10P Publishing

Journal of Physics A: Mathematical and Theoretical

J. Phys. A: Math. Theor 47 (2014) 355204 (51pp) doi:10.1088/1751-8113/47/35/355204

Toward lattice fractional vector calculus

Vasily E Tarasov

Skobeltsyn Institute of Nuclear Physics, Lomonosov Moscow State University,
Moscow 119991, Russian Federation

E-mail: tarasov@theory.sinp.msu.ru

Received 12 February 2014, revised 30 June 2014
Accepted for publication 14 July 2014
Published 18 August 2014

Abstract

An analog of fractional vector calculus for physical lattice models is sug-
gested. We use an approach based on the models of three-dimensional lattices
with long-range inter-particle interactions. The lattice analogs of fractional
partial derivatives are represented by kernels of lattice long-range interactions,
where the Fourier series transformations of these kernels have a power-law
form with respect to wave vector components. In the continuum limit, these
lattice partial derivatives give derivatives of non-integer order with respect to
coordinates. In the three-dimensional description of the non-local continuum,
the fractional differential operators have the form of fractional partial deri-
vatives of the Riesz type. As examples of the applications of the suggested
lattice fractional vector calculus, we give lattice models with long-range
interactions for the fractional Maxwell equations of non-local continuous
media and for the fractional generalization of the Mindlin and Aifantis con-
tinuum models of gradient elasticity.
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1. Introduction

The most widely used approaches to describe materials are a microscopic approach based on
lattice mechanics [1-4], and a macroscopic approach based on continuum mechanics [5-7].
Continuum mechanics can be considered as a phenomenological description representing the
continuous limit of lattice dynamics, where the length-scales of an continuum element are
much larger than the distances between the lattice particles.

Fractional calculus [8—13] as a theory of the derivatives and integrals of non-integer order
goes back to Leibniz, Liouville, Riemann, Griinwald, Letnikov and Riesz. Fractional calculus
has a long history from 1695, when the derivative of order « = 0.5 was described by Leibniz
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[14-17]. The differentiations and integration of fractional orders have wide applications in
mechanics and physics [18-29]. The history of fractional vector calculus is not as long; it is
less than 20 years old (see [30] and references therein). Fractional vector calculus is very
important to describe processes in complex media, non-local material and distributed systems
in three-dimensional space. Therefore fractional vector differential operators can be used for
non-local continua and distributed systems with long-range power-law interactions [27].
Synchronization of non-linear dynamical systems with long-range interactions is discussed in
[31]. Non-equilibrium phase transitions in the thermodynamic limit for long-range systems
are described in [32]. Stationary states for fractional dynamical systems with long-range
interactions are considered in [33, 34]. Statistical mechanics and solvable models with long-
range interactions are discussed in [35] and in the review [36]. Discrete systems and a lattice
with long-range interactions and its continuum limit are considered in [27]. As was shown in
[37, 38] (see also [27, 39, 40]), equations with fractional derivatives can be directly connected
to lattice models with long-range interactions. A connection between the dynamics of a lattice
system of particles with long-range interactions and the fractional continuum equations can be
proved using the transform operation [37, 38]. One-dimensional lattice models for fractional
non-local elasticity and the correspondent continuum equations were suggested in [46-50].
These models describe one-dimensional lattices only. In this paper, we suggest a three-
dimensional lattice approach to describe the fractional non-local continuum in three-dimen-
sional space. A general form of the lattice model with long-range interaction which gives a
continuum equation with derivatives of fractional orders in the continuum limit is suggested.
It should be note that a vector calculus for physical lattice models has been considered in
[41-44]. In the papers [41-44], the suggested vector difference calculus is developed for
models defined on a general triangulating graph using discrete field quantities and differential
operators roughly analogous to differential forms and exterior differential calculus. Note that
a fractional generalization of exterior differential calculus of differential forms is suggested in
[27, 30, 45], where non-locality is described by the Caputo fractional derivatives. In this
paper, we use a different approach based on lattice models with long-range inter-particle
interactions and continuum limits that are suggested in [37—40] for a one-dimensional case.
We propose a three-dimensional generalization of the models considered in [37, 38] to
formulate a lattice analog of fractional vector calculus. The continuum limits of the suggested
lattice fractional vector differential operators are described by fractional derivatives of the
Riesz type. As examples of the applications of lattice fractional vector calculus, we consider
lattice models with long-range interactions for the fractional Maxwell equations of non-local
continuous media and for the fractional generalization of the Mindlin and Aifantis continuum
models of gradient elasticity.

2. The model of a physical lattice with long-range interaction

The lattice is characterized by space periodicity. In an unbounded lattice we can define three
non-coplanar vectors a;, a,, a, such that displacement of the lattice by the length of any of
these vectors brings it back to itself. The vectors a;, i = 1, 2, 3, are the shortest vectors by
which a lattice can be displaced and be brought back into itself. As a result, all spatial lattice
points (sites) can be defined by the vector n = (ny, n,, n3), where n; are integer numbers. If
we choose the coordinate origin at one of the sites, then the position vector of an arbitrary
lattice site with n = (n;, ny, n3) is written in the form
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3
r(n) = Zn,-a,-. @))

In a lattice the sites are numbered in the same way as the particles, so that the vector n is at the
same time the ‘number vector’ of a corresponding particle.

For simplification, we consider a lattice with mutually perpendicular vectors aj;, a,, a,.
We choose directions of the axes of the Cartesian coordinate system that coincide with the
vector a;. Then we have a; = a; e;, where a; > 0 and e; = a;/la;| are the vectors of the basis
of the Cartesian coordinate system.

We assume that equilibrium positions of the particles coincide with the lattice sites r(n).
A lattice site coordinate r(n) differs from the coordinate of the corresponding particle when
the particle is displaced relative to the equilibrium position. To define the coordinates of a
particle in this case, it is necessary to indicate its displacement with respect to its equilibrium
positions. We denote the displacement from its equilibrium position for a particle with vector
n by the vector field

3
u(, 1) = Yu(n, 1) e @)
k=1
Let us consider the equations of motion for a lattice n-particle with the vector m in the
form

i (n H_ ZZZK'k(n m)u, (m, 1)

a k=1 m

+FMm, 1), (@(=1,2,3), 3)

where M is the mass of the particle. For simplicity, we assume that all lattice particles have the
mass M. The italic i, k € {1, 2, 3} are the coordinate indices. In (3), we mean the summation
over repeated index k. The functions u;(n, ¢) are components of the displacement vector for
the particle. The coefficients KX (n, m) describe an interaction of the n-particle with the
m-particles in the lattice. We can consider K,,’;k (n, m) as a two-order elastic stiffness tensor
kernel that characterizes the non-locality of long-range interactions of a-type [27]. The
interaction kernel K*(n, m) can be interpreted as the effective stiffness coefficients for a
virtual discrete mass—spring system that corresponds to the suggested lattice model. The
interaction of lattice particles is described by K (n, m) with n # m, i.e. when there is at least
one nj, (j = 1, 2, 3), of the components of the vector n which is different from m;. The terms
with K, i (0) can be interpreted as a measure of the self-interaction of the lattice particles. The
sum Y, means the summations from —oo to +co over nj, n, and n;. The sum Y, means a
sum over the different values of a. The parameter a in the kernel is a positive real number that
characterizes a decreased rate of the long-range interaction in space. This parameter can also
be considered as a degree of the power law of the lattice spatial dispersion [46, 48] which is
described by the non-integer power of the wave vector components

Let us note some important properties of the kernels KX (n, m). The internal states of the
unbounded lattices must not be changed if the lattice is displaced as a whole
(uy(n, t) = uy, = const) when there are no external forces (F;(nm, ) = 0). As a result,
equations (3) give

ZKfik (n, m) = ZKZZ( (m, n) = 0. )



J. Phys. A: Math. Theor 47 (2014) 355204 V E Tarasov

These conditions should be satisfied for any particle in the lattice, i.e. for any vector n.
Equations (4) follow from the conservation of total momentum in the lattice.

For an unbounded homogeneous lattice, due to its homogeneity the interaction kernels
K;k (n, m) have the form

K (n, m) = K (n — m),
and K,i" (n — m) satisfy the conditions

YKEm-m = YK - m) = YKEm = 0. )

Using (5), we can represent (3) in the form

d2u;(n, 1) IR
MT = —ZZ Z K)Sm—m) (up(m, 1) — uc(n, 1))

a k=1m;=-0

+FMm, 1), (@(=1,2,3). (6)

These equations of motion have invariance with respect to their displacement of the lattice as
a whole in the case of the absence of external forces even if the conditions (5) are not
satisfied.

The equation for the lattice n-particle (6) allows us to consider a wider class of long-
range interactions and correspondent interaction kernels that do not satisfy the conditions (5).
Moreover, the form of the sum in (6) allows us to avoid divergences and non-physical
infinities in the continuum limit [27].

In general, the kernels K*(n — m) of long-range particle interactions have the form

K —m) = Cpy Ko, (n — my) Ko, (ny — my) Kg, (n3 — ms), ©)

where CZ},; are the coupling constants, n = (n, n,, n3), m = (my, my, ms). In this equation,
ay, ap, q, are positive real parameters for the directions defined by the lattice vectors ay, a,
and as, respectively.

We will consider the kernels K, (n; — m;), j = 1, 2, 3, with different a as even (+) and

odd (-) functions K (n;) such that
Ki(2n;) = £KE(n)) ®)
which have different power-law asymptotic behaviors of the Fourier series transformations
+oo
kf(k,-): Y ethnikE(ny), (G =1,2,3). )
nj=—00

We will assume that that I%a_ (k;) for odd function K, (n;) is asymptotically equivalent to
i sgn (k;)lk;l*atlk;l — 0 We also assume that k: (kj) — I%: (0) for even function K} (nj)1is
asymptotically equivalent to lk;|* at lk;| — 0, where

+oo
kRSO = Y Ky (10)

In general, we have K ,:r (0) # 0, since the conditions (5) do not hold. Note that the expression
k; (k f)A_ I%: (0) is a result of the Fourier series transformation of the sum of equation (6),
where K, (0) appears as a result of the transformation of the second part of the sum in (6)
with the field uy (n, t). This will be shown in the proof of proposition 1 of this paper.
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The condition I%: (0) = 0 strongly restricts the class of possible long-range interactions
for lattice models. For example, the most+frequently used kernel of long-range interaction
K} (n) ~ 1/Inl%*! has a non-zero value K, (0) which is expressed in terms of the Riemann
zeta-function £ (a + 1) (for details see section 8.12 in [27]). Therefore we will consider the

.. ot
general case with K, (0) # 0.
We will use lattice operators for the lattice analog of the scalar functions

U= U(m7 n) = M(m, t) - I/l(n, t) = l/l(ml, my, ms, t) - M(nl, np, ns, t)’ (11)
and the vector functions
[Ji = [Jl(ms n) = ui(ms t) - l/li(n, t) = ui(mh my, ms, t) - Mi(”l], nj, ns, t)’ (12)

where u; (n, t) are components of the displacement vector for a lattice particle that is defined
by the vector n = (n, ny, n3). We also assume that the fields u;(n, ¢) belong to the Hilbert
space [, of square-summable sequences, where

+o0
> |uitm, 0]? < o (13)

nj=—00

for all > 0. We use this Hilbert space to apply the Fourier series transformations.

3. Lattice analogs of vector differential operators

3.1. Lattice analogs of fractional derivatives

Let us define a lattice analog of a partial derivative of non-integer order a with respect to n; in
the direction e; = a;/la;l.

Definition 1. The lattice fractional partial derivatives are the operator D*[“] such that

+oo
[Dt["f] U(m, n) = La > KE(mi—m) @, —um ) (=1,2,3), (14
1 a; P——

where the interaction kernels KF (n — m) satisfy the following conditions.

(1) The kernels K;F(n) are real-valued functions of the integer variable n € Z. The kernel
K.} (n) is an even (or symmetric with respect to zero) function and K (n) is an odd (or
antisymmetric with respect to zero) function such that

KS (—m)=+K (), Kg(-n)=-K; () 15)

hold for all n € Z.
(2) The kernels K (n) belong to the Hilbert space I, of square-summable sequences, where

Y| KEM)|? < . (16)

n=1
(3) The Fourier series transforms of the kernels K} (n) in the form
+00 [*S)
RSk = Y e™Krmn) =2 K (n) cos (kn) + K;f (0), (17)

n=-—co n=1

satisfy the condition
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RS (0 = RO = W + (k7). (k0. (1s)
The Fourier series transforms of the kernels K, (n) in the form

+o00 0
K, (k)= Y e™K;(n)=-2i Y K (n)sin (kn), (19)

n=-—0o n=1

satisfy the condition
R, (k) =i sgn (k) " + o(|K|”), (k= 0). (20)
The real number a > 0 will be called the order of the operator (14).

