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❆❜str❛❝t
❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡r❡ ✐s ❛ str♦♥❣ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❛ ✇❤♦❧❡ ❝❧❛ss ♦❢

s✐♠♣❧❡ ❜✐♥❛r② ▼❘❋ ♠♦❞❡❧s ❛♥❞ t❤❡ ❘✉❞✐♥✲❖s❤❡r✲❋❛t❡♠✐ ❚♦t❛❧ ❱❛r✐❛t✐♦♥ ♠✐♥✲
✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤ t♦ ✐♠❛❣❡ ❞❡♥♦✐s✐♥❣✳ ❚❤✐s ❧❡❛❞s t♦ ♥❡✇ ❛❧❣♦r✐t❤♠s✳ ❲❡
t❤❡♥ ❝♦♠♣❛r❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ✈❛r✐♦✉s ❛❧❣♦r✐t❤♠s✳

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ st✉❞② t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❘✉❞✐♥✲❖s❤❡r✲
❋❛t❡♠✐ ❚♦t❛❧ ❱❛r✐❛t✐♦♥ ✭❚❱✮ ♠✐♥✐♠✐③❛t✐♦♥ ♠♦❞❡❧ ❢♦r ✐♠❛❣❡ ❞❡♥♦✐s✐♥❣✱ ❛♥❞ ❛ ❝❧❛ss
♦❢ s✐♠♣❧❡ ❜✐♥❛r② ▼❘❋ ♠♦❞❡❧s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t s♦♠❡ ❛❧❣♦r✐t❤♠s
❞❡s✐❣♥❡❞ t♦ s♦❧✈❡ ♦♥❡ t②♣❡ ♦❢ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ ♦t❤❡r✳ ❖✉r ❣♦❛❧ ✐s t♦
❞✐s❝✉ss t❤❡ ❧✐♥❦s ❜❡t✇❡❡♥ ♣r♦❜❧❡♠s s✉❝❤ ❛s

min
θi,j∈{0,1}

λ
∑

i,j

|θi+1,j−θi,j |+ |θi,j+1−θi,j | +
1

2

∑

i,j

θi,j |gi,j−a|2 + (1−θi,j)|gi,j−b|2 ,

✭✶✮
❛♥❞

min
wi,j∈R

λ
∑

i,j

|wi+1,j − wi,j |+ |wi,j+1 − wi,j | +
1

2

∑

i,j

|gi,j − wi,j |
2 . ✭✷✮

❍❡r❡✱ i, j ✐♥❞❡① t❤❡ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ♦❢ ❛ ❞✐❣✐t❛❧ ✐♠❛❣❡ ❛♥❞ r✉♥✱ ❢♦r ✐♥st❛♥❝❡✱ ❢r♦♠
1 t♦ N ❛♥❞ 1 t♦ M ✱ N,M ≥ 1✳ Pr♦❜❧❡♠s s✉❝❤ ❛s ✭✶✮ ❛r✐s❡ ✐♥ s✐♠♣❧✐✜❡❞ ▼❘❋ ✐♠❛❣❡
❞❡♥♦✐s✐♥❣ ♠♦❞❡❧s ✇❤❡r❡ ♦♥❡ ❛ss✉♠❡s✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❛t ❛♥ ♦❜s❡r✈❛t✐♦♥ g r❡s✉❧ts
❢r♦♠ ❛♥ ♦r✐❣✐♥❛❧ ❜✐♥❛r② s✐❣♥❛❧ t❛❦✐♥❣ ♦♥❧② ✈❛❧✉❡s a ❛♥❞ b✱ t♦ ✇❤✐❝❤ ❛ ●❛✉ss✐❛♥
♥♦✐s❡ ✐s ❛❞❞❡❞✳ ✭❍❡r❡✱ g✱ a✱ b ❝♦✉❧❞ ❜❡ ✈❡❝t♦r ✈❛❧✉❡❞✳✮ ❇✉t✱ ✐♥ ❢❛❝t✱ ✈❡r② s✐♠✐❧❛r
♣r♦❜❧❡♠s ❝❛♥ ❜❡ ✉s❡❞ ❡✣❝✐❡♥t❧② ✐♥ ❛ ♠✉❝❤ ♠♦r❡ ❡❧❛❜♦r❛t❡ ✇❛②✿ ❢♦r ✐♥st❛♥❝❡✱ ✐♥ ❬✷✼❪
t❤❡ ❛✉t❤♦rs ❜✉✐❧❞ ❛ tr❡❡ ♦❢ ❜✐♥❛r② ▼❘❋s t♦ ❝❧❛ss✐❢② ✐♠❛❣❡s ✐♥ ♠✉❝❤ ♠♦r❡ t❤❛♥ t✇♦
❧❛❜❡❧s ✭s❡❡ ❛❧s♦ ❬✷✸✱ ✷✹❪✮✳

■t ✐s ❦♥♦✇♥ t❤❛t ✭✶✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ❡①❛❝t❧② ✉s✐♥❣ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✱ ❛♥❞ ♠♦r❡
❡①❛❝t❧② ❜② ✜♥❞✐♥❣ ❛ ♠✐♥✐♠❛❧ ❝✉t ✐♥ ❛ ❣r❛♣❤✱ ✉s✐♥❣ ❛ ♠❛①✲✢♦✇ ❛❧❣♦r✐t❤♠✳ ❚❤✐s ❤❛s
❜❡❡♥ ✜rst ♦❜s❡r✈❡❞ ❜② ●r❡✐❣✱ P♦rt❡♦✉s ❛♥❞ ❙❡❤❡✉❧t ❬✶✼❪✱ ❛♥❞ t❤❡s❡ t❡❝❤♥✐q✉❡s ❤❛✈❡

∗❈▼❆P ✭❈◆❘❙ ❯▼❘ ✼✻✹✶✮✱ ❊❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡✱ ✾✶✶✷✽ P❛❧❛✐s❡❛✉ ❈❡❞❡①✱ ❋r❛♥❝❡✳
❛♥t♦♥✐♥✳❝❤❛♠❜♦❧❧❡❅♣♦❧②t❡❝❤♥✐q✉❡✳❢r

✶



❜❡❡♥ t❤❡♥ ❡①t❡♥❞❡❞ t♦ ♠✉❝❤ ♠♦r❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠s ✐♥ t❤❡ r❡❝❡♥t ②❡❛rs ❬✶✽✱ ✼✱ ✷✵✱
✷✶✱ ✷✷✱ ✷✺❪✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♣r♦❜❧❡♠ ✭✷✮ ❤❛s ❜❡❡♥ ✜rst ♣r♦♣♦s❡❞ ✐♥ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣
❜② ❘✉❞✐♥✱ ❖s❤❡r ❛♥❞ ❋❛t❡♠✐ ❬✷✻❪✱ ❛s ❛♥ ❡✣❝✐❡♥t ❛♣♣r♦❛❝❤ t♦ ❡❞❣❡✲♣r❡s❡r✈✐♥❣ ✐♠✲
❛❣❡ ❞❡♥♦✐s✐♥❣ ♦r r❡❝♦♥str✉❝t✐♦♥✳ ❲❡ ❤❛✈❡ ♣r♦♣♦s❡❞ r❡❝❡♥t❧② ❬✶✶❪ ❛♥ ❛❧❣♦r✐t❤♠
❢♦r s♦❧✈✐♥❣ t❤❡ ✏✐s♦tr♦♣✐❝✑ ✈❡rs✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ✭✇❤❡r❡✱ ✐♥ t❤❡ s✉♠✱ ❡❛❝❤ t❡r♠
|wi+1,j −wi,j |+ |wi,j+1−wi,j | ✐s r❡♣❧❛❝❡❞ ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ♦❢ t❤❡
❞✐s❝r❡t❡ ❣r❛❞✐❡♥t

(

(wi+1,j − wi,j)
2 + (wi,j+1 − wi,j)

2
)

1/2✮✱ ❤♦✇❡✈❡r✱ ♦✉r ❛❧❣♦r✐t❤♠
✐s q✉✐t❡ ❣❡♥❡r❛❧ ❛♥❞ ❡❛s✐❧② ❛❞❛♣t❡❞ t♦ ✭✷✮ ✭s❡❡ ❙❡❝t✐♦♥ ✹ ❜❡❧♦✇✮✳ ❖✉r ♣♦✐♥t ✐s t❤❛t
♣r♦❜❧❡♠s ✭✶✮ ❛♥❞ ✭✷✮ ❛r❡ ❡❛s✐❧② ❞❡r✐✈❡❞ ♦♥❡ ❢r♦♠ t❤❡ ♦t❤❡r✱ s♦ t❤❛t ❛❧❣♦r✐t❤♠s ❞❡✲
s✐❣♥❡❞ t♦ s♦❧✈❡ ♦♥❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ♦t❤❡r✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❞✐s❝✉ss t❤❡
❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡s❡ ❧✐♥❦s ❛♥❞ ❝♦♠♣❛r❡ t❤❡ ❛❧❣♦r✐t❤♠s✳

❚❤✐s ♥♦t❡ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ ❛♥ ❛❜str❛❝t
❢r❛♠❡✇♦r❦ ✐♥ ✇❤✐❝❤ ❜♦t❤ ✭✶✮ ❛♥❞ ✭✷✮ ❡♥t❡r ❛s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡✳ ❲❡ s❤♦✇ t❤❛t t❤❡
s♦❧✉t✐♦♥s ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❛ ❣❡♥❡r✐❝
✉♥✐q✉❡♥❡ss ❢♦r s♦❧✉t✐♦♥s ♦❢ ✭✶✮✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ ❞✐s❝✉ss ✈❛r✐♦✉s ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢
❣r❛♣❤ ❝✉ts ❛❧❣♦r✐t❤♠s t❤❛t ❝❛♥ ❜❡ ❞❡r✐✈❡❞ t♦ s♦❧✈❡ ✭✷✮✳ ❲❡ t❤❡♥ r❡❝❛❧❧✱ ✐♥ ❙❡❝✲
t✐♦♥ ✹✱ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ ❬✶✶❪✳ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❛r❡ t❤❡♥ ♣❡r❢♦r♠❡❞
t♦ ❝♦♠♣❛r❡ t❤❡s❡ ✈❛r✐♦✉s ❛❧❣♦r✐t❤♠s✳

❲❤✐❧❡ ✇❡ ✇❡r❡ ❝♦♠♣❧❡t✐♥❣ ❛ ✜rst ✈❡rs✐♦♥ ♦❢ t❤✐s ♥♦t❡✱ ❏✳ ❋✳ ❆✉❥♦❧ ♠❡♥t✐♦♥❡❞ t♦
✉s t❤❡ r❡❝❡♥t ✇♦r❦ ♦❢ ❏érô♠❡ ❉❛r❜♦♥ ❛♥❞ ▼❛r❝ ❙✐❣❡❧❧❡ ❬✶✹✱ ✶✺❪✱ ✇❤✐❝❤ ♠❛② ❜❡ s❡❡♥
❛s t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦✳ ❚❤❡② s❤♦✇ ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡
r❡s✉❧ts ✭✐♥❝❧✉❞✐♥❣✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ Pr♦♣✳ ✷✳✷✮✱ ✇✐t❤ ✈❡r② ❞✐✛❡r❡♥t ♣r♦♦❢s✳ ❆❧t❤♦✉❣❤
✇❡ ♠❛② ❝❧❛✐♠ ♦✉r ♣r♦♦❢s ❛r❡ ♣r♦❜❛❜❧② s✐♠♣❧❡r✱ t❤❡✐r r❡s✉❧ts ❛r❡ ❡q✉✐✈❛❧❡♥t ❛♥❞ t❤❡
❛❧❣♦r✐t❤♠ t❤❡② ❞❡r✐✈❡ ✐s ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛s t❤❡ ❞②❛❞✐❝ ❛❧❣♦r✐t❤♠ ✇❡ ♣r❡s❡♥t ✐♥
s❡❝t✐♦♥ ✸✳✸✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❚❤❡ ❛✉t❤♦r ✇✐s❤❡s t♦ t❤❛♥❦ ●✉② ❇♦✉❝❤✐tté ✭❯♥✐✈✳ ♦❢ ❚♦✉❧♦♥✱ ❋r❛♥❝❡✮ ❛♥❞ ❱✐❝❡♥t
❈❛s❡❧❧❡s ✭❯♥✐✈✳ P♦♠♣❡✉ ❋❛❜r❛✱ ❇❛r❝❡❧♦♥❛✱ ❙♣❛✐♥✮✿ t❤✐s r❡s❡❛r❝❤ ♦✇❡s ❛ ❧♦t t♦ t❤❡✐r
❝♦❧❧❛❜♦r❛t✐♦♥ ♦♥ ❛♣♣❛r❡♥t❧② q✉✐t❡ ❞✐✛❡r❡♥t t♦♣✐❝s✳ ❆❧s♦✱ t❤♦✉❣❤ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢
t❤❡ ♠❛①✲✢♦✇ ❛❧❣♦r✐t❤♠ ✐♥ ❬✻❪ ✐s ❡①tr❡♠❡❧② ❝❧❡❛r✱ t❤✐s r❡s❡❛r❝❤ ✇❛s ❝♦♥s✐❞❡r❛❜❧②
s♣❡❡❞❡❞ ✉♣ t❤❛♥❦s t♦ ❛ ❢❡✇ ❈✰✰ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ t❤❛t ❛r❡ ❛✈❛✐❧✲
❛❜❧❡ ♦♥ t❤❡ ✐♥t❡r♥❡t✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ❛✉t❤♦rs ♦❢ t❤❡s❡ ✐♠♣❧❡♠❡♥t❛✲
t✐♦♥s✳ ❲❡ tr✐❡❞ t✇♦ ♦❢ t❤❡s❡✱ ♦♥❡ ❜② ❲❛❧t❡r ❇❡❧❧ ✭❢r♦♠ ❈♦r♥❡❧❧ ❯♥✐✈❡rs✐t②✮✱ ❛✈❛✐❧❛❜❧❡
t❤r♦✉❣❤ ❤✐s ✇❡❜ ♣❛❣❡ ❬✹❪ ❛♥❞ t❤❡ ♦t❤❡r ❜② ❱❧❛❞✐♠✐r ❑♦❧♠♦❣♦r♦✈ ✭❈♦r♥❡❧❧✮✱ ❛✈❛✐❧✲
❛❜❧❡ ❛t ❤tt♣✿✴✴✇✇✇✳❝s✳❝♦r♥❡❧❧✳❡❞✉✴P❡♦♣❧❡✴✈♥❦✴s♦❢t✇❛r❡✳❤t♠❧✳ ❲❡ ❢♦✉♥❞ t❤❡
❧❛tt❡r s♦♠❡✇❤❛t ♠♦r❡ ❡✣❝✐❡♥t✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡ t❤❛t t❤❡ ❞❛t❛ t②♣❡
♦❢ t❤❡ ❝❛♣❛❝✐t✐❡s ❝❛♥ ❜❡ s❡t t♦ ❢❧♦❛t ♦r ❞♦✉❜❧❡✳ ❊✈❡♥t✉❛❧❧②✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ ❛❧s♦ t♦
t❤❛♥❦ ❏✳ ❋✳ ❆✉❥♦❧ ❢♦r ♠❡♥t✐♦♥✐♥❣ t♦ ✉s t❤❡ ✇♦r❦ ♦❢ ❏✳ ❉❛r❜♦♥ ❛♥❞ ▼✳ ❙✐❣❡❧❧❡✱ ❛♥❞
t❤❡ t✇♦ ❧❛tt❡r ❢♦r ✐♥t❡r❡st✐♥❣ ❛♥❞ ❤❡❧♣❢✉❧ ❞✐s❝✉ss✐♦♥✳

❚❤❡ ❛✉t❤♦r ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ❈◆❘❙✱ ❛♥❞ ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ✏❋♦♥❞s
♥❛t✐♦♥❛❧ ❞❡ ❧❛ s❝✐❡♥❝❡✑✱ ❆❈■ ✏◆♦✉✈❡❧❧❡s ✐♥t❡r❢❛❝❡s ❞❡s ♠❛t❤é♠❛t✐q✉❡s✑ ▼❯▲❚■▼✳

