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1 Introduction

This is the first part of a series of papers [1–3] towards the derivation of n-point one-loop

correlators of open- and closed-superstring states using the pure-spinor formalism [4, 5].

When we refer to section and equation numbers from the papers II and III, these numbers

will be prefixed by the roman numerals II and III accordingly.

A variety of recent developments revealed hidden simplicity and unexpectedly rich

structures in scattering amplitudes of string theories. Many of these findings can be at-

tributed to the boost in computational reach due to the manifestly supersymmetric pure-

spinor formalism [4–12]. For instance, pure-spinor methods enabled the first three-loop
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computation in the low-energy limit of the four-point closed-string amplitude [13] and gave

rise to a strikingly compact form of n-point tree-level amplitudes [14, 15].

The pure-spinor computation at tree level paved the way for string-theory realizations

and extensions of recent unifying relations among field-theory amplitudes. For instance,

using a local representation of the massless n-point disk correlation function, manifestly lo-

cal numerators satisfying the color-kinematics duality [16] in gauge-theory amplitudes were

systematically constructed [17].1 Locality refers to the absence of kinematic poles in the

superspace kinematic factors of the correlator: all the propagators in the color-kinematics

dual gauge-theory amplitudes stem from the field-theory limit of the moduli-space integrals

over disk worldsheets. The first main goal of this series of papers is to generalize these

results to loop level and to construct local correlators on a genus-one surface.

Moreover, the n-point disk amplitudes [14] were later on found in [20] to share the

structure of the Kawai-Lewellen-Tye (KLT) formula [21] for supergravity trees. In relating

the open superstring to supergravity, one copy of the color-ordered gauge-theory trees in

the KLT formula are mapped to so-called Parke-Taylor integrands (z12z23 . . . zn1)
−1 with

zij = zi−zj . This mapping rests on the fact that disk integrals of Parke-Taylor type share

the Bern-Carrasco-Johansson (BCJ) relations [16] of gauge-theory tree amplitudes [20]. We

will refer to these phenomena as a double-copy structure of disk amplitudes and a duality

between kinematics and worldsheet functions. The second main goal of this series of papers

is to find a one-loop incarnation of the duality between kinematics and worldsheet functions

that results in a double-copy structure of open-superstring amplitudes [22].

While tree-level correlators are completely determined by their singularity structure en-

coded in the OPEs of the vertex operators, the quest for genus-one correlators is guided by

additional constraints: the homology cycles of the genus-one surface translate into a notion

of double-periodicity in its complex coordinate. As we will see in part II, double-periodicity

does not hold term-by-term in the genus-one correlators. Instead, the monodromies of in-

dividual terms cancel in similar patterns as the BRST variations of kinematic factors in

pure-spinor superspace.2 This will not only be a crucial guiding principle in constructing

local representations of genus-one correlators in part III but also furnish a key incarnation

of the duality between kinematics and worldsheet functions.

Apart from the parallels in their BRST- and monodromy variations, the kinematic

building blocks and worldsheet functions in this work resonate in their symmetry properties

under exchange of external legs. In a local form of the correlators, kinematic building

blocks exhibit Lie-symmetries in several groups of labels, which translate into kinematic

Jacobi relations in the tree-level subdiagrams of the field-theory limit [17, 23, 24]. The

worldsheet functions of part II in turn are designed to vanish under shuffle products in

several groups of labels which is reminiscent of the Kleiss-Kuijf relations of gauge-theory

tree amplitudes [25]. Combinations of Lie- and shuffle symmetric objects are tailor-made

to realize the permutation invariance of the correlators. At the same time, this symmetry

