == my—g. = ['e—m) (2 +58) ~ar -]

+s [t(x — )gi} ]
= I (@) + 5 fin(),
with f,, as in Lemma 3.7. Then

m _ 1 —h3opp (wy) il(m)d n
WENE) = gD V/ po o 1p(wy)e (o)

1 e (e
= uo—mlz/ p(e
Y p

) < / e27ri£(m)u7_v (e%if(f(w))-l-%riu)du) dz

pp' (@)
— 1 / ~hn @2z, —m)de,

log* 1

where 7 is the fiberwise Fourier transform from equation (19).
Now the L'-norm in question calculates as

oo = [ e e = ny [ o
Xp P
According to Lemma 3.7,

eIy

lle=s/m ]|y

_sfm
/ o] e ndr — e7Mm(m) a5 5 0,
e m 1

and therefore
hm+sfm R
/ l[e=h%+sFm |y (., —m)dz = 7(m, —m) = 6" (7)

which finishes the proof. q.e.d.
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Corollary 3.8. The results of Lemma 3.7 and Theorem 1.3 are valid
for non-compact toric manifolds if one assumes uniform strict converity

of Y.

Proof. In Lemma 3.7, the estimate for f,,(x) remains valid for any
x € P, so that the function e™*/m will be integrable even if P is not
compact. As for the second part of the proof of Lemma 3.7, instead of
(21) one can use

/ e *fmdg
P\Be(m)
+0o0 2 +o0 c..2
< dn/ eSY(m)g=ser®yn—1q, < Mdn/ SV e=s37" qp
€ €

2

+o0
< Mdnesw(m)e_52€2/ 6_85“2du < ]\4,esw(m)e_8%a )
0

for appropriate constants M, M’ > 0, where M, M’ depend on s but are
bounded from above as s — oo, so that the assertion follows. q.e.d.

4. Compact tropical amoebas

In this section, we undertake a detailed study of the behavior of the
compact amoebas in P associated to the family of symplectic potentials
in (2)

gs = gp + ¢ + sy,
which define the complex structure J; on Xp, and of their relation to
the Log; amoebas in R" [GKZ, Mi, FPT, R].

Let Zy  (C*)" be the complex hypersurface defined by the Laurent

polynomial

Zy = {w e Z ame™ S M y™ = 0} ,
mePNZ"

where a,,, € C*,v(m) € R. One natural thing to do in order to obtain
the large Kéahler structure limit, consists in introducing the complex
structure on (C*)™ defined by the complex coordinates w = e* where
zs = sy + 16, and taking the s — +o0o0 limit. Then, the map w — y
coincides with the Log; map for s = logt. However, this deformation
of the complex structure, which is well defined for the open dense orbit
(C*)™ C Xp never extends to any (even partial) toric compactification
of (C*)". Indeed, that would correspond to rescaling the original sym-
plectic potential by s, which is incompatible with the correct behavior
at the boundary of the polytope found by Guillemin and Abreu.

As we will describe below, for deformations in the direction of qua-
dratic ¢ in (2), in the limit we obtain the Log; map amoeba intersected
with the polytope P. The significative difference is that our limiting
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tropical amoebas are now compact and live inside P. For more gen-
eral 1, they live in the compact image of P by the Legendre transform
Ly in (1) and are determined by the locus of non-differentiability of a
piecewise linear function, namely as the tropical amoeba of [GKZ, Mi],

Agrop := C— loc <u —  max {'mu — v(m)}) .

mePNZ™

4.1. Limit versus tropical amoebas. We are interested in the up-
image of the family of (complex) hypersurfaces

. {p €Xpi > ame " Mol(p) = 0} C (Xp, ;)
mePNZ™
where a,, € C* and v(m) € R are parameters and " € H°((Xp, J;),
Xg. L p) is the canonical basis of holomorphic sections of the line bundle
Xg. L p associated with the polytope P and the symplectic potential (2),

introduced in Section 2. We call the image pp(Ys) C P the compact
amoeba of Y, in P.

Definition 4.1. The limit amoeba Aj;,, is the subset
Alim = lim /LP(}/S)
S—00

of the moment polytope P, where the limit is to be understood as the
Hausdorff limit of closed subsets of P.

The existence of this limit is shown in the proof of Theorem 1.7 below.
We will relate this amoeba to the tropical amoeba of [GKZ, Mi| using
a Legendre transform Y, that is the restriction of the map x,, described
in Section 2 to the open orbit X p:

Y, Y, ——> Z,C Zy
N N N N

(XP7w7 JS7 Gs) QXP — ((C*)n(H (WP7 J)

Xs
mp l up l lLogt

P >p R"

Ks

1%

where kg is the family of rescaled Legendre transforms

9y 19(gr +¢)
or s oz
For any s > 0, this is a diffeomorphism P R".

Let A, := Logt(Zs) be the amoeba of [GKZ, Mi]. Recall that A; —
Atrop in the Hausdorff topology [Mi, R].

¥ 1
P>z ks(r) = —Ligptro)tsp = € R"™.

S
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Proposition 4.2. The family of rescaled Legendre transforms ks sat-
isfies
Ks © ,UP(Y;) = Aj
Proof. Under the trivialization of Lp determined by gs; on the open
orbit Xp, the sections o%*(x,0) correspond to polynomial sections w™,
where

o(gp+¥)
w =e ox

+sGL4i0
Combining this with the Log;-map for t = e°® gives precisely

_ oy 10(gp+¢)
Logyw = o + s o ks(x).

q.e.d.

