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TOROIDAL WAVE FUNCTIONS*

BY
V. H. WESTON

University of Toronto

Abstract. The Helmholtz equation is solved in toroidal coordinates. A complete
set of solutions is obtained representing radiations from a ring source.

Introduction. Up to now the Helmholtz equation has been solved only for separable
coordinate systems. This paper presents solutions for a non-separable coordinate system,
the toroidal. The main interest will be with continuous, single-valued solutions satisfying
the radiation condition and possessing a ring singularity. Exact expressions for each of
the wave functions will be obtained in the form of a series expansion and integral over
finite range. The series expansions are uniformly convergent everywhere in space except,
of course, at the ring singularity.

The time dependence will be of the form exp (—zwt).

1. Series solution of the Helmholtz equation in toroidal coordinates. The relation
between toroidal and cartesian coordinates systems is given by [5, p. 151]

__dsinh £ cos ¢
" cosh — cosn’

_ dsinh¢sing
Y= Cosh — cos g’

(1.1)
dsin 7 .
cosh § — cos 9

Domains of the coordinates are 0 < 9 < 21, 0 < ¢ < 2r, 0 < ¢ < o wheref = &
defines a torus

g =

2* 4 (p — d coth &)* = d’ csch’ &,
and n = 7, defines a sphere

(z — d cot no)* + p* = d” csc np
where p = (2* + y*)'%
The metric coefficients are given by the following relations

__da
coshi — cos '’

dsinh £ .
cosh § — cos g

h5 = h,, = ( )
1.2

hs

From now on, in order to facilitate analysis, the variable s will be used instead of ¢
where the two are related by the equation cosh ¢ = s.

Now it has been shown [7], that for a certain class of non-separable rotational coordinates
(w, , us , 9), there are solutions of

Vi + kY =0 (1.3)
*Received May 1, 1957; revised manuscript received July 2, 1957,
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given by

Y Uy ,¢) = e 2’; a,(u)[ha(u, , ux)}’ (1.4)

v, ,u ,9) = eiMB(ui) Z br(ui)[ha(ul RIATY

where ¢ = 3, and 7 = j # 3, provided that the metric coefficients h,; and &, , and the
function B(u;) satisfy certain conditions. The coefficients a,(u,) and b,(u,) of the above
series satisfy a recurrence set. of ordinary differential equations.

In particular, the toroidal coordinates (£, n, ¢) belong to this rotational class and
the solutions are such that the power series given by (1.4) have a lower termination.
If the power series are expressed in the variable (s — cos )" instead of h, the differential
equations involving the coefficients of the power series take a simpler form. The function
B(4) for toroidal coordinates is sin 4. Solutions of (1.3) are given by

Vs, 1, 0) = e ; A(s) (s — cosm)™" (1.5)
and
W, m, ) = ™ sinn 3 B (5 — cos ) (1.6)

The coefficients must satisfy the differential equations

2

(8" — DAY + 254 — Ar[r(r + 1) + == :I + B d*A,

s —1 (L.7)
— (2r = D[6* — DA/, — s¢r — DA,,] =0,
2
2 — 144 [ — a— Lo 2 2
(s* — DB/ + 2sB; B,[r(r D+ 3 1] + k& dB. (1.8)

—(2r — 1)[(32 — DB, ~ .S'(T - 2)Br—l] =0,

where the prime denotes differentiation with respect to s. The numbers T and 7T’ are
determined from the boundary conditions. The problem of solving a partial differential
equation in three variables in which only one variable is separable is reduced to solving
a recurrence set of ordinary differential equations in one variable.

The homogeneous equation corresponding to the equation (1.7) is

2

(s* — D'’ + 250" — r(r + Do — 82"_ Tw=0 (1.9)

of which, the associated Legendre functions P%(s) and Q*(s) are solutions. The function:
w*(s) will be used to represent both solutions of (1.9).

It is immediately evident that for » = T in (1.7) and » = 7" in (1.8), the non-homo-
geneous portion of the equations vanish. Hence one has A, = wz(s) and B’ = wf._,(s).
Since the solutions of the corresponding homogeneous equations of (1.7) and (1.8) are
known, the equations can be solved easily, resulting in the following relations,

61(1"'3

A6 = oo [ % [ F(2)t(z) dz (1.10)
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and
dz
B =@ [ c s ;[ 6ati(a) as, (1.11)
where
F.s) =k d’A, , — 2r — D[ — DA/, — slr — 1)A,_,] (1.12)
G.(s) = K* d°B,_, — (2r — D[(s> — )B!_, — s(r — 2)B,_,]. (1.13)

The constants ¢, , ¢, , ¢f and ¢} are determined from the boundary conditions.

Define a basic set of solutions ¥4,(P) and ¢4, (@) such that A (s) is equal to PA(s)
and Q7(s) respectively and the constants of integration in the expression for 4,(s) are
taken as fixed numbers.

Let ¥41(s, 5, @) be a solution of Eq. (1.3) of the form (1.5) with arbitrary constants
of integration and with A,(s) = a,P7(s) + b,Q%(s). Then

'V:T(s: 7 ¢ — ayer(P) — b ¥ r(Q)

is a solution of Eq. (1.3), with the coefficient of (s — cos 1)~ " vanishing. Thus we have
Ver(s, 1, ¢) — ayvir(P) — biyir(Q) = era(S, 1, 9),

where ¢.7.:(s, n, ¢) is a solution of Eq. (1.3) of the form (1.5) where the lower limit of
summation is T + 1. The coefficient of (s — cos n) ~7~" in ¥*7.,.(s, 9, ¢) must be of the
form a,P%,:(s) + b,Q%..(s). Hence in a similar manner we have

Ver(s, 1, 9) — ai¥ir(P) — axdiri(P) — b, (@ — by (@) = Verea(s, n, ¢).

