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Total Least Mean Squares Algorithm

Da-Zheng Feng, Zheng Ba8gnior Member, IEEEand Li-Cheng JiaocSenior Member, IEEE

Abstract—Widrow proposed the least mean squares (LMS) Recently, much attention has been paid to the unsuper-
algorithm, which has been extensively applied in adaptive signal vised learning algorithm, in which the feature extraction is
processing and adaptive control. The LMS algorithm is based o to:med in a purely data-driven fashion without any index

on the minimum mean squares error. On the basis of the total inf . f h d le. Th I
least mean squares error or the minimum Raleigh quotient, we ©Of Catégory information for each data sample. The well-

propose the total least mean squares (TLMS) algorithm. The known approaches include Grossberg's adaptive resonance
paper gives the statistical analysis for this algorithm, studies the theory [12], Kohonen's self-organizing feature maps [13],
global asymptotic convergence of this algorithm by an equivglent and Fukushima’s neocognitron networks [14]. Another un-
Sir;eL%ynfgﬂfé'fgirgﬂgﬁgﬁgatesthe performances of this algorithm supervised learning approach uses the principal component
analysis [10]. It is shown that if the weight of a simple
_Index Terms—Hebb learn rule, LMS algorithm, stability, sta-  jinear neuron is updated with an unsupervised constrained
tistical analysis, system identification, unsupervised learning. . . o
Hebbian learning rule, the neuron tends to extract the principal
component from a stationary input vector sequence [10]. This
|. INTRODUCTION is an important step in using the theory of neural networks

ASED on the minimum mean squared error Widroup solve the problem of stochastic signal processing. In recent
B proposed the well-known least mean squares (LME$ars, @ number of new developments have taken place in this

algorithm [1], [2], which has been successfully applied i !rection. For example, sever_al algorithms for finding multiple
adaptive interference canceling, adaptive beamforming, a@i@envectors of the correlation matrix have been proposed
adaptive control. The LMS algorithm is a random adaptivid>]: [21]. For a good survey, see the book by Bose and
algorithm that fits in with nonstationary signal processing. THdang [22].
performances of the LMS algorithm have been extensively More recently, a new modified Hebbian learning procedure
studied. If interference only exists in the output of the analyzds been proposed for a linear neuron so that the neuron
system, the LMS algorithm can only obtain the optima@Xtracts the minor component of the input data sequence [11],
solutions of signal processing problems. However, if there [83], [24]. The value of the weight vector of the neuron
interference in both input and output of the analyzed systefigs been shown to converge to a vector in the direction
the LMS algorithm can only obtain the suboptimal solutiongf the eigenvector associated with the smallest eigenvalue
of signal processing problems. In order to modify the LMSf correlation matrix of the input data sequence. This algo-
algorithm, a new adaptive algorithm should be proposed #ithm has been applied to fit curve, surface, or hypersurface
the basis of the total minimum mean squared error. This paggtimally in the TLS sense [24]. This algorithm, for the
proposes a total least-mean-squares (TLMS) algorithm, whifttst time, provided a neural-based adaptive scheme for the
is also a random adaptive algorithm, and intrinsically solvdd-S estimation problem. In addition, Gaet al. proposed
the total least-squares (TLS) problems. the constrained anti-Hebbian algorithm that has very simple
Although the total least-squares problems were proposedsinucture, requires little computing volume at each iteration,
1901 [3], their basic performances had not been studied 8gd can be also used to solve total adaptive signal pro-
Golub and Van Loan until 1980 [4]. The solutions of TLSessing [30], [31]. However, as the autocorrelation matrix is
problems were extensively applied in the fields of economigspsitively definite, its weights will converge to zero or to
signal processing, and so on [5]-[9]. The solution of a TL&finity [32].
problem can be obtained by the singular value decompositioriThe TLMS algorithm also comes from Oja and Xu's learn-
(SVD) of matrices [4]. Since the multiplication number of théng algorithm for extracting the minor component of a multi-
SVD for the N x N matrix is 6V3, the applications of TLS dimensional data sequence [11], [23], [24]. Note that the input
problems are limited in practice. To solve TLS problems inumber of the TLMS algorithm is more than the input number
signal processing, we propose a TLMS algorithm that onbf the learning algorithm for extracting the minor component
requires aboutt N multiplication per iteration. We give its of a stochastic vector sequence. In adaptive signal processing,
statistical analysis, study its dynamic properties, and evalugt@ inputs of the TLMS algorithm are divided into two groups
its behaviors via the computer simulations. corresponding to different weighting vectors dependent of the
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of the analyzed system, the behavior of the TLMS algorithmhere [E|r] represents the matri augmented by the vec-

