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TOTAL POSITIVITY OF CERTAIN
REPRODUCING KERNELS

JACOB BURBEA

In this paper we study the total positivity of various
kernels, especially reproducing kernels of Hilbert spaces of
analytic functions. We do so by employing a familiar device
known as the ‘‘composition formula of Pdlya and Szegé.”
Using this formula we are able to give a short proof of the
variation diminishing property of a genmeralized analogue of
the la Vallée Poussin means. This generalizes earlier work
of Polya and Schoenberg and recent work of Horton. Our
method is also based on the isometrical image of the re-
producing kernel called the generating function. The re-
producing kernel is then expressed as a composition of two
generating functions so that the problem is reduced to
investigating the total positivity of the generating function.
This methods extends earlier work and yields many new re-
producing lkernels which are total positive.

1. Introduction. The theory of total positivity and more
generally the theory of sign regularity have been extensively applied
in various flelds of mathematics and in particular in the theory of
approximation [9, 10]. In a previous paper [5] it was shown that
the optimality of a quadrature formula is closely connected with the
notion of the total positivity of the reducing kernel of the functions
determining the formula (cf. Karlin [10]). In [5] the notion of total
positivity was extended in a natural manner to domains in the
complex plane. For simply connected domains, for which the re-
producing kernel is an automorphic form of arbitrary weight, it was
shown that the reproducing kernel is indeed totally positive thereby
yielding a differential geometric interpretation of total positivity.
It was also shown that In general, reproducing kernels of multiply
connected domains are not totally positive. The methods in [5]
however cannot be applied to reproducing kernels which are not
automorphic forms and the purpose of this paper is to establish the
total positivity of such kernels. We do this by employing a familiar
device (Karlin |9, p. 98]) known as the “composition formula of
Polya and Szego.” As mentioned by Karlin, this is the only device
known to us as a binary operation, that permits us to construct a
totally positive kernel from two such kernels.

Using the above composition formula and an explicit formula
for Jacobi polynomials due to Bateman [3], we will give a very short
proof of a theorem, proved first by Horton [8], on the variation
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diminishing property of an analogue of de la Vallée Poussin means.
This generalizes earlier work of Pdlya and Schoenberg [12] and the
work of Horton [8].

Our method is also based on the isometrical image of the re-
producing kernel called the generating function (cf. [15]). The
reproducing kernel is then expressed as a composition of two
generating functions. Hence, the problem is reduced to investigating
the total positivity of the generating function. The method yields
many new reproducing kernels which are totally positive. Explicitly,
kernels which are derived from the generalized hypergeometric
functions are in general totally positive. This extends our previous
work [5].

2. Total positivity. We introduce some notation and definitions
from the theory of total positivity. We shall use Karlin’s book [9]
(especially pp. 1-103) as a basic reference (see also [5]).

A real function (or kernel) K(x, ¥) of two variables ranging over
linearly ordered sets A and B, respectively, is said to be sign regular
(abbreviated SRYon A x Bif forall m = 1,2, -+, 0, < 2, < +++ < X,
Y, <Yy < vor < Yn, ;€ A, y,€ B, we have the inequalities

Ly 00y Ty

@) emK( ) — ¢, det [| K(zy 45)|[Fsms = 0

for a sequence of signs ¢, = =1. ¢, = ¢,(K) is also called the mth
order signature of K, K = K(x,yv). Whene¢, =1, m=12 ---, we
say that K is totally positive (TP). If ¢, =(—1)™" "% m=1,2, ---, K
is said to be stgn-reverse regular (RR). If in (2.1) strict inequality
holds for m = 1,2, --., K is said to be strictly SR (SSR), strictly
TP (STP) or strictly RR (SRR) respectively.

Let K{z, y) be of class €°(4 x B). K(x, ) is said to be extended
SR (ESR) on A x B if for m =1, 2, ---, we have the inequalities

m
/—_&-——\ A
T, v, X ak+ﬂ‘2

K (y y) = €n det HWKW’ v)

>0
k,5=1

for a sequence of signs (signatures) e, = +1. Ife, =+, m=12,.--,
we say that K is extended TP (ETP). If e, =(—1)™" "2, m=12, .-,
K is said to be extended RR (ERR).

If K(z, y) is ESR (ETP or ERR) on A x B then [9, p. 55] K(x, ¥)
is SSR (STP or SRR) on A X B.

The notion of ESR can be extended to the complex plane as
follows: Let D be a domain in the complex plane. K(z, £) of class
€~ in the two complex variables (z,7), (2,{)eD x D, is said to be
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ESR on D if, for m =1, 2, --., we have the inequalities
x ak+
" 2, v, 7 H Fat]
w(g | p) e o

Let 7 be an arc in D. K(z, ) is said to be ESR on v if

n

A
emK(z’...’ >>O
, cee, C
for all (2,0), (2,{)ev x 7, and fore, = 1. Ife,=+1,m=1,2, ---,
K(z,7) is said to be ETP on 7. Similarly, if e, = (—1)=m 7
m=1,2, ---, K(z,7) is said to be ERR on 7.

Analogously, we can introduce the notion of ESR, respectively
of ETP and ERR, for a kernel K(z, £) defined on 4, x A,, where 4,
and A4, are sets in the complex plane.

The “basic composition formula” |9, pp. 16-17] below plays an
essential role In establishing the total positivity of the kernels
considered in our work. Suppose o(t) is a sigma-finite measure
defined on A, Ac R. Let K, L. and M be Borel measurable func-
tions of two variables satisfying

@2 KD =| Lt )M Ddo), 0eDxD,

where the integral is assumed to converge absolutely. We have
(cf. [9, p. 99]):

ProposITION 1. Let the assumptions of formula (2.2) prevail,
and let ¥ be an arc in D. Then

(a) If L(t, 2) and M, 7) are SR (SSR or ESR) on A X v and
AXT F={0:Ce) respectively then K(z,7) is SR (SSR or ESR)
on 7.

(b) If LG, 2) and M@, 7) are SR (SSR or ESR) and of the
same signatures on A x ¥ and A X ¥ respectively then K(z, ) is
TP (STP or ETP) on 7.

For ready reference we also record in the form of a proposition
two simple properties pertinent to SR kernels (cf. [9, p. 18]). We
formulate the proposition in only the case of ESR. The cases of SR
and SSR hold true after minor modifications.

PROPOSITION 2. (a) If K(z,7)is ESR on A, x A, and P(z) and
J(£) are nonvanishing € -functions on A, and A, respectively, then
Lz, 0) = p(@2)v(D)K(z,2) is ESR on A, x A,. In fact
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L*(z’...,z) :[g)(z)m]mK*(z ces )
Tt JARE

(b) If K(2,C) i1s ESR on A, x A, and w = @(z) and © = 4({)
are schlicht on A, and A, respectively, then

L{w, T) = K(@™(w), (7))
is ESR on @(A) X ¥(4,). In fact

Kx(f, "',—z—) _ [@r(z)m]mm—u/zL*<?, <., 1;0) .
C"--,C f’...’z-

The following proposition is mentioned in [9, p. 101].

