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1. Introduction

As Parke and Taylor have shown for MHV amplitudes [[], it is sometimes possible to
obtain simple expressions for seemingly complicated Yang-Mills amplitudes in four space-
time dimensions. Using the pure spinor formalism [JJ] and its pure spinor superspace [B]
(see also [H]) it will be proved that the tree-level color-ordered five-point super-Yang-Mills

amplitude in ten dimensions can be written simply as

(Ly5L12V3)

As(1,2,3,4,5) = P~

+ cyclic(12345), (1.1)

where V7 is the unintegrated massless vertex operator and L;; is related to the OPE of a
unintegrated and an integrated vertex operator in a way to be defined below.

It will also be suggested that higher-point amplitudes might have simple forms like
the above, as there seems to be a direct correspondence between superspace expressions
and Feynman diagrams which use only cubic vertices as in the arguments of [[{]. Using the
empirical method described in subsection 3.1, it will be argued that the super-Yang-Mills

6- and 7-point color-ordered amplitudes are given by

(L12L34L56) 4 (LasLysLe1)

As(1,2,3,4,5,6) = 1.2
6( ) 3818385 3828486 ( )
1 (Ty23 , VAL LysVO 1 (Ty96 VL L3, V® ,
= < 123 56 + 45 > 2 < 126( 45 + 34 >) + CyChC(l. ‘ .6)
2 Sltl S5 Sa 2 81t3 Sa S3
and
To31L45L T123T564 V5 T197T345 Ve

.A7(1, 2’ 3, 4’ 5, 6, 7) _ +< 2314445 67> < 12314564 7) < 1274345 6> (1.3>

Sot15486 $1t185t4 S1l783t3

T123T 56 V5 T127Ty53Ve Tho3L45L
_< 12314456 7> _ < 1274453 6> N < 1234445 67> +CyCliC(1. ) 7)
81t184t4 81t784t3 81t18486

where T}, is related to the OPE of one unintegrated and two integrated vertices in a way
to be defined below and s1,...,s¢ and ¢,...,t3 (s1,...,87 and ty,...,t7) are the 6-point
(7-point) generalized Mandelstam variables of [f],[]. Using a computer program [§], the 6-
and 7-gluon expansions of ([.2) and ([.3) are computed in the Appendix B and their form

lend support to their Correctnessﬂ.

2 In the amplitude computations of [E,ﬂ] the results were written in the 4D helicity formalism
language, so a 10D comparison of results is not straightforward. However a comparison to the
result [f] should be made [[[(].



Furthermore, given that the tree-level SYM 4-point amplitude can be written as [[]]

1 1
As(1,2,3,4) = 5<L12V3v4> + Q<L41V2V3>, (1.4)

it is pointed out that the four-point Jacobi-like Bern-Carrasco-Johansson kinematic iden-

tity [f] becomes
(L{12VayVa) =0, (1.5)

where {ijk} means a sum over cyclic permutations of (ijk). For the five-point amplitude

(L1), the generalized BCJ identities of [[2[L3] hold in the form of

L L L L
— P LaVay + 2 Li1sVey — =2 LigaViy + —2 LyasViy = 0, (1.6)
S45 S24 512 S51

etc. It is well-known that there are powerful four-dimensional methods to compute scat-
tering amplitudes recursively (see [[4] and references therein). The hints of a simplified
ten-dimensional parametrization of field theory tree-level amplitudes using pure SpinorsE
seem to suggest that there might be similar methods in a ten-dimensional pure spinor
superspace setup — which is desirable since there is no need to differentiate between MHV
and NMHV contributions as in the four-dimensional methods.

This paper is organized as follows. In section 2 an ansatz will be given for the tree-
level five-point SYM amplitude by analogy with the structure of the known four-point
amplitude. In section 3 the five-point ansatz will be derived from the field theory limit of a
BRST-equivalent expression of the superstring amplitude computed in [[T]. In subsection
3.1 an empirical method to write down similar Ansétze for higher-point amplitudes is
presented, and expressions for the 6- and 7-point super-Yang-Mills amplitudes in ten-
dimensional space-time are conjectured. In Appendix A the BCJ kinematic relations and
its generalization [[J[[J] are written down using the pure spinor representations of the
previous sections. Finally, in Appendix B the first few terms of the (rather long) 5-, 6-
and 7-gluon expansions from ([L.1)), (L.2) and ([.3) are written down (the full expansions

can be easily generated with a computer using [§] or other methods).