✷



✷ ❚❤❡ ❛❜str❛❝t ❢r❛♠❡✇♦r❦

✷✳✶ ❆ ❝❧❛ss ♦❢ r❡❣✉❧❛r✐③✐♥❣ ❡♥❡r❣✐❡s

❲❡ ❝♦♥s✐❞❡r ❛ ✈❡❝t♦r s♣❛❝❡ X ∼ R
N ✇✐t❤ t❤❡ ❊✉❝❧✐❞❡❛♥ s❝❛❧❛r ♣r♦❞✉❝t (u, v) =

∑N
i=1 uivi✳ ■♥ ♣r❛❝t✐❝❡✱ ❛♥ ❡❧❡♠❡♥t ✐♥ X ✇✐❧❧ r❡♣r❡s❡♥t ❛ 2D s❝❛❧❛r ♦r ♠✉❧t✐❝❤❛♥♥❡❧

✐♠❛❣❡✱ ❜✉t ♦t❤❡r s✐t✉❛t✐♦♥s ❝♦✉❧❞ ❜❡ ❡♥❝♦✉♥t❡r❡❞✳ ▲❡t ✉s ❛❧s♦ ♠❡♥t✐♦♥ t❤❛t ❛❧❧
✇❡ ✇✐❧❧ ✇r✐t❡ ✐s st✐❧❧ ✈❛❧✐❞ ✐♥ t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ✐❢ X = L2(Ω) ❢♦r Ω ❛
❜♦✉♥❞❡❞✱ ♦♣❡♥ s❡t ✐♥ R

d✱ d ≥ 1 ✭✇✐t❤ s♦♠❡ ❛❞❛♣t✐♦♥ ✐♥ t❤❡ ♣r♦♦❢s ❛♥❞ ♥♦t❛t✐♦♥✮✳
❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❡♥❡r❣✐❡s t❤❛t ❛♣♣❡❛r ✐♥ ♣r♦❜❧❡♠s ✭✶✮ ❛♥❞ ✭✷✮ ✐s ❛ ♣❛rt✐❝✉❧❛r
❝❛s❡ ✭❛s ✇❡ ✇✐❧❧ ❝❤❡❝❦ ✐♥ ❙❡❝t✐♦♥ ✸✮ ♦❢ ❛ ❢✉♥❝t✐♦♥ J : X → [0,+∞] ✇❤✐❝❤ ✐s ❝♦♥✈❡①
✭✐✳❡✳✱ J(tu + (1 − t)v) ≤ tJ(u) + (1 − t)J(v) ❢♦r ❛♥② t ∈ [0, 1]✱ u, v ∈ X✮✱ ❧♦✇❡r
s❡♠✐❝♦♥t✐♥✉♦✉s✱ ♣♦s✐t✐✈❡❧② ♦♥❡✲❤♦♠♦❣❡♥❡♦✉s ✭✐✳❡✳✱ J(tu) = tJ(u) ❢♦r ❛♥② t ≥ 0 ❛♥❞
u ∈ X✮✱ ❛♥❞ t❤❛t s❛t✐s✜❡s t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❝♦✲❛r❡❛ ❢♦r♠✉❧❛✿

J(u) =

∫ +∞

−∞

J(ut) dt ✭✸✮

✇❤❡r❡ ❢♦r ❛♥② i = 1, . . . , N ✱

ut
i =

{

1 ✐❢ ui > t ,
0 ♦t❤❡r✇✐s❡✱

t❤❛t ✐s✱ ut = χ{u>t}✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ✭✐♥ ④✵✱✶✱✳ ✳ ✳ ✱◆⑥✮ ♦❢ t❤❡ s✉♣❡r❧❡✈❡❧ s
♦❢ u = (ui)

N
i=1✳ ▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t ❛❧❧ ✇❤❛t ✇✐❧❧ ❜❡ s❛✐❞ ❤❡r❡ ✐s st✐❧❧ ✈❛❧✐❞ ✐❢ ✏>✑ ✐s

r❡♣❧❛❝❡❞ ✇✐t❤ ✏≥✑ ❛♥❞✱ ✇❤❡♥❡✈❡r J(−u) = J(u) ❛♥❞ ✉♣ t♦ ❛ ❝❤❛♥❣❡ ♦❢ s✐❣♥ ✐♥ s♦♠❡
❢♦r♠✉❧❛s✱ ✇✐t❤ ✏<✑ ♦r ✏≤✑✳ ❖❜s❡r✈❡ ❛❧s♦ t❤❛t t❤❡ ♦♥❡✲❤♦♠♦❣❡♥❡✐t② ♦❢ J ❢♦❧❧♦✇s ✐♥
❢❛❝t ❢r♦♠ ✭✸✮✳ ▼♦r❡♦✈❡r✱ J(u) = 0 ✐❢ ui = uj ❢♦r ❛❧❧ i, j ✭♦t❤❡r✇✐s❡ t❤❡ ✐♥t❡❣r❛❧ ✐♥ ✭✸✮
✐s ❛❧✇❛②s ✐♥✜♥✐t❡✮✳

✷✳✷ ❆❜str❛❝t ❜✐♥❛r② ▼❘❋s

❲❡ ✇✐❧❧ ❝❤❡❝❦ ❧❛t❡r ♦♥ t❤❛t ♣r♦❜❧❡♠ ✭✶✮ ❝❛♥ ❜❡ r❡st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❜str❛❝t
❢♦r♠

min
θ∈X,θi∈{0,1}

λJ(θ) +
∑

i:θi=1

s−Gi (Ps)

✇❤❡r❡ G ∈ X ✇♦✉❧❞ ❜❡ ❛ ✈❡❝t♦r ❞❡♣❡♥❞✐♥❣ ♦♥ g, a, b ❛♥❞ s ∈ R ❛ ❧❡✈❡❧ ❞❡♣❡♥❞✐♥❣
♦♥ a, b✳

❆ ✜rst ♦❜s❡r✈❛t✐♦♥✱ ✇❤✐❝❤ ✐s q✉✐t❡ ♦❜✈✐♦✉s✱ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

Pr♦♣♦s✐t✐♦♥ ✷✳✶ ❆♥② s♦❧✉t✐♦♥ θ ♦❢ ✭Ps✮ ✐s ❛❧s♦ ❛ s♦❧✉t✐♦♥ ♦❢

min
v∈X,vi∈[0,1]

λJ(v) +
N
∑

i=1

(s−Gi)vi . (P ′
s)

❈♦♥✈❡rs❡❧②✱ ✐❢ v ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭P ′
s✮✱ t❤❡♥ ❢♦r ❛♥② t ∈ (0, 1) vt ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭Ps✮

Pr♦♦❢✳❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❛ss✉♠❡ s = 0 ❛♥❞ ❞❡♥♦t❡ ❜② ✭P ✮✱ ✭P ′✮ t❤❡
♣r♦❜❧❡♠s ✭P0✮ ❛♥❞ r❡s♣❡❝t✐✈❡❧② ✭P ′

0✮✳ ■t ✐s ❡♥♦✉❣❤ t♦ ♦❜s❡r✈❡ t❤❛t ✐❢ vi ∈ [0, 1] ❢♦r

✸



❛♥② i✱ ✇❡ ❤❛✈❡ vi =
∫ vi

0
dt =

∫ 1

0
vt

i dt✳ ❲❡ ❞❡❞✉❝❡

λJ(v) −

N
∑

i=1

Givi =

∫ 1

0



λJ(vt) −
∑

i:vt
i
=1

Gi



 dt .

❲❡ ❡❛s✐❧② ❞❡❞✉❝❡ t❤❛t t❤❡ ♠✐♥✐♠❛❧ ✈❛❧✉❡ m ♦❢ ❜♦t❤ ♣r♦❜❧❡♠s ✭P ✮ ❛♥❞ ✭P ′✮ ✐s t❤❡
s❛♠❡✱ ❛♥❞✱ ❝❧❡❛r❧②✱ t❤❛t ❛ s♦❧✉t✐♦♥ θ ♦❢ ✭P ✮ ✐s ❛❧s♦ ❛ s♦❧✉t✐♦♥ ♦❢ ✭P ′✮✳ ▲❡t v s♦❧✈❡
✭P ′✮✳ ❖♥❡ ❤❛s

∫ 1

0



λJ(vt) −
∑

i:vt
i
=1

Gi



 − m dt = 0

❤❡♥❝❡ ❢♦r ❛✳❡✳ t ∈ [0, 1]✱ λJ(vt) −
∑

i:vt
i
=1 Gi = m✳ ❇② t❤❡ ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉✐t② ♦❢

J ✱ ❢♦r ❛♥② t < 1 t❤✐s r❡♠❛✐♥s tr✉❡✳

❚❤✐s ♣r♦♣❡rt② s❤♦✇s t❤❛t t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❜✐♥❛r② ♣r♦❜❧❡♠ ✭Ps✮ ✐s ✐♥ ❢❛❝t
❛ ❝♦♥✈❡① ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳

✷✳✸ ❈♦♠♣❛r✐s♦♥ ❢♦r ❜✐♥❛r② ▼❘❋s

▲❡t ✉s ♥♦✇ ♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛r✐s♦♥ ♣r♦♣❡rt②✱ ✇❤✐❝❤ ❞♦❡s ♥♦t s❡❡♠ t♦ ❜❡
✇❡❧❧✲❦♥♦✇♥✳ ■t ✐s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ ❏✳ ❉❛r❜♦♥ ❛♥❞ ▼✳ ❙✐❣❡❧❧❡✬s r❡❝❡♥t ♣❛♣❡rs✱
✇❤❡r❡ ✐t ✐s ♣r♦✈❡❞ ✉s✐♥❣ ❛ ♣r♦❜❛❜✐❧✐st✐❝ ❛♣♣r♦❛❝❤✳ ❖✉r ♣r♦♦❢✱ ✇❤✐❝❤ ✇❡ ❝❧❛✐♠ ✐s q✉✐t❡
s✐♠♣❧❡r✱ ✐s t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ✇❡ ♣r♦♣♦s❡❞ ✐♥ ❬✷✱ ✸✱ ✽❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷ ❆ss✉♠❡ G2 > G1✱ ✐✳❡✳✱ ❢♦r ❛♥② i = 1, . . . , N ✱ G2
i > G1

i ✳ ❋♦r
α = 1, 2✱ ❧❡t vα ❜❡ s♦❧✉t✐♦♥s ♦❢ (P ′) ✇✐t❤ G r❡♣❧❛❝❡❞ ✇✐t❤ Gα✳ ❚❤❡♥ v2 ≥ v1✳

Pr♦♦❢✳❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✭♠❡♥t✐♦♥❡❞ t♦ ✉s ✜rst ❜② ❇♦✉❝❤✲
✐tté ❬✺❪✮

▲❡♠♠❛ ✷✳✸ ▲❡t v, w ∈ X✳ ❚❤❡♥ J(v ∧ w) + J(v ∨ w) ≤ J(v) + J(w)✳

❍❡r❡ (v ∧ w)i = min{vi, wi} ❛♥❞ (v ∨ w)i = max{vi, wi}✱ ❢♦r ❛♥② i = 1, . . . , N ✳
Pr♦♦❢✳❇② ✭✸✮✱ ✇❡ s❡❡ t❤❛t ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❡ ✐♥❡q✉❛❧✐t② ✇❤❡♥ v, w ❛r❡ ❝❤❛r✲
❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥s✱ t❤❛t ✐s✱ ✇❤❡♥ vi, wi ∈ {0, 1} ❢♦r ❛♥② i = 1, . . . , N ✳ ■♥ t❤✐s ❝❛s❡✱
♦♥❡ ❤❛s ❢♦r ❛♥② i

vi + wi = vi ∨ wi + vi ∧ wi =







0 ✐❢ wi = vi = 0 ,
1 ✐❢ wi = 1, vi = 0 ♦r wi = 0, vi = 1 ,
2 ✐❢ wi = vi = 1 .

❍❡♥❝❡✱ ✇❡ s❡❡ t❤❛t {v + w > 0} = {v ∨ w = 1} ✇❤✐❧❡ {v + w = 2} = {v ∧ w = 1}✱
s♦ t❤❛t ❜② ✭✸✮✱

J(v + w) =

∫ 2

0

J((v + w)s) ds

=

∫ 1

0

J(v ∨ w) ds +

∫ 2

1

J(v ∧ w) ds = J(v ∨ w) + J(v ∧ w) .

❙✐♥❝❡ J(v + w) = 2J((v + w)/2) ≤ 2(J(v)/2 + J(w)/2) = J(v) + J(w)✱ ▲❡♠♠❛ ✷✳✸
✐s tr✉❡✳

✹



▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t✱ ✐♥ ❢❛❝t✱ t❤❡ ♣r♦♣❡rt② ✐♥ ▲❡♠♠❛ ✷✳✸ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡
❣❡♥❡r❛❧✐③❡❞ ❝♦❛r❡❛ ❢♦r♠✉❧❛ ✭✸✮ ✭❛ss✉♠✐♥❣ J ✐s ❛ ❝♦♥✈❡①✱ ❧✳s✳❝✳✱ ♦♥❡✲❤♦♠♦❣❡♥❡♦✉s
❢✉♥❝t✐♦♥ ✇✐t❤ J(c + ·) = J(·) ❢♦r ❛♥② ❝♦♥st❛♥t c ∈ R✮✳ ❋✉♥❝t✐♦♥s t❤❛t s❛t✐s❢② t❤❡
t❤❡s✐s ♦❢ ▲❡♠♠❛ ✷✳✸ ❛♣♣❡❛r ✐♥ ♦♣t✐♠✐③❛t✐♦♥ t❤❡♦r② ❛s ✏s✉❜✲♠♦❞✉❧❛r✑ ❢✉♥❝t✐♦♥s✱ ❛♥❞
✐t ✐s ♦❜s❡r✈❡❞ ✐♥ ❬✷✶❪ t❤❛t t❤❡② ❛r❡ t❤❡ ♦♥❧② t✇♦✲♣♦✐♥t ✐♥t❡r❛❝t✐♦♥s ❢✉♥❝t✐♦♥s ♦❢ ❜✐♥❛r②
✈❛r✐❛❜❧❡s t❤❛t ❝❛♥ ❜❡ ♠✐♥✐♠✐③❡❞ ✉s✐♥❣ ❣r❛♣❤✲❝✉t ❛❧❣♦r✐t❤♠s✳

❲❡ ♥♦✇ r❡t✉r♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ♦❢ ❛ s✐♠✐❧❛r
r❡s✉❧t ✐♥ ❬✷✱ ✸✱ ✽❪✳ ❲❡ ♦❜s❡r✈❡ t❤❛t

λJ(v1)−
N
∑

i=1

G1
i v

1
i ≤ λJ(v1 ∧ v2)−

N
∑

i=1

G1
i (v

1
i ∧ v2

i ) ,

λJ(v2)−
N
∑

i=1

G2
i v

2
i ≤ λJ(v1 ∨ v2)−

N
∑

i=1

G2
i (v

1
i ∨ v2

i ) .

❙✉♠♠✐♥❣ ❜♦t❤ ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ✉s✐♥❣ ▲❡♠♠❛ ✷✳✸✱ ✇❡ ✜♥❞ t❤❛t

N
∑

i=1

G2
i (v

1
i ∨ v2

i − v2
i ) ≤

N
∑

i=1

G1
i (v

1
i − v1

i ∧ v2
i ) .

◆♦✇✱ ❢♦r ❛♥② i✱ v1
i ∨ v2

i − v1
i = v1

i − v1
i ∨ v2

i = (v1
i − v2

i )+ = v1
i − v2

i ✐❢ v1
i > v2

i ❛♥❞ 0
♦t❤❡r✇✐s❡✳ ❍❡♥❝❡

N
∑

i=1

(G2
i −G1

i )(v
1
i − v2

i )+ ≤ 0 .