PRrOPOSITION 3. Let K.(x, ¥) = S ¢ Ju@)] v, ¢, >0, n =
0,1, .-+, N, and u(x) and v(y) are positive functions on the real
intervals I and J respectively. Then

(a) If wand v are increasing (decreasing) on I and J respec-
tively, then K (x,y) i1s TP on I x J.

(b) If u is increasing (decreasing) and v is decreasing (in-
creasing) on I and J respectively, then Ky(x, y) is RR on I x J.

(¢) The above statements true for N = o provided the bilinear
sum converges. In that case, if in addition w aend v are € -func-
tions, then K.(x,y) is ETP on I X J in case (a) and ERR on I x J
in case (b).

Proof. All these follow from
Ko, y) = | ooy, 1)
R

where ¢, is a discrete measure with jumps a, at n =0,1, ---, N,
and the fact that ¢* is ETP, ¢ ¥ is ERR, and Proposition 2.

COROLLARY 1. (a) K,(z, y)=A—2)"(L—9)" D, a((1+x)/(1—x))F
QA+ /A=), >0, k=0,1,---,m, is TP on (—1,1) x (-1, 1).
(b) L.z, y) = K.(—2,9) is RR on (~1,1) x (=1, 1).

Proof. Indeed,1 — x>0, v(z) = (1 + x2)/(L — z) > 0 and 2'(x) > 0
n (—1, 1).

3. Variation diminishing property-Jacobi polynomials. Let
S(t) be defined on an ordered set of the real line J. Write
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VJ[f] = Sup V[f(tl)y f(t2), Ty f(tn)]

where the supremum is extended over all sets ¢, <t¢, < --- <t{,,
t;eJ and V(a, a,, ---, «,) is the number of sign changes of the real
sequence a,, @&,, -+, &,, zero terms being discarded. A real-valued
kernel K(z, y) defined on I X J is said to be variation diminishing
(VD) on I if,

VIIK+f]l = V,[f]1 for all felL(yJ).

Here p is a positive measure on J and the convolution

K+ N = | K@ n)fwiam)

is assumed to be finite for every z in the ordered set of the real
line 1.

If g is a €~-function on an open set I, Z,[g] will denocte the
number of zeros, counting multiplicity, of ¢ in I. We write A for
the closure of 4 in R.

The following proposition is a much weaker statement (but it is
all that we need here) than the one found in Karlin [9, p. 21].

PROPOSITION 4. Let I and J be open in R. Assume that K(x,y)
is in €°(I x J) end SR on I x J. Then K(z, y) is VD on I and in
fact

VilK+ 1 = Z,|K+ f]1 < Vilf]
For all fe Ly, J).

The first inequality is obvious due to the continuity of Kxf in
I while the second inequality is the content of Karlin’s theorem.

COROLLARY 2. Let K, (x, ¥) and L,(x, ) be defined as in (a) and
(b) of Corollary 1. Then

V{~1,1][Kn*f] é Z(—l,l)[Kn*f] é V[—l,l][f]
and
VieoalL,x f1 = Z(ﬂ,n[Ln*f] = V[gm][f] ’
for all fe L(y), where p(x) = (1 — 2)*A + z)? on [—1,1], a, 8 > —1.
The Jacobi polynomials, P{#(x), a, 8 > —1, are orthogonal with

respect to the measure g(x) =1 — x)*(1 + ) on [—1,1). Let
Sfe L(), then formally we have
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(3.1) @) = 3 auh,Ri¥(a)

where

(e, B) —_
RieP(z) = ?;a,;g; =B~k +atf+Laty; L ; z)
I

and
a=| f@Re@ape), b=\ Re@rdue) .
Let f be as in (3.1) the translate of f is given (cf. [2]) by
F@;y) = 3 ahi B (@R (W) -

This translate is natural in the following sense; if g(x) is expanded
similarly with coeflicients b, then

(F+0)e) = (0= N@) = | @ a)dpw) = 3, @B (@)
For a polynomial K, (x) = 3ii_, ¢, Ei>?(x), we have

Ko @) = | Kolos ) = 3 (@eohRe @) -

k=

We choose [8]

32 Ra) =t FFE) = b F e @),
where
I /L+2y o I'n+a+ B8+ 2)
t, = d = :
U( 2 ) ’”‘(x)] 2 + B + DI + 1)

The translate of K,(x) is
K. (x;9) =1, an Cr, i Bl P (X)L P (y)
Je=0

and by a simplification due to Bateman [3] we have

Rofwi ) = (@~ o)~ o 5 2) ($HL)

where

_ t, (m—kta+l),k+B+1,
4P#(1) k! (n — k)! '

k
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Note also that [8] t,c,,— 1 as n— o so that the kernels K,(z;y)
constitute a positive and finite summability method which is an ap-
proximate identity in the sense that the coefficients of K, f converge
to those of f.

The following theorem, proved first by Horton [8] by different
methods, follows now as a special case of Corollary 2.

THEOREM 1. Let K,(x) be given as in (3.2) and let L, (x) = K,(—x).
Then

Vel Kox f1 £ Ziy oK+ f1 = Vil f]
and
ViwalLox f1 £ ZolLax f1 £ Vil f]
Jor all feL(y).
As noted in [8] for &« = 8 = —1/2 and © = cos 0

- - 1 (,n!)z 0 2n
K,(cos 0) = = @ (2 cos §>

which is the de la Vallée Poussin kernel. Hence, Theorem 1 and
more generally Corollary 2 generalize the earlier work of Polya and
Schoenberg [12] for the case a = 5 = —1/2. Note also that for
a=p=—1/2 and x = cos @

_ . 1 (,n!)z . 0 29
L,(cos 0) = -~ (2%)!<2 sin E>

which could be regarded as the adjoint of the de la Vallée Poussin
kernel.

4. Kernels of the form F(z). Suppose F(z) is analytic in
2] <p, 0<p=-oc and consider the kernel K(z, ?) = F(z0) for
(2] < p. Then

m

K* Bymrny @ 7Y FF»7 Fm—1 (7
Z e z = Wm[F(ZC), CF(ZC), Ty Cm Fon )(ZC)]’ mzl; 2’ ttty

where W, stands for the Wronskian of the m functions with respect
to . Let s = 2zZ then
WF (D), CF'(20), » -+, TV F9(20)]

_ (%%)”””'”” Wm[F(s), SFGs), -, <—§>M_1F<”‘”(s)]

= W,IF(s), sF'(s), -+ -, s" ' F™ 4(s)] .
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Thus

m
e A,

(4.1) K( . Z) = WlF(s), sF'(s), -+, " F™ ()] ,

m:l’z’...'