is superior to the LMS algorithm. tor r, and ||.||» denotes the Frobenius norm VvigBJ|3. =
D |l_)ij|?. Once a minimum solution is found, then any
[I. TOTAL LEAST SQUARES PROBLEM xrLs satisfying
The total least-squares approach is an optimal technique that (A+E)xtrs=b+r

considers both stimulation error and response error. Here, the

implication of TLS problems is illustrated by the solution ofS S&id to be the solution of the TLS problem (7). Thus, the
a conflict linear equation problem is equivalent to the problem for solving a nearest

compatible LS problem

min ||[(A + E)xrs — (b +1)]|2 (8)

mxn n m -
where A € R™, x € B, b € R™,m > n. A CONVeN- \\po0 wnoarest is measured by the weighted Frobenius norm
tional method for solving the problem is the least squareg |\ o
(LS) method. In_the solution of a problem by LS, there In the TLS problem, unlike the LS problems, the vedtor
are a data mat_rlx and an observation vector. When thec{r(’aits estimate does not lie in the range space of mairix
are more equations than unknowns, es., > n, the set Consider matrixC: € Rmx(n+1)
is overdetermined. Unlesb belongs toR(A) (the ranges '
of A), the overdetermined set has no exact solution and is C=[A|Db]. 9)

therefore denoted byAx =~ b. The unique minimum norm . -
Moore—Penrose solution to the LS problem is then given b)Th_ft smgulaEZ]value decomposition (SVD) of matfxcan be
written as

Ax=Db ()

(b = Ax)]l2 = min @ ¢ — UDVT
where|| - || indicates the Euclidean length of the vector. Th8r
solution to (2) is equivalent to solving
ATAx; s = A"b D =U*CV =diagoy, -+, 0p), p=min{m, n+1}
(10)
or . " .
where the superscrigf’ denotes transpositiorl) is m x p
xis = A'b (3) and unitary,V is (n + 1) x p and unitary, andU and V,
respectively, contain the firgt left singular vectors and the

where “+" denotes the Moore—Penrose pseudoinverse ofit p right singular vectors of2. U andV can be expressed
matrix. The assumption in (3) is that the errors are confingg

only to the “observation” vectob.

We can reformulate the ordinary LS problem as follows: U=[u, uz, -, u] € R,
Determinex; s, which satisfies V =[vy, v, -+, vp] € RWFDXP, (11)
Axis=b+r (4) Let oy, u;, v; be theith singular value, left singular vector,
) and right singular vector o€, respectively. They are related
and for which by
min ||r||2, subject tob +r = Range(A). (5) Cv; = o;u;, CTw, = o;v;. (12)

The underlying assumption in the solution of the ordinary L$he v,,,; is the right singular vector corresponding to the

problem is that errors only occur in the observation vedipr smallest singular value oF, and then, the vectpel; o, —1]7

and the data matriA is exactly known. Often, this assumptionis parallel to the right singular vector [4]. The TLS solution

is not realistic because of sampling, modeling, or measureme#y; ¢ is obtained from

error affecting the matrix. One way to take errors in the matrix

A into account is to introduce perturbationAnand solve the <XT55> — __Yn¥l (13)

following problem as outlined in the below. B Unt1,ntl

In the TLS problem, there are perturbations of both thgherew, ;1,41 is the last component of,. 1.

observation vectob and the data matriA. We can consider  The vectorv,; is equivalent to the eigenvector corre-

the TLS problem to be the problem of determining thg.s, sponding to the smallest eigenvalue of the correlation matrix

which satisfies R = (CTC)/m. Thus, the TLS solution can also be achieved

via the eigenvalue decomposition of the correlation matrix.

