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Abstract

We explore the quantization of a (1+1)-dimensional inhomogeneous scalar field theory

in which Poincaré symmetry is explicitly broken. We show the ‘classical equivalence’

between a scalar field theory on curved spacetime background and its corresponding

inhomogeneous scalar field theory. This implies that a hidden connection may exist

among some inhomogeneous field theories, which corresponds to general covariance in

field theory on curved spacetime. Based on the classical equivalence, we propose how to

quantize a specific field theory with broken Poincaré symmetry inspired by standard

field theoretic approaches, canonical and algebraic methods, on curved spacetime.

Consequently, we show that the Unruh effect can be realized in inhomogeneous field

theory and propose that it may be tested by a condensed matter experiment. We

suggest that an algebraic approach is appropriate for the quantization of a generic

inhomogeneous field theory.

All authors contributed equally.
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1 Introduction

There are growing interests in physical systems described by particles or fields with non-

constant mass, related to the condensed matter physics, neutron physics, cosmology and so

on. For instance, in the study of electronic and transport properties of some materials, the

Schrödinger equation with effectively position-dependent mass is an important and useful

tool [1–3]. In nuclear physics and neutron star physics, this equation has also interesting

applications [4, 5]. In the perspective of field theory, the so-called waterfall field in a hybrid

model of inflation [6] can be regarded effectively as an incarnation of a time-dependent

mass. Recently, there have been some renewed interests in the supersymmetric extension

of the position-dependent mass and couplings [7–15]. In these examples, some quantum

nature has been explored in the non-relativistic quantum mechanics setup and some classical

aspects in field theories have been analyzed. Nevertheless, the formalism and conceptual

understanding of non-constant mass in field theories are a bit deterred partly because of

the lack of sufficient symmetries or conservation properties. Furthermore, analytic solutions

to equations of motion are rare. Accordingly, the quantum aspects of field theory with

non-constant mass raises various issues and awaits further explorations.

In this paper, we consider a position-dependent mass and couplings in the context of

bosonic field theories. We will call this kind of field theory as inhomogeneous field theory

(IFT). Since the position dependence of mass and couplings breaks the Poincaré symmetry

explicitly, the usual Wigner representation of the symmetry on fields would be unavailable.

In other words, scalar, vector or tensor field distinction or spin representation of fields are

obscured in IFT, unlike in the Poincaré symmetric case. Despite this, we may simply take

the standpoint that our IFT is derived from the usual field theory with constant mass and

couplings by elevating those to be position-dependent. Therefore, it would be legitimate to

adopt the usual terminology and to designate a scalar field in IFT, for instance. This is an

obvious abuse of terminology, but wouldn’t lead to any hurdles or glitches.

On the other hand, a frame dependence might be a real trouble in quantizing IFT. One

of the related hurdles in the quantization is the absence of Poincaré invariant vacuum, which

will require a careful treatment. This situation reminds us field theory on curved spacetime

(FTCS), in which case one encounters similar issues like the absence of the preferred vacuum.

In the case of FTCS, there has been a large development to overcome difficulties with

preserving general covariance, which is eventually evolved to a subject known as the algebraic

quantum field theory [16–24]. See also [25–27]. Based on the similar difficulties in IFT to

those in FTCS, one may guess that it is very tempting to adopt the algebraic formulation

for IFT. In particular, the van Hove model, which may be thought to be a kind of IFT, has

been a good example for such a formulation [28]. See also [29, 30]. However, in general, it
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doesn’t seem to be straightforward to materialize this expectation.

In this work, we would like to make this anticipation into a concrete working example

in the case of a (1 + 1)-dimensional scalar IFT. Toward quantization of IFT, it would be

an interesting direction inspired by an algebraic quantization process in FTCS. One of our

main points is to propose a way to quantize the IFT using a method that respects the

classical equivalence between a FTCS and its corresponding IFT in (1 + 1) dimensions. We

also propose a “generalized stress tensor” in inhomogeneous quantum field theory (IQFT),

which is designed to be conserved. Based on this, we show the existence of the Unruh-like

effect in IQFT. Though one may regard our specific model to have a bit limited scope at this

stage, our slogan is that an algebraic method is appropriate approach to a generic IQFT in

any dimensions.

The paper is organized as follows. In section 2, we show the ‘classical equivalence’

between a (1 + 1)-dimensional FTCS and its corresponding (1 + 1)-dimensional IFT. As an

example, we focus on a free scalar field. The implication of general covariance in conjunction

with the equivalence is explored. In some examples, the limiting behaviors of a position-

dependent mass are inspected and their geometric interpretation is given. In section 3,

based on the classical equivalence, we present our main proposal for the quantization of our

model in IFT. Following the canonical quantization in curved spacetime, we quantize IFT

by the canonical quantization. In section 4, the Hadamard method is summarized which is

a very useful algebraic construction superseding the canonical quantization. By applying

this method to IFT, we suggest some interesting quantum aspects including the Unruh-like

effect in IFT. In section 5, we summarize our results and provide some future directions. In

Appendix A and B, we collect some formulae useful for the main text.

2 Classical Relation between FTCS and IFT

In conventional relativistic quantum field theories with constant mass and coupling param-

eters in Minkowski spacetime, the Poincaré symmetry is essential in the canonical quan-

tization. On the contrary, the Poincaré symmetry is explicitly broken in IFT whose mass

and coupling parameters depend on spatial coordinates. Therefore, it isn’t guaranteed to

apply the canonical quantization method to IFT. In this paper, we would like to propose

a quantization method for IFT, based on a classical relation between FTCS and IFT in

(1 + 1)-dimensional spacetime. Before presenting our proposal for the quantization, we

show the classical relation between FTCS and IFT in this section. And we also discuss

interesting implication of general covariance in FTCS in the context of IFT. Then, we in-

vestigate limiting behaviors of a position-dependent mass in terms of background metric in

FTCS through our classical relation.
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2.1 (1 + 1)-dimensional IFT and FTCS

As a simple example of IFTs, let us consider a (1 + 1)-dimensional scalar field theory with a

position dependent mass m(x), couplings gn(x)’s, and a source J(x), whose action is given

by

SIFT =

∫
d2xLIFT =

∫
d2x

(
−1

2
∂µφ∂

µφ− 1

2
m2(x)φ2 −

∑

n=3

gn(x)φn + J(x)φ

)
, (2.1)

where the Poincaré symmetry is partially broken. Using the remaining symmetry, its super-

symmetric extension with J(x) = 0 was done in [15]. Attempting to quantize this theory,

we encounter various difficulties due to the broken Poincaré symmetry. Recalling that any

parameters in field theory may be promoted to the background values of certain fields in an

enlarged field theory or string theory1, we may regard m(x), gn(x)’s, and J(x) as vacuum

expectation values of those fields. For instance, we might embed the above action into a

higher dimensional theory with the Poincaré symmetry. In this way, we may perform a

quantization of IFT from the Poincaré invariant theory. However, it doesn’t seem to be

straightforward to realize this embedding.