Note that we use the minus sign in the exponents of (17) and (19) instead of plus in order
to have the plus sign for plane waves and for the Fourier series.

Using that the kernel K, (n) is odd with respect to n, we get K, (0) = 0 and 1%,; ) =0.
As a result, we can always write

D-[?‘]U(m, n):u)—[?‘] u(m, 7). @1
i i
If the kernel K} (n) satisfies the conditions (5) in the form

+oo

> Ki(n) =0, (22)

ie. I?; (0) = 0, then we can also use

1

[D+[0_’] U(m, n)=[D+[0,‘] u(m, 7). (23)
l

In general, condition (22) does not hold, and we cannot use the simplification (23).

In the conditions (18) and (20) the notation lower-case o o (Ikl*) means the terms that
include higher powers of |kl than |kl*. The conditions (18) and (20) also mean that we can
consider arbitrary functions K;F(n — m) for which K: (k) — I%: (0) is asymptotically
equivalent to 1kl%, and K, (k) is asymptotically equivalent to i sgn (k)IkI* as Ikl = 0
respectively.

In equation (14), the values i = 1, 2, 3 specify the variables n; of the lattice that is similar

to the variable x; of the continuum in the space R*. The operators D [ a] are lattice analogous

i
to the partial derivatives of order @ with respect to coordinates x; for the continuum model.

In the following sections we give explicit forms of the interaction kernels used in the
definition (14) of the lattice fractional derivatives.

3.2. Exact expressions for the kernels of the lattice fractional derivatives

In this section, we give exact expressions for the interaction kernels K (n) that satisfy the
conditions

Ry =K% R, (k) =1isgn®) [k (k- 0) (24)
instead of the asymptotic conditions (18) and (20).

6
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Figure 1. The plot of the function f, (x,y) (29) for the range x € [0, 5]
and y = a € [0, 8].
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Figure 2. The plot of the function f (x,y) (30) for the range x € [0, 5]
and y = a € [0, 8].

As an example of the interaction kernel K.} (n), we consider the function

a 2 .2
Kfy =" Fz(““-l ‘”3-—””), (a> 0. (25)

a+1' 2 2 2 7 4
where |F;(a; b, c; x) is the Gauss hypergeometric function (see chapter 2 in [52], or section
1.6 in [9]),
Fa+mI'(b)I'(c) x™ 26)

iFala: by e x) = ,,,zzzor(a) T'(b+m)I'(c+m) ml
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Figure 3. The plot of the function f, (x,y) (29) for the range x € [2, 6]
and y = a € [0, 2].
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Figure 4. The plot of the function f (x,y) (30) for the range x € [2, 6]
and y = a € [0, 2].

We use an inverse relation for (17) with I?; (k) = Ikl* in the form

K;(n)=%/:k“ cos(nk)dk, (@€R, a>0)

to obtain the expression (25) for the interaction kernel K} (n).
As an example of the interaction kernel K, (n), we consider the function

a+1 2,2
K; )= -2 nF(OH_z'E a+4__7r4n ) (a > 0).

2, : 27
a+2 "2 T2 2 27)
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Figure 5. The plot of the function f, (x,y) (29) for the range x € [0, 5]
and y = a € [0, 0.3].
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Figure 6. The plot of the function f (x,y) (30) for the range x € [0, 5]
and y = a € [0, 0.3].

Here we use an inverse relation for (19) with 1%,; (k) =1 sgn (k) lklI* in the form
Ko(n) = -+ f k sin(n k) dk, (@ €R, a>0) (28)
w7 Jo
to obtain the expression (27) for the interaction kernel K, (n). Note that

7.[(1

K7 (0) = Pt K;(0)=0

for all @ € N.
Note that the interaction kernels (25) and (27) for the integer and non-integer orders

describe the long-range interactions of the n-particle with all other particles (m € N).

9
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Figure 7. The plot of the function f_ (x,y) (29) for the range x € [10, 14]
and y =a € [4, 8].

200+

=
R
= = =
= ==
R AR TR
S
S e SIS
T T E e

e e i A e A O
S e s
B s

e

S
=S

= 8
-200+
7
10 6
11 Y
12 5
X 13
14 4

Figure 8. The plot of the function f (x,y) (30) for the range x € [10, 14]
and y = a € [4, 8].

The exact expressions of the interaction kernels KF(n) for integer values of a are
suggested in the appendix.
To demonstrate the properties of (25) and (27), we can visualize the functions

b2 y+1 1 y+3 % x?
X, = F; ST s > 29
S (6 y) y+112 ) 1 (29)

'+ x y+2 3 y+4  a*x?
X, y) = - F. ;= ;= 30
Jox, ) y+212 R 1 (30)
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of two continuous variables x and y > 0. The plots of the function (29) are presented in
figures 1, 3, 5 and 7 for different ranges of x and y. The plots of the function (30) are given in
figures 2, 4, 6 and 8.

Let us note that the kernel K () can be defined by (25) for & € (—1, 0), and K, (n) can
be defined by (27) with @ € (-2, 0). This allows us to define the lattice fractional integrations
by the same equations as the lattice fractional derivatives, but with negative a.

3.3. Asymptotic expressions for the kernels of the lattice fractional derivatives

Let us give examples of interaction kernels that satisfy the asymptotic conditions (18) and
(20) of the form

RS0 = RSO =W+ o). Ky () =i sen () W + o). (k= 0. (D)

To derive an asymptotic relation for the interactions kernels, we can use the equations
5.4.8.12 and 5.4.8.13 in [51].

Let us derive an example of the interaction kernel K.' (n) by using the series with the
number 5.4.8.12 of [51]. Equation (5.4.8.12) from [51] has the form

(o]

(=" 221 . (k) 1
E cos(mk) = —— sin®?| = | - ——, (32)
Srw+1+mlw+1-n) r'Qu+1) 2 2r2(v + 1)

where v > —1/2 and 0 < k < 27. Using that sin (k/2) = k/2 + o(k), and a = 2v,
equation (32) can be represented in the form

(o)

22 (-D'r(a+1) cos (n k) = — I'a+1)
Sr@2+1+ml(@2+1-n) @2 +1)
(k = 0), (33)
where @ > — 1. Comparing this equation with equations (17) and (18), we get
(-)'Tr'(a+ 1

k* + o(k"),

K}(n) = , (34)
IF'a2+1+nl@?2+1-n)
and
K (0) = __fle+D (35)
@2 + 1

We can see that K,/ (0) is not equal to zero for the interaction kernel (34). It can be directly
verified that the kernel (34) is the even function, K} (—n) = K,f (n).
As a result, we have an example of the interaction kernel K1 (n) in the form

(-D"T(a+ 1)
T@a?2+1+nl@?2+1-n)

This kernel has been suggested in [37, 38] to describe long-range interactions of the lattice
particles for non-integer values of a. The term K} (0) characterizes a self-interaction of the
lattice particles. The interaction of different particles is described by K,f (n — m) with n # m,
ie. In—ml#0. For integer values of a €N, the kernel Kf(n —m)=0 for
In—ml > a/2 + 1. For a =2j, we have Kf(n —m) =0 for all In — ml > j+ 1. The
function K\ (n — m) with an even value of @ = 2j describes an interaction of the n-particle
with 2 j particles with numbers n + 1. ..n + j. To demonstrate the properties of (36), we can
visualize the function

K} (n) = (36)
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Figure 9. The plot of the function g (x,y) (37) for the range x € [0, 5]
and y = a € [0, 8].
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Figure 10. The plot of the function g (x,y) (45) for the range x € [0, 5]
and y = a € [0, 8].

) Lo Re[(-D] I+ 1)
8+(x,y) =Re [Ky (x)] T rOR+1+ )2 +1-1x o0

of two continuous variables x and y > 0. Note that Re [(—1)"] = (—1)* for integer
x = n — m. The plots of the function (37) are shown in figures 9, 11, 13 and 15 for different
ranges of x and y. This function decays rapidly with growth of x and y. The function (37)
defines the interaction terms K (n — m) by the equation K; (n — m) = g, (n — m, a). The

interaction kernels (25) and (36) can be used for integer and non-integer values of a. It is easy
to see that expression (25) is more complicated than (36).
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Let us derive an example of the interaction kernel K, (n) using the series with the
number 5.4.8.13 from [51]. Equation (5.4.8.13) of [51] has the form

e _1\m 2v—1
Z D sin (2m + k) = = 2 sin(k),  (38)
szF(u+3/2+m)F(y+ 1/2 — m) I'Cuv+1)

where v > —1/2 and 0 < k < . Shifting the variable m by unity, and using a

= 2v and
sin (k/2) = k/2 + o(k), equation (38) gives
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Figure 13. The plot of the function g, (x,y) (37) for the range x € [0, 5]
and y = a € [0, 0.3].
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Figure 14. The plot of the function g (x,y) (45) for the range x € [0, 5]
and y = a € [0, 0.3].

(o)

Z (=™ sin (2m — k) = Zalll sin? (k). (39)
mzlf(u+1/2+m)F(v+3/2—m) I'(a+1)

Adding a zero term of the form 0 - sin (2m k), equation (39) can be represented as
i (=)™ (a+1)

207 (a2 + 172 + m)T (a2 + 3/2 — m)
+0 - sin 2m k)) = k* + o(k“), (k= 0), (40)

sin ((2m — 1)k)

m=1
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Figure 15. The plot of the function g, (x,y) (37) for the range x € [10, 14]
and y = a € [6, 8].
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Figure 16. The plot of the function g (x,y) (45) for the range x € [10, 14]
and y = a € [6, 8].
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Figure 17. Diagrams of sets of operations for fields.
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D* [(y } From lattice

i

to continuum

/

Fourier series Inverse Fourier
transform Fa integral transform F~1

Limit

a;i— 0

Figure 18. Diagrams of sets of operations for differential operators.

where @ > —1, and 0 < k < 7. Equation (40) can be rewritten in the form

21 ) (Kg@m = 1) sin(@m = Dk) + K (2m) sin 2m k)
m=1

=ik + o(k*), (k- 0), (41)
where k > 0, and

(="' @+ 1)
Ky(m)y=<20(@/2 + 172 +mI (/2 +3/2-m)’
0, n=2m, méeN.

n=2m-1, meN, (42)

Then using equations (19) and (20), we derive the kernel K, (n) forn € Z anda > —1. As a
result, we have the kernels in the form of the function (42) which can be represented by

_ (D@2 Q[+ D/2] = ny M@+ 1)

K, (n) 29T ((a@ + n)/2 + DI ((a — n)/2 + 1)

(43)

where the brackets [ ] mean the integral part, i.e. the floor function that maps a real number to
the largest previous integer number. The expression (2[(n + 1)/2] — n) is equal to zero for
even n = 2m, and it is equal to one for odd n = 2m — 1. This allows us to combine two cases
of (42) for even and odd values of n € N into the single equation (43). Note that the kernel
(43) is a real-valued function since we have zero when the expression (—1)**D’2 becomes a
complex number. It is easy to see that we can use equation (43) for all integer values n € Z.
The kernel K, (n) is the odd function such that

Ky (=n) = =K, (n), K, (0)=0. (44)

As a result, we have the interaction kernel K, (n) which satisfies the asymptotic con-
dition (20). For non-integer values of a, this kernel describes a long-range interaction of the
lattice particles. To demonstrate the properties of (43), we can visualize the function

Re [(—1)<X+‘>/2] roy+1
r(G+x)2+1)r(G-x)/2+1)

g (x,y) =Re[ Ky ()] = (45)
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of two continuous variables x and y > 0. The plots of the function (37) are shown in
figures 10, 12, 14 and 16 for different ranges of x and y. This function decays rapidly with
growth of x and y. The function (37) defines the interaction terms K, (n — m) by the equation
K,(n—m)y=g (n—m,a)2[(n — m+ 1)/2] — (n — m)). The interaction kernels (25)
and (43) can be used for integer and non-integer values of «. It is easy to see that expression
(25) is also more complicated than (43).