3 Tt was suggested a long time ago that pure spinors simplify the description of super-Yang-Mills
and supergravity theories [[§]. The superspace results obtained with the pure spinor formalism

seem to realize those expectations.



2. The field theory 5-pt tree-level amplitude from pure spinor cohomology

The color-ordered tree-level n-point amplitudes are denoted by A(1,...,n) = (A(1,...,n)).
The OPE between the unintegrated V?(z) = (AA?) and the integrated vertex operatorE
UY(z) = 00“Al, + TI™AJ, + (dW7) + $FJ,, N™ is given by V(z)U’ (w) — Lii with [

z—w’

Lij(0) = AL (My™WI) 4 (VA (K - AY), (2.1)

where [A, A, W, Fpun| are the super-Yang-Mills superfields in ten dimensions satisfying
the equations of motion [[A,I9,L7],

1
QF mn = 2kqnch794l4/)7 Cgpmfa = E:(A’Ynin)oaf}nn: C2f4n1 = (Aqﬁnllf) + kn%(AJ4)7 QV =0,
(2.2)
where @ = A*D,, is the pure spinor BRST operator. Using (B.9) it follows that

where s;; = (k' - k7). Using (2-3) and defining L;; = 1/2(I~/ij — I~/ﬂ) the superfield iij can
be written asd

. 1
Lij = Lij + 5Q(A"- A7), (2.4)

The massless 4-point super-Yang-Mills amplitude obtained from the field theory limit
of the open string amplitude is given by [[L1]]

1 - 1 - 1 1
A(1,2,3,4) = —(LoV3VYH + — (L V2V3) = — (Lo V3V + — (L V2V3) (2.5)
S12 S41 512 S41

where we used that (Q(A? - A7)V*V!) = 0, as can be checked by integrating the BRST
charge by parts. The other sub-amplitudes are obtained from (E.5) by relabeling,

1 1
— (Lo V3VY + — (L V2V3)

A(1,2,3,4) =
512 S41

1 1
A(1,3,4,2) = ——(L13V?VH) — —(L1,V3V4)

513 S12
1 1
A(1,4,2,3) = —£<L41V2V3> + £<L13V2v4>. (2.6)

It is easy to check that the amplitudes in (R.6) satisfy QA(i, j, k,1) = 0.

4 For background material in the pure spinor formalism, see (g7

5 I thank Dimitrios Tsimpis for suggesting the separation of the BRST-trivial part of I/ij.
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As emphasized in [f], a color-ordered 5-point tree-level amplitude consists of five

diagrams with purely cubic vertices specifying the poles,

n n n n n
A(1,2,3,4,5)=—— 42 4 8 ™ 4 (2.7)

845512 551523  S12834  S23545 534551
As the BRST variation of L;; is proportional to s;;, the idea now is to construct a pure

spinor superspace expression using L;; and Lyj; in the numerators of the terms containing
poles in s;; and sy, in such a way as to obtain a BRST-closed expression. It is straight-

forward to see that the amplitudes
Lux L1513 Lt Lo V4 oL~V LoaLas V1 Lyl V2
< 5+1 > + < 512 > _|_ < 1 > + < > + < 51 >

A(1,2, 3,4, 5) =
S45512 551523 512534 523545 S$34551
.A(l 3.9 4 5) _ (L45L13V2> _ (L51L23V4> _ <L13L42V5) _ <L23L45V1) _ (L42L51V3>
T S45513 551523 513524 523545 S$24551
LosL1,V3 LayLsV?2 Los L4V Los L V1 L5y LosV*
A(1,4,3,2,5):< 25414 >+< 34151 >+< 23L14 >+< 25L:34 >+< 51423 >
525514 §51543 514532 543525 5$32551
A(1,3,4,2,5) _ (L25L13V4> _ (L34L51V2> i <L13L42V5) _ <L25L34V1) n (L42L51V3>
$25513 $51534 513542 834525 542551
Lss L5V LyoLs, V3 LyoL3,V® L3sLyo V1 L3y L5, V?
A(1,2,4,3,5):<35 12 >+(42 51 >_< 12434 )+<35 42 )_(34 51 >
535512 551543 512543 542535 543551
A(1,4,2,3,5) = (L35L14V?)  (LaoLsiV®)  (LozL1aV®)  (LasLaoV')  (LsiLasV*)
T 35514 S51524 $14523 $24535 $2355
[2.8)

are BRST-closed. Onme can also check that all sub-amplitudes in (R.§) are related to
A(1,2,3,4,5) by index relabeling, taking into account the antisymmetry of L;; and its
fermionic nature. The signs in (R.§) precisely match the ones presented in equation (4.5)

of [{], so one can identify

n1 = (LysL12V?), ny = (L51L23V*), ng = (L12L34V?>), ny = (LasLasV'")

ns = (LsaL51V?), ng = (LasL14V?), ny = (LasgL14V?>), ng = (LasLasV'")

