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Abstract 

Nlanual drafting is rapidly being replaced by modern, computerized systems 
for defining the geometry of mechanical parts and assemblies, and a new generation 
of powerful systems, called Geometric (Solid) Modelling Systems (GNISs), is 
entering industrial use. Solid models are beginning to play an important role 
in off-line robot programming, model-driven vision, and other industrial robotic 
applications. 

A major deficiency of current GNISs is their lack of facilities for specifying 
tolerancing information, which is essential for design analysis, process planning, 
assembly planning for tightly-toleranced components, and other applications of 
solid modelling. This paper proposes a mathematical theory of tolerancing·that 
formalizes and generalizes current practices, and is a suitable basis for incorporating 
tolerances into Gl\tfSs. 

A tolerance specification in the proposed theory is a collection of geometric 
constraints on an object's surface features, which are two-dimensional subsets of 
the objects' boundary. An object is in tolerance if its surface features lie within 
tolerance zones, which are regions of space constructed by offsetting (expanding or 
shrinking) the object's nominal boundaries. 
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1. Introduction 

The traditional medium for specifying mechanical parts and assemblies 
are blueprints (engineering drawings), which contain graphical descriptions of 
the nominal or ideal parts plus tolerancing information that defines allowable 
departures from the nominal objects. Tolerances are specified by designers, and 
should ensure that parts "in spec" are functionally equivalent and interchangeable 
in assembly. Tolerancing information is essential for planning part manufacture 
and "tight" assembly operations, for part inspection, and for other design and 
production activities. 

Ivlanua.l drafting is rapidly being replaced by modern, computerized systems 
for defining the geometry of mechanical parts and assemblies, and a new generation 
of powerful systems, called Geometric (Solid) Modelling Systems (GMSs), is 
entering industrial use [REQU82j. Solid models generated by Computer Aided 
Design (CAD) are expected to become the primary source of geometric information 
in integrated design and production systems, and solid modelling technology is 
beginning to play an importa.nt role in off-line robot programming, model-driven 
vision, and other industrial robotic applications. 

Current GMSs lack tolerancing facilities, and therefore can neither support 
fully au tomatic manufacturing planning nor some of the spatial reasoning required 
for assembly planning. For example, analysis of manipulator and sensor 
inaccuracies must be supplemented with analysis of part inaccuracies for tight­
fitting assembly tasks [BR0082j. To incorporate tolerancing information in GNISs 
and use it in automatic analysis and planning, the sema.ntics of tolerances should be 
defined ma,thematically. General definitions, which can be "understood" by general 
programs, are preferable to special-case definitions, which are difficult to imbed in 
programs and lead to large amounts of possibly inconsistent code. Unfortunately, 
current industrial tolerancing practices, described in standards [ANSI73] and texts 
[LEV):"74], are defined informally, mainly for special situations. 

The goal of this paper is to propose a theory of tolerancing that formalizes 
and generalizes current practices, and is a suitable basis for incorporating tolerances 
into Gl\-'ISs . . The theory was designed to follow established tolerancing practices as 
closely as possible, but some departures seemed desirable and others unavoidable. 
The paper also explores briefly the representational implications of the theory, 
whieh are straightforward, but does not attempt to discuss its algorithmic 
implications, which are presen.tly unknown. 

:Ie * * 
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2. Current Praetiees and Prior Work 

Current industrial tolerancing practices use a mix of so-called "geometric 
tolerances". sometimes called "modern" or "true-position" tolerances, with 
"conventional" (+/ -) tolerances - see Figure 2-1 for a very simple example. 
The current trend in industrial practice is toward an increased use of geometric 
tolerancing. 

o 2.0 ::!: .05 

---...---t­ - -­ 4.0 + .1 

.....--­ 6.0 + .l--~ 

Figure 2-1 

A simple example of current tolerancing practices. 

The rectangle and circle dimensions are specified by conventional +/ - tolerances. 
The symbol block associated with the circle specifies a "true-position" tolerance 
with respect to datums A and B, which are the surfaces labelled in the drawing. 

~1uch of modern geometric tolerancing is easy to formalize, but there are 

significant gaps centered on the notions of "feature" and "size". Conventional 
tolerancing. however, appears to be inherently ambiguous. Experienced huma.ns 
uSU2Llly can resolve tolerancing ambiguities by appealing to "implicit datums" a,nd 
impllied geometric relationshi.ps (e.g. tangency), but Rt is unreasonable to expect 
automata to make similar decisions. 

Some of the issues that are inadequately addressed in current practices but 
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should be resolved in a theory of tolerancing are the following. 

\,yhat is a feature? Features are the entities to which tolerances apply, 
yet standards and texts on tolerancing provide no precise definition of 
"feature" . 

vVhat is the spatial extent of "tolerance zones"? Texts suggest, for 
example, that to test a vertical hole one should (conceptually) use a gage 
with height equal to the nominal hole height; however, this may result in 
portions of an object's boundary being untested. 

How does one associate datums to features more complex than simple holes 
or planes? 

vVhat is the "size" of an actual physical feature? For example, what is 
the diameter of an actual (not perfectly cylindrical) hole? Can ' "size" be 
defined for complex features? How? 

What do +/ - tolerances mean when features have imperfect form? 

How are iVllviC (iViaximum !\.1aterial Condition) and LMC (Least Material 
Condition) defined for complex features? 

Published studies of tolerancing in the context of geometric modelling are 
very few. !\.:Iy own report [REQU77 a] addressed both conventional and geometric 
tolerancing but provided no clues on how to deal simultaneously with both. 
Hillyard's Ph.D. dissertation. [HILL78a], [IllLL78b], [HILL78c], and Hoffman 's 
work [HOFF82] appear to be concerned exclusively with conventional tolerances 
and do not address issues such as those listed above. Work on geometric constraints 
and object parameterization (see e.g. [BR0081], [FITZ81] and [LIN81]) also 
appears to be relevant to tolerancing. The approach that I shall di'5CllSS below 
evolved from my earlier research [HEQU77a] and is not related to any of the 
other published work cited above. (A forthcoming report [REQU83] will discuss 
mathematical and computational issues raised by tolerancing and alternative 
theoretical approaches.) 

