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TOTALLY UMBILICAL LIGHTLIKE SUBMANIFOLDS

K. L. Duggal and D. H. Jin

Abstract

This paper provides new results on a class of totally umbilical lightlike submanifolds

in semi-Riemannian manifolds of constant curvature. We prove that the induced Ricci

tensor of any such submanifold is symmetric if and only if its screen distribution is

integrable.

1. Introduction

The theory of submanifolds of a Riemannian or semi-Riemannian manifold
is well known (see for example, Chen [4] and O’Neill [12]. However, its counter
part of lightlike (null) submanifolds (for which the local and global geometry is
completely di¤erent than the non-degenerate case) is relatively new and in a
developing stage ([1, 3, 5–9, 11]). In 1996, the first author and Bejancu published
their work (see Chapters 4 and 5 of [8]) on lightlike submanifolds M of semi-
Riemannian manifolds. They constructed structure equations for four possible
cases of M, proved the fundamental existence theorem for lightlike submanifolds
and found some geometric conditions for the induced connection on M to be a
metric connection. Much of their study was restricted to totally geodesic light-
like submanifolds of semi-Riemannian manifolds. In this paper we study further
the geometry of totally umbilical lightlike submanifolds M.

In Sections 2 and 3, we recall some results for lightlike submanifolds and
their structure equations. In Section 4, we prove several new theorems on M in
semi-Riemannian manifolds of constant curvature. Finally, in Section 5, we find
conditions for the induced Ricci curvature tensor of M to be symmetric. The
paper contains several simple examples.

2. Lightlike submanifolds

Let ðM; gÞ be a real ðmþ nÞ-dimensional semi-Riemannian manifold of con-
stant index q such that m; nb 1, 1a qamþ n� 1 and ðM; gÞ an m-dimensional
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submanifold of M. In case g is degenerate on the tangent bundle TM of M we
say that M is a lightlike submanifold of M [8]. Denote by FðMÞ the algebra
of smooth functions on M and by GðEÞ the FðMÞ module of smooth sections of
a vector bundle E (same notation for any other vector bundle) over M. The
following range of indices is used:

i; j; k; . . . A f1; . . . ; rg; a; b; c; . . . A frþ 1; . . . ;mg;
A;B;C; . . . A f1; . . . ;mg; a; b; g; . . . A frþ 1; . . . ; ng:

For a degenerate tensor field g on M, there exists locally a vector field
x A GðTMÞ, x0 0, such that gðx;XÞ ¼ 0, for any X A GðTMÞ. Then, for each
tangent space TxM we have

TxM
? ¼ fu A TxM : gðu; vÞ ¼ 0; Ev A TxMg;

which is a degenerate n-dimension subspace of TxM. The radical (null) subspace
of TxM, denoted by Rad TxM, is defined by

Rad TxM ¼ fxx A TxM; gðxx;XÞ ¼ 0;X A TxMg:

The dimension of Rad TxM ¼ TxM VTxM
? depends on x A M. The submani-

fold M of M is said to be r-lightlike submanifold if the mapping

Rad TM : x A M ! Rad TxM

defines a smooth distribution on M of rank r > 0, where Rad TM is called the
radical (null) distribution on M. Following are four possible cases:

Case 1. r-lightlike submanifold. 1a r < minfm; ng.

Case 2. Co-isotropic submanifold. 1a r ¼ n < m.

Case 3. Isotropic submanifold. 1a r ¼ m < n.

Case 4. Totally lightlike submanifold. 1a r ¼ m ¼ n.

We refer [8] for notations and details not mentioned in this paper. For
Case 1, there exists a non-degenerate screen distribution SðTMÞ which is a
complementary vector subbundle to Rad TM in TM. Therefore,

TM ¼ Rad TMlSðTMÞ:ð2:1Þ
Although SðTMÞ is not unique, it is canonically isomorphic to the factor vec-
tor bundle TM=Rad TM. Denote an r-lightlike submanifold by ðM; g;SðTMÞ;
SðTM?ÞÞ, where SðTM?Þ is a complementary vector subbundle to Rad TM in
TM?. For the dependence of all the induced geometric objects, of M, on
fSðTMÞ;SðTM?Þg we refer [8]. Let trðTMÞ and ltrðTMÞ be complementary
(but not orthogonal) vector bundles to TM in TM jM and to Rad TM in
SðTM?Þ respectively. Then, we obtain
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trðTMÞ ¼ ltrðTMÞlSðTM?Þ;ð2:2Þ

TMjM ¼ TMl trðTMÞð2:3Þ

¼ ðRad TMl ltrðTMÞÞlSðTMÞlSðTM?Þ:

Consider the following local quasi-orthonormal field of frames of M along M:

fx1; . . . ; xr;N1; . . . ;Nr;Xrþ1; . . . ;Xm;Wrþ1; . . . ;Wngð2:4Þ

where fx1; . . . ; xrg is a lightlike basis of GðRad TMÞ, fN1; . . . ;Nrg a lightlike
basis of GðltrðTMÞÞ, fXrþ1; . . . ;Xmg and fWrþ1; . . . ;Wng orthonormal basis of
GðSðTMÞ jUÞ and GðSðTM?Þ jUÞ respectively.

Example 1. Consider a surface ðM; gÞ in R4
2 given by the equations

x3 ¼ 1ffiffiffi
2

p ðx1 þ x2Þ; x4 ¼ 1

2
logð1þ ðx1 � x2Þ2Þ;

where ðx1; . . . ; x4Þ is a local coordinate system for R4
2 . Using a simple procedure

of linear algebra, we choose a set of vectors fU ;V ; x;Wg given by

U ¼
ffiffiffi
2

p
ð1þ ðx1 � x2Þ2Þq1 þ ð1þ ðx1 � x2Þ2Þq3 þ

ffiffiffi
2

p
ðx1 � x2Þq4;

V ¼
ffiffiffi
2

p
ð1þ ðx1 � x2Þ2Þq2 þ ð1þ ðx1 � x2Þ2Þq3 �

ffiffiffi
2

p
ðx1 � x2Þq4;

x ¼ q1 þ q2 þ
ffiffiffi
2

p
q3;

W ¼ 2ðx2 � x1Þq2 þ
ffiffiffi
2

p
ðx2 � x1Þq3 þ ð1þ ðx1 � x2Þ2Þq4;

so that TM and TM? are spanned by fU ;Vg and fx;Wg respectively. By
direct calculations it follows that Rad TM is a distribution on M of rank 1 and
spanned by the lightlike vector x. Choose SðTMÞ and SðTM?Þ spanned by the
timelike vector V and the spacelike vector W respectively. Then,

ltrðTMÞ ¼ Span N ¼ � 1

2
q1 þ

1

2
q2 þ

1ffiffiffi
2

p q3

� �
;

trðTMÞ ¼ SpanfN;Wg;

where N is a lightlike vector such that gðN; xÞ ¼ 1. Thus, M is a 1-lightlike
submanifold of Case 1, with basis fx;N;V ;Wg of R4

2 along M.