❲❡ ✜♥❞ t❤❛t ✐❢ G2 ≥ G1✱ t❤❡♥ ❢♦r ❛♥② i s✉❝❤ t❤❛t G2
i > G1

i ✱ ♦♥❡ ♠✉st ❤❛✈❡ v1
i ≤ v2

i ✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ②✐❡❧❞s Pr♦♣♦s✐t✐♦♥ ✷✳✷✳

❘❡♠❛r❦ ✷✳✹ ■❢ vα
i ∈ {0, 1} ❢♦r α = 1, 2 ❛♥❞ ❛♥② i✱ t❤❛t ✐s✱ ✐❢ vα s♦❧✈❡s ✭P ✮ ✭✇✐t❤

G r❡♣❧❛❝❡❞ ✇✐t❤ Gα✮✱ ✇❡ ✜♥❞ t❤❛t ✇❤❡♥ G2 > G1✱ t❤❡♥ {v1 = 1} ⊆ {v2 = 1}✳ ■♥
❢❛❝t✱ ✐♥ ❣❡♥❡r❛❧✱ ♦♥❡ ❤❛s {v1 > 0} ⊆ {v2 = 1}✳

❘❡♠❛r❦ ✷✳✺ ■❢ G1 = G2 = G ❛♥❞ v1✱ v2 ❛r❡ t✇♦ ❞✐✛❡r❡♥t s♦❧✉t✐♦♥s✱ t❤❡ s❛♠❡
♣r♦♦❢ ✇✐❧❧ s❤♦✇ t❤❛t ♥❡❝❡ss❛r✐❧②✱ J(v1) + J(v2) = J(v1 ∧ v2) + J(v1 ∨ v2) ❛♥❞ ❜♦t❤
v1 ∧ v2✱ v1 ∨ v2 ❛r❡ ❛❧s♦ s♦❧✉t✐♦♥s ♦❢ (P ′)✳

❘❡♠❛r❦ ✷✳✻ ■❢ G2 ≥ G1✱ ❜② ❛♣♣r♦①✐♠❛t✐♥❣ G2 ❜② G2 +ǫ✱ ǫ > 0 ❛♥❞ ❧❡tt✐♥❣ ǫ→ 0✱
♦♥❡ s❤♦✇s t❤❛t t❤❡r❡ ❡①✐st ❛ s♦❧✉t✐♦♥ v2 ♦❢ (P ′) ✇✐t❤ G r❡♣❧❛❝❡❞ ✇✐t❤ G2 s✉❝❤ t❤❛t
v2 ≥ v1 ✭❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ v1✮ ✕ ♦r✱ ❝♦♥✈❡rs❡❧②✱ t❤❡r❡ ❡①✐sts ❛ v1 ✇✐t❤ v2 ≥ v1 ❢♦r
❛♥② ❝❤♦✐❝❡ ♦❢ v2✳

✷✳✹ ❚❤❡ ❛❜str❛❝t ❘❖❋ ♠♦❞❡❧

▲❡t ✉s ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✐s t❤❡ ❛❜str❛❝t
✈❡rs✐♦♥ ♦❢ ✭✷✮✿

min
w∈X

J(w) +
1

2λ
‖G− w‖2 . ✭✹✮

❖✉r ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

✺



Pr♦♣♦s✐t✐♦♥ ✷✳✼ ▲❡t w s♦❧✈❡ ✭✹✮✳ ❚❤❡♥✱ ❢♦r ❛♥② s ∈ R✱ ❜♦t❤

ws
i =

{

1 ✐❢ wi > s ,
0 ♦t❤❡r✇✐s❡ ❛♥❞ w

s
i =

{

1 ✐❢ wi ≥ s ,
0 ♦t❤❡r✇✐s❡

s♦❧✈❡ ✭Ps✮✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ θ s♦❧✈❡s ✭Ps✮ ✭r❡s♣✱ v s♦❧✈❡s ✭P ′
s✮✮✱ t❤❡♥ ws ≤ θ ≤ w

s
i

✭r❡s♣✱ ws ≤ v ≤ w
s✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ws = w

s ✭✇❤✐❝❤ ✐s tr✉❡ ❢♦r ❛❧❧ ❜✉t ❛ ✜♥✐t❡
♥✉♠❜❡r ♦❢ ❧❡✈❡❧s s✮✱ t❤❡♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭Ps✮ ❛♥❞ ✭P ′

s✮ ✐s ✉♥✐q✉❡✳

❚❤✐s ♠❡❛♥s t❤❛t s♦❧✉t✐♦♥s t♦ t❤❡ ✇❤♦❧❡ ❢❛♠✐❧② ♦❢ ♣r♦❜❧❡♠s ✭Ps✮✱ s ∈ R✱ ❝♦✉❧❞ ❜❡
❝♦♠♣✉t❡❞ ❜② s♦❧✈✐♥❣ ❥✉st ♦♥❡ ❝♦♥✈❡① ♣r♦❜❧❡♠ ✭✹✮✱ ❛♥❞ ❝♦♥✈❡rs❡❧②✱ t❤❛t ✭✹✮ ❝❛♥ ❜❡
♠✐♥✐♠✐③❡❞ ❜② s♦❧✈✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❢❛♠✐❧② ♦❢ ❜✐♥❛r② ♣r♦❜❧❡♠s ✭Ps✮✳ ❲❡ ✇✐❧❧ ❡①♣❧❛✐♥
❧❛t❡r ♦♥ ❤♦✇ t❤✐s ✐s ❞♦♥❡✳ ■♥ t❤❡ ❝❛s❡ J(w) ✐s t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♦❢ w ∈ X = L2(Ω)✱
Ω ♦♣❡♥ s✉❜s❡t ♦❢ R

d✱ t❤❡♥ J(θ) ✐s t❤❡ ♣❡r✐♠❡t❡r ♦❢ t❤❡ s❡t {θ = 1} ❛♥❞ t❤✐s ❦✐♥❞ ♦❢
❡q✉✐✈❛❧❡♥❝❡ ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ♠❛♥② ②❡❛rs ❛❣♦ ✐♥ ♠✐♥✐♠❛❧ s✉r❢❛❝❡s ♣r♦❜❧❡♠s ✭s❡❡ ❢♦r
✐♥st❛♥❝❡ ❬✶✻❪✮✳ ■t ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ r❡❝❡♥t❧② t♦ ♣r♦❜❧❡♠s s✉❝❤ ❛s ✭✶✮✱ ✐♥ ❬✶✵✱ ✽❪✳ ■♥
✐♠❛❣❡ ♣r♦❝❡ss✐♥❣✱ t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t ✭✶✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ✜♥❞✐♥❣ t❤❡ ❛♣♣r♦♣r✐❛t❡
s✉♣❡r❧❡✈❡❧ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✮ ✇❛s ❛❧s♦ ♠❡♥t✐♦♥❡❞ r❡❝❡♥t❧② ✐♥ ❬✶✷✱ ✶✸❪✳
Pr♦♦❢✳❚❤❡ ❢❛❝t t❤❛t t❤❡ s♦❧✉t✐♦♥s ♦❢ ✭Ps✮✱ ❢♦r s ∈ R✱ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❧❡✈❡❧ s❡ts
♦❢ ❛ w ∈ X✱ ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ■♥❞❡❡❞✱ ✐❢ s > s′✱ ♦♥❡ r❡❛❞✐❧② s❡❡s t❤❛t
❛♥② ♣❛✐r ♦❢ s♦❧✉t✐♦♥s θ, θ′ ♦❢ ✭Ps✮ ❛♥❞ ✭Ps′✮ ✇✐❧❧ s❛t✐s❢② θ′ ≥ θ✳ ❖♥❡ ❝❛♥ ❧❡t ❢♦r ❡❛❝❤
i = 1, . . . , N

wi = sup{s ∈ R : ∃θ s♦❧✈✐♥❣ ✭Ps✮ ✇✐t❤ θi = 1} .

■❢ s−Gi ≤ 0 ❢♦r ❛❧❧ i✱ t❤❡♥ θ ≡ 1 s♦❧✈❡s ✭Ps✮✱ ❛♥❞ ✐❢ s−Gi ≥ 0 ❢♦r ❛❧❧ i✱ t❤❡♥ θ ≡ 0 ✐s
t❤❡ s♦❧✉t✐♦♥✿ ♦♥❡ ❞❡❞✉❝❡s t❤❛t minj Gj ≤ wi ≤ maxj Gj ❢♦r ❛❧❧ i✳ ❇② t❤❡ ❝♦♠♣❛r✐s♦♥
♣r✐♥❝✐♣❧❡✱ ✇❡ s❡❡ t❤❛t ❢♦r ❛♥② s < wi✱ θi = 1 ❢♦r ❛♥② s♦❧✉t✐♦♥ ♦❢ ✭Ps✮✱ ✇❤✐❧❡ ✐❢ s > wi✱
✐t ♠✉st ❜❡ t❤❛t θi = 0 ❢♦r ❛♥② s♦❧✉t✐♦♥✳ ❍❡♥❝❡ ✐❢ s 6∈ {wi : i = 1, . . . , N}✱ ws ✐s
❛ s♦❧✉t✐♦♥ ♦❢ ✭Ps✮✳ ▼♦r❡♦✈❡r✱ ✐t ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥
♣r✐♥❝✐♣❧❡ ❛♥❞ ❜❡❝❛✉s❡ ✐❢ s′ ✐s ❝❧♦s❡ ❡♥♦✉❣❤ t♦ s✱ ws = ws′

✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢
s ∈ {wi : i = 1, . . . , N}✱ ♦♥❡ ❤❛s ws = limn→∞ ws+1/n ✇❤✐❧❡ w

s
= limn→∞ ws−1/n✱

s❤♦✇✐♥❣ t❤❛t ❜♦t❤ ❛r❡ ✭❞✐✛❡r❡♥t✮ s♦❧✉t✐♦♥s ♦❢ ✭Ps✮✳ ▲❡t ✉s ♥♦✇ s❤♦✇ t❤❛t w ✐s t❤❡
s♦❧✉t✐♦♥ ♦❢ ✭✹✮✳ ❈♦♥s✐❞❡r v ∈ X✱ ❛♥❞ ❧❡t s∗ ≤ mini vi✳ ❖♥❡ ❤❛s

∫ +∞

s∗

(s−Gi)v
s
i ds =

∫ vi

s∗

s−Gi ds =
1

2

(

(vi −Gi)
2 − (s∗ −Gi)

2
)

,

❤❡♥❝❡ ✭s✐♥❝❡ J(vs) = 0 ❢♦r ❛♥② s < s∗✮

1

λ

∫ +∞

s∗



λJ(vs) +
∑

i:vs
i
=1

s−Gi



 ds

= J(v) +
1

2λ
‖G− v‖2 −

1

2λ

N
∑

i=1

(s∗ −Gi)
2 .

■❢✱ ❛❧s♦✱ s∗ ≤ mini wi✱ ✇❡ ✜♥❞ ✭❜② t❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ ws ✐♥ ✭Ps✮ ❢♦r ❛❧❧ s✮

J(v) +
1

2λ
‖G− v‖2 ≥ J(w) +

1

2λ
‖G− w‖2 ,

s♦ t❤❛t w ✐s t❤❡ ✭✉♥✐q✉❡✮ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✭str✐❝t❧② ❝♦♥✈❡①✮ ♣r♦❜❧❡♠ ✭✹✮✳

✻



❘❡♠❛r❦ ✷✳✽ ❲❡ ❤❛✈❡ ✉s❡❞✱ ❤❡r❡ ❛♥❞ ❡❛r❧✐❡r✱ ❛♥ ♦❜✈✐♦✉s st❛❜✐❧✐t② ♣r♦♣❡rt② ♦❢
♣r♦❜❧❡♠s ✭Ps✮✱ ✭P ′

s✮✱ ❛♥❞ ✭✹✮✱ ✇❤✐❝❤ r❡s✉❧ts ❢r♦♠ t❤❡ ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉✐t② ♦❢ J ✿ ✐❢
Gn✱ ♦r sn✱ ❣♦ t♦ G✱ ♦r r❡s♣❡❝t✐✈❡❧② s✱ ❛s n → ∞✱ ❛♥❞ ✐❢ vn ❞❡♥♦t❡ s♦❧✉t✐♦♥s ♦❢
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜❧❡♠s✱ t❤❡♥ ❛♥② ❝❧✉st❡r ♣♦✐♥t v ♦❢ t❤❡ s❡q✉❡♥❝❡
(vn)n≥1 ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t ♣r♦❜❧❡♠✳

❘❡♠❛r❦ ✷✳✾ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♦❜s❡r✈❡ t❤❛t ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✼ ✐s
t❤❡ ❣❡♥❡r✐❝ ✉♥✐q✉❡♥❡ss ✭✐♥ s♦♠❡ s❡♥s❡✮ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜✐♥❛r② ♣r♦❜❧❡♠ ✭Ps✮✳

✷✳✺ ◗✉❛♥t✐③❡❞ ❘❖❋ ♠♦❞❡❧

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐③❡❞ ✈❛r✐❛♥t ♦❢ ✭✹✮✿

min

{

J(z) +
1

2λ
‖G− z‖2 : z ∈ X , zi ∈ {l0 . . . , ln} ∀i = 1, . . . , N

}

✭✺✮

✇❤❡r❡ (lk)n
k=1 ❛r❡ ❣✐✈❡♥ r❡❛❧ ✈❛❧✉❡s✳ ❚❤❛t ✐s✱ ✇❡ ♠✐♥✐♠✐③❡ ✭✹✮ ♦♥❧② ❛♠♦♥❣ ❢✉♥❝t✐♦♥s

t❤❛t t❛❦❡ ✈❛❧✉❡s ✐♥ ❛ ♣r❡s❝r✐❜❡❞✱ ✜♥✐t❡ s❡t✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡
t❤❛t l0 < l1 < · · · < ln✱ ❛♥❞ ❢♦r s✐♠♣❧✐❝✐t② t❤❛t ❢♦r ❛❧❧ k = 1, . . . , n✱ lk − lk−1 = δl
✭❛❞❛♣t✐♦♥ t♦ ♦t❤❡r ❝❛s❡s ✐s str❛✐❣❤t❢♦r✇❛r❞✮✳ ❋♦r ❛ z ❛❞♠✐ss✐❜❧❡✱ ✇❡ ❝❛♥ ✇r✐t❡

z = l0 +

n
∑

k=1

(lk − lk−1)θ
k = l0 + δl

n
∑

k=1

θk

✇❤❡r❡ ❢♦r ❡❛❝❤ k ≥ 1✱ θk ✐s t❤❡ ❜✐♥❛r② ✈❡❝t♦r ❞❡✜♥❡❞ ❜② θk
i = 1 ✐✛ zi ≥ lk✳ ❚❤❡♥✱

t❤❡ ❢❛❝t θk ≤ θk−1 ❢♦r ❛♥② k ≥ 2✱ ❛♥❞ t❤❡ ❝♦✲❛r❡❛ ❢♦r♠✉❧❛ ✭✸✮✱ ②✐❡❧❞ J(z) =
∑n

k=1 δl J(θk)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

‖G− z‖2 =
N
∑

i=1

(Gi − zi)
2

=
N
∑

i=1

(

(Gi − l0)
2 +

n
∑

k=1

(

(Gi − lk)2 − (Gi − lk−1)
2
)

θk

)

=
N
∑

i=1

(Gi − l0)
2 + 2δl

n
∑

k=1

N
∑

i=1

(

lk + lk−1

2
−Gi

)

θk
i ,

❤❡♥❝❡✱ ✉♣ t♦ ❛ ❝♦♥st❛♥t✱ ♣r♦❜❧❡♠ ✭✺✮ ✐s t❤❡ s❛♠❡ ❛s

min
θk

n
∑

k=1

(

λ J(θk) +
N
∑

i=1

(

lk + lk−1

2
−Gi

)

θk
i

)

,

✇❤❡r❡ t❤❡ ♠✐♥ ✐s ♦♥ t❤❡ (θk)n
k=1✱ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t t❤❛t θk ≤ θk−1 ❢♦r ❛♥② k =

2, . . . , n✳ ❊❛❝❤ t❡r♠ ✐♥ t❤❡ s✉♠ ✐s t❤❡ ❡♥❡r❣② t❤❛t ❛♣♣❡❛rs ✐♥ ♣r♦❜❧❡♠ ✭Psk
✮✱ ❢♦r

sk = (lk + lk−1)/2✳ ◆♦✇✱ ❜② ▲❡♠♠❛ ✷✳✷✱ ✐❢ ❢♦r ❡❛❝❤ k = 1, . . . , n✱ θk ♠✐♥✐♠✐③❡s
✭Psk

✮✱ t❤❡♥ s✐♥❝❡ sk > sk−1✱ θk ≤ θk−1✿ ❤❡♥❝❡ t❤❡ ♠✐♥✐♠✉♠ ♣r♦❜❧❡♠ ❛❜♦✈❡ ✐s ✐♥
❢❛❝t ✉♥❝♦♥str❛✐♥❡❞✳ ▼♦r❡♦✈❡r✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✼✱ ❛ s♦❧✉t✐♦♥ ♦❢ ✭Psk

✮ ✐s ❣✐✈❡♥ ❜②
ws✱ ✇❤❡r❡ w s♦❧✈❡s ✭✹✮✳ ❲❡ ✜♥❞ t❤❛t ❛ s♦❧✉t✐♦♥ z ♦❢ ✭✺✮ ✐s ❣✐✈❡♥ ❜② zi = l0 ✐❢

✼



wi ≤ (l1 + l0)/2✱ zi = lk✱ k = 2, . . . , n− 1✱ ✐❢ (lk + lk−1)/2 < wi ≤ (lk+1 + lk)/2✱ ❛♥❞
zi = ln ✐❢ wi > (ln + ln−1)/2✳

❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t ❛♥② s♦❧✉t✐♦♥ z ♦❢ ✭✺✮ s❛t✐s✜❡s |zi − wi| = minn
k=0 |lk − wi| ❢♦r

❛♥② i✿ ✐♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❤❛s maxN
i=1 |zi − wi| ≤ δl/2 ❛s s♦♦♥ ❛s l0 ≤ mini wi ❛♥❞

ln ≥ maxi wi ✭✇❤✐❝❤ ✐s ❝❡rt❛✐♥ ✐❢ l0 ✐s ❝❤♦s❡♥ ♥♦ ❧❛r❣❡r t❤❛♥ mini Gi✱ ❛♥❞ ln ♥♦ ❧❡ss
maxi Gi✮✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ q✉❛♥t✐③❡❞ ♣r♦❜❧❡♠ ✭✺✮ ♣r♦❞✉❝❡s ❡①❛❝t❧② ❛ q✉❛♥t✐③❛t✐♦♥
♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✮✳

✸ ❆❧❣♦r✐t❤♠s

❚❤❡ ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣② ❛♣♣❡❛r✐♥❣ ✐♥ ✭✶✮✱ ✭✷✮ ✐s ♦❢ t❤❡ ❢♦r♠

J(w) =
∑

1≤i<j≤N

αi,j |wi − wj | .