(A+E)xrs =b+r G S correl%tion matrixR. is npormally estimated from the data

samples in many applications, whereas the SVD operates on

the data samples directly. In practice, the SVD technique is

mainly used to solve the TLS problems since it offers some

min ||[E|r]||#, subjecttob +r € Range(A +E) (7) advantages over the eigenvalue decomposition technique in

where E and r are perturbations oA and b, respectively,
and for which
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terms of tolerance to quantization and lower sensitivity td/e assume that these are statistically stationary and take the
computational errors [25]. However, adaptive algorithms haexpected value of (23)

also been used to estimate the eigenvector corresponding to the 21Ny 32/ T

smallest eigenvalue of the data covariance matrix [27], [28]. E{e’(k)} = B{d"(k)} — 2B{d(k)x" (k) }w

+ wlE{x(k)xY (k)}w. (24)
IIl. DERIVATION OF THE TOTAL Let R be similarly defined as the autocorrelation matrix
LEAST MEAN SQUARES ALGORITHM
R = E{x(k)xT(k)}. (25)

We consider a problem of adaptive signal processing. Let
x(k) n-dimensional input sequence of the system; Let P be similarly defined as the column vector
d(k) output sequence of the system; .
k( ) tims sequqence. ’ P = E{d(k)x(k)}- (26)
Both the input and output signal samples are corrupted tus, E{<%(k)} is re-expressed as
additive white noise, quantization, and computation error and
man-made interference called interference. Det(k) be the
interference of input-vector sequenegk) and Ad(k)
interference of output sequendgk).

E{¥(k)} = E{d (%)} — 2PTw + w'Rw.  (27)

the  The gradient can be obtained as

Define an augmented data vector sequence as VE{e*(k)} = —2P + 2Rw. (28)
z(k) = [x* (k)|d(k)]* (14) Asimple gradient search algorithm for optimization problem is
where “I™ denotes transposition. Let the augmented interfer- w(l+1)=w(l) — n(Rw(l) — P) (29)

ence vector sequence be wherel is the iteration number, andis called the step length

Az(k) = [AxT (k) |Ad(R)]*. (15) or learning rate. Thusy(!) is the “present” adjustment value,
whereasw(I41) is the “new” value. The gradient & = w(l)
Then, the augmented “observation” vector can be represeni&@esignated byv = 2(Rw(l) — P). The parametey. is a

as positive constant that governs stability and rate of convergence
(k) = 2(k) + Az(k) = [iT(k”J(k)]T (16) and is smaller thath /2A,,.x (Amax IS the largest eigenvalue of
the correlation matrixR). To develop an adaptive algorithm

where using the gradient search algorithm, we would estimate the

- gradient ofE{<?(k)} by taking differences between short-term

x(k) = x(k) + Ax(k), d(k) = d(k) + Ad(k). averages of2(k). In the LMS algorithm [2], Widrow has taken
Define an augmented weight vector sequence as the squa_red—grror_ itself as an estimationffe?(k)}. Then, _
at each iteration in the adaptive process, we have a gradient
W(k) = W (k)|wna]” (17) estimate of the form
where vectorw(k) can be expressed as V = —2d(k)x(k) + 2y(k)x(k) = 2(y(k) — d(k))x(k). (30)
wi(k) = [wy, -, wa]*. (18)  With this simple estimate of gradient, we can specify a steepest

i L _ descent type of adaptive algorithm. From (29) and (30), we
In the LMS algorithm [2], the estimation of the output I$Have

represented as a linear combination of the input samples, i.e.,
y(D) =wh (%)

y(k) = % (kK)w(k). (19) .
) =3 Wi+ 1) =w() - () - RO, @D

The output error signal Wlt~h time indek is This is the LMS algorithm [2]. As beforg is the gain constant
e(k) = d(k) — y(k). (20) that regulates the speed and stability of adaptation. Since

the weight changes at each iteration are based on imperfect
gradient estimates, we would expect the adaptive process to be
e(k) = cZ(k) — &L (kyw(k). (21) noisy. Thus, the LMS algorithm only obtains an approximate
LS solution for the above adaptive signal-processing problem.
The LS solutions about the above problem can be obtained byn the TLMS algorithm below, the estimate of the desired
solving the optimization problem outputd(k) is expressed as a linear combination of the desire

win E{e2(k)}. (22) input sequencec(k),Ai.e.,
d(k) = x* (k)yw(k). (32)