Some other examples of the interaction kernels with the property (31) are given in section
8 of the book [27]. For example, the most frequently used kernel of the long-range interaction

Aa)
) —
Kim =0 (46)
where we use the multiplier

Ate) = 1 , “7)

2T (—a) cos (ma/2)

has the asymptotic behavior

RS (0 = RO + K+ (). k0. (48)
for the cases 0 < a@ < 2 and a # 1, with the non-zero term

ko= —LetD (49)

I'(=a) cos (ma/2)’

where £ (z) is the Riemann zeta-function. To take into account such long-range interactions,
we use the asymptotic condition for 1%; (k) in the form (18) which includes I%: 0).

We should note that the long-range interaction with the kernel (36) is similar to the
fractional central differences of type 1 suggested by Ortigueira in [55, 56]. At the same time,
the interaction with kernel (43) is not directly connected with the fractional central differences
of type 2 suggested in [55, 56] since the kernel of these central differences contains integer
values of n instead of n/2 in (43). In addition, the difference of type 2 corresponds to
interaction of the lattice particles with virtual particles with half-integer numbers which do not
exist in the physical lattices. Therefore the fractional central differences of types 1 and 2 can
be considered as the basis of a discrete analog of fractional vector calculus, which is not
associated directly with the physical lattices. A discrete fractional vector calculus based on the
fractional-order central differences suggested by Ortigueira in [55, 56] is considered in section
5.1 of this paper.

3.4. The properties of the lattice partial derivatives

The lattice fractional derivatives (14) are linear operators on the Hilbert space I, of square-
summable sequences u (n).
In general, the operators for the same values of the subscript i do not commute

[Dr[ofl]u)i 2| £ p=| @ [Di[a_l], (o # ). (50)
i | i | | i | i
The operators with different subscripts i and j commute
Dr[”fl][or “l=p=| © Di[“f], (i # ). 51)
i | J 7] i
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The semigroup property is not satisfied
+
u)i[ofl]u)t[ofz];eu)i[“l ‘“2], (a1, az > 0). (52)

1 1 1

An action of two repeated fractional derivatives of order o, is not equivalent to the action of a
fractional derivative of double order 2a;,

2
Dr[of‘]u)r[of‘];eu)i[ _“‘], (a1 > 0). (53)
i i i
Note that these properties are similar to non-integer order derivatives [9].

It should be noted that the Leibniz rule for a lattice fractional derivative of order s # 1
does not satisfy

D*[‘?’](UV)#VW[".’ *
i

]U+U[Dr[ ]V, (@>0, s#1), (54

l 1

and this is a characteristic property of fractional differentiation. This property is similar to
fractional derivatives with respect to coordinates [54].
We assume that the lattice derivative with the value a = 0 is the unit operator

Dr[O]U=U. (55)
l

The commutation relation (51) with a; = @, = 1 is

Di[l.]ﬂ)i[l.]=ﬂ)i[l.]ﬂ3*[l.] ) (56)
i j j i

The continuum analog of the commutation relation (56) has the form

0%u(r) _ %u(r)
0x,-6xj dxjdx,- ’

(57)

It is well known that the commutation relation (57) may be broken for discontinuous
functions u (r) and if the derivatives are not continuous. We can assume that relation (56) may
be broken if we have a lattice with dislocations and disclinations. However, the exact
conditions for violation of this relationship remains an open question and we consider lattices
without dislocations and disclinations.

3.5. Lattice analogs of mixed partial derivatives

Let us define the lattice analogs of the mixed partial derivatives

Dr[“%‘?‘z]=u>i["fl]u>i[“?] (i # ). ©%)

i l J

D*[a‘.”fm]:ﬂf[ofl]Di[a?]“)i[%]’ (#j#k#ED. (59
ijk 1 J k

where i, j and k take different values from {1; 2; 3} and the values of i, j, k cannot coincide.
The order of the operators (58) and (59) are equal to a = a; + a and @ = a; + a; + a3
respectively. It should be noted that the operators (58) and (59) are not operators of second
and third orders in general. If @) = 2 and a, = 2, then (58) is an operator of fourth order, and
if ¢y =2 and @, = a3 = 1/2, then (59) is an fractional operator of third order.

18
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Using (14), the mixed partial lattice derivatives (58) and (59) are represented by

a 1 +00 +0o0
Di[ ! 2]: — 2 D KE(mi—m) KE(nj—m),  (60)

ij a;' a;

4 J  mi=—00 mj=-—co0

1 +00 +00 +00
L R D D M)
ijk a0 03
a; aj Ak mi=—00 m;=—00 m;=—00

Kz (ni —my) Kg,(nj —mj) Kg.(ng — my). (61)

If the parameter a; = 0, then the operator (59) is the operator of the type (58),

p=| O] = Di[ “ 72], (62)
| ij0 ij
and similarly we have
px| @ 00| _ pef @0 =[D’—“[al]. (63)
| 100 i0 i
Using (59) and the property (51), we can rearrange any pair of columns
pef @] _pefemar] pfaae]_ o
| ijk jki kij
We can define the mixed derivatives
Dﬂ[“‘.‘?’z]=ﬂ>i[7‘]ﬂf[“?] ) (65)
ij i J
Dtﬂ[“l.ofz “3] = D’—’[ 71] [Di[ “,2] Di[ “3], (#j#k#i). (66
ijk i J k

peew| M2 E ) [Dr[ af] p=| %2 [D¢[ “3], (#j#k#D). (67)
ijk i Jj k
The suggested lattice fractional partial derivatives allow us to obtain lattice analogs of the
fractional vector differential operators.

3.6. Lattice fractional vector differential operators

Let us define a lattice nabla operator for the lattice with the primitive vectors a;, i = 1, 2, 3,
by the equation

3
vir=y a [Di[”f]. (68)

For simplification, we consider the case a; = a; e;, where a; = la;| and e; are the vectors of the
basis of the Cartesian coordinate system. Therefore this simplification case means that the
lattice is a primitive orthorhombic Bravais lattice with long-range interactions.

The lattice analogs of the vector differential operators can be defined by the following
equations.
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The lattice gradient for the scalar lattice field U = U (m, n) is

3 3 +0o0
Grad{* U = Ye, [Di[ O:]U = ZLei > KE(n —my) Um, n).(69)

a
i=1 i=1 a; mi=—00

The lattice divergence for the vector lattice field U = 2,3= & Ui(m, n) is

3 3 +o0
. a 1
Divi= U = Zu)r[ i]Ui = Za—a > KE(ni—m) Um,m).  (70)
i=1

i=1"" m=—c0

The lattice curl operator for the vector lattice field U = Z?: € Ui(m, n) is

3

Cullf*U =) ey e [Di[ of] Uy (m, m), (71)

| Jj
i,j,k=1

where €;;c denotes the Levi-Civita symbol.
The lattice scalar Laplacian for the scalar lattice field U = U (m, n) can be defined by
two different equations with the repeated lattice derivative of orders a,

3 2
AF®* U = Div:* Grad®* U = Z(Di[ "‘]) U(m, n), (72)
i=1 !
and by the derivative of the doubled order 2 a,

3
ARE U = Z[Dr[z_a]z/(m, n). (73)
l

The violation of the semigroup property (53) leads to the fact that operators (72) and (73) do
not coincide in general.

Relations for lattice fractional differential vector operations are the same as for the
fractional vector analysis of non-integer order with respect to the coordinates (see section 5.3
in [30]).

4. The continuum limit for lattice fractional derivatives and lattice fractional
vector differential operators

4.1. Transform of the fields on the lattice into fields on the continuum

In order to define the operation that transforms a lattice field u; (n, ¢) into a field u; (r, ¢) of the
continuum, we use the methods suggested in [37, 38]. The transformations of components of
the lattice field u;(n, ) into components of the field u; (r, t) of the continuum are as follows.
We consider u;(n, t) as Fourier series coefficients of some function i;(k, ) on
k;e [—kj0/2, kj0/2], then we use the continuous limit kg — oo to obtain #;(k, t), and
finally we apply the inverse Fourier integral transformation to obtain u;(r, #). Dia-
grammatically, the set of operations for transformation of the field can be represented by
figure 17.

The transformation operation that maps a lattice field into a continuum field is a sequence
of the following three operations (for details see [37, 38]).

1. The Fourier series transform Fx:  u;(n, t) - Fa{u;(m, 1)} = i;(k, t) which is defined
by

20
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+0oo
gk =Y @ ® ™ = Flum, 0 g, (74)

ny,Nn,n3=-—00

S ko2 A )
w0 =] — / o o B0 elhrm) = Fildu(k, ) p,  (75)
j=1 JjO ¢ —Kjo,

wherer(n) = n; aj, and a; = 27 /kjo is the inter-particle distance in the direction a;. For
simplicity we assume that all lattice particles have the same inter-particle distance g; in
the direction a;.

2. The passage to the limit a;—>0 (kjo— c0) is denoted by
Lim: 4;(k, t) —» Lim {&4;(k, 1)} = i;(k, t). The function i;(Kk, r) can be derived
from 4; (k, ¢) in the limit a; — 0. Note that #; (K, t) is a Fourier integral transform of the
field u;(r, t), and i (k, t) is a Fourier series transform of u;(n, t), where we use

wi(n, 1) = L (e w), 1)
kio
considering r(n) = nja; = 2mnfkjo — .
3. The inverse Fourier integral transform 7~ ;(k, 1) = F~'{i;(k, 1)} = u;(r, t) is
defined by

3 o0
ik, 1) = Hf+ dr; e ki (r, 1) = F{uj(r, z)}, (76)
j=177%

3

A _ T ik _ 1)
i = Hf‘“’ dk; e*rid;(k, 1) = F {u,(k, r)}. 77

i1

Note that equations (74) and (75) in the limit a; — 0 (kjo — oo) are used to obtain the
Fourier integral transform equations (76) and (77), where the sum is changed by the integral.

Using the suggested notation we can represent these transformations by the following
diagram.

From Lattice to C’ontinuum\

u;(n,t) > u;(r,t)
]:AJ/ T}“l (78)
U; (k, t) ? Tll(k, t) .

Lim  a;—0
The combination of these three operations F~!, Lim and F, allows us to realize the
transformation of the field of the lattice into the field of the continuum [37, 38].
4.2. The continuum limit of the lattice partial derivatives

Let us consider a transformation of a lattice fractional derivative into the fractional derivative
with respect to coordinates by the combination of the operations F~! O Limit O F4. We
performed transformations 7~! O Limit O F, for differential operators to map the lattice
fractional derivative into the fractional derivative for the continuum. We can represent these

21
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sets of transformations from lattice operators to operators for the continuum in the form of the
diagrams shown in figure 18.
. S . . . .
The function K, (k;) is the Fourier series transform ¥, of the kernels of the lattice

fractional derivative D* [ a]. The functions K ai (k;) are the Fourier integral transform 7 of the

correspondent fractional derivative 0°/dlx;|* of the Riesz type.
In general, the order of the partial derivative 0°¢/dlx;|* is defined by the order of the

lattice derivative D* [ a] and it can be integer and non-integer. Let us give a definition of the

i

fractional derivatives 0%*/dlx;|%.

4.3. The Riesz fractional derivative

The Riesz derivative of the order a is defined [8, 9] by the equation
0%u(r) 1
d| .Xi| « dl (m

1 m
, @) A |z “+! (47" u)(z) dziy— (m > > 0), (79)

where (A" u)(z;) is a finite difference of order m of a function u(r) with the vector step
z; = x; ¢; € R? for the point r € R?. The non-centered difference is

m

m m!
(4 u)(z) = J=D' oy ulr = k) (80)
k=0 ' :
and the centered difference
o !
AMu)(z) = S — (e = (m/2 = k) ). 81
(47" u)(z) E)( Yo — o r - 2= bz) 81
The constant d;(m, @) is defined by
dim. @) = 324, (@)
e 201 (1 + a/2)T (1 + @)/2) sin (7a/2)’
where
- : m!
Ap(@) =2) (1) —m— "
,20 jlm = j)!
in the case of the non-centered difference (80), and
[m/2] ml
— —_1)Jj-1 . N
Ap(a) =2 ]ZO( D e 2 )

in the case of the centered difference (81). The constant d, (m, «) is different from zero for all

a > 0 in the case of an even m and centered difference (A, u) (see theorem 26.1 in [8]). In the

case of a non-centered difference the constant d;(m, a) vanishes if and only if

a=1,3,5,..,2[m/2] — 1. Note that the integral (79) does not depend on the choice of m > a.
Using that (—i)¥ = (—1)/, the Riesz fractional derivatives for even a = 2j are

%+ o
TUD) _ gy T,
0|x,-|21 ox

(82)

For a = 2 the Riesz derivative is the Laplace operator. The fractional derivatives 0% */dlx;|*
for even orders a are local operators. Note that the Riesz derivative 0'*/dlx;I' cannot be
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considered as a derivative of first order with respect to lx;|. The Riesz derivatives for odd
orders @ = 2j + 1 are non-local operators that cannot be considered as usual derivatives
0% +1/ax%+!, For a = 1 it is ‘the square root of the Laplacian’.