❚❤❡ ✇❡✐❣❤ts αi,j ❛r❡ ❛❧✇❛②s ❛ss✉♠❡❞ t♦ ❜❡ ♥♦♥♥❡❣❛t✐✈❡✳ ❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ αj,i =
αi,j ✱ ♥♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t ❛❧❧ t❤❡ ❞✐s❝✉ss✐♦♥ t❤❛t ❢♦❧❧♦✇s ✐s st✐❧❧ ✈❛❧✐❞ ❢♦r t❤❡ ♠♦r❡ ❣❡♥✲
❡r❛❧ ❢♦r♠ ♦❢ t❤❡ ❡♥❡r❣②

∑

i 6=j αi,j(wi−wj)
+✱ ✇✐t❤ ❞✐r❡❝t✐♦♥❛❧ ❛♥❞ ♣♦ss✐❜❧② ❞✐✛❡r❡♥t

✐♥t❡r❛❝t✐♦♥ ✇❡✐❣❤ts αi,j ❛♥❞ αj,i ✭✇❡ ❞❡✜♥❡ x+ = max{x, 0}✱ x− = (−x)+ ❢♦r ❛♥②
r❡❛❧ ♥✉♠❜❡r x✮✳ ❲❡ ✇✐❧❧ ❛ss✉♠❡ ✐♥ t❤❡ r❡st ♦❢ t❤❡ ❞✐s❝✉ss✐♦♥ t❤❛t λ = 1✱ ✇✐t❤♦✉t ❧♦ss
♦❢ ❣❡♥❡r❛❧✐t②✳ ❙✐♥❝❡ ❢♦r ❛♥② t✇♦ r❡❛❧ ♥✉♠❜❡rs a, b✱ |a− b| =

∫ +∞

−∞
|χa>s−χb>s| ds✱ J

❝❧❡❛r❧② s❛t✐s✜❡s ✭✸✮✳ ✭❚❤❡ s❛♠❡ ♦❜s❡r✈❛t✐♦♥ ❛♣♣❡❛rs ✐♥ ❛ r❡❝❡♥t ♣❛♣❡r ❜② ❇✳ ❆✳ ❩❛✲
❧❡s❦② ❬✷✽❪✳✮

❚❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥ ❛r❡✱ ♦♥ ♦♥❡ ❤❛♥❞✱ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡
t♦ s♦❧✈❡ ❛ ❚❱ ♠✐♥✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠ s✉❝❤ ❛s ✭✹✮ ❜② s♦❧✈✐♥❣ ❡✐t❤❡r ❜✐♥❛r② ▼❘❋
♣r♦❜❧❡♠s ♦❢ t②♣❡ ✭Ps✮ ❢♦r ❡❛❝❤ ❧❡✈❡❧ s ✭♦r r❛t❤❡r ❢♦r s ✐♥ ❛ ✜♥✐t❡✱ r❡❛s♦♥❛❜❧② ❧❛r❣❡
s❡t ♦❢ ❧❡✈❡❧s {l0, . . . , ln}✮✱ ♦r ❜② s♦❧✈✐♥❣ ❞✐r❡❝t❧② ❛ q✉❛♥t✐③❡❞ ♣r♦❜❧❡♠ ♦❢ t②♣❡ ✭✺✮✳
❆❧❧ t❤❡s❡ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ❣r❛♣❤✲✢♦✇ t❡❝❤♥✐q✉❡s✳ ❈♦♥✈❡rs❡❧②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✜♥❞
❛ s♦❧✉t✐♦♥ ♦❢ ❛ ❜✐♥❛r② ♣r♦❜❧❡♠ s✉❝❤ ❛s ✭✶✮ ✭♦r (Ps)✮ ❜② s♦❧✈✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡
❚❱ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ❛♥❞ t❤r❡s❤♦❧❞✐♥❣ t❤❡ r❡s✉❧t✳ ❲❡ ✇✐❧❧ ♥♦t ❞✐s❝✉ss t❤✐s
❛❧t❡r♥❛t✐✈❡ ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱ ❛❧t❤♦✉❣❤ ✐t ♠✐❣❤t ❜❡ ✐♥t❡r❡st✐♥❣ ❢♦r ✜♥❞✐♥❣ s♦❧✉t✐♦♥s
t♦ t❤❡ ✇❤♦❧❡ ❢❛♠✐❧② ♦❢ ♣r♦❜❧❡♠s ✭Ps✮ ✐♥ ♦♥❡ s✐♥❣❧❡ ♣❛ss✳ ▲❡t ✉s ✜rst ❞❡s❝r✐❜❡ t❤❡
✏❣r❛♣❤✲❝✉t✑ t❡❝❤♥✐q✉❡s ❢♦r s♦❧✈✐♥❣ ❜✐♥❛r② ▼❘❋s✳

✸✳✶ ❆❧❣♦r✐t❤♠s ❢♦r ❜✐♥❛r② ▼❘❋s

■t ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ✜rst ❜② ●r❡✐❣✱ P♦rt❡♦✉s ❛♥❞ ❙❡❤❡✉❧t t❤❛t ❛ ♣r♦❜❧❡♠ s✉❝❤ ❛s ✭✶✮
♦r ✭Ps✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✜♥❞✐♥❣ ❛ ♣❛rt✐t✐♦♥ ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❣r❛♣❤ ✐♥t♦ t✇♦ s❡ts✳
❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ ✭P ✮ ✭r❡♠❡♠❜❡r ✭P ✮ ❞❡♥♦t❡s ♣r♦❜❧❡♠
✭P0✮✮✳ ❈♦♥s✐❞❡r t❤❡ ❣r❛♣❤ G = (V, E) ♠❛❞❡ ♦❢ ✈❡rt✐❝❡s

V = {i : i = 1, . . . , N} ∪ {t} ∪ {s}

✇❤❡r❡ t❤❡ ✏t❡r♠✐♥❛❧s✑ s ❛♥❞ t ❛r❡ ❝❛❧❧❡❞ r❡s♣❡❝t✐✈❡❧② t❤❡ s♦✉r❝❡ ❛♥❞ t❤❡ s✐♥❦✱ ❛♥❞
♦❢ ✭♦r✐❡♥t❡❞✮ ❡❞❣❡s

E = {(i, j) : 1 ≤ i, j ≤ N i 6= j , αi,j > 0}

∪ {(s, i) : 1 ≤ i ≤ N} ∪ {(i, t) : 1 ≤ i ≤ N} .

✽



❚❤❡ ✜rst t✇♦ s❡ts ♦❢ ❡❞❣❡s r❡♣r❡s❡♥t t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ✈❛❧✉❡s✱ ♥❡❝❡ss❛r② t♦
r❡♣r❡s❡♥t t❤❡ ♣♦t❡♥t✐❛❧ J ✳ ❚❤❡ ❧❛st s❡t✱ t❤❛t ❧✐♥❦s ❡❛❝❤ ✈❛❧✉❡ t♦ ❜♦t❤ t❡r♠✐♥❛❧s✱ ✐s
✉s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ♣♦t❡♥t✐❛❧ −

∑

i Giθi t❤❛t ❛♣♣❡❛rs ✐♥ Pr♦❜❧❡♠ ✭P ✮✳ ◆♦✇✱ ❛s✲
s✉♠❡ ❡❛❝❤ ❡❞❣❡ e ∈ E ❤❛s ❛ ✏❝❛♣❛❝✐t②✑ C(e)✳ ✭❋♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✱ t❤❡s❡ ❝❛♣❛❝✐t✐❡s
♥❡❡❞ ❜❡ ♥♦♥♥❡❣❛t✐✈❡✳✮ ❚❤❡♥✱ ❣✐✈❡♥ ❛ ✏❝✉t✑ (Vs,Vt) ♦❢ t❤❡ ❣r❛♣❤✱ t❤❛t ✐s✱ ❛ ♣❛rt✐t✐♦♥
♦❢ V ✐♥t♦ t✇♦ s❡ts✱ ♦♥❡ ❝♦♥t❛✐♥✐♥❣ s ❛♥❞ t❤❡ ♦t❤❡r ❝♦♥t❛✐♥✐♥❣ t✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ t❤❡
❡♥❡r❣② ♦❢ t❤❡ ❝✉t ❜②

E(Vs,Vt) =
∑

e=(α,β)∈E
α∈Vs,β∈Vt

C(e)

❆s s❤♦✇♥ ✐♥ ❬✶✼❪✱ t❤❡r❡ ✐s ❛ ✇❛② t♦ ❛ss♦❝✐❛t❡ ❝❛♣❛❝✐t✐❡s t♦ t❤❡ ❣r❛♣❤ G s♦ t❤❛t ✐❢ ✇❡
❧❡t θi = 1 ✐❢ i ∈ Vs ❛♥❞ θi = 0 ♦t❤❡r✇✐s❡✱ t❤❡♥

E(Vs,Vt) = J(θ)−
N
∑

i=1

Giθi + ❝♦♥st❛♥t ✭✻✮

❢♦r ❛♥② ❝✉t (Vs,Vt)✳ ▲❡t ✉s ❞❡s❝r✐❜❡ ❤♦✇ t❤❡s❡ ❝❛♣❛❝✐t✐❡s ❛r❡ ❛ss✐❣♥❡❞✳ ❚♦ ❛♥ ❡❞❣❡
e = (i, j) ∈ E ✱ ✇❡ s✐♠♣❧② ❧❡t C(e) = αi,j ✳ ❚❤❡♥✱ ❝❤♦♦s✐♥❣ G ≥ maxi Gi✱ ✇❡ ❧❡t
C(s, i) = G ❛♥❞ C(i, t) = G−Gi✳ ■t ✐s t❤❡♥ str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ ✭✻✮✳

◆♦✇✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✜♥❞✱ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✱ ❛♥ ♦♣t✐♠❛❧ ❝✉t ✭t❤❛t ✐s✱ ❛ ❝✉t
♠✐♥✐♠✐③✐♥❣ ✐ts t♦t❛❧ ❡♥❡r❣② E✮ ✐♥ s✉❝❤ ❛ ❣r❛♣❤✱ ❣✐✈✐♥❣ ❛ s♦❧✉t✐♦♥ t♦ ♦✉r ❜✐♥❛r② ▼❘❋
♠♦❞❡❧✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ✜♥❞ ❛ ✏♠❛①✐♠❛❧ ✢♦✇✑ ❛❧♦♥❣ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❣r❛♣❤✱ ❢r♦♠ s
t♦ t✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❜♦t❤ ♣r♦❜❧❡♠s ✐s ❛ ❞✉❛❧✐t② r❡s✉❧t✱ ❞✉❡ t♦ ❋♦r❞ ❛♥❞
❋✉❧❦❡rs♦♥✳ ❲❡ r❡❢❡r t♦ ❬✻❪ ❢♦r ❛ ✈❡r② ❝❧❡❛r ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞✱ ❛♥❞ ♦❢ ❛♥
❛❧❣♦r✐t❤♠✳

✸✳✷ ▼✐♥✐♠✐③❛t✐♦♥ ♦❢ ✭✹✮ ✉s✐♥❣ ❣r❛♣❤ ❝✉ts

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ s❡❝t✐♦♥ ✷✱ ♦♥❡ ❞❡❞✉❝❡s ❡ss❡♥t✐❛❧❧② t✇♦ ♠❡t❤♦❞s ❢♦r
♠✐♥✐♠✐③✐♥❣ ✭✹✮ ✉s✐♥❣ t❤❡ ♠❛① ✢♦✇ ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♠♣✉t✐♥❣ ❣r❛♣❤ ❝✉ts✳

✸✳✸ ❋✐rst ♠❡t❤♦❞ ✭❉❛r❜♦♥ ❛♥❞ ❙✐❣❡❧❧❡✬s ❛❧❣♦r✐t❤♠✮

❚❤❡ ✜rst ♠❡t❤♦❞ ❝♦♥s✐sts s✐♠♣❧② ✐♥ ✜①✐♥❣ n + 1 ❧❡✈❡❧s l0, . . . , ln✱ ✇✐t❤ l0 = mini Gi

❛♥❞ lk = maxi Gi✱ ❛♥❞ lk − lk−1 = (ln − l0)/n = δl✱ ❛♥❞ t♦ ✜♥❞ ❛ s♦❧✉t✐♦♥ z ♦❢ t❤❡
q✉❛♥t✐③❡❞ ♣r♦❜❧❡♠ ✭✺✮✳ Pr❛❝t✐❝❛❧❧②✱ ♦♥❡ s♦❧✈❡s ♣r♦❜❧❡♠ ✭Psk

✮ ❢♦r sk = (lk + lk−1)/2✱
❢♦r ❡❛❝❤ k = 1, . . . , n✿ t❤❡ r❡s✉❧t ✐s ❛ ✜❡❧❞ θk ✇✐t❤ θk = 1 ✇❤❡♥ z > sk ❛♥❞ 0
❡❧s❡✳ ❖♥❡ ❡❛s✐❧② r❡❜✉✐❧❞s z ❢r♦♠ t❤❡ θk✬s✳ ◆♦✇✱ t❤❡r❡ ✐s ❛ ❧♦t ♦❢ r❡❞✉♥❞❛♥❝② ✐♥ t❤✐s
♠❡t❤♦❞✳ ■♥❞❡❡❞✱ s✐♥❝❡ θk ≤ θk−1✱ ♦♥❝❡ ♣r♦❜❧❡♠ ✭Psk−1

✮ ✐s s♦❧✈❡❞ ♦♥❡ s❤♦✉❧❞ ♥♦t
♥❡❡❞ t♦ r❡♣r♦❝❡ss t❤❡ ❛r❡❛s ✇❤❡r❡ θk−1 = 0 ✭s✐♥❝❡ t❤❡r❡✱ θk = 0 ✐s ❛❧r❡❛❞② ❦♥♦✇♥✮✳