* * *  
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8. A Theory of Tolerancing 

The following subsections propose a mathematical theory of tolerancing 
suitable for computational implementation. Two of the main (and perhaps 
surprising) tenets of the theory are the following: 

Conventional tolerances are subsumed into geometric tolerances that 
contain no "implicit datums" or unstated constraints.3- 1 

There is no formal notion of a "measured size" , although "size tolerances" , 
~:IT\iIC and similar notions are defined mathematically. 

First I shall present a rough outline of the theory, and then embark 011 a 
detailed exposition. 

* *  
3.1 Outline 

Consider initially a solid cylinder in 3-D Euclidean space. The size of the 
cylinder obviously is well defined and can be described by its radius and height. 
vVe can also agree on an unambiguous way, and a corresponding set of parameters 
(distances and angles), to define the cylinder's position, i.e., its location a,nd 
orientation. 

Consider now a family of (perfect-form) cylinders with sizes and positions close 
to those of the initial cylinder. It is clear that such a family can be defined in 
terms of a range of allowable values for the agreed size and positional parameters 
of cylinders. This seems to be the spirit of conventional tolerancing practices a.nd 
also of the geometric modelling literature cited above. Specifically, a manufactured 
solid is "in spec" if its defining parameters are within specified ranges. 

~lanufacturing processes. however, do not produce perfect cylinders. 
Therefore, let us consider an object that results from a small but random 
deformation of our initial cylinder. It should be clear that the notions of "size" 
and "position" for such an object have no obvious meanings. A possible way out of 
this impasse consists of defining the size and position parameters of an impl~rfect­
form object as the corresponding parameters of an associated perfect-form object, 
generated by surface-fitting or similar techniques. This approach is sometimes 
useful, e.g. for defining "datums" (see Section 3.4 below), but does not seem 
applicable to most of the modern tolerancing practices. 

3-1 This does not mean that human users of GMSs must specify explicitly all 
constraints - good user interfaces can take care of many of these through defaults. 
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The approach I shall develop below does not attempt to assign well-defined 
sizes or positions to imperfect-form objects. It considers an imperfect-form object 
"in spec" when its boundary is within "tolerance zones" , which are defined in terms 

of perfect-form objects. To flesh out the approach, one needs general mathematical 
procedures for building tolerance zones around objects and for specifying how such 
zones are located and oriented . 

.As a preface to the detailed discussion in the following subsections consider a 
simple cylinder of radius R, various tolerance specifications on it, and the associated 
tolerance zones. 

1) Size tolerance Ts. A surface (generally not a perfect cylinder) satisfies this 
specification if it lies entirely within an annular tolerance zone defined by 
two coaxial cylinders of radii R + Ts /2 and R - Ts /2. The location and 
orientation of the tolerance zone are arbitrary, i.e., can be adjusted to 
ensure (hopefully) that the surface fits in the zone. 

2) Form tolerance Tj. The tolerance zone is an annulus defined by two 
coaxial cylinders of radii Rl and R2, with Rl ­ R2 = Tj, and positioned 
arbitrarily. RI and R2 are unrelated to R. Observe that a surface that 
satisfies a size tolerance Ts also satisfies a form tolerance Tj = Ts, but the 
converse is not generally true. 

3) Orientation tolerance To with respect to a coordinate system. The 
tolerance zone is similar to a form tolerance zone, but its orientation in 
the specified coordinate system is fixed. (The location is arbitrary.) An 
orientation tolerance implies a form tolerance, but not conversely. 

4) Position tolerance Tp with respect to a coordina,te system. The tolerance 
zone is the annulus defined by two coaxial cylinders of radii R + Tp /2 
and R - Tp/2, correctly located and oriented with respect to the given 
coordinate system. A position tolerance implies size, form and orientation 
tolerances, but the converses generally are not true. (There are less 
restrictive position tolerances - see  Section 3.7.) 

Observe  that  the  tolerance  zones  in  all  of  the  examples  above were  obtained 
2by  "oftsetting"  the perfect­form surface.3­

3­2  Offsetting  seems  to  be  a  very  useful  concept  in geometric  modelling.  It 
has found  applications  in  cutter­path generation for  machine  tools,  mass­property 
calculation  [LEE82]'  and  trajectory  planning for  robots  [LOZA79j. 
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The particular offsetting technique used in  the proposed  theory  is  described  in 
Section 3.5.  It is  general,  very  sinlple,  and  always  produces well­defined  tolerance 
zones.  However,  much  of  the  theory  is  independent  of  the  specific  offsetting 
procedures used. 

The following subsections elaborate and formalize  the rough outline presented 
above. 

* *  
3.2 Variational Classes and Tolerance SpeciflcAtions 

The  goal  of  a  tolerance  specification  is  to  define  a  class  of  objects  that  are 
interchangeable  in  assembly  operations  and  functionally  equivalent.  Such  classes 
of objects will  be called in  this paper variational classes [REQU77aj.  A  tolerance 
specification is  an  entity  of  a  computational  nature:  it  is  a  representation of  a 
varia.tional class.  (See  [REQU80j  for  basic representational concepts.)  I propose  in 
this  paper  tolerance specifications  that consist of: 

1)   An unambiguous repI'esentation for a nominal solid S (an r­set [REQU77b] 
[REQU80]). 

2)   A representation  for  a  decomposition  of  as (the  boundary  of  S) into 
subsets Fi called nominal surface features, that are homogeneously 2­D 
[nEQU77b]  and  whose  union  is  as. 

3)   A  collection  of  geometric  assertions  Aj about  S's nominal  surface 
features. 

The  specific  schemes  used  to  represent  solids  and  their  surface  features  ,are 
unimportant for  the purposes of  the theory,  but solids are assumed to  be definable 
through  regularized  Boolean  operations  and  rigid  motions  on  a  finite  set  of 
primitive half spaces, whose boundaries are called primitive sur faces (REQU77b, 
REQU80j.  Surface features and assertions must possess certain properties discussed 
later  in  this  paper.  (Some  2­D  subsets of  as cannot be features.) 

The  semantics  (geometric  meaning)  of  a  tolerance  specification  will  be 
defined  by  a  mathematical  rule  ­ called  a  theore.tical inspection proced'l.I.re 
­ for  answering  the  following  question:  Given  a  tolerance  specification  T = 
(S,{Fd,{Aij}) and  a  subset  P of  E3 that  models  an  actual  (physieal) 
manufactured  part,  is P in  the variational class  defined  by  the specification  T? 

A (model of  a)  part P satisfies a  tolerance specification T if  and only if  thert~ is 

a  decomposition of {JP into subsets  Gi  called  actual sur face features, such  that: 
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1)  UGi = 8P. 

2)   There  is  a one­to­one correspondence between Gi  and  the nominal surface 

features Fi of  S. 

:3)   Each  Gi satisfies  the assertions Ai associated with its corresponding Fi. 

Observe  that  this  definition  ensures  that  the entire boundary of  a  part P is  taken 
into  consideration,  but  does  not prescribe a  unique segmentation  of  P's boundary 
in to  actual feat ures . 

A  nominal feature F is  simple if it lies  in  a  single  primitive surface.  A  feature 
is  composite if it  is  the  union  of  simple  features.  Note  that  the  simple  features 
that  contribute  to  a  composite  feature  need  not  lie  in  distinct  primitive  surfaces 
(although  they  usually  do).  Actual  features  that  correspond  to  simple  nominal 
features  also  are  called  simple,  and similarly  for  composite features. 

1 shall  assume  that  the  bounding  surfaces  of  manufactured  objects  satisfy  a 
"slow variation"  constraint that ensures that a surface does not vary too rapidly (at 
a scale comparable to  the applicable tolerance values), and therefore does not cre,ate 
"nicks"  or  thin  "slivers"  as shown  in  Figure 3-1. (I  have not  tried to  formalize  this 
constraint;  a  formal definition should exclude  "slivers"  but consider  low­amplitude 
high­frequency variations  acceptable.) 
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(a)  (b) 

Figure 3-1 

Violations of  the slow  variation assumption 
in a  "face"  (a)  and at an  "edge"  (b) 

* *  
3.3  Extended and Sym.:metrie Features 

Assertions  about  features  often  establish  constraints  on  the  geometric 
relationships  between  bounded  portions  of  a  physical  object's  boundary  and 
unbounded  surfaces,  centerplanes,  axes,  and  similar  geometric  entities.  These 
notions  are formalized  in  this  section. 

First I  introduce  the notion  of  extended jeat'U,1'e by means of an example 3,nd 
then  formalize  it.  Consider  the  nominal  surface  feature  that  consists  of  the  two 
faces  of  the  slot  shown  in  Figure  3­2a.  The  extended feature  corresponding  to  F 
consists oi  the  two  unbounded planes  shown  in  projection  in Figure 3­2b, together 
"vith  information on  «where  the material is".  More  precisely,  the extended feature 
is an unbounded solid defined as the union of  the planar halfspaces shown  in Figure 
3­2h. 
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F  

(a) (b) 

( c) 

Figure S-~ 

A slot  (a),  its associated extended feature  (b),  and a set that 
violates  the defining conditions for  extended features  (c) 
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A general definition follows.  An extended feature H associated with a nominal 
surface feature F is  a  solid  (possibly  unbounded)  defined as a Boolean composition 
of halfspaces Hi and  satisfying  the following  conditions: 

1)  8H:::> F. 

2)  H must  not  contain  in  its  definition  halfspaces  Hi that  contribute  2­D 
subsets  to 8H but not to  F. 

3)   Define  the  "neighborhood  of  p with  respect  to  S" as  N(p, S; R) = 
B(p; R) n S, where B(p; R) is  a  ball of  radius R centered  on  p, and define 
similarly  a  neighborhood  with  respect  to  H [TIL080j.  Then,  for  every 
point  p in  the  (2­D)  interior  of  the  feature  F, and  for  R sufficiently 
small,  N(p,S;R) = N(p,H;R). (This  condition  says  essentially  that  the 
';material sides"  of  Sand H must agree.) 

In  the  example  above  the  solid  H shown  in  Figure  3­2c  violates  condition  2 
beca,use  H3 contributes  a  "f;:tce"  to  8H but  not  to  F. Note,  however,  that  an 
extended feature may  conta.in  halfspaces  that contribute neither  to  8H nor  to  F . 
The halfspace H'2 of Figure 3­3  provides  an example. 

H  =  (H1  HZ  H3  H4)  HS 

Figure S-S 

The planar  halfspace H2 contributes neither  to  F 

nor  to  the  boundary of  H, yet it  cannot b ,_'  umitted 

in the Boolean  composition  that defi:l;,;:3  .3. 
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It can  be  shown  that..  under  mild  assumptions,  the  halfspaces  that  do 
contribute  2·D  subsets  to  8H ­ called  b­components  [REQU77a]  ­ are uniquely 
defined  (up  to  complementation)  by  the feature  F [SILV82j.  Halfspaces  that  are 
not  b­components  are  not  unique  but  this  causes  no problems. 

Observe  that  certain  2­D  subsets  of  a  solid's  boundary  cannot  be  associated 
with an extended feature.  The union of the cylindrical surfaces of  the boss and hole 
shown in  Figure 3­4 provides an example.  Nominal surface features are required to 
be  homogeneously  2­D  and  to  have  associated  extended features,  and F in  Fig;ure 
3­4  therefore  is  not an  acceptable feature. 

F 

, 

" 

,, 

• I
)------------­, I 

" I 

F 

Figure 3-4 

Two  cylindrical surfaces  that have  no  corresponding  

extended feature  and  therefore  are  not  a nominal surface feature.  

Extended  features  that  exhibit  symmetry  are  especia.lly  interesting  because 
they  can  be  used  to  establish  "datums",  as  explained  below,  and  because  they 
may  have  identifiable  "centerplanes",  "centerlines",  or  "centers"  which  can  be 
constrained  by  assertions. 

For  simplicity,  the  definitions  below  apply  to  symmetry  about  the  principal 
planes,  axes  and  origin  of  a.  master  coordinate  system,  but  generalizations  are 
obvious.  An extended feature H is  symmetric with  respect  to  the  xy plane  if it  is 
invariant  under  the  reflection  z ­+  -z; the  planezy  is  then  called  a  centerplane 
for  H (and  also  for  its  assoeiated  nominal  surface  feature  F). H is  symmetric 
·with  respect  to  the z axis  if it  is  invarL:'1nt  under  the  transformation  z  ­+ -x, y ­+ 

-y; the  z axis  is the  feature's  centerline or  axis. Finally,  H is  symmetric with 
respect  to  the origin  0  ­ called  the feature's  center ­ if  it  is  invariant under  the 
transformation z  ­+ -z, y ­+ -y, Z ­+ -z. 
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Figure 3­5  shows  center planes  and center lines  for  two  features.  Observe  that 
the features shown in the figure also have an infinite number of center planes parallel 
to  the paper. 

CENTERLINE 

---+--+--r-

CENTERPLANES  CENTERPLANE 

(a)  (b) 

Figure 5-5 

Two  symmetric features  (shown  in  2­D  projection). 

Experienced  humans can  infer  from  blueprints which  axes or centerplanes .are 
relevant  to  a  tolerance  specification,  but  in computeriled  systems  it may  be  more 
reasonable  to  require  that  the  axis  or  centerplaues  be  specified  explicitly,  through 
statements  similar  to:  "The  centerplane of  feature F that pa.sses  through  point  0 
and  is  normal  to  vector  V" . 

For  symmetric  features  one  can  define  the  concepts  of  measured axes (or 
center planes,  or  centers)  by  formalizing  the  current  practice  of  using  expanding 
mandrels  to  determine  hole  centers.  Specifically,  let  us  consider  an actual subset 
G of  a  part's boundary  and  its  corresponding surface feature  F, extended feature 
H and  its  centerplane  Cp , ,,,,,hich  we  assume  to  be  the  xy plane.  The  measu]['ed 
centerplane  of  G  corresponding  to  Cp is  defined  as  follows.  Consider  a.  family  of 
solids  Hk such  that each HIc is  obtained  from  H by  a  I­D  scaling  transformation 
x ­+  x, y ­+  y, Z ­+  kZ.

3
-

3 "VIe seek  a  solid  Hk with  minimal  Ie and  such  that  a 
congruent  version  H~ of  Hk encloses  completely  G.  The  measured  centerplane  of 
G  is  then the appropriate centerplane of  H~. Figure :3­6  illustra.tes  the concept for 
a  slot.  Observe  that  the  loca,tion  and  orientation  of  H~ are  selected  to  minimize 
k. 

3­3  Scaling transformations are the only reasonable formalization I have been 
able to find for capturing the notion of an  "expanding feature" . Because the effects 
of scaling depend on the choke of origin or axes I required features  to be symmetric 
so  as  to  have  "natural"  origins  and  axes.  A  general  theory  for  non­symmetric 
features  could  be constructed by specifying explicit origins  and axes. 

12 



\ 

\ 
\ 

\ 

\ 

Figure 3-6 

The measured centerplane for  an  actual slot feature. 

Centerlines  are  defined  similarly,  by  using  2­D  scalings  of  the  form  x -+ 

k:x, y -+ ky, Z -+ Z, where  the  axis  is  assumed  to  be  the  z­axis.  For  centers  we 
use  3­D  scalings  :x -+ k:x, Y -+ ky, Z -+ kz, where  the  center  is assumed  to  be  the 
ongm. 

Readers  should  convince  themselves  that  the  above  definitions  capture 
mathematically current procedures for  such simple features as holes  and slots,  and 
apply  to  any  symmetric feature,  no  matter how  complex. 

Features  that  lie  in  a  single  planar  surface  (henceforth  called  simply  "planar 
features")  are  not  symmetric  in  the  sense  defined  above.  For  such  features  I 
introduce  the  notion  of  a  rneas'Ured plane, which  is  analogous  to  a  measUil'ed 
centerpla.ne  for  a  symmetric  feature.  Specifically,  the  measured  plane  associated 
with an actual planar feature  Gis 8H where H is a  planar halfspace that encloses 
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G completely  and whose boundary  is  "closest"  to  G  in  some appropriate sense.  In 
current  practice  aH is selected  so  as  to  "just  r~st" on  or  "be  tangent"  to  G ,. and 
sometimes  points  or  lines  where  the  actual feature  should  contact  an  ideal  pL:'1.ne 
are  specified  explicitly.  A  more  precise  requirement  might  be  that  the  (integral) 
sum of  the  distances  of  all  points  of  G  to  aH be  minimal.  Figure  3­7  shows  t~vo 
examples. 

Figure 8-7 

Two  planar features  Gl  and G2, and 

associated  measured  planes  aHl and  aH2. 

Finally,  it  should  be  noted  that  measured  entities  (planes,  centerlines,  a,nd 
so  on)  sometimes  are  not  uniquely  defined.  When  there  is  ambiguity  a  tolerance 
specification will always be interpreted to mean that there is  (at least one) measured 
entity for  which  the appropriate assertions  are satisfied.  "Vith  this  understa,nding, 
ior simplicity  of  language I shall refer  to  "the measured  entity"  in  the sequel as  ii 
it were  unique. 

* *  
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3.4 Datum Systems  

The  notions  of  datum  and  datum  systems  are  well  described  in  current 
standards and  texts  [ANSI73].  In  the context of  this paper a datum is  a  measuJl'ed 
axis,  centerplane,  or  center  associated  with  a  symmetric  feature,  or  a  measured 
plane associated with a  planar feature. 

The locatio'}  and  orientation  (attitude) of features  is  controlled  by assertions 
involving  the geometric relationships of  a feature  to  a datum or  system of datums. 
The semantics  of  such  assertions  is  straightforward.  Suppose,  for  example,  that  a 
datum DI  is  associated with a  feature F I , and anothe:r feature F2 is  related  to  VI 
via an  assertion.  Given  actual features  GI and G2 corresponding to FI and F21 one 
constructs from  GI  the measured centerplane (or  axis,  ...) as  explained  in  Section 
3.2 and  uses  it as  a datum to  check whether  G2  satifies  the assertion. 

Ordered  datum  systems  can  be  accommodated  by  modifying  slightly  the 
"measuring  procedure"  of  Section  3.2.  Consider­­ the example of  Figure  3­8.  The 
measured . plane  corresponding  to  GI  ­ the  primary  datum ­ is  constructed  as 
in  Section  :3.2,  and  the secondary  datum corresponding  to  G'2,  is  constructed by  a 
similar  procedure  but  is  constrained  to  be  normal to  the first. 

SECONDARY 
DATUM  

PRIMARY 
DATUM 

Figure 3-8 

An ordered  datum system. 

The discussion  above  pertains  to  so­called  ''RFS datums".  (RFS  stands for 
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"regardless  of  feature  size"  [ANSI73].)  "Floating datums"  (J\111C)  are also  useful 
and can be accommodated essentially  as  explained  in  the standards  [ANSI73]. 

The  proposed  theory  departs  from  current  practice  in  that  it  requires  that 
each  part  have  an  explicitly  defined  "master"  3­plane  datum  system,  and  that 
all  features  be  located  from  the  master datum system or  from  explicitly  specified 
datum systems related  to  thE~ master.  For example,  one can  locate a  feature with 
respect  to  the  master  datum system,  use  this  feature  to  construct  a  new  datum, 
use  the new datum to locate another feature,  and so on.  Therefore, what I  propose 

is  something akin  to  a  tree of  datum systems,  rooted at the master datum system. 
(The datum graph  is  not  realily  a  tree  because  there are datums  that are not part 
of complete datum systems,  and so  forth.) 

* *  
3.5  Offset  Solids,  Size  Tolerances, MMC  and LMC 

This  section  contains  the  major  departures  of  the  proposed  theory  from 
current practices.  In  essence,  I  reject  the notion of  a  "measured  size"  and  provide 
instead mathematical rules for  deciding whether a  feature satisfies a  "size tolerance 
specification".  The  rules  are  based  on  notions  of  Maximum  IvIaterial  Condition 
(IvllVIC)  and Least Ivlaterial  Condition  (L~dC). 

A  few  definitions are ne·eded.  First recall that the distance of a  point p of E3 
to  a  subset  S of E3 is  [NADL 78] 

D ist(p, S) = min Dist(p, q) , 
qES 

where Dist(p, q) is  the ordinary point distance in E3. 3­4  Observe that the definition 
above implies  that all points of  S are at zero  distance from  S, and  that when  S is 

a  solid  (r·set)  the  distance  between  an external point  and  the solid  is  the same as 
the distance between  the  point  and  the  boundary of  the solid,  i.e., 

Dist(p, S) > 0  :::}  Dist(p, S) = Dist(p, as) . 

N01V  let  D be  a  positive  number  and  S a  solid,  and  define  the  corresponding 
(positive)  single-offset solid O(D; S) as 

O(D; S) = {p  :  Dist(p, S) < D} .3-5 

3· 4  If S is not sufficiently smooth one must replace the minimum in  the above 

definition  by  the  infimum,  or  greatest lower  bound. 

3­5  Positive  single­offset  solids  are  sometimes  called  "generalized  balls"  in 
the mathematical literature  [NADL78]  and are closely related  to NIinkowski sums, 

whieh are used for  example  in  geometric probability  theory. 
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For a  negative offset D a  (negative)  single­offset solid  is  defined  as 

O(D; S) = S-*O(\DI; c* S) , 

where  -* and  c*  denote  regularized  difference  and complement.  (Regularized  set 
operators  are  slightly  modified  versions  of  their  usual  counterparts  [REQU77b, 
REQU80].)  Given  a  nominal  feature  F, its  associated  extended  feature  H, a,nd 
two  numbers Dp > °and  D.n <  0  called  the  "positive  and  negative offsets",  the 
:NTh1C  and L:NIC  solids  are defined  as the appropriate offset  solids,  viz., 

NIt\.1C (Dp; H) = O(Dp; H) , 

LlYfC  (Dn; H) = O(Dn; H) . 

Figure  3-9 provides  a  simple  example.  For  a  cylindrical  hole  feature  of  nominal 
radius  8,  positive  offset  .1 and  negative  offset  -.1, the  corresponding  :NIMC  3,nd 
LMC solids are unboung.ed cylindrical halfspaces of  radius 7.9 and 8.1, respectively. 
Intuitively.  the NINIC solid is  the result of adding to  the extended feature H a  layer 
of  ma.terial of  thickness Dp and  the LMC  solid  is  the result or  subtracting from H 
a  layer  of  thickness  IDnl. 

H  
R =  8  

MMC(.l;H) 
R  =  7.9 

LMC(­.I;H)  
R  = 8.1  

Figure 3-9 

A  cylindrical hole  and  its  associated  :Nflv1C  and LMC solids. 

More  generally,  a  multi.ple-oJJset solid can  be  defined  as  follows.  Consider 
N nominal simple features Pi, with  corresponding extended features  Ht~ and such 
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that F = UFi is  a  composite  feature,  with  a  corresponding  extended feature  H. 

Denote  by  Ei the  homogeneously  2­D  subset of  8Hi that also  is  a  subset  of  8H. 
(Intuitively,  E 1: is  the  contribution  of  Fi to  the  boundary  of  H.) Associate  with 
each Fi a  positive  number Di. The corresponding  (positive)  multiple­offset  solid  is 

O(Dl, D2, ... ;H) = U{p  : p E cH and Dist(p, Ei) < Di} U H . 
i 

Intuitively,  the multiple­offset  solid  is  the  result of adding  to  H a  layer  of variable 
thickness;  the thickness of  the layer  adjacent  to  feature Fi is  Di. When all  the Di 

are  negative a  (negative)  multiple­offset solid  is  defined  per 

which is  a direct generalization of  the earlier definition.  Multiple­offset solids can be 
used  to  define multiple­offset  tvllVIC  and L:NIC  solids by considering vectors  (arrays) 
of  positive  and  negative  offsets  associated  with  features  and  interpreting Dp and 
Dn as  vectors  in  the  definitions  of  NJ1v1C  and LMC  given  above.  Figure  3­10a  is 
a  graphical  multiple­offset  specification  for  a  simple  solid,  and  Figures  3­10b  :l,nd 
:3­10c  show  the corresponding lVllvIC  and LMC  solids. 

Armed  with  precise  notions  of  :NJ1v1C  and  LMC  "\ve  can  now  define  size 
tolerances.  Let  G  be an  actual feature with  corresponciing nominal feature F and 
extended  feature  H. G  satifies  a  size  tolerance with  single  offsets  D p , Dn if :l,nd 
only  if there  is  a  congruent  instance H' = R(H), where R is  a  rigid  motion,  such 
that 

G  C 1llvIC(Dp; H')-* LMC(Dn; H') . 

In essence,  G  must  be within  the  "tolerance  zone"  that lies  between an  l\Il1v1C  3,nd 
an L:NIC  solid.  The  location  and orientation of  this  tolerance  zone  are unspecified 
and  can  be  selected  so  as  to  (hopefully)  force  G  to  fit  in  it.  When Dp = -Dn = 

Ts/'2, one says  simply  "a  size  tolerance  To" . 

\Vhen Dp and Dn are vector  (multiple)  offsets,  G satisfies  the size  toleranc'e if 
it lies  in  the composite tolerance zone delimited by the :NTh1C  and LMC solids,  as  in 
the single­offset definition  above , and each  individual simple Gi  satisfies  the single 
size  tolerance  that  corresponds  to  Fi. Figure 3­10d shows  the composite  tolerance 
zone  that  corresponds  to  the specification of  Figure 3­10a,  and  also  the individual 
tolerance  zone  that corresponds  to  the  top  face  of  the feature. 
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A  multiple-oft~')et size  specification  (a),  

its associated  ~1JVIC (b)  and LMC  (c)  objects,  and  tolerance  zone  (dl.  



The  definitions  above  apply  to  any feature  and  therefore  are  extremely 
general.  They  largely  agree  with  current  practice  for  sinlple  features  such  as 
cylindrical  holes,  but  depart  from  current  practice  for  more  complex  features, 
as  in  Figure  3­10d.  Whether  such  departures  are  practically  important  remains 
to  be  seen.  Note,  however,  that  undesirable  behavior  such  as  that  of  surface X 
in  Figure  3­10d  cannot  occur,  because  X  cannot  be  segmented  so  as  to  satisfy 
simultaneously  the individual size  tolerances of  the features  and  the slow variation 
constraint discussed  in  Section 3.2. 

I  chose  to  abandon  in the  definitions  above  the so­called  "Taylor  principle" 
of  current practice because I was  unable  to generalize  it  to  arbitrary features.  l'vIy 
definition  is  somewhat more  restrictive  than current  practices,  which define  lower 
size limits by means of  a 2­D  tolerance zone that can  "fioat"  within an :Lvlli1C  soHd. 

It is  worth  remarking  that  size  tolerances,  as  defined  above,  are  :1pplicable 
also  to  planar features.  For such features,  size  tolerance specification  is essellti~Llly 
what  is  called  "flatness"  in  current  practice. 

* *  
3.6  Form,  Orientation, :md Runout  Tolerances 

I  propose  to  replace  Vall'iOllS  special­case  tolerances  used  in  current  practice 
(e.g.,  cylindricity,  fiatness)  with a single form  tolerance  that applies  to all features. 
In essence,  an actual feature G satisfies a  sur face form tolerance specification with 
tolerance value Tf if it  lies  in  a  tolerance zone of  "width"  Tf and arbitrary  "si~ze" 

and  orientation.  A  precise definition  follows.  Let H be  the  extended  feature  that 
corresponds  to  G.  Then,  G  satisfies  a  form  tolerance  with  value  Tf if there  is  a 
congruent  instance H' of H and  two  numbers DI and D2 such  that 

G C O(DI; H')-*O(D2; H') ,  

DI > D2,  
D I -D2 < Tf·  

For  example,  a  cylindrical  hole  feature  G  satisfies  a  form  tolerance  specification 
(calJed  "cylindricity"  in  current practice)  if G  lies  in  a  cylindrical annulus  defined 
by  two  coaxial  cylinders;  the  radii  of  the  two  cylinders  are  unspecified  and  need 
not equal  the nominal,  1llviC or LMC  radii,  but  they  must differ  by  the  specified 
form  tolerance value. 

Surface  orientation tolerances  are  similar  to  surface  form  tolerances,  hut 
require  datum  specifications  and  imply  tolerance  zones  correctly  oriented  with 
respect  to  the datums.  Similarly, surface (or  total) runout tolerances require datum 
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specifications and imply  tolerance zones correctly located and oriented with respect 
to  the datums.  (Note  that  tllis  definition  of  runout  applies  also  to  features  that 

are not  rotationally symmetric.) 

The form  and orientation  tolerances  described above  apply  to  a  surface as  a 
whole.  There are also  similar  tolerances ­ called  curve tolerances in  this paper ­
that apply to curves lying on surfaces. Curve tolerances imply 2-D tolerance zones 
as explained below. 

Consider an actual surface feature G, its corresponding nominal and extended 
features F and H, and suppose that G is constrained via a curve form tolerance 
with value Tc with respect to a (nominal) plane normal to a vector V. Construct 
instances F' = R(F) and V' = R(V), where R is a rigid motion, and the family of 
all planes Pi normal to V'. For each plane Pi consider the intersection of Pi with 
two ofiset solids that "differ by Te" (as in the definition of surface form tolerances); 
this intersection defines a 2-D zone Zi "of width Te". (Note that the various Zi 
need not be congruent.) Now apply a rigid motion Ri :in the plane Pi to generate a 
tolerance zone Z~i = R~ : (Zi). G is "in spec" if and only if it is possible to perform the 
construction just described in such a way that the Z~ zones include the intersections 
G nPi. for all planes Pi. Figure 3-11 shows an example, which corresponds to what 
is called "roundness" in current practice: a cylindrical feature and an associated 
curve form tolerance with respect to the cylinder's axial direction. Observe in the 
figure that the 2-D annular tolerance zones Z~ need neither be coaxial nor have the 
same radii; however, the two radii of each annulus must differ by the same amount 
Te. 

Curve form tolerances with respect to points and lines are defined Similal'ly. 
They differ from the previous definition only in the method for constructing the 
planes Pi. For a curve tolerance with respect to a point, the Pi are all the planes 
that contain the point, and for a tolerance with respect to a line, the Pi are all the 
planes that contain the line. 

The curve form tolerances just described are analogous to the form tolerances 
introduced at the beginning of this section, because the location and orientation of 
tolerance zones are not constrained by datum relationships. One could define curve 
tolerances with constrained orientation, but they don't seem to have a counterpart 
in current practices. If both the location and the orientation are fixed with respect 
to a datum system one obtains generalizations of currently-used tolerances. For 
example, a curve tolerance with respect to a plane and with datum specification 
- called in this paper a curve runout tolerance with respect to a plane - is a 
generalization of a so-called "circular runout" tolerance. 
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Curve  tolerances for  a  cylindrical feature  (roundness). 
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3.7 Position Tolerances 

An unqualified  position  tolerance with value Tp > 0  and relative  to  a  datu.m 
system  defines  a  tolerance  zone  of  width  Tp about  a  nominal  feature.  :NIore 
precisely,  an actual feature  G corresponding to a  nominal feature F and extended 
feature H satisfies  an  unqual:ified  position  tolerance  Tp if 

G C O(Tp/2; H')-*O(-Tp /2; H') , 

where  H' is  a  congruent  instance  of  H that  is  positioned  correctly,  i.e.,  whose 
location  and  orientation  relative  to  the  datum  system  are  precisely  the  same  as 
those of H relative to  the nominal features  that define  the datum system.  Observe 
that  if G  satisfies  a  position  tolerance  Tp then  it  also  satisfies  a  size  tolerance 
with  positive  and  negative  offsets  Tp /2 and  -Tp/2, a  form  tolerance  Tp , and  an 
orientation tolerance Tp. Unqualified position tolerances are quite strict and do  not 
reflect  certain  part  mating  relationships  that  are  important  in  practice.  The  two 
types of  qualified  position  tolerances described  below  also  are necessary. 

Given  an  actual  feature  G  corresponding  to  a  nominal  feature  F with  size 
tolerances  characterized  by  offsets  Dp and  D n , an  MA-fC position tolerance Tp 
(with  Tp >  0) relative  to  some  datum  system  has  the  following  meaning.  First 
construct  an  instance  H' of  the  extended  feature  H at  the  appropriate  location 
and  orientation  relative  to  the datum system.  G  satifies  its  position  constraints  if 
G  C O(Tp + Dp; H'). \,yhen  Dp is  a  vector of  offsets,  Tp should  also  be  a  vector, 
usually with all  components equal  to  a  single  positive  number. 

RFS position tolerances have different  semantics.  They can be applied  only 
to planar or symmetric features  (i.e.,  features  that can  be associated with datums) 
and define  constraints on  the measured entities of  the features  (see  Section 3.3). 

Specifically,  an  RFS  position  tolerance  is  an  assertion  on  a  planar  or 
symmetric  feature  that  defines  a  solid  tolerance  zone  within  which  a  measUlled 
entity  of  the  feature  must  lie.  The  tolerance  specification  consists  of  a  tolerance 
value together with the  "name"  of the entity to which it applies and two  "bounding 
planes".  Consider, for  example, a feature symmetric about  the z­axis.  A tolerance 
specification consisting of  (.Axis  = z, Value  = .1,  Zma,x = 3,  Zmin = 0)  defines  a 
cylindrical  tolerance  zone  as  shown  in  Figure 3­12 . 

.An actual feature  G will  satisfy  this  specification  if and only  if its measured 
axis L (see  Section 3.2)  satisfies 

L n(Pmax n* Pmin) C Tolerance Zone, 

'where  Pm(~x and  Pmitl are  the  pla,nar  halfspaces  whose  intersection  defines  the 
"slab"  of  interest. 
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An RFS  tolerance  zone  for  an axis 

RFS  tolerances  that  apply  to  planes  and  centers  are  defined  similarly,  and 
correspond  to  cuboid and spherical tolerance zones,  respectively. 3­6  (Specifications 
for  spherical  tolerance zones  do  not  include  bounding­plane data.) 

Current ANSI  standards  state  that  position  tolerances  are  not  applicable  to 
planar features,  but I  see  no  reason for  doing so. 

* *  

3­6  I find  the semantics of RFS position tolerances discussed above somewhat 
unpReasant  because  it  involves  bounded tolerance  zones,  instead  of  (generally) 
unbounded  zones  defined  by  offset  solids.  Unfortuna.tely,  I  have  not  been  a.ble 
to  provide a  reasonable counterpart for  current RFS practices via offset  solids. 
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3.8  Validity of Tolerance  Specifications 

A  tolerance  specification  is  valid if it  defines  an  "acceptable"  variational 

class.  Unfortunately, a formal characterization of what constitutes an  "acceptable" 
variational class  is  unknown,  and  therefore  the  validity  of  tolerance specifications 

7is  largely  an open  problem. 3-

The  remainder  of  this  section  presents  some  informal  thoughts  on  validity 
but  does  not  attempt  to  settle  the  issues.  Two  validity  conditions  seem  clear: 
the  nominal  representation  must  itself  be valid  and  the  union  of  all  the  nominal 
features  must  equal  the  nominal object's  boundary.  But what  assertions  must  be 
required  for  validity?  Can  single  assertions  be  unsatisfiable?  Can  collections  of 
assertions  have  "contradictions"  and  therefor ~ be unsatisfiable? 