By mathematical induction we see that any solution ¢4 .(s, 7, ) with arbitrary constants
of integration in the expressions for A,(s), is just a linear combination of ¢*,(P) and
., (@) wherep = T, T + 1, T + 2, --- . A similar discussion follows for the solutions
of the form ¥} (s, 7, ¢). So no restriction is placed if we take the constantsin the integrals
(1.10) and (1.11) as pre-determined fixed numbers, thus allowing us to obtain explicit
expressions for a set of solutions of (1.3).

Any solutions of the form {¢%,(s, n, ¢) + ¥5r.(s, 7, )} with arbitrary constants of
integration can be expressed as a linear combination of the explicit solutions y* (P),

’:p(Q); 'ﬁgp’(P) and \LSD’(Q) where p= T: T+ L. and p, = T,; T+ L -

From now on we shall be interested in solutions periodie in the angle ¢. Hence we
set u = mwherem =0, &1, £ 2, - --

2. Obtaining explicit expressions for ¢ .(P) and ¢;;.(P). The wave functions
¥or(P) and ¢7.(P) are defined as those solutions satisfying (1.5) and (1.6) respectively
where the coefficients A,(s) and B.(s) are given by (1.10) and (1.11) with the constants
€1, €y, ¢l cyall set equal to unity, and A r(s) and By.(s) equal to P7'™'(s) and P7!™(s)
respectively. The negative superseript is taken so that our results include the case in
which 7 and T’ — 1 are integers such that | T I <!|mland| T’ — 1| < | m| when the
associated Legendre functions P;™'(s) and Py>l, do not exist.

For convenience the symbol M will be used to signify | m |, where m is a positive
.or negative integer or zero, i.e.

M=|m|=0,1,23,-- @.1)
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The integral operator I(M, r) operating on the function F(s) is defined as follows:

IM, DF() = () f ' HT;;TJ‘(—Z)F f " o @)F(3) da. 2.2)

Hence the coeflicients A,(s) and B,(s) for ¢.;»(P) and y;7.(P) satisfy the relations
A(s) = I(M; n)F (), (2.3)
B.(s) = I(M,r — 1)G.(s), (2.4)

where F.(s) and G,(s) are defined by (1.12) and (1.13). To calculate A,(s) and B,(s)
the following lemma* is needed:
Lemma: If

GM,X,X — R) = (5 — )Pz %9, (2.5

where X is a positive, and M a non-negative integer and if

F(s) = a[(82 — I)%G(M,X —1,X —-R) —s(R — I)G(M,X -1,X - R)] (2.6)

+86G(M,X —1,X —R + 1),

then ‘ '
IM,R)F@E) = —[a(M 42X — R — 1) + b]GM, X, X — R)[2X]". 2.7

Now Ar(s) = Pz¥(s) = PZ3_,(s) = G(M, 0, —T) hence settingr = T + 1 in (1.13)

and using the fact that A,_,(s) = 0, one has

Frol®) = —@T + 1)[(s2 -0 Lee,0, -1 - sTOWM, 0, —T)]- 2.8)

But
Ari(e) = IM, T + DF7r.,(9). (2.9)
Now Fr.,:(s) corresponds to expression (2.6) where
e=—02T + 1), b=0, X=1, R=T+1,
hence the lemma gives A 7,; from (2.9) and (2.7), resultihg in the following relation
Aryy = =27[—@T + DM - DIGM, 1, —T)
= (T + HWM — TG — V)P,
To obtain A r,,(s) one must break the operation
Ars(8) = IM, T + 2)F7.5(s) (2.11)

into two separate integrals, i.e. Fr,,(s) must be broken up into the following two ex-
pressions

(2.10)

—@2T + 3" — DA — 8(T + 1)Ar.4] (2.12)

*This is a consequence of Lemma 2, page 13, [6].




1958] TOROIDAL WAVE FUNCTIONS 241
and
B dA, . (2.13)
Expression (2.12) reduces to the form given by (2.6) where
a=—-QT 4+ 3T+ HWM - 1), b =0, X=2 R=T+2
and (2.13) reduces to the form given by (2.6) where
a =0, b=k d, X=1 R=T+2.
Hence using (2.11) and (2.7) oﬁe obtains
Arpp = —[-@T +3)(T + HM -~ )M — T + DIGM, 2, —T)4™"
- BdéeM, 1, - T — 12!
=T +3/2)(T+ HM — )M — T + 1)(& — DP775(9)

B
2

(2.14)

(s* — D'*PYI)s).

Rather than calculate the remaining A4,(s) in a similar manner it is better to obtain
them through mathematical induction. Assume that

(r—T)/2)
A = X (kd*AGM,r =T —1t,—T — 1), (2.15)
t=0

where A; are constants. In the expression for the upper limit of summation, the following
notation is used: [x] is the integer such that x+ — 1 < [z] < z. The above expression

obviously holds forr = T, T 4+ 1 and T + 2.
Assume that the expression holds for r — 1 and r — 2, hence in order for it to hold

for r one must have

A (s = I(M,nF.(s), (2.16)

where from (1.13) and (2.15), F,(s) becomes
{(r—T—-2)/2)

F()=kd > (d' 4 ,6M,r—2—-T—¢, —T—1)

t=0

—(@2r - l)li(s2 -1 dis - s(r — 1)]

((r—-T=1)/2]
kd*A'!GM,r— 1 —T —1t —T — 1.
=0

The coefficient of (kd)*’ in F,(s) is
A GM,r—1 —T—¢t, —T—1t+1)

- (2r — 1)[(82 -1 dis — s(r — 1):‘Af-1G(M,r —1-T—=1t —-T 1.
Hence the coefficient of (kd)*' in (M, r)F,(s) is, on settinga = — (2r — 1)A;_,,b= A!];,
X =7r— T —{, R = r in expression (2.6) and using (2.7)

WGM,r —T —t, =T — 8

(M —2T — 2t +r — 1)(2r — DA, — A7} (2.17)