❚❤✐s ♦❜s❡r✈❛t✐♦♥ ②✐❡❧❞s ❛ ♠♦r❡ ❡✣❝✐❡♥t ♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ ✭✹✮✱ ✉♣ t♦ ❛♥ ❛r❜✐tr❛r②✱
✜①❡❞ ♣r❡❝✐s✐♦♥✳ ❚❤❡ ❛❧❣♦r✐t❤♠ t❤❛t ✇❡ ♣r♦♣♦s❡ ❤❡r❡ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ♣r❡s❡♥t❡❞✱ ✐♥ ❛
s❧✐❣❤t❧② ❞✐✛❡r❡♥t ✇❛②✱ ✐♥ t✇♦ ♣❛♣❡rs ❜② ❏✳ ❉❛r❜♦♥ ❛♥❞ ▼✳ ❙✐❣❡❧❧❡ ❬✶✹✱ ✶✺❪✳ ❲❡ ❞❡♥♦t❡
❜② w t❤❡ ✭✉♥✐q✉❡✮ s♦❧✉t✐♦♥ ♦❢ ✭✹✮✳ ●✐✈❡♥ ❛ ✏❞❡♣t❤✑ D ≥ 1✱ ✇❡ ✜① ❛ ❞②❛❞✐❝ ♥✉♠❜❡r ♦❢
✭✐♥❝r❡❛s✐♥❣✮ t❤r❡s❤♦❧❞✐♥❣ ❧❡✈❡❧s sk✱ ❢♦r k = 1, . . . , n = 2D−1✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛♥ ❛rr❛②
(Ki)✱ i = 1, . . . , N ✱ ♦❢ ✐♥t❡❣❡rs✱ ✇❤♦s❡ ♠❡❛♥✐♥❣ ✇✐❧❧ ❜❡✱ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦❝❡ss✱
t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✐❢ Ki = k✱ t❤❡♥ sk ≤ wi ≤ sk+1 ✭❧❡tt✐♥❣ ❜② ❝♦♥✈❡♥t✐♦♥ s0 = −∞ ❛♥❞
s2D = +∞✮✳ ❲❡ ✐♥✐t✐❛❧✐③❡ t❤✐s ❛rr❛② ✇✐t❤ t❤❡ ✈❛❧✉❡ 0✳ ❚❤❡♥✱ ❢♦r d = 0, . . . , D − 1✱

✾



✇❡ s❡❣♠❡♥t ❛t ❡❛❝❤ ❧❡✈❡❧ sk ❢♦r k = (2p− 1)2D−1−d✱ p = 1, . . . , 2d✳ ❋✐rst✱ ❢♦r d = 0✱
✇❡ s❡❣♠❡♥t ❛t ❧❡✈❡❧ sk ❢♦r k = 2D−1✱ ❜② s♦❧✈✐♥❣ ♣r♦❜❧❡♠ ✭Psk

✮✱ ❛♥❞ ✇❡ ❣❡t ❛ ♠❛♣ θ
s✉❝❤ t❤❛t ✐❢ θi = 1✱ wi ≥ sk✱ ✇❤❡r❡❛s ✐❢ θi = 0✱ wi ≤ sk✳ ❍❡♥❝❡ ✇❡ ❧❡t Ki = k ✇❤❡♥
θi = 1 ❛♥❞ ✇❡ ❧❡❛✈❡ t❤❡ ✈❛❧✉❡ 0 ✇❤❡♥ θi = 0✳

❋♦r d = 1✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❧❡✈❡❧s sk✱ k = 2D−2✱ ❛♥❞ sk′ ✱ k′ = 3 × 2D−2✳ ■❢ θ
s♦❧✈❡ (Psk

)✱ ✇❡ ❦♥♦✇ t❤❛t ❡❛❝❤ t✐♠❡ Ki = 2D−1✱ t❤❡♥ θi = 1✱ ✐♥ t❤❡ s❛♠❡ ✇❛②✱ ✐❢ θ′

s♦❧✈❡ (Psk′
)✱ ❡❛❝❤ t✐♠❡ Ki = 0✱ t❤❡♥ θ′i = 0✳ ❚❤✉s✱ (θi)i:Ki=0 s♦❧✈❡s t❤❡ ♣r♦❜❧❡♠

min
θi∈{0,1}

∑

i<j,Ki=Kj=0

αi,j |θi − θj | +
∑

Ki=0 6=Kj

αi,j(1− θi) +
∑

Ki=0

(sk −Gi)θi ,

✇❤✐❧❡ (θ′i)i:Ki 6=0 s♦❧✈❡s

min
θ′

i
∈{0,1}

∑

i<j,Ki=Kj 6=0

αi,j |θ
′
i − θ′j | +

∑

Ki 6=0=Kj

αi,jθ
′
i +

∑

Ki 6=0

(sk′ −Gi)θ
′
i .

❚❤❡s❡ t✇♦ ♣r♦❜❧❡♠s ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②✱ ❜✉t t❤❡② ❝❛♥ ❛❧s♦ ❜❡ ♠❡r❣❡❞ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ✇❡ ❧❡t θ̂i = θi ✇❤❡♥ Ki = 0✱ ❛♥❞ θ̂i = θ′i ✇❤❡♥ Ki = 2D−1✱ t❤❡♥
θ̂ s♦❧✈❡s t❤❡ ♣r♦❜❧❡♠

min
θ̂i∈{0,1}

∑

i<j,Ki=Kj

αi,j |θ̂i − θ̂j | +
∑

Ki=0 6=Kj

(αi,j(1− θ̂i) + αj,iθ̂j)

+
N
∑

i=1

(sKi+2D−2 −Gi)θ̂i .

❚❤✐s ♣r♦❜❧❡♠ ✐s ❡❛s✐❧② ✇r✐tt❡♥ ♦♥ ❛ ❣r❛♣❤ G = (V, E ′) ✇❤❡r❡ E ′ ⊂ E ❝♦♥t❛✐♥s ♦♥❧②
t❤❡ ❡❞❣❡s (i, j) ✇✐t❤ Ki = Kj ✿ ♦❢ ❝♦✉rs❡✱ t❤✐s ✐s ✜❝t✐t✐♦✉s ✐♥ t❤❡ s❡♥s❡ t❤❛t V \ {s, t}
✐s ♥♦✇ ❝♦♠♣❧❡t❡❧② ❞✐s❝♦♥♥❡❝t❡❞✱ ❛♥❞ ✭❛t ❧❡❛st✮ t✇♦ ❞✐✛❡r❡♥t ✐♥❞❡♣❡♥❞❡♥t ♣r♦❜❧❡♠s
❛r❡ s♦❧✈❡❞✳ ❆❢t❡r θ̂ ✐s ❝♦♠♣✉t❡❞✱ (Ki)

N
i=1 ✐s ✉♣❞❛t❡❞ ❛s ❢♦❧❧♦✇s✿ ✐❢ Ki = 0✱ t❤❡♥ ✇❡

❧❡t Ki = 0 ✐❢ θ̂i = 0 ❛♥❞ Ki = k = 2D−2 ❡❧s❡✱ ❛♥❞ ✐❢ Ki = 2D−1✱ ✇❡ ❧❡t Ki = 2D−1

✐❢ θ̂i = 0 ❛♥❞ Ki = k′ = 3 × 2D−2 ❡❧s❡✳ ❍❡♥❝❡✱ Ki ✐s ✉♣❞❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
❢♦❧❧♦✇✐♥❣ r✉❧❡✿

Ki ← Ki + 2D−2θ̂i .

◆♦✇✱ t❤❡ s✉❜s❡q✉❡♥t st❡♣s ✭d ≥ 2✮ ❛r❡ ♣r♦❝❡ss❡❞ ❡①❛❝t❧② ✐♥ t❤❡ s❛♠❡ ✇❛②✳ ❖♥❡
s♦❧✈❡s t❤❡ ❜✐♥❛r② ♣r♦❜❧❡♠

min
θ̂i∈{0,1}

∑

i<j,Ki=Kj

αi,j |θ̂i − θ̂j | +
∑

Ki<Kj

(αi,j(1− θ̂i) + αj,iθ̂j)

+
N
∑

i=1

(sKi+2D−1−d −Gi)θ̂i .

❆❣❛✐♥✱ t❤✐s ✐s ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ❛t ❧❡❛st 2d ♣r♦❜❧❡♠s✱ t❤❛t ❝❛♥ ❜❡ s♦❧✈❡❞ ♦♥ ❛ ❣r❛♣❤
✇✐t❤ t❤❡ s❛♠❡ ✈❡rt✐❝❡s ❛s ❜❡❢♦r❡ ✭❛♥❞ ❧❡ss ❡❞❣❡s✮✳ ❖♥❡ t❤❡♥ ✉♣❞❛t❡s Ki ❛❝❝♦r❞✐♥❣
t♦ t❤❡ r✉❧❡

Ki ← Ki + 2D−1−dθ̂i .

❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦❝❡ss✱ ♦♥❡ ✜♥❞s ❛♥ ❛rr❛② (Ki) ♦❢ ✈❛❧✉❡s ❜❡t✇❡❡♥ 0 ❛♥❞ 2D − 1✱
s✉❝❤ t❤❛t ✐❢ Ki = k✱ t❤❡♥✿ ✐❢ k = 0✱ w ≤ s1✱ ✐❢ k = n = 2D − 1✱ w ≥ sn✱ ❛♥❞ ✐♥ ❛❧❧

✶✵



♦t❤❡r ❝❛s❡s✱ sk ≤ w ≤ sk+1✳ ❚❤✐s ♣r♦✈✐❞❡s✱ ♦❢ ❝♦✉rs❡✱ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ w✱ ✇✐t❤
❛ ♣r❡❝✐s✐♦♥ ❝♦♥tr♦❧❧❡❞ ❜② 2−D✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❣❡t ❛♥ ❡①❛❝t s♦❧✉t✐♦♥ z ♦❢ ✭✺✮ ❢♦r
t❤❡ ❧❡✈❡❧s l0 < l1 < · · · < ln✱ n = 2D − 1✱ ✐❢ ❢♦r ❡❛❝❤ k ≥ 1✱ sk = (lk + lk−1)/2 ❛♥❞
✇❡ ❧❡t ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦❝❡ss zi = lKi

✳

✸✳✹ ❙❡❝♦♥❞ ♠❡t❤♦❞ ✭■s❤✐❦❛✇❛✬s r❡♣r❡s❡♥t❛t✐♦♥✮

❆♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ t♦ s♦❧✈❡ ✭✺✮ ✐s t♦ ✉s❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ■s❤✐❦❛✇❛ ✭s❡❡ ❬✶✽✱
✶✾❪✮✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ✐♥tr♦❞✉❝❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❞✐♠❡♥s✐♦♥ ❛♥❞ r❡♣r❡s❡♥t t❤❡ ✜❡❧❞ z ∈ X✱
zi ∈ {l0, . . . , ln} ❢♦r ❛❧❧ i✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ✇❡ ❧❡t Y = Xn ❛♥❞ ❝♦♥s✐❞❡r ❛❧❧ ❜✐♥❛r②
✜❡❧❞s Θ ∈ Y ✱ Θ = (Θk

i )k=1,...,n
i=1,...,N s✉❝❤ t❤❛t Θk

i ≤ Θk−1
i ❢♦r 2 ≤ k ≤ n✱ ❛♥❞ ❛♥② i✳

❚❤❡♥✱ t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛❞♠✐ss✐❜❧❡ z ❢♦r ♣r♦❜❧❡♠ ✭✺✮
❛♥❞ t❤❡s❡ ❜✐♥❛r② ✜❡❧❞s✱ ✐❢ t♦ ❛♥② s✉❝❤ z ✇❡ ❛ss♦❝✐❛t❡ Θ ❣✐✈❡♥ ❜② Θk

i = 1 ✐❢ zi ≥ lk✱
❛♥❞ 0 ♦t❤❡r✇✐s❡✳ ■❢ ✇❡ ❞❡✜♥❡ t❤❡ ❡♥❡r❣✐❡s ✭❛ss✉♠✐♥❣✱ t♦ s✐♠♣❧✐❢②✱ t❤❛t lk− lk−1 = δl
✐s ✐♥❞❡♣❡♥❞❡♥t ♦♥ k✮

F1(Θ) = δl
n
∑

k=1

∑

1≤i<j≤N

αi,j |Θ
k
i −Θk

j | +
N
∑

i=1

n
∑

k=2

∞ · (Θk
i −Θk−1

i )+

+
N
∑

i=1

n
∑

k=1

(lk −Gi)
2 − (lk−1 −Gi)

2

2
Θk

i

❛♥❞

F2(Θ) = δl
n
∑

k=1

∑

1≤i<j≤N

αi,j |Θ
k
i −Θk

j |

+
N
∑

i=1

n
∑

k=2

(

∞ · (Θk
i −Θk−1

i )+ +
(lk−1 −Gi)

2

2

(Θk
i −Θk−1

i )−

)

+
N
∑

i=1

(ln −Gi)

2

2

Θn
i −

(l0 −Gi)

2

2

Θ1
i ,

t❤❡♥ ♦♥❡ ❡❛s✐❧② ❝❤❡❝❦s t❤❛t ❢♦r ❛♥② Θ ∈ Y ✱ F1(Θ) = F2(Θ)✳ ▼♦r❡♦✈❡r✱ ✇❤❡♥
t❤✐s ✈❛❧✉❡ ✐s ✜♥✐t❡✱ t❤❡♥ Θk

i ✐s ♥♦♥✐♥❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ k✱ s♦ t❤❛t Θ ✐s ✐♥
❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ ❛♥ ❛❞♠✐ss✐❜❧❡ z ∈ X✱ zi ∈ {l0, . . . , ln}✳ ■♥ t❤✐s ❝❛s❡✱ ♦♥❡ ❤❛s

F1(Θ) = F2(Θ) = J(z) +
1

2

N
∑

i=1

(zi −Gi)
2 − N

(l0 −Gi)

2

2

.

❍❡♥❝❡✱ ✉♣ t♦ ❛ ❝♦♥st❛♥t✱ t❤❡ ❡♥❡r❣② ♦❢ Θ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❡♥❡r❣② ♦❢ z✳ ❚❤❡
❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t ♣r♦❜❧❡♠ ✭✺✮ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ✜♥❞✐♥❣ t❤❡ ✭✉♥✐q✉❡✮ ♦♣t✐♠❛❧ ❝✉t
✐♥ t❤❡ ❣r❛♣❤ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❡♥❡r❣② F1 ♦r F2✳ ❖✉r ❡①♣❡r✐♠❡♥ts s❡❡♠ t♦ s❤♦✇ t❤❛t
t❤❡ ♠❛① ✢♦✇ ❛❧❣♦r✐t❤♠ ♦❢ ❬✻❪ ♣❡r❢♦r♠s ❜❡tt❡r ♦♥ t❤❡ ❣r❛♣❤ ❛ss♦❝✐❛t❡❞ t♦ F1 t❤❛♥
♦♥ t❤❡ ♦♥❡ ❛ss♦❝✐❛t❡❞ t♦ F2✳

▲❡t ✉s ♦❜s❡r✈❡ t❤❛t t❤✐s ❝♦♥str✉❝t✐♦♥ ✐s q✉✐t❡ ❣❡♥❡r❛❧✿ ✐♥ ❬✶✽❪✱ ✐t ✐s s❤♦✇♥ t❤❛t ❛s
s♦♦♥ ❛s J ✐s ❝♦♥✈❡① ❛♥ ❡♥❡r❣② s✉❝❤ ❛s F1 ♦r F2 ❝❛♥ ❜❡ ❢♦✉♥❞✱ ✇❤♦s❡ ♠✐♥✐♠✐③❛t✐♦♥
❣✐✈❡s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ✐♥✐t✐❛❧ ♣r♦❜❧❡♠✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t ✐♥ ♦✉r ❝❛s❡ t❤✐s ♠❡t❤♦❞ ✐s
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✭❜② ❢❛r✮ ❧❡ss ❡✣❝✐❡♥t t❤❛♥ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳ ❍♦✇❡✈❡r✱ ✐t ❝❛♥
❜❡ ✉s❡❞ ❢♦r ❡♥❡r❣✐❡s ♠✉❝❤ ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ ✭✹✮✲✭✺✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐s ✐♠♣♦rt❛♥t
t♦ ♥♦t✐❝❡ t❤❛t ✐t ✇✐❧❧ s♦❧✈❡ ❛♥② ✭q✉❛♥t✐③❡❞✮ ♣r♦❜❧❡♠ s✉❝❤ ❛s

min
z

J(z) +
N
∑

i=1

H(i, zi)