Remark 4.3. Note that since Y is defined as the zero locus of a
global section, one has Y, = Y, and, in particular, pp(Yy) = kst A,
On each face F' of the moment polytope P, this will consist exactly of
the amoeba defined by the sum of monomials corresponding to integer
points in F, cf. [Mi].

The family of inverse maps «3 ' will permit us to capture information
not only concerning the open orbit but also the loci of compactification
of X P

Lemma 4.4. For any compact subset C' C P and any P strictly
convex on a neighborhood of P,

ks — Ly pointwise on P and uniformly on C'

and
/43_1 — 5;1 uniformly on Ly,C.

is a smooth function on P, ks — L, pointwise

: Agpte)
Proof. Since %

on P and uniformly on compact subsets C' C P. Furthermore,
(22) ks (@) = Rs(a”)| = el — 2’|, Va2 € P,
with a constant ¢ > 0 uniform in s, since the derivative
OKg
Oz

is (uniformly) positive definite. Therefore, the family of inverse map-
pings ;! is uniformly Lipschitz (on R™). Thus the pointwise conver-
gence k! — E;l on Ly P is uniform on any compact L,C. q.e.d.

1
= Hess 49 + ;Hessm(gp + @) > Hess 1) >0

Before proving the main theorem, we recall some facts about convex
sets in R™ and also show two auxiliary lemmata on the behavior of
the gradient of any toric symplectic potential near the boundary of the
moment polytope. Consider any constant metric G = ‘G > 0 on R".
For an arbitrary closed convex polyhedral set P C R™ and any point
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p € 0P, denote by C;,(,; the closed cone of directions that are “outward
pointing at p” in the following sense,

G - n.
Cy(P):={ceR":"cG(p—p) >0, V' eP}

Notice that for the Euclidean metric G = I, the cone of p is precisely
the negative of the cone of the fan of P, corresponding to the face p lies
in; in this case we will write C), := CI{ .

Lemma 4.5. For any sequence xj € P that converges to a point in
the boundary, xp — p € OP, we have

d(gp + @)
ox

in the sense that for any c¢ ¢ C,(P) there is an open neighborhood U > p
such that

o = Cp(P),

Ra’a(ggi;@]x £Ric VoxeUNP.
Proof. Suppose (using an affine change of coordinates [(z) = Az — \)
that p lies in the codimension k face, &k > 0, where [y = --- =1, = 0

and [; >0 for j =k +1,...,n. We have

Cp={ceR":"cA™ (I(p) = 1(p')) > 0,Vp' € P},
and l;(p—p') <0 fori=1,...,k, whereas there is no restriction on the
sign of Lj(p —p') for j =k +1,...,n. Therefore,

c€Cp = c="'ACwith e (Ry)* x {0} C R,

Since
Olgr +¢) _v,009p +¢)
ox ol
it is therefore sufficient to prove that % approaches (Ry ) x {0} C
R™ as we get near p. Indeed, we find that

d
agp 10
a1 - a a7 al a
ol 201 ;E ogt
10 k n d
— 5a(Z:lilong— Z ljlogl; + Z €m10g£m>
=1 j=k+1 m=n+1
and hence
d
89}3 1 8Em
2 == log I, 1+logty,) .
(23) o 2< +log +mzzn:+1 alT( + log ¢ ))
For m > n (actually, for m > k), the sum is bounded in a neighborhood
of p since %ZT’:L is constant and £, > 0 at p. Since g—lf is also bounded for

any r, E)(%l;ﬂp) is bounded in a neighborhood of p for j = k+1,...,n
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and clearly {)(gg;lj@) — —oo for ¢ = 1,...,k as we approach p, which
proves the lemma. q.e.d.

In the following lemma, we relate the Legendre transforms x, and Ly,
at large s, more precisely:

Lemma 4.6. For any two points p # p' € P, there exist ¢ > 0 and
so > 0 that depend only on p’ and the distance d(p,p’), such that for all
S > 8o

ks(Be(p') N P) N (ﬁw(P) + Cp(P)) = (.

Proof. We will show that there is a hyperplane separating r4(B:(p’) N
P) and Ly (p) + Cp(P); we continue to use a chart as in Lemma 4.5.
For any two points p # p/,

“Up) - 1) (

0 8¢|>
avr o

1

= ) — 1)) /O (Hess rsr oy )dr(1p) — 1(2'))
cpllip) —1@)|I> > 0

where ¢y, > 0 is a constant depending only 1. This implies that there
is at least one index j such that [;(p) # ;(p'),

0 0
sign (8—7 - a—f’r) — sign(l;(p) — ;).

v

and also

oY oY cy ,
R — > =\ N X
‘ o 1 | 2 ) = )

Choose € > 0 small enough (this choice depends on 1 only) so that

o o
o1, " ol

and consider first the case that 0 < 1;(p) < l;(p'). For allx € B.(p')NP,
from equation (23),

(B:(') N P)

where log™ denotes the negative part of the logarithm, and ¢, co, C' are
constants depending only on p’ and €. Then, for any § > 0 such that

81/} 81/} / 5
we find sg = @ so that
oY 19gp, _ O 5 e
a4 — 2, > = -, B. p.
alj + S 81] | (‘?l] (p) + 2 \V/l‘ < (p ) N
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Hence, also

5(¢+%90)‘ 1 dgp

1 oY
alj v S 8l]

|z >
al;

0 N
(p) + 7 Vaz € B:(p) N P,

for s big enough (the additional condition depending only on ¢, which
is globally controlled on the whole polytope P), which proves our asser-
tion.