For Case 2, we have Rad TM ¼ TM?. Therefore, SðTM?Þ ¼ f0g and
from (2.2) trðTMÞ ¼ ltrðTMÞ. Thus, (2.3) and (2.4) reduce to

TMjM ¼ TMl trðTMÞ ¼ ðTM? l ltrðTMÞÞlSðTMÞð2:5Þ
fx1; . . . ; xr;N1; . . . ;Nr;Xrþ1; . . . ;Xmg:ð2:6Þ
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Example 2. Consider the unit pseudo sphere S3
1 of Minkowski space

R4
1 given by the equation �t2 þ x2 þ y2 þ z2 ¼ 1. Cut S3

1 by the hypersurface
t� x ¼ 0 and obtain a lightlike surface ðM; gÞ of S3

1 with Rad TM spanned
by a lightlike vector x ¼ qt þ qx. Clearly, Rad TM ¼ TM? and, therefore,
this example belongs to Case 2. Consider a screen distribution SðTMÞ
spanned by a spacelike vector X ¼ zqy � yqz. Then, we obtain a lightlike
transversal vector bundle trðTMÞ ¼ ltrðTMÞ spanned by N ¼ ð�1=2Þfð1þ t2Þqt þ
ðt2 � 1Þqx þ 2tyqy þ 2tzqzg such that gðN; xÞ ¼ 1, with a basis fx;N;Xg for S3

1
along M.

For Case 3, we have Rad TM ¼ TM. Therefore, SðTMÞ ¼ f0g. There-
fore, (2.3) and (2.4) reduce to

TMjM ¼ TMl trðTMÞ ¼ ðTMl ltrðTMÞÞlSðTM?Þð2:7Þ
fx1; . . . ; xr;N1; . . . ;Nr;Wrþ1; . . . ;Wng:ð2:8Þ

Example 3. Suppose ðM; gÞ is a surface of R5
2 given by equations

x3 ¼ cos x1; x4 ¼ sin x1; x5 ¼ x2:

We choose a set of vectors fx1; x2;U1;U2g given by

x1 ¼ q2 þ q5; x2 ¼ q1 � sin x1q3 þ cos x1q4;

U1 ¼ �sin x1q1 þ q3; U2 ¼ cos x1q1 þ q4;

so that Rad TM ¼ TM ¼ Spanfx1; x2g, TM? ¼ Spanfx1;U1;U2g. Therefore,
M belongs to Case 3. Construct two null vectors

N1 ¼
1

2
f�q2 þ q5g;

N2 ¼
1

2
f�q1 � sin x1q3 þ cos x1q4g;

such that gðNi; xjÞ ¼ dij for i; j A f1; 2g and ltrðTMÞ ¼ SpanfN1;N2g. Let W ¼
cos x1q3 þ sin x1q4 be a spacelike vector such that SðTM?Þ ¼ SpanfWg. Thus,
fx1; x2;N1;N2;Wg is a basis of R5

2 along M.

For Case 4, Rad TM ¼ TM ¼ TM?, SðTMÞ ¼ SðTM?Þ ¼ f0g. There-
fore, (2.3) and (2.4) reduce to

TMjM ¼ TMl ltrðTMÞð2:9Þ
fx1; . . . ; xr;N1; . . . ;Nrg:ð2:10Þ

Example 4. Suppose ðM; gÞ is a surface of R4
2 given by the equations

x3 ¼ 1ffiffiffi
2

p ðx1 þ x2Þ; x4 ¼ 1ffiffiffi
2

p ðx1 � x2Þ:
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We choose a set of vectors fx1; x2;U ;Vg given by

x1 ¼ q1 þ
1ffiffiffi
2

p q3 þ
1ffiffiffi
2

p q4; x2 ¼ q2 þ
1ffiffiffi
2

p q3 �
1ffiffiffi
2

p q4;

U ¼ q1 þ q2 þ
ffiffiffi
2

p
q3; V ¼ q1 � q2 þ

ffiffiffi
2

p
q4;

so that TM and TM? are spanned by fx1; x2g and fU ;Vg respectively. By direct
calculations we check that Spanfx1; x2g ¼ SpanfU ;Vg, that is, TM ¼ TM?.
Finally, the two lightlike transversal vector bundles are:

N1 ¼ q1 þ
ffiffiffi
2

p
q3 þ

ffiffiffi
2

p
q4; N2 ¼ q2 þ

ffiffiffi
2

p
q3 �

ffiffiffi
2

p
q4;

such that gðNi; xjÞ ¼ dij , i; j ¼ 1; 2. Thus, M is of Case 4, with a basis

fx1; x2;N1;N2g of R4
2 along M.

On the existence of a local quasi-orthonormal field of frames of M along
M we state (see Chapter 5 of [8] for its proof ) the following main result:

Theorem 2.1 [8]. Let ðM; g;SðTMÞ;SðTM?ÞÞ be an r-lightlike submanifold
of a semi-Riemannian manifold ðM; gÞ. Then there exists a complementary vector
bundle ltrðTMÞ of Rad TM in SðTM?Þ? and a basis of GðltrðTMÞjUÞ consisting
of smooth sections fNig of SðTM?Þ?jU, where U is a coordinate neighborhood of
M, such that

gðNi; xjÞ ¼ dij ; gðNi;NjÞ ¼ 0;ð2:11Þ
where fx1; . . . ; xrg is a lightlike basis of GðRad TMÞ.

Define locally r di¤erential 1-forms fhig on GðTMÞ by

hiðXÞ ¼ gðX ;NiÞ; EX A GðTMÞ:ð2:12Þ
Let P the projection of TM on SðTMÞ with respect to (2.1). Then,

X ¼ PX þ
Xr

i¼1

hiðX Þxi;ð2:13Þ

for every X A GðTMÞ. According to (2.3) we put

‘XY ¼ ‘XY þ hðX ;YÞ;ð2:14Þ

‘XV ¼ �AðV ;X Þ þ ‘?
XV ; EX ;Y A GðTMÞ;ð2:15Þ

V A GðtrðTMÞÞ, f‘XY ;AðV ;X Þg and fhðX ;Y Þ;‘?
XVg belong to GðTMÞ and

GðtrðTMÞÞ respectively. Here ‘ is the metric connection on M but ‘ (torsion-
free) and ‘? are linear connections on M and trðTMÞ respectively.

Suppose SðTM?Þ0 f0g, that is, M is either an r-lightlike or a isotropic
submanifold of M. According to (2.3) we consider the projection morphisms L
and S of trðTMÞ on ltrðTMÞ and SðTM?Þ respectively. Then (2.14) and (2.15)
become
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‘XY ¼ ‘XY þ hlðX ;YÞ þ hsðX ;YÞ;ð2:16Þ
‘XV ¼ �AVX þDl

XV þDs
XV ;ð2:17Þ

where we put

hlðX ;Y Þ ¼ LðhðX ;Y ÞÞ; hsðX ;YÞ ¼ SðhðX ;YÞÞ; AVX ¼ AðV ;XÞ;
Dl

XV ¼ Lð‘?
XVÞ ¼ DlðX ;VÞ; Ds

XV ¼ Sð‘?
XVÞ ¼ DsðX ;VÞ:

As hl and hs are GðltrðTMÞÞ-valued and GðSðTM?ÞÞ-valued respectively, we call
them the lightlike second fundamental form and the screen second fundamental
form of M. In particular, we derive

‘XN ¼ �ANX þ ‘l
XN þDsðX ;NÞ;ð2:18Þ

‘XW ¼ �AWX þ ‘ s
XW þDlðX ;WÞ;ð2:19Þ

for any X A GðTMÞ, N A GðltrðTMÞÞ and W A GðSðTM?ÞÞ.
Next, suppose SðTM?Þ ¼ f0g, that is, M is either co-isotropic or totally

lightlike. Then, (2.16) and (2.17) become

‘XY ¼ ‘XY þ hlðX ;YÞ;ð2:20Þ

‘XN ¼ �ANX þ ‘l
XN;ð2:21Þ

for any X ;Y A GðTMÞ. We call (2.14), (2.16), (2.20) the Gauss formulae and
(2.15), (2.17)–(2.21) the Weingarten formulae for all cases of a lightlike sub-
manifold M. Using (2.16)–(2.21), (2.3), (2.5), (2.7) and (2.9), we obtain

gðhsðX ;Y Þ;WÞ þ gðY ;DlðX ;WÞÞ ¼ gðAWX ;YÞ;ð2:22Þ
gðhlðX ;YÞ; xÞ þ gðY ; hlðX ; xÞÞ þ gðY ;‘XxÞ ¼ 0;ð2:23Þ

gðANX ;N 0Þ þ gðAN 0X ;NÞÞ ¼ 0;ð2:24Þ
for any x A GðRad TMÞ, W A GðSðTM?ÞÞ and N;N 0 A GðltrðTMÞÞ.

Next, suppose SðTMÞ0 f0g, that is, M is either r-lightlike or co-isotropic.
Then according to (2.1) we set

‘XPY ¼ ‘�
XPY þ h�ðX ;PY Þ;ð2:25Þ

‘Xx ¼ �A�ðx;XÞ þ ‘�t
X x;ð2:26Þ

for any X ;Y A GðTMÞ and x A GðRad TMÞ, where f‘�
XPY ;A�ðx;XÞg and

fh�ðX ;PY Þ;‘�t
X xg belong to GðSðTMÞÞ and GðRad TMÞ respectively. It follows

that ‘� and ‘�t are linear connections on SðTMÞ and Rad TM respectively. By
using (2.16), (2.21), (2.25) and (2.26) we obtain

gðhlðX ;PYÞ; xÞ ¼ gðA�
xX ;PY Þð2:27Þ

gðh�ðX ;PY Þ;NÞ ¼ gðANX ;PY Þ; EX ;Y A GðTMÞð2:28Þ

Theorem 2.2 [8]. Let ðM; g;SðTMÞ;SðTM?ÞÞ be an r-lightlike submanifold

k. l. duggal and d. h. jin54



or a co-isotropic submanifold of a semi-Riemannian manifold ðM; gÞ. Then the
following assertions are equivalent:

(1) SðTMÞ is integrable.
(2) h� is symmetric on GðSðTMÞÞ.
(3) AN is self-adjoint on GðSðTMÞÞ with respect to g.
(4) ‘� is torsion-free linear connection.

Example 5. Let ðRdþ1
1 ; gÞ be a Minkowski spacetime, where

gðx; yÞ ¼ �x0y0 þ
Xd
i¼1

xiyi; Ex; y A Rdþ1:

Consider a smooth function f : D ! R, where D is an open set of Rd . Then

M ¼ fðx0; . . . ; xnÞ A Rdþ1
1 ; x0 ¼ f ðx1; . . . ; xdÞg;

is a hypersurface of Rdþ1
1 which is called a Monge hypersurface. Let natural

parameterization on M be given by

x0 ¼ f ðv0; . . . ; vd�1Þ; xaþ1 ¼ va; a A f0; . . . ; n� 1g:
Hence, the natural frames field on M is globally defined by

qv a ¼ f 0
x aþ1qx0 þ qx aþ1 ; a A f0; . . . ; d � 1g:

Then, it follows that TM? is spanned by a global vector

x ¼ qx0 þ
Xd
i¼1

f 0
xiqxi :ð2:29Þ

It is known [8] that M is a lightlike hypersurface if TM? ¼ Rad TM. This
means that x, given by (2.29), must be a null vector field. Hence, there exists
a lightlike Monge hypersurface M, if the function f is a solution of the dif-

ferential equation
Pd

i¼1ð f 0
xiÞ2 ¼ 1. The null transversal vector is given by N ¼

ð1=2Þf�qx0 þ
Pd

i¼1 f 0
xiqxig, gðN; xÞ ¼ 1. Let ‘ be the Levi-Civita connection, with

respect to the metric g, on Rdþ1
1 . Then, for any two vectors X ;Y A GðSðTMÞÞ,

the Lie bracket ½X ;Y � A GðSðTMÞÞ. Indeed,

gð½X ;Y �;NÞ ¼ gð‘XY � ‘YX ; qx0Þ

¼ �fgðX ;‘Yqx0Þ � gðY ;‘Xqx0Þg ¼ 0:

Hence, SðTMÞ is integrable. Other equivalent assertions follow easily.

3. Structure equations

Let ðM; g;SðTMÞ;SðTM?ÞÞ be an m-dimensional r-lightlike submanifold of
ðmþ nÞ-dimensional semi-Riemannian manifold ðM; gÞ. Denote by R;R and Rl

the curvature tensors of ‘;‘ and ‘l respectively. We need following structure
equations (see [8] for details on a complete set of equations):
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RðX ;Y ÞZ ¼ RðX ;Y ÞZð3:1Þ
þ AhlðX ;ZÞY � AhlðY ;ZÞX

þ AhsðX ;ZÞY � AhsðY ;ZÞX

þ ð‘Xh
lÞðY ;ZÞ � ð‘Yh

lÞðX ;ZÞ

þDlðX ; hsðY ;ZÞÞ �DlðY ; hsðX ;ZÞÞ
þ ð‘Xh

sÞðY ;ZÞ � ð‘Yh
sÞðX ;ZÞ

þDsðX ; hlðY ;ZÞÞ �DsðY ; hlðX ;ZÞÞ;

for any X ;Y ;Z A GðTMÞ. Consider the curvature tensor R of type ð0; 4Þ.

RðX ;Y ;PZ;PUÞ ¼ gðRðX ;YÞPZ;PUÞð3:2Þ

þ gðh�ðY ;PUÞ; hlðX ;PZÞÞ � gðh�ðX ;PUÞ; hlðY ;PZÞÞ
þ gðhsðY ;PUÞ; hsðX ;PZÞÞ � gðhsðX ;PUÞ; hsðY ;PZÞÞ;

RðX ;Y ; x;PUÞ ¼ gðRðX ;YÞx;PUÞð3:3Þ

þ gðh�ðY ;PUÞ; hlðX ; xÞÞ � gðh�ðX ;PUÞ; hlðY ; xÞÞ
þ gðhsðY ;PUÞ; hsðX ; xÞÞ � gðhsðX ;PUÞ; hsðY ; xÞÞ

¼ gðð‘Yh
lÞðX ;PUÞ � ð‘Xh

lÞðY ;PUÞ; xÞ
þ gðhsðY ;PUÞ; hsðX ; xÞÞ � gðhsðX ;PUÞ; hsðY ; xÞÞ;

RðX ;Y ;N;PUÞ ¼ �gðRðX ;Y ÞPU ;NÞð3:4Þ

þ gðANY ; hlðX ;PUÞÞ � gðANX ; hlðY ;PUÞÞ
þ gðhsðY ;PUÞ;DsðX ;NÞÞ � gðhsðX ;PUÞ;DsðY ;NÞÞ

¼ gðð‘YAÞðN;XÞ � ð‘XAÞðN;Y Þ;PUÞ
þ gðhsðY ;PUÞ;DsðX ;NÞÞ � gðhsðX ;PUÞ;DsðY ;NÞÞ;

RðX ;Y ;W ;PUÞ ¼ gðð‘YAÞðW ;X Þ � ð‘XAÞðW ;Y Þ;PUÞð3:5Þ

þ gðh�ðY ;PUÞ;DlðX ;WÞÞ � gðh�ðX ;PUÞ;DlðY ;WÞÞ
¼ gðð‘Yh

sÞðX ;PUÞ � ð‘Xh
sÞðY ;PUÞ;WÞ

þ gðhlðX ;PUÞ;AWYÞ � gðhlðX ;PUÞ;AWX Þ;

RðX ;Y ;N; xÞ ¼ gðRlðX ;YÞN; xÞð3:6Þ

þ gðhlðY ;ANXÞ; xÞ � gðhlðX ;ANY Þ; xÞ
þ gðDsðX ;NÞ; hsðY ; xÞÞ � gðDsðY ;NÞ; hsðX ; xÞÞ
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¼ �gðRðX ;YÞx;NÞ
þ gðANY ; hlðX ; xÞÞ � ðANY ; hlðY ; xÞÞ
þ gðDsðX ;NÞ; hsðY ; xÞÞ � gðDsðY ;NÞ; hsðX ; xÞÞ;

X ;Y ;U A GðTMÞ. Let R�t be the curvature tensor of ‘�t. Then,

gðRðX ;Y Þx;PUÞ ¼ gðð‘YA
?Þðx;X Þ � ð‘XA

?Þðx;YÞ;PUÞ;ð3:7Þ
gðRðX ;YÞx;N ¼ gðR�tðX ;YÞx;NÞð3:8Þ

þ gðANY ;A�
xXÞ � gðANX ;A�

xYÞ:
gðRðX ;YÞPU ;NÞ ¼ gðð‘XAÞðN;YÞ � ð‘YAÞðN;X Þ;PUÞð3:9Þ

þ gðhlðX ;PUÞ;ANY Þ � gðhlðY ;PUÞ;ANXÞ
¼ gðð‘Xh

�ÞðY ;PUÞ � ð‘Yh
�ÞðX ;PUÞ;NÞ:

Finally, from (3.6), by using (2.23) and (2.25) we deduce

gðRðX ;YÞx;NÞ þ gðRlðX ;Y ÞN; xÞ ¼ gðA�
xX ;ANYÞð3:10Þ

� gðA�
xY ;ANX Þ:

Remark 1. For structure equations of Case 2, delete all the components
involving SðTM?Þ. Similarly, one can find the structure equations of the other
two cases.

Remark 2. In the sequel we denote by ðM; gÞ a lightlike submanifold for
which the results hold for all its four cases. Any result which does not hold
for all the cases will be so specified.

4. Totally umbilical lightlike submanifold

Let fNi;Wag be a basis of GðtrðTMÞjUÞ on a coordinate neighborhood U
of M, where Ni A GðltrðTMÞjUÞ and Wa A GðSðTM?ÞjUÞ. Then (2.16) becomes

‘XY ¼ ‘XY þ
Xr

i¼1

hli ðX ;YÞNi þ
Xn

a¼rþ1

hs
aðX ;YÞWa;ð4:1Þ

‘XY ¼ ‘XY þ
Xm<n

i¼1

hli ðX ;Y ÞNi þ
Xn

a¼mþ1

hs
aðX ;YÞWa;ð4:2Þ

for an r-lightlike or an isotropic submanifold respectively. (2.20) becomes

‘XY ¼ ‘XY þ
Xn<m

i¼1

hli ðX ;YÞNi;ð4:3Þ

‘XY ¼ ‘XY þ
Xn¼m

i¼1

hli ðX ;YÞNi;ð4:4Þ
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for a co-isotropic and a totally lightlike submanifold respectively. We call fhli g
and fhs

ag the local lightlike second fundamental forms and the local screen second
fundamental forms of M on U. Also (2.18) and (2.19) become

‘XNi ¼ �ANi
X þ

Xr

j¼1

rijðXÞNj þ
Xn

a¼rþ1

tiaðXÞWa;

‘XWa ¼ �AWa
X þ

Xr

i¼1

naiðXÞNi þ
Xn

b¼rþ1

yabðX ÞWb;

‘XNi ¼ �ANi
X þ

Xm<n

j¼1

rijðX ÞNj þ
Xn

a¼mþ1

tiaðXÞWa;

‘XWa ¼ �AWa
X þ

Xm<n

i¼1

naiðX ÞNi þ
Xn

b¼mþ1

yabðX ÞWb;

ð4:5Þ

for an r-lightlike and an isotropic submanifold respectively, where

rijðX Þ ¼ gð‘l
XNi; xjÞ; eatiaðXÞ ¼ gðDsðX ;NiÞ;WaÞ;

naiðX Þ ¼ gðDlðX ;WaÞ; xiÞ; ebyabðXÞ ¼ gð‘ s
XWa;WbÞ;

ð4:6Þ

and ea is the signature of Wa. Similarly, (2.21) becomes

‘XNi ¼ �ANi
X þ

Xr

j¼1

rijðX ÞNj;

‘XNi ¼ �ANi
X þ

Xm<n

j¼1

rijðXÞNj;

ð4:7Þ

for a co-isotropic and a totally lightlike submanifold respectively. Then, (2.25)
and (2.26) become

‘XPY ¼ ‘�
XPY þ

Xr

i¼1

h�
i ðX ;PY Þxi;

‘Xxi ¼ �A�
xi
X þ

Xr

j¼1

mijðXÞxj;
ð4:8Þ

where h�
i ðX ;PY Þ ¼ gðh�ðX ;PY Þ;NiÞ and mijðX Þ ¼ gð‘�t

X xi;NjÞ. Using the equa-

tions (2.11) and (4.5)–(4.8) we obtain mijðXÞ ¼ �rjiðX Þ. Thus,

‘Xxi ¼ �A�
xi
X �

Xr

j¼1

rjiðXÞxj:ð4:9Þ

Definition 1. A lightlike submanifold ðM; gÞ of a semi-Riemannian mani-
fold ðM; gÞ is said to be totally umbilical in M if there is a smooth transversal
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vector field H A GðtrðTMÞÞ on M, called the transversal curvature vector field
of M, such that, for all X ;Y A GðTMÞ,

hðX ;YÞ ¼ HgðX ;YÞð4:10Þ

Using (2.16) and (4.1) it is easy to see that M is totally umbilical, if and only
if on each coordinate neighborhood U there exist smooth vector fields Hl A
GðltrðTMÞÞ and Hs A GðSðTM?ÞÞ, and smooth functions Hl

i A FðltrðTMÞÞ and
Hs

i A FðSðTM?ÞÞ such that

hlðX ;YÞ ¼ HlgðX ;YÞ; hsðX ;Y Þ ¼ HsgðX ;YÞ

hli ðX ;YÞ ¼ Hl
i gðX ;YÞ; hs

aðX ;Y Þ ¼ Hs
agðX ;YÞ

ð4:11Þ

for any X ;Y A GðTMÞ. Above definition does not depend on the screen distri-
bution and the screen transversal vector bundle of M. On the other hand, from
the equation (2.22) we obtain the following equation

gðAWa
X ;YÞ ¼ eah

s
aðX ;YÞ þ

Xr

i¼1

Dl
i ðX ;WaÞhiðYÞ:ð4:12Þ

Now replace Y by xj and obtain

Dl
i ðX ;WaÞ ¼ �eah

s
aðxi;X Þ:ð4:13Þ

Using (2.22), (2.27), (4.11) and (4.13), we conclude (the relations (4.11) trivially
hold in case SðTMÞ and or SðTM?Þ vanish)

Theorem 4.1. Let ðM; gÞ be a lightlike submanifold of ðM; gÞ. Then M is
totally umbilical, if and only if, on each coordinate neighborhood U there exist
smooth vector fields Hl and H s such that

DlðX ;WÞ ¼ 0; A�
xX ¼ HlPX ; PðAWXÞ ¼ eHsPX ;

Dl
i ðX ;WaÞ ¼ 0; A�

xi
X ¼ Hl

i PX ; PðAWa
XÞ ¼ eaH

s
aPX ;

ð4:14Þ

for any X A GðTMÞ, where e is the signature of W A GðSðTM?ÞÞ.

Example 6. Let M be a surface of R4
2, of Example 1, given by

x3 ¼ 1ffiffiffi
2

p ðx1 þ x2Þ; x4 ¼ 1

2
logð1þ ðx1 � x2Þ2Þ;

where ðx1; . . . ; x4Þ is a local coordinate system for R4
2 . As explained in Example

1, M is a 1-lightlike surface of Case 1 having a local quasi-orthonormal field of
frames fx;N;V ;Wg along M. Denote by ‘ the Levi-Civita connection on R4

2.
Then, by straightforward calculations, we obtain

‘VV ¼ 2ð1þ ðx1 � x2Þ2Þf2ðx2 � x1Þq2 þ
ffiffiffi
2

p
ðx2 � x1Þq3 þ q4g;

‘x1V ¼ 0; ‘Xx1 ¼ ‘XN ¼ 0; EX A GðTMÞ:
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For this example, the equations (4.11) reduce to

h1ðX ;YÞ ¼ H 1gðX ;Y Þ; h2ðX ;YÞ ¼ H 2gðX ;YÞ
where h1 and h2 are GðltrðTMÞÞ-valued and GðSðTM?ÞÞ-valued bilinear forms
(see equation (2.16)). Using the Gauss and Weingarten formulae we infer

h1 ¼ 0; Ax1 ¼ 0; AN ¼ 0; ‘Xx1 ¼ 0; riðXÞ ¼ 0;

where for the symbol ri see the equation (4.7). h2ðX ; xÞ ¼ 0;

H 2ðV ;VÞ ¼ 2; ‘XV ¼ 2
ffiffiffi
2

p
ðx2 � x1Þ3

1þ ðx1 � x2Þ2
X 2V ;

EX ¼ X 1x1 þ X 2V A GðTMÞ. Since gðV ;VÞ ¼ �ð1þ ðx1 � x2Þ4Þ we get

h2ðV ;VÞ ¼ H 2gðV ;VÞ; H 2 ¼ � 2

ð1þ ðx1 � x2Þ4Þ
:

Therefore, M is totally umbilical 1-lightlike submanifold of R4
2.

Note that in case M is totally umbilical, then due to (2.27)

hlðX ; xÞ ¼ 0; hsðX ; xÞ ¼ 0; A�
x x

0 ¼ 0; AWx ¼ 0:ð4:15Þ

Theorem 4.2. Let ðM; gÞ be an m-dimensional totally umbilical lightlike sub-
manifold of an ðmþ nÞ-dimensional semi-Riemannian manifold of constant cur-
vature ðMðcÞ; gÞ. Then, the functions Hl

i ;H
s
a from (4.11) satisfy the following

partial di¤erential equations

xjðHl
i Þ �Hl

i H
l
j þ

Xr

k¼1

Hl
krkiðxjÞ ¼ 0;

xjðHs
aÞ �Hs

aH
l
j þ

Xr

i¼1

Hl
i tiaðxjÞ þ

Xn

b¼rþ1

Hs
bybaðxjÞ ¼ 0;

RðX ;YÞZ ¼ cX þ
Xr

i¼1

Hl
i ANi

X þ
Xn

a¼rþ1

Hs
aAWa

X

( )
gðY ;ZÞ

� cY þ
Xr

i¼1

Hl
i ANi

Y þ
Xn

a¼rþ1

Hs
aAWa

Y

( )
gðX ;ZÞ;

ð4:16Þ

for any X ;Y A GðTMÞ. Moreover,

PX ðHl
kÞ þ

Xr

i¼1

Hl
i rikðPXÞ ¼ 0;

PX ðHs
aÞ þ

Xr

i¼1

Hl
i tiaðPXÞ þ

Xn

a¼rþ1

Hs
bybaðPX Þ ¼ 0:

ð4:17Þ
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Proof. Taking account of (4.9) in (3.3) and (3.5), and using the fact that
M is a space of constant curvature we obtain

XðHl
kÞ �Hl

k

Xr

i¼1

Hl
i hiðXÞ þ

Xr

i¼1

Hl
i rikðXÞ

( )
gðY ;PUÞ

� Y ðHl
kÞ �Hl

k

Xr

i¼1

Hl
i hiðY Þ þ

Xr

i¼1

Hl
i rikðYÞ

( )
gðX ;PUÞ ¼ 0;

X ðHs
aÞ �Hs

a

Xr

i¼1

Hl
i hiðXÞ þ

Xr

i¼1

Hl
i tiaðXÞ þ

Xn

b¼rþ1

Hs
bybaðX Þ

( )
gðY ;PUÞð4:18Þ

�
(
YðHs

aÞ �Hs
a

Xr

i¼1

Hl
i hiðYÞ þ

Xr

i¼1

Hl
i tiaðYÞ

þ
Xn

b¼rþ1

Hs
bybaðYÞ

)
gðX ;PUÞ ¼ 0;

for any X ;Y ;U A GðTMÞ. Take X ¼ xj and U ¼ Y A GðSðTMÞÞ such that
gðY ;YÞ0 0 on U and using (2.12) we obtain (4.16). Then, (4.17) follows from
(3.1), (4.18), M a space of constant curvature and (4.16). Setting X ¼ PX and
Y ¼ PY in (4.18) and using (2.12) we obtain

PX ðHl
kÞ þ

Xr

i¼1

Hl
i rikðPX Þ

( )
PY

¼ PY ðHl
kÞ þ

Xr

i¼1

Hl
i rikðPY Þ

( )
PX ;

PX ðHs
aÞ þ

Xr

i¼1

Hl
i tiaðPX Þ þ

Xn

a¼rþ1

Hs
bybaðPX Þ

( )
PY

¼ PY ðHs
aÞ þ

Xr

i¼1

Hl
i tiaðPY Þ þ

Xn

a¼rþ1

Hs
bybaðPY Þ

( )
PX ;

Now suppose there exists a vector field Xo A GðTMÞ such that

PXoðHl
kÞ þ

Xr

i¼1

Hl
i rikðPXoÞ0 0;

PXoðHs
aÞ þ

Xr

i¼1

Hl
i tiaðPXoÞ þ

Xn

a¼rþ1

Hs
bybaðPXoÞ0 0

at each point u A M. Then from the last equations it follows that all vectors
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from the fiber ðSðTMÞÞu are collinear with ðPXoÞu. This is a contradiction as
dimððSðTMÞÞuÞ ¼ n� r. In particular, if r ¼ n, that is, if SðTMÞ vanishes, then
also we have a trivial contradiction. Hence the equations (4.18) in theorem are
true at any point of U, which completes the proof.

From (3.6), (3.8), (3.10) and M of constant curvature we get

2dðTrðrijÞÞðX ;Y Þ þ
Xr

i¼1

Hl
i fgðY ;ANi

XÞ � gðX ;ANi
YÞg ¼ 0

where TrðrijÞ is the trace of the matrix ðrijÞ. If ðM; gÞ is an isotropic or a

totally light submanifold, then, we have gðY ;ANi
XÞ ¼ gðX ;ANi

Y Þ ¼ 0 for every
X ;Y A GðTMÞ. Thus, the following holds:

Lemma 1. Let ðM; gÞ be an isotropic or a totally lightlike submanifold of
a semi-Riemannian manifold ðMðcÞ; gÞ of constant curvature. Then, the trace of
each rij , defined by (4.6), is closed, i.e., dðTrðrijÞÞ ¼ 0.

In case Hl
i 0 0 and Hs

a 0 0 on U we say that M is proper totally umbilical.
From Theorem 2.2 and the last equation we obtain

Theorem 4.3. Let ðM; g;SðTMÞÞ be a proper totally umbilical r-lightlike or
a co-isotropic submanifold of a semi-Riemannian manifold ðMðcÞ; gÞ of constant
curvature c. Then SðTMÞ is integrable, if and only if, each 1-form TrðrijÞ induced
by SðTMÞ is closed, i.e., dðTrðrijÞÞ ¼ 0.

Remark 3. In view of Lemma 1, dðTrðrijÞÞ ¼ 0 trivially holds for a proper
totally umbilical isotropic or a totally lightlike submanifold ðM; gÞ.

Definition 2. Let ðM; g;SðTMÞÞ be either an r-lightlike or a co-isotropic
submanifold of a semi-Riemannian manifold ðM; gÞ. Then, the screen distribu-
tion SðTMÞ is said to be totally umbilical in M if there is a smooth vector field
K A GðRad TMÞ on M, such that

h�ðX ;PYÞ ¼ KgðX ;PY Þ EX ;Y A GðTMÞ:

SðTMÞ is totally umbilical, if and only if, on any coordinate neighborhood
UHM, there exist smooth functions Ki such that

h�
i ðX ;PY Þ ¼ KigðX ;PY Þ EX ;Y A GðTMÞ:ð4:19Þ

It follows that h� is symmetric on GðSðTMÞÞ and hence from Theorem 2.2,
SðTMÞ is integrable. In case K ¼ 0 ðK0 0Þ on U we say that SðTMÞ is
totally geodesic (proper totally umbilical). (2.13) and (4.11) imply

PðANi
XÞ ¼ KiPX ; h�ðx;PXÞ ¼ 0; EX A GðTMÞ:ð4:20Þ
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In case SðTMÞ is totally umbilical, we have from (2.1), (2.24) and (4.20)

ANi
X ¼ KiPX þ

Xr

i0j¼1

hjðANi
XÞxj; hiðANj

X Þ ¼ �hjðANi
X Þ:ð4:21Þ

Theorem 4.4. Let ðM; g;SðTMÞÞ be either an r-lightlike or a co-isotropic
submanifold of a semi-Riemannian manifold ðMðcÞ; gÞ of constant curvature c, with
a totally umbilical screen distribution SðTMÞ. If M is also totally umbilical, then,
the mean curvature vectors Ki of SðTMÞ are a solution of the following partial
di¤erential equations

X ðKiÞ �
Xr

j¼1

KjrjiðXÞ � Ki

Xr

j¼1

Hl
j hjðX Þ

þ
Xr

j¼1

Hl
j hiðANj

X Þ þ
Xn

a¼rþ1

Hs
ahiðAWaX Þ � chiðXÞ ¼ 0:

Proof. Taking account of (4.19) and (4.21) into (3.4) and using (2.12),
(2.22), (2.24) and M a space of constant curvature we obtain(

XðKiÞ �
Xr

j¼1

KjrjiðX Þ � Ki

Xr

j¼1

Hl
j hjðX Þ þ

Xr

j¼1

Hl
j hiðANj

X Þ

þ
Xn

a¼rþ1

Hs
ahiðAWaX Þ � chiðXÞ

)
gðY ;PUÞ

¼
(
Y ðKiÞ �

Xr

j¼1

KjrjiðYÞ � Ki

Xr

j¼1

Hl
j hjðY Þ þ

Xr

j¼1

Hl
j hiðANj

YÞ

þ
Xn

a¼rþ1

Hs
ahiðAWaY Þ � chiðY Þ

)
gðX ;PUÞ:

Thus by the method of Theorem 4.2 we have the equation in theorem.

Corollary 1. Let ðM; g;SðTMÞÞ be a totally umbilical co-isotropic light-
like submanifold of a semi-Riemannian manifold ðMðcÞ; gÞ. If SðTMÞ is totally
geodesic, then c ¼ 0, i.e., M is semi-Euclidean.

Corollary 2. Under the hypothesis of Corollary 1, ‘ is a metric connection
on M, if and only if, the mean curvature vectors Ki of SðTMÞ are a solution of the
following partial di¤erential equations

XðKiÞ �
Xr

j¼1

KjrjiðXÞ � chiðX Þ ¼ 0:
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By the method of Theorem 4.4, using (4.19) and (4.21) into (3.9), and then
(2.12), (2.22), (2.24) and M a space of constant curvature, we obtain

Theorem 4.5. Let ðMðcÞ; g;SðTMÞÞ be a totally umbilical r-lightlike or a
co-isotropic submanifold of constant curvature c of a semi-Riemannian manifold
ðM; gÞ. If SðTMÞ is totally umbilical, then the mean curvature vectors Ki of
SðTMÞ are a solution of the partial di¤erential equations

X ðKiÞ �
Xr

j¼1

KjrjiðXÞ � Ki

Xr

j¼1

Hl
j hjðX Þ � chiðXÞ ¼ 0:

Corollary 3. Let ðMðcÞ; g;SðTMÞÞ be an r-lightlike or a co-isotropic
submanifold of constant curvature c of a semi-Riemannian manifold ðM; gÞ. If
SðTMÞ is totally geodesic, then c ¼ 0, i.e., M is semi-Euclidean.

Corollary 4. Under the hypothesis of Theorem 4.5, ‘ on M is metric
connection, if and only if, the mean curvature vectors Ki of SðTMÞ are a solu-
tion of the following partial di¤erential equations

XðKiÞ �
Xr

j¼1

KjrjiðXÞ � chiðX Þ ¼ 0:

Using (3.6), the symmetries of the operators A�
xi

and Lemma 1, we have

Theorem 4.6. Let ðMðcÞ; gÞ be a lightlike submanifold of constant curva-
ture c of a semi-Riemannian manifold ðM; gÞ, such that SðTMÞ is proper totally
umbilical or SðTMÞ vanishes. Then, dðTrðrijÞÞ ¼ 0.

Let x A M and x be a null vector of TxM. A plane P of TxM is called a
null plane directed by x if it contains x, gxðx;WÞ ¼ 0 for any W A P and there
exists Wo A P such that gðWo;WoÞ0 0. Following [2], define the null sectional
curvature of P with respect to x and ‘, as a real number

KxðPÞ ¼ RðW ; x; x;WÞ
gðW ;WÞð4:22Þ

where W is an arbitrary non-null vector in P. Similarly, define the null sectional
curvature KxðPÞ of the null plane P of the tangent space TxM with respect to x
and ‘, as a real number

KxðPÞ ¼ RðW ; x; x;WÞ
gðW ;WÞ :ð4:23Þ

Taking into account that both null sectional curvatures do not depend on the
vector W and by using (3.3) and (3.7) we obtain
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KxðPiÞ ¼ xiðHl
i Þ � ðHl

i Þ
2 þ

Xr

k¼1

Hl
krkiðxiÞ ¼ KxðPiÞ;ð4:24Þ

where Pi is a null plane directed by xi. Thus we have

Theorem 4.7. Let ðM; gÞ be a totally umbilical lightlike submanifold of a

semi-Riemannian manifold ðM; gÞ. Then, both the null sectional curvature func-
tions KxðPiÞ and KxðPiÞ vanish, if and only if, Hl

i is a solution of the partial
di¤erential equation

xiðHl
i Þ � ðHl

i Þ
2 þ

Xr

k¼1

Hl
krkiðxiÞ ¼ 0:

From the equation (4.16) in Theorem 4.2 and Theorem 4.7, we obtain

Theorem 4.8. Let ðM; gÞ be a totally umbilical lightlike submanifold of a
semi-Riemannian manifold of constant curvature ðM; gÞ. Then, both the null sec-
tional curvature functions KxðPiÞ and KxðPiÞ vanish.