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ H ♥❡❡❞s ♥♦t ❜❡ ❝♦♥✈❡① ✐♥ zi ✭✇❤❡r❡❛s t❤❡ ♠❡t❤♦❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸
✐s ❡❛s✐❧② ❛❞❛♣t❡❞ t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ❛s ❧♦♥❣ ❛s zi 7→ H(i, zi) ✐s ❝♦♥✈❡① ✭❥✉st
r❡♣❧❛❝❡ s−Gi ❜② ∂zi

H(i, ·)|s ✐♥ ♣r♦❜❧❡♠ ✭Ps✮✮✱ ❜✉t ✇✐❧❧ ♥♦t ✇♦r❦ ♦t❤❡r✇✐s❡✮✳ ❚❤✐s
✐s ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st ✐♥ st❡r❡♦ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♣r♦❜❧❡♠s✱ ♦r ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥
♦❢ ♦♣t✐❝❛❧ ✢♦✇s✳

❊✈❡♥t✉❛❧❧②✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♣♦✐♥t ♦✉t t❤❡ ❢❛❝t t❤❛t t❤❡ s❛♠❡ r❡♣r❡s❡♥t❛t✐♦♥
❛♣♣❡❛r❡❞ r❡❝❡♥t❧② ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s s❡tt✐♥❣✱ ❢♦r t❤❡ st✉❞② ♦❢ ❢✉♥❝t✐♦♥❛❧s ♦❢ t❤❡ ❢♦r♠
u 7→

∫

f(x, u,∇u) ✕ ♣♦ss✐❜❧② ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❥✉♠♣ t❡r♠ ✭❧✐❦❡ t❤❡ ▼✉♠❢♦r❞✲❙❤❛❤
❢✉♥❝t✐♦♥❛❧✮✳ ❆ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦❢ ♠✐♥✐♠❛❧✐t② ✇❛s ❞❡r✐✈❡❞ ❢r♦♠ t❤✐s r❡♣r❡s❡♥t❛✲
t✐♦♥✱ r❡❧❛t❡❞ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✈❡❝t♦r ✜❡❧❞ t❤❛t ♠❛①✐♠✐③❡s ✐ts ✢♦✇ t❤r♦✉❣❤ t❤❡
❣r❛♣❤ ♦❢ u✱ ✐♥ ❛ ❝❡rt❛✐♥ ❝❧❛ss✳ ❙❡❡ ❬✶✱ ✾❪✳

✹ ❚❱ ♠✐♥✐♠✐③❛t✐♦♥

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ ♦✉r ✈❡❝t♦r s♣❛❝❡ X r❡♣r❡s❡♥ts t❤❡ ❣r❡②✲❧❡✈❡❧ ✈❛❧✉❡s
♦❢ ❛ ❜✐❞✐♠❡♥s✐♦♥❛❧ ✐♠❛❣❡✱ t❤❛t ✐s✱ X = R

N×M ✱ ❛♥❞ ❛ ✈❡❝t♦r w ∈ X ✐s ❛ ♠❛tr✐①
(wi,j)i=1,...,N,j=1,...,M ✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s✐♠♣❧❡st✱ ❛♥✐s♦tr♦♣✐❝ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡
❚❱✱ ❣✐✈❡♥ ❜②

J(w) =
∑

i,j

|wi+1,j − wi,j |+ |wi,j+1 − wi,j |

✇❤❡r❡ ✐♥ t❤❡ s✉♠ ❛❧❧ t❡r♠s t❤❛t ❛r❡ ✇❡❧❧✲❞❡✜♥❡❞ ❛♣♣❡❛r✳ ❊①t❡♥s✐♦♥ ♦❢ ✇❤❛t ✇✐❧❧
❜❡ s❛✐❞ t♦ ♠♦r❡ ❝♦♠♣❧❡① ✐♥t❡r❛❝t✐♦♥s ✭♥♦t ♥❡❛r❡st✲♥❡✐❣❤❜♦✉rs✱ ♦r ♥♦♥✉♥✐❢♦r♠✮ ✐s
♦❜✈✐♦✉s✳

❲❡ s❡❡ t❤❛t ♣r♦❜❧❡♠ ✭✷✮ ✐s ♦❢ t❤❡ ❢♦r♠ ✭✹✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ a, b ❛♥❞ gi,j

❛r❡ s❝❛❧❛r q✉❛♥t✐t✐❡s ✐♥ ✭✶✮✱ t❤❡♥ ❝❧❡❛r❧② t❤✐s ♣r♦❜❧❡♠ ✐s ❛ ♣❛rt✐❝✉❧❛r ✷✲❧❡✈❡❧s ❝❛s❡
♦❢ ✭✺✮✱ ✇✐t❤ G s✐♠♣❧② ❣✐✈❡♥ ❜② g ❛♥❞ λ ❜② λ/(b − a) ✭❛ss✉♠✐♥❣ b > a✮✳ ■❢ t❤♦s❡
q✉❛♥t✐t✐❡s ❛r❡ ✈❡❝t♦r✐❛❧✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦♥❡ ❝❛♥ ❛❧s♦ r❡✇r✐t❡ ✭✶✮ ❛s

min
θi,j∈{0,1}

λ
∑

i,j

J(θ) +
∑

i,j

(

b2 − a2

2
− (b− a) · gi,j

)

θi,j + ❝♦♥st❛♥t ,

✇❤✐❝❤ ✐s ♦❢ t❤❡ ❢♦r♠ ✭Ps✮✳
❲❡ ✇✐❧❧ ❝♦♠♣❛r❡ t❤❡ t✇♦ ❛❧❣♦r✐t❤♠s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥s ✸✳✸ ❛♥❞ ✸✳✹ t♦ t❤❡

❛❧❣♦r✐t❤♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✶❪✱ ❢♦r ♠✐♥✐♠✐③✐♥❣ ✭✷✮✳ ▲❡t ✉s ❜r✐❡✢② r❡❝❛❧❧ t❤✐s ❛❧❣♦r✐t❤♠✳
❋✐rst ♦❢ ❛❧❧✱ ✇❡ ♠❡♥t✐♦♥ t❤❛t ❛❧s♦ t❤✐s ❛❧❣♦r✐t❤♠ ❝♦✉❧❞ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♠♦r❡
❣❡♥❡r❛❧ ❛❜str❛❝t s❡tt✐♥❣ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐t ❞♦❡s ♥♦t s❡❡♠ t♦ ❜❡
♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ t❤❡ ✜rst ❛❧❣♦r✐t❤♠ ✐♥ s❡❝t✐♦♥ ✸✳✸✳ ■ts str❡♥❣t❤✱ ♦♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ✐s t❤❛t ✐t ❛❧s♦ ✇♦r❦s ✇✐t❤ ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣✐❡s ♦❢ t❤❡ ❢♦r♠

J✐s♦(w) =
∑

i,j

√

(wi+1,j − wi,j)2 + (wi,j+1 − wi,j)2 ,

✶✷



t❤❛t t♦ ♦✉r ❦♥♦✇❧❡❞❣❡ ❛r❡ ♥♦t ❡❛s✐❧② ❤❛♥❞❧❡❞ ❜② t❤❡ ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ♣r❡✈✐♦✉s❧②✳
✭■♥ ♣❛rt✐❝✉❧❛r✱ J✐s♦ ❞♦❡s ♥♦t s❛t✐s❢② ✭✸✮✱ ❜✉t ✐t ♠❛② ❜❡ s❡❡♥ ❛s ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢
t❤❡ ✏tr✉❡✑ t♦t❛❧ ✈❛r✐❛t✐♦♥✱ ✇❤✐❝❤ s❛t✐s✜❡s✱ ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s s❡tt✐♥❣✱ t❤❡ ❝♦✲❛r❡❛
❢♦r♠✉❧❛✳✮ ❆❧s♦✱ ✐t ✐s ❡❛s✐❧② ❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ wi,j ✐s ✈❡❝t♦r✐❛❧ ✭❝❛s❡ ♦❢
❝♦❧♦r✴♠✉❧t✐s♣❡❝tr❛❧ ✐♠❛❣❡s✮✳ ❋♦r t❤❡s❡ r❡❛s♦♥s✱ ✇❡ ♣r❡❢❡r t♦ st✐❝❦ t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥
✐♥ ❬✶✶❪✱ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r s❡tt✐♥❣ ♦❢ ❛ ✷❉✱ ♥❡❛r❡st✲♥❡✐❣❤❜♦✉rs ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣②✳ ▲❡t
✉s ❜r✐❡✢② r❡❝❛❧❧ ❤♦✇ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ✐♠♣❧❡♠❡♥t❡❞✳

❚❤❡ ❡♥❡r❣✐❡s J ❛♥❞ J✐s♦ ❝❛♥ ❜❡ ✇r✐tt❡♥

J(w) =
∑

i,j

|(∇xw)i,j |+ |(∇
yw)i,j | ❛♥❞ J✐s♦(w) =

∑

i,j

|(∇w)i,j |

✇❤❡r❡ t❤❡ ✈❡❝t♦r (∇w)i,j = ((∇xw)i,j , (∇
yw)i,j) ∈ X ×X ✐s ❞❡✜♥❡❞ ❜②

(∇xw)i,j =

{

wi+1,j − wi,j ✐❢ 1 ≤ i < N, 1 ≤ j ≤M
0 ✐❢ i = N, 1 ≤ j ≤M,

(∇yw)i,j =

{

wi,j+1 − wi,j ✐❢ 1 ≤ i ≤ N, 1 ≤ j < M
0 ✐❢ 1 ≤ i ≤ N, j = M.

❲❤❡♥ (x, y) ∈ R
2✱ |(x, y)| ❞❡♥♦t❡s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠✳ ■❢ ❜♦t❤ X ❛♥❞ X ×X ❛r❡

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❊✉❝❧✐❞❡❛♥ s❝❛❧❛r ♣r♦❞✉❝t✱ t❤❡♥ ❛ ❞✐s❝r❡t❡ ❞✐✈❡r❣❡♥❝❡ ✐s
❣✐✈❡♥ ❜② ❞✐✈ = −∇∗✱ t❤❛t ✐s

(❞✐✈ ξ, w)X = −(ξ,∇w)X×X ∀w ∈ X, ξ ∈ X ×X.

✭■t ✐s ❡❛s✐❧② ❝♦♠♣✉t❡❞✱ s❡❡ ❬✶✶❪✳✮
❇② st❛♥❞❛r❞ ❞✉❛❧✐t② ❛r❣✉♠❡♥ts✱ ✐t ✐s s❤♦✇♥ ✐♥ ❬✶✶❪ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢

min
w∈X

J✐s♦(w) +
1

2λ
‖w − g‖2 ✭✼✮

✐s ❣✐✈❡♥ ❜② w = g + λ❞✐✈ ξ ✇❤❡r❡ ξ ✐s ❛ s♦❧✉t✐♦♥ t♦

min{‖g + λ❞✐✈ ξ‖2 : ξ = (ξx, ξy) ∈ X ×X , |ξi,j | ≤ 1∀i, j} . ✭✽✮

▼♦r❡♦✈❡r✱ ♦♥❡ ❤❛s ξi,j · (∇w)i,j = |(∇w)i,j | ❢♦r ❛❧❧ i, j✳ ❚❤❡ s❛♠❡ ♣r♦♦❢ ✇✐❧❧ s❤♦✇
t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✷✮ ✐s ❣✐✈❡♥ ❜② t❤❡ s❛♠❡ ❢♦r♠✉❧❛✱ ✇✐t❤ ♥♦✇ ξ ❛ s♦❧✉t✐♦♥ t♦

min{‖g + λ❞✐✈ ξ‖2 : ξ ∈ X ×X , |ξx
i,j | ≤ 1 ❛♥❞ |ξy

i,j | ≤ 1∀i, j} . ✭✾✮

❛♥❞ ξi,j · (∇w)i,j = |(∇xw)i,j | + |(∇
yw)i,j | ❢♦r ❛❧❧ i, j✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ✜❡❧❞ ξ

✇❤✐❝❤ ✐s ❢♦✉♥❞ ❤❡r❡ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ✢♦✇ ❝♦♠♣✉t❡❞ ❜② t❤❡ ♠❛①✲✢♦✇ ❛❧❣♦r✐t❤♠
♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳

■♥ ❬✶✶❪✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ✐s ♣r♦♣♦s❡❞ t♦ s♦❧✈❡ ✭✽✮✳ ❲❡ ❧❡t ξ0 = 0✱
❛♥❞ ❢♦r ❛❧❧ n ≥ 0 ✇❡ ❧❡t











wn = g + λ❞✐✈ ξn

ξn+1
i,j =

ξn
i,j + (τ/λ)(∇wn)i,j

1 + (τ/λ)|(∇wn)i,j |

✭✶✵✮

✶✸



✇❤❡r❡ τ > 0 ✐s ❛ ✜①❡❞ ✏t✐♠❡✲st❡♣✑✳ ■t ✐s s❤♦✇♥ ✐♥ ❬✶✶❪ t❤❛t ❛s n → ∞✱ wn →
w✱ ♣r♦✈✐❞❡❞ τ ≤ 1/8 ✭✐♥ ❢❛❝t✱ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♥✈❡r❣❡♥❝❡ ✐s ♦❜s❡r✈❡❞ ❛s ❧♦♥❣ ❛s
τ ≤ 1/4✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛♥t✱ ✇❤✐❝❤ ✐s ❛ s✐♠♣❧❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✴r❡♣r♦❥❡❝t✐♦♥
♠❡t❤♦❞✱ s❡❡♠s t♦ ♣❡r❢♦r♠ ❜❡tt❡r✿











wn = g + λ❞✐✈ ξn

ξn+1
i,j =

ξn
i,j + (τ/λ)(∇wn)i,j

max{1, |ξn
i,j + (τ/λ)(∇wn)i,j |}

✭✶✶✮

■t ✐s ❡❛s② t♦ s❤♦✇ t❤❡ st❛❜✐❧✐t② ♦❢ t❤✐s s❝❤❡♠❡ ✉♣ t♦ τ ≤ 1/4 ✭✐♥❞❡❡❞✱ ξn 7→ ξn+1 ✐s 1✲
▲✐♣s❝❤✐t③✮❀ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛❧s♦ ♣r♦❜❛❜❧② tr✉❡ ❜✉t ♥♦t str❛✐❣t❤❢♦r✇❛r❞ ✭s✐♥❝❡ ∇❞✐✈ ✐s
s✐♥❣✉❧❛r✮✳ ❊①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t ✐t ❝♦♥✈❡r❣❡s ❛s ❧♦♥❣ ❛s τ ≤ 1/4✱ ❤♦✇❡✈❡r✱ τ = 1/4
✐s ♥♦t ♦♣t✐♠❛❧✱ ❛♥❞ ❛ ❜❡tt❡r ❝♦♥✈❡r❣❡♥❝❡ ✐s ♦❜t❛✐♥❡❞ ❢♦r .24 . τ . .249✳

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❡rr♦r ❜❡t✇❡❡♥ wn ❛♥❞ t❤❡ s♦❧✉t✐♦♥ w ♦❢ ✭✼✮ ✐s ❡❛s✐❧② ❡st✐✲
♠❛t❡❞✿ ✐♥❞❡❡❞✱ s✐♥❝❡ wn = g + λ❞✐✈ ξn ❛♥❞ w = g + λ❞✐✈ ξ✱ ♦♥❡ ❤❛s

‖wn − w‖2 = λ(❞✐✈ ξn − ❞✐✈ ξ, wn − w)X = −λ(ξn − ξ,∇wn −∇w)X×X .