Instead, we explore another way for quantization of the above IFT. For this purpose, we

consider a (1 + 1)-dimensional scalar FTCS, whose action is given by

SFTCS =

∫
d2x
√−gLFTCS =

∫
d2x
√−g

[
− 1

2
∇µφ∇µφ− 1

2
m2

0φ
2 −

∑

`=1

f`(R)φ`
]
, (2.2)

where m0 is a constant, R denotes the scalar curvature of the background metric, and f`’s

are some functions of R. The action (2.2) enjoys general covariance. In the following, we

take the above metric, gµν , as a non-dynamical one. Now, let us take a (1 + 1)-dimensional

metric in the form of

ds2 = e2ω(x)(−dt2 + dx2) , (2.3)

which is a generic conformal form of the metric in (1 + 1) dimensions. The absence of the

time coordinate in ω is matched to time independence of coupling parameters in IFT. See

the action (2.1). Some properties of this metric are given in Appendix A. In particular,

one may note that
√−g = e2ω(x) and R = −2ω′′e−2ω, where ′ denotes the derivative with

respect to x.

Inserting the above metric in the FTCS action (2.2), one can see that the action is

1This is an old folklore realized in various cases. For instance, axion field is a field elevation of the

original constant θ angle parameter. The usefulness of space-dependent parameters in supersymmetric field

theory is emphasized in [31].
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converted to the IFT action in (2.1) with the parameter matching as follows:

m2(x) =
√−g

(
m2

0 + 2f2(R)
)
,

gn(x) =
√−gfn(R) ,

J(x) = −√−gf1(R) . (2.4)

Under this conversion, a background metric is considered to be given. Choosing f`(R)’s, we

obtain position-dependent parameters in IFT. Since f`(R)’s can be chosen, in principle, as

arbitrary functions of R, a wide variety of IFTs can be considered in this way. For instance,

even in the case that x-ranges of non-constant m2(x), gn(x) and J(x) do not overlap, we

can find f`(R)’s which are converted to those Lagrangian parameters.

Under the conversion rule (2.4) for a given metric, the equations of motion of scalar fields

are completely identical to each other in FTCS and IFT actions.2 Thus, we can say that

the same physics is described by two differently-looking languages, FTCS and IFT, i.e., a

kind of dual description. We will call such a relation between two theories as the ‘classical

equivalence’ and denote:

IFT ⇐⇒ FTCS . (2.5)

It is crucial in this equivalence that the kinetic term in (2.2) in (1 + 1) dimensions is always

independent of the metric for the conformal form in (2.3). The basic concepts and methods

in the above can be extended to other field theories including fermionic ones in (1 + 1)

dimensions. However, note that in general the classical equivalence is not straightforwardly

extended to higher dimensional theories. As alluded above, the ‘classical equivalence’ does

not mean that the theory spaces of FTCS and IFT are equivalent. In this paper, this

term is used only in the restricted sense that the conversion rules are performed and the

corresponding IFT is determined. Though it may be regarded as nothing novel, it is shown

to have notable and useful aspects, which are the main points in this paper. See also [32].

To illustrate our approach concretely, we focus on the following simplest quadratic action

on curved spacetime, which is given by3

SFTCS =

∫
d2x
√−g

[
− 1

2
∇µφ∇µφ− 1

2
m2

0φ
2 − ξ

2
Rφ2

]
, (2.6)

where ξ is a constant. The stress tensor for this action is given by

Tµν = ∇µφ∇νφ−
1

2
gµν

[
(∇φ)2 +m2

0 φ
2
]

+ ξ
(
−∇µ∇ν + gµν∇2

)
φ2 . (2.7)

2As described below, we use the term of classical equivalence within a class of IFT such that the conversion

is valid and the classical equations of motion of FTCS and IFT are identical.
3This is not the conformally coupled case in (1 + 1) dimensions.
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Just like in the general case, one can see that the above FTCS action is converted to the

IFT action on the Minkowski spacetime in the form of

SIFT =

∫
d2x
[
− 1

2
∂µφ∂

µφ− 1

2
m2(x)φ2

]
, (2.8)

where the squared mass function is given by

m2(x;m0, ξ) =
√−g(m2

0 + ξR) = e2ω(x)m2
0 − 2ω′′ξ . (2.9)

When we consider the inverse conversion from IFT to FTCS, the choice of the function

f2(R) in (2.4) is not unique while keeping the equations of motion unchanged for a given

mass function m(x). This means that we have freedom in the conversion process and these

should be taken into account in the equivalence. Though a minimal choice is to take ξ = 0,

we consider a two-parameter conversion to set the scalar IFT action (2.8) to the form of

(2.6). This choice in (2.9) contrasts to taking m(x) as the vacuum expectation value of a

certain scalar field and reveals some interesting features in our equivalence, especially in the

expression of “stress tensor” in IFT, T IFT
µν .

From the stress tensor in the scalar FTCS, we read the “stress tensor” in the scalar IFT

as

T IFT
µν = ∂µφ∂νφ−

1

2
ηµν

[
(∂φ)2 +m2

0e
2ωφ2

]
+ ξ
[
− ∂µ∂ν + Γαµν, IFT∂α + ηµν∂

2
]
φ2 , (2.10)

where Γαµν, IFT denotes

Γαµν, IFT ≡ ω′(x)
[
2δ(x
µ δ

t)
ν δ

α
t + (δxµδ

x
ν + δtµδ

t
ν)δ

x
α

]
. (2.11)

Here, ω′(x) should read from the chosen conversion rule in (2.9). We would like to emphasize

that our “stress tensor” satisfies the “conservation law” derived from the counter part in

FTCS, which takes a very unusual form from the viewpoint of IFT, i.e.,

∇µ
IFTT

IFT
µν ≡ ηαβ

[
∂αT

IFT
βν − Γραβ, IFT T IFT

ρν − Γραν, IFT T IFT
βρ

]
= 0 , (2.12)

where the indices are raised and lowered by ηµν in IFT. Indeed, one can check explicitly in

our case that

∇IFT
µ T µt,IFT = ∂µT

µ
t,IFT = 0 ,

∇IFT
µ T µx,IFT = ∂µT

µ
x,IFT + ω′(x)

[
m2

0e
2ω − ξ∂2

]
φ2 = 0 . (2.13)

The first equation corresponds to the energy conservation which comes from the t-translation

symmetry in our scalar IFT. The second equation obviously reveals the absence of the x-

translation symmetry in IFT, which implies that the conserved stress tensor cannot be
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introduced in the usual sense [15]. In other words, there is no conserved quantity coming

from the second equation. Nevertheless we can interpret the above quantity as the conserved

“stress tensor” originated from the scalar FTCS.

To see legitimacy of our construction of the “stress tensor” and to verify the energy con-

servation, one may return to the canonical Hamiltonian. In our specific position dependent

IFT in (2.8), the canonical Hamiltonian (density) can be introduced as

Hcan =
1

2

[
φ̇2 + (φ′)2 +m2(x)φ2

]
, ˙≡ ∂

∂t
, (2.14)

which corresponds to the time translation generator. To see the matching of this to the

“stress tensor”, let us check that the tt-component of our “stress tensor” is the same with

Hcan up to the total derivative term,

T ttIFT = Hcan −
[
ξ
(

(φ2)′ − ω′φ2
)]′

, (2.15)

where one should recall that the indices are raised by ηµν in (2.10). If the fall-off condition

of the scalar field φ is taken appropriately, the energy defined by the Hamiltonian would be

the same as that obtained from the tt-component of our “stress tensor”.