Ng = <L25L13V4>, nio = <L13L42V5>, ni; = <L42L51V3>, ni2 = <L35L12V4>
niz = (L3sLaaV'), nig = (L3sL14V?), nis = (LasL1zV?). (2.9)

As will be mentioned in the appendix, the above “solution” for the n;’s of [f] do not
satisfy the strict Bern-Carrasco-Johansson (BCJ) kinematic identities, but they do satisfy
the generalized BCJ’s of [[Z[[J]. As explained in [[J[[3], a general parametrization of the
sub-amplitudes in terms of poles does not necessarily satisfy the BCJ Jacobi-like identities
of [A]. They must however satisfy “generalized BCJ identities”, for which the original BCJ
relations are just one out of many possible solutions.

The amplitudes in (B.§) will now be obtained from the field theory limit of a BRST-

equivalent expression of the pure spinor superstring amplitude computed in [[[T].
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3. First principles derivation of the 5-pt ansatz (R.§))

The massless 5-point open superstring amplitude is given by [[L]]
A5(1,2,3,4,5) = Lo1s1 VV Ky — La134V°Ks — Laasa V'V K| + Loss1 VK3

—Lyg31 VAV Ky — Logs  VIVOIK) 4 Log1 V' VAV K, (3.1)

where K; and K denote integrals which satisfy [20]
534 Ko = 513K + 523Ky, S24K3 = 512K — s23K5, Ki;=K4— K;

$12Ko = $04 K| + s23K}, s13K3 = s34 K| — so3K}, K| =K — K]
(1 -l- 823>K6 = 834KZ/1 — 813K5 = 812K4 — 824Ké. (32)

and the various L;;; have the following pure spinor superspace expressions
Loiz1 = +(Lia((k' + k) - A%)) + (MW [A,, (k' - A*) + AR — (W W2)])
512 ([(ATW3HVE — (A2WAHVIVAVO) + (513 + 523) (AW V3VAV D),
Lo1gaV® = LiaLagV® + s12 (AW VIVEVP) 4 s34 ((A'W?)VPVHV?)
Log1aVI'VAV? = (14 s93) ([(A2W?) + (A°W?) — (A% - A3)|VIVIVD). (3.3)
Furthermore, the following BCJ identities [[[T]]
Loss1V*V? = L1t VAV® — Lozt VAV®, LagsaV'V° = LagaaV'V° — LoyssV'V® (3.4)

can be used to obtain Lgz3; V4V? and La334VV® from (B-3) (the other L’s are obtained by
simple relabeling of the above ones). Using (B.2) one can show that all terms of the form
i ((AFWH V™Y nVP) appearing in () and (B-4) cancel out from the amplitude (B-)).

As an illustration, the terms containing (A*W?) are
[(813 + 823)K1 — 834K2 + 823K5] (A1W2)V3V4V5 =

= (513K — 834 (AMWHV3VAVS 1 503( Ky + K5)(A'W?)V3VAYS
= 503 K4 (AW V3VAVD 4 s Ky (A'W)V3VAVS = 0.
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All other cases can be similarly proved. From now on when we refer to L;j;;; it means the
kinematic factors of (B.3) without those terms. Using the integral relation for K¢ and the

expression for Losi4,
Log1aVAVOKg = —(1 + s593)Kg(A? - AAVAVS = (s513K5 — 534 K}) (A% - A3) VAV
and therefore the amplitude (B.I]) becomes
A5(1,2,3,4,5) = Lo151 VVP K1 — Lo13aVo Ko — LoygaV*VOK{ + Lays1 VO K

—(L2331 — 813<A2 . As)VI)V4V5K5 — (L2334 — 834(A2 . A3)V4)V1V5K4’1 (35)

If one deﬁnesE

Lijij = Kijkj + Sijrj (3.6)
where
1 X . . . 1 ) )
Sijig = 585 (AT- AV — (A7 ARV — sk + six) (A7 - AYV, (3.7)

it is then a straightforward exercise to use the relations (B-J) and the definition (B-0)
together with the kinematic factors of (B.J) to show that (B.H) becomes