❙✐♥❝❡ (ξ,∇w)X×X ≤ J✐s♦(w) ❢♦r ❛♥② w ∈ X ❛♥❞ ξ ∈ X ×X ✇✐t❤ |ξi,j | ≤ 1 ❢♦r ❛❧❧
i, j✱ ❛♥❞ s✐♥❝❡ (ξ,∇w)X×X = J✐s♦(w)✱ ✇❡ ✜♥❞ t❤❛t

‖wn − w‖2 ≤ λJ✐s♦(w
n)− (ξn,∇wn)X×X . ✭✶✷✮

❚❤❡ s✐t✉❛t✐♦♥ ✐s t❤❡ s❛♠❡ ✇✐t❤ ♣r♦❜❧❡♠ ✭✷✮ ❛♥❞ ✐ts ❞✉❛❧ ✭✾✮✿ t❤❡ ✜①❡❞ ♣♦✐♥t
s❝❤❡♠❡ ✭✶✵✮ ✐s r❡♣❧❛❝❡❞ ✇✐t❤



























wn = g + λ❞✐✈ ξn

(ξn+1
i,j )x =

(ξn
i,j)

x + (τ/λ)(∇xwn)i,j

1 + (τ/λ)|(∇xwn)i,j |
,

(ξn+1
i,j )y =

(ξn
i,j)

y + (τ/λ)(∇ywn)i,j

1 + (τ/λ)|(∇ywn)i,j |
,

✭✶✸✮

✇❤✐❧❡ t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✴♣r♦❥❡❝t✐♦♥ s❝❤❡♠❡ ✭✶✶✮ ❜❡❝♦♠❡s






























wn = g + λ❞✐✈ ξn

(ξn+1
i,j )x =

(ξn
i,j)

x + (τ/λ)(∇xwn)i,j

max{1, |(ξn
i,j)

x + (τ/λ)(∇xwn)i,j |}
,

(ξn+1
i,j )y =

(ξn
i,j)

y + (τ/λ)(∇ywn)i,j

max{1, |(ξn
i,j)

y + (τ/λ)(∇ywn)i,j |}
.

✭✶✹✮

❚❤❡ ❡st✐♠❛t❡ ✭✶✷✮ r❡♠❛✐♥s tr✉❡✱ ✇✐t❤ ♥♦✇ J✐s♦ r❡♣❧❛❝❡❞ ✇✐t❤ J ✳

✺ ❈♦♠♣❛r✐s♦♥s

❲❡ ❤❛✈❡ ❝♦♠♣❛r❡❞ ❢♦✉r ♣r♦❣r❛♠s ❜❛s❡❞ ♦♥ t❤❡ t✇♦ ❛❧❣♦r✐t❤♠s ✐♥ ❙❡❝t✐♦♥s ✸✳✸
❛♥❞ ✸✳✹✱ ❛♥❞ t❤❡ t✇♦ ✈❛r✐❛♥ts ✭✜①❡❞✲♣♦✐♥t ❛♥❞ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✴♣r♦❥❡❝t✐♦♥✮ ♦❢ t❤❡
❛❧❣♦r✐t❤♠ ✐♥ ❙❡❝t✐♦♥ ✹✱ ❢♦r t❤❡ ❛♥✐s♦tr♦♣✐❝ ♣r♦❜❧❡♠ ✭✷✮✳

✶✹



❋✐❣✉r❡ ✶✿ ❚❤❡ ♦r✐❣✐♥❛❧ ❛♥❞ ♥♦✐s② ✐♠❛❣❡ ✉s❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts

❲❡ ♣❡r❢♦r♠❡❞ t❤❡ ❞❡♥♦✐s✐♥❣ ♦❢ ❛♥ ✐♠❛❣❡ ♦❢ 800×600 = 480 000 ♣✐①❡❧s ✭❝♦rr✉♣t❡❞
✇✐t❤ ❛ ♥♦✐s❡ ♦❢ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ✷✵✱ ❢♦r ♦r✐❣✐♥❛❧ ✈❛❧✉❡s ✐♥ [0, 255]✱ ✇✐t❤ ❞❡✈✐❛t✐♦♥
∼ 90 ✕ ❙◆❘ ∼ 20✮✱ ❛♥❞ ♦❢ ❛ s♠❛❧❧❡r s✉❜✐♠❛❣❡ ♦❢ s✐③❡ 256× 256 = 65 536 ♣✐①❡❧s✱ s❡❡
❋✐❣✉r❡ ✶✳ ❲❡ ❝❤♦s❡ ❛ ✈❛❧✉❡ ♦❢ λ = .1 × (π/4) ❢♦r t❤❡ ❧❛r❣❡ ✐♠❛❣❡ ❛♥❞ .08 × (π/4)
❢♦r t❤❡ s♠❛❧❧❡r ✭t❤❡ ❢❛❝t♦r π/4 ✐s ✐♥tr♦❞✉❝❡❞ s✐♥❝❡ ✇❤❡♥✱ r♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤❡
✏❞✐r❡❝t✐♦♥s✑ ❛r❡ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ✐♥ ❛♥ ✐♠❛❣❡ w t❤❡♥ J✐s♦(w) = (π/4)J(w)✿
t❤✐s ❛❧❧♦✇s t♦ ❝♦♠♣❛r❡ ❜❡tt❡r t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ J ❛♥❞ J✐s♦✮✳ ❚❤❡ r❡s✉❧ts ❛r❡
s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳

❆❧❧ ❛❧❣♦r✐t❤♠s ✇❡r❡ ♣r♦❣r❛♠♠❡❞ ✐♥ ❈✴❈✰✰ ❛♥❞ ✇❡r❡ r✉♥ ♦♥ ❛ ✸✳✷✵ ●❍③✲
P❡♥t✐✉♠ ✹ ▲✐♥✉① ✷✳✻ s②st❡♠ ✇✐t❤ ✶ ▼❜ ♦❢ ❝❛❝❤❡✳ ❚❤❡ ♠❛① ✢♦✇ ❛❧❣♦r✐t❤♠ ♣r♦❣r❛♠
✇❛s t❤❡ ♠❛①❢❧♦✇✲✈✷✳✷ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❬✻❪✱ ✐♠♣❧❡♠❡♥t❡❞ ❜② ❱❧❛❞✐♠✐r ❑♦❧♠♦❣♦r♦✈
❛♥❞ t❤❛t ✇❡ ❞♦✇♥❧♦❛❞❡❞ ❢r♦♠ ❤✐s ✇❡❜ ♣❛❣❡✳ ❚❤❡ t②♣❡ ♦❢ t❤❡ ❝❛♣❛❝✐t✐❡s ✇❛s s❡t t♦

❋✐❣✉r❡ ✷✿ ❚❤❡ r❡s✉❧ts
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❞♦✉❜❧❡✱ ❛♥❞ ✐t ✐s ❧✐❦❡❧② t❤❛t t❤❡ r❡s✉❧ts ❝❛♥ ❜❡ s❧✐❣❤t❧② ✐♠♣r♦✈❡❞ ❜② ❧❡tt✐♥❣ ✐t t♦
s❤♦rt ♦r ✐♥t ❛♥❞ ❛♣♣r♦♣r✐❛t❡❧② q✉❛♥t✐❢②✐♥❣ t❤❡ ✈❛❧✉❡s✳ ❚❤✐s ♠❛①✲✢♦✇ ♣r♦❣r❛♠ ✇❛s
t❤❡♥ ❧✐♥❦❡❞ ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❈✰✰ ♣r♦❣r❛♠ ♦r❣❛♥✐③✐♥❣ t❤❡ ❞②❛❞✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥
♦❢ t❤❡ ❧❡✈❡❧s✳ ❚❤❡ ❡①❡❝✉t✐♦♥ t✐♠❡s ♦❢ t❤❡ ♣r♦❣r❛♠s ✇❛s ♠❡❛s✉r❡❞ ✉s✐♥❣ t❤❡ t✐♠❡s✭✮
❈ ❝♦♠♠❛♥❞✳

❚❛❜❧❡ ✶ ❝♦♠♣❛r❡s t❤❡ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ s♠❛❧❧ ✐♠❛❣❡✳ ❚❤❡ ❘▼❙❊ ❛♥❞ ❆❜s♦❧✉t❡
❉✐✛❡r❡♥❝❡ ❛r❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✏tr✉❡✑ s♦❧✉t✐♦♥✱ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ❞②❛❞✐❝ ❣r❛♣❤✲
❝✉t ❛❧❣♦r✐t❤♠ ❛t ❞❡♣t❤ ✶✻ ✭♣r❡❝✐s✐♦♥ 255/(2−16 − 1)✮✳ ❚❤❡ ❘▼❙❊ ✐s r❡♥♦r♠❛❧✐③❡❞
✭❞✐✈✐❞❡❞ ❜② ✷✺✺✮ ✇❤❡r❡❛s t❤❡ ❛❜s♦❧✉t❡ ❞✐✛❡r❡♥❝❡ ✐s ✐♥ ♣✐①❡❧ ✈❛❧✉❡s ✭✐♥ [0 − 255]✮✳
❋♦r t❤❡ ✜①❡❞ ♣♦✐♥t ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ ♣r♦❥❡❝t❡❞ ❣r❛❞✐❡♥t✲❞❡s❝❡♥t ✭✏♣r♦❥✳ ❣r❛❞✳✑✮

♠❡t❤♦❞ t✐♠❡ ✭s✮ ✐t❡r✳ ❘▼❙❊ ❆❜s✳ ❉✐✛✳ ❬✵✲✷✺✺❪
❣r❛♣❤✲❝✉t✱ ❞❡♣t❤= 8 ✳✹✻ ✶✳ ✭t❤❡♦r✳✮
❣r❛♣❤✲❝✉t✱ ❞❡♣t❤= 12 ✳✽✼ ✳✵✻✷✺ ✭t❤❡♦r✳✮
❣r❛♣❤✲❝✉t✱ ❞❡♣t❤= 16 ✶✳✸✷ ✳✵✵✸✾ ✭t❤❡♦r✳✮
✜①❡❞ ♣♦✐♥t✱ ❡rr= .01 ✳✶✸ ✸✷ ✳✵✵✹✼ ✺✳✼
✜①❡❞ ♣♦✐♥t✱ ❡rr= .005 ✳✸✺ ✽✽ ✳✵✵✷✷ ✸✳✵
♣r♦❥✳ ❣r❛❞✳✱ ❡rr= .01 ✳✶✼ ✸✼ ✳✵✵✵✼✶✼ ✹✳✵
♣r♦❥✳ ❣r❛❞✳✱ ❡rr= .005 ✳✸✽ ✽✶ ✳✵✵✵✸✼✶ ✷✳✷

❚❛❜❧❡ ✶✿ ❈♦♠♣❛r✐s♦♥s ❢♦r t❤❡ s♠❛❧❧ 256× 256 ✐♠❛❣❡

❛❧❣♦r✐t❤♠ ✭✶✹✮✱ t❤❡ ❡st✐♠❛t❡ ✭✶✷✮ ✭r❡♥♦r♠❛❧✐③❡❞ ✐♥ ♦r❞❡r t♦ ❜❡ ❛♥ ❘▼❙❊ ❡st✐♠❛t❡✮
✇❛s ✉s❡❞ ❛s ❛ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥✳ ■♥ t❤❡ t❛❜❧❡s✱ ✏❡rr❂xxx✑ ❣✐✈❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✈❛❧✉❡✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❢♦r t❤❡ ♣r♦❥❡❝t❡❞ ❣r❛❞✐❡♥t ❛❧❣♦r✐t❤♠✱ t❤❡ ❘▼❙❊ t❤❛t ✐s
❛❝t✉❛❧❧② r❡❛❝❤❡❞ ✐s ❛❜♦✉t ✼✪ ♦❢ t❤❡ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥✱ ✇❤✐❧❡ ✐t ✐s ❛❧♠♦st ✺✵✪ ❢♦r t❤❡
✜①❡❞ ♣♦✐♥t ❛❧❣♦r✐t❤♠✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s r❡♠❛✐♥✐♥❣ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r✿
✐t s❤♦✇s t❤❛t t❤❡ ♣r♦❥❡❝t❡❞ ❣r❛❞✐❡♥t ✐s ♠♦r❡ ❡✣❝✐❡♥t✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ ❢♦r ❛
st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ♦❢ .01✱ ♦s❝✐❧❧❛t✐♦♥s r❡♠❛✐♥ ✈✐s✐❜❧❡ ✐♥ t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ✜①❡❞✲♣♦✐♥t
♠❡t❤♦❞✱ ✇❤✐❧❡ t❤❡② ❛r❡ ♠✉❝❤ ❛tt❡♥✉❛t❡❞ ✐♥ t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ♣r♦❥❡❝t❡❞ ❣r❛❞✐❡♥t
♠❡t❤♦❞✳ ❚❤✐s ❛❧❣♦r✐t❤♠ s❡❡♠s t♦ ❜❡ t❤❡ ♠♦st ❡✣❝✐❡♥t✱ ❤♦✇❡✈❡r✱ t❤❡ ❝♦♥tr♦❧ ♦❢ t❤❡
❡rr♦r ✐s ♠♦r❡ ♣r❡❝✐s❡ ✇✐t❤ t❤❡ ❣r❛♣❤✲❝✉t ❛❧❣♦r✐t❤♠✳ ❆♥♦t❤❡r ✐♠♣♦rt❛♥t ♦❜s❡r✈❛t✐♦♥
✐s t❤❛t t❤❡ ♣r♦❥❡❝t❡❞ ❣r❛❞✐❡♥t ❛❧❣♦r✐t❤♠ ✐s q✉✐t❡ str❛✐❣❤t❢♦r✇❛r❞ t♦ ✐♠♣❧❡♠❡♥t✳ ❚❤❡

♠❡t❤♦❞ t✐♠❡ ✭s✮ ✐t❡r✳ ❘▼❙❊ ❆❜s✳ ❉✐✛✳ ❬✵✲✷✺✺❪
❣r❛♣❤✲❝✉t✱ ❞❡♣t❤= 8 ✹✳✵ ✶✳ ✭t❤❡♦r✳✮
❣r❛♣❤✲❝✉t✱ ❞❡♣t❤= 12 ✽✳✼ ✳✵✻✷✺ ✭t❤❡♦r✳✮
❣r❛♣❤✲❝✉t✱ ❞❡♣t❤= 16 ✶✸✳✾ ✳✵✵✸✾ ✭t❤❡♦r✳✮
✜①❡❞ ♣♦✐♥t✱ ❡rr= .01 ✶✳✻✵ ✺✵ ✳✵✵✹✼ ✻✳✻
✜①❡❞ ♣♦✐♥t✱ ❡rr= .005 ✹✳✾✵ ✶✺✹ ✳✵✵✷✷ ✸✳✵
♣r♦❥✳ ❣r❛❞✳✱ ❡rr= .01 ✷✳✻✷ ✼✾ ✳✵✵✵✻✽✸ ✸✳✸
♣r♦❥✳ ❣r❛❞✳✱ ❡rr= .005 ✺✳✺✵ ✶✻✸ ✳✵✵✵✸✽✼ ✷✳✹

❚❛❜❧❡ ✷✿ ❈♦♠♣❛r✐s♦♥s ❢♦r t❤❡ ❧❛r❣❡ 800× 600 ✐♠❛❣❡

❝♦♠♣❛r✐s♦♥s ❢♦r t❤❡ ❧❛r❣❡r ✐♠❛❣❡✱ ✐♥ ❚❛❜❧❡ ✷✱ ②✐❡❧❞ t❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥s✳ ■♥ ❜♦t❤
❝❛s❡s✱ ❜♦t❤ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠s ❤❛❞ ❛ ✏t✐♠❡✲st❡♣✑ τ = .249✳ ❊①♣❡r✐♠❡♥ts ✇✐t❤
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τ = .24 s❤♦✇ t❤❛t t❤❡ ♣r♦❥❡❝t❡❞ ❣r❛❞✐❡♥t ✐t❡r❛t✐♦♥s st♦♣ ♠✉❝❤ ❡❛r❧✐❡r✿ ❛❢t❡r 37
✐t❡r❛t✐♦♥s ❛♥❞ 1.17 s❡❝♦♥❞s ❢♦r ❛ st♦♣♣✐♥❣ ✈❛❧✉❡ ♦❢ .01 ❛♥❞ 110 ✐t❡r❛t✐♦♥s ❛♥❞ 3.73
s❡❝♦♥❞s ❢♦r t❤❡ st♦♣♣✐♥❣ ✈❛❧✉❡ ♦❢ .005✳ ❍♦✇❡✈❡r✱ ✐♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❘▼❙❊ t❤❛t ✐s
❛tt❛✐♥❡❞ ✐s ❛❧s♦ ♣r♦♣♦rt✐♦♥❛❧❧② ❤✐❣❤❡r t❤❛♥ ✇✐t❤ τ = .249✿ .001162 ✐♥ t❤❡ ✜rst ❝❛s❡
❛♥❞ .000535 ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✳ ❙t✐❧❧✱ t❤✐s s❡❡♠s t♦ s❤♦✇ t❤❛t ✐t ✇♦r❦s ❜❡tt❡r t❤❛♥
t❤❡ ✜①❡❞✲♣♦✐♥t ✐t❡r❛t✐♦♥✳