If, on the other hand, 0 < 1;(p’) < l;(p), we see again from equation
(23) that

0
g9p < cjlogtlj + c
ol;

on B.(p')N 15, where log™ stands for the positive part of the logarithm.
Again,

dgp

a—lj » < logt(li(p)) +¢e)+chy=C", Vo e B.(p))N P

and the same argument applies. q.e.d.

We will now characterize the limit amoeba in terms of the tropical
amoeba via a projection 7 that can be described as follows.

Lemma 4.7. For any strictly convex v as above, there exists a par-
tition of R™ indexed by P of the form

(24) R" =[] Ly(p) + Cp(P).

peP

In particular, there is a well-defined continuous projection m : R™ —
LyP given by

7(Ly(p) + Cp(P)) = Ly(p)-
Proof. 1t suffices to show that for p # p/,
(Ly(0) +Cp(P)) N (Ly(P) +Cp(P)) = 0.
To see this, assume that
Ly(p) +c=Ly(®')+ ¢, with ¢ € Cp(P),d € Cy(P).

Then '(c—)(p—p') > 0, from the definition of the cones; on the other
hand,

p—p)e=C¢) = "p—)Ly®)— Ly(p))
1
— t(p - p/)/ (Hessp+7_(p/_p)1/})d7(p, _p) < 0,
0

which is a contradiction. g.e.d.
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i 4
.

"Nl

Figure 3. The map 7.

Remark 4.8. For quadratic 1 with !G = G > 0 symmetric and
positive definite there is a more intrinsic description of the map =: it
is given by the projection of R™ on the closed convex subset P under
which each point projects onto its best approximation in the polytope
Ly P with respect to the metric G~ (see, for instance, chapter v of
[Bou], and also Figure 3),

p=mn(y) < pecLyPAYp € LyP\{p}:|ly—pller <y —plle1
Note also that

VyeR"::y—m(y) € Cf(;)l (LyP)

and that, in fact, m(y) is characterised by this property, i.e.
—1
VpeﬁwP:y—pGCE (LyP) = m(y) =p.

In this sense, Cf,; 71(£,¢,P) is a kind of “convex kernel at p” of the convex

projection 7. Note, by the way, that in this case C,(P) = Cg;(lm) (LyP).

Finally, we have

Proof of Theorem 1.7. We first show that L, o k3! — m pointwise on
R™. For points in the interior of L, P, where 7|5 = idj, this is clear
from Lemma 4.4.

Consider, therefore, any point y ¢ Ewp, its family of inverse images
T =K (y) € p, and any convergent subsequence x;, — p. Then the
limit lies in the boundary, p € 9P. We need to show that Ly(p) = 7(y),
or, what is the same, that y — L (p) € Cp(P). This is guaranteed by



440 T. BAIER, C. FLORENTINO, J.M. MOURAO & J.P. NUNES

Lemma 4.5,

%W’mk = (ks — Ed})(xs;g) =Yy- ﬁw(fCSk) —y—Lylp) € Cp(P),

and proves pointwise convergence.

Now we can use compactness of P (and hence of the space of closed
non-empty subsets of P with the Hausdorff metric) to show the result.
Throughout the proof we will not distinguish between sets and their
closures since the Hausdorff topology does not separate them.

Let us first show that

-1 H -1
Ky Atrop I ﬁdj o 7T-Atrop

1

Take any convergent subsequence /{S_klAtrop . K c P;since Ky —

/J;l o 7 pointwise, it follows that
K 2L, omAiop.

For the other inclusion, consider any point p’' ¢ E;l o TArop; since
the distance of p’ to E;l o TAop is strictly positive, by Lemma 4.6

there is a neighborhood U of p’ in P and a so such that for all p €
E;l o mArop and s > sg, the sets kg(U) and Ly(p) + Cp(P) not only
have empty intersection but are actually separated by a hyperplane.
But this implies, in particular, that for s large enough

U N kg Agrop = 0
and p’ ¢ K, as we wished to show.

In the last step, we prove that 1A, "y 5;1 o mArop - Again,
using compactness, it is sufficient to consider any convergent subse-
quence 1A, LN

To show that ﬁ;l o TAwop C K', it is sufficient to observe that
Agrop C As, (see [GKZ, Mi]) and hence /is_kl.Atrop - Hs_lAsk.

k
For the converse inclusion K’ C /J;l o mAgrop, consider the constant

¢ from inequality (22) above, and set

1
Ek = EdlSt(ASk s -Atrop)-

This sequence converges to zero, and therefore the closed ex-neighbor-
hoods (/-is_klAtmp)gk D /is_klAtmp still converge to E;l o TAtop. But as
satisfies the uniform bound in (22),

HSk((“s_kl-Atwp)Ek) D (Atrop)es), O As,

Rsy,

and hence
-1 -1
(Kg,, Atrop)ey, D Ky, Asy
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A

Figure 4. The situation of the main theorem (for ¢ not
quadratic): P O Ay (top left), £, P with the cones
of projection C, (dotted) and the tropical amoeba Ayop
(top right) and LyP O mAirop = Ly Alim (bottom).

which proves the second inclusion. q.e.d.

Low-dimensional examples of the relation between tropical and limit

amo

ebas are illustrated in Figures 4 to 9 below. In the following re-

marks, we collect basic facts about limit amoebas and their relation to
their tropical counterparts.