We say that a sequence of functions {(f,.(2)>m.., analytic in a
domain D, constitutes an extended complete Tchebycheff system (ECT-
system) on D if

Wm[fl(z)y"';fm(z)];)ﬁO? m:1,27""

for all ze D.
Consequently, using (4.1), one obtains:

THEOREM 2. Let F(2) be analytic in |z| < p, 0 < p Z . Then
the kernel K(z,7) = F(z0) is ESR for |[2C| <o if and only if
G (2 m-, is ECT on | 2] < p. Especially, if Kz, y) = F(zy)
1s ESR for —po < xy < p, where z, ye R, then K(z,[) = F(z0) is
ESR on all the diameters 2Zc R, || < p and all the mth order
signatures are equal.

Several implications of this theorem are immediate. The most
trivial one is of course about FY{(z) = ¢,

COROLLARY 3. The kernel ez, 7) = e is ESR on all C and
ETP on all rays passing throuwgh the origin (cf. [5] and [9, p. 99]).

Proof. This is because
2! m[ez’ zez’ Tty zm—lez] = (MI—I k!)emz » m = 1y 29 ctt
k=1

COROLLARY 4. The kernel E (z,0) = Flo;a + 1;20), a >0, is
ETP on all reys passing through the origin.

Proof. According to Theorem 2 we have to show that the
sequence ¢ 'F™ Y =1, 2, ..., with F(z) = Fi(a; a + 1; z) is ECT
for —eo <2 < . But

F(x)zﬁrett‘“dt, a>0, —co << oo,
x* Jo

Therefore
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WaF(x), F'(x), + -+, " F" ()]

= LW, [G(), 2G(®), - - -, 2 G ()]

m
am
A

with

G(x) = S:ett“"dt , GY(x) = e”m“‘lé‘a (Zc)(—d)"(l — a)yar,

j = 0’ 1, L
Consequently

WalG(z), G'(2), - - -, " 7'G" ()]

Il

Wm[G(x), xaex, oee, xa+m~26w]
= e W, [H(x), 1, +--, ™%

e (1 b1)(— D" H" ()
=1

Il

where
H(z) = e "2 *G(x) = e‘“m’“sx‘»ett“‘ldt = Sl e (1 — t)*"\dt .
0 0

Therefore
WoP@), oF'@), -+, 2T (@) = a(I] kjer= || e=em(1 — oyt
k=1 1]

which is strictly positive for all —e <2 < o, m =1,2, --.. This
concludes the proof.

REMARKS.

(1) The corollary is in fact a special case of Theorem 6 below.

(2) According to the above proof for E.(z, 2) = F.(a; a + 1; 20),
a >0,

e A
2,000, R m—1 _ [ ,
E:(Z oo z) - CKM(I:LL k!)@mz; So e_zittm*1(1 - t)a—ldt y M= 1, 2, -

(8) For a=1, E(z,0) = (28)"(¢** — 1) and

5 ( )2 ( )k
2,000, % m—1 gim—hiz _ m—1 (g >
* = 1 _ el _ = cen
El(&"'»i) (}:‘E[Lk) (ZC)m <6 ’CZZO k' m 1, 2,

(4) E. %, 7)is ETP on all rays passing through the origin (i.e.,
ETP for all z,{eC with 2£c€R) but it is not ESR on C. For
example, F.(2krni, 1) =0 for k=1,2, ---.

Part of the following corollary appears also in [5].

COROLLARY 5. Thekernel K(z,0)=Q — 20 a=0, -1, -2, ---,
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s ESR on the unit disc 4= {z:{z| <1}. For a >0 it is ETP on
all digmeters of 4 and for a < 0 (& not an integer) it is ESR on
the above diameters with the mth order stgnature

e (K, = (—1)t-dvm-i—t=elio
m o .

The above is also true when { or z (but not both) lie on the boundary
o4 = {z:1z] = 1}.

Proof. Let F(s) =1 —s)y* a+#0, |s| <1l. Then

Wm[Fa(S)’ SF;(S); Y Sm—lfom_l)(S)]
o1 — 8)7% (@).s(1 — s)——a—l v (@)™ (L — 8) ]

= (L @ — 9w 1, 2, o, (2]

and putting ¢ = s/(1 — s)
= (T @@ = o=(E) Wity , -y

= (T @)1 — )=,

Hence Kz, C) is ESR for |2Z| <1 and a =0, —1, —2, -... On the
diameters zZeR, |20| <1, e.(K,) = sign (T[r (@).). Therefore
en{K) = +1for @ > 0. For a <0 (o not an integer), let n = [—a]
that is, —(n + 1) < @ < —n. Thus

Sign (rﬁl (a)k) _ (Hl)EZ:1k+(n+l)(m—n—1) — (_1)(n+1)(m—1—n/2)
k=1
and the corollary follows.

COROLLARY 6. The kernel H (z, D)=1i*(2—{), a0, —1, =2, -+ -,
13 ESR on the upper half plone U ={z:Imz > 0}. For a >0 it is
ETP on all straight lines in U which are parallel to the imaginary
axis and for a < 0 (& not an integer) it 7s ESR on the above straight
lines with the mth order sigature ¢,(H,) = (—1)t otnm-i-i=ain = The
above is also true when { or z (but not both) lie on the boundary
oU = {z: Im z = 0}.

Proof. Under the conformal mapping w = (z — 9)/(z + %) U is
mapped onto the unit disc 4 = {w:|w] < 1} and

H( D) = i — 0 = (22) (L) "k, 7).

where 7 = ({ — 9)/({ + %) and K (w,T) = (1 — wT)™*. Since dw/dz =
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2¢/(z + 1)* the corollary follows from Proposition 2 and Corollary 5.

COROLLARY 7. The kernel g.(t,2) =1 — 2zt + 25", a+0, -1,
—2,+++, 48 ESR on [—-1,1]x 4 (¢e[—1,1], |2]| <1). For a>0 itis
ETP on [-1,1] x (—1,1) and for ¢ <0 (o not an integer) it is
ESR on [—1,1] x (—1,1) with the mth order signature &,(g,) =
(_1)(["0!]'*‘1)(7"‘1“[*‘01]/2).

Proof. For
(4.2) gt 2) = (1 — 228 + 287, (,2)e[—1,1] x 4,
we put

1 1 _ 1
C—~E<z+—z—>, dlldz = 2z2(1 ), zed.

Then

L ¢ tye= 1

(22)0( WHQ(C’ t) ’

9., 2) =

where H,({, t) is as in Corollary 6. We now use Proposition 2 to
obtain

t ¢ / £ g

«a s m(m—1)/2 ..

gZ‘i( T ) S am<£) Hi‘( S
2y cre, R (2i2) dz t, oo, t

and finally, using Corollary 6 and after some manipulations

n

t’ oo, t m—
ng(z ) = (IT @eDI2(t — )= g, 8, Do,
s DAY s z =1
m=1,2 .