As discussed previously, the classical equivalence provides us an interesting way to ex-

plore the quantization of the IFT with a position dependent mass. Before going ahead, we

present some notable aspects of our model and its correspondence.

2.2 Implications of general covariance

As we have already discussed, general covariance is manifest in the quadratic FTCS action

(2.6). Though the equivalence of (2.6) and (2.8) for the metric (2.3) is shown, the meaning

of general covariance is obscured in the IFT action point of view since the measures of the

action integral may be changed by general coordinate transformations. In this subsection,

we try to figure out the implication of the general covariance of FTCS in the context of IFT

in association with the classical equivalence.

As we showed in the previous subsection, the FTCS action (2.6) is converted to the IFT

action (2.8) as
∫
d2x
√−gLFTCS(gµν ,m0, ξ) =

∫
d2xLIFT(m(x)), (2.16)

where m2(x) =
√−g(m2

0 + ξR) and the metric is given in (2.3). We would like to ask

how the general covariance in the left-hand side is encoded in the right-hand side of (2.16).

Performing a general coordinate transformation (t, x) −→ (T (xµ), X(xµ)) for the FTCS

action in the left-hand side of (2.16), we obtain
∫
d2x
√−gLFTCS(gµν ,m0, ξ) =

∫
d2X
√−ḡLFTCS(ḡµν ,m0, ξ) , (2.17)
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X

T

x

t

t̄ x̄
{
t→ +∞
x→ −∞

{
t→ −∞
x→ −∞

II I

III

IV

Figure 1: The geometry under consideration via (2.20) and (2.23) is presented. The

Minkowski spacetime (2.23) is covered by (T,X) without any restrictions in the coordi-

nates. On the other hand, the Rindler spacetime (2.20) covers only the right or left Rindler

wedge(region I or II) in (T,X)-coordinates, while −∞ < t, x <∞.

where ḡµν(X) ≡ ∂xρ

∂Xµ
∂xσ

∂Xν gρσ(x). Under this transformation, the integration region could be

changed. Now we convert the transformed FTCS action to the IFT action:
∫
d2X
√−ḡLFTCS(ḡµν ,m0, ξ) =

∫
d2XLIFT(m̄(X)), (2.18)

where the mass function in the right-hand side is given by

m̄2(X) =
√−ḡ(m2

0 + ξR̄). (2.19)

Compared to the position-dependent mass function m(x), the mass function m̄(X) in the

scalar IFT converted from the transformed scalar FTCS can depend on both coordinates

X = (T,X). That is, two seemingly different IFT’s with m(x) and m̄(X) are connected

each other. This result is quite surprising from the view point of IFT, while it is natural

within our equivalence. Based on this observation, we would like to interpret this relation

between two IFT’s as the existence of a hidden connection in IFT.

In order to show this phenomenon explicitly, we consider the Rindler spacetime and a

coordinate transformation in the side of FTCS. First, we take the metric in the FTCS action
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as

ds2 = e2bx(−dt2 + dx2) , (2.20)

where b > 0 corresponds to a constant proper acceleration, related to a static observer in

the Rindler spacetime. Then the corresponding IFT action by our equivalence becomes

SIFT =

∫
d2x
[
− 1

2
∂µφ∂

µφ− 1

2
m2(x)φ2

]
, m2(x) = m2

0 e
2bx . (2.21)

Second, let us carry out the coordinate transformation in the FTCS side as (t, x)→ (T,X),

T = b−1ebx sinh(bt), X = b−1ebx cosh(bt) . (2.22)

This brings the Rindler metric (2.20) to the Minkowski metric,

ds2 = −dT 2 + dX2 (2.23)

with the range of coordinates X > |T |. See Fig. 1. This is the so-called right Rindler

wedge of the Minkowski spacetime. This right Rindler wedge spacetime is a globally hy-

perbolic but geodesically incomplete spacetime. To avoid the encounter with the spacetime

boundary within a finite proper time/affine parameter, one usually extend the spacetime to

be geodesically complete. In this case, the extended one is the Minkowski spacetime with

−∞ < T,X < ∞. This is natural in the context of general covariance in FTCS, which is

displayed in the left side of Fig. 2.

Now, we convert the transformed FTCS action to the corresponding IFT action by our

equivalence, to see the effect of the coordinate transformation in the IFT point of view.

Adopting the equivalence (2.18), we obtain the converted action with the full range of

coordinates, T and X,

SIFT =

∫
d2X

[
− 1

2
∂̄µφ∂̄

µφ− 1

2
m̄2(X)φ2

]
, m̄2(X) = m2

0 , (2.24)

where ∂̄µ ≡ ∂
∂Xµ . Superficially, two IFT actions in (2.21) and (2.24) look different. Nev-

ertheless, any physical quantities derived from SIFT[m2
0e

2bx;φ(t, x)] and SIFT[m2
0;φ(T,X)]

should be related by a definite connecting rule, according to our equivalence and general

covariance of FTCS. This leads to an unexpected consequence from the perspective in IFT,

which is a definite relation4 between the scalar IFT with the exponential mass function and

the scalar IFT with constant mass, as displayed in the right side of Fig. 2.

4From the perspective of IFT, two IFTS’s of the exponential mass function and the constant mass can

be understood as related by a Weyl rescaling of the flat metric η as η → e2ω(x)η, which is not a symmetry

of the system.
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S[m2
0;φ(t, x)]

−∞ < t, x < ∞

Rindler

S[m2
0;φ(T,X)]

X > |T |

“Rindler”

S[m2
0;φ(T,X)]

−∞ < T,X < ∞

Minkowski

S[m2
0e

2bx;φ(t, x)]

−∞ < t, x < ∞

Minkowski

S[m2
0;φ(t, x)]

x > |t|

“Rindler”

S[m2
0;φ(t, x)]

−∞ < t, x < ∞

Minkowski

Coordinate
Transformation

Extension

(∗)

Extension

General
Covariance

(∗∗)

⇐⇒

=

=

Equivalent

Trivial

Trivial

FTCS IFT

Figure 2: FTCS’s and IFT’s are presented on left-side and right-side columns, respectively.

Our classical equivalence relates FTCS and IFT in the first row. In the left-hand side, the

first and the second theories are connected by the coordinate transformation (2.22). On

the other hand, the theories in the second row are trivially identical to each other as they

are nothing more than changing dummy variables on the same region. So the relation (∗)
between two different IFT’s is deduced. In the left-hand side, the first and the third theories

are connected by general covariance which includes the extension of the range of domains.

IFT’s with different mass functions in the same range can be related by a hidden relation

(∗∗).

2.3 Limiting behaviors of mass function

In this subsection, we investigate limiting behaviors of the mass function m(x) in terms of

background metric in FTCS through our equivalence. In the conventional field theory with

a constant mass, m2
0 should be taken as a nonnegative value for a nontachyonic behavior. To

avoid unnecessary intricacy we focus on m2(x) ≥ 0. Under this condition, limiting behaviors

of mass function such as m2(x) → 0 and m2(x) → ∞ would be interesting. In the case

of m2(x) = 0, scaling symmetry appears in IFT. This symmetry corresponds to the Weyl

symmetry in FTCS.