1Also see [18, 19] for a string-theory derivation of the resulting Bern-Carrasco-Johansson relations among

color-ordered gauge-theory amplitudes at tree level.
2BRST-invariance of a kinematic factor in pure-spinor superspace implies its components to be both

gauge invariant and supersymmetric [4].
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structure is well known in the mathematics literature from a theorem by Ree [26] in the

context of Lie polynomials [27]. Therefore we say that the local one-loop correlators of

part III have a Lie-polynomial structure.3

We will also explore manifestly BRST-invariant but non-local representations of the

correlators in part III, where the kinematic building blocks are dressed with the tree-

level propagators. The resulting supersymmetric Berends-Giele currents [23, 28] and their

BRST-invariant combinations [29] realize shuffle symmetries on the kinematic side. Simi-

larly, monodromy invariance of the correlators can be manifested by organizing the world-

sheet functions into so-called generalized elliptic integrands (GEIs), see [22] and part II. In

contrast to conventional elliptic functions, GEIs may involve loop momenta of the chiral-

splitting formalism [30–32] that transform as well when punctures are taken along the

homology cycle and cancel the monodromies of Jacobi theta functions.

In part III, we will present expressions for (n ≤ 7)-point correlators in terms of BRST-

invariant superfields and GEIs such that both kinds of invariances are manifest. Given

that BRST-invariant superfields and GEIs are shown in part II to obey the same kinds

of relations, the role of kinematics and worldsheet functions can be freely interchanged.

This generalizes the (n−3)!-term representations of tree-level correlators [14], where gauge-

theory trees and Parke-Taylor factors enter on symmetric footing [20]. In analogy to

these tree-level results, the one-loop amplitudes computed from such correlators are said

exhibit a double-copy structure [22]. In the same way as the double-copy representations

of gravitational loop integrands [33, 34] hinges on the color-kinematics duality in gauge

theories, the duality between kinematics and worldsheet function reveals a double-copy

structure in one-loop open-superstring amplitudes.

A brief executive summary for the combined parts [1–3] of this series is as follows. In

the first sections we will have self-contained discussions to set up preliminary notions re-

garding the pure-spinor formalism (section 2), local superfields (sections 3 and 4), non-local

superfields (section 5) and one-loop worldsheet functions (section II.2.2). Several impor-

tant relations and interplays among these first sections are pointed out and thoroughly

illustrated too. For instance, section II.4.4 discusses several parallels and dualities between

the non-local kinematic building blocks of section 5 and worldsheet functions that are built

from the constituents in section II.2.2. Then, in section III.2.2, after a brief discussion

pointing out the Lie-polynomial structure of the local n-point tree-level correlators, we

will argue that also the local n-point one-loop correlators of the open superstring have a

Lie-polynomial form. Namely,

Kn(ℓ) =
n−4
∑

r=0

1

r!

(

VA1T
m1...mr

A2,...,Ar+4
Zm1...mr

A1,...,Ar+4
+
[

12 . . . n|A1, . . . , Ar+4

]

)

+ corrections , (1.1)

where VA and Tm1...mr

A1,...,Ar+3
are local kinematic building blocks satisfying Lie symmetries while

Zm1...mr

A1,...,Ar+4
are functions on the genus-one worldsheet satisfying shuffle symmetries (the

unconventional notation for the permutations is explained in detail in the appendix III.A).

3Note that this same Lie-polynomial structure is already present in the calculation of the tree-level

correlator in [14], but it remained unnoticed until now.
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The need for “+ corrections” at n ≥ 7 points will be elaborated in detail invoking

e.g., locality, BRST invariance, single-valuedness and several other related technical as-

pects introduced in the first sections. In section III.3.3, a multitude of representations

for the correlators with n = 4, 5, 6, 7 is presented. The n = 8 correlator is proposed and,

while it satisfies many non-trivial constraints, it fails to be BRST invariant by terms pro-

portional to the holomorphic Eisenstein series G4. Unfortunately, this points to a certain

weakness of our method since any Eisenstein series is a monodromy-invariant function with

no dependence on the worldsheet punctures. (We leave it as an open challenge for future

work to determine the kinematic coefficients of Gk in (n ≥ 8)-point correlators.) Further

representations for the correlators are presented in section III.4.4, which is concerned with

the explicit integration of the loop momentum in both open- and closed-string one-loop

amplitudes. Several rather technical discussions are left to the appendices.