The Fourier transform 7 of the Riesz fractional derivative is given by

ast
P( J ”(r)]m) = k)| “(Fu) ). (83)
9 x|«

Equation (83) is valid for the Lizorkin space [8] and the space C®(R!) of infinitely
differentiable functions on R!' with compact support. Using (83), we have

O™ u®) _ i (1 1
x| =F 1(|k,-| (Fu)(k))(r)_ )

Equation (84) can be considered as a definition of the Riesz fractional derivative of order a.

4.4. The Riesz fractional integral
Riesz fractional integration is defined by
Lu(r) = P~ (1K~ (Fu)(K)). (85)

The fractional integration (85) can be realized in the form of the Riesz potential defined as the
Fourier’s convolution of the form

Iu(r) = f[R R.(r — Du@dz, (a>0), (86)

where the function R, (r) is the Riesz kernel. If @ > 0, the function R, (r) is defined by

v, (@™ a# o+ 2k,
R, (r) = (87)
—yn_l(a)|r|°"" In|r] a=n+ 2k,

where n € N, and the constant y, («) has the form

204772 (/2) / r(” — “) a#n+ 2k,
(@) = 2 (88)
(=D)=®229=17m2 [ (@/2) T (1 + [a — nl/2) a=n+ 2k.
The Fourier transform of the Riesz fractional integration is given by
P(I?u(r)) = |k|"*(Ff) (k). (89)

Equation (89) holds for (86) if the function u (r) belongs to Lizorkin space. The Lizorkin
space of test functions on R” is a linear space of all complex-valued infinitely differentiable
functions u (r) whose derivatives vanish at the origin

¥ = {u(): u(r) € S(R"), (Du)(0)=0, |nj €N}, (90)

where S (R") is the Schwartz test-function space. The Lizorkin space is invariant with respect
to the Riesz fractional integration. Moreover, if u (r) belongs to the Lizorkin space, then

IF Tu(r) = I¢ Hu(o), o1
where @ > 0 and § > 0.
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The Riesz fractional derivative yields an operator inverse to the Riesz fractional inte-
gration for a special space of functions

azt

dlr|*

Ifu() =u(r), (a>0). (92)

Equation (92) holds for u (r) belonging to the Lizorkin space. Moreover, this property is also
valid for the Riesz fractional integration in the frame of L,-spaces: u(r) € L,(R") for
1 £ p < n/a (see theorem 26.3 in [8]).

4.5. Generalized conjugate Riesz derivative

We also define the new fractional derivatives 0% /dlx;|* by the equation

0% u(r) 1
=F (1 sgn (k;) | k;|*(Fu)(K))(r). 93
T (i sen (ki) [ki| “(Fuy(k)) (r) 93)
Using ik; lk;1*~ ! =i sgn (k) Ik;1*, and the Fourier transform of the Riesz fractional

derivatives (84), the Riesz potential I} ~%forx; €R
F (1 () () = || " (Fu)k), (94)

and the usual first order derivative,

1

r( a;(r)](k) = i k; (Fu)(K). (95)

We can define the fractional operator (93) as a combination of the operators in the form

-

9 aa—1,+
- = a>1
ax,- a|xi|a_1
0%
- 9 a=1 (96)
d|xi| c)x,»
2 Il-¢ O<a<l,
L 0x,-

where d/0x; is the usual derivative of first order with respect to coordinate x; and I% ~%is the
Riesz potential of order (1 — a) with respect to x;,

L~ “u(r) = /[R1 Ri_o(xi = zp) u(r + (z; — x)e;) dz;, (@ < 1), (97)

where e; is the basis of the Cartesian coordinate system. For 0 < a < 1 the operator 9%~ /dlx;|*
is called the conjugate Riesz derivative [11]. Therefore, we call the operator 0% /alx;1* for all
a > 0 the generalized conjugate Riesz derivative.

The Fourier transform F of the fractional derivative (96) is given by

F(L;?f Z)]<k> = iki [k ') =i sgn (ki) [k] “Fuydo.  (©98)
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Using (91), (92) and (96), it is easy to prove the equation

O um = L@ = u@, (@ 0). 99)
d| )C,‘| « 0xi

Using (82) and (96), we get

il — .
M = (_1)] M (100)
0| x;| ! ox !
The fractional derivatives 0% ~/dlx;|* for odd orders @ = 2j + 1 are local operators. Note that
the generalized conjugate Riesz derivative 62*‘/ dlx;1> cannot be considered as a local
derivative of second order with respect to lx;. The derivatives 0% ~/dlx;|* for even orders
a = 2j are non-local operators that cannot be considered as the usual derivatives 0%/dx%. For
a = 2 the generalized conjugate Riesz derivative is not the Laplacian.

Equations (82) and (100) allow us to state that the usual partial derivatives of integer
orders are obtained from fractional derivatives 0% ’—'/ dlx;1* in the following two cases. (1). For
odd values @ = 2j + 1 > 0 we should use 9% ~/dlx;1* only. (2). For even values a = 2j > 0
we should use 0% */dlx;|* only. Therefore we can formulate the following ‘fractional corre-
spondence principle’: fractional generalization of the partial differential equation gives the
correspondent differential equation with partial derivatives of integer orders if the fractional
equation contains the fractional derivatives of the type d* ~/dlx;|* instead of the partial
derivative of odd order, and 0% +/ dlx;1* instead of the partial derivative of even order.

4.6. The continuum limit for lattice fractional derivatives

Let us formulate and prove a proposition about the connection between the lattice frac-
tional derivative and the fractional derivatives of non-integer orders with respect to
coordinates.

Proposition 1. The lattice derivatives

+00
[D*[ “.’]U(m, W= 3 KE(n - m) (u(m) — um)), (101)
1 a;

L m=—o

where K,f (n — m) is defined by (25) or (43), and K; (n — m) is defined by (27) or (43), are
transformed by the combination F~' O Lim Q Fy into the fractional derivatives of order
with respect to coordinate x; in the form

F~'O Lim OFA([Di[O.’]) - (102)
1

- ’
o[ *

where 0% /dlx;|% is the Riesz fractional derivative of order a > 0 and 0% ~/dlx;|* is the
generalized conjugate Riesz derivative of order a > 0.

Proof. Let us multiply equation (101) by exp (—ik; n; a;), and summing over n; from
—00 to +o00. Then

+00
Z ki n; “fll)i[ a] U(m, n)
=—00 !
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+o0

+o00
=— 3 Y e hma KE(n —my) (um) - um). (103)
ain;:—oo m;=—00

The interaction term on the right-hand side of (103) is

+00 to
Y etkimakE(n; — m;) (u(m) — um))

nj=—o00 m;=—

+00 +00
=D 2 e K (n — mp) u(m)

n=—00 Mm;=—00

+o00 +oo
> e kK E(n; — my) u(n). (104)

ni=—ocom;=—

The first term on the right-hand side of (104) gives

+00 +00
Y X e e KE(ng — my) u(m)
o0

nj=—oco my=—

+oo

+00
= X e MK = my) Y u(m)

nij=-—o00 m;=—o0

+o0 +o00

= Y ehmiagE(ny) Y wmyekima = RE(k; a;) a(k),  (105)

n,’=—oo m;=—0o

where n; = n; — m;, and

+o00
Kf(k,- a,») = Z e kimiai KE(p) = PA{K(f(n,»)}, (106)

n=—0o

Using (74) and (16), the second term on the right-hand side of (104) gives

+00

+00
Z Z e_ik" n a,-Kai(ni — m,-) M(l’l)

nj=—00 m;=—00

_ +z°° e=iki ni aiyy () +Z°° Kai(m,“) = ik, ;)1%;(0),

where m; = n; — m;,
As a result, equation (103) has the form

PA(Dr[Of]U(m, n)) - Lﬂ(kf(k,. a;) - 1%5(0)) a(k), (107)
l ai

where F, is an operator notation for the Fourier series transform and 12; ) =0.
Using that

R (ai ki) = R () = [ai ki« + o[ aiki] @), (108)
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Ry (aiki) =1 sgn (ki) |a; ki« + 0(|a,~k,~| a), (109)
we get

1 o+ o+ « L o la

a—ia(Ka (ki a;) - K, (0)) = [ki| + u o(|aiki] ®). (110)

1 - . 1

a—iaK(,(ki a;) =i sgn(ki)|k,-|"+a—iao(|aik,~|“). (111)

In the limit a; — 0, we have

+

&} (k) = lim ia(kj(k,» ai) = R ©) = [k (112)
a,-—>0 al'
K, (k;) = lim La K, (kia;))=ik; |k (113)
a;i—0 a;
As a result, equation (107) in the limit a; — 0 gives
Lim orA([Di[Of]U(m, n)) = R} (k) k), (114)
i
where
R (k)= |kl®  Ky(k)=ik |k]*",
and (k) = Lim # (k). The inverse Fourier integral transform of (114) is
_ s
F-1'O Lim oa(uﬁ ‘f‘]U(m, n)) = aa| ”l(? (@ > 0), (115)
L ! Xi
-1 . Ja o [ 0% *u(r)
F1O Lim OR|D| " |Um,n)|=—| ——2| (@>1), (116)
i ox; 0|xi| a-1
F'O Lim O FA([D_[ O,C]U(m, n|= il,-l “ur), O<a<l, (117)
1 IX;
where the fractional derivative and fractional integral are
at
#u(r) =F Y |k|am) ), Ifu@) = FH{]|k] ) }. (118)
Xi

Here we have used the connection (83) between the Riesz derivative and integral of the order
a and their Fourier transforms.

As a result, we obtain relation (102). This ends the proof.

Using the independence of the position vectors of lattice site n; = (ny, 0, 0),
n, = (0, ny, 0), n3 = (0, 0, n3) and the statement (102), we can prove that the continuum
limits for the lattice mixed partial derivatives (58) and (59) has the form

o 052]] L gmE g

T oyl @Al e
o|xi| 9] x; |

@#J), (119)
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F~'O Lim on(u)r,i,i[an @ a]) _ 0% omr onF
o o] 0] x| o= 9]xe|
(#j#k#I0), (120)
and similarly for the other mixed lattice fractional derivatives. As a result, we obtain
continuum limits for the lattice fractional derivatives in the form of the Riesz fractional
derivatives with respect to coordinates.

4.7. The continuum limit for lattice vector differential operators

The continuum limit of the lattice vector differential operators gives the following differential
operators of fractional vector calculus. These operators are defined by the Riesz fractional
derivatives.

The continuum limit of the lattice gradient is

> 0%Hu(r)
Grad%* u(r) = F~' O Limit O %y {Gradz»i U} = Ye; EPIE (121)
Xi

i=1

The continuum limit of the lattice divergence is
0%t i
Div&® u(r) = 7~ O Limit O F { Div{* U} = zﬁ (122)

The continuum limit of the lattice curl operator is

= 0%y, (1)
Curlg*u(r) = F'OLimit O Fy { Curl$* Ut = ) e € ————

dlx;|“

: (123)
|

ij k=1

where e;; denotes the Levi-Civita symbol.
The scalar Laplacian for the scalar field can be defined by the repeated derivative of
orders a in the form

S 0%t 9%ty (r)

AZ*E u(r) = Div&d* Grad%* u(r) = — 124
C ( ) C C ( ) §a|x1|a d|xi|" ( )
and by the derivative of the doubled order 2a,
3
02%y (1)
A Eur) =y ——=. (125)
c Z a|xi| 2a

i=1
In general, the fractional derivatives (124) and (125) do not coincide [9].