Substituting (19) into this expression yields

Here, we drop the time indek from the weight vectom (k)
for convenience and expanrd(k) to obtain the instantaneousThe TLS solution of the above signal processing problem can
error be obtained by solving

e2(k) = (k) — 2d(B)xT (k)w + wix(E)xT (k)w. (23)  min E{||[AxT (k)|Ad(E)]||2} = min E{||Az(k)[]2}. (33)
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The above optimization problem is equivalent to the problem To develop the above TLMS algorithm, we adopt the

for solving nearest compatible LS problem method similar to that used in the LMS algorithm. When
2 the TLMS algorithm is formulated in the framework of an
min E{ ‘iT(k)zTLs - d(k)‘ } (34) adaptive FIR filtering, its structure, computational complexity,

and numerical performance are very similar to those of the
Furthermore, the optimization problem (33) is equivalent twell-known LMS algorithm [2]. Note that the LMS algorithm

the optimization problem requires 2 multiplication, whereas the TLMS algorithm needs
_ R . R about 4 multiplication.
min B{|z"(F)w(k)|"} |IW]: =« In neural network theory, the termi—j(1)z()) in (41)
ZTLS w is generally called the anti-Hebb learning rule. The term
-1 )7 T wn (35) (—Ilw(D]135(1)z(1)) in (41) is a higher order decay term.

» ) In the section below, we shall prove that the algorithm is
wherea can be any positive constant. Expanding (35), we ggfohally asymptotically convergent in the averaging sense.
min W Rw, [W]l2 = a (36 Once_a st_ablair is foun_d, the TLS _solution of the above
adaptive signal processing problem is

where w

ZTLS = —

R = E{z(k)z" (k)} (37) Wny1 (42)

represents the autocorrelation matrix of the augmented data- Discussion: Since any eigenvector of the augmented
vector sequence and is simply called the augmented correlati@irelation matrix is not unique, any random algorithm for
matrix. It is easily shown that the solution vector of the opt0Iving (34) is also not unique. For example, the algorithm
mization problem (36) is the eigenvector associated with the i) =27 (1)w(l)
smallest eigenvalue of the augmented autocorrelation matrix. 4 2w

An iterative search procedure for this eigenvectoRoéan w(l +1) =w(l) + p(w(l) — [[w(D)l20(D)z(1))

be represented algebraically as and other algorithms [11], [23] can also be turned into the

w(l +1) = w(l) + p[w(l) — |[Ww()|ZRw(1)] (38) TLMS algorithm, but we have not proved that those algorithms

_ _ . N in [11] and [23], as well as the above algorithm, are globally
wherel is the step or iteration number, apds a positive con- asymptotically stable.

stant that governs stability and rate of convergence; its choice
is discussed later. The stability and convergence of the above
iteration search algorithm will also be discussed later. When
R is a positive definite matrix, the terta-||w(!)||3Rw(!)) in ~ Following the reasoning of Oja [10], Xet al. [25], and
(38) is a higher order decay term. Thyisy({)||» is bounded. others [15], [26], [27], if the distribution ofi(k) satisfies

To develop an adaptive algorithm, we would estimate tfg®me realistic assumptions and the gain coefficient decreases

IV. STATISTICAL ANALYSIS AND STABILITY

augmented correlation matrix by computing in a suitable way, as given in the stochastic approximation
i literature, (41) can be approximated by a differential equation
- 1
R=— > #(k)z" (k) (39) dw(t) . g
K& P — )~ I 3R (1) (@3)

wherek is a large-enough positive inEegeanum-ber. Instead, {there ¢+ denotes time. We shall illustrate the process of
develop the TLMS algorithm, we tak&(k)z" (k) itself as an gerjyation of the above formula. For the sake of simplicity,
estimate ofR. Then, at each iteration in the adaptive proces§e make the following two statistical assumptions:

we have an estimate of the augmented correlation matrix Assumption 1:The augmented data vector sequence

R ~ (k)27 (k). (40) z(k) is not correlated with the weight vector sequereg:).
Discussion: When the changes of the signal are much
From (38) and (40), we have faster than those of the weight, Assumption 1 can be approx-

N T imately satisfied. Assumption 1 implies that the learning rate
vy =z"(Ow() must be very small, which means that the weight only varies

w(l+ 1) =w(l) + p[w(l) - [wD)|35(02(D)].  (41) a little bit at each iteration.

