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A.S. Rapinchuk has drawn my attention to an error in the proof of Assertion
5.8 of the paper referred to in the title [1] (Math. Ann. 206 (1984), 403-419),
The assertion itself and other results stated in the paper are correct. In this
note we give a correct proof of Assertion 5.8. We will make free use of the
notations of the earlier paper. Briefly they are as follows:

k is a numberfield and we fix a completion k&, ~ R of k£ and treat k as
a subfield of R through this identification. G is the algebraic group of norm
1 elements in a quaternion division algebra D over k& which splits over k,.
We set ¥ = SL(2,R) = G(R),# a central extension of 4 by T = R/Z split
over G(k). For x,y € 9, the commutator 55151 of lifts %, 7 of x,y to
% is independent of the choice of these lifts and defines thus a continuous
map C: 9 x % — 4. If x,y,x',y are in G(k) with xyx~!y~1 = x'y/x'~1y/~1,
the C(x,y) = C(x',y'). (The main result of Sect.5 in the paper is that C
factors through C : ¥ x 4 — % given by (x, y) = xyx~1y~!). One defines f :
Yx%— Y x9G by setting f(x,y)=@m L,y )forx,ye% and E =9 x
G\C~I(£1), P = f(E). Also m : % x ¥ — ¥ is the multiplication map so that

C = mo f. It is shown in the earlier paper [1] that € on E factors through E EA

P : € =riio f. With these notations we will establish the following (claim 5.8
of [1]). ‘

Claim 7 is constant along the fibres of m: P — 4\{£1}.

We begin by examining the fibres of m: P — %\{x1}. Let @ € 9\{*1}
be a semisimple element. The fibre m~!(«) then can be described as pairs
{(xy,y~1)| y € %, ay is conjugate to y in ¥}. The map m : 4 X ¥ — & given
by (ay, y~1) -+ y imbeds m~!(a) as a subset of 4. The condition that ay and
¥ be conjugates in & implies that trace oy = trace y (but the equality of the
traces only ensures that oy and y are conjugates in GL(2, R)).
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Case i o is an elliptic element. In this case after a conjugation in % we
Cos@ Sin0
—Sinf Cos?8
let @ = u(y),—m < y £ n. Let & be the set of positive definite matrices of
determinant 1. Then for any g € 4 we have the unique polar decomposition
g =u(6(g)) - p(g) where p(g) € 2. Let y = fip,ay = yq,,7 € SO(2), p.q €
2. Then affip = yq so that y = aff and p = ¢. If y and ay are conjugates, their
traces are equal so that trace fp = trace yq. Now let f = u(¢) and y = u(y),
this leads to the equation (note that p,q are symmetric) trace p Cos ¢ = trace
gCosyr. Thus ¢ = +y (mod 2x) and since ¢ —y =y (mod 2x), one has
¢ =~y so that f =77! and 2¢ = § (mod 2n). Tt follows that @ = /2 or
¥/2+ = Thus y = fp and ay = ! p. Clearly the element w, = ((1) é)
conjugates y into ay. Now if there is an x € ¥ such that xyx~! = ay then
x~'w,(€ GL(2,R)) centralises y and det x~'w, = —1. Conversely if there is a
z € centraliser of y in GL(2,R) such that det z = —1, then w,z~! € SL(2,R)
conjugates y into ay. Now the centraliser of y in GL(2,R) has an element of
determinant —1, if and only if y is hyperbolic i.e., if and only if |trace y| > 2
and |trace y| = trace p Cos x/2. Thus the fibre m~!(«) can be identified with
the set

may assume that & € SO(2): for —n < 6 £ 7, set u(0) and

1

{£u(x/2)p | trace p - Cosy/2 > 2} .

This is evidently a disjoint union of two connected sets and hence m~!(«)
has two connected components. Further m~!(x) is stable under the map
(oy, ¥~ 1) = (—ay, y~!) which interchanges its two connected components.

Case ii. o hyperbolic a = (é’ l‘fl) after a conjugation with A > 0. Sup-

pose now that (ay,y~!)e m~!(a) with y= (‘CI 2) The equation trace
ay = trace y which holds in m~!(«) leads us to conclude that d = Aa: y =
(a b ) Now ay = ( Aa };b). Suppose that b/c < 0 (so that bc < 0);

¢ Ja Al
then—Ab/c=p>Oandifwesetw=(0 l)andtz(pl/2 0 ) ™w
-1 0 0 p—1/2 s
conjugates y into «y and belongs to %. Thus (a.y, y~!) belongs to m~'(«). Next
a b

if bc = 0 either b = 0 or ¢ = 0. Suppose that ¢ = 0; then y = while

0 Aa
\ -12
oy = (Aba 'Lb) and 1 =dety = ia?. It follows that y = ('l 0 l,b/z)
12 -12
while oy = ('10 Aﬂl‘,ﬂ . Now y is conjugate to ()' 0 13/2) in &