Finally, one should not be overwhelmed by the total number of pages of this series; the

wide areas of both mathematics and physics that it touches lead to several relationships

and beautiful connections. The final results for the correlators are in fact quite compact.

2 Basic formalism

In this section we will review certain aspects of the one-loop amplitude prescription in the

minimal4 pure-spinor formalism [5]. In the later sections, this prescription will be used as a

basis to formulate a general approach to assemble integrands for n-point open-superstring

amplitudes at one loop from standard constraints such as single-valuedness and BRST

invariance, among others.

Conventions. Throughout this work, we will use the shorthands

zij ≡ zi − zj , (2.1)

for the worldsheet positions and

km∅ ≡ 0 , km12...p ≡ km1 + km2 + · · ·+ kmp , s12...p ≡
1

2
k212...p =

p
∑

i<j

sij (2.2)

for multiparticle momenta and Mandelstam invariants, where sij = (ki · kj). Vector and

spinor indices of the ten-dimensional Lorentz group are denoted by m,n, . . . = 0, 1, . . . , 9

and α, β, . . . = 1, 2, . . . , 16, respectively.

Our convention for (anti)symmetrizing r vector indices does not include a factor of 1
r!

and it always generates unit coefficients for each inequivalent term, even in the presence of

symmetric tensors; for instance A(mBn) ≡ AmBn +AnBm as well as

δ(mnkp) ≡ δmnkp + δmpkn + δnpkm . (2.3)

4See [12] for the one-loop amplitude prescription in the non-minimal pure-spinor formalism.
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2.1 The pure-spinor amplitude prescription

The prescription to compute n-point one-loop amplitudes for open superstrings is [5]

An =
∑

top

Ctop

∫

Dtop

dτ 〈〈(µ, b)Z V1(z1)
n
∏

j=2

∫

dzj Uj(zj)〉〉 , (2.4)

where the Beltrami differential µ and the modulus τ encode the topological information

of the genus-one surface. The sum runs over all open-string worldsheet topologies at one

loop: the planar and non-planar cylinder as well as the Möbius strip. For each topology the

integration domain Dtop for the modulus t and the color factors Ctop have to be adjusted

and the region of integration over the zj variables must reflect the ordering of the vertex

operators insertions on its boundaries [35], see section 2.1.1 below. Using translation

invariance of the path integral, the position z1 can be fixed to z1 = 0, but it is customary

to carry it unfixed in the formulas.

Moreover, the prescription (2.4) uses picture-changing operators5 collectively denoted

by Z and detailed in [5] as well as a composite b-ghost of schematic form

b = (Πd+N∂θ + J∂θ) d δ(N) + (w∂λ+ J∂N +N∂J +N∂N)δ(N)

+(NΠ+ JΠ+ ∂Π+ d2)(Πδ(N) + d2δ′(N))

+(Nd+ Jd)(∂θδ(N) + dΠδ′(N) + d3δ′′(N))

+(N2 + JN + J2)(d∂θδ′(N) + Π2δ′(N) + Πd2δ′′(N) + d4δ′′′(N)) , (2.5)

where the worldsheet fields on the right-hand side will be introduced below. The com-

plicated expression (2.5) poses difficulties in a direct evaluation of (2.4) at multiplicities

above four, especially when OPE contractions involving the b-ghost b(z0) are considered.

For the five-point correlator, these contributions were shown to be total worldsheet deriva-

tives with respect to z0 and therefore could be dropped in the integrated amplitude [36].

However, starting at six-points, the OPE contributions involving the b-ghost may intro-

duce non-trivial functions of the punctures into the correlator although the dependence on

z0 ultimately drops out.6 The expressions for one-loop correlators to be proposed in the

later sections provide evidence that such OPE contractions can be reduced to zero-mode

contributions.