200 — T — ¥)
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Equating coefficients of (kd)** in (2.16) one obtains the relation
AlGM,r — T —~t, —T — 1)
={(M—2T — 2t+r — 1)2r — DA,
GM,r—T—t, —T—1
2r — T — ) .
which shows that the expression (2.15) holds for r if it holds forr — 1 and r — 2, provided
that the constants A satisfy the equality

(2.18)
— 47 |

Al =[(M — 2t — 2T +r — D(@2r — DAL, — A2 — T — 7. (2.19)
Thus one obtains

Af = (D" T —t+ PT(—=2T +r — 2t + M)
T2 =T = 20—+ t+ HTWM - T)

(2.20)

This expression for the constants A holds for » = T, T + 1, T + 2 as is seen when
comparing the values given by (2.20) for the casesr = T + 1,t = 0;r =T 4+ 2,t = 0;
and r = T + 2, ¢ = 1 with values of constants in equations (2.10) and (2.14). Since
the expression (2.15) holds for r = T, T + 1, T + 2 and it has been shown that if it
holds for » — 1, r — 2 then it will hold for r, one can, by mathematical induction, con-
clude that (2.15) holds for every r.
Hence one can immediately write
[(r—=T)/2]

Yor(P) = e Z; s—cosm)™ X (k™AL — DTTUVPIIINTY. (22D

t=0

Noting that Bz.(s) = P2} (s) we can obtain in a manner similar to the above the
following explicit expression for ¢g7. (P)

o [(r=T")/2]
Vir(P) = ™ sing 3 (s —cosm)” 2 (k)™ (2.22)

_B:(sz _ 1)(r—T’—t)/2P:11“l,—_rt+T’+t(s),

where the constants B! are given by

B — (=D"""T(=T —t4+ HI(=2T" +r—2t+ M+ 1)
T2 =T =200 (—r+ t+ SHTWM - T + 1)

(2.23)

The expressions (2.21) and (2.22) can be placed in a neater form. In (2.21), inter-
change the order of summation of r and ¢, obtaining

o [(r=T)/2] il o
2 2 =2 X
r=T t=0 t=0 r=2¢+T

(The validity of this operation will be shown below.) Then replace the summation over

r by summation over o where ¢ = — 2t 4+ (r — T). One then has
. n @ © kd 2¢ ; 2 1 (e+t)/2 P Meteg
Vin(P) = o 30 3 ke DTale = DT poariqy (2.24)

i=0 s=0 (s — cos 7)
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where

e _ (=D'M = )T + t + 5,
a, = 2t(t) '(0_)' ° (225)

Similarly o7 (P) reduces to the form

© © 2¢ (a¢t)/2
Ver(P) = 6™ sin g 3 3 BDT0 = DT ey, (2.26)

t=0 s=0 (s — cOS 7))

where
_ (= D'M +1 =TT + ¢t + .5),
2D o) 2.27)
To show convergence of the above series we require the following inequality
PV < (s — D" s+ D)™™ = (" — 1)"*)/T(1 + M), (2.28)

where the positive and negative signs are taken when v > 0 and 0 > » respectively.
We shall represent the series expansion in (2.24) by the following

® @

YorP) = €™ 3 20 Culs, ). (2.29)

t=0 =0
Using (2.28) and the inequality
(s — 1)(s — cos )"

which holdsfor 1 < s < « and 0 < 5 < 27 we can show that the series D _c_, | C..(s, 1) |
is dominated by the absolutely convergent series D,(s, 1) 2 ovo | d., | where

(M - T),(T + t+ '5)0'
ldeo | = @+ M T 0. (2.30)
and
— 1 M/2 kztdzt(s _ l)l[s :t (82 — 1)1/2]t+T
o - () ,
® s+ 1 2O + M 4+ 6)(s — cos p)**T
where the positive sign is taken when ¢ + T > 0, negative sign otherwise.
For larget, (¢t + T + 3 > 0), we have
Tl + M + ()" [ (1)]

> ldul< STa¥i+n v+ m-n HEITONG], @3

where K is a constant which vanishes if M > T.

Using (2.31) it can be shown that the series Z‘,",,, ZZLO D,(s, 3) | d., | is absolutely
convergent for every value of kd and every value of s and 5 in the ranges 0 < s < =
and 0 < 7 < 2. Since the series D_ Y | ¢, | is dominated by > > D,(s, ) | d.. | we
can say that the original series given by (2.24) is uniformly and absolutely convergent
forl < s £ = and 0 < 4 < 2. Hence the change of order of summation above is valid.

A similar discussion follows for the series (2.26) except that the region of uniform
convergence 1 < § < » and 0 < 4 < 2m, holds only if 77 — 1 — M is a non-negative
integer. For other values of 7" — 1 — M the region of uniform convergenceis1 < s <
and 0 < 5 < 27, the wave functions ¢, (P) being discontinuous along the lines o = 0
and o = 2r.
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3. Determination of T, T’ through continuity conditions. We will be concerned with
solutions of the Helmholtz equation for the exterior problem, that is, solutions which
are non-singular and continuous in the region external to the torus s = s, , where by
external we mean s, > s > 1. The region s, < s < o describes the surface and interior
of a torus. The limiting torus s = o describes a ring with radius d and centre, the origin.
As is seen from (1.1), a portion of the surface of the torus s = 1 is the z-axis. The rest
of the surface extends throughout infinity in all directions, i.e. if R is the spherical polar
coordinate, then B = o for torus s = 1.

We shall eventually consider solutions satisfying the radiation condition, but before
doing so, we must consider the effect of applying the conditions of continuity and non-
singularity in the region s, > s > 1. Since Q7(s) is singular on the surface s = 1, solutions
involving the associated Legendre functions Q7(s) will be singular there. Hence it
seen that solutions which are non-singular in region s, > s > 1 can be formed only from
Vor(P) and ¢g7. (P) solutions. The condition of continuity shall be applied to the y=(P)
and ygr (P) solutions.

As was mentioned above g, . (P) is discontinuous at » = OQunless 7’ — 1 — M isa
non-negative integer. Even though the other wave functions are discontinuous at 4 = 0,
it is possible that there exists a linear combination of them which is continuous at » = 0.