— infact by an upper triangular unipotent. Similarly «y is conjugate in ¥ to

12
().0 l"/z) and these two diagonal elements are conjugate under
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(_01 é) Thus «y and y are conjugates in ¥ if ¢ =0; an entirely anal-

ogous argument holds in the case » = 0. Finally suppose now that bc >
0. This means Aa’ — 1 > 0 so that ia®> > 1 leading to |da|] > [1/a|. This
means that |trace y| = |a| + |Aa| = |a| + 1/|a] > 2 so that y is hyperbolic.
Now y = (Z )il) is conjugate under (1) (1) to (}f Z) and this last
(Ab/c)Y? 0

0 (Abjc)~172
and oy are conjugates by an element ¢ of determinant —1. Since y is hyper-
bolic, one can find t € GL(2,R) centralising y and with dett = —1 evidently
ot has determinant [ and conjugates y into ay. We see thus that m~!(a) can be

identified with { (“ b )
c la

set. Thus m~'(«) is connected for « hyperbolic and trace a > 0.

element is conjugated into ay by ) Thus we find y

Aa® - bc = l}. Since 4 > 0, this is a connected

Case ifi. o hyperbolic, x = (3 A(‘)l) with 4 < 0. Once again one has
a b . Ag Ab
y= (c /la) and we need to examine when y and ay = (A—‘ 2 ) are

conjugates in SL(2,R). Since Aa®> — bc = 1, one has bc = la* — 1 < 0. Thus

b/c < 0. Now the element w, = (_01 (1)) conjugates y into (i‘; —ac)- If

1/2
we set T = (’D 0 —p2 ) where p'/2 is the positive square root of Ac/b, tw,
conjugates y into ay; and let tw, = —1. Thus y and ay are conjugates if and

only if the centraliser y contains an element of determinant —1 i.e., if and only
if y is hyperbolic; and y is hyperbolic if and only if |@ + Aa| > 2 ie., if and
only if |a] > 2/]1 + A). Thus we see that m~'(«) can be identified with the set

a b

{(c la)

It is now easily seen that m~!(a) has exactly two connected components;
the subsets corresponding to & > 0 or b < 0. It is also clear that the map
(ay, 7Y = (—ay, —y~') maps m(«) into itself interchanging the components.
Suppose now o € #\{+£l} is semisimple, o« € G(k) and further o=
xyx~1y~1 with x, y € G(k). If « is elliptic or hyperbolic with trace a < 0,
then (xyx~',y~!) and (—xyx~!, y~!) belong to different connected compo-
nents m~!(a). Thus we see that if & = xyx~!y~! with « € G(k), a semisim-
ple and not equal to +I, then G(k) x G(k) meets every connected com-
ponent of m~!(«). Suppose now x,y € G(k) with xyx~1y~' = a. Let Z(x)
(resp. (Z()) denote the centraliser of x (resp. «) in G; then Z(x)(k) (resp.
Z(x)(k)) is dense in Z{x)}R) (resp. Z(x)}(R)) weak approximation). Now the
map Z(x)(R) x Z(a)(R) — m~'(2) given by (z,7) — (xyzx~',z~'y~!) is eas-
ily checked to be of maximal rank at (1, 1) (see proof of Assertion 5.9 of [1]).

aA* — be = 1 and |} > 2/](1 +/1)|} .
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It is now evident that the closure of m~'(x) N (G(k) x G(k)) in m~'(«) con-
tains non-empty open subsets in every connected component. Now the continu-
ous map m~}(a) x m~1(a) = ¢ given by (&,5) — C(&)C()™L,En e m™(a)
is identically equal to 1 on G(k) x G(k))Nm~'(a) and is thus identically
1 on non-empty open subsets in every connected component m~!(x). Thus
C(&) = C(n) for all &y em Y (a),a=xyx"'y~!, x,y € G(k). Now the set
& = {xyx~'y~V|x € G(k),y € G(k)} is dense in ¥\{£1} and the map of
J =PXP — %\{x1} of the fibre product of P with itself over #\{+1} on
#\{£1} being of maximal rank, the union Q = |J,,(m '(a) x m™'(a)) is
dense in J. Since the continuous map (&,7)(€ P x P) — m(Epn(y)~! is iden-
tically 1 on Q, it is identically 1 on J; in other words # is constant along the
fibres of m proving the assertion.