As = (K2131 K4 —K2331K5)V4V5 — (K2434K{+K2334K4/1)V1V5+(L42L13K3+L12L34K2)V5
(3.8)

where we used that (and similarly for other labels)

Loss1 = L3121 — La131 = K3121 — Ka131 — S2131 + 53121

Lo134V® = L19Ly3V® = —L1aL34V?® — %2(,43 CAHVIVRYS — %(Al CAHVIVAYS,

To find a BRST-equivalent expression of (B-§) one uses the fact that Q(Lys/s45) = —V4V®
to rewrite (K V*V®) as —(K;;juQ(Las/s45)), integrates the BRST-charge by parts and

uses the following relation

QKijkj = Sji(Liij — L]kV’) — (Sjk + Sik)Ljin, (39)

6 1 thank Dimitrios Tsimpis for suggesting the relevance of using this definition in the context

of an ansatz for the 6-pt amplitude. It turns out to clean up the 5-pt formulae too.
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which is easily obtained from the first expression in (B.3) and the definition (B.g). Doing
that one gets

s s
(K2131V*V?) = (LysL12V?) — £<L45L{12V3}> =ni — i(m — Ny —N15) (3.10)

S S
<K2434V1V5> = <L42L51V3> + £<L51L{23V4}> =ni1 + ﬁ(7”&2 — N1 — Ns) (3.11)

551
(K331 V*V?) = — (Lo Las V') — £<L45L{12V3}> = —ng — %(”1 —ng —nys)  (3.12)
(Ko334V'V?) = — (L1 LagV'*) + %(L51L{23V4}> = —ng + %(W —nn—ns)  (3.13)

Plugging the above relations in (B.§) and using the relations (B.9),

A5(1,2,3,4,5) = n1 K1 +n3Ka — ni1 K] +nyKs + na Ky — nigKs

S S
—EKQ(TLQ — N1 — n5) — LZLK;),(TM — Ny — n15). (314)
S51 S45

Once the integrals K; are written in terms of the basis (T, K3) [B0], as in the appendix of
[1], the amplitude (B-14) becomes

A5(1,2,3,4, 5>:TAYM(9)+K3 AF4(9>, (315)

where Ay j;(0) and Apa(6) are the superfields,

LysL.5V3 L5 LosV* LiyL3,V? LosLsV?! L3yLsV?
(LasL12 >+<5123 >+<1234 >+<2345 >+<3451 )

Aym(0) = (3.16)
545512 551523 512534 523545 534551
and
3 S93 834 4 534 545
AF4(9) = —<L45L12V > (— + —) — <L51L23V > (— + —) (3.17)
545 512 S15 523

~(DiaLaV®) (224 20 (Lt (24 22) < (L) (224 22)
512 S34 523 S45 S34 S51

s s
+(L12L34V® + Ls1LosV* — L13LasVP + LosLasV') + £<L51L{23VZ}> - £<L45L{12V3}>

In the field theory limit 7' — 1 and K3 — 0 [E0], so the first principles derivation of
(B-§) is completed.



3.1. Higher-point amplitudes

It is worth checking whether the simple mappings between the cubic Feynman dia-
grams and pure spinor building blocks persist at higher-points. The discussion in section
2 suggests a way to write down n-point field theory amplitudes. For each one of the
27=2(2n — 5)1!/(n — 1)! color-ordered diagrams specifying the kinematic poles [f], a ghost-
number-three numerator whose BRST transformation is proportional to those poles should
be written down. One then tries to find a combination with the correct dimension of a
n-point amplitude such that the sum of all diagrams is BRST-closed.

To help finding candidates for superfield building blocks, the first principles tree-level
superstring amplitude prescription [J2])] can be used as guide. For example, the superfield
Li; appears in the OPE of V(2)U7(w) in the 4-pt string amplitude [[§], and its BRST
transformation Qf)ij = —8;; V'VJ has precisely the Mandelstam variable to cancel poles
in the 5-pt amplitude. Similarly, the superfield Lj;i; comes from the numerator of the
1/z;jzix pole in the OPE V¥(z;)U7 (2;)U*(z;) appearing in the 5-pt computation [[T], and
its BRST transformation has the required Mandelstam variables to cancel poles in the 6-pt

amplitude,
QLjiri = sij(LixV* — Lix VI + LiV®) — (s + swi + 85) Liy V', (3.18)
or, defining T}, = Kjiki,
QTijk = 8ijLijViy — (Sjk + Ski + 845) Lij Vi (3.19)