The Riesz fractional derivatives 0% */dlx;1* for @ = 1 are non-local operators that cannot
be considered as the usual local derivatives d/dx;, i.e. 01’+/ alx; ' # a/dx,-. Therefore the
fractional differential vector operators (121-124) that correspond to the even (symmetric)
kernels with @ = 1 are also non-local operators. At the same time, (121-124) for the odd
(antisymmetric) kernels with @ = 1 give the well-known expressions for the vector differ-
ential operators. Note that the operator (125) for @ = 1 is the usual Laplacian with a minus
sign, i.e. A2t = —A.

We can assume that the integral vector operations for the continuum can be defined using
the fractional analog of Green’s formula for a domain and the semigroup property for frac-
tional integrals and derivatives suggested by Riesz (see sections 7, 10 and 11 in [53]).
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5. Possible forms of lattice fractional calculus

In this paper we mainly pay attention to the lattice fractional vector operators that give the
fractional derivatives of the Riesz type in a continuous limit. Let us note other possible types
of lattice fractional vector calculus.

5.1. Fractional vector calculus based on the central differences of non-integer orders

The fractional-order central differences was suggested by Ortigueira in [55, 56]. In this

section we generalize these differences to consider a three-dimensional case. The central
difference A j"’+ of positive even integer order n can be defined by

n/2

Aftum = )

m=—n/2

(=17 I+ 1)
F(/2—m+1)Tn2+m+1)

u(r —ma,). (126)

The central difference A;"~ for positive odd integer order n is defined by

(n+1)/2 _1\(+1)/2+m
A u(r) = Z =D [+ D)
m:_(n_l)/zl"((n +D2-m+ 1) ((n—1D24+m+1)
xu(r—(m—1/2) a,-). (127)
These central differences allow us to define the corresponding partial derivatives defined by
A u(r) AT u(r)
DI*u(r) = lim————, D! u(r) = lim———— (128)
o S Ta

Both derivatives (128) coincide with the usual partial derivative of even and odd integer
orders with respect to x;.

The fractional central differences of types 1 and 2 in the direction of the vector a; are
defined by the equations

+o00
er ot _ (-D)" T(a+ 1) Cman. (12
4/ u(r) mzz_ool"(a/Z—m+1)F(a/2+m+l)u(r maj). (129)
+o00

ATy (r) = D" e+ D
AfTum = F(@a+ D2 =m+ DT ((a=D2+m+1)

m=—00

X u(r - (m—1/2) a). (130)

The fractional central differences (129) and (130) allow us to define the corresponding
fractional central partial derivatives by the equations

AP y(r CA* " u(r
/ ) D u(r) = 1im’7() (131)

NI .
D" u(r) = lim ,
T

b
e

where a > — 1. These operators are called the fractional centered derivatives in [55], and the
fractional central derivatives in [56]. In addition, the derivatives (131) are the fractional
derivatives of the Griinwald-Letnikov type [55, 56].

We propose to call the operators (131) the fractional derivatives of the Griinwald—Le-
tnikov—Ortigueira type in order to distinguish the operators (131) from the fractional deri-
vatives of the Griinwald—Letnikov—Riesz type [8], which are used in lattice models in [47].
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The properties of these fractional partial derivatives are describe in [55, 56]. Let us note
the following properties,

D DfFu) = DF P Hu(n), (132)
DF™ D) ~u(r) = — DfHF Hu(r), (133)
L'D]{x,— cDjﬂ, +u(r) - _ c'DjOc+ﬂ» “u(r), (134)

where a, #, a + > — land u(r) is a ‘sufficiently good function’. These properties allow us
to consider the fractional derivatives ‘D {"* as analogs of the continuum fractional derivatives
0%*/0lx;1* of the Riesz type.
Note that the expression in the definition (14) of the lattice fractional derivative D* [ ‘:]
can be rewritten in the form
+00
[Dr["f] U(m, n) = ia Z KE(mj) U(n—mje;,m), (=1,2,3), (135)
J a

J mj=—c0

where we use the special case of the lattice vectors n = (ny, ny, n3), m = (mj, mp, msz) in the
form

€ = (]9 O’ O)s € = (09 19 0)9 €3 = (0> Os 1).] (136)
and the equality
+0co0 too
> Ki(nj-mpum,n= Y Kifmpu(n-mje;r). (137
m;=—00 mj=—0o00

Equation (137) allows us to have an equivalent representation of the lattice fractional
derivatives (14). The form (135) of derivative (14) can be generalized to give a definition of
the lattice fractional derivatives based on the fractional central differences suggested by
Ortigueira in [55, 56].

Let us define a lattice fractional partial derivative of the central type with respect to n; in
the direction e; = a;/lal.

Definition 2. A lattice fractional partial derivative ‘1D+[';] of the central type 1 is the
operator :

+oo
”[D+[Of] u(m) = La Z Kf(mp)u(nm—mj;e;) (=1,2,3), (138)
J a.i mj=—00
where the interaction kernel °K; (m;) is defined by the equation
D™ I+ 1)
r(a2=mj+1)I(af2+m;+1)

‘K;(m]) — (139)

It is easy to see that the kernels °K; (m) are even functions, ‘K (—m) = K} (m).

The expression (138) with (143) for the lattice fractional derivative is based on the
fractional central differences ‘A ;”+ of type 1.

It should be noted that lattice models with long-range interaction of the form (143) and
correspondent fractional non-local continuum models were suggested in [37, 38] (see also
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[27, 50]). The motivation of this type of interaction is the power-law asymptotic behavior in
the form (18). The kernel (143) describes one of the examples of a wide class of a-inter-
actions suggested in [37, 38], where other examples of a-interactions for physical lattices
have also been proposed.

Note that the kernel K (m) defined by (143) is equal to the kernel K (m) defined by
(43) of the lattice derivative (14), i.e. we have

‘Kq (mj) =K (m)). (140)

J J

These fractional derivatives are well defined for physical lattices.

Therefore the lattice fractional derivatives D% j and D*| ? | are equal to each other,

Definition 3. A lattice fractional partial derivative "[D‘[”f] of the central type 2 is the
operator !

+o0
CD—[‘;] u(n,t)=% Y Kempu(n-(mi—12)e;) G=1,2,3), (142)

J mj=—c0
where the interaction kernel K7 (m) is defined by the equation
D™ T'(x+1)
r((a +1)/2—m;+ 1) F((a — /2 +m;+ 1)

‘K, (mj) = (143)

This form of the lattice fractional derivative is based on the fractional difference ‘A j”’_ of
type 2. Although the kernels ‘K] (m) and K} (m) defined by (143) and (43) are the same, it is
easy to see that the kernels K, (m) and K, (m) defined by (143) and (43) are different.

Let us note some differences between ‘D~ [“] and D~[“]. It is easy to see that the central
kernels °K, (n) defined by (143) cannot be considered as ‘odd functions, since

Ky (=n) #— K, (n),
whereas the kernel (43) is the odd function (K, (—n) = —K, (n)).

In addition, the lattice derivatives (142) do not have a clear physical interpretation related
to the physical lattice since the operator ‘D~ [“] describes an interaction of the lattice particles
with an empty place between the particles. The half-integer numbers n — (m; — 1/2) e; in
(142) do not correspond to any of the lattice particles. In contrast to this, the lattice fractional
derivatives (14) (or (135)) with kernel (43) describe the interaction of the lattice particle with
all the other real particles of the lattice. This allows us to have a direct physical interpretation
for lattice fractional derivatives (14) with kernels (27) and (43) as long-range interactions with
all the particles of the physical lattice.

Let us note that the fractional central differences ‘A jf”’i and the fractional derivatives

“D** of the Griinwald-Letnikov-Ortigueira type (131) can be defined for —la < 0 [55, 56].
This allows us to define the lattice fractional integrals of central types 1 and 2 by
equations (138) and (142) with negative a € (— 1, 0).

Proposition 2. The lattice fractional derivatives D=[“] of central types 1 and 2 defined by
(138) and (142) are transformed by the continuous limit operation Lim into the fractional
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partial derivatives of order a with respect to coordinate x; in the form
Lim( C[Di[”f]u(n)] =¢ D& u(r), (144)
J

where °D j’”i are the fractional derivatives of the Griinwald—Letnikov—Ortigueira type (131).

This proposition is based on the definition (131) of these fractional derivatives. The proof
can be realized by analogy with the proof suggested in [47] for lattice models with Griin-
wald—Letnikov—Riesz type long-range interactions.

In proposition 2 the Fourier series transform 7 and the Fourier integral transforms 7 ~!
are not used for the transition to the continuum case. The correspondent fractional derivatives
for the continuum are derived by the operation Lim of the continuous limit only.

Note that the transformation of the lattice derivative (14) with the kernel (43) by the
combination of operations F~1'O Lim O Fy gives the Riesz fractional derivative in the
continuum limit. This statement is based on the asymptotic property (18) of the Fourier series
transform K, ; (k) of the kernel K} (n) in the form (17). The proof of this statement is given in
[37, 38] and [27, 50]. Therefore the fractional derivative °D ;”J“ and 0% i/ dlx ;1% should be
connected for some classes of functions u(r), since the kernels of the correspondent lattice
derivatives are equal to each other (140). In addition, Ortigueira [56] proves an equivalence of
the central fractional derivatives of type 1 and the one-dimensional Riesz potential, when « is
not an even integer.

Also proved in the paper [56] is an equivalence of the fractional derivatives ‘D>~ of type
2 and the one-dimensional modified Riesz potential, when a is not an odd integer. This does
not mean that the derivatives (142) with (143) are equivalent to the lattice derivatives (14)
with (43), because the kernels (143) and (43) are not equivalent. Here the situation is similar
to the case with the lattice derivatives (14) with two different kernels, where the exact kernel
(27) and the asymptotic kernel (43) lead to an identical continuum fractional derivative. An
equivalence of the continuum fractional derivatives does not mean an equivalence of corre-
spondent lattice derivatives.

The derivatives (142) based on the fractional central differences of type 2 correspond to
interaction of lattice particles with virtual particles with half-integer numbers which do not
exist in the physical lattices. Therefore the suggested partial fractional central differences of
types 1 and 2 and the partial fractional derivatives (138), (142) are more correctly considered
as operators of a discrete analog of the fractional vector calculus which is not associated
directly with the physical lattices. For the formulation of physical lattice models and for
application in lattice mechanics, the lattice fractional derivatives (14) with the kernels (27),
(43) and (27), (43) are more appropriate than operators based on the central differences.

5.2. Fractional vector calculus for physical lattices with long-range interaction of the
Griinwald—Letnikov type

In this section, we consider a fractional vector calculus for models of a lattice with long-range
interaction of the Griinwald-Letnikov type.

The difference of a fractional order @ > 0 and the correspondent fractional derivatives
were introduced by Griinwald in 1867 and independently by Letnikov in 1868. The definition
of the difference of non-integer orders is based on a generalization of the usual difference of
integer orders. The difference of positive real order @ € R, is defined by the infinite series
(see section 20 in [8]) in the form
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oo

VEu@) =y

n=0

-D'T(a+1)
I'n+ DlMN(a—n+1)

u(x ¥ na), (145)

where a > 0. The difference V: + 1is called a left-sided fractional difference, and V;f _is
called a right-sided fractional difference. We note that the series in (145) converges absolutely
and uniformly for every bounded function u(x) and a > 0. For the fractional difference, the
semigroup property

Veviux) = VitPux), (@>0, p>0) (146)

is valid for any bounded function u(x) (see property 2.29 in [9]). The Fourier transform of the
fractional difference is given by

F{Viu@) k) = (1 — exp {ika})*F {u(x)} k)

for any function u (x) € L;(R) (see property 2.30 in [9]).
For integer values of @ = m € N the differences V' , are
(=D m!
Viu(x) = ———————u(xFna), aeR,). 147
,J_r() En!(m—n)! (xF ) ( +) ( )
The left- and right-sided partial Griinwald—Letnikov derivatives of order a > 0 are
defined by

Vi su(r)
D¢ _u(r) = lim ———. (148)
= aj—0+ aj| a
Substitution of (145) into (148) gives
00 —1)\
9L Lu(r) = lim SOLERCED). u(r ¥ nja;). (149)

aj—>0+|aj‘“”/=01“(nj + I)F(a —-nj+ 1)

Note that these Griinwald-Letnikov derivatives for integer orders @ = n € N are the usual
partial derivatives

0"u(r)

DY Lu() = (x 1 (150)

!