Remark 4.9. (i) The first fact to catch the eye about the limit

(i)

amoebas is that they depend on more parameters than the trop-
ical amoebas: while the latter are determined by the valuation
v(m), the former vary heavily, depending on the direction 1 of
the geodesic ray gp + ¢ + sy we follow. This reflects the fact that
we look at the family of hypersurfaces in different categories: while
the complex biholomorphism class of the hypersurface Y; C Xp
is independent of the Kéhler metric we put on Xp, the Hausdorff
limit of pup(Ys) C P does vary substantially. This is illustrated
for the simplest possible example, P?, with moment polytope the
standard simplex in R? and valuation v(0,0) = 0, v(1,0) = %,
v(0,1) = %, in Figure 5.

It is clear from this example already that it is not, in general,
possible to recover the tropical amoeba from the limit amoeba,



442

(iii)

T. BAIER, C. FLORENTINO, J.M. MOURAO & J.P. NUNES

SN SN N

o b 3l )

Y
1

-

Figure 5. Limit amoebas (Ayy, C P, top row), their
image under L, and tropical amoebas (A¢rop, bottom
row) for different quadratic ¢ and fixed valuation v.

although we have (from the proof of the theorem) that always
£1Zf (Alim N ]5) = Atmp N ﬁwp.

(For example, if ¢ is quadratic (thus £, linear), the limit amoeba,
itself will be piecewise linear).

There is, however, an open set of valuations v and directions 1
such that the projection mAop Will coincide with Ly P N Agrop;
this happens whenever the “nucleus” (i.e. the complement of all
unbounded hyperplane pieces) of the tropical amoeba Ay, lies
inside Ly P, since the infinite legs run off to infinity along direc-
tions in the cone of the relevant faces. This situation is depicted
in Figure 4 for a limit of elliptic curves in a del Pezzo surface,

P = (170)7(171)7(07 1)7(_170)7(_17_1)7(07_1)>
.Z'2 T 4
ve) = T+l
m2
vim) =
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At this point, naturally the question arises how much of the informa-
tion encoded by tropical amoebas can be recovered from the compact
limit amoebas, which we turn to now.

4.2. Compact amoebas and enumerative information. Even with-
out establishing a precise criterion for when the limit amoeba permits
the recovery of the tropical amoeba, we can address these questions
qualitatively.

Proposition 4.10. (i) For a fized potential 1), there is a set (with
non-empty interior) of valuations such that the tropical amoeba
can be recovered from the limit amoeba.

(ii) Conversely, for a fized valuation v, there is a set (with non-empty
interior) of potentials 1 such that the tropical amoeba can be re-
covered from the limit amoeba.

Proof. Both assertions follow from the fact that scaling ¢ and v (sep-
arately), the image of the polytope L, P can be made arbitrarily big in
relation to the tropical amoeba, since the tropical amoeba furthermore
is determined once we reach its “tentacles” (the unbounded parts of

hyperplanes).
In particular, the set of valuations in (i) contains all valuations such
that Ly Alim = Atrop N P. q.e.d.

It is evident that for a fixed potential, only a bounded set of valua-
tions will permit recovery of the tropical amoeba; for a fixed valuation
or, actually, any bounded set of valuations, any potential that is “large
enough” will do. Applying this, for example, to the enumerative prob-
lem studied in [Mi2, GM], we immediately obtain:

Corollary 4.11. Let P = <[0,0] , [d, 0] , [0,d]>. For a fixed set S of
3d — 1+ g points in the plane in tropically generic position, there is a
set (with non-empty interior) of potentials 1 on P such that the set of
tropical curves of genus g through S is in bijective correspondence with
the set of limit amoebas of genus g through ﬁ;lS in P.

4.3. Implosion of polytopes versus explosion of fans. For simplic-
ity, in the present subsection, we restrict ourselves to the case ¥ (z) =
%x2. We remark that while the map 7 projects onto P, the map id— is
injective in the interior of the cones v+C, for all vertices v € P (regions
1 —4 in figure 6). For a face F' of dimension k£ > 0 of P, the region
F+ Cp, for any p € F , implodes to the cone C, of codimension k. In
particular, the polytope P implodes to the origin.

Dually, the map id — 7w explodes the fan along positive codimension
cones. In particular, the origin is exploded to P. In Figure 6, we
consider the non-generic Laurent polynomial

2
a1 + ast~%5z + azt—04a? 1 a8
X
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Figure 6. Explosion of the fan and implosion of the
polytope. The marked points correspond to non-zero
coefficients a,,.

its tropical amoeba for P2 blown-up at one point and the corresponding
images under the maps 7w and id — . Note that, for this non generic
polynomial, part of the compact amoeba mA;,qp lies in the boundary of
P. Ounly in P does T Atrop coincide with the tropical non-Archimedean
amoeba.

4.4. Amoebas associated to geometric quantization. As we could
observe in Remark 4.9, the behavior of the limit amoeba defined via a
fixed valuation is rather unstable. Actually, it does not only depend
on the choice of 1, but also behaves badly under integer translations
of the moment polytope P. These shortcomings are somehow overcome
by a specific choice of valuation that is associated with a toric variety
and a large Kéhler structure limit with quadratic ¢). This construc-
tion provides the natural link between the convergence of sections to
delta distributions considered in Section 3.3 that comes out of geomet-
ric quantization, and the consideration of the image of hypersurfaces
defined by the zero locus of generic sections.