Following the above procedure for the 14 color-ordered diagrams of the 6-point am-

plitudeﬁ, a BRST-closed expression with the correct pole structure looks likeE

(L12L34L56) n (LasLysLe1)

Ag(1,2,3,4,5,6) = 3.20
6< ) 3818385 3828486 ( )
1 (T3 ,ViLss  LssVO) 1(Ti26 ,V3Lys  L3sV5) )
— - = lic(1...6
+2 Sltl ( S5 + S4 ) 2 81t3 ( S4 + S3 )+ e IC( )
where s1 = $12,52 = Sa3,...,56 = Se1, t1 = (S12 + S23 + S13), t2 = (S23 + S34 + S24) and

ts = (S34 + Sa5 + s35) are the 6-point Mandelstam variables of [[]. The full component

7 Work is currently in progress to obtain the 6-pt field theory limit of the open superstring
amplitude [[I{].

8 T thank Oliver Schlotterer and Dimitrios Tsimpis for many valuable discussions.
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expansion for the 6-gluon amplitude obtained from (B.2() contains 6706 terms [§] and it
was checked to be gauge invariant. The first few terms of this expansion are given in
Appendix B.

Similarly, an ansatz for the 42 color-ordered 7-point diagrams which is BRST-closed

and has the correct pole structure is given by

(Tos1 LasLe7)  (ThasTs6aVe)  (Th27T5345Ve)

1,2,3,4,5,6,7) = 3.21
A7(7 T ) + 82t18486 81t185t4 81t783t3 ( )
T123T56 V5 T127Ty53 Ve Tio3L45L
_( 123Tus56V7) _< 127T453Ve) _< 123L45Le7) +eyelie(1...7)
81t184t4 81t784t3 81t18486
where s1,...,87 and tq,...,t; are the 7-point Mandelstam variables of [[]. The ten-

dimensional 7-gluon expansion of (B.21) contains more than 130 thousand terms [§] and
a few are written in appendix B. As the results of [i] are written in the four-dimensional
helicity formalism, a direct comparison with the results quoted there is not possible.

The simplicity of the above Ansédtze is remarkable and claims for a first principles
formalism. The compact results presented here provide strong evidence that the language
of pure spinor superspace is well-suited for writing down ten-dimensional scattering am-
plitudes. Furthermore, having these compact supersymmetric expressions is interesting
because there is no need to treat amplitudes differently, depending on whether the helicity

configuration is MHV or NMHYV.

Acknowledgements: I want to thank Nathan Berkovits, Oliver Schlotterer, Stephan
Stieberger and Dimitrios Tsimpis for discussions and for comments on the draft. I also
thank the organizers of the Amsterdam String Theory Workshop 2010 for the inspiring
atmosphere, as the final details of this paper were worked out during those days. I ac-

knowledge support by the Deutsch-Israelische Projektkooperation (DIP H52).

Appendix A. The Bern-Carrasco-Johansson kinematic identities

The 4-pt BCJ kinematic relation n, = ns — n; is mapped to the superspace expres-
sion (L13V2V%) = (L1oV3V4) — (L1 V2V3). Using (Ly1V2V3) = —(LasV1V?) it can be
rewritten as

<L{12V3}V4> =0, (A.1)
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where {ijk} means to sum over the cyclic permutation of the labels. Furthermore, one can

check that (JA]]) is true by expanding it in components. Note that
QL{iij} = —(Sij + Sk + Sik)ViVij, (A.2)

which vanishes for the 4-pt amplitude because s;, = —s;; — 5.