Now, we provide a geometrical interpretation of massless and infinitely-massive points of

the mass function m(x) in the scalar IFT for appropriate x-values. First of all, the massless
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condition (m2(x∗) = 0) can be read from (2.3) and (2.9) as

m2(x)
∣∣∣
x=x∗

= m2
0 e

2ω(x) − 2ξω′′(x)
∣∣∣
x=x∗

= 0 . (2.25)

There are two possibilities to achieve this condition, as far as m0ξ 6= 0. One possibility

is that neither e2ω(x) nor ω′′(x) vanishes at x = x∗. In this case, ω(x) should behave as

ω′′(x) ∼ e2ω(x), to satisfy the massless condition. By solving (2.25), we see that ω(x) near

the massless point x = x∗ behaves as

eω(x) ∼ 1

cosh γ(x+ c)
, R ∼ 2γ2 , m(x) ∼ #

cosh γ(x+ c)
, (2.26)

or

eω(x) ∼ 1

sinh γ(x+ c)
, R ∼ −2γ2 , m(x) ∼ #

sinh γ(x+ c)
, (2.27)

where γ, c and # are some constants. The massless point is given by |x∗| → ∞. Without

loss of generality, we set c = 0 translating the x-variable in our metric. Since the local

curvature is constant in these cases, one can identify these special cases as locally dS or flat,

and locally AdS spaces.

The other possibility is that both e2ω(x) and ω′′(x) independently vanish at the massless

point. Note that this point corresponds to (at least) a coordinate singularity since our

metric becomes degenerate at this point as can be seen from our metric in (2.3). Recalling

that the Ricci scalar for our metric is given by R = −2ω′′(x)e−2ω(x), we see that the Ricci

scalar divergence at the massless point is determined by the scaling behaviors of e2ω(x) and

ω′′(x). If the scaling behaviors at the massless point are given by

e−2ω(x) ∼ 1

ε2
, ω′′(x) ∼ ε2−α , 0 < α < 2 , ε→ 0 , (2.28)

the Ricci scalar diverges at the massless point and thus this corresponds to a curvature

singularity5.

The above observations tell us that the massless point should correspond to either a

coordinate singularity or a curvature singularity. Our following examples are not included

in the case of (2.28) and we restrict our attention to the first possibility. In fact, one can show

that the coordinate singularity in our cases corresponds to a Killing horizon. This is shown

by using a time-like Killing vector, K = ∂
∂t

, which always exists for our metric in Eq. (2.3)

and whose normalization is taken as K2 → −1 when e2ω → 1. In the case of asymptotically

AdS or dS spacetime, the normalization ofK should be taken appropriately6. Then, from the

definition of a Killing horizon H, one can see that it is specified by the property K2|H = 0

which corresponds to e2ω = 0. Even in the locally dS (2.26) and the locally AdS (2.27)

5This second possibility will be studied in the subsequent work [32].
6The AdS and dS cases are presented in the following.
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spacetimes, which correspond to the static patch of dS spacetime and the Rinder patch of

AdS spacetime, respectively, there are Killing horizons specified by e2ω = 0 . This tells us

that the coordinate singularity given by e2ω = 0 always corresponds to a Killing horizon in

our case.

On the contrary, it is rather simple to describe the infinitely massive point m2(x)→∞
in the corresponding FTCS. The mass formula in (2.9) tells us that e2ω or ω′′ should diverge

at that point. Just like in the massless point case, we focus on the scaling behaviors of e2ω

and ω′′ as

e2ω ∼ 1

ε2
, ω′′ ∼ εβ−2 , 0 < β , ε→ 0 , (2.29)

which means that ω′′ diverges slowly than e2ω. In this case, the Ricci scalar vanishes at the

infinitely massive point. Then, the infinitely massive point is realized as the flat background

metric on the corresponding FTCS.

In the following we present various examples which provide some concrete realization

of scaling behaviors of e2ω and ω′′. As a first example, we consider the Rindler spacetime

which is described by ω(x) = bx. See (2.21). In this case, the massless point is given by

x → −∞ which corresponds to the Rindler horizon, while the infinitely massive point is

given by x → ∞ which corresponds to the future and past null infinities of the Rindler

spacetime. This example is consistent with our scaling arguments in the above.

In the next we show several non-flat examples. In the case of dS2, the Ricci scalar is

given by R = 2/`2 with the de Sitter radius `. One can see that

m2(x) =
(
m2

0 +
2ξ

`2

) 1

cosh2(x/`)
, (2.30)

which leads to positive m(x) within our choice ξ > 0. The massless condition m(x)→ 0 is

achieved by x → ±∞ which are de Sitter horizons in our metric. In the case of AdS2, the

Ricci scalar is given by R = −2/`2 with the anti-de Sitter radius `. Here we take the range

of x as (0,+∞). In this case, x = 0 corresponds to the boundary of AdS2 and

m2(x) =
(
m2

0 −
2ξ

`2

) 1

sinh2(x/`)
, (2.31)

where m(x) always becomes positive under our choice ξ < 0 and

m(x)→∞ as x→ 0 , m(x)→ 0 as x→∞ . (2.32)

Indeed the massless point and the infinitely massive point correspond to the Killing horizon

and the flat region, respectively.

Let us consider (1+1)-dimensional black hole backgrounds, whose metric is taken as [33,

34]

ds2 = − dudv

1− λ2uv
. (2.33)
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Under the coordinate transformation

u = −1

b
e−b(t−x) , v =

1

b
eb(t+x) , (2.34)

we can set it as

ds2 =
−dt2 + dx2

λ2

b2
+ e−2bx

. (2.35)

Then the mass function in IFT is given by

m2(x) =
(
m2

0 +
4ξλ2e−2bx

λ2

b2
+ e−2bx

) 1
λ2

b2
+ e−2bx

, (2.36)

which is positive for ξ > 0 and

m(x) −→
{
m0/λ as x→ +∞
0 as x→ −∞

. (2.37)

So the massless point corresponds to the black hole horizon and the infinitely massive point

does not exist. The limit of λ → 1 is nothing but the Witten’s (1 + 1)-dimensional black

hole [35]. Note also that in the limit of λ→ 0, the metric becomes the Rindler spacetime.

In all the above examples, massless points and infinitely massive points in IFT correspond

to Killing horizons and flat regions in FTCS, respectively. Note that the scaling argument

is valid for all the above examples.

3 Quantization

In the previous section, we have discussed the classical equivalence between the scalar IFT

and the scalar FTCS in (1+1) dimensions. Based on this equivalence, we would like to give

a proposal for the quantization of IFT. Our proposal includes the canonical quantization

for the specific IFT, which is read from the canonical quantization procedure in the FTCS

(See Appendix B). This proposal tells us how to quantize the specific IFT. As an example,

we consider the quantization of the specific IFT in which the mass function is given in

an exponential form. Yet, it has been known that the canonical quantization of FTCS is

insufficient to provide a comprehensive general framework, at least conceptually. A more

adequate and conceptually favorable framework is based on an algebraic construction, which

is called an algebraic formulation of quantum field theory on curved spacetime (QFTCS).