Since 1 — 2zt + 2* does not vanish for (¢,2)e[—1,1] X 4 and it is
strictly positive for (¢, 2)e[—1, 1] x (—1, 1) it follows that g.(¢, 2) is
ESR on [—1,1] x 4 for ¢ =0, —1, —2, ---, For (¢, 2)e[—1,1] x
(—1,1), g.t, 2) is ESR with ¢,(g,) = sign (I} («),) and the corollary
follows.

5. Reproducing kernels and generating functions. Let 57 be
a Hilbert space of analytic functions is a domain D with an inner
product (, ) .. Assume also that 5% possesses a reproducing kernel
K(z,7), (2,0)eD x D. Thus f(Q) = (f, K( , 2))s for each {eD and
all feoZ Let (4,7, be an orthonormal basis of 5 Then [4, p.
98]



112 JACOB BURBEA

K@D = 3 6.@80 . (,0)eDxD.

We set an isometry 7T: 577 — Ly(#¢) between 577 and the Hilbert
space L,(#). Here £(t) is a Borel measure on R with finite moments
of all order and with infinitely many points increase. The image of
K(z, {) under this isometry is

gT(t! z) = T,K(Z, z)|z:t ’ teR, (eD.

(The subscript in T, indicates that { is held fixed and T is applied
on K(z,Z) as a function of z.) g¢.(t, 2), (¢,2)e R x D, is called the
generating function of {T¢,>.

Assume A C R is the support of ¢(t). Then, using the reproducing
property of K(z, 7), one obtains

K(Z, Z) = (K( ’ Z)y K( ’ E))// = (TK( ’ z)’ TK( ’ E))Il

and so

(5.1) K(z, Q) = SAQT((t, 2)g:(t, Dapt) , (2,9)eD x D.
Using (5.1) and Proposition 1, one immediately obtains:

THEOREM 3. Let the assumptions of formula (5.1) prevail and let
Y be an are in D. If g.(t, z) is ESR on A x ¥ then K(z, {) is ETP on 7.

Specifically, let P, (t), n = 0,1, ---, be an orthonormal basis of
polynomials of degree n in L,(¢). We write T¢, = P,, n =0,1, «--.
Since the corresponding elements are orthonormal bases in the spaces
27 and Ly(pt) respectively, this correspondence does indeed induce
an isometry of 57 onto L,(#). Therefore

(5.2) gt 2) = 3, P0)s.(2) , (1, 2)eAx D,

is the required generating function.

THEOREM 4. Let the assumptions of formula (5.2) prevail and
let ¥ be an arc in D. If g.(t, z) is ESR on A X 7 then {8, m, 8
an ECT-system on v. In this case €,(9,) = €,(D), where O(n, z) = 4,(2),
(n,2)e " xv, 4 ={0,1,2,---}. That s, ®(n,z) is ESR on
AT X,

Proof. One has
= (P, g:, D) = | 0:t, DP(OAD) -



TOTAL POSITIVITY OF CERTAIN REPRODUCING KERNELS 113

Since (P,(t)) is a sequence of polynomials of degree =, (P,(t))7, is
an ECT-system on R. The theorem now follows from Proposition 1.

In the sequel we will show that many reproducing kernels are
ESR due to Theorem 3. This, in turn, generalizes our previous
results in [5]. We list several examples of this procedure.

6. The Paley-Wiener kernel. The Paley-Wiener space &7, is
the space of entire functions f(z) of exponential type =a which
belong to L, on the imaginary axis. This is a Hilbert space with
the norm

1= " 1) Py

By a Paley-Wiener theorem [11, p. 13] any fe.<? is a Laplace
transform of a function in L(-—a, a). Thus T: &7, — Ly(—a, a) given
by

T egt)dt = fz), geld—a, a),

(T70)@) = o |
2
is an isometry. The reproducing kernel of &7, is

- inh (az + af)
Kazr(::&—_.‘, Z,CGC.
=9 m(z + 0)
The generating function (the image of K.z, C) under T) is
Y e,y Where ¥ _.. 18 the characteristic function of (—a, ¢). Thus,
the following obvious identity

K0 =5

eet’dt , z,CeC,

holds.

Since ¢ is ESR on C x C (Corollary 3) it follows, by Theorem 3,
that K,(z, ©) is ETP on all straight lines in C which are parallel to
the real axis. Moreover, K,2,2) is ESR on all the strips
{z: Ck — D(m/a) < Imz < (2k + D(x/a)}, k= -+, —1,0,1, ---.

7. The Hardy kernels. The Hardy space &2, = Z,(#), ¢ > 0,
is the space of all functions f(z), analytic in the right half plane
B = {z: Rez > 0}, of the form

f(z) = re~th(t)tq—<1/2>dt . g>0
0
with F'e L0, ). <2, is a Hibert space with the norm

1£1 =\ 1F@ Pt
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This Hilbert space has the Hardy reproducing kernel
(7.1) K(2,0)=TR2p)/z+0, ¢>0, 2le?.

The image of K,(z, {) under the above isometry is ¢ * and in fact
the well-known identity

K20 = S:o e e AdE . 2, (e P,

holds. Therefore, K (2, ) is ESR on <% and ETP on all straight
lines in <7 which are parallel to the real axis. When ¢ = 1/2 the
Hardy kernel reduces to the famous Cauchy kernel K. ,(z, £) = 1/(z+0).
The fact that this kernel is ETP on (0, ) is used to establish the
well known Miintz theorem on best polynomial approximation.

Clearly, K, (z,7) and H,,(z, ?) of Corollary 6 (and for that matter
also Corollary 5) are essentially the same (they are melely different
realizations of the same object on the conformally equivalent under-
lying domains <Z and U). In fact let D be a simply-connected
domain with the Bergman reproducing kernel, [4, p. 21], Ky(z, £)
and let @: &# — D be a conformal mapping of <& onto D. Let
4 = @7 then Tf = foq[y']” is an isometry of Z2(<#Z) onto Z (D).
The reproducing kernel of <7,(D) is therefore

(7.2) KP(z, ) = I'Con'[Ku(z, DI, ¢>0, 2 leD.

Using Corollary 5, Proposition 2 and the above discussion we
obtain:

THEOREM 5. Let D be a simply-connected domain with «
Bergmaen reproducing kernel Ky(z, ©). Then '(2q)n [Ky(z, )] is the
reproducing kernel of =2(D) for q >0. Moreover, [Ky(z, 0],
2¢#0,—-1,0,2, ---, s ESR on D. For ¢>0 it is ETP on all ares
Y in D which are images of the diameters of the unit disc under
the Riemann mapping. For q < 0 (29 not an integer) [K,(z, §)} s
ESR on the above mentioned arcs with the mth order signature
en(K5) = (=1)ltnmmi—=20im - Fop [z, 2) = [Kp(z, {)]* we have

m
P W

(277 = (L ke s D

oo
’ ’

m=12 .-,

In obtaining the above theorem we made also use of the well-
known fact [4, p. 33] that if ®»: D— D* is a conformal mapping of
D onto D* then

(7.3) Kz, 0) = ()P QKo+ (p(z), PQ), 2 LeD.
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A kernel K(z, 7) which is ESR on D and is of the form F(z — Q)
is generally called an extended Pilya frequency (EPF) function on
D. Combining (7.1), (7.3) and Theorem 5 we obtain:

COROLLARY 8. Any power (not of the form —=n/2, n=20,1, ---)
of the Bergman kernmel is EPF on the right half plane.