Geometric quantization motivates considering the hypersurfaces de-

fined by
Yo = {p EXp: Y amfl(p) = 0},
mePNZ™
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where a,, € C*, and & are the L'-normalized holomorphic sections
converging to delta distributions, as in Section 3.3. A simple estimate
of the order of decay of ||o7"||; as s — oo gives, in the notation of Lemma
3.7,

d d —h3, (x
o7 o = B [ e s
P

— H _hS H 1 d /e_hg’b(x)_sfm(x)dx

_hs
- /nl 7wdx% — () = ().
Therefore, we call the limit of the family of amoebas up(Y;s), where

Y, = {w e (CH": Z e 5P M)y — 0} ,

mePNZ™

the GQ limit amoeba, Ahrg The fact that for this choice of valua-
tions, inspired by geometric quantization, the limit amoeba keeps away
from integral points in P is consistent with the convergence of the
holomorphic sections £* to delta distributions supported on the Bohr-
Sommerfeld fibers corresponding to those integral points.

The behavior of this “natural” (from the point of view of geometric
quantization) choice of valuation is illustrated in Figure 7 for different
quadratic . Note, in particular, that in the case G5 there are parts
of the tropical amoeba A, that lie outside £,P and get projected
onto subsets of faces (with non-empty interior in the relative topology).
Below, we will give a complete characterization of the GQ limit amoeba
in this situation.

AN

10 6 3 _
%:bJ @:434 Gy = GT*

Figure 7. GQ amoebas associated to different quadratic ’s.
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We start by observing that from the point of view of equivalence of
toric varietes described by different Delzant polytopes, the GQ limit
amoeba is well behaved:

Proposition 4.12. Let ¢ € Cg . o(P).

a. For any integer vector k € Z", setting P = P + k and J(E) =
Y(x — k), we have

AZQ = AT 4 g
b. For any base change A € Sl(n,Z) of the lattice Z", setting P=AP
and (T) = P(A™Z), we have
1G6Q _ GQ
Alim - A‘Alim :

Proof. a.: since QZ(T% =m+k)=¢(m), .Ztmp = Agrop; On the other
hand,

P N

N %‘E:m—l—k = Oz ‘x
thus Ly P = ﬁJP and
LyP 0 Arop = L3P N Asrop:

~_b.: similarly, since Y(m = Am) = 1(m) and the tropical amoeba
Ayrop is defined via the functions
U tma — (m) = 'mt AT — (m)

it follows that .Ztmp = tA_l.Atmp; for the Legendre transforms one finds

o b1 00
A |lT=Ax — A" — T
oz [7=a oz |
which proves the second claim. q.e.d.

Actually, as is to be expected from the convergence of the sections
defining Afg to delta distributions, these amoebas never intersect lat-
tice points:

Proposition 4.13. For any strictly convex ¢ € CF, o (P), the GQ
amoeba Afg stays away from lattice points in the interior of P, that is,

ASQN PNz =,

lim
Proof. We consider the functions that were used to define the tropical
amoeba,
Nm(u) = 'mu — Y(m), Vme PNZ"

and observe that for v = u,, = Lym = g—qﬁ\m this is the value of the
Legendre transform h at u,,,

N (Um) = h(m)
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where h(u) = 'z(u)u — 1(z(u). To show that
nm(um) > ﬁm(um) vm e PNZ", m#m
we use convexity of the Legendre transform u +— h(u), namely

(i) = Bam) > )+ (0 = ) 5

= "mug — ¥(m) + (U — um)m = 0z (un)
where we used the fact that

Oh Ooh -

-~ = — |
8u|u7” ou' oz

q.e.d.

When 1 is quadratic it is possible to characterize the GQ limit
amoeba completely in terms of the limit metric on P only. Let F),
denote the minimal face containing any given point p € dP. Note that
for any point x € P,

r€F, < (r—p) J_Gc’f
and, more generally, for any x € P and ¢ € Cf
(25) lz + ¢ = plIE = llz = plIE + llell& — 2l = pllllellc cos a

where a = Zg(x—p, ¢) > § since 'eG(p—x) > 0 by definition of CpG(P).

Proposition 4.14. Let ¢(x) = tx% +thx with 'G = G > 0; then a

point p € P belongs to Afg if and only if one of the following conditions
holds:

a. There are (at least) two lattice points mi # mgo € PNZ™ such that

lp—mill = lp—mallc = min {lp-mic}
b. p € OP and the unique closest lattice point does not lie in the face
E,.

Remark 4.15. The two conditions are, evidently, mutually exclusive:
from the description of the map 7 it is evident that the inverse image
of the intersection of the tropical amoeba A;qp with L, P is always a
subset of Aj;,. This is taken care of by a., while b. describes the parts of
the GQ limit amoeba that arise from parts of Ao, that are “smashed
on the boundary” by the convex projection. In particular, for points in
the interior condition b. is irrelevant.
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Proof. a.: For quadratic ¢ and u = Lyz = Gz + b, take

t
mm(uw) = 'mu—y(m)="mu— < mQGm +tbm>
_ _ 1
= ((Lym)G'u—"bG  u) — < ([[Lym|Z—1 — [|b]l7=1)
2
1

= 5l =bllg = llu = Lymllg-).