When all the external states are massless, the unintegrated vertex operator Vi(zi) of

conformal weight zero is given by7

Vi(zi) = λαAi
α(x, θ) , (2.6)

while the integrated vertices Ui(zi) are

Ui(zi) = ∂θαAi
α(x, θ) + ΠmAi

m(x, θ) + dαW
α
i (x, θ) +

1

2
NmnF i

mn(x, θ) . (2.7)

5The ingredients of Z = ZJ

∏10
P=2 ZBP

∏11
I=1 YCI

are explained in [5].
6An explicit example of a related cancellation can be found in appendix B of [37] in the parity-odd sector

of one-loop amplitudes in the RNS formalism.
7For ease of notation, the dependence on zi via λα(z), xm(z), θα(z) as well as ∂θα(z),Πm(z),

dα(z), N
mn(z) is left implicit on the right-hand side of (2.6), (2.7) and later equations.
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The vectorial and spinorial polarizations of the ith gluon and gluino as well as their

light-like momenta ki enter through the ten-dimensional super-Yang-Mills superfields

[Ai
α, A

i
m,Wα

i , F
mn
i ] to be reviewed in section 3.

The bosonic pure spinor λα in (2.6) has conformal weight zero and obeys

(λγmλ) = 0 , (2.8)

where γmαβ = γmβα denote the 16 × 16 Pauli matrices of SO(1, 9) subject to the Clifford

algebra γ
(m
αβ γ

n)βγ = δmnδγα. Note that the symmetry properties of antisymmetrized Pauli

matrices are γmnp
αβ = −γmnp

βα and γmnpqr
αβ = γmnpqr

βα for odd rank as well as γmn
α
β = −γmnβ

α

and γmnpq
α
β = γmnpq β

α for even rank.

Integrated vertices (2.7) involve the Lorentz-current Nmn of the pure-spinor ghost,

and Πm = ∂xm + 1
2(θγ

m∂θ) as well as dα are supersymmetric combinations of the matter

variables in the pure-spinor worldsheet action [4].

2.1.1 Open-string integration domains

The vertex-operator locations or punctures need to be integrated over the torus or over

the boundary components of the cylinder and the Möbius strip. For open strings, the

integration over the boundaries has to match the cyclic orderings of the accompanying

color factors: each external state carries color degrees of freedom encoded in Lie-algebra8

generators ta, and the color dependence of the amplitude enters via traces.

Given a torus of modular parameter τ in the parameterization of figure 1, one can

obtain the open-string worldsheets via suitable involutions [41, 42], resulting in a purely

imaginary modular parameter τ in case of the cylinder. The cylinder boundaries B1,2 will

be taken to be the B-cycle through the origin and the point z = 1
2 , respectively,

B1 = {z = iν, 0 ≤ ν ≤ |τ |} , B2 =

{

z =
1

2
+ iν, 0 ≤ ν ≤ |τ |

}

, (2.9)

i.e. they are separated by half the A-cycle. After using translation invariance to fix one

puncture as z1 = 0, the integration domain associated with the single trace tr(t1t2 . . . tn)

is characterized by 0 < Im(z2) < Im(z3) < . . . < Im(zn) < Im(τ), and similar choices

can be made for the Möbius strip [41, 42]. Double traces tr(t1t2 . . . tj)tr(tj+1 . . . tn) are

exclusive to the cylinder topology, and one may define analogous domains where the two

cyclic orderings are implemented on B1,2 in (2.9).

Additionally, the modular parameters need to be integrated, e.g. over τ ∈ iR+ in case

of the cylinder. As indicated in (2.4), the integrations over the different topologies along

with their color traces are denoted by the subscript top.