5. Induced Ricci tensor

Consider an m-dimensional lightlike submanifold ðM; gÞ of an ðmþ nÞ-
dimensional semi-Riemannian manifold ðM; gÞ. Note that hli ; rij and tia depend
on the section x A GðRad TMÞ. Indeed, take x�

i ¼
Pr

j¼1 aijxj, where aij are
smooth functions with D ¼ detðaijÞ0 0 and Aij be the co-factors of aij in the
determinant of D. It follows that N �

i ¼ ð1=DÞ
Pr

j¼1 AijNj. Hence by straight-

forward calculation and using (4.1)–(4.4) and (4.6) we obtain hl�i ¼
Pr

j¼1 aijh
l
j .

Denote r�
ij and t�ia by a‰nely combinations of rij and tia with coe‰cients aij;Aij

and XðAijÞ. Moreover,

TrðrijÞðX Þ ¼ Trðr�
ijÞðX Þ þ X ðlog DÞ; EX A GðTMÞ:

Thus, using the formula drðX ;Y Þ ¼ ð1=2ÞfXðrðYÞÞ � YðrðXÞÞ � rð½X ;Y �Þg of a
di¤erential 2-form, we obtain

Theorem 5.1. Let ðM; gÞ be a lightlike submanifold of a semi-Riemannian
manifold ðM; gÞ. Suppose TrðrijÞ and Trðr�

ijÞ are 1-forms on U with respect to xi
and x�

i . Then dðTrðr�
ijÞÞ ¼ dðTrðrijÞÞ on U.

To find local expression of Ricci tensor of M, consider the frames field

fx1; . . . ; xr;N1; . . . ;Nr;Xrþ1; . . . ;Xm;Wrþ1; . . . ;Wng

on M. Denote by fFAg ¼ fx1; . . . ; xr;Xrþ1; . . . ;Xmg the induced frames field on
M. Then,
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RABCD ¼ gðRðFD;FCÞFB;FAÞ; RABCD ¼ gðRðFD;FCÞFB;FAÞ;

RiBCD ¼ gðRðFD;FCÞFB;NiÞ; RiBCD ¼ gðRðFD;FCÞFB;NiÞ;

RaBCD ¼ gðRðFD;FCÞFB;WaÞ; RaBCD ¼ gðRðFD;FCÞFB;WaÞ;

RiaCD ¼ gðRðFD;FCÞWa;NiÞ; RiaCD ¼ gðRðFD;FCÞWa;NiÞ:

Using above we obtain the following local expression for the Ricci tensor:

RicðX ;YÞ ¼
Xm

a;b¼rþ1

gabgðRðX ;XaÞY ;XbÞ þ
Xr

i¼1

gðRðX ; xiÞY ;NiÞ:

By using the symmetries of curvature tensor and the first Bianchi identity and
taking into account (3.2) and (3.9) we obtain

RicðX ;Y Þ �RicðY ;XÞ

¼
Xm

a;b¼rþ1

gabfgðh�ðX ;XbÞ; hlðY ;XaÞÞ � gðh�ðY ;XbÞ; hlðX ;XaÞÞg

þ
Xr

i¼1

fgðA�
xi
X ;ANi

YÞ � gðA�
xi
Y ;ANi

X Þ þ gðR�tðX ;Y Þxi;NiÞg:

Replacing X ;Y by XA;XB respectively, using (2.27), (2.28), (4.9) and

Xr

i¼1

gðR�tðX ;YÞxi;NiÞ ¼ �2
Xr

i; j¼1

gðdðrjiÞðX ;YÞxj;NiÞ

¼ �2dðTrðrijÞðX ;Y ÞÞ;

we have

RAB � RBA ¼ 2dðTrðrijÞÞðXA;XBÞ
where RAB ¼ RicðXB;XAÞ. Thus, using Theorem 5.1, we conclude

Theorem 5.2. Let ðM; g;SðTMÞÞ be an r-lightlike or a co-isotropic sub-
manifold of a semi-Riemannian manifold ðM; gÞ. Then the Ricci tensor of the
induced connection ‘ on M is symmetric, if and only if, each 1-forms TrðrijÞ
induced by SðTMÞ is closed, i.e., on any UHM,

dðTrðrijÞÞ ¼ 0:

Using Theorems 4.3, 4.6 and 5.2, we obtain the following theorem:

Theorem 5.3. Let ðM; g;SðTMÞÞ be a proper totally umbilical r-lightlike or
a co-isotropic submanifold of a semi-Riemannian manifold ðMðcÞ; gÞ of a constant
curvature c. Then, the induced Ricci tensor on M is symmetric, if and only if its
screen distribution SðTMÞ is integrable.
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Corollary 5. Let ðMðcÞ; g;SðTMÞÞ be an r-lightlike or a co-isotropic sub-
manifold of constant curvature c of a semi-Riemannian manifold ðM; gÞ, such that
SðTMÞ is proper totally umbilical. Then the Ricci tensor of the induced connec-
tion ‘ on M is symmetric.

Suppose the Ricci tensor of ‘ is symmetric. Theorem 5.3 and Poincare
lemma implies TrðrijðXÞÞ ¼ X ð f Þ, where f is a smooth function. Let h ¼ exp f

and obtain Trðr�
ijðX ÞÞ ¼ 0 EX A GðTMjUÞ. Thus we have

Theorem 5.4. Let ðM; g;SðTMÞÞ be an r-lightlike or a co-isotropic submani-

fold of a semi-Riemannian manifold ðM; gÞ. Then Ricci tensor of M is symmetric
and there exists a pair of frames field fx�

i ;N
�
i g on U such that the corresponding

1-forms Trðr�
ijÞ induced by SðTMÞ vanishes.

Remark 4. Lemma 1 and Theorem 5.2 imply that the induced Ricci tensor
of either an isotropic or a totally lightlike M of MðcÞ is always symmetric. This
clarifies the fact that Theorems 5.1–5.4 will trivially hold for an isotropic or
a totally lightlike M, since for these two cases dðTrðrijÞÞ ¼ 0.

Examples. Minkowski [3], de Sitter [1], Schwarzchild and Robertson-Walker
spacetimes (see [10] and pages 225–230 of [8]) all have lightlike hypersurfaces
with an integrable 2-dimensional screen distribution.
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