The 5-pt extended BCJ relations of [IJ][L3] are given by

ng—mni1+nNi5 N —N11+N13 N3 — N1 +Ni2 N — N + N1y

— — — =0 (A.3)
S45 S24 S12 S51
N7 —NMeg+nNig  Nip—Ni1+nNi3  Ng—Ng+tnNg ns — Ng + N1 —0 (A.4)
S14 524 S25 S51
1o — Ng + N ns —no +n ng —no+n ng —ng+n
10 9 15 M 2 11 Ny 2 T s 6 9 _ 9 (A.5)
S13 S51 523 S25
Mg —N1+mni5 N —Ng+nNis N5 —N2+N11 N3 — N5+ Mg —0. (A.6)
S45 S13 S51 S34
Using the mappings of (£-9) they become
Lys Ly L Lsy
——L19Var + —=L13Vsy — —=La4Vsy + ——=Lo3Vjn = 0, AT
1 {12V31 51 {13V51 519 {34V5} So1 {23V} (A.7)
Ly Ly Los Lsy
————L93Ver + —=L13Vsy — ——Lg13Vjy + ——=Lo3Vjn = 0, A8
sia {23V5)} 5ot {13V51 5o {13V} So1 {23Vay (A.8)
L3 Lsq Los Los
+—"LosViy — —=L93Viy — —=L14Ver + —=L 13V =0, A9
51a {25V4} - {23Vay 53 {14V5} 5o {13V} (A.9)
Lys L3 Ls; L3y
———L19Vay — ——=LosVyy + —— LyoaViy + —Lg15Vsy = 0, A.10
1 {12V31 513 {25Va4} - {23Vay San {12V51 ( )

which one can check to hold true when expanding in components. Using the momentum

conservation relations
813 = S45 — S12 — 823, S14 = S23 — S51 — S45, S24 = Sp1 — S23 — S34

So5 = S34 — S12 — S51, 835 = S12 — S45 — S34, (A.11)

one finds that the LHS of (A.7) — ([A.10) are BRST-closed. Roughly speaking, the extended
BCJ identities are BRST-closed expressions which do not have the correct pole structure

to be amplitudes.
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Appendix B. The 5-, 6- and 7-gluon amplitudes

The 5-gluon amplitude is easily obtained by using [§], and one can check that the first

few terms are

2880 A5(1,2,3,4,5) = (B.1)

—(k' - e?) (k') (ke (e! - e?)sy syt + (R e?) (R e?) (BT e?) (et et)sy syt

—(k' - e?) (ke (k? - ef)(e! - e”)sy syt + (K- e?) (kD e?) (R e®)(e! - et)sy syt
—(kt - ) (k- e3)(K - et) (et - €)sytss

The 6-gluon component expansion from the ansatz (B.20) generates 6706 terms of
which the first few are [§]

2880 Ag(1,2,3,4,5,6) = (B.2)

() (R ) () () (- )R ) () () (e €] s s ey
(A E Yk ) e s s

Similarly, the 7-gluon component expansion of (B.21]) has 134460 termsf and the first ones

are

2880 A7(1,2,3,4,5,6,7) = (B.3)

[+ (k" -e*) (k" e®) (k" -e*) (k" -e”) (k' -e®) (e -e)— (k' -e*) (k" -e) (k" -e*) (k' -e) (k' -eT) (e -€°)

(k) (k- e?) (ke (k') (K- ef) (e €)= (k' -e?) (k' -e®) (k' -eh) (K- €”) (k*-eT) (e -€°)
H(E ) (k) (ke (kY e) (B - eB) (et €M) sy s s

It is curious to note that the coefficient of +1/2880 is the same for all the terms in the 5-,
6- and 7-gluon amplitudes alike. This is the same coefficient which was observed in [2]] to

be the conversion factor required to match the RNS amplitudes at tree-level.

9 Some of those terms contain €10 tensors and are expected to vanish once rules for the vanishing

[ml---mlo(smll]
n

of things like €;, are implemented in [f].
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Appendix C. Shortcut to compute QL

There is a shortcut to compute QQL’s for n-points using only the L’s appearing at
(n — 1)-points. The definitions of L;; and L are [T,

. . L, ~ Ljiki
ViU () = 2, Lyg(a)U* () = =2, (G.)
ij ik

so that QEZ] = hmzj—ml ZUQ(Vl(ZZ)UJ(ZJ)) and QL]zkz = llI’Ilzk_mI Zle(f/U<Zl)Uk<Zk))
leads to
QLij = lim 20V (2))V'(2) = —s3,V'V7,

= —sij(Lir(2)V7 (z3) + V' (20) L (20)) + (sin + s5%)V"(20) Lij (21), (C.2)
which agree with (2-3) and (B-I13), respectively. In the above we used QU*(z) = OV'(z) =
™ (2)k: Vi(2) + 00°D,Vi(z) + OA* AY,, which together with the OPE’s of the conformal
weight-one variables [P2[[G] implies that

lim QU (2)V9 () = lim OV (2)V3(z;) = —sy LV (E0),

2,2 Z2i—2; Zij

(C.3)
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