Assumption 2:Signal z(k) is the bounded continuous-

This is the TLMS algorithm. As befor.e;ﬁ is the gain cc.mstant valued stationary ergodic data stream with finite second-order
that regulates the speed and stability of adaptation. Sw;_% m
r ecA

the_ solution changes at each iteration are base_d on impe ccording to Assumption 2, the augmented correlation
estimates of the augmented correlation matrix, we would_. . "~

i . . . atrix R can be expressed as
expect the adaptive process to be noisy. From its form in (41),
we can see that the TLMS algorithm can be implemented in R 1 N
a practical system without averaging or differentiation and is R= lim - >~ #(k)z" (k). (44)
also elegant in its simplicity and efficiency. k=1
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In order to obtain a realistic model, we shall use the

following two approximate conditions: There exists a positive .
integer K large enough, ang is a learning rate small enough Unkown Adaptive
that makes System Filter
) 1 XK (k) +Ad(k) d(®
R~ > #(kei)z" (krs) (45) et
i=1 a4k
for any & and Fig. 1. Unknown system(k)(k =0, 1, ---, N — 1) identified by filter.
1 K-1
w(k)~ — > Wik +1) (46) TABLE |
K i=0 h;, AND hy,, ARE, RESPECTIVELY, IMPULSE RESPONSEESTIMATED
BY TLMS ALGORITHM AND BY LMS ALGORITHM. i1 AND g2 ARE,
for any k. RESPECTIVELY, THE LEARNING RATE OF TLMS AND LMS ALGORITHMS

The implication of the above approximation conditions iS Tesrerical impulse response [h=[-03, 0.9, 0.8, -0.7.0.6]
thatz(k) varies much faster tha& (k). For a stationary signal,

we have Signal-Noise Rate (dB) Estimate of impulse response
K-1 K-1 SNR=80.0 h , =[-0.3000,-0.9000,0.8000,-0.7000,0.6000]
w(l+K)— uZ A+i)—p Y Iw@+0)l3
i=0 ty = 0024, p, =0.028 b, = [-0.3000,-0.9000,0.8000,-0.7000,0.6000]
z(l + )25 (1 + ) W(l +1)
| K SNR=40.0 b, =[-0.2999,-0.8998,0.7999,-0.6995,0.5990]
. S 2
~Kpuw(l) — Kpl|w(l)||5— ; #y = 0015, 4, =002 1y, — 1.62097,0.9004,0 8003,-0.6995,0.5989]
~ s ~T s
z(l+i)z" (I + L)W(f) SNR=20.0 h , =[-0.3048,-0.9024,0.8043,-0.6991,0.5996]
~ Kp(w(l) = [WO)|3Rw(1)). (47)

#y = 0005, p, =001 h,, =[-0.2975,-0.8922,0.7930,-0.6932,0.5913]

It is worth mentioning that in this key step, a random system
(41) is approximately represented by a deterministic systensNrR=10.0 , =[-0.2947,-0.8975,0.8024,-0.6985,0.5943]
(47).

In order to simplify mathematical expression, we shall h
replace time index + K with [ + 1 and learning rate or gain

=0.006, p, = 0018 h,, =[-0.2653,-0.8190,0.7206,-0.6436,0.5194]

constantk ., with . again; then, (47) is changed into SNR=3.0 h , =1-0.3086,-0.9110,0.8163,-0.7031,-0.5942]
W(l 4+ 1) = w(l) 4 p[w(l) — [|[w(D)]2Rw(1)]. (48) #y = 0004, 1, = 0016y, . 1.02421:07035,0.5916,-0 519,0.4329]
Now, w(I) should be viewed as the mean weight vector. It iSSNR=2.0 h, =[-03115,-0.9130,0.8223,-0.7058,0.5916]

easily shown that the original differential equation of (48) is
(43). We shall study the convergence of the TLMS algorithm *
below by analyzing the stability of (43).