Another interesting kernel is obtained by mapping the unit disc
4 onto the strip D, = {2:|Im z| < a}. Since ¢(z) = tanh 7z/4a maps
D, conformally onto 4 it follows from Theorem 5:

COROLLARY 9. I'(29)[(z/4a) sech(z — £)/4a]*?, q¢ > 0, is the re-
producing kernel of <= (D,). Moreover,

Lz, D) = sech ZES T g0, -1, -

4a
is ESRon D,. For ¢ >0 it is ETP on all ares 7, 0 = 0 < 27, given
by

zo(t) = z—alog L+ te” tel,o , te(—=L1).
T 1 — te

For ¢ < 0 (29 not an integer) it is ESR on the above arcs with the
mth order signature ¢,(L,) = (—1)t2a+nm-i-l-2am, Especially,
Lz, 4), ¢ >0, is ETP on (—co, o) X (—o0, o).

For ¢ =2 1/2 the norm of <7, can be realized in a form which
appears frequently in function theory. In fact by another theorem
of Paley and Wiener [11, p. 8] one has

2 T 2 2g—2
171 = Fe =) | @ 2R 2 dady , a > 1/2,

Flls = Sosup " ife + iw)ldy -
7T x>0 —o0

Therefore the norm of (D), D is simply-connected, is given by

A8 1= e, | @ Koe, By rdady > 12
(1.5) 1 e = 5= |, 1@ d1

where in the last integral f stands for the nontangential boundary
values of the analytic function f(z) in D. Consequently, < (D),
q > 1/2, is in fact the Bergman-Selberg space [14], namely, it is the
space of all analytic functions f(z) in D normed by (7.4). This
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Hilbert space possesses the reproducing kernel K!”(z,{) given in
(7.2), g > 1/2. Similarly, &,,(D) is the Szego space [4, p. 110]
consisting of all analytic functions f(z) in D normed by (7.5). Its
Szego reproducing kernel is given by KB(z, ) = n'?[Kp(z, )]~

These methods can be applied to spaces of square summable
series.

8. Spaces of square summable series. Let D, = {z: 2] < p},
0 < p = o, and assume that ®(z) = 7., c.2" ¢, > 0, is analytic in
D,. Let

|2

H, = {feH(Dp):f(z) = g%z” ' g:‘) 2.

<oo},
C

where H(D,) designates the class of analytic functions in D,. Clearly,
H, is a Hilbert space with the scalar product

0,0 = 5% (f0) = 502", o) = 502

Cn

We have

0 = Sl = 5 B4 = (6), 96D .

n=0 n

Consequently, K(z, ) = ®(22) is the reproducing kernel of H, and
Ve, 2%, is an orthonormal basis for H, (cf. [15]).

Assume now that J is a real interval and g is a finite Borel
measure on J with finite moments of all order and with infinitely
many points of increase. Consider the Hilbert space I,(#) normed
by

11 = | 1 e

with P,(), n =0,1,---, as an orthonormal basis of polynomials (with
real coefficients) of degree n. We set up an isometry between H,
and Ly(#) by

T(V e, 2%) = P,(t), n=01 -
The generating function is therefore
nlt, 2) = X Ve, Pe", (t,2)ed x D, ,
n=0
and

K D) = 96D = | 0:(t, )aalt, Daptt) , 2, (e Dy
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Notice that

K7 = #(20) = | loit, |2)Fdp®) . 2eD, .

Consequently, the question of the total positivity of K(z, {) on
D, is reduced, via the above composition formula, to the correspond-
ing problem for ¢,(t,z) on J x D,. Here g.(t z) is a generating
function for certain classical polynomials. We give some examples
of this procedure. In these examples we adhere to the convention
and standardization of orthogonal polynomials employed in [1, 6, 13].

9. Exponential kernels and Hermite polynomials. Designate
by H(C) the class of all entire functions and let

171 = gy V) @ Plale  dady , o> —1.

Define
H, ={feHC):||fl. < oo}
H, is a Hilbert space normed by || fl|l. and in fact

nZ:_—l__.Soo n»}-a—rd = 1 :Ol...
121 = gy | e = @ D, =01,

The reproducing kernel of H, is

2 R S Y : 7 _
e.(z, §) nz::@(a+1)n FlLa+1:20), a>—-1, zLeC.

Therefore (see Corollary 3)
60(2, z) = 1F1(1; 1; zi) = ez—c
and

e2,0) = « Sl el —t)'dt, a>0.
Especially
ee 0 = | efat = (D e~ 1),

which, according to Corollary 4, is ETP on all rays passing through
the origin.
Define now another family of norms by

11 = Z2 1 @Rk + @ = Derandy a0,
[24 (o}
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and let
Ha={FeHO) || fll. < o}
2%, is also a Hilbert space normed by ||f|l. and in fact

lz"|t = a™* Swr"(r +a—-Dedr=aa+nml, n=01,---
0
The reproducing kernel of 57, is

B =ays—C) _ _ Fa+1l), a>0, 5leC,
= (@ + n)n!

and again, according to Corollary 4, is ETP on all rays passing
through the origin. Notice that E.(z, ) = ez, 0) = (20)'(¢** — 1).
In fact the following relationship

ezx(Z, Z) = ezzsz(uz’ Z) y & > 0 ’

between the two families of producing kernels hold.

These kernels are closely connected to the Hermite polynomials.
The Hermite polynomials H,(t) are orthogonal with respect to the
measure w(t) = ¢ % on (— oo, o) and are normalized by

Sw [H(O)Fw(t)dt = hy = V7 20, n=01, ---.

In addition they assume the standardization H{»(0) = 2"n!. We set
an isometry T between H, and L,(w) via the rule
T(zn/l/m_) = an(t)h/h—n ’ n=01---

The Hermite generating function is therefore
o(t, 0) = Tefs, O = 7 5y Ll gugy
n=0 ’)’[,.
or
g(t, 2) = w Ve %Y, (t,2)eR x C.

Consequently,

60(z’ z) — ezi — 72:—1/26-22/2—;2/2 S e«/2t(z+§)e—t2dt ,

—o0

which is a well-known identity.

10. Hardy kernels and Laguerre polynomials. The Hardy space
Diwrnyy &> —1 (see (7.4)) is defined as the space of all analytic
functions in the unit dise 4 with the moments
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fz*2 =nl/l(@+n+1), a>—-1, n=01---.

The norm induced by these moments can be realized as in §7 and
in fact for @ > 0

-1

2 . T 201 _ 2a—1
171 = Fiog )@@ = 1z dzdy

while
2 1 2
£ =\, 1@l dal -
2 Jas
The reproducing kernel of H, = & ., 18

Kz, 0) =3 fﬂn_j’ﬂ(zz)n = Pla+ DI — 2B, zled.