Since the first term is independent of m, it is irrelevant for the locus of
non-differentiability that defines the tropical amoeba,

.Atrop = CO— loc (U = max {nm(u)}>

mePNZ™

1 1
0 2 : 2
= C"—loc (u > 2Hu bllé min {2 l|lu £¢m||G1}> .

Therefore, u lies in the tropical amoeba if and only if there are two
distinct lattice points my #% ms in P such that

lu = Lymallgr = |lu = Lyma|g-1 = |p = mulle = [[p = mallc

for u = Lyp € Ly P. Taking into account that Ly Ajim O Atrop N Ly P,
this proves that condition a. is necessary and sufficient for u to belong
to this intersection. Thus, either p satisfies a. or if it belongs to Ajm
then it belongs to Ajip, \ Atrop-

b.: Fix p € 9P. First we show that if there is a unique nearest lattice
point, say m,, that lies in the face of p, F},, then p ¢ Ajy,. By the
definition of Aj;,, we have to show that

Ve e CS(P) : ,qup +c ¢ -Atropa
which follows in particular if 9,,, (Lyp+c) > M (Lyp+c) for any lattice
point m # m,. By the reasoning above, this is equivalent to
1Lpp + ¢ = Lympl|Z- < [[Lyp + ¢ = Lym|E-,
which follows straight from equation (25) (with cosa = 0).
For the other implication, assume m, ¢ Fj,. Then,
Ny (LyD) > Nm(Lyp), Vm e PNZ", m #m,
and it suffices to show that for any m € F, NZ" and ¢ € CE(P) \ {0}
(26) I£pp + e = Lyml|G-r < |[Lypp + T — Lymy|[g-
for some 7 > 0 large enough. The left hand side equals

?

1£yp + 7c = Lym|E-r = llp = mlE + 7 [lcl|g-

whereas the right hand side gives

ILyptre—Lymypllg— = p=mpllE+7*[lellg- —27llp—mpliclcllg-1 cos a
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where cosa < 0. Subtracting therefore the left hand side of inequality
(26) from the right hand side, we are left with the expression

1Ly + e — LymplEor — 1Ly + e — Lol
= —2rflp—myllgllellg1 cosa - +ox,

as 7 — oo, which finishes the proof. g.e.d.

4.5. Relation to other aspects of degeneration of Kahler struc-
tures. Degenerating families of Kéhler structures have been studied
from a variety of viewpoints. In this section we would like to briefly
address aspects of the relation of the present work to some of those.

The first link is to the occurence of torus fibrations in mirror sym-
metry, following [SYZ] (see also [Au]). As described in Section 2.3,
the Kahler metrics along a geodesic ray gp + ¢ + sy collapse, when
rescaled appropriately, to a Hessian metric on the moment polytope P.
The metric and/or affine structure the limit amoeba Ay, inherits for
certain combinations of valuation v(m) and direction v could be of in-
terest to the SYZ approach to mirror symmetry [GW, KS], in the case
when P is reflexive. Even though the induced metric on the complex
hypersurfaces Y; C Xp will not in general be Ricci flat, it is not incon-
ceivable that by carefully choosing the available parameters one might
obtain the desired asymptotic behaviour.

Example 4.16. Consider the tropical version of a quartic surface in
P3, with moment polytope given by the tetrahedron

P={([-1,-1,-1],[3,-1,-1],[-1,3,-1] , [-1,-1,3]).

If we set the valuation to be 1 on these vertices, 0 on the origin, and
sufficiently negative on the other lattice points in P, we obtain a tropical
amoeba Ao, whose “nucleus” is a tetrahedron @) with vertices

Q:={([1,1,1],[-1,0,0],[0,-1,0],[0,0,—1]).

Choosing 1 quadratic corresponding to the matrix

211
v~=-|1 21
11 2

we obtain a transformed polyhedron £, P = —@Q, and the image of the
projection mAop C Ly P is the octahedron O with vertices

0= (33,0, % [3,0,5], £ 0,3, 5]).
The situation is depicted in Figure 8. Note that from the construction
and the drawing it is clear that the compact amoeba mA¢;qp inherits an
affine structure (from the Legendre transformed coordinates on the mo-
ment polyhedron). It is, however, nonsingular even around the vertices.
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Figure 8. Example of the projection of a tropical
amoeba for a quartic surface in P3, with Atrop dotted,
Ly P solid, and 7w Aop dashed.

There exists an entirely analogous example for the quintic in P4,
which however is more difficult to draw; the tropical amoeba’s “nucleus”
is

Q = ([1,1,1,1],[-1,0,0,0],[0,-1,0,0], [0,0,-1,0] [0,0,0,—1])
= —L,P,

which again is symmetric to the Legendre transformed moment polyhe-
dron. The (projection to the first three dimensions of the) intersection of
T Atrop With a facet F' of Ly P is shown in Figure 9. The affine structure
apparently has singularities along the line segments (twenty, overall)
where 7T Aop meets the edges of £, P.