Since (43) is an autonomous deterministic system, Lasalle’
invariance principle [29] and Liapunov’s first method can be ,, = o004, 4, = 0.016
used to study its global asymptotic stability. ls&t represent
an equilibrium point of (43). Lee represent the right singular xz=575
vector associated with the smallest singular valyg, of R.

Our objective is to make Hy = 0004, 1, = 0012 h,, =[-0.1403,-0.3885,0.2381,-0.3129,0.1948]

1
limw(t) =+
t—)ocg ) \Y )\Inin

Since R is a symmetric positive definite matrix, then ther
must be a unitary orthogonal matr™ such that

=0.004, z, = 0.016 h,, =[-0.2046,-0.5797,0.4525,-0.4592,0.3369]

§NR=0.0 h p =1-0.3155,-0.9133,0.8271,-0.7080,0.5893]

h,, = [-0.1751,-0.4850,0.3443,-0.3856,0.6500]

h » =[-0.3222,-0.9117,0.8330,-0.7102,0.5863]

e. (49)

theorem. Before giving and proving the theorem, we shall give
S corollary. From Lasalle’s invariance principle [29], we easily
introduce the following result on global asymptotic stability.

R=VDVY D= diaghs, Az, -, Any1) (50) Definition [29]: Let G be any set inR"*!. We say
s o . that F(w) is a Liapunov function of arfn + 1)-dimensional
where ); indicates theith singular value o, and dynamic system ol if i)y E(w) is continuous and if ii) the

inner product( VE(w), dw/dt) < 0 for all w € G.
Note that the Liapunov function in Lasalle’s invariance
v, is the ith eigenvector ofR. principle need not be positive definite or positive, and a
The global asymptotic convergence of the ordinary difpositive or positive definite function is certainly not the
ferential equation (43) can be established by the followirgapunov function.

V= [V17 V2, Vn+l]
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respectively 0.024 and 0.028) respectively Is 0.015 and 0.02)
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(SNR=20.0dB, Learning rate in TLMS and LMS (SNR=10.0dB, Learning rate in TLMS and LMS
respectively is 0.005 and 0.01) respectively is 0.006 and 0.018)

Fig. 2. Curves with large and small stable value are obtained by the LMS and the TLMS algorithm, respectively, where vertical and horizonta<oordinat
represent identification error and iteration number, respectively. Note that the oscillation in the learning curves originates from the noliearminghe
process, the statistical rise and fall of the pseudo-random number, and the sensitivity of the estimate of the smallest singular value to tre fluctuati
of the psuedo-random sequence.

Corollary: If E(t) along the solution of (43), we have
1) E(w) is a Liapunov function of (43); =T T4y
2) G. = {w; E(w) < ¢} is bounded for each; diit) = — ||W(1t)||2 dwdt(t) w(t) + dwdt(t) Rw(t)
3) E(w) is constant olM C {w; dw/dt = 0}; S
thenA is globally asymptotically stable, whefd is the stable = — % dw—(t) [W(t) — ||w(t)||§f{w(t)]
equilibrium point set or invariance set of (43). w®llz  dt
Theorem I: In (43), letR be a positive definite matrix B 1 dw(t) ||? -
with smallest eigenvalue of multiplicity one; the#(t) glob- B ||W(t)]2 dt 2' (53)
ally asymptotically converge to the stable equilibrium point o ]
given by (49). In the above formula, ilw(t)/dt # 0, thendE(t)/dt < 0; iff

Proof: First, we prove thatv(t) globally asymptotically 4W(#)/dt = 0, thendE(#)/dt = 0. Therefore,E(¢) globally
converges to the equilibrium point of (43) &s— cc. Then, asymptotically tends to an extreme value that corresponds to

we prove that the two equilibrium points a critical point of differential equation (43). This shows that
1 w(t) in (43) globally asymptotically converges to equilibrium
w' =+ e (51) points.
VAmin Let w(t) at an equilibrium point of (43) b&*; then, from

are only the two fixed points, whereas the other equilibriug@a3), we have
points are saddle points.