The fact that these kernels are totally positive is the content of
Theorem 5. However, this fact could also be deduced from the
Laguerre generating function. The Laguerre polynomials, L{¥(t),
a > —1, are orthogonal with respect to the measure w(t) = ¢ 't* on
[0, ) and are normalized by

Sw [L@Fw)de = h, = (@ +n + 1)/n!, n=01,--
We assume also the standardization d"/d¢"L{(0) = (—1)*. Clearly,

T: H, — Lyw) given by T(V'h, z*) = L{(t)/V'h, is an isometry of H,
onto Ly w). The Laguerre generating function is therefore

9(t, 2) = i Ly(t)e = (L — =) e™™/070 . (t,2)e[0, <) X 4.
n=0
Hence

Ko, 0) = gD = @y = O e S i,

which is, according to Propositions 1, 2 and Corollary 3, the required
result.

11. Logarithmic kernels and Laguerre polynomials. Consider
the unit disc 4 and let the moments be given by

11.1 e = (@t n) n! , 0, n=01,---.
(11.1) IEA F T@inid a > n , 1,

With (11.1) we have a Hilbert space &, of analytic functions f(z)=
S ,a,2" in 4. The reproducing kernel of 2% is given by
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K.(2,C

g3 l@rntD GO rg g 1raa+ 120,

= (@ + n)

for z,{e4-T: 57, — L(w) given by T(V'e, z") = L)}V h,, where
¢t =|[z*]lZ and h, =TI'(@ +n + 1)/n!, n=20,1, ---, is an isometry
of &7, onto L,(w). Here, as before, w(t) = e %t* on [0, ). The
generating funection (cf. [13, p. 202]) is therefore

7Yy — 7y — & (a’)'n (@) ($YF "
Ga(t9 C) - TKa(zv C) - 152::(; (a + l)nLn (t)c

=1 =Y F 1(“’? @+ _t——ci>

Thus
Kf(2,0)=@1—-2)Q-0"
X S:o 1F1<a'; a + 1; —7 bz z>1F1<a; o+ 1; —1—§§—>w(t)dt

Since, according to Proposition 2 and Corollary 4, G.(¢, 2) is ETP on
[0, ) x (—1, 1) it follows that K.(2, {) is ESR on 4 and ETP on all
diameters of 4.

An interesting special case occurs when a = 1. In this case 57
is the Dirichlet space consisting of all analytic functions in the unit
disc 4 normed by

@y rl= L] i@y + = e R

where f in the second integral stands for the nontangential boundary
values of the analytic function f(z) in 4. 2% has the logarithmic
reproducing kernel

(11.3) K(z,)) = -0 log(1 —20), 2,{e4.

The same applies when a = 2. In this case
Ky(z,0) = %[(1 — 207+ (D log (1 — 20)], =2, led.

As stated before both kernels are ETP on all diameters of 4.
We should remark however that actually not only ,F(a, a; a + 1; 20),
a >0, is ETP on the diameters of 4 but also F\(a, 8; a + 1; 20),
a, 8> 0. This will be shown as a special case of Theorem 7.

12. Tchebycheff kernels. We now treat three different Hilbert
spaces, arising from the Tchebycheff polynomials, all of which have
ESR reproducing kernels.
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Designate by H, the Hilbert space of analytic functions in the
unit dise 4 with the scalar product

(5,9 = 5| |, F@a@ dz| + 2/0)5® |, S, 9¢H.,
T ad

where, as usual, the integral is carried over the nontangential
boundary values of f and g. Here, of course,

H, ={feHU):||fI}=(f,f) < =},
and
n m 1
(Z » z )1 = '—[3n,m + 60,7»,50,m] ’
2z
where 4, , stands for the Delta of Kronecker for n and m. Con-

sequently, Ve, 2", n =0,1, ---, with ¢, =7 and ¢, = 27 for n =1,
is an orthonormal basis for H,. The reproducing kernel is

12.1) Kl(x,z):n+2n'§‘,(zz)”:7ri+zg, s Ced.

We will now show that K.(2, ) is ESR on 4.

The Tchebycheff polynomials (of the first kind) 7,() are
orthogonal with respect to the measure w(t) = (1 — t*)"* on [—1, 1]
and are normalized by

| IT@Fw@dt = by = 20+ 6,0, n=01,--.

We assume also the standardization T,(1) = 1. T: H, — L,(w) given
by T(V'¢, 2") = T,t)/V'hs, = =0,1, .-+, is an isometry of H, onto
L, (w). The generating function (cf. [7, p. 186]) is

0(t, D) = TK,(3, D) = 3,2 — 0, )T, = (1 — D)ai(t, D)
where g.(t, 2) is as in (4.2)
g.(t,2) =1 — 2zt + 2, (t,2)e[—-1,1] x 4.
Consequently,
K@D =0 -0 - 0,29 Dudt, zled.

It follows, using Corollary 7, that K,(z, 2) is ESR on 4 and ETP on
all diameters 4.
Let H, = {f € H(4): || fll, < <}, where
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£l =55 |, 1f@r1dz] = =1 7008 ]

87°

This is clearly a norm for, #[f(0)* = 2z [f(0)P < S [f()*|dz]. (The
R

integral as usual is carried over the nontangential boundary values

of f). H,is a Hilbert space with the scalar product

2

(0 = =5 |, (F@0@ — 050D d|
and
Nl = et = =1 = S -
The reproducing kernel is
2 —zC

Kz(z,Z):8n+4fr§](zZ)“:47r =, 2z, (ed.
=1 1— 2

This kernel is also ESR on 4. For this we introduce (cf. [1, p. 774])
the modified Tchebycheff polynomials (of the first kind) S,(¢). These
polynomials are orthogonal with respect to p(¢t) = (1L — t¥/4)** on
[—2, 2] and normalized by

| 1S.@Ppdt = b, = 420 +6,),  m=0,1, -

In addition S,(f) assumes the standardization S,(2) = n + 1. In this
case the generating function is given by [1, p. 784]

(12.2) G(t, 2) = §'j1 Su(t)er = (1 — 2t + 2~ = g,(t/2, 2) ,

where (¢, 2)e[—2, 2] x 4. Here h, = ¢, and T: H,— L,¢) given by
T(V'e, 2%) = S,(t)/V'e, is an isometry of H, onto L,(z). Therefore

TK(z D) = 3,800 = 0.0/2.D), (0Oel-2,2 % 4.

But according to Corollary 7, ¢.(¢/2, z) is ESR on [—2, 2] X 4 whence
KJ(2,0) is ESR on 4 and ETP on all diameters of 4.
We now introduce a third Hilbert space H; of analytic functions
in the unit disc 4. H, is normed via the moments
1

12" = ex’ = (0 + 17" + 8,0) .

The reproducing kernel of H, is therefore
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Kz, ©) = 8 + 4 2 (n + 1) = 47{1 + (_11:4_:%] , oz ted.