In a different context, in [Pal, Pa2] Parker considers degenerating
families of almost complex structures in an extension of the smooth
category constructed using symplectic field theory, to study holomorphic
curve invariants. The typical behaviour of his families of almost complex
structures, depicted for the moment polytope in the case of P? in the
introduction of [Pal], is, in the case of toric manifolds, remarkably
reproduced in our approach. In fact, in the notation of sections 2 and
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Figure 9. The interior of the dashed polyhedron cor-
responds to the intersection of 7 Ao, with a facet F' of
Ly P for a quintic in P4

3.2,
n
0 0
Go)ik(Go + sHess v 1 = ,
lgz:l( )j ( )k;l 8yl ayj
where Js(a%j) = 8%5 Therefore, in interior regions of P, where as

s — 00 the term with Hessy dominates, we have that the coordinates
y® appear stretched relative to the coordinates y by an y-dependent
transformation that scales with s. On the other hand, as we approach
a face F' of P where some coordinates [; vanish, the derivatives of gp
with respect to these [;’s will dominate, so that the corresponding ylsJ ’s
do not scale with respect to the y;,’s. In the directions parallel to F,
however, we still have the term with Hesst dominating and for these
directions the scaling with s will occur. This is exactly the qualitative
behaviour described in [Pal]. We note, however, that in our approach
this behaviour is implemented by deforming integrable toric complex
structures.

References
[Abl] M. Abreu, Kdhler geometry of toric varieties and extremal metrics, Internat.
J. Math. 9 (1998) 641-651, MR, 1644291, Zbl 0932.53043.
[Ab2] M. Abreu, Kdhler geometry of toric manifolds in symplectic coordinates, in

”Symplectic and Contact Topology: Interactions and Perspectives” (eds. Y.
Eliashberg, B. Khesin & F. Lalonde), Fields Institute Communications 35,
Amer. Math. Soc., 2003, MR 1969265, Zbl 1044.53051.

[Au] D. Auroux, Special Lagrangian fibrations, mirror symmetry and Calabi-Yau
double covers, Astérisque 321 (2008) 99-128, MR 2521645, Zbl 1182.14041.



T. BAIER, C. FLORENTINO, J.M. MOURAO & J.P. NUNES

T. Baier, J. Mourdo & J.P. Nunes, Quantization of abelian varieties: dis-
tributional sections and the transition from Kdhler to real polarizations, J.
Funct. Anal. 258 (2010) 3388-3412, MR 2601622, Zbl 1203.53087.

N. Bourbaki, Espaces vectoriels topologiques, Act. Sci. Ind., no. 1229. Her-
mann & Cie, Paris, 1955, MR 0633754, Zbl 1106.46003.

D. Burns, V. Guillemin & A. Uribe, The spectral density function of a toric
variety, Pure Appl. Math. Q. 6 (2010) 361-382, MR 2761851.

D. Cox, Minicourse on toric varieties, University of Buenos Aires, 2001.

V.1. Danilov, The geometry of toric varieties, Russ. Math. Surveys 33 (1978)
97-154, MR 0495499.

A.C. da Silva, Symplectic toric manifolds, in Symplectic Geometry of Inte-
grable Hamiltonian Systems, Birkhauser (Springer), 2003, MR, 2000746.

T. Delzant, Hamiltoniens periodiques et image convex de [’application
moment, Bull. Soc. Math. France 116 (1988) 315-339, MR 0984900,
Zbl 0676.58029.

S. Donaldson, Scalar curvature and stability of toric varieties, J. Diff. Geom.
62 (2002) 289-349, MR 1988506, Zbl 1074.53059.

M. Einsiedler, M. Kapranov & D. Lind, Non-Archimedean amoebas and
tropical varieties, J. Reine Angew. Math. 601 (2006) 139-157, MR 2289207,
Zbl 1115.14051.

[FMMN] C. Florentino, P. Matias, J. Mourdo & J.P. Nunes, Geometric quantiza-

[FMN]

[FPT]

(GM]

tion, complex structures and the coherent state transform, J. Funct. Anal.
221 (2005) 303-322, MR 2124866, Zbl 1070.22004; On the BKS pairing for
Kahler quantizations of the cotangent bundle of a Lie group, J. Funct. Anal.
234 (2006) 180-198, MR, 2214144, Zbl 1102.22007.

C. Florentino, J. Mourdo & J.P. Nunes, Coherent state transforms and
abelian varieties, J. Funct. Anal. 192 (2002) 410-424, MR 1923408; Coher-
ent state transforms and vector bundles on elliptic curves, J. Funct. Anal.
204 (2003) 355-398, MR, 2017319.

M. Forsberg, M. Passare & A. Tsikh, Laurent determinants and arrange-
ments of hyperplane amoebas, Adv. Math. 151 (2000) 45-70, MR 1752241,
Zbl 1002.32018.

A. Gathmann & H. Markwig, The Caporaso-Harris formula and plane rela-
tive Gromov- Witten invariants in tropical geometry, Math. Ann. 338 (2007)
845-868, MR 2317753, Zbl 1128.14040.

IM. Gelfand, M.M. Kapranov & A.V. Zelevinsky, Discriminants, resul-
tants and multidimensional determinants, Birkhauser, 1994, MR 1264417,
Zbl 1138.14001.

M. Gromov, structures métriques pour les variétés riemanniennes, CEDIC,
Paris, 1981, MR 0682063, Zbl 0509.53034.

M. Gross & P.M.H. Wilson, Large complex structure limits of K3 surfaces,
J. Diff. Geom. 55 (2000) 475-546, MR, 1863732, Zbl 1027.32021.

V. Guillemin, Kdhler structures on toric varieties, J. Diff. Geom. 40 (1994)
285-309, MR 1293656, Zbl 0813.53042.

V. Guillemin, V. Ginzburg & Y. Karshon, Moment maps, cobordisms, and
Hamiltonian group actions, Mathematical Surveys and Monographs, 98,
Amer. Math. Soc., Providence, RI, 2002, MR, 1929136, Zbl 1197.53002.