Our proposal actually is made on this framework. Some aspects in this framework are given

in the next section.
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3.1 Proposal

The quantization of IFT is not well established in a comprehensive way contrary to the

conventional homogeneous field theory which possesses the Poincaré symmetry. Concretely

speaking, the Poincaré invariant vacuum does not exist because the position-dependent mass

and couplings break the Poincaré symmetry explicitly. This situation is somewhat similar

to the case of FTCS in which the preferred vacuum state cannot be selected because of the

absence of the Poincaré symmetry in a generic curved spacetime background. This naturally

motivates us to adopt similar quantization method in the FTCS to the IFT. Triggered by

this motivation and elevating the classical equivalence to the quantum level, we arrive at

the following proposal to the quantization of IFT in (1 + 1) dimensions:

IQFT ⇐⇒ QFTCS . (3.38)

One implication of this proposal is that the canonical quantization in FTCS is transcribed

to that of IFT. As a concrete example, we will consider the field theory on the Rindler

spacetime (2.20) and the corresponding IFT with exponential mass function in the next

subsection. Our proposal on quantum equivalence is made on the class of IFT within the

validity of the ‘classical equivalence’.

This proposal is not just about canonical quantization, but has broader implications. As

is well-known, the difficulty in introducing the preferred vacuum state on curved spacetime

leads to an algebraic formulation of QFTCS. Briefly speaking, the algebraic formulation

starts from appropriate algebraic relations among quantum fields (local algebra) with some

appropriate properties or axioms: isotony, covariance, locality/causality, and the existence of

dynamics (also known as the time slice axiom). And then, algebraic states are introduced as

normalized positive linear functionals on the field algebra. Through the so-called Gelfand-

Naimark-Segal (GNS) construction, we can construct a relevant Hilbert space from the

algebraic states. Especially, the free field case can be formulated in a rigorous way. See [16–

24] for reviews on algebraic formulation of QFTCS. Our proposal incorporates these aspects

of QFTCS into the quantum equivalence between the scalar IQFT and the scalar QFTCS.

We would like to emphasize that the classical equivalence in the previous section does

not automatically warrant its quantum version. As is well-known, the ordering ambiguity

in the operator elevation of classical variables results in the trivial example of inequivalent

quantum theories with the classical equivalence. Therefore, our proposal should be taken

as one possible way to quantize IFT and may be tested only by experiments.

Of course, this quantum equivalence should be taken with some caution, since a generic

IFT cannot be realized even classically by a FTCS in (1+1) dimensions. Therefore, the above

quantum equivalence should be taken only when the classical equivalence holds. Though

our proposal, which is applicable only in the form of metric (2.3), is not completely generic,
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it leads to a concrete way to compute the quantum effects in the IFT. In the following, we

present a canonical quantization method in a specific IFT model before giving an algebraic

Hadamard approach in the next section.

3.2 IQFT with an exponential mass function

According to our proposal, the quantization of IFT with an exponential mass function is

achieved by the canonical quantization on the Rindler spacetime. First we present a brief

summary of this procedure. The Klein-Gordon equation of the IFT with the mass function

m(x) = m0e
bx is given by

(
∂2

∂t2
− ∂2

∂x2
+m2

0e
2bx

)
φ(t, x) = 0 , (3.39)

which is the same form for the scalar field in the Rindler spacetime. This result is a

trivial consequence from our equivalence. Thus we can apply all the results in the Rindler

spacetime to the IFT with the exponential mass function. In particular, the mode solution

of the equation of motion on the Rindler spacetime is given by [36–38]

uΩ(t, x) =
1√
2Ω

θ(ρ)hΩ(ρ)e−iΩη , (3.40)

η ≡ bt , ρ ≡ b−1ebx , (3.41)

where Ω is a positive energy eigenvalue of the mode, θ is the step function, and h is given

by the modified Bessel function of second kind as

hΩ(ρ) = R∗
√

2

π

KiΩ(m0ρ)

|Γ(iΩ)| , R∗ ≡
(m0

2b

)2iΩ
(

Γ(−iΩ)

|Γ(iΩ)|

)2

. (3.42)

These mode solutions can be used for the IFT.

As is well-known, it is straightforward to perform the canonical quantization in the

Rindler spacetime. A brief explanation of the canonical quantization on curved spacetime

is given in Appendix B. The equal time commutator

[φ(t, x), π(t, y)] = iδ(x− y) (3.43)

gives the commutation relation [bΩ, b
†
Ω′ ] = δ(Ω − Ω′), where bΩ and b†Ω are the annihilation

and the creation operators, respectively. And then the scalar field is expanded as:

φ(t, x) =

∫ ∞

0

dΩ
(
bΩ uΩ(t, x) + b†Ω u

∗
Ω(t, x)

)
. (3.44)

The Rindler vacuum, |0〉R, is defined by

bΩ|0〉R = 0 , (3.45)
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from which we can construct the Fock space with creation operators, b†Ω.

All these results in QFTCS are transcribed to IQFT setup. According to our quantum

equivalence, the Rindler vacuum, |0〉R, and the annihilation/creation operators, bΩ/b
†
Ω, are

identified with those of IQFT. So the Fock spaces of QFTCS and IQFT are identical and

so does the two-point functions. Since we are considering free field theories, the two-point

functions of both sides determine any n-point functions. Therefore all n-point functions of

two theories are the same, which is the meaning of our quantum equivalence. To emphasize

that the quantization is done in the context of the scalar IFT, we denote the vacuum of the

scalar IQFT with an exponential mass function as |0〉IFT.

In the next section, we explore further aspects of the quantum equivalence focusing on

the Unruh effect.

4 Quantum Aspects of IQFT

In this section, we present a quantization of IFT based on the algebraic method which su-

persedes the canonical quantization considered in the previous section. One feature of the

algebraic approach is that it democratically treats the pure and the mixed states in the

canonical quantization. From our proposal that the (1 + 1)-dimensional IQFT is equivalent

to the (1 + 1) dimensional QFTCS, it is natural to anticipate that the quantization and

renormalization methods in QFTCS should be carried over to IQFT in a rather straightfor-

ward manner. After a brief review on the Hadamard method in QFTCS, we apply this to

IQFT to see some quantum effects including the Unruh effect.

4.1 Hadamard renormalization

In the algebraic formulation of QFTCS, a physically important class of quantum states are

given by Gaussian Hadamard states which may serve as substitute of the preferred vacuum

state. Hadamard state is defined as an algebraic state satisfying the Hadamard condition

which is motivated by some reasonable physical considerations. The condition includes that

the short distance singularity structure of the n-point functions of the Hadamard state on

curved spacetime should be given by that of the n-point functions of the vacuum state in

the Minkowski spacetime, the ultra-high energy mode of quantum fields resides essentially

in the ground state, and the singular structure of the n-point functions should be of positive

frequency type [39–42].

Contrary to the ordinary vacuum state, the Hadamard state is not unique for a given

background spacetime but forms a class in general. In the case of a Gaussian Hadamard
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state7, one can obtain a Fock space representation of the algebra of quantum fields and can

identify the Gaussian Hadamard state with the Fock space vacuum. In this way, one can

see that some well-known vacua belong to the Hadamard class. The Hadamard method

encompasses the usual Fock space canonical quantization and implements appropriately

relevant requirements such as general covariance of stress tensor, while it connects unitarily

inequivalent representations of the algebras of observables. [17, 21, 41].