We can find the following Liapunov function of (43) W' — [w[ZRW" =0 (54)
E(t) = 5(=W|[w(®)3 + % ()Rw(?)). (52) or
Since ||[w(t)|| — 0 or — o0, E(t) — oo, it is shown that R — ‘7"* - (55)
G. = {w; E(W) < c} is bounded for each. Differentiating w13
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Fig. 2. Continued Curves with large and small stable value are obtained by the LMS and the TLMS algorithm, respectively, where vertical
and horizontal coordinates represent identification error and iteration number, respectively. Note that the oscillation in
the learning curves originates from the noise in the learning process, the statistical rise and fall of the pseudo-random
number, and the sensitivity of the estimate of the smallest singular value to the fluctuation of the psuedo-random sequence.

Formula (54) shows tha&* is an eigenvector of the aug-whereé(¢) is the disturbance vector near the equilibrium point.

mented correlation matrix. Let Substituting (60) into (57), we can obtain
u(t) = Viw(t). 56 ;
() (t) (56) di(:) _ s(0) 25&@) Dﬁi—%Dé(t) (61)
From (43), (51), and (56), we have VA ‘
du(t) whereé;(¢) is theith component ob(¢). The above formula

2
7 = u®) ~ [lu@®]zDu(). (57)  has discarded the higher order terms &f) and used the

It is easily shown that (57) has + 1) equilibrium points. Let equilibrium equation

the ¢th equilibrium point of (57) be T — ||ﬁ<||2Dﬁ4 -0 (62)
) 2012 g — M.
T
w=\0,---,0, iﬁv 0,---,0 The components of(¢) are governed by equation
(t1=1,2,---,n+1). (58) dsi(t)

dt
W=+ —— v, (i=1,2,---,n+1). (59) dt

Ny (63)
It is obvious thatF(4-(1/v/X;) v;) = (1+1In A;)/2. Within the
neighborhood near thh point of (57),u(t) be represented as

Then, theith equilibrium point of (43) is

wheni < n+1, j >4, 6;(t) exponentially increases, whereas

i< n+1,j<i, 6;(t) exponentially decreases as- oo in
u(t) =u; + 6(¢) (60) (63). Thus, theith equilibrium point is a saddle point.
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Wheni = n + 1, the above formulae are changed into  The curves of convergence of errorl and error2 are shown in

Fig. 2, where the horizontal coordinate represents the iteration

48;(t) = <1 - L) 6;(t) number. Itis obvious that the TLMS algorithm is advantageous
dt Ant1 j=1,2 ---,n (64) overtheLMS algorithm for this problem. The results show that
dbny1(t) 98 the demerits of the TLMS algorithm are the slow convergence
dt = = 201 (t) in the first segment of the learning curves and the sensitivity

of the estimate of the smallest singular value to the statistical

Obviously, 6;(t)(j = 1, ---,n + 1) in (64) exponentially fluctuation and error

decreases with time. This shows that thet 1)th equilibrium
point is the only stable point of (57). Since a practical system
is certainly corrupted by noise or interference [see (57)], (43) VI. CONCLUSIONS

is not stable at any saddle point. From the above reasoning ang;g paper proposes a total adaptive algorithm based on
from the corollary, we can conclude thatt) of (57) globally e total minimum mean-squares error. While input and out-
asymptotically converges to the + 1)th stable equilibrium ;¢ have interference, performance of the TLMS algorithm
point, i.e.,w(t) of (43) globally asymptotically tends to thejs opyiously advantageous over the LMS algorithm. Since
point the assumption that the input and the output have noise is
realistic, this TLMS algorithm has extensive applicability. The
TLMS algorithm is also simple and only requires about 4
multiplication in each iteration. From a statistical analysis and
stability study, we can know that if an appropriate learning
rate ;, is selected, the TLMS algorithm will be globally
asymptotically convergent.

1

1 1
\V4 )\n-l—l B V )\min

This completes the proof of the theorem.

W' =4

e. (65)

V. SIMULATIONS

In the simulations, the system identification shown in Fig.
is discussed. For a causal linear system, its input) and
impulse responsé(k) can represent its outpu( k), i.e.,
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In the above equation, the real impulse response is unknown
and remains to be identified. Let the length /dft) be N;
then, we have

d(k) =" hDz(k—1).

=0
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