2.1.2 Functional integration and OPEs

The worldsheet fields [∂θα,Πm, dα, N
mn] in the integrated vertices (2.7) have conformal

weight +1 and can be integrated after separating off the zero modes. Using dα(z) as an

8For the type-I superstring, the gauge group has to be chosen as SO(32) in order to guarantee cancellation

of infinities [38] and gauge anomalies [39, 40].
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Figure 1. Parameterization of the torus through the lattice C/(Z+τZ) with an identification of

points z with their translates z+1 and z+τ along the A- and B-cycle.

example, in a genus-g surface one gets

dα(z) =

g
∑

I=1

dIαωI(z) + d̂α(z) , (2.10)

where ωI(z) are g holomorphic one-forms normalized as
∮

AI
dz ωJ(z) = δIJ when integrated

around the A-cycles. The non-zero modes d̂α(z) in turn are characterized by
∮

AI
dz d̂α(z) =

0. In addition, when the holomorphic one-forms are integrated around the B-cycles one

gets the period matrix ΩIJ =
∮

BI
dz ωJ(z). Note that ω1(z) = 1 at genus one, and the

parameterization of the torus in figure 1 involves the period matrix
∮

B dz = τ with τ ∈ C

and Im τ > 0.

The non-zero modes are functionally integrated through OPE contractions, in partic-

ular at genus one we have

d̂α(z)K(0) → DαK(0) g(1)(z, τ), Π̂m(z)K(0) → −kmK(0) g(1)(z, τ),

d̂α(z)Π̂
m(0) → (γm∂θ(0))α g

(1)(z, τ) d̂α(z)d̂β(0) → −γmαβΠm(0) g(1)(z, τ), (2.11)

d̂α(z)θ
β(0) → δβα g(1)(z, τ) N̂mn(z)λα(0) → −

1

2
(λ(0)γmn)α g(1)(z, τ) ,

where the worldsheet singularities are captured by [5] (∂ ≡ ∂
∂z )

g(1)(z, τ) ≡ ∂ log θ1(z, τ) , (2.12)

and the standard odd Jacobi theta function with q ≡ exp(2πiτ) is given by

θ1(z, τ) ≡ 2q1/8 sin(πz)
∞
∏

n=1

(1− qn)
(

1− qne2πiz
)(

1− qne−2πiz
)

. (2.13)

In the above OPEs, K(z) represents a generic superfield which depends on θα(z) but not

on any derivative ∂nθα(z) for n≥1, and whose x dependence is entirely contained in the

plane-wave factor9 ek·x. The functional integration of the variables xm(z, z) gives rise to the

so-called Koba-Nielsen factor and will be reviewed in the next subsection. The above OPEs

can be read off from their tree-level counterparts [4, 43] via the substitution 1
z → g(1)(z, τ).

9To avoid factors of i in the formulae, we depart from the standard conventions of real momenta and

redefined ikm → km.
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It turns out that the four-point amplitude computed with the pure-spinor formalism

does not involve any OPE contraction; its outcome is based purely on zero-mode integra-

tions [5]. Therefore, the n-point amplitude admits at most n−4 OPE contractions, and

it will be explained in the later sections II.7.7 and III.4.4 that this gives rise to modular

forms of weight n−4 after integrating over the zero modes of Πm in (2.4).

2.1.3 Zero-mode integrations

The non-zero modes of the worldsheet fields are integrated out using OPE contrac-

tions (2.11), and a systematic procedure to capture the resulting tensor structures will

be reviewed in section 3. Similarly, as in the tree-level correlator, we will assume that the

OPE residues which feature double poles have been absorbed into single-pole residues using

integration-by-parts identities [14]. The net effect of such manipulations can be accounted

for via multiparticle superfields in the BCJ gauge [28] to be reviewed in subsection 3.4.

Once all non-zero modes are integrated out in that manner, the correlator (2.4) will

depend only on the zero modes of the worldsheet variables [dα(z), N
mn(z),Πm(z)] and

[λα(z), θα(z)]. In this section we outline a practical procedure to integrate them using

the pure-spinor zero-mode measures defined in [5]. Unlike the other worldsheet fields, the

zero mode of Πm(z) is denoted with a different symbol ℓm, called the loop momentum. Its

integration will be discussed in the context of chiral splitting, see subsection 2.2.