Under this scheme, the Gaussian Hadamard state, ωH is defined by the renormalized two

point function of scalar field φ as8

ωH

(
φ(x)φ(x′)

)
= F (x,x′)−H(x,x′) , (4.46)

where F (x,x′) is an unrenormalized two point function known as the Hadamard function,

and the function H(x,x′) is so called as the Hadamard parametrix [43]. In the following,

ωH(φ(x)φ(x′)) is also denoted by 〈φ(x)φ(x′)〉H. Here, H(x,x′) is a local covariant function

of the half of squared geodesic length, σ(x,x′) between two points x and x′, written in terms

of the metric and the curvature. The Hadamard function F (x,x′) is symmetric and satisfies

(−2 +m2 + ξR)F (x,x′) = δ(x− x′) , (4.47)

which can also be represented by a real part of the ‘positive frequency’ 2-point Wightman

function, Re G+(x,x′). It is known that H(x,x′) takes the same form for any Hadamard

states. Then, the Hadamard renormalization is achieved by subtracting the singular part

H(x,x′) from the function F (x,x′).

Explicitly, the Hadamard parametrix H is given by

H(x,x′) = αD
U(x,x′)

σ
D
2
−1(x,x′)

+ βDV (x,x′) ln
(
µ2 σ(x,x′)

)
for even D ,

H(x,x′) = αD
U(x,x′)

σ
D
2
−1(x,x′)

for odd D , (4.48)

where αD, βD are numerical constants depending on the dimension D and µ is a certain

mass scale introduced from the dimensional reason. Symmetric bi-scalars U(x,x′) and

V (x,x′), which are regular for x′ → x, are universal geometrical objects independent of any

Hadamard states. They can be expanded in terms of σ(x,x′) as

U(x,x′) =

D/2−2∑

n=0

Un(x,x′)σn(x,x′), V (x,x′) =
+∞∑

n=0

Vn(x,x′)σn(x,x′). (4.49)

7A Gaussian state, which is also called a quasi-free state, is defined by the condition that the connected

n-point functions of the state vanish, or any n-point functions can be obtained from 1- and 2-point functions.
8The normalization condition of an algebraic state ω, is ω(1) = 1, where 1 is an identity element in the

field algebra.
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Here, Un(x,x′) and Vn(x,x′) can be completely determined by recursion relations and

boundary conditions, which are obtained by comparing the power of σ on the both sides

of the equation, (−2 + m2 + ξR)H(x,x′) = δ(x− x′) [44]. Concretely, in two dimensions

α2 = 0 and the Hadamard parametrix becomes

H(x,x′) =
V (x,x′)

2π
ln
(
µ2 σ(x,x′)

)
, (4.50)

where the bi-scalar V (x,x′) is given by [45]

V (x,x′) = −1− 1

24
Rgµν∇µσ∇νσ − 1

2

(
m2

0 + ξ − 1

6

)
Rσ +O(σ3/2). (4.51)

Since the renormalized stress tensor enters in various kinds of semi-classically improved

energy conditions, it has been one of important topics in QFTCS. Based on the above

procedure, one can obtain the renormalized stress tensor by acting an appropriate differential

bi-vector operator, Tµν′ on the renormalized 2-point function as

〈Tµν(x)〉H = lim
x′→x
Tµν′〈φ(x)φ(x′)〉H . (4.52)

For instance, in our two dimensional case (2.6), the differential bi-vector is given by

Tµν′ =(1− 2ξ)∂µ∂ν′ +
(

2ξ − 1

2

)
gµν′g

αβ′∂α∂β′ −
1

2
gµν′m

2
0

− 2ξδµ
′

µ ∂µ′∂ν′ + 2ξgµν′g
αβ∇α∇β + ξ

(
Rµν′ −

1

2
gµν′R

)
. (4.53)

Though there still remain some ambiguities in this subtraction method, one can construct

an essentially unique stress tensor under Wald’s axiom. The ambiguous terms in stress

tensor are written in geometrical quantities [17, 46]. Sometimes, the above procedure has

been known as a ‘point-splitting method’ [47], while it is now regarded as more reliable

results on a firm mathematical ground. We will apply this well-established prescription in

QFTCS to IQFT in the following subsection.

Some comments are in order [48]. The stress tensor in QFTCS is expected to satisfy

some natural axioms [49]. For instance, the quantum expectation value of the stress tensor

should be local, covariant, covariantly-conserved, and etc. Now, it is widely believed that

the so-called Hadamard renormalization is well suited to this purpose. For instance, a global

Hadamard state consistent with the Hadamard renormalization would lead to

〈Tµν(x)〉H =
∂yα

∂xµ
∂yβ

∂xν
〈Tαβ(y)〉H , (4.54)

where it may be noted that the vacuum states in each coordinate x and y do not need

to be realized on the same Fock space in general. Note that the Minkowski vacuum is a
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global Hadamard state on the whole Minkowski space, while the Rindler vacuum is not a

global Hadamard one on the whole Minkowski space since it diverges on the Rindler horizon.

However, the Rindler vacuum is a Hadamard state on the Rindler wedge. To proceed, let

us denote the Poincaré invariant Minkowski vacuum |0〉M and the Rindler vacuum |0〉R on

each Fock spaces. As is well-known, the Minkowski vacuum is realized as a Kubo-Martin-

Schwinger(KMS) state on the Rindler wedge [50, 51].

To avoid cluttering the discussion, we repeat the expression in (4.54) in terms of the

algebraic state ωM which is a Gaussian Hadamard state in the Minkowski spacetime as

ωM(TM
µν(x)) =

∂yα

∂xµ
∂yβ

∂xν
ωM(TR

αβ(y)) , (4.55)

where TM
µν(x) denotes the stress tensor on the Minkowski spacetime and TR

αβ(y) does from

the Rindler one. In the Fock space representation of this state on the Minkowski spacetime

is give by

ωM(TM
µν(x)) = M〈0|TM

µν(x)|0〉M , (4.56)

which is represented by a KMS state on the Rindler patch. In the standard convention, we

take the Minkowski vacuum energy to be zero which means that ωM(TM
µν) = 0.

Now we can consider the Gaussian Hadamard state on the right Rindler wedge, ωR

which is not a global Hadamard state on the Minkowski spacetime, since it diverges on the

Rindler horizon. Just like the algebraic state ωM, in the Fock space representation of ωR on

the Rindler spacetime, ωR is given by the Rindler vacuum, as

ωR(TR
µν(y)) = 〈TR

µν(y)〉RH = R〈0|TR
µν(y)|0〉R < 0 , (4.57)

which is the minimum energy ground state in the Rindler wedge by the definition, while

the Minkowski vacuum is excited one as ωM(TR
µν) = 0. Note that this is consistent with the

Unruh effect. See (4.69).

Another way to understand the Unruh effect in terms of stress tensor is to consider a

normal ordering prescription. Let us define a normal ordering of stress tensor operator in

the Minkowski spacetime by the subtraction of its vacuum expectation value as

: TM
µν(x) : ≡ TM

µν(x)− M〈0|TM
µν(x)|0〉M 1 , (4.58)

where 1 denotes the identity operator. Our choice of ωM(TM
µν) = 0 means : TM

µν(x) := TM
µν(x).