We will be concerned with solutions odd in the variable #, of the form

'l’g(s) 7, d’) = ; apr’:(P); (3'1)

. where p increases by integral values only. The coefficients «, functions of kd only, are

normalized such that there exists at least one coefficient which does not vanish when
k is zero. Let

T’ 4N

[¥5(s, 1, §)emo = ZT: [ Yo (P) Jewo (3.2
where N’ is an non-negative integer. We require ¢5(s, 7, ¢) to be continuous at n = 0
for every s and kd in the ranges 1 < s < « and 0 < kd < «. Hence a necessary con-
dition for continuity is that the Laplace portion of ¢7%(s, #, ) must be continuous at
n = 0. Since ¢75(s, 9, ¢) is an odd function of 4, the following must hold for » approach-
ing zero

Wols, 1, Demo ~0(n) 1<s< . (3.3)

Now it can be shown that [ygr.(P)].-, has the value as 3 approaches + 0

s — 1>M/2 (21'_)1/2(8 _ 1)1/2—’1"

e ®heo ~ (S5) =D 0. 6

The term independent of  in (3.4) is zero only if 7/ — 1. — M or — T’ — 1 is a non-
negative integer. Because of the factor (s — 1)™7" there is no linear combination of
Yor-(P) which will satisfy (3.3) unless 77 — 1 — M or — T’ — } is a non-negative integer.
Hence in (3.2) the lower limits of summation may have the values M + 1, M 4+ 2, --.
or — 1, — 3/2, --- . In the latter case the upper limit of summation is — 3.

The even solutions of #, ¥.»(P) have all been shown to be uniformly convergent for
the region 1 < s < ® and 0 < n £ 27, and hence are continuous everywhere in the
region. However, if we differentiate term by term the series given by (2.24) with respect
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to the variable 7, the resulting series can be shown to be uniformly convergent in the
region 1 < s £ = and 0 < 5 < 27 and discontinuous at » = 0 or 27, except when
T — M is a non-negative integer. In this case the differential series is continuous at
= 0and 9 =
We will be concerned with obtaining a necessary condition for continuity of the
partial derivative with respect to 5 for the even solutions ¢7%(s, 4, ¢) where

Vils, 1, 0) = 2 B¥i(P) (3.5)
and which has the value when k vanishes
T+N
[¥7%s, 7, @) im0 = -Er B,,[i[/,"',,(P)]k_o . (3.6)

Using the asymptotic relation for n — + 0

9 - s —1 M/2 (21!')1/2(8 _ 1)—1/2 T
[2unm] ~ ()" g@e DT v e

we can deduce in a manner similar to the above that the lower limit of summation in
(36) maybe M, M + 1, M + 2, --- or — %, — 3/2, ---, and in the latter case the
upper limit of summation is — %.

Imposing the above conditions of continuity on 7' and T’ restricts the number of
solutions.

To simplify further work ¢ (P) and g (P) shall be defined by the relations

¢:IN(P) = (k d) ‘/’:n(M+N)/2(P)’ (3-8)

'p(’)'.l\;(P) = 2-”2(]9 d)N‘l/'On(M+N+1)/2(P); (3-9)

where in (3.8) T isreplaced by (M + N)/2and in (3.9) T’ isreplaced by (M + N + 1)/2.
Later on we will be concerned with wave functions of the form

_2 a, ¥ (P), (3.10)
;V B XP), (3.11)

where «, and 8, are independent of kd. Substituting in the expressions (3.8) and (3.9)
and normalizing we see that on employmg the necessary conditions for continuity we
obtain for (3.11)

N=M+2l or —-N—-1=M+421
and for (3.10) 4 o
N=M+2+1 oo —N—1=M+2+1,

wherel = 0, 1, 2, 3,

4, Asymptotlc value of |// w(P), ¥ov(P) when d — 0. The main problem is to find
the linear combination of y7y(P) and yiy(P) which represents outgoing radiation
from a ring source. A necessary condition for this is that the wave function represent
radiation from a point source when the radius d of the ring approaches zero. Hence
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one must first consider the asymptotic values

lim y7¥(R, 6, ¢),

d—0

lim yiv(R, 6, 4),

d—0

where (R, 6, ¢) are spherical polar coordinates and before taking the limit, the toroidal
coordinates (s, n, ¢) are replaced by (R, 6, ¢).

Since
_ds8 =1 _ _dsing
P= G —cosn)’ *" (G—cosn’ (4.1
where (p, 2, ¢) are cylindrical polar coordinates, one obtains
R _(o"+7) _(s+ cosn)
& d& 7 (s— cosq) (4.2)
and
2 _ 1yl/2
Tan g = &= D" 4.3)
sin 9

Eliminating n from (4.2) and (4.3), one can obtain an expression for s in terms of R and
0. Hence the following are obtained when d approaches zero

(s* — 1)”2~Ig2sin 0
; 4.4)
s~ 1 +I—(§;2sin2 0

Similarly one obtains
(s — cos q) ~ 2d°R™? 1

. (4.5)
sin n ~ 2dR™' cos BJ

The asymptotic values given by (4.4) and (4.5) hold not only when R is fixed and d
approaches zero, but when d is fixed and R approaches infinity.
Using the above the following limits can be calculated
lim y.v(R, 6,¢) = HY(R, 6, ¢)

d=s0 v

0< 8L 2 (4.6)
lim ¥5v(R, 6,¢) = HY(R, 6, ¢)
d—0 J
where
@ _ try, 2t+ N
HuR, 6,¢) = 2V V7% 3 (——1)7%—[;,) sin 8'P5Y7" (cos 8). (4.7
=0 .

For present purposes the limit is only required for the range 0 < 6 < #/2.