As explained in [5], in performing the path integral of the prescription (2.4) the role

of the picture-changing operators Z is to ensure that all bosonic and fermionic zero modes

are absorbed correctly. In doing this it will be convenient to start integrating out dα and

Nmn while leaving the zero modes of Πm, λα and θα to be dealt with at later stages. The

reason for this is that the integrations over dα and Nmn can be performed, under mild

assumptions, using group-theory arguments alone. This will lead to effective rules which

will then be used as input on section 4 to define local kinematic building blocks based on

the multiparticle SYM superfields of section 3.

To see how this comes about, the first thing to note is that in integrating out the zero

modes dα and Nmn using the pure-spinor measures of [5] one introduces two pure spinors

λα into the rest of the path integral. In addition, since the picture-changing operators

contribute a fixed number of ten fermionic dα zero modes, an additional six zero modes must

come from the b-ghost and the external vertices (2.7). We will consider the contributions

from two classes of terms in the b-ghost (2.5), given by b(2) ≡ Πd2δ(N) and b(4) ≡ d4δ′(N).

When the b-ghost contributes b(4) ≡ d4δ′(N), the external vertices must provide the re-

maining two dα zero modes. However, there must also be aNmn zero mode due to the factor

of δ′(N) [5]. Therefore, the non-vanishing configuration of zero modes from the external ver-

tices must be proportional to dαdβN
mn. Given the expression (2.7) for integrated vertex op-

erators, this contribution is of the schematic form U2U3U4 → dαdβNmnW
α
2 W

β
3 F

mn
4 , see sec-

tion 3.4 for multiparticle generalizations. Taking into account the introduction of two pure

spinors from the pure-spinor measures, the integration of the factor dαdβNmnW
α
2 W

β
3 F

mn
4

from the external vertices can be summarized as
∫

d4δ′(N)dαdβN
mn → (λγ[m)α(λγ

n])β , (2.14)
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where the integral sign represents the integration using the zero-mode measures of [5].

Up to an overall coefficient, this is the unique outcome because there is only one two-form

irreducible representation in the tensor product of two pure spinors and two Weyl spinors10

[0, 0, 0, 0, 2]⊗ [0, 0, 0, 0, 1]∧2 = [0, 1, 0, 0, 0] + · · · . (2.15)

Hence, the net contribution from this sector to the correlator is given by a unique Lorentz-

scalar combination of superfields
∫

b(4)U2U3U4 → (λγmW2)(λγnW3)F
mn
4 + cyc(2, 3, 4) . (2.16)

Similarly, when the b-ghost contribution comes from the term b(2) ≡ Πd2δ(N), the external

vertices must provide four dα zero modes, and this time there is no need for an additional

Nmn. Therefore, b(2) requires the external vertices to contribute dαdβdγdδW
α
2 W

β
3 W

γ
4 W

δ
5 ,

see section 3.4 for multiparticle generalizations. One can show that, up to an overall

coefficient, the effective rule for integrating these zero modes is given by
∫

Πd2δ(N)dαdβdγdδ → ℓm(λγa)[α(λγ
b)β(γ

abm)γδ] . (2.17)

The argument to see this is similar to (2.15): there is a single vector representation in the

tensor product of λ2W 4,

[0, 0, 0, 0, 2]⊗ [0, 0, 0, 0, 1]∧4 = [1, 0, 0, 0, 0] + · · · . (2.18)

Therefore the unique Lorentz-invariant overall contribution from this zero-mode sector can

be summarized by the following superfield combination
∫

b(2)U2U3U4U5 → ℓm(λγaW2)(λγbW3)(W4γ
abmW5) + perm(2, 3, 4, 5) . (2.19)

In section 4 we will see how (2.19) motivates the introduction of tensorial local building

blocks that capture the kinematics of one-loop correlators.