By taking the same definition of a normal ordering in the Rindler spacetime,

: TR
µν(y) : = TR

µν(y)− R〈0|TR
µν(y)|0〉R 1 , (4.59)

one can see that

ωM(: TR
µν(y) :) = ωM(TR

µν(y))− R〈0|TR
µν(y)|0〉R = −R〈0|TR

µν(y)|0〉R > 0 , (4.60)

where we used ωM(TR
µν) = 0. This is another way of explanations for the Unruh effect.
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4.2 Interpretation in IQFT

In this subsection, we focus on the IQFT with the exponential mass function, which corre-

sponds to the quantum field theory on the Rindler spacetime background (2.20). According

to our quantum equivalence, all the construction of previous subsection can be transcribed

to the scalar IQFT. Especially, we consider the stress tensor construction in the scalar IQFT.

The procedure of the construction goes as follows. The vacuum expectation value of stress

tensor in QFTCS is given by (recall that V (x,x′) = −1 in the flat case)

〈Tµν〉H = lim
x′→x
Tµν′

[
F (x,x′) +

1

4π
ln
(
µ2σ(x,x′)

) ]
. (4.61)

We are interested in the counterpart in the scalar IQFT of the Unruh effect in the scalar

QFTCS by setting ξ = 0 in (2.6). To simplify the description, we take the limit of m0 → 0.

Because of the infra-red divergence, the (1+1)-dimensional scalar theory with m0 = 0 is not

well-defined in the strict sense [52]. However, in [37], the limit of m0 → 0 is carefully taken

into account to see the Unruh effect in the massless case. In the context of our quantum

equivalence, all the consequences of QFTCS including the results and the process of the

limit m0 → 0 are carried over to IQFT.

The Hadamard function in the limit of m0 → 0 is given by [53, 54]

F (x,x′) =
1

2
R〈0|{φ(x), φ(x′)}|0〉R

=
1

4π
ln

1

ρρ′|α2 − (η − η′)2| , coshα ≡ 1 +
(ρ− ρ′)2

2ρρ′
, (4.62)

where ρ and η have been introduced in (3.41). In the IFT coordinates the Hadamard

function becomes

FIFT(x,x′) =
1

2
IFT〈0|{φ(x), φ(x′)}|0〉IFT

= − b

4π
(x+ x′)− 1

4π
ln
∣∣∣(x− x′)2 − (t− t′)2

∣∣∣ , (4.63)

which can be interpreted as the Hadamard function in the IFT with the exponential mass

function. By using the explicit form of the squared geodesic distance in this case,

2σ =
∣∣∣(ρ− ρ′)2− ρρ′

(
2 sinh

η − η′
2

)2∣∣∣ =
4

b2
eb(x+x′)

∣∣∣ sinh2 b

2
(x−x′)− sinh2 b

2
(t− t′)

∣∣∣ , (4.64)

one can obtain the following expanded expression in the limit of x→ x′,

FIFT(x,x′) +
1

4π
ln 2σ =

b2

48π

[
(x− x′)2 + (t− t′)2

]
+ · · · , (4.65)

where the renormalization scale µ is removed because it does not affect our result.
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From our quantum equivalence, we anticipate that the Unruh-like effect in the scalar

IQFT with the exponential mass function. To see this effect, we apply the Hadamard

method borrowed from (4.52) to our case, resulting in

〈T IFT
µν (x)〉IFT

H ≡ lim
x′→x
T IFT
µν′ 〈φ(x)φ(x′)〉IFT

H , (4.66)

where the Hadamard state in IFT is defined in the same way with FTCS in (4.46). And

the differential bi-vector,

T IFT
µν′ =∂µ∂ν′ −

1

2
ηµν′η

αβ′∂α∂β′ −
1

2
ηµν′m

2(x) , (4.67)

comes from the classical expression of the “stress tensor” in (2.10) with ξ = 0. The straight-

forward computation in IQFT leads to the vacuum expectation value of “stress tensor” in

the form of

〈T IFT
tt 〉IFT

H = 〈T IFT
xx 〉IFT

H = − b2

24π
, 〈TIFT

µ
µ〉IFT

H = 0 . (4.68)

This result is the counterpart of the well-known result [37, 55–57] for the Unruh effects for

minimally coupled massless scalar field in (1+1)-dimensional Rindler spacetime background,

〈TR
ηη〉RH = − 1

24π
, 〈TR

ρρ〉RH = − 1

24π

1

ρ2
, 〈TR

µ
µ〉RH = 0 . (4.69)

Indeed by the coordinate transformation in (3.41), (4.69) is covariantly transformed to

(4.68). Note that the Rindler vacuum energy is negative relative to the Minkowski vacuum

energy. So it is not strange that the energy of the vacuum in the IQFT with the exponential

mass function is negative in (4.68).

All the above results can be translated to the Unruh-like effect in IQFT. Therefore we

anticipate an experimental verification of the Unruh effect in the setup of IQFT. There

are many attempts to capture the Unruh effect by using hydrodynamical analog of the

Schwarzschild metric [58, 59] or in high energy experiments [60] which have many technical

hurdles to overcome. If one can engineer a (1 + 1)-dimensional condensed matter system

realizing the scalar IFT with an exponential mass function, it would be easier to verify the

Unruh effect experimentally.

5 Conclusion

IFT does not have the Poincaré symmetry and so it disallows the conventional quantization

method. In order to overcome such difficulties, we suggested a kind of dual description, which

allows a quantization of IFT. As a first step toward quantization of IFT, we concentrated on

the classical equivalence between a scalar FTCS and its corresponding scalar IFT through

the explicit expressions of actions and the equations of motion in (1 + 1)-dimensions. Along
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this line, we proposed a generalized “stress tensor” in IFT motivated from the counterpart

in FTCS. This “stress tensor” is conserved by using a covariant derivative newly introduced

in IFT. Within a free scalar IFT, only the meaningful parameter function in the action

is the mass function. Thus some details about limiting behaviors of mass functions in

IFT are explored. We have shown that the massless point of the mass function in IFT

corresponds to the horizon of the background spacetime in FTCS. In this regard, we expect

that physical properties on the horizon would be related to those of massless point of (1+1)-

dimensional scalar IFT. As is well-known, FTCS enjoys general covariance. When the

classical equivalence is combined with this general covariance, an interesting connection

among IFT’s is obtained. This connection is given by the procedure of “equivalence —

general covariance — equivalence”. See Fig. 2.

Based on the classical equivalence, we proposed a quantum equivalence of QFTCS and

IQFT. As an example, we have studied IQFT with an exponential mass function which is

shown to be equivalent with quantum field theory on Rindler spacetime. Especially, we

have identified the Unruh-like effect in IQFT. Along this line, it is natural to consider other

patch of Minkowski spacetime shown in region III in Fig. 1. We can take a coordinate

transformation in this patch as

T −X =
1

b
eb(t̄−x̄) , T +X =

1

b
eb(t̄+x̄) . (5.70)

In this case the mass function depends on the time-like coordinate t̄: m2(t̄) = m2
0e

2bt̄. See

Fig. 1. Therefore two differently looking IFTs with mass functions, m(x) and m(t̄), are

related by general covariance. It would be interesting to study the relation between two

IFTs at quantum level. See also [61].

There are many open issues related to our work to be pursued. We expect that our

equivalence for scalar field theories can be extended to other field theories: fermion, gauge,

tensor, and higher spin ones. Thus the extension to supersymmetric field theory would be

possible. The extension to a higher dimensional case is another important future direction.