In order to prove that K.z, Q) is ESR on 4 we differentiate 2G(t, 2)
with respect to z, where G(t, z) is given by (12.2). We obtain

(2G(t, 2)) = Z: (n + 1S,(t)z" = (1 — 2)1 — 2t + 2°)* = (1 — 29)g:(t/2, 2) ,
where (¢, 2)e[—2, 2] x 4 and g,(t/2, 2) is as in (4.2). According to
Corollary 7, (1 — 29g,(/2,2) is ESR on [—2,2] x 4 and ETP on

[—2, _2_] X (—1,1). The natural isometry T:H,— L) given by
(TVe, 2*) = S.(t)/V'h,, yields

TE(7) = 5(2) 808 = 3 0+ DS.07" = (L~ Diot/2, D
and
B D) =1 -2 -1 | a2 oz Dt
Consequently Ki(z, {) is ESR on 4 and ETP on the diameters of 4.

13. Gegenbauer kernels. Let H,, 0 = a > —1/2, be the Hilbert
space of analytic functions in the unit disc 4 which is normed via

l!z”HiZh#:[F(a)]z nl(n + @) n=01 .
727 (n + 2a) '

The reproducing kernel of H, is

Kz, ©) = 3, hu(&0)”
= B(1/2, @ + 1/2),F (2, a; & + 1;20), 2,{e4.

(13.1)

Here B(p, ¢) is the Beta function and in obtaining (13.1) we made
use of the duplication formula

Vi I'(2a) = 22 (@) (a + 1/2) .

The Gegenbauer polynomials C.(t) are orthogonal with respect
to the measure w(t) = (1 —t)*%, 0=*+a > —1/2, on [—1,1] and
normalized by

| [Comru®d: =, n=01,:

They assume the standardization C®(1) = (2a),/n!. We again set an
isometry T: H,— L.w) by the rule T(V'k, z") = C&(t)/V'h, so that
the generating function is
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TR(% ) = 3,000 = (L — 28t + B = g.(t, T)

and so
(13.2) K5 D = | 0t 90, Duit .
Since « = 0, —1, —2, .-+, it follows from Corollary 7 that K,(z, Q)

is ESR on 4 and ETP on the diameters of 4.
For a >0, K.z &) admits various integral representations
namely,

1“@@:&%@&+U%Y%ﬂ—%@mﬁ,a>0.
If in addition @ < 1 then
&@azzmmmmﬂﬁwa—nwy¢iww,o<a<L

The special case when a =1 is well known. In this case
CP(t) = U,t) are the Tchebycheff polynomials (of the second kind)
and ||z"|]? = 2/x. Then norm of H, is realized via

i =m=| 1f@Pridel, FeH,.
H, is therefore the Szego space with the Szego kernel
K@D:%a—iﬁ,zﬂem

Another special case is when & = 1/2. In this case C\/®(t) = P,(t)
are the Legendre polynomials and |/2"]}, =% + 1/2. The norm of
H,,, is realized via

it ==\ @) pdady | feH
s 4

The space H,,, is essentially the Dirichlet space 2% introduced
in (11.2). In fact, it is easily verified that 27| fIF < 1S5 S | FII
where || f|? is as in (11.2). Moreover,

1+V28 2

o1 s
2 = — _ == tanh™ 1/ ’ 3 4 ,
K, (z, Q) Ve log Vo Vi an 2L, 2 Ce

and it should be compared to the other ESR reproducing kernel in
(11.3). Note that K, ,(z, 2) = 2040, 2)/[2] where  p,(0,z) is the
hyperbolic distance of 0 to z in the unit disc 4. Therefore



TOTAL POSITIVITY OF CERTAIN REPRODUCING KERNELS 125

|w| K, ,(w, W) =< |2 K,,(z, Z) for any analytic mapping w = @(z) of 4
into itself and ®(0) = 0. Equality holds if and only if ®(z) = ¢z,
Using the reproducing property of K, ,(z, ) one obtains

ICﬂxC,Z)::%5884}1-—zz|~ﬂzrﬂdxdy.
We now consider another family of Hilbert spaces 27.. S22,

0+a> —1/2, is the space of analytic functions in the unit disc 4
normed by

_ (e + 1P n

Hznlli =o' 1-2a , AN
w2 (n + a)l'(n + 2a)

/}’L:O’l’...

The reproducing kernel of 57 is
(13.3) oz, 0) = B(1/2, & + 1/2),F, (2, + 1;2;20), z,(ed.

Here, again, we have used the duplication formula. According to
[6, p. 101]

(13.4) %2, 0) = B2, a + 1/2)-L T2 ey,

(1 _ zc)za—H
Though (13.3) is not defined for @ = 0 we can actually incorporate
this value in (13.4). In fact 2%z, {) is exactly K.z, {) defined in
(12.1). ¥4z, 0) is therefore ESR on 4. For a + 0 we set the
isometry T: 5%, — Ly (w) by the rule T(V¢, 2") = C@(t)/V'h, so that
the generating function is

T 0 = 5 (52) e e = 5 (B EE o

This generating function admits a closed form expression. Indeed,
by differentiating the identity

2 CO(t)er = [2(l — 22t + 2], O0=a> —1/2,
n=0

with respect to z, we obtain

o

$, (BB )0r 0 — (- #0 - 20 + 27 = (L= 062

n=0

Therefore T.27 (2, 1) = (1 — gt ) and

e, 0) = BJ2, @+ 12 2
(13.5) ¢

=== | genlt, Dgen(t, D)t



126 JACOB BURBEA

is in fact true for all @ > —1/2 (including a = 0). Consequently,
using Corollary 7, %z, ) is ESR on 4 and ETP on all diameters
of 4.

Since S w(t)di = S 1 — tH**dt = B(1/2, & + 1/2) by reasons of
continuity Corollary 7 coupled with (13.5) actually yields a stronger
result, namely, that

(13.6) F(20, a4+ 15 a5 28) = (1 + 2D)(1 — 207, 2, led,

is ESR on 4 and ETP on the diameters of 4 for all a, a =+ —n/2,
n=12 ---.

We again take two special cases @ = 1/2 and a = 1 (corresponding
to Legendre and Tchebycheff (sezond kind) polynomials respectively).
For @ = 1/2 the moments are [[2"]’, = 2"(2n + 1), The norm of
5%, is realized through

171, = @y |] 1A Pady | fe o,

and %74z, 0) = 2(1 + 20)(1 — 20)%. For « =1 the moments are
[|[z"|i? = 277 (n + 1)* and the norm of 57 is

WA= ﬂ‘ZS“ |\F(2)"ldz}, [feoz,

where F'(z) = zf(z) and the integral is carried over the nontangential
boundary values of F(z). Here .2%(2, {) = 27'w(1 + 20)(1 — z0)™

14. Generalized hypergeometric kernels. The previous results
can be generalized to include kernels formed from the generalized
hypergeometric functions. The gensralized hypsrgeometric function
[13, pp. 73-85] is defined by

Gy =0y O

By« B

e Ap) 2
ZﬁBn(q) n!’