LARGE TORIC KAHLER METRICS, QUANTIZATION AND AMOEBAS 453

[Gun]

[Hal]

[Ham]

[KW]

[KS]

R.C. Gunning, Lectures on Riemann surfaces, Princeton University Press,
1966, MR 0207977, Zbl 0175.36801.

B.C. Hall, Geometric quantization and the generalized Segal-Bargmann
transform for Lie groups of compact type, Comm. Math. Phys. 226 (2002)
233-268, MR 1892462, Zbl 1007.53070.

M.D. Hamilton, Locally toric manifolds and singular Bohr-Sommerfeld
leaves, Mem. Amer. Math. Soc. 207 (2010), no. 971, vi+60 pp, MR 2682223,
Zbl 1201.53088.

N.J. Hitchin, Flat connections and geometric quantization, Comm. Math.
Phys. 131 (1990) 347-380, MR 1065677, Zbl 0718.53021.

L. Ji & R. Macpherson, Geometry of compactifications of locally symmet-
ric spaces, Ann. Inst. Fourier (Grenoble) 52 (2002) 457-559, MR 1906482,
Zbl 1017.53039.

J. Kajiwara & M. Yoshida, Note on Cauchy-Riemann equation, Mem. Fac.
Sci. Kyushu Univ. Ser. A 22 (1968) 18-22, MR 0229859, Zbl 0177.13501.

A.A. Kirillov, Geometric quantization, in: Encyclopaedia of Mathemati-
cal Sciences, vol. 4 Dynamical systems, Springer-Verlag, 1990, 137-172,
MR 1866632, Zbl 0780.58024.

W. Kirwin & S. Wu, Geometric Quantization, Parallel Transport and the
Fourier Transform, Comm. Math. Phys. 266 (2006) 577-594, MR 2238890,
Zbl 1116.53063.

M. Kontsevich & Y. Soibelman, Homological mirror symmetry and torus
fibrations, in Symplectic geometry and mirror symmetry (Seoul, 2000), 203~
263, World Sci. Publ., River Edge, NJ, 2001, MR 1882331, Zbl 1072.14046.

D. Martelli, J. Sparks & S.-T. Yau, The geometric dual of a-maximisation
for toric Sasaki-FEinstein manifolds, Comm. Math. Phys. 268 (2006) 39-65,
MR 2249795, Zbl 1190.53041.

G. Mikhalkin, Decomposition into pairs-of-pants for complex algebraic hy-
persurfaces, Topol. 43 (2004) 1035-1065, MR 2079993, Zbl 1065.14056.

G. Mikhalkin, Enumerative tropical algebraic geometry in R% J. Amer.
Math. Soc. 18 (2005) 313-377, MR 2137980, Zbl 1092.14068.

T. Oda, Convex bodies and algebraic geometry: an introduction to toric
varieties, Springer-Verlag, 1988, MR 0922894, Zbl 0628.52002.

B. Parker, Exploded fibrations, Proceedings of the 13" Gékova Geometry-
Topology Conference, Gokova, 2007, 1-39, MR 2404950, Zbl 1184.57020.

B. Parker, Holomorphic curves in exploded torus fibrations: compactness,
arXiv:0706.3917.

H. Rullgard, Polynomial amoebas and convexity, Stockolm Univ. preprint,
2001.

R. Sena-Dias, Spectral measures on toric varieties and the asymptotic ex-
pansion of Tian-Yau-Zelditch, J. Symplectic Geom. 8 (2010) 119-142,
MR 2670162, Zbl 1194.14074.

J. S/nia,tycki7 On cohomology groups appearing in geometric quantization,
in: Lect. Notes in Math. 570, Springer-Verlag, 1975, MR 0451304,
Zbl 0353.53019.

J. Song & S. Zelditch, Bergman metrics and geodesics in the space of Kdhler
metrics on toric varieties, Anal. PDE 3 (2010) 295-358, MR 2672796.



454

[SYZ]

T. BAIER, C. FLORENTINO, J.M. MOURAO & J.P. NUNES

A. Strominger, S.-T. Yau & E. Zaslow, Mirror Symmetry is T-duality, Nucl.
Phys. B479 (1996) 243-259, MR 1429831, Zbl 0896.14024.

F. Treves Topological Vector Spaces, Distributions and Kernels, Academic
Press, New York, 1967, MR 0225131, Zbl 0171.10402.

N.M.J. Woodhouse, Geometric quantization, Second Edition, Clarendon
Press, Oxford, 1991, MR 1183739, Zbl 0907.58026.

CENTRO DE MATEMATICA
DA UNIVERSIDADE DO PORTO
R. po CAMPO ALEGRE 687
4169-007 PORTO, PORTUGAL

E-mail address: tbaierQfc.up.pt

DEPARTMENT OF MATHEMATICS
INSTITUTO SUPERIOR TECNICO
Av. Rovisco PaIls

1049-001 LisBoA, PORTUGAL

E-mail address: cfloren@math.ist.utl.pt

DEPARTMENT OF MATHEMATICS
INSTITUTO SUPERIOR TECNICO
Av. Rovisco PaIls

1049-001 LisBOA, PORTUGAL

E-mail address: jmourao@math.ist.utl.pt

DEPARTMENT OF MATHEMATICS
INSTITUTO SUPERIOR TECNICO
Av. Rovisco Pails

1049-001 LisBOA, PORTUGAL

E-mail address: jpnunes@math.ist.utl.pt