❲❡ ❛❧s♦ ❤❛✈❡ r✉♥ ■s❤✐❦❛✇❛✬s ❛❧❣♦r✐t❤♠ ♦❢ ❙❡❝t✐♦♥ ✸✳✹✳ ❖❜✈✐♦✉s❧②✱ ✐t ✐s ♠✉❝❤
s❧♦✇❡r t❤❛♥ ♦✉r ❞②❛❞✐❝ ❣r❛♣❤✲❝✉t ♠❡t❤♦❞ ✭❛♥❞ ❣✐✈❡s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛♥s✇❡r✮✳ ■s
❛❧s♦ r❡q✉✐r❡s ❛ ❤✉❣❡ ❛♠♦✉♥t ♦❢ ♠❡♠♦r②✱ s♦ t❤❛t ✇❡ ❞✐❞ ♥♦t r✉♥ ✐t ✇✐t❤ ✷✺✻ ❧❡✈❡❧s✳
❲✐t❤ 16✱ 32✱ ❛♥❞ 64 ❧❡✈❡❧s✱ ✐t r❛♥ ✐♥ r❡s♣❡❝t✐✈❡❧② 1.61✱ 3.65 ❛♥❞ 8.15 s❡❝♦♥❞s✱ ♦♥
t❤❡ s♠❛❧❧ ✐♠❛❣❡ ✭✉s✐♥❣ t❤❡ ❣r❛♣❤ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❡♥❡r❣② F1✱ ❛♥❞ 2.93✱ 7.4 ❛♥❞ 19.6
s❡❝♦♥❞s ❢♦r t❤❡ ❣r❛♣❤ r❡♣r❡s❡♥t✐♥❣ F2✮ ✇❤✐❧❡ t❤❡ ❞②❛❞✐❝ ❣r❛♣❤✲❝✉t ♠❡t❤♦❞ ❛t ❞❡♣t❤s
4✱ 5 ❛♥❞ 6 r❛♥ r❡s♣❡❝t✐✈❡❧② ✐♥ .16✱ .21 ❛♥❞ .31 s❡❝♦♥❞s✳ ❍♦✇❡✈❡r✱ ✇❡ r❡❝❛❧❧ ❛❣❛✐♥
t❤❛t ■s❤✐❦❛✇❛✬s ♠❡t❤♦❞ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ♠✉❝❤ ♠♦r❡ ❞✐✣❝✉❧t ✭♥♦♥❝♦♥✈❡①✮ ♣r♦❜❧❡♠s✳

✻ ❈♦♥❝❧✉s✐♦♥

❲❡ ❝♦♠♣❛r❡❞ t❤r❡❡ ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s ❢♦r s♦❧✈✐♥❣ t❤❡ ✭❛♥✐s♦tr♦♣✐❝✮ ❘✉❞✐♥✲❖s❤❡r✲
❋❛t❡♠✐ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❖♥❡✱ ❜❛s❡❞ ♦♥ t❤❡ ❡①❛❝t r❡s♦❧✉t✐♦♥ ♦❢ ❜✐♥❛r② ▼❘❋s
❜② ✐♥t❡❣❡r ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞s ✭❛♥❞ ✇❤✐❝❤ ✐s ❛❧r❡❛❞② ❢♦✉♥❞ ✐♥ ❬✶✹✱ ✶✺❪✱ ❤❛s t❤❡
❛❞✈❛♥t❛❣❡ t❤❛t ✐t ②✐❡❧❞s ❛♥ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ✉♣ t♦ ❛ ❦♥♦✇♥ ♣r❡❝✐✲
s✐♦♥✳ ❍♦✇❡✈❡r✱ ✐t s❡❡♠s t❤❛t t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ ❬✶✶❪ ♦r t❤❡ s✐♠♣❧❡ ❣r❛❞✐❡♥t✲
❞❡s❝❡♥t✴♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞ ❣✐✈❡♥ ❜② ✭✶✹✮ ②✐❡❧❞ ❝♦♠♣❛r❛❜❧❡ r❡s✉❧ts ✭t❤❡ ❧❛t❡r ❜❡✐♥❣
♠♦r❡ ❡✣❝✐❡♥t✮✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❛❧❧ ♦❢ t❤❡s❡ ♠❡t❤♦❞s s♦❧✈❡✱ ✐♥ ❢❛❝t✱ ❛♥ ❛♣♣r♦♣r✐❛t❡
❞✉❛❧ ♣r♦❜❧❡♠✳

Pr♦✈✐❞✐♥❣ ❛ s❤❛r♣ ❛ ♣♦st❡r✐♦r✐ L2 ♦r✱ ❡✈❡♥ ❜❡tt❡r✱ L∞ ❡rr♦r ❡st✐♠❛t❡ ❢♦r t❤❡
s❝❤❡♠❡ ✭✶✹✮ ✇♦✉❧❞ ❜❡ ❛ ❝♦♥s✐❞❡r❛❜❧❡ ✐♠♣r♦✈❡♠❡♥t✳

❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t ♦✉r ✐t❡r❛t✐✈❡ s❝❤❡♠❡s ❝❛♥ ❡❛s✐❧② ❜❡ ♠❛❞❡ ✏♠♦r❡✑ ✐s♦tr♦♣✐❝
❜② ✉s✐♥❣ J✐s♦ ✐♥st❡❛❞ ♦❢ J ✭❝❢✳ s❝❤❡♠❡ ✭✶✶✮✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♠♣r♦✈✐♥❣ t❤❡
r♦t❛t✐♦♥❛❧ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ ❙❡❝t✐♦♥ ✸✳✸ r❡q✉✐r❡s t❤❡ ✉s❡ ♦❢ ❡♥❡r❣✐❡s
✇✐t❤ ♠♦r❡ ✐♥t❡r❛❝t✐♦♥s ✭♥❡①t✲♥❡❛r❡st✲♥❡✐❣❤❜♦✉rs✱ ❛t ❧❡❛st✮✱ ❛t t❤❡ ❝♦st ♦❢ ❡✣❝✐❡♥❝②✳
❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ✐t❡r❛t✐♦♥ ✭✶✶✮ ♦✈❡r ✭✶✹✮ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳

❋✐❣✉r❡ ✸✿ ❆ ♥♦✐s② ✐♠❛❣❡ ❛♥❞ ❛ ❞❡t❛✐❧ ♦❢ t❤❡ ❞❡♥♦✐s❡❞ ✐♠❛❣❡✱ ✜rst ✇✐t❤ t❤❡ ❛♥✐s♦tr♦♣✐❝
♥❡❛r❡st✲♥❡✐❣❤❜♦✉rs ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ J ❛♥❞ t❤❡♥ ✇✐t❤ J✐s♦

✶✼



❘❡❢❡r❡♥❝❡s

❬✶❪ ●✳ ❆❧❜❡rt✐✱ ●✳ ❇♦✉❝❤✐tté✱ ❛♥❞ ●✳ ❉❛❧ ▼❛s♦✳ ❚❤❡ ❝❛❧✐❜r❛t✐♦♥ ♠❡t❤♦❞ ❢♦r t❤❡
▼✉♠❢♦r❞✲❙❤❛❤ ❢✉♥❝t✐♦♥❛❧ ❛♥❞ ❢r❡❡✲❞✐s❝♦♥t✐♥✉✐t② ♣r♦❜❧❡♠s✳ ❈❛❧❝✳ ❱❛r✳ P❛rt✐❛❧
❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✶✻✭✸✮✿✷✾✾✕✸✸✸✱ ✷✵✵✸✳

❬✷❪ ❋✳ ❆❧t❡r✱ ❱✳ ❈❛s❡❧❧❡s✱ ❛♥❞ ❆✳ ❈❤❛♠❜♦❧❧❡✳ ❆ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❝♦♥✈❡① ❝❛❧✐❜r❛❜❧❡
s❡ts ✐♥ R

N ✳ ▼❛t❤✳ ❆♥♥✳✱ ✸✸✷✭✷✮✿✸✷✾✕✸✻✻✱ ❏✉♥❡ ✷✵✵✺✳

❬✸❪ ❋✳ ❆❧t❡r✱ ❱✳ ❈❛s❡❧❧❡s✱ ❛♥❞ ❆✳ ❈❤❛♠❜♦❧❧❡✳ ❊✈♦❧✉t✐♦♥ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥s
♦❢ ❝♦♥✈❡① s❡ts ✐♥ t❤❡ ♣❧❛♥❡ ❜② t❤❡ ♠✐♥✐♠✐③✐♥❣ t♦t❛❧ ✈❛r✐❛t✐♦♥ ✢♦✇✳ ■♥t❡r❢❛❝❡s
❋r❡❡ ❇♦✉♥❞✳✱ ✼✭✶✮✿✷✾✕✺✸✱ ✷✵✵✺✳

❬✹❪ ❲✳ ❇❡❧❧✳ ❆ ❈✰✰ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ▼❛① ❋❧♦✇✲●r❛♣❤ ❈✉t ❛❧❣♦r✐t❤♠✳ ❛✈❛✐❧❛❜❧❡
❛t ❤tt♣✿✴✴✇✇✇✳❝s✳❝♦r♥❡❧❧✳❡❞✉✴✈✐s✐♦♥✴✇❜❡❧❧✴✱ ◆♦✈❡♠❜❡r ✷✵✵✶✳ ❈♦♠♣✉t❡r
❙❝✐❡♥❝❡ ❉❡♣t✱ ❈♦r♥❡❧❧ ❯♥✐✈❡rs✐t②✳

❬✺❪ ●✳ ❇♦✉❝❤✐tté✳ ❘❡❝❡♥t ❝♦♥✈❡①✐t② ❛r❣✉♠❡♥ts ✐♥ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s✳ ✭❧❡❝t✉r❡
♥♦t❡s ❢r♦♠ t❤❡ ✸r❞ ■♥t✳ ❙✉♠♠❡r ❙❝❤♦♦❧ ♦♥ t❤❡ ❈❛❧❝✉❧✉s ♦❢ ❱❛r✐❛t✐♦♥s✱ P✐s❛✮✱
✶✾✾✽✳

❬✻❪ ❨✉r✐ ❇♦②❦♦✈ ❛♥❞ ❱❧❛❞✐♠✐r ❑♦❧♠♦❣♦r♦✈✳ ❆♥ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♠♣❛r✐s♦♥ ♦❢ ♠✐♥✲
❝✉t✴♠❛①✲✢♦✇ ❛❧❣♦r✐t❤♠s ❢♦r ❡♥❡r❣② ♠✐♥✐♠✐③❛t✐♦♥ ✐♥ ✈✐s✐♦♥✳ ■❊❊❊ ❚r❛♥s✳ P❛t✲
t❡r♥ ❆♥❛❧②s✐s ❛♥❞ ▼❛❝❤✐♥❡ ■♥t❡❧❧✐❣❡♥❝❡✱ ✷✻✭✾✮✿✶✶✷✹✕✶✶✸✼✱ ❙❡♣t❡♠❜❡r ✷✵✵✹✳

❬✼❪ ❨✉r✐ ❇♦②❦♦✈✱ ❖❧❣❛ ❱❡❦s❧❡r✱ ❛♥❞ ❘❛♠✐♥ ❩❛❜✐❤✳ ❋❛st ❛♣♣r♦①✐♠❛t❡ ❡♥❡r❣② ♠✐♥✲
✐♠✐③❛t✐♦♥ ✈✐❛ ❣r❛♣❤ ❝✉ts✳ ■♥ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♣✉t❡r ❱✐s✐♦♥✱
♣❛❣❡s ✸✼✼✕✸✽✹✱ ❙❡♣t❡♠❜❡r ✶✾✾✾✳

❬✽❪ ❱✳ ❈❛s❡❧❧❡s ❛♥❞ ❆✳ ❈❤❛♠❜♦❧❧❡✳ ❆♥✐s♦tr♦♣✐❝ ❝✉r✈❛t✉r❡✲❞r✐✈❡♥ ✢♦✇ ♦❢ ❝♦♥✈❡①
s❡ts✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ✺✷✽✱ ❈▼❆P✱ ❊❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡✱ ✷✵✵✹✳

❬✾❪ ❆✳ ❈❤❛♠❜♦❧❧❡✳ ❈♦♥✈❡① r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉♦✉s ❡♥✈❡❧♦♣❡s ♦❢
❢✉♥❝t✐♦♥❛❧s ✐♥ L1✳ ❏✳ ❈♦♥✈❡① ❆♥❛❧✳✱ ✽✭✶✮✿✶✹✾✕✶✼✵✱ ✷✵✵✶✳

❬✶✵❪ ❆✳ ❈❤❛♠❜♦❧❧❡✳ ❆♥ ❛❧❣♦r✐t❤♠ ❢♦r ♠❡❛♥ ❝✉r✈❛t✉r❡ ♠♦t✐♦♥✳ ■♥t❡r❢❛❝❡s ❋r❡❡
❇♦✉♥❞✳✱ ✻✭✷✮✿✶✾✺✕✷✶✽✱ ✷✵✵✹✳

❬✶✶❪ ❆✳ ❈❤❛♠❜♦❧❧❡✳ ❆♥ ❛❧❣♦r✐t❤♠ ❢♦r t♦t❛❧ ✈❛r✐❛t✐♦♥ ♠✐♥✐♠✐③❛t✐♦♥ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳
❏✳ ▼❛t❤✳ ■♠❛❣✐♥❣ ❱✐s✐♦♥✱ ✷✵✭✶✲✷✮✿✽✾✕✾✼✱ ✷✵✵✹✳ ❙♣❡❝✐❛❧ ✐ss✉❡ ♦♥ ♠❛t❤❡♠❛t✐❝s
❛♥❞ ✐♠❛❣❡ ❛♥❛❧②s✐s✳

❬✶✷❪ ❚✳ ❋✳ ❈❤❛♥ ❛♥❞ ❙✳ ❊s❡❞♦❣❧✉✳ ❆s♣❡❝ts ♦❢ t♦t❛❧ ✈❛r✐❛t✐♦♥ r❡❣✉❧❛r✐③❡❞ L1 ❢✉♥❝t✐♦♥
❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ✵✹✲✵✼✱ ❯❈▲❆ ❈❆▼✱ ❋❡❜r✉❛r② ✷✵✵✹✳

❬✶✸❪ ❚✳ ❋✳ ❈❤❛♥✱ ❙✳ ❊s❡❞♦❣❧✉✱ ❛♥❞ ▼✳ ◆✐❦♦❧♦✈❛✳ ❆❧❣♦r✐t❤♠s ❢♦r ✜♥❞✐♥❣ ❣❧♦❜❛❧ ♠✐♥✲
✐♠✐③❡rs ♦❢ ✐♠❛❣❡ s❡❣♠❡♥t❛t✐♦♥ ❛♥❞ ❞❡♥♦✐s✐♥❣ ♠♦❞❡❧s✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ✵✹✲✺✹✱
❯❈▲❆ ❈❆▼✱ ❙❡♣t❡♠❜❡r ✷✵✵✹✳

❬✶✹❪ ❏✳ ❉❛r❜♦♥ ❛♥❞ ▼✳ ❙✐❣❡❧❧❡✳ ❊①❛❝t ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❞✐s❝r❡t❡ ❝♦♥str❛✐♥❡❞ t♦t❛❧
✈❛r✐❛t✐♦♥ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✳ ■♥ ❘✳ ❑❧❡tt❡ ❛♥❞ ❏✳ ❩✉♥✐❝✱ ❡❞✐t♦rs✱ ❚❡♥t❤ ■♥✲
t❡r♥❛t✐♦♥❛❧ ❲♦r❦s❤♦♣ ♦♥ ❈♦♠❜✐♥❛t♦r✐❛❧ ■♠❛❣❡ ❆♥❛❧②s✐s✱ ✈♦❧✉♠❡ ✸✸✷✷ ♦❢ ▲◆❈❙✱
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