S. Solutions of the wave equation representing radiations from a ring source.
Having obtained the asymptotic values of ¢7y(P) and ¥;v(P) we now find the linear
combination ¢’ representing a solution of the Helmholtz equation, satisfying the radia-
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tion condition, and possessing a ring singularity (i.e. singular at the limiting surface

s = ). This is done by using the necessary condition that ¢’y represent radiation
from a point source when d — 0. No further restriction is placed if it is required that
lim ¢ = e™hy (kR)Py (cos 6), (5.1)

d—0

where N is an integer.
Since

ki (kR)Py (cos 8) = jn(KR)Px (cos 8) + (—1)"*"j_y_1(kR)PY,_, (cos 6)
it can be seen that the desired linear combination has the form
g =¥y +(=D)"
where
vy = Z C.(N, My¥7(P). (5.2)
Thus it is seen that (5.1) can be replaced by
lim ¥y = ey (kR)Px (cos 6). (5.3)

d—0

Using (4.6) and (5.2) this reduces to

> CN, M)H'UR, 6,4) = ¢"™ju(kB)PY (cos ) 0 < 6 <3 (5.4)
Equation (5.4) determines the unknown constants C,(N, M). It is an identity in the
variables (R, 6, ¢). In solving for C,.(N, M) we shall consider 8 to be in the
range 0 < 6 < 7/2. This will be sufficient for present purposes.
The right hand side of (5.4) is of the form

» -]C.E N+2p
(7'_)1/2 © (_1) ( 2 )
2 ST+ N +3/2

This is a power series in (kR) with lowest power N and with all terms in the power
series of the same parity as N. Thus considering the expression for H"; given by (4.7),
it is obvious that the left hand side of (5.4) must be of the form

Py (cos 8)e'™. (5.5)

E CN+27(N) M)le\’;+2r(R; 01 ¢) (56)

r=0

and on substitution of the expression given by (4.12) this becomes

fead 2p A —1\"T
e ery 3 B 5 C”*;g:’ — 1)‘) sin @ PFI (cos ). (5.7)

Substitute the expression given by (5.5) and (5.7) in (5.4), divide out (kR)" ¢, and
equate coefficients of (kR)*” to obtain

(W)’/ZP:/[ (COS 0) (M-N)/2-p 3 CN+2r(N7 ]VI)‘(_ l)r . p—r
=2 (]
@) T + N + 3/22">" -t o0 (5.8)

X PyYr*" (cos 6), where p=10,1,2,3, -
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The constants Cy,,, (N, M) are determined from the infinite set of equations (5.8).
To solve for Cy.,, (N, M) the following result is used

Py (cos 6) _ Z __sin 0°7PyY5 (cos ) (5.9)
@@+ N+3/2 Z2@ —NIOITWN +3/2+7) '
The proof of the above expression is found in [6].
Using the fact that
M gy IN+M+1) ,u
Py (cos 6) = (—1) ————P(N M+ ) Py (cos 6) (5.10)
and the identity given by (5.9) one immediately obtains
_ r+M
CrvasV, M) = ()7 —— LN+ M+ D(=1) (5.11)

TN — M+ 1)®)ITWN 4+ 3/24+17 2(M+N)/2+r+1'

So now the coefficients C,(N, M) in (5.2) have been found such that Eq. (5.3) holds.
Since the limiting process of d approaching zero is independent ‘of whether Y™ (P) or
Y™ (P) are used in (5.2), one has two separate solutions for ¥’ , odd and even solutions
in the variable 4. Define the even solutions by S% and the odd solutions by T'% as follows:

e™Sy = Z; CrsaerN, M)y 12,(P), (5.12)
e™TY = 2 Cusae(N, M)Yiy.s.(P). (5.13)
r=0

Applying the necessary condition for continuity of the function and its derivatives as
given in Sec. (3), it is seen that in (5.12) the subscript N is such that

N=M+2] oo —N—-1=M+4 2]
and the subscript N in (5.13) is such that
N=M+2l+1 or - N—-1=M+4+21+4+1,
wherel =0,1,2, ---
S% and T have the following propefties

lim 8¥ = jy(kR)PY (cos 6)
@0 0<6<r.

lim T = ju(kR)PY (cos 0) 2
Hence the functions V% and W’ defined as follows,
V¥ = Sy 4 i(—=D"'SY., (5.14)
Wy =Ty +{(=D""'1%_., (5.15)

have the property

[

lim VY

R (kR)PY (cos 6)

=0 O < 0 < 7_!'.
lim WY
d—0

h"(kR)PY (cos 6) 2
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Thus we have a set of functions e’ V% (s, #) and '™ W(s, n) which satisfy the necessary
condition for outgoing radiation. Their analytic properties of continuity convergence,
singularities etc., must be investigated.

The first thing that is required is to evaluate (5.12) and (5.13). From (5.12) and
(5.11) it is seen that

grogu - TV + M+ D@ (=D s (=1 ¥uip(P)
T(N — M + 1240 ZZ2OINN +3/2 + 1)’

where by (3.8), ¢ v...(P) is obtained from (2.24) by replacing T by (N + M)/2 + r
and multiplying the resulting series by (kd)”**".
The expression given by (5.16) can be simplified and the following is obtained

n _ (N + M + )@ (=D& @)" L (- 1’K,

(5.16)

(5.17)

YD — M 4 12N (s — cos ) MV72 S (s — cos )'2°
where
1 () () w - v
Kl — Z r r
P @ITN+3/2+p = (r}!i(s — cos y)" (5.18)

'P;ffiium OF

Since N is specified for Sy such that N = M + 2lor — M — 21 — 1, and [ is a positive
integer or zero, the series in (5.18) terminates when r = . ,
Similarly one can reduce the expression for T to the following

w _ DN 4+ M+ D@*(=1D" sin 9k )" z": (k )*(=1)’K3 (5.19)
N P(N - M + 1)2(M+N+3)/2(s — cos 77)(M+N+1)/2 = 21’(8 — cos ,,’)9 4 N
where
, 1 () (Y 1)@ -
K= ore 132 M & 016 = cos (5.20

. P;fﬁfuv—n/z(s)-
Since N is specified for T to have the values N = M + 2 + 1L or — M — 2] — 2, the
series in (5.20) terminates when r = [.