The above rules are readily generalized for additional instances of zero modes of Πm,
∫

Πm1Πm2 . . .Πmrd4δ′(N)dαdβN
pq → ℓm1ℓm2 . . . ℓmr(λγ[p)α(λγ

q])β , (2.20)
∫

Πm1 . . .ΠmrΠd2δ(N)dαdβdγdδ → ℓm1 . . . ℓmrℓn(λγ
a)[α(λγ

b)β(γ
abn)γδ] . (2.21)

The analogues of (2.16) and (2.19) for the remaining terms of the b-ghost (2.5) besides b(2)

and b(4) are currently out of reach. Instead, we will infer their contributions to one-loop

correlators from first principles to be detailed in section III.2.4. Up to integration-by-parts

equivalent terms, b(2) and b(4) provide the highest numbers of zero modes of dα, N
mn and

therefore start to contribute at the lowest multiplicities. Using these zero-mode consid-

erations it follows that the loop integrand for n-point open-string amplitudes (2.4) is a

polynomial of degree n−4 in the loop momentum ℓ.

10We acknowledge the use of the LiE program in these decompositions [44].
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2.1.4 Pure-spinor superspace

The angle brackets 〈〈. . .〉〉 in the amplitude prescription (2.4) represent the complete path

integral over all the worldsheet degrees of freedom. After integrating the zero modes of dα,

Nmn and all the other variables except for λα and θα, these 〈〈. . .〉〉 are replaced by 〈. . .〉

which represent the remaining functional integration over zero modes of λα and θα. In

integrating the variables in this order, the kinematic factors become expressions in pure-

spinor superspace as defined in [45]. Pure-spinor superspace compactly encodes all states

in the supermultiplet, and the components can be extracted using the prescription [4]

〈(λγmθ)(λγnθ)(λγpθ)(θγmnpθ)〉 = 2880 (2.22)

for integration over zero modes of λα and θα. In fact, the amplitudes exhibit their most

convenient form when written in pure-spinor superspace, i.e. without performing the inte-

gration in (2.22), and will be represented as such in this series of papers.

A key feature of the measure (2.22) is its interplay with the BRST operator

Q ≡ λαDα , Dα ≡
∂

∂θα
+

1

2
(γmθ)α

∂

∂xm
. (2.23)

As pointed out in [4], the measure (2.22) is only sensitive to the cohomology of Q: BRST-

closed superfields QS(x, θ, λ) = 0 are mapped to gauge invariant and supersymmetric

components in 〈S(x, θ, λ)〉, whereas BRST-exact terms decouple, i.e. 〈E(x, θ, λ)〉 = 0 if

E(x, θ, λ) = QΣ(x, θ, λ). This cohomology structure can be exploited to obtain non-trivial

relations among seemingly different superspace expressions including amplitudes at differ-

ent loop orders [46].

2.2 Chiral splitting of the Koba-Nielsen factor

The zero-mode integrations of the matter variables xm(z, z) or equivalently Πm(z) is per-

formed employing the techniques of the chiral-splitting formalism of [30–32]. The idea is to

defer the zero-mode integration for Πm within the path integral in (2.4) to the last step of

the amplitude computation11 and to interpret it as a string-theory antecedent of the loop

momentum in Feynman integrals, to be denoted by

ℓm ≡

∮

A
dzΠm(z) . (2.24)

In this setting, the contributions from the plane-wave factors ek·x can be reproduced from

the Koba-Nielsen factor

In(ℓ) ≡ exp

( n
∑

i<j

sij log θ1(zij , τ) +
n
∑

j=1

zj(ℓ · kj) +
τ

4πi
ℓ2
)

, (2.25)

and our notation In(ℓ) for the Koba-Nielsen factor omits its dependence on the variables

zj , kj , τ . Chiral