J

The fact that the differences of fractional order satisfy the semigroup property (146)
allows us to prove [58] the semi-group property for the fractional derivatives in the form

GLD;’ . GLD){? L= GLD;Ib+i/7” (@>0, p>0). (151)

This property leads to the commutative and associative properties of the Griinwald—Letnikov
derivatives [58]. In addition, the Griinwald-Letnikov fractional derivatives coincide with the
Marchaud fractional derivatives for u(r) € L, (R%), where 1 < p < oo (see theorem 20.4 in
[8]). The properties of the Griinwald—Letnikov fractional derivatives are described in section
20 of the book [8].

Let us define a lattice fractional partial derivative of the Griinwald-Letnikov type with
respect to n; in the direction e; = a;/la;l .

Definition 4. The lattice fractional partial derivatives “4D* [ a] of the Griinwald-Letnikov
type are the operators !
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+oo
GL[Di["f] u(m) = ia Y OLKE(n;—mp)u@m) (=1,2,3), (152)
J a./ mj=—00
where the interaction kernels ““KF(n) are defined by the equations
GLKai(n): (_ 1) r(l +a) (H[n] iH[_n])’ (a>0), (153)
2 (n|+ DT A+ a—|n|)

and a is the order of these derivatives, H [n] is the Heaviside step function of a discrete
variable n such that H[n] = 1 forn > 1, and H[n] = 0 for n < 0.

It is easy to see that the kernels ““K(n) are even and odd functions,
GLK*(—n) = + “LKE(n).

The form of these lattice fractional derivatives is defined by the addition and subtraction
of the fractional differences of the Griinwald-Letnikov type V7 , defined by (145).

It should be noted that lattice models with long-range interaction of the form SLK} (n)
and correspondent fractional non-local continuum models were suggested in [47] (see
also [27]).

Proposition 3. The lattice fractional derivatives GL[DJ—’[(;] defined by (152) are

transformed by the continuous limit operation Lim into the fractional partial derivatives
of the Griinwald—Letnikov type of order a with respect to coordinate x; in the form

Lim ( GLrDi[ (’f]u(m)) = OLDHE y(r), (154)
J
where 6D j”"i are the fractional derivatives of the Griinwald—Letnikov type
1
oDyt = (D5, x D), (155)

which contain the Griinwald—Letnikov fractional derivatives GLD;’,,’ . defined by (149).

This proposition can be proved by analogy with the proof for a lattice model with long-
range interaction of the Griinwald—Letnikov—Riesz type suggested in [47].

Using (150), we can note that the derivatives (155) for integer orders @ = n € N have the
forms

oLpn+ = L A | (156)
2\ ox} ox}
G- = L BUASSESI | (157)
2\ ox} ox}
These equations can be rewritten as
0, n=2m—-1, meN,
GLD;H =< 0" , n=2m meN, (158)

n
0xj
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GLyn— a—, n=2m-1, meN,
D;?’ = 0x.}1 (159)
0$ n = 2m, m e N.

Therefore GLD;?* is the usual derivative of integer order n for even values a only, and
CLD™ is the derivative of integer order n for odd values a only.

We assume that the lattice fractional integral operations can be defined by using (152) for
a < 0. This possibility is based on the fact that the series (145) can be used for a < 0 (see
section 20 in [8]). Equation (149) defines the Griinwald-Letnikov fractional integral if

lu()] < c(@ + D™, u>al. (160)

The existence of the Griinwald—Letnikov fractional integral means that we have the
possibility of defining a lattice fractional integration.

The suggested lattice fractional vector calculus can be extended for bounded lattice

models using the Griinwald-Letnikov fractional differences on finite intervals (see section
20.4 in [8]).

Definition 5. The lattice fractional partial derivatives gl‘[Di [ U;:| of the Griinwald—Letnikov

type for a bounded lattice with m: m]1 <my < mjzare the operators

M;
gL[Dr[‘;] u(m)=al—a 3 GKE(n; - my)u(m) (=1,2,3), (161)

J m,'=M/l

where the interaction kernels 'K X (n) are defined by the equations (153).

The lattice fractional derivatives gL[D’—’[‘;] defined by (161) are transformed by the

continuous limit operation Lim into the fractional partial derivatives of the Griinwald-Le-
tnikov type

1
#o5e = 2 (ot = @) 162
which contain the Griinwald—Letnikov fractional derivatives [8, 9] defined on the finite
interval [x }, X jz], where m jl, m jz and m; are defined by the equations

x! x? Xj
Ny n;
GLpe u(r) = lim 3 SOAENCESY
/ a/—>0+|aj‘“nj:01“(nj+1)F(a—nj+l

1 2
Xj—X; Xi = Xj
Nf:[ : ’], N;:[ ! ’]. (164)
aj aj

Here the brackets [ ] mean the floor function that maps a real number to the largest
previous integer number. The suggested form of fractional vector calculus for bounded lattice
models is based on the Griinwald-Letnikov fractional differences on finite intervals (see
section 20.4 in [8]). We assume that these calculi for bounded lattices can be developed using

)u(r¢ njaj), (163)

where
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the proposed lattice fractional partial derivatives of the Griinwald—Letnikov type. Consistent
formulations of the boundary conditions, extensivity and additivity for bounded lattice sys-
tems with long-range interactions and the correspondent continuum limits are open questions
at this time.

5.3. About lattice vector calculus based on O(N)-models

We assume that it is possible to formulate a lattice fractional vector calculus based on the
lattice O(N)-models with spin—spin long-range interactions. The classical O(V)-model (also
called the N-vector model) is an N-dimensional lattice model suggested by Stanley in [59].
The most famous of the O(N)-models are the Ising model for N = 1, the XY-model for N =2
and the Heisenberg model for N = 3. Lattice models of classical spins with long-range
interactions were first suggested by Dyson in [60-62], where an infinite one-dimensional
Ising model with long-range interactions is considered. A fractional dynamical approach for
describing lattice models with long-range interaction of spin variables and the correspondent
continuum models based on equations with fractional derivatives was suggested in [33, 39].
The correspondent equations for non-local continua contain derivatives of non-integer orders.

The lattice of the O(N)-model is a set of N-dimensional vector ‘classical spins’ s(n) of the
unit length (s(n) € RY, Is(n)| = 1) which are placed on the n-vertex of this N-dimensional
lattice. The symbol of the orthogonal group O(N) of dimension N is used in the name of the
model. The orthogonal group O(N) is the group of distance-preserving transformations of
Euclidean space R that preserve a fixed point. An important subgroup of O(V) is the special
orthogonal group SO(N) of the orthogonal matrices of determinant 1. The group SO(N) is also
called the rotation group, because the elements are the usual rotations around a point for
dimension N = 2 and rotations around an axis for dimension N = 3.

Let us consider the classical lattice O (2)-model (also called the XY-model or the rotator
model). In this lattice model, for each lattice site n there is a two-dimensional, unit-length
vector s(n) = (cos 6 (n), sin €(n)). The classical spin configuration is an assignment of the
angle —7 < 6(n) < 7 for each n. For translation-invariant long-range interaction described
by kernel K (n — m), and a point dependent external field h(n) = (4 (n), 0), the Hamiltonian
is defined in the form

H=-Y K(m-m)(sm)-sm)) - Y (hm) - smn))

n#m n
=— Y K(m—m) cos (6(n) — O(m)) — Y h(n) cos (§(n)), (165)
n#m n

where the sum runs over all pairs of spins (n, m) and the point * denotes the standard
Euclidean scalar product for R?. In the Hamiltonian (165), the interaction is described by the
periodic (trigonometrical) functions.

A fractional dynamical approach for describing one-dimensional lattice models with
long-range interaction of spin variables and the correspondent fractional non-local continuum
models is suggested in section V of [39]. The continuum equations which correspond to
equations of a lattice with long-range interacting spins contain fractional derivatives of the
Riesz type.

In general, for O(N) lattice models, we should take into account the symmetries of these
lattice systems. We should have the correspondent symmetry for the fractional non-local
continuum if the continuous limit is formulated correctly. In the general case, the Riesz
fractional derivatives and integrals on a circle cannot be defined in a consistent way. It is
natural that the operations of fractional integration and differentiation are to be defined in such
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a way that they transform periodic functions into periodic ones. The Riesz fractional inte-
gration and differentiation do not have this property. Therefore a three-dimensional gen-
eralization of the approach suggested in [39] does not allows us to take into account O(N)
symmetry since this approach uses the Riesz fractional derivatives. For periodic functions,
another type of fractional integro-differentiation should be used instead of the Riesz type. We
assume that the Weyl fractional derivatives (see section 19 in [8]) or generalizations of the
Griinwald—Letnikov fractional derivatives for the periodic case (see section 20.2 in [8])
should be used to preserve O(N) symmetry in the continuum limit and to map periodic
functions into periodic.
The Weyl fractional integral of order « is defined by

1 2
Mirtew = [T e - @>0) (166)

where z € (0, 277), x € R, and the function ¢ (x) is the 27-periodic function with zero mean
value. The kernels ¥?*(z) of these integrals are

2Z:cos (nz f aﬂ/Z).

YeE(z) = (167)
n=1 n
The kernels can be expressed in terms of generalized Riemann zeta-functions
2m)¢ (1 — a, + z/2
s = A Z @ 220 oy (168)
I'(a)
In the case of a positive integer a = m € N, the kernels may be represented by
() = -E200 g o), (169)
m!

where B,,(z) is the mth Bernoulli polynomial. In the case of positive integer a = m € N, the
Weyl integration correspond to the usual integration.
The Weyl fractional derivative of order n — 1 < @ < n can be defined by the equation

D**¢(x) = (il)"% VI T e (). (170)

This operator is called the Weyl-Liouville derivative [8].
For the 27-periodic function, we have the Fourier series

o0~ Y g, g ifz”e-i%(x) dr, (171)
= " 21 Jo
the Weyl fractional integration is
= '
VIEEp (x) ~ :ZMW e, (172)
and the Weyl fractional differentiation is
VDEEp(x) ~ f (in)* ¢, &, (173)

n=—0oo

where n € Z, and

(xin)* = |n|* exp {xsgn (n) i 7 a/2}.
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Relations (172) and (173) allow us to hold the requirement that fractional integrals and
derivatives of the 27-periodic function are again a 27-periodic function.

The lattice fractional vector calculus based on the classical O(N) lattice models with
spin—spin long-range interactions may be associated not only with the Weyl fractional deri-
vatives (see section 9 in [8]), but also with the Griinwald—Letnikov fractional differences for
the periodic case (see section 20.2 in [8]). Note that the existence of the Griinwald—Letnikov
derivative for the periodic case is equivalent to this function being represented by the Weyl
fractional integral (see section 20.2 in [8]) up to a constant term.

It should be noted that a fractional dynamical approach to discrete models, which
describes the long-range coupled evolution of N rotators, populating the unitary circle and
interacting via a cosine-like potential, and the correspondent continuum limit are considered
in [33].

Unfortunately, a consistent formulation of lattice fractional calculus for O(N)-models of
lattices with long-range interaction of classical spins remains an open question at this time.
We can only assume that this calculus may be associated with the Weyl fractional derivatives
(see section 9 in [8]), or the Griinwald—Letnikov fractional derivatives for the periodic case
(see section 20.2 in [8]).

6. Examples of three-dimensional lattice models

In this section, we give some examples of the application of the suggested lattice fractional
vector calculus. The three-dimensional lattice models with long-range interactions and the
correspondent fractional non-local continuum models are suggested for the fractional Max-
well equations of non-local continuous media, and for the fractional generalization of the
Mindlin and Aifantis continuum models of gradient elasticity.

6.1. A three-dimensional lattice analog of Maxwell equations

The well-known Maxwell equations for the electrodynamics of continuous media [63, 64]
have the form

divD(r, 1) = p(r, 1), (174)

div B(r, 1) = 0, (175)

curl E(r, 1) = ~BE D (176)
or

curl H(r, 1) = j(r, 1) + %, (177)

where E is the electric field strength, D is the electric displacement field, B is the magnetic
induction (the magnetic flux density), H is the magnetic field strength, p is the electric charge
density and j is the electric current density.