Hence we see that S’ and T'% are comprised of two series one finite and the other
infinite. Hence for convergence, we only need to consider summation over p. Using
the inequality (2.28) an absolutely convergent dominant series can be found for the
series

i (kd)sz;fl(;l:—M)/2(s) .
> 2%(s — cos 7))’ () IT(N + 3/2 + p)

Hence it can be shown that the series expression in (5.17) is absolutely and uni-
formly convergent for theregion 1 < s < ®,0< 9 < 27rand 0 < | kd| £ . If the
series (5.17) is differentiated term by term by either s or #, the resulting series is also
uniformly convergent for the same region.

The same remarks hold true for the series expansion (5.19) given for T% .
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6. Integral representation of V., ,,(s, 1) and W¥,,,,.(s, n). Before the asymptotic
values for large R can be obtained, we must obtain an integral representation for each
of the functions.

Using the following integral expression for the associated Legendre function Pi(s)
where p < %

2»(82 o 1)—#/2 r

H I\ S S 2 _ 1/2 n+p : —2p
Pi(s) = @ TG =1 Jo [s + (s 1)'% cos t]*** (sin £)™™ di (6.1)
we obtain
(sz _ 1)r/2P;M—r(s) _ 2-M(s2 - 1)M/2 x zr (Sin t)QM dt (6 2)
(s — cos )’ @ TG+ M+l s+ - D) 2cos ™
where
_ (s> — 1) (sin #)* )
Z = 2(s — cos n)[s + (s> — 1) cos {] (6.3)
From (5.18) and (6.2) we thus obtain
K1 _ 2—M(82 _ 1)M/2(1r)—1/2
> (pITN +3/2+p)T(G + M)
M-N N+M+1, (6.4)

72F1< 2 , ) ,%+M;Z>(sint)mdt

'j; [s + (& — 1)% cos 4] M~¥72 )

The range of Zis0 < Z < 1, Z being unity when cos n = 1and s + (s* — 1) cost = 1.
Since we are considering the case where N = M + 2lor — N — 1 = M + 2] the hyper-
geometric function in the expression (6.4) is a polynomial with finite argument. Thus

the interchange of order of summation and integration is valid. Now in the expression
for 8% (5.17) substitute expression (6.4) for K, . Interchange the order of summation

and integration. Noting that
v x 2p+N .
© (— 1) <2) (7|-)1/2

Iw(X) = ,g MITN +3/2+p) 2 (6.5)
_ (‘n_)l/2(k d)NZ—N/Z—l (_l)p(k d)21:[s + (82 - 1)1/2 cos tlr+N/2

P » , 6.6
(s — cos ))™* 70 2°(s — cos 0)’(p)!IT(N + 3/2 + p) (6.6)
where
— vl 8 + (s — 1) cos t]“2
X =hi2 [ s — cos 9 (6.7)

it is seen that the infinite series in the integrand is uniformly convergent for © > s > 1
and 0 < ¢ < 7. Hence the following holds

g - TN + M + D(=2)"m~*
YT TN -M4+ DTG+ M)

.fo*zFl<M—N N+M+1.

(6.8)

%+M;Z>

2 2 ’
GeX)Z¥ 2 sin )M dt 1 <5< .
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When N = M + 2! the integral in (6.8) will hold also for s = «. From (5.14) we have

x _ (2M 4+ 2D)(=2) M@ f _ 11 Y
M+21 — (2l)'F(% + M) o ZFI( ly M + l + 2 2 + M; Z)h1|1+21(X) (6-9)
X ZM”* (sin ™ dt,
where k§’(X) is the spherical Hankel function of the first kind. In a similar manner the

following integral expression may be obtained for T% where N = M + 2l + 1
or— N—-1=M+4 241,

g - PN + M + (= 2) ¥ sin n(s" — 17"
v (N — M + D@’ T(M + %)

(AL MEN Ly w7)

(6.10)

in(X)ZMP? (sin ) MM dt.

The integral expression in (6.10) holds in the ranges 1 < s < o for N =M + 21 + 1
and 1 < s < o for N = — M — 2l — 2. We also obtain the integral expression for
W ..., which holds for1 < s < o

@M + 21 + DI(—2) ¥ sin 98" — 1)7°
@l + D!@)’TG + M)

M
WM+2I+1 =

. (6.11)
. f Fuil=l, M 4 14 3/2; % + M; DL n(X)Z4072 (sin 9™ dt.
0

7. Asymptotic values of V%,,,(s, n) and Wi;,,,,.(s, 3) for R — «. Having obtained
the integral formulation of the wave functions, we are now in a position to investigate
their asymptotic values when R approaches «.

From (4.4) and (4.5) the following asymptotic values are obtained for R approaching

( 1)1/2 [ ( )]
——s R 2sin8+ 0 i 7.1
s—coangd_?[ (i)]
s R 140 7 (7.2)
Hence the asymptotic values of Z and X for large R are
Z ~ sin’® tsin’® 6 + 0(%) (7.3)
and
X ~ kR + kd cos tsin 0 + o(%)- (7.4)

Insert the values (7.3) and (7.4) into (6.9) and using the fact that when R approaches «

B (X) ~ (—g)Mee exp (kR + ;cl;i cos f sin 6) 7.5

we have

VY o~ (—g)Mr2n "kR RY.,. (cos 6), (7.6)
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where

eM + 2DU(—=D¥ (@)

Rit.a (cos 6) = "
2H12)" (M + .5)

(7.7
X f JFU(=1L, M+ 1+ %3 4+ M;sin £ sin 6°) sin 8" sin £ ¢**°°* *in? 4y,
0
Expand the hypergeometric series in (7.7) and use the relation
I'n + HJ.(2) = W—I/Z(g) [ et sin & dit (7.8)
Y0

to obtain

RM+2I (cos ) =

@CM 4+ 2)! <~ (=D.M + 14+ D, (2sin 6Y .
2D k) ;) 1 ( od )JM+r(kdsln 8. (7.9

To obtain the asymptotic expansion for Wj;,,,,,(s, 7) the following result is needed
[from (4.3)] _
sin 9(s® — 1)7"? = cot . (7.10)

In a manner similar to the above, the asymptotic value of Wi .,,..(s, 7) can be obtained
for R approaching o«

Wﬁuzn(s; n) ~ (_'L)M”“z ekR RM+2I+1 (cos 6), (7.11)

where

(2M + 21 4+ 1)! cos 6 E (=DM + 1+ 3/2), (2 sin o)'
@2l + DA—kd)™ = (! kd
S+ (kd sin 6).

From (7.6) and (7.11) it is seen that the wave functions e™® V¥,,.(s, 9) and
™ Wi, .01 (s, 1) will satisfy the radiation condition. We shall consider the case where
d approaches zero. It can be shown that the asymptotic values for Z and X given by
(7.3) and (7.4) will hold when d vanishes. Hence we have

Ritiz141 (cos ) = (7.12)

lim Vi zs = h2a(kR) lim RY .o, (cos ). @13
But
lim Rz (cos 8) = (2M(;—l)?(lz)u'()v—l)
im (7.14)
.(8212_0)”';1(—1, M+ 145 M+ 1;sin’ 6)
_ @M +( 22ll))!!(—1>M P, (cos 0) (7.15)

= P¥.. (cos 6) 0<9<Lm.

We see that Ri.,, (cos @) is identical with the associated Legendre function P .,,
(cos 6) when d vanishes. In a similar manner it can be shown that R}f.,,,, (cos §) becomes
identical to PX,,,., (cos 6) when d is zero. Hence the toroidal wave functions
e V. (s, n) and e Wi, ..., (s, 1) are identical to the spherical polar wave functions
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when d vanishes. Thus when d vanishes they represent radiations from a point source.

The remaining detail to be considered is the nature of the singularities of the wave
function at s = o,

8. Asymptotic behaviour of Vi .,,(s, n), Wif..i..(s, 1) a8 s —» ». In order to in-
vestigate the asymptotic behaviour of V;.,,:(s, n) and Wi..,..(s, n) we must investigate
the functions Sh.z1 , S¥u-20-1 , Tate21+1 and T, _,,_, separately.

For S).. and T,,,., use the integral expressions. We have shown that the ex-
pressions hold for 1 < s < o and since the integrand is finite for s = « we may use
the integral expression to determine the asymptotic values.

From (6.3) and (6.7) the asymptotic values of Z and X become as s approaches «

Z ~27'(1 — cos t), _ 8.1
X ~ kd 2'*(1 + cos £)'>. (8.2)
Hence we obtain the following for s approaching «
Sit+21 ~ constant, (8.3)
T st ~ %7 constant. (8.4)

It is more difficult to find the asymptotic values for 8%, _,,_, and T, _,,_, . For simplifi-
cation of work, the functions F,(s, n; !, M) and G,(s, n; I, M) are defined as follows

Fp(s’ n; l’ M) — (8 — cos n)l+l/2 IZ (_l)r(M + l + %)r (82 _ 1)r/2P—M—r (3)

1 (s — cos ' poi-1/2
. vos = (=DM + 1+ 3/9), (8.5)
G,(s, 1; 1, M) = sin n(s — cos n)'"" "_Z,o( (2,)(!(8 j_co:-n)'/ )
(" — DP9
Thus from (5.17), (5.18) and (8.5) it is seen that
S 6, m) = r@M + 21 + (@' *(kd)~ ™!
—M-21-1\%) - -1+1/2( _ 1\ M
r2! + 1)2 (=1 ‘ (8.6)
5 (= (k)™ F s, n; 1, M)
S (12°T(—M — 21+ p + 3)(s — cos )’
and from (5.19) and (5.20)
o (s, m) = TeM + 21 + 2)(m) " *(kd) M2
—M-21-2\9) P(2l + 2)2—l+1/2(_1)M (8 7)

_ Z“’: (=1)’(kd)**Gyfs, n; 1, M) )
= (12°T(—M — 21+ p — 3)(s — cos )’

Now multiply $¥y_z:-1(s, 7) by (kd)™**'*! ¢ and let k approach zero. The only term
which is non-vanishing is the term involving F,(s, n; I, M). Thus we have the following

{(kd)M”Hl e'.""ﬁ,SflM_z,ﬂ Yo

1/201-1/2( _ 1\ M ,imé
_T@eM + 2l + D@2 7% (=1)" e Fols, n; 1, M). (8.8)

Il + Dr(—M — 21+ %)
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But any solution of the wave equation when £ = 0 is a solution of the Laplace equation.
Thus '™ Fy(s, n; 1, M) is a solution of the Laplace equation. Now F,(s, »; I, M) is a power
series of (s — cos 5) up to the lth power, multiplied by (s — cos #)'/? and is non-singular
when s = 1. Since the complete set of solutions of the Laplace equation which are non-
singular at s = 1 are

‘ime - 1/2p—-M
and '™ (s — cos n)*PL.l1,.(s) cos nn} (8.9)
™ (s — cos 1)'"PY, 5(s) sin ny
then
1
Fos, n; 1, M) = 2 a.(s — cos )'/*P; X ,5(s) cosrn. (8.10)
r=0
By a similar analysis it is seen that
I+1
Gols, n; 1, M) = D b,(s — cos n)'°P;2,5(s) sin ry. (8.11)

r=1

So the problem is to calculate a, and b, . To find the coefficients a, multiply both sides
of Eq. (8.10) by (s* — 1)"¥/* and let s approach 1, using the fact that when s approaches 1

- M- 27 %(s — 1)
2 (r—M)/2 M-y ~
we obtain the equation
. i
> a, cosrn = (1 — cos n)’. (8.12)

r=0
But on the expansion of (1 — cos )" in a Fourier series we see that

(2D1(=1)

r = ) 8-13
(I -+ et (8.13)
where
e, =1 when r=1,2,3,---1 (8.14)
¢. =3 when r = 0. J
Now in a similar manner Eq. (8.11) may be reduced to the following
1+1
sin n(1 — cosm)' = X b, sinry. (8.15)
re=]
Thus the coefficients b, are derived from a Fourier analysis and b, are
1 — r+l
] r(21 + D=1 (8.16)

T 1T =
Thus we obtain the following expressions for Fo(s, u; [, M) and Go(s, #; 1, M)

i e R (2D 1(—1)
Fo(s, n; 1, M) = (s — cos n) Z_; TR

i+l W — r+1
Gols, m; I, M) = (s — cos )"/ 2 r2l + D=1

P 4(s) cosry, (8.17)

P;Y,.(s) sinrg.  (8.18)

SO+ 14+00+1 -
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Using the following asymptotic values for the associated Legendre function

-1/2

P ~ (2) g Uom. @9 — 7 — ¥ + D)

d log, T'(2)

v = 0.5772156649- -+ and () = o f

where (8.19)

2'T(n + 5"
@®’r +n + M)

we see that the values of Fo(s, n; I, M) and G,(s, u; I, M) become the following when s
approaches «

PM(s) ~ n> —%

1

Fo(s, n; 1, M) ~ e—'~(2,—_1;)— §7°P721,:(s) cos Iy, (8.20)
(__1) 181/2

Go(s, m; I, M) ~ —2,_Pt_g/2(s) sin (I +‘1)’7- (8.21)

It can be shown [6] that
(s — cos)?F (s, ; , M) <06 p=1,23,---

and hence the dominant term in expression (8.6) given for S¥y_;,_, is Fo(s, #; I, M) for

8> 1 provided that kd < s. Similarly it can be shown that G,(s, n;l, M) is the dominant

term in expression (8.7) given for Ty _;;_; .

Thus from (8.6) and (8.20) we have when s approaches
(M + 2D)1(2m)'2(—1)" "¢,
@YIT(—M — 21 4 Hka)™ ™"

and from (5.14), (8.22) and (8.3) we have
W(=1)'2m)V2(2M + 2D) e,
k)MEDIN(-M - 21+ D)
From (8.7) and (8.21) we have
@M + 21 + D(=DY (x/2)"/?"?
2l 4+ DIN(—M — 21 — H(kd)™+***

S¥uai-a(s, m) ~ 8°PiN () cos In  (8.22)

Vﬁnl(s; n) ~

PN ,(s) cos Iy . (8.23)

Ty 01-a(8, n) ~ PX.9sin(l+ 1)y (8.24)

and hence
W{=D'CM + 21 + Dix/2)'%s*
@l + DIT(—M — 21 — Hkd)™****

9. Orthogonality and general discussion. We have obtained a set of solutions of
the Helmholtz equation in toroidal coordinates which satisfy the radiation condition,
are continuous and convergent in all space and possess a ring singularity. When the
radius d of the ring described by the coordinate s = « approaches zero, the toroidal
wave functions become identical with spherical polar wave functions. Hence the toroidal
wave functions e*™ Vi ,,,(s, ) and e'™ Wi ..., (s, 1) form a complete set. That is, any
solution which is continuous and single-valued outside the torus s = s, (i.e. region
1 < s < s,) and satisfies the radiation condition and arbitrary boundary conditions on
the torus can be represented by a linear combination of the above toroidal wave functions.

Wﬁnzn(s; n ~

PiM,(s)sin (I + Dn.  (8.25
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Now the question of orthogonality arises. Are the functions e¢™* Vii..,(s, #) and
e'™ Wit.2.1(s, 1), orthogonal over the surface of every torus?

If we choose a weight function p(s, ) which is an even function of the variable 7,
then we obtain the following

2x 2x
[ [ eV tate, Dl Vs, 0o, W dnde =0, MM @)
0 0
2x 2r
f .[ [e'.m'bW)}:I{)rzlﬂ(sf ﬂ)][e—‘m,¢W£;:+21'+l(s’ 71)]17(3, ’7) dy d¢ = 0; M = M (92)
L) o

2% 2
f f [ehwvlng(s: n)][e_'m’éwﬁ:wt'ﬂ(s: nlp(s, n) dnde = 0, (9.3)
0 o
which holds for every torus s = constant. What can be said about the integrals?

2w 2T
[ [ e Vitats, mle ™ Vitears, mlpls, M dnds, 1=V (9.4)
0 0

2 2x
f f "W it arna(s, Mlle™ ™ Witearils, n)Ipls, ) dndg, 1= 1. (9.5
0 0

It can be shown that if p = h, , then the integrals given by (9.4) and (9.5) do not
vanish. In fact for p = h, , it can be shown that there is no set of linear combinations of
the wave functions ¢'™ V¥, and ¢'™* Wi, ,,., which form a complete orthogonal set
.over the surface of every torus. For p £ h, nothing at present can be said about the
vanishing of the integrals given by (9.4) and (9.5).

As it stands now one can say that, the wave functions e’™® Vi ,,(s, ) and '™
Witizi4:(s, 1) form a partially orthogonal set over every torus. To complete the orthog-
onal set, one must at present use the Hilbert-Schmidt process for every torus s = s, .
That is, for each torus s = s, and each value of m one must form an orthogonal set from

¢

the functions €™ V(s , 7), €™ Viria(so, 1), ™ Vis(so, 1), -+ using the Hilbert-
Schmidt process, and also form an orthogonal set from the functions e¢"™® W, (s, , 7),
™ W, (sy, n), --- . However the functions do form a complete orthogonal set over

the surface of the limiting torus s = s, where s, > 1.

‘Apart from the difficulty involved in the problem of incomplete orthogonality
which is a property of non-separability, the toroidal wave functions derived in this
paper can be used to solve any problem of diffraction of acoustic waves by a torus or
of a radiating torus. In fact they are useful in solving the vector wave equation, and
already have been of practical value in electromagnetic problems.
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