(14.1) F{ zJ =1+

where
A = @), B =116)., n=12-

Here 8;¢{0, —1, —2, ...}, 7=1,2, ---,q. We exclude the polynomial
case, that is, when a; = 0 for some j, 1 < 7 < p. In this case the
series in (14.1) diverges for 2z %0 if »p > ¢ + 1 and we therefore
only consider the case in which p < ¢ + 1. If p =< ¢ the series in
(14.1) represents an entire function while if p = ¢ + 1 it is an analytic
function in the unit disc 4. In the notation of (14.1) we have

Fl--2)=¢, Fya;-;2)=Q1—z2)".
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If An(p)/Bn(q) > 07 n = 1; 2r ] then

K( Z) F !:azly sy By zjl

z,0) = 2
e :81; Tt Bq;

is the reproducing kernel of the Hilbert space of analytic functions

(n Cif p=qandin 4if p=q + 1) f(z) = 22, a,z"” normed by

< 1Bl ), e
(14.2) [fIP =X nl=2]a,|”.
2= A,(p)
The generalized hypergeometric functions admit the following
[13, p. 85] integral representation;

Q, o0, O, |
qu( 1y 2y s o ZJ
Llel) Bzy Sty 1811;

1 Sl piei(] — et (arz, cee, O zt]dt
B(a:u /81 - a:1) 0 ?_1 q_1|_ 29 "%y Bq; '
where ReB, > Rea, > 0. For p < ¢ (14.3) holds for all zcC and
for p = q + 1 (14.3) holds for all z¢ 4.
We now prove a generalization of Corollary 4.

(14.3)

7Y a, g Ty & Y L F . N
THEOREM 6. F,(20) = qu[al e a,z + 1 zCJ, a; >0, =1,
-+, q, 18 the reproducing kernel of the Hilbert space of entire func-
tions normed by (14.2) and is ETP on all reys passing through the

Origin.

Proof. 1t suffices, according to Theorem 2, to show that F, (xy)
is ETP on R. This is shown by induction on ¢. For ¢ =0 the
theorem trivially holds true for Fy(zy) = F(-; —; zy) = . Assume
now that F,(zy) is ETP on B. According to (14.3) for a > 0

F ¢, &, =, a"q ’ 1 Sltale tdt
g+1 q+1a+1,a1+1,.”’a’q+l;x’y _B(a',l) o q(xy)

_x S F(yt)tedt
(44 0

- r F(yt)K(t, x)du(t) ,

where x > 0, du(t) = (Lja)t*dt, a > 0 and

X, %) 7% 0<t=x
y T) =
0, o >t > >0,
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K(t,x)is TP on (0, o) x (0, ) [9, p. 102]. Since F, (yt) is ETP on
(— o0, 00) X (0, =) it follows easily from the composition formula that
i o(xy) 18 STP on (0, o) X (—o0, ). The analyticity of this
kernel implies [9, p. 50] that it is in fact ETP on (0, o) X (— o0, o).
For x < 0 we have

eiFosor) = || F(—yKE, —a)dutt) .

Here K(t, —x) is RR on (0, ) X (—<, 0). Therefore, as before,
el o(zy) is ETP on (— <0, 0) X (—o0, ). By continuity , . F,.(xy)
is ETP on (—o0, ) X (—oo, o) as required.

A more general theorem holds for the case p = q + 1, however
the proof is virtually the same.

THEOREM 7. The following hold

(i) Let F(z0) = WF(,[‘% LU szﬂl zz}, a;>0,j=1,+-,¢q
and ¢, any real number =0, —1, —2, ---. Then F,(2{) is ESR on
4. For a, > 0, F(20) is the reproducing kernel of the Hilbert space
of analytic functions in 4 normed by (14.2) and is ETP on all
diameters of 4. For ¢, <0 (o, not an integer) F,(20) is ESR on

the above diameters with the mth order signoture

e (F,) = (—1)0-xal+nim-i-l-agl/2)

(ii) Let G (z0) = qHF{Zi + 1; : g’z:,-i- 12’&2{0 +a10; zC} a; > 0,
j=1-+-,¢q—1and & + 0, =1, ~2, ---. Then G,(z0) 1s ESR on 4
and ETP on all diameters of 4. Moreover, for 0 = «, > —1/2, G,(20)
18 the producing kernel of the Hilbert space of analytic functions

in 4 normed by (14.2).

(1) Lot H(GT) = oo %, vt Goow B 60 L2l g o,
e, q—1 and a,# —n/2, n=1,2,---. Then H,(2) is ESR on 4
and ETP on all diameters of 4. Moreover, for a,> —1/2, H,(z0)
15 the reproducing kernel of the Hilbert space of analytic functions

in 4 normed by (14.2).

Proof. Again it suffices to prove that the kernels in question
are ESR on the real diameter of 4, (—1,1). The proof is carried
by induction on gq.

(i) For q =0, Fyxy) = Fia; —;2y) = (1 — xy)™“ and so by
Corollary 5 (or Theorem 5) the statement holds true for ¢ = 0. As-
sume the statement is true for q. According to (14.3) for a > 0
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a., e, ay, a; o
s on(ay) = 'I+2Fq+1[ i 4 0 xy:}
o +1,--,a, +1,a+1;

= (i 5 Xot“‘qu(xyt)dt

= 22\ Pty at

= S F(yt)K(t, m)dp(t)

where z > 0, du(t) = (Lja)*dt, a > 0 and

% 0<t=x

K(t, o) =
¢, =) {0, 1>t>a>0.

K, z) is TP on (0,1) x (0,1). Assume first that a, > 0. Since
F(yt) is ETP on (—1,1) x (0,1) it follows from the composition
formula that .., F,, . (zy) is STP on (0,1) x (—1,1). The analyticity
of ,..F, . (zy) implies that it is in fact ETP on (0, 1) x (—1,1). For
x < 0 we have

wiioy) = | F(—utE(, —)dp®) .

But K@, —x) is RR on (0,1) x (—1,0) and F,(—y¢) is ERR on
(=1, 1) x (0,1). Hence as before ,.,F,. (xy) is ETP on (—1, 0) x (1, 1).
By continuity ,..F...(zy) is ETP on (—1,1) x (—1,1) as required.
The same applies when a, < 0 (@, not an integer).

(ii) The case ¢ = 1 holds true, for then,

G1(2Z) = 2F1(2a0; Clo; &y - 1 ZZ)

and the statement was verified in (13.1), (13.2) and Corollary 7. The
induction now carries exactly as in (i).

(iii) The case ¢ = 1 was shown in (13.5) and (13.6). Indeed, in
this case H,(20) = ,F\(2a,, &, + 1; ay; 20) = (1 + 20)(1 — 20)~*** and
again the induction carries as before. This completes the proof of
the theorem.
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