Let us define the electric and magnetic fields on the three-dimensional lattice by
equation (12). The electric field strength for the lattice is

3 3
E=YeE(mn 1= Ye (Em,1) - E®,1), (178)

i=1 i=1
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where E;(n, t) can be considered as components of the electric field for a lattice site that is

defined by the spatial lattice points with the vector n = (n, n,, n3). The other fields D, B, H,

j and p for the three-dimensional lattice with long-range interaction are defined analogously.
Using the lattice operators (70) and (71), we can write the equations

Dive* D(m, n, 1) = p(m, n, 1), (179)

Divé* B(m, n, 1) = 0, (180)

Curl®* B(m, n, 1) = - B0 0 (181)
ot

Curl®* H(m, n, 1) = j(m, n, 1) + W. (182)

These equations can be considered as the Maxwell equations for the lattice with long-range
interaction of the a-type. Lattice equations (183)-(186) with Div{* and Curl§* for a = 1
give continuum equations with non-local operators of first order in the continuous limit. For
this case the correspondence principle does not hold.

It is obvious that we would like to have a fractional generalization of partial differential
equations which would enable us to obtain the original equations in the limit case when the
order’s generalized derivatives become equal to the initial integer values. This correspon-
dence principle and the fact that only the fractional derivatives 0""‘/0|xj|‘Z for o = 1 are the
usual local derivatives of first order, allow us to consider equations (183)—(186) with Div{~
and Curl{"~ as basic lattice equations. In addition, we can use (21). Then these basic lattice
fractional Maxwell equations are

Div&~ D(m, 1) = p(m, 1), (183)
Div®~ B(m, 1) = 0, (184)
Curl®~ E(m, 1) = B0 (185)
or
Curl® H(m, 1) = j(m, 1) + w. (186)
1

For @ = 1, equations (183)—(186) give equations (174)—(177) in the continuous limit.
The continuum limit of the lattice equations (183)—(186) gives the fractional Maxwell
equations for the electrodynamics of non-local continuous media

Div&* D(r, 1) = p(r, 1), (187)

Div&* B(r, 1) = 0, (188)

Curl®* E(r, ) = - BE D (189)
or

Curl®* H(r, 1) = j(r, 1) + %, (190)

where Div@™® and Curl$* are differential vector operators of order a > 0 defined by
equations (122) and (123).
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For components the fractional Maxwell equations (187)—(190) can be represented as

S 0%ED,(r, 1)
00D ), 191
2 pr, 1) (191)
3 a,xp.
Za Bt _ o)
||

i=1

3

O%*E, (1, 1) 0B;(r, 1)
2o =" : (193)
k=1 a| x.,'| ot
3
O%tH (r, 1) . oD;(r, 1)
Y e = )+ —— (194)
k=1 6|xj ot

where 0%%/0lx;|* are the fractional derivative of order @ > 0. Fora = 1, equations (191)—~(194)
with the derivatives 0%*/dlx;1* cannot be considered as the local Maxwell differential
equations (174)—(177) since the Riesz derivatives with @ = 1 are non-local operators. In this
case the Maxwell differential equations (191)—-(194) with @ = 1 describe non-local media.
The fractional Maxwell equations (191)-(194) with the generalized conjugate Riesz
derivatives 0*~/dlx;1* of order & = 1 are the usual Maxwell equations (174)—(177).

The fractional Maxwell equations (191)—~(194) with the derivatives 0%~/dlx;|* of non-
integer orders @ > 0 can be considered as the main equations of fractional non-local elec-
trodynamics, and these equations correspond to the lattice model described by
equations (183)—(186).

Note that the fractional Maxwell equations (191)—(194) with fractional derivatives of the
Riesz type differ from the fractional Maxwell equations proposed in [27, 30], where the
fractional Caputo derivatives are used.

6.2. Three-dimensional lattice models for fractional generalization of Mindlin’s gradient
elasticity

Mindlin [65] presented a theory of elasticity with microstructure, where different quantities
are used for the microscale and for the macroscale. In Mindlin’s theory of elasticity [65-67],
the kinetic energy density and the deformation energy density are written in terms of quan-
tities for the microscale and the macroscale. Gradient elasticity models are simplified versions
of the elasticity theory with microstructure, in which the deformation energy density is only
represented in terms of the macroscopic displacements. These versions differ in the assumed
relation between the microscopic deformation and the macroscopic displacement. At the same
time, despite the theoretical differences between these models, the equations for displace-
ments of these models are identical [65-67].

The equations for Mindlin’s gradient elasticity model can be obtained [65-67] using the
following expressions for the kinetic and deformation energy densities. The deformation
energy densities is

1
U= 5/1 EiiEjj + u EjjEjj + /11 Eik,i€jj .k + /12 Exk,i€jji
+A3 €k i€k + Aa Ejk i€k + As EjkiEij ks (195)

where ¢;; is the strain, 4 and u are the usual Lame constants and the various 4; (i = 1,...,5) are
five additional constitutive coefficients. We also can use a simplification of the kinetic energy
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density [65] in the form
1 r . .
T = Ep a,u,‘ ()tu,» + Ep ll Ujj Ujj, (196)

where p is the mass density, u; is the displacement, &; = (1/2)(u;; + u;;). Using these
expressions for the kinetic and deformation energy densities, we obtain the equations for
displacements. Mindlin’s equations for displacements have the form

3 3 3
pii;— pIf Y0%i=(h+p) D.0;0ju;+u Y 05u
j=1 j=1 j=1

3 3 3 3
— G+ 13 Y D070 0u; — uli Y. Y 0F dFu; + (197)

k=1j=1 k=1j=1

where f; are the components of the body force, u; = u;(r, ) are the components of the
displacement field for the continuum and
122=4/1]+4/12+3}.3+2l4+3).5’ 132=A.3+2/14+/15'
24+ ’ 2u
As a result, continuum equations (197) have two Lame constants and three additional
parameters [y, I, and /5. All additional parameters have the dimension of length and can be
linked to the underlying lattice microstructure.

In order to derive a fractional generalization of Mindlin’s equations (197) and a corre-
spondent three-dimensional lattice model, we assume that the lattice is characterized by the
mutually perpendicular vectors a; = a, = a3 with equal length a; = a, = a3 = a. For a
primitive cubic Bravais lattice [7], we have three coupling constants and three gradient
coupling constants.

Let us consider the lattice equation in the form

(198)

3
M iiz(n, 1) = Ao (a) ZD+[2‘.’] Um,n, 1) - Ai@ Y [D-»—[Of Of] Uym, n, 1)
J J 1

Jj=1 Joj#i
2a 2a
—Ay(@) D*[ "7 | Ui(m, m, 1) = Az(@) D D*| 77 | Ui(m, m, 1)
l vy ]
J#Ei

~Bi(a) Y ([D—»—[S’ja ;‘]HD—’—[“,?’?]) U;(m, n, 1)

Jiiti Jt

B@ Y D+~+[2‘)f 2.“] Uym, n, 1) — Bs(@) [D+[4.“] Uym, n, 1)
o~ Ji i
JiJ#

2 2a 2
~By@) Y [D—~—’+[“_ ¢ “] U;(m, n, 1) — Bs(a) Z[DH[ * a] U(m, n, t)
kj J ik kJj Jk
ke#jsk#isj#i k#j

3
~ By () ZD*[“‘."] Uim, n, 1) + Fin, 1), (199)
j=1 J
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where U;(m, n, t) = u;(m, t) — u;(n, t), and A;(a), Ay (a), Az(a), and By (), ..., Bg(a) are
the corresponding coupling constants of the lattice long-range interactions. If we consider the
lattice with the interaction kernels K (n) that satisfy the conditions (22), then K} (0) = 0,
and we can use u(m, ¢) instead of U (m, n) in equation (199).

This three-dimensional lattice model in the continuum limit gives a fractional general-
ization of Mindlin’s model of the first gradient elasticity, if the Lame constants 1 and u are
defined by the coupling constants

M@ A
h_ Alo) 7=$(A1(a>—A3<a)). (200)

P M

The three additional parameters /;, I, and /; of Mindlin’s model are

2, _ Ag(a) 2, o Bi(a) P
ll ((X) - M 5 12 (a) - A1 ((Z), 13 (a)

_ Bs(@
As(a)’

(201)

where the coupling constants are not independent
Az(a) = Aj(a) + Az(@), Bi(a) = By(a) = B3(a) = Ba(a), Bs(a) = Be(a).  (202)

In the continuum limit (@ — 0), we obtain the equations for the fractional non-local
continuum model which is a generalization of Mindlin’s first gradient elasticity. These
equations have the form

3 62(1,+u-.
pii;=p I (@) ’
S L
b L ()(l,—uj a2a,+ui 3 (32”’+ul~
+ (Ao + n +
( a 'ua) jéiahj‘a a|xi|a alxilza Ky j=10|xi|2a

9o 6301,—”], @3- 0% 7u; o2+ aZa,+ui

ol ol sl e o] o]

~(da+ ) B@ Y

JrJ#L

Z 62“’+ 0%~ aa,—ui 04“’+ui

~ 2
(/1(, + #a) I3 (@) T 6|xj| @ 0| x;|® i 9| x| *

JRijEkkE
3
0211,+ aZa,+u‘ a4a,+u,
2 i i
—u B@| ) + +f, (203)
’ o olxe] 2 o[ 2 T [T
k#l

where u; = u;(r, t) are components of the displacement field for the continuum and
f; =f (x, t) are the components of the body force.
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For a = 1, equations (203) give the differential equations of elasticity for the continuum

3
piij=plf Za%ﬂi
=1

3
+ (A +u Zaja,-uj+(3l-2u,- +u Z&?ui

Jri#F Jj=1
—G+m i3 Y (0;00u;+ 0] ou; + 03 ofu;)
Jij#i

A+ l3 D 070, 0w + dfu;

k.j:
jhijEkkti
3
— w3 | D07 O5ui + D0%ui | + f. (204)
k,l j=1

k#l

In equations (204) the derivatives of the integer orders with respect to the same spatial
coordinates are clearly marked. Equations (204) can be rewritten in the form (197).

If the lattice equations (199) are written only through even lattice derivatives Dt [ j],

then the correspondent continuum equations contain the Riesz derivatives 0 /dlx;1* of orders
1 and 3 that are non-local operators. In this case, we cannot get the usual Mindlin’s model
with derivatives of integer orders. Therefore, we suggest the equations of the lattice model

that contain two type of lattice fractional derivatives D* [ 'j],

In the lattice model (199) all lattice derivatives are fractional orders. For a wide class of
non-local elastic material the fractional derivatives are important only if short- and long-range
particle interactions are present at the same time. This means that the lattice equations should
include the lattice derivatives of integer and non-integer orders. To describe these types of
material we can consider the lattice equation in the form

3
.. _ L +| 2 ..
M i, )= Al YD [/] ii; (m, 1)
=1
+af Yoo | w0+ af F0*| | wim, -
J J

+BE Z[D—m—[ “"] u;(m, 1)

e jmi
Jomyi

+8f Foor[ e om0 + B o, (205)
J.m,i

where the displacement for the lattice is u; (m, t) = u; (m;, my, ms, t), and AL AL A% BE and
B5 are the coupling constants of the lattice long-range interactions. This three-dimensional
lattice model in the continuum limit gives a fractional generalization of Mindlin’s model of
the first gradient elasticity. Using proposition 1, the operations F~! O Lim O F; for lattice
equations (205) give the continuum equations of the fractional gradient elasticity in the form
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0%i; o\ 0u, 0%,

pii; — AS L=Af + Af d

l 0 le 0sz ! le 0X j OX; g E ()x_,-z
BE 0t My | pe gyt 0 0% ou 206
o lenzlaxfawéxf CL LG e,

where the constants fot continuum are defined by

c a? P 4L c Ha P pL
A; =7Ai (i=0,1,2), Bj= o B (j=1;2). (207)
Note that the definition of the lattice derivatives D* includes 1 / a . This means that we

represent all real coupling constants of the lattice model in the form A L / a” and BL / a’te,
Therefore, the values of la ;| do not exist in the relations (207). The Lame constants /1 and u
are defined by the lattice coupling constants using the equation

_ P 4L _ P L _ 4L
w=rAL A_M(Al Az). (208)

The three additional parameters /;, I, (@) and I3(a) of Mindlin’s model are
5]
|4¢]

Note that x;, a, llz, 122 (a) and 132 () are dimensionless values. Equations (206) can be
considered as a generalization of the fractional Mindlin’s equations.