It would also be interesting to explore finite temperature effects in IQFT. Another inter-

esting direction is to include interactions in IFT. In conjunction with condensed matter

physics, it is desirable to study non-relativistic limit of IQFT. One interesting subject is to

implement IQFT in the context of AdS/CFT correspondence. Since the “connection path”

of IFT’s given by “equivalence — general covariance — equivalence” may not be unique,

the (in)dependence of the path from the view point of IFT needs to be studied further.

From a more provisional point of view, it would be interesting to identify the type of

von Neumann algebra factors for a local algebra of IFT, which is related to a local algebra

in QFTCS in our setup [62]. According to our quantum equivalence, one can ask how to

realize the information loss problem in the view point of IQFT. That may be related to
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understand the Hawking radiation in the context of IQFT. In this regard, we guess that the

CGHS model [63] becomes a good test ground for this physics.
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Appendix

A Isometries in (1 + 1)-dimensional Background

In this Appendix, we summarize some formulae used in the main text. For the two-

dimensional metric,

ds2 = e2ω(x)(−dt2 + dx2) , (A.71)

the non-vanishing Christoffel symbols are given by

Γttx = Γtxt = Γxxx = Γxtt = ω′(x) , (A.72)

where ′ denotes the differentiation with respect to x. In this geometry, the Ricci tensor and

the curvature scalar are given by

Rµν = −gµν ω′′ , R = −2e−2ωω′′ . (A.73)

Now we show that the spacetime described by the above metric admits only a time-

like Killing vector, excepting dS, AdS, and Minkowski spacetimes which have three Killing

vectors. Killing condition on this background ∇(µξν) = 0 becomes

ξx = C(t)e−ω(x) , (ξx)· − (ξt)′ = 0 , (ξt)· + ω′ξx = (ξt)· − (ξx)′ = 0 , (A.74)

where · denotes the differentiation with respect to t. This condition leads to

C̈

C
=

(e−2ω)′′

e−2ω
= A0 = const. if C 6= 0 . (A.75)

When C = 0, one obtains ξµ = (1, 0) or ξ = ∂t, up to normalization. In the case of C 6= 0,

we can solve the differential equation (e−2ω)′′

e−2ω = −A0, which leads to

e−ω =





Dc coshBx+Ds sinhBx , when A0 = B2 > 0

D cosB(x− x0) , when A0 = −B2 < 0

D1x+D2 , when A0 = 0

, (A.76)

where Dc/s, D,D1/2, and x0 are integration constants. One can check that upper two cases

(A0 is positive or negative) correspond to dS2 and AdS2, respectively. While the last one

with D1 = 0 corresponds to the Minkowski spacetime. If D1 6= 0, then there is a singularity.

This computation tells us that there is no other Killing vector except for ξ = ∂t (C = 0

case) for a generic non-singular metric.
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As an example, let us consider the case of A0 = B2 with Dc = 0. The independent

Killing vectors up to normalization are obtained as

ξ = ξt∂t + ξx∂ξ =





coshBx sinhBt ∂t + sinhBx coshBt ∂x

coshBx coshBt ∂t + sinhBx sinhBt ∂x

∂t

. (A.77)

One can check that these three Killing vectors form a SO(2, 1) algebra. Indeed, perform-

ing the coordinate transformation r = rH cothBx, we obtain the Rindler wedge of AdS2

geometry. In the case of A0 = B2 with Ds = 0, one obtains

ξ = ξt∂t + ξx∂ξ =





sinhBx sinhBt ∂t + coshBx coshBt ∂x

sinhBx coshBt ∂t + coshBx sinhBt ∂x

∂t

, (A.78)

which corresponds to the Killing vectors in the static path of dS2 spacetime.

B Canonical Quantization in Curved Spacetime

In this Appendix, we review the quantization procedure in a (1 + 1)-dimensional curved

background [47, 64]. We consider the quadratic action (2.6) for the real scalar field with the

coupling ξ on a background geometry. The equation of motion of the model (2.6) is given

by

(
−2 +m2

0 + ξR
)
φ = 0, 2 ≡ 1√−g∂µ

(√−ggµν∂ν
)
. (B.79)

The canonical momentum for the field φ at a constant time t is read as

π(t, x) ≡ δSFTCS

δ∂tφ(t, x)
=
√
hnµ∂µφ(t, x), (B.80)

where nµ = − gµ0√
−g00

is the unit normal vector to the hypersurface Σ, and h is the determinant

of the induced spatial metric on the surface. In order to quantize the field φ(t, x), one has to

promote the fields, φ(t, x) and π(t, x), to Hermitian operators and require the commutation

relation at a fixed time t,

[φ(t, x), π(t, y)] = iδ(x− y) ,

[φ(t, x), φ(t, y)] = [π(t, x), π(t, y)] = 0. (B.81)

The commutation relations in (B.81) are the same forms of those in the Minkowski space-

time. Following the quantization procedure in the Minkowski spacetime, we define an inner

24



product

〈φ1, φ2〉 =

∫

Σ

dΣµJµ, (B.82)

where dΣµ ≡ nµdΣ and Jµ ≡ i (φ∗1∂µφ2 − ∂µφ∗1φ2) is a current satisfying the on-shell relation

∇µJµ = 0. This bracket is called the Klein-Gordon inner product, and it does not depend

on the choice of the spacelike hypersurface Σ in the case that the fields decay sufficiently

fast at spatial infinity. That is, if we consider another hypersurface Σ′ at a different time t′,

we have the relation ∫

Σ

dΣµJµ −
∫

Σ′
dΣµJµ =

∫

M

d2x
√−g∇µJµ = 0, (B.83)

where M is the manifold bounded by the hypersurfaces, Σ and Σ′. This independence of

the hypersurfaces realizes the time-independence of the inner product in the Minkowski

spacetime. For complex functions f and g satisfying the equation of motion (B.79), the

inner product satisfies the following relations,

〈f, g〉∗ = −〈f ∗, g∗〉 = 〈g, f〉, (B.84)

which implies 〈f, f ∗〉 = 0. In analogy with the quantization of φ in Minkowski spacetime,

we define the annihilation operator related to the function f in terms of the inner product,

a(f) = 〈f, φ〉, (B.85)

which is independent of the hypersurface Σ. Using the properties of the inner product in

(B.84) and the Hermiticity of the field operator φ, we obtain the Hermitian conjugate of

a(f), a†(f) = −a(f ∗). Using these relations and the commutation relations in (B.81), we

obtain the following commutation relations

[a(f), a†(g)] = 〈f, g〉, [a(f), a(g)] = −〈f, g∗〉, [a†(f), a†(g)] = −〈f ∗, g〉. (B.86)

When the complex solution f satisfies 〈f, f〉 = 1, by setting g = f in (B.86) one can

easily see that the relations in (B.86) are nothing but commutation relations of number

operators in harmonic oscillator. Therefore in order to quantize the scalar field φ in a

curved background we have to find a complete orthonormal basis of solutions to (B.79)

satisfying the inner product relations

〈ui, uj〉 = δij, 〈u∗i , uj〉 = 0, 〈u∗i , u∗j〉 = −δij, (B.87)

where corresponding annihilation and creation operators are denoted by ai and a†i , respec-

tively. Then one can expand the scalar field φ as

φ(t, x) =
∑

i

(
aiui + a†iu

∗
i

)
(B.88)

with the commutation relations [ai, a
†
j] = δij. The Fock space can be constructed by these

operators.
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