Observe  that  the  theory  prescribes  tolerance  zones  that  are  always  well 
defined,  and  are  also  "thick enough"  to  contain  a  nominal  surface feature as well 
as  an  infinite  family  of  features  "close"  to  the  nominal.  This  implies  that  single 
assertions  are  always  satisfiable,  provided  that  some  relatively  trivial  conditions 
are met.  (For example,  datum specifications  must be Yalid,  and symmetric­feature 
tolerances  must  not  be  applied  to  asymmetric  features.)  Observe  also  that  it  i~ 

impossible  to  construct  contradictory  assertions.  Suppose,  for  example,  that  a 
feature  has both  a  size  tolerance  Ts and  a  form  tolerance Tj. If Tj > Ts then  the 
form  constraint is  redundant  (and can be  ignored)  because  it is implied  by  the size 
tolerance;  but if  Tj < Ts theu both tolerances apply  independently.  In either ease 
there  is  no  contradiction.3- 8 

The conclusions are that an object cannot be overconstrained and (with minor 
qualifications, as  noted above)  any collection of assertions is satisfiable.  But can an 
object  be  underconstrained?  The answer  clearly  is  yes.  Conditions  to  ensure  that 
constraints  are  "enough"  are unknown.  Intuitively,  conditions  should  ensure  that 
each feature lies in a  tolerance zone of finite  "thickness"  and restricted position with 
respect  to some datum system that is  related  to  the object's master datum system. 
The  important  tolerances  for  specification  validity  appear  to  be  size  and  position 
tolerances; others are optional bu t not needed for validity.  1\I1y current conjecture is 
that a  specification  is  valid  if each feature's  constraints imply a  strict  (unqualifi'ed) 
position  tolerance with some finite,  non­null  tolerance value  (see  Section 3.7). 

* * *  

3­7  A  conjecture:  variational  classes  are  regular  closed  sets  in a  hyperspace 
[NADL78]  whose elements are  r­sets  [REQU8Q]. 

3­8  When  a  nomina.l object  is  defined  via  geometric  constraints  (e.g.,  by 
requiring  that certain distanees  or  angles  have given  values)  the  situation  is qu.ite 
different, and it is easy to construct constraint sets that are unsatisfiable [HEQU83]. 
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4.  Conclusions 

Current  tolerancing  standards  and  practices  must  be  tightened  (formalized) 
considerably  if we  are  to  represent  tolerancing  information  in  computer­based 
geometric  modelling  systems  in  a  form  suitable  for  automatic  tolerance  analysis, 
automatic planning of manufacturing, assembly and inspection operations, and for 
other design  and production  activities. 

The  theory  outlined  in  this  paper  is  a  step  toward  such  formalization.  The 
theory almost surely  needs  refinement,  may  require substantial modifications,  and 
may  even  prove  totally  inadequate.  However,  it  illustrates  the  level  of  precision 
required,  and  it  shows  that  one  can  construct  a  reasonable  theory  of  tolerancing 
that is  based  on  a  few  genera.l concepts  rather  than on  an  extensive set of  spedal­
ca.se considerations. The theory oc'casionally departs from current practices, but 
such departures may be unimportant. 

The theory states that an object satisfies a tolerance specification if the 
object's bounding surfaces are within suitably defined regions of space called 
tolerance zones. Two types of tolerance zones are used: 

1) Bounded tolerance zones are cylinders, parallelipipeds, or spheres within 
which axes, centerpla,nes, or centers of symmetric features must lie. These 
tolerance zones are used for RFS positioning. 

2) General, usually unbounded tolerance zones are constructed via offset 
solids, and are used for all tolerancing except RFS positioning. General 
tolerance zones may include datum specifications. The distinctions between 
size. position and form-related tolerances lie in the specific rules for 
constructing the zones. (For example, is the location and orientation of 
a zone fixed, or can it "float"?) 

Offset solids are defined in the theory in a specific and very general way, 
but much of the theory is applicable with any reasonable concept of offsetting. 
Parameterized eSG (Constructive Solid Geometry) or boundary representations 
[REQU80] presumably could provide alternative offsetting methods, but neither has 
been thoroughly investigated and both seem to raise delicate problems [REQU83]. 

Conventional + / - tolerances are not supported directly; they must be 
replaced with functionally equivalent (or nearly so) constraints expressible in the 
theory. Usually, conventional tolerances can be replaced either by size tolerances 
or by position tolerances with explicit, rather than ilnplied, datums. 

Computational implementation of representation schemes based on the theory 
is relatively straightforward. In essence one need only provide in a GIvIS facilities 
for (1) defining and "naming" nominal surface features and associated entities (e.g. 
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axes),  (2)  establishing relations between them, and (3)  assigning attributes to them. 
(Off.')etting  semantics different  from  those  described  in  Section 3.6  may  pose  qu.ite 
different  representational requirements.) 

An  experimental software  system for  representing  tolerancing  ("variationaJ") 
information  is currently  being  implemented  in  the PADL­2  eSG­ based  geometric 
modeller  at  the  University  of  Rochester  [BROW82].  This  subsystem  is  designed 
to  support  the  tolerancing semantics  described  in  this  paper  but  provides  "escape 
mechanisms"  for  user­defined semantics because it is  unreasonable to expect a rapid 
change of  tolerancing  practices. 

Two  major  questions  must  be  addressed  by future  research: 

Does  the  theory  satisfy  adequately  industrial  requirements?  (One  should 
resist  the  temptation  of  "enriching"  the  theory  to  cater  to  special  cases 
unless  a  critical analysis  of  industrial  requirements  shows  that such  cases 
are  truly  important.) 

Is the  theory  effective  fOf  applications  such  as  tolerance  analysis, 
a.nd  manufacturing  and  a:ssembly  planning,  Le.,  a.re  such  applications 
ma.thematically  and computationally  tractable in  terms of  the  theofY? 

* * *  
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