For a = 2, the three-dimensional lattice equations (205) give the well-known Mindlin’s
equation (197) for the displacement field u; = u;(r, t) of the continuum, where we take into
account 0%+/dlx,,12 = —02/ox 2.

For a = 1, equations (206) give differential equations with a non-local operator since
these equations contain the Riesz derivatives of odd orders that are non-local operators for
odd integer a.

]
=1

Ao
112 = ﬁ lz( ) =

I} (a) = (209)

6.3. Three-dimensional lattice models for fractional generalization of Aifantis gradient elasticity

A simplified model of gradient elasticity has been suggested by Aifantis [68, 69], where the
length-scales of Mindlin’s models are taken equal to each other. The gradient terms are used
to take into account so-called weak non-locality. In order to describe a weak non-locality of
power-law type, we should use terms with fractional gradients and fractional Laplace
operators [46, 48]. The one-dimensional lattice models for fractional elasticity and the cor-
respondent continuum equations were suggested in [46—48, 50]. In this section we apply the
suggested lattice vector calculus to generalize one-dimensional lattice models of fractional
elasticity for three-dimensional lattices. To generalize these models for three-dimensional
lattices, we consider for simplicity a primitive orthorhombic Bravais lattice with long-range
interactions, where a; = a; e;, and e; is the basis of the Cartesian coordinate system.

As a microstructural basis of the three-dimensional fractional gradient elasticity for the
anisotropic case, we can consider the following equations of three-dimensional lattice with
long-range interactions
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au(n 1) 11
= Al = ) u,(m, t)
0t ; ]kl |:]l:| k

lal
+ Y By D= Y um, 1) + F, o), (210)
Jj.m,l ] ml

where uy; (m, t) = uy (my, my, ms, t) is the displacement for the lattice and A ki and B,Jk, are
the lattice coupling constants. We assume that the fourth-order tensors A,_,kl and B% i7x have the
same type of symmetry as the fourth-order elastic stiffness tensor Cy;:

L _ L _ L _ L L __ L _ L _ L
Aju = Ajiu = Ajix = Agiij»  Biju = Bjin = Bjjix = Byij- (211)

For a primitive orthorhombic Bravais lattice [7], we have nine coupling constants Agk, and
nine gradient coupling constants B,»ijl.

Using the statement (102), (119) and (120), the operations F~' O Lim O F; for lattice
equations (210) give the continuum equations for the fractional gradient elasticity in the form

b 02 U; (l‘ 1) ZAUH 02 uk(r 1) + Z c O %t 0uk(r 1) +f(l' 0, (212)

i A a——
0x ;0x; py 0x; 0| x,| 2 O,
where u; (r, t) are the components of the displacement vector field for the continuum, and
Agk, and ngz are the coupling constants for the non-local continuum. The coupling constants
of the continuum are defined by the lattice coupling constants A% ki and B,ﬂd by the relations

_ P P L
Az]kl_MAzjkh By = MBijkl’ (213)

Note that the definition of the lattice derivatives [D+[ ,] includes 1 /a This means that we

represent all real coupling constants of the lattice model in the form Aljkl / aja; and
Biju / ajaa,,. Therefore, the values of la;| do not exist in the relations (213).
In the case a; = a; = a3 = a, we obtain the fourth-order elastic stiffness tensor Cyj; in
the form

Cijt = Afju = 2 Az]kl (214)

If B,jk] =gy A,jk,, then the scale parameter [ is [2 = gp and we have BUM =12 Ciju- Note that
Xy, a and 12 are dimensionless values.

If @ =2, then equation (212) gives the well-known continuum equation of gradient
elasticity

pii(r, 1) =Y Cyju 0; 0w (x, 1) £ 17 Y Cyjy 0507, 0y e (xr, 1) + £, (x, 1). (215)
Jok.l Jokdm

For isotropic materials, C;j; are expressed in terms of the Lame constants A and u by
Ukl =41 5,] O+ u (6ik :Sjl + 01 5j/<)' (216)

Let us give the stress—strain constitutive relation for fractional gradient elasticity (212).
Equation (212) can be represented in the form

3
(217)

P l;i[(r$ t) =
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where oy is the stress tensor that is connected with the strain tensor

1{0 0
gy = — | 2 4 2 (218)
2 0x1 axk
by the constitutive relation
0%t
ojj = ZAUCI“I & + ZBUC;‘Z a—aé'kl. (219)
k.l kolm EX

If we use (214) and assume that
Biu=+17 Af, (220)
then relation (219) can be rewritten as

oy = ZCijkl (1 +1; Ag’+)£k1’ (221
k.l

where A)&* is the lattice Laplacian defined by (125) in the form

+ : 0"t
ALt = _— (222)
‘ mzz | 0] x|
which is the fractional Laplacian. Equation (221) gives the constitutive relation for fractional
gradient elasticity. For a = 2, relation (221) gives

oy = ZCijkl (1 ¥ A) k1. (223)
]

This is the well-known stress—strain constitutive relation for gradient elasticity [68, 69]. If we
consider the case with

u,(r, ) =ux, 1), u,(r,t)=u,(r,1)=0, (224)

fi@ t)=f(x1), fy (r,n)=f(,1)=0, (225)

then we get the one-dimensional fractional elasticity models suggested in [46, 48, 50]. The
lattice models (205) and (210) are three-dimensional generalizations of the one-dimensional
lattice models proposed in [46, 48, 50]. In addition, the equation (210) of the lattice with long-
range interactions allows us to derive the stress—strain constitutive relations for fractional non-
local elasticity by using the usual law (217).

7. Conclusion

In this paper an extension of fractional vector calculus for three-dimensional unbounded
lattices with long-range interactions is suggested. The main advantage of the suggested lattice
fractional calculus is the possibility of using this calculus to formulate a lot of microstructural
models of fractional non-local continua. The lattice analogs of fractional partial derivatives
are represented by kernels of long-range interactions of lattice particles. The Fourier series
transforms of these kernels have a power-law form with respect to the components of the
wave vector. The proposed form of the long-range interactions allows us to use the lattice
equations not only for the integer but also for the fractional order of lattice partial derivatives.
The continuous limit for these lattice partial derivatives gives the fractional derivative of
Riesz type with respect to space coordinates. The advantage of the suggested types of inter-
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particle interactions (a-interactions) in the lattice is a possibility to formulate different lattice
models for a wide class of fractional non-local generalizations of local continuum models in
different areas of physics and mechanics.

Let us note some possible generalizations and extensions of the suggested lattice frac-
tional vector calculus which are partially discussed in section 5.

(a) A discrete fractional vector calculus can be developed using the central and generalized
fractional differences suggested in [55-57]. In the continuous limit these differences give
the central and generalized fractional derivatives.

(b) A lattice fractional vector calculus based on the Griinwald—Letnikov fractional
differences (see section 20 in [8]) can be developed using the lattice models with
long-range interaction of the Griinwald—Letnikov type and the Griinwald-Letnikov—
Riesz type proposed in [47].

(c) We assume that it is possible to formulate a lattice fractional vector calculus based on the
classical O(N) lattice models (the classical Heisenberg lattice model or the XY -model)
with spin—spin long-range interactions. This calculus can be connected with the Weyl
fractional derivatives (see section 9 in [8]), or the Griinwald—Letnikov fractional
differences for the periodic case (see section 20.2 in [8]).

(d) We assume that the suggested lattice fractional vector calculus for unbounded physical
lattices can be extended for bounded lattices and the correspondent continuum models.
This extension can be developed using the Griinwald—Letnikov fractional differences on
finite intervals (see section 20.4 in [8]). A consistent description of possible boundary
conditions, the extensivity and additivity for bounded lattices with long-range
interactions and their connections with the correspondent continuum models are open
questions at this time.

(e) A vector difference calculus of integer order for physical lattice models is suggested in
[41-43]. This calculus is considered for models defined on a general triangulating
graph using discrete field quantities and differential operators analogous to differential
forms and exterior differential calculus. We assume that the approach suggested in
[41-43] can be generalized for fractional operators of non-integer orders. To this aim, it is
possible to use a fractional generalization of exterior differential calculus of differential
forms suggested in [27, 30, 45] and the fractional-order differences [8, 9].

In this paper, we give some examples of applications of the suggested lattice fractional
vector calculus. Using the lattice calculus, we propose three-dimensional lattice models with
long-range interactions for the fractional Maxwell equations of non-local continuous media
and for the fractional generalization of the Mindlin and Aifantis continuum models of three-
dimensional gradient elasticity. Lattice fractional vector calculus also allows us to consider
lattice models and the correspondent fractional generalizations of continuum equations for a
wide class of long-range interactions of particles. The suggested lattice vector calculus is
based on long-range inter-particle interactions of the power-law type. Therefore it can be used
to describe the non-local properties of materials at the microscale and nanoscale, where inter-
atomic and inter-molecular interactions are prevalent in determining the properties of these
materials.

Appendix. Interaction kernels for lattice derivatives of integer orders

The inverse relations to the definition of K: (k) by equation (17) for 1%: 0 - 12': (k) = Ikl*
and by equation (19) for K, (0) — K,, (k) = i sgn (k) Ikl* has the form
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KF(n) = l/ﬂka cos (n k) dk, K (n) = —~ /ﬂk“ sin (n k) dk, (A1)
7T JO 7T J0

where s € N. Using the integral (see section 2.5.3.5 in [51]) of the form

(_1)n+2 [m—1)72] (—l)k m!

T om d = m—2k—1
fo x™ cos (n x) e Z m—2n D1 (7 n)
_1\[m+1)72] 00
(l)nfm QLm + 1)/2] = m), (meN) (A2)
J el m20 e
[ sin (o x) e = (= D mL Gyt
0 nmth = (m = 2n)!
—_1\[m’2]
% Qm2) —m+1), (meN), (A3)

where [x] is the integer part of the value x, we get K (n) for integer positive a = m by the
equation

K+(n) B [(”_zl)/zj(_l)nH( al ﬂa—2k—2 1
* = (@ =2n—11 p2k+2

N (=DIED2 g1 2[(a + 1)/2] — 5)

7 o+ (AH
and
[@/2] - 1\ n+k+1 a—2k-1
K, (n)= _kg() S @ _0{2!,;){! n211+2
~ (=1)lar2) a!;zn[:f] —a+1) - (A.5)

Here 2[(a + 1)/2] — a = 1 for odd @ = m and 2[(a + 1)/2] — a = 0 for even a = m.
Direct integration (A.1) for @ = 1, 2, 3, 4, or equation (A.5), gives the examples of the
kernels K (n) in the form

Kit(m) =L fﬂk cos (n k) dk = —ﬂ, (A.6)
a7 Jo Tn
K5 (n) = % fo "k cos (n k) dk = 2 (n_zl)", (A7)
. iy 6(1=(=1y
K{(n):%/o k3 cos (n k) dk = 3”’(12 D" ( ”:4 )), (A.8)
| 472 (=1) 24 (=1y"
Kifm) = — /0 k3 cos (n k) dk = - S (A.9)

where n € N. Note that

”m

m+1
Note that (1 — (—1)") = 2 for odd n and ((—1)" — 1) = 0 for even n.

m e N.

K, (0) =
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The examples of the kernels K, () have the form

Kr(m) = -+ f”k sin (n k) dk = =27 (A.10)
T J0 n
. yr o 2(1 = (=1
Kz—(n)=—l/ K2 sin (n k) dke = D0 (1=« )), (A.11)
T J0 n 7Tn3
T 1\ £2 _1\n
K;(n):—l/ K sin (n k) dk = (DT 6D (A.12)
7 Jo n n?
" 1y 1y 24 (1 = (=1y
K;(n):—lf K sin (n k) dk = (DT 12D (- )), (A.13)
xJo n n? 7 n’
where n € N. Note that K, (0) = 0 for all m € N.
We can see that
K ) = 22K () — K (o), (A14)
2 n
+ 2 o+ 12 4
Kfn) =27 Kf () — —K; (), (A.15)
n
and
_ , o 6 _
Ki(n) = 2 K (n) — — Ky (n), (A.16)
n
_ s 12 _
Ky () = 2° Ki (n) = K5 (). (A.17)
n

For a = 2, we can also use the long-range interactions in the following power-law form
1
@ = Dln = m|*+!

where {(z) is the Riemann zeta-function. For details see section 8.11-8.12 in [27].

K (n—m)= (@>2, a#3,4,5,.), (A.18)
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