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TORSION AND EXTENSION OF HELICOIDAL SHELLS*

JAMES K. KNOWLES (California Institute of Technology)
AND
ERIC REISSNER (M assachusetts Institute of Technology)

1. Introduction. The present paper is concerned with the problem of rotationally
symmetric deformations of thin elastic shells the middle surface of which is a portion of
a right helicoid. Particular consideration is given to the problem of a uniformly pre-
twisted thin strip which is acted upon by tractions which result in equal and opposite
axial forces F, and equal and opposite axial torques T (Fig. 1).

The differential equations for stresses and deformations of thin homogeneous, isotropic
helicoidal shells, as used here, have been derived elsewhere [1]. In what follows they are
employed in the form which they assume for rotationally symmetric states of stress and
strain. Insofar as the problem of the pretwisted strip is concerned one of the essential
aspects of the analysis is the connection between rotationally symmetric states of strain
which depend on states of displacement which are not rotationally symmetric. The details
of this connection are established in the present paper.

Of particular interest in the problem of the pretwisted strip are the relations between
the applied force and torque on the one hand and the angle of elastic twist and the
relative axial extension on the other hand. In this connection certain explicit results
are presented which generalize earlier work of Chen Chu [2] regarding the torsional
rigidity of the strip.

2. Equations for helicoidal shells. Let r, 6, z be cylindrical coordinates and let

z2=af (2.1)

be the equation of the middle surface of the shell. The constant 2wa is the pitch of the
helicoidal middle surface. The parametric curves r = constant and § = constant on the
middle surface of the shell form an orthogonal net but are not the lines of curvature.

The state of stress in the helicoidal shell (2.1) is described by stress resultants N, ,
Ng¢,N.s,Ns , Q, and Q, and stress couples M, , My , M,; and M,, referred to tangential
and normal directions at the edges of an element of the shell (Fig. 2). The differential
equations of equilibrium of an element of the shell are [1],

2wy + & TN, 120, =0, 2.2)
vy + 8+ IN, +20 =0, 2.3)
2@y +22 2w, + V) =0, 2.9
2 (ar) 4 e aM" ~L M- Q =0, 2.5)
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Fic. 1 Pretwisted strip

F1c. 2 Element of helicoidal shell

9 Ms 7" ar _ 00, =
ar (aMrd) + EY’) + a Mvr aQO _IO; (2-6)
N, —N0f+£§(M0—Mr) =,0. 2.7

The quantity « is defined by
a = (a® + )2 (2.8)
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The system (2.2) to (2.7) is completed by a system of stress strain relations which
here is taken in a form corresponding to the relations of Fliigge [3] and Byrne [4] for
lines of curvature coordinates and which is [1],

N.o=: ’f’”yz e (I K Y SRR RCY
Mm-S [ —0 -0 S @-w], e
Now = gy v = ﬁ—) (4 +9)6 + 6 —0t], (@11

Nuw = gt 7o = % (49 +6-9etl, @19

M, = 1—25—%_—7) (x?‘ + vk — 1—‘2:l£§7ra> : (2.13)

M, = %—f—) (K;k +oer — 1= ”%7,,) , 2.14)

M, = 12(f"_3 5 [1 5 ™= e+ >] , (2.15)

M,, = 12(f}i ) [1 ; - fﬁ (e + veo)]' (2.16)

The strain quantities ¢, v, « and 7 are expressed in terms of radial, circumferential
and axial components of middle surface displacement u, v and w as follows;

€,=g_;‘, (2.17)
AL =
R R A O T

2
KF = — 7"?9;"2’_'_9_6_’)_16_’”_4__“_% (2.21)

2r °w | 2a 9% 2 — a®) ow  4dardv  4dar

* — = dw 4dardv _ 4dor
Faal T Fawas T o 90 o 36 o “ (2.22)

T

For the formulation of boundary conditions it is necessary to have expressions for
effective edge stress resultants which include the action of the edge twisting moments
and their derivatives, insofar as they are statically equivalent to distributions of edge
forces. Radial, circumferential and axial components of these effective edge stress re-
sultants are, along edges r = constant,

Rr =Nr+f§Mr0) (2.23)
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H ="N,—% — &My (2.24)
a a a 90
_¢ r r M.,
Zr '—aN79+aQr +a2 60 ) (2‘25)
and, along edges 6 = constant,
a
R8=N0+?Mﬂr) (2.26)
Hg=CN9—(_1Q0_i((_1MGr) ] (2'27)
a «a ar \«a
Zo=gNo+1—‘Qo+g‘<£M0r)' (2.28)
a a or \a

In addition this procedure introduces concentrated corner forces of magnitude
+ (M,, + M,,) in the direction of the normal to the middle surface of the shell, with
components + (r/a) (M,, + M,,) and F (a/a) (M., + M,,) in the axial and circumfer-
ential directions, respectively.

3. Boundary conditions for the problem of the pretwisted strip. We consider a
helicoidal shell with edge coordinates r = =+ b and 6 = = 6, . The usual polar coordinate
interpretation is attached to the meaning of negative values of r; the point (— r, 6) is
the image of the point (r, 8) under reflection in the z-axis.

We assume that the edges r = == b are free of stress and that the edges 6 = & 6,
are acted upon by forces F and torques T in accordance with Fig. 1. We then have the
following system of boundary conditions along edges r = constant:

r = +b: R.,=H. =M, =2 =0. 3.1

Along edges 6§ = constant the boundary conditions are taken in a form which insures
that a rotationally symmetric state of stress will exist in the strip. Thus we prescribe,
at 0 = & 6, :

b b
./‘—b Zﬂ dr - [2 (Mr0 + Ma,.)]_ = F} (3'2)
b a b
[ ma S0, + )] =0, (3.3)
b
f N, dr = 0, (3.4)
-b
b ar b
[ rH, dr + [; (M, + Mm]_b =T, 3.5)
1 2 b
‘/‘_b rZy dr — [;_ (Mrﬂ + Mor):l_ =0, (3-6)
b
f_b M, dr = 0. 3.7)

4. Displacements and stresses for the pretwisted strip. Considerations of symme-
try indicate that displacements for the pretwisted strip problem should be of the form
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u = u(r), v = v,(r)0 and w = w,e(r)6. The requirement that the components of strain
(2.17) to (2.22) be independent of 6 leads to the conclusion that admissible displace-
ments are of the form

u = ur), v = ko, w = k.0, 4.1)

where k, and k, are constants.

For displacements of the form (4.1) we have further that «* = «%¥ = v, = 0. In
view of Egs. (2.11) to (2.14) this means that the displacements (4.1) are associated with
the vanishing of four resultants and couples,

N,0=Ng,. =]‘/I,. =Ma=0. (4.2)
The equilibrium equation (2.3) then implies
Q. =0, (4.3)

and the following system of differential equations for N, , Ny, M, , My, , Q, , and u
remains

a(@N,)) —rNy + aQ, = 0, (4.4)

a(aM )’ + rM,, — o’Q, = 0, (4.5)
et ECR K TR POV
N, = I—F_’L—< to) —hp e a0 G-, 6D
Mo = 12(f]h_3 ) [1 5 o%(“’ + "")] ’ (+8)
] = R A | (+9)

In these equations primes denote differentiation with respect to r, and

€, = u,, € = 2 u + kl 2 + k2 2 ) (4.10)

N 4ar 2a(a® — 7°)
T a4

2 2
- wt ks 2 —a),
a

+ k, (4.11)
Three of the four boundary conditions (3.1) are automatically satisfied and the fourth

may be written in the form
r=+b: &N, +aM,, = 0. (4.12)

Of the six boundary conditions (3.2) to (3.7) four are automatically satisfied and the
remaining two may be simplified (upon elimination of ;) by suitable integration by
parts to read

F= f ( Ny 4+ 50 M79+1—3Mar) dr, (4.13)

T = / ( ;‘” M,+% M,,) dr. (4.14)
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5. Non-dimensionalization and simplification. In Eq. (4.1) we may write
k, = aw, ks = aé, (5.1)

where » and & are respectively the angle of twist and the axial extension, both per unit
of axial length.

We further introduce a dimensionless displacement and dimensionless resultants
and couples as follows:

w=7%, (5.2)
N, N b*

n, = E ) Nng = —}—; ) 9 = 7?%; ’ (5°3)
bM, bM,,

Mmey = WZ’»O ) mey, = E‘:—' (5.4)

The quantities u, , n, ¢, and m are considered as functions of a dimensionless coordinate
p defined by

p=7% (5.5)
We set finally
b
A = " (5.6)

The parameter A measures the pretwist of the strip and vanishes for an untwisted plate
located in the xz-plane.
Introduction of (5.1) to (5.6) into Eqs. (4.4) to (4.11) transforms these equations to
the following form
Mo 1 R’
a1+ X 2)1/2 ny + a+ N 2)1/2 bz Qo =

%m+wﬁm1 0, (67

[(1 + A2 2 1/2mr0] + _ (1 + x2p2)1/2q0 — O, (5.8)

)

1 At A —
1 - Vz)n, =€ + veg — ﬁ?m [b‘r §1+ ):I:?); (e, — éo):I, 5.9

(1 — )Ny = € + ve, — l}ﬁ—L* [br A =\ (e — e,):l , (5.10)

12b° 1 + \%° 1+ \%°
1— A
120 — P)m,e = B Lo+ — 1—+‘7;§ (o + ve,), (5.11)
120 — Ame, = 222 br% — — (e 4 vey) (5.12)
0r 2 1 + AZPZ r 8/ .
where
_ du Mo Ap’bw )
€ = dp ’ €@ =7 F )‘2 — 73 Ulp) + 1T+ 2% + 1L+ np (5.13)
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_4)\3 )\2 2 )\2p2 -1
(1 F 2 2)2 U + 2bw (1 ¥ X 2)2 + 268X (1 F )‘2P2)2'

The system (5.7) to (5.14) is to be solved subject to the boundary conditions (4.12),
which take the dimensionless form

bt — (5.14)

AR

IT)?? e m,y = 0. (5.15)

p = =*xl1: n, +
The expressions (4.13) and (4.14) for the force F and the torque T’ assume the form

— )\ h2 Al h?
0+ a+—)fz)§W2 X mﬂr] dp, (5.16)

’ﬂo
[ )\ 2 1 — )\2 2 hz

T = Ehb® f mz ny + mm 3 Mo

-1
1 h?
+ A F N7 5 ™ dp. (5.17)

We now assume that the pretwist parameter \ is of order of magnitude unity and
not large compared with unity, and that all dimensionless resultants and couples are of
the same order of magnitude. Considering the fact that A°/b* < 1, we may then neglect
certain of the terms in the system (5.7) to (56.17) and thus reduce it to the form

d A2
ap (14 X)) = i = O, (5.19)
i [+ A2 2)1/2 1+ _)‘2/’___ =1+ A2 2)1/2 (5.19)
dp 14 m,e (1 + >\2p2)1/2 mey, = p Q , .
n, =5 - = (5.20)
ne = 4% (5.21)
- 1 L=y, o A
m,y = 121 — yz) [ 2 br 1+ 7\2[)2 (ep + Ve,):l , (5.22)
1 - A
me, = 12(1 _ Vz) I:l 5 v br* — -——1 + )\2,)2 (6, + Veo)] ) (5.23)
p = +1: n, = O’ (524)
1
F = Ehb f_ S +’;\‘; 57 dp, (5.25)

A 1 — 222 R
T = Ehbzf [(I_F—)\z-ijmno'f-(l—_l_'yg\—z)a_/ibz Mg
1

(_IW b2 mdr] dp. (5.26)

6. Reduction of the differential equations. The resultants n, , n, , and the couples
m,s and m,, are expressed in terms of u,(p) by (5.20) to (5.23). The moment equilibrium
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equation (5.19) serves to express ¢, in terms of wu, :

‘-Vx dzuO (4 —_ 31/))\ p duO

BTN TTENS 6 T N 4
(1 — )A*® — 2(8 — WA\ 7 — 5v))\3p_
+ b (1 + A2 2) + 6 (1 + A2p2)3 (6'1)

The remaining condition (5.18) for radial force equilibrium provides the following
differential equation for u, .
duq Mo duy , N = M)
dp2 + 1+ )\2p2 dp + -+ A 2)2u0
(L=9hp _ (L4 ] (L+9N\p
b I:]- + >\2 2 (1 + A2p2)2 + 6 (1 + )\2p2)2 (6'2)
The boundary condition (5.24) then becomes

duo Yo’
d 14+ \p

Thus u.(p) is a solution of the boundary value problem (6.2) and (6.3); it will depend
on w and é.
In view of the linearity of the boundary value problem we may write

N

p = :|:1: + -I—bw 22+5 =O- (6.3)

1+)\22

Uy = bwu;, + ou, (6.4)
and split (6.2), (6.3) into the following two boundary value problems for u, and u, .
p = +1: du' + i _1"_)\)\0 s U = 1—35 , (6.6)
Lu, = ((11 :;Z"o;’ , 6.7)
o= «£I: d“2+1—j:‘27’f_,p—2u2 T 6.8)

where L is the differential operator on the left side of (6.2).

The differential equation Lu = 0 is, in different notation, the equation derived by
Sanders [5] for helicoidal shell problems in which the displacements are independent
of 6. It is possible to reduce this equation to hypergeometric form in a number of different
ways, but no use will be made of this possibility in what follows.

7. Influence coefficients. When the boundary value problems (6.5) to (6.8) have
been solved, we shall have all quantities expressed in terms of known functions of p,
and the constants w and 8. Thus by (5.20) to (5.23) and (6.4),

2 du, v\ p Yo’ :I
¢l v, = bwl: + 1+ )\2 3 U + 1+ )\2p2

du, N v
+5|: +1+>\2 2u2+1+>\2p2:|’ (7.1)
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. 2 )\2
(1—1'2)"0=b0~’|: l(iiu +1"|i\)\? 2u1+i‘Tp)\2_2:|

A2
+5|: (tiiu2+l+>\2 2u2+'1_T1)\2—p2:|7 (72)

+ a[f{;—f%—’;’ ((?; ;2;3*2)2 u + L= 1}()1)\3 +2 ;pﬁfz — ”))‘] , (73)
120 = yme, = b”[ﬁ% i+ 4 x:p%:pz]
Arfnt - S 225 oo

When these relations are introduced into the force and torque conditions (5.25),
(5.26) we have two relations between the force F and torque 7' on the one hand and the
angle of twist » and the axial extension § on the other hand. These relations may be
written in the form

= (2Bhbyrs)8 + (3ERb Nyr.)w, (7.5)
T = (3Ehb"Nyrs)8 + RERDN'yr, + 3GH b7)w, (7.6)

where the dimensionless influence coefficients v are given by

_ 1 ! v du, N pfu2 1 ]
Yrs = 1 — sz; [(1 N 2)1/2 dp + a1+ X )3/2 + a+ A2 2)3/2 dp, 7.7

[ v du, + Np u Ao’ d 7.8)
Yro = 1 — 2 )\ a+ N 2)1/2 dp a+ )\2p2)3/2 1 (1 + A\ 2)3/2 Py .
d )\2 3 2 ]
Yrs I:(l ¥ )\2})2)1/2 ;Lpz + a—+ )‘gpz):;/z U, + (1 ¥ ‘;\2 2)3/2 dp, (7~9)
d A%p® A ]
YT = I:(l + )\2 2)1/2 dl:’l + (1 _|_ A€p2)3/2 ul (1 + ;2 2)3/2 dPy (7'10)
and finally
_ dp _ 14 (4\/3) + (8\* /15)
Y = . (1 + )\2p2)7/2 = (1 + )‘)5/2 (7.11)
In the integrals (7.7) to (7.11) use has been made of the fact that v, and u, are odd in p,
so that the integrands are even and [1, = 2f} .

It will be shown in Sec. 8 that when X = 0 we have yrs = Yro = ¥Yrs = ¥1o = v = 1,
so that (7.5) and (7.6) become

F = 2Ehb, T = 2Gh’bw,

corresponding to well-known results in the theory of extension and torsion of a flat plate
by end loads.
A straightforward application of Green’s formula, making use of the fact that u,
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and u, are solutions of (6.5) to (6.8), shows that vz, = vrs, as is in fact required by the
reciprocal work theorem of elasticity.

In addition to the flexibility relations (7.5), (7.6), we have the associated inverse
equations

o =K.+ K”F}_ (7.12)
6= KsTT + KurF
It is readily shown from (7.5) and (7.6) that
K- 3
“T 7 2GR*bly(\) + (4Eb*/15GRANf(N)]
_ _ —Ne(\)
Kir = Kor = 563500 + @EV/156RNT0)] [ (7.13)
K = _kar®) + (BEb*/5Gh*)N*g(N)
3 7 2Ehbly(\) + (4EbB’/15GR)N* ()] J

where the abbreviations

_9 _ S YruYTs
f(x) - 471’0} 4 Trs )
k) = z:a = ;Yf: , s (7.14)

have been used.
In the absence of axial forces, the torque T' and twist w are related by

T = lo,
where the torsional rigidity I is derived from (7.12) and (7.13) as
_1_, [ 4EP ., ]
In the absence of torque the axial force F' and the relative extension § are related by
F = K3,
where the axial stiffness K is given by
N S y(\) + (4Eb*/15GR)Nf(N)
= Ko~ 2 ke + GEV/5GRNG0) (7.16)

In the following section the first three terms in the power series expansions for
vrs(A), Yra), Y7a ), YA, f(A), k), ksx(N), and g(\) are obtained by perturbation
methods.

8. Perturbation solutions. All quantities of physical interest have been expressed
in terms of the solutions of the two boundary value problems (6.5) to (6.8). Inspection
of these problems indicates that «,(p, A) is odd in X and w,(p, A) is even in A\, while both
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are odd functions of p. For sufficiently small A\, we obtain solutions in the form
wi(p, N) = %m+vmm+~u}
u(p, N) = ;" (p) + Nus(p) + -+ - .

Introduction of these assumpticns into the boundary value problems (6.5) to (6.8)
leads to a sequence of boundary value problems for the u!”’(p). These may be solved
successively by repeated integration. The results of such calculations are

_ V3 _l-—u2 (L v li)s]a

- 3
+[(1_y2>9;-65vp+(1 v2)4(1+v) . (135+38?;5;(-)57u 1) 7:I>‘5

Y (8.2)
1—v 14+ p?»:l)\? + [g 1+ 21 —Pp

u2=—up+[— 5P+
QA +»U5+) 5]>\4
p

(8.1)

+ 151 = A+

120
+ [(1 +»)*1 ~»EL—-3%) (1 =1+
144 P 16 P
_a-»Na+ »(15 + ») e (1 — ) (515 + 60y + +°) , ]
240 5040 .
+ 00\Y). (8.3)
6 — T T T
/
/
S|— //_
/
/
First Approximation // //’/

/,
al- (Chen Chu) \N Faya
/ 4

1, 3 \ .
Second
2~ ApproximationT

Zeroth Approximation
( St. Venant)

0o | | 1 1
(0] [eA] 0.2 0.3 0.4 0.5

X

F1c. 3 Torsional rigidity ratio vs. pretwist parameter for » = 1/3 and 2b/h = 10
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Introduction of the perturbation solutions (8.2) and (8.3) into the integrals (7.7)
to (7.10) gives the power series expansions in A of Yrs , Yre = vrs, and vr, ; ¥(A) may be
directly expanded from (7.11). These expansions are

_ _3+4V 2 29+88V+56V2 4 6
Trs =1 6 A+ 120 A +0()\);
2
yre = yms = 1 _9+8v>‘2+161+304v+ 152y A+ 00,
10 280
, - 8.4
_ _45+20v 2, 531 4 504v 4 232v" _, s
yro =1 5 N+ 618 N+ 00,
— _Z 2 §§ 4 8
vy=1 6>‘ +40>\ + O(\°).

These in turn provide the expansions of f(A), k(A), ks»(A) and g(\) defined in (7.14).

R ;54%1'+8y2)\4+00\6’~
R TR 5
- .
R R A
g=1- 12y B8 ;ggg+ 52/ 009,

In particular the torsional rigidity I of formula (7.15) takes the form

(=g B )

(8.6)
4EV ,( 33 —4v., 427 — 1520+ 8 , )]
e\~ " @ Mt 840 NAee)

where
Io = I.o = 3Gh% 8.7)

is the St. Venant torsional rigidity of a flat plate of thickness A and width 2b. If only
the first term in each power series in parenthesis in (8.6) is retained, we obtain the Chen
Chu approximation [2]

indicating the increase in torsional stiffness for small pretwist. Figure 3 compares the
Chu approximation (8.8) with the second approximation (retaining A\* terms in the two
power series) and the third approximation (retaining A\* terms).

Corresponding results for the axial stiffness K of (7.16) are obtained by inserting
the power series for v, f, ksr and g into (7.16). There follows

4 EY

I~I°(1+15Gh’)‘

(8.8
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K Ty, 8. ) i@f?( _8 b,
[(1 Nt )+ a X

K, 6 156G I 42
427 — 1520 + 8 ., )][( 22—, 45—3% — )
+ 810 Az 1 3N+ 5 A+
3ED ,( 12 — 4v , | 828 — 486y + 52" , )]"
tserP\l -7 Mt 2835 MEee)] o (8.9)
where
Ko = Ky-o = 2Ehb (8.10)

is the axial stiffness of a flat plate according to plane stress. If only the first term is
retained in each of the four power series in parentheses in (8.9) there follows what may
be considered as an analogue of the Chu approximation;

1 + (4B /15GR)N
1+ GEV/5GK)N’

Figure 4 compares the first approximation (8.11) with the second and third approxi-
mations obtained by retaining the A’ and \* terms, respectively, in the four power series
in parentheses in (8.9).

In addition to the influence coefficients, the stress resultants and couples themselves
may be calculated by introducing the expansions (8.2) and (8.3) into the expression

K=K, (8.11)

1.0 T IR T r
Zeroth Approximation
(Plone Stress)
0.9+ —1
0.8} -
0.7} -
First Approximation
K Third
Ko 0.6 Approximation
0.5
Second Approximotion/
0.4} ‘ -
0 | | 1 |
o] O.1 0.2 0.3 0.4 0.5

b

F1c. 4 Extensional stiffness ratio vs. pretwist parameter for » = 1/3 and 2b/h = 10
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(7.1) to (7.4) for n, , ny , m,y , and my, . We obtain

n,=bw[—%(1 PN +(9+5”+1_—_vpz_27+v e>>\5+ ]

8 72
R R e e iy S 1) (A ] (8.12)
o G B e (e 2
pmsg e ] e e tg e
+<3v-§3v2'_2—z~—v2p2+28+;'iv+"2p4))\’+...], (8.13)

12(1 + v)ym,y = bwl:l — (4 4N -I-( + +84+?3v+v p4>)\4+ :l

_ v+ 10 + 9 + »® 2) 3 (_w
5[ (2+y)x+( 5+ 2 PN+ 8
2 3 2 3
PUEYES SEVPI VRS 1 RN p4)x5+ ] (8.14)
12(1 + v)mo, - bw[l _ 3p2)\2 + <1 1—1/ + 57 ;-251/ 4))\ + - :I
14+v , 543 2> s (_3_+6V_+3Vf
+ a[ +( +To T A N+ 8
n 1 2; 3 p2 _ 101 + gil’ + 5v p4))\5 + .- ] (8.15)

If (7.12), (7.13) and (8.5) are used to express w and 6 in terms of F and 7 in (8.12)
to (8.15), the expression for stress resultants and couples are obtained in terms of F
and T. The corresponding expressions are lengthy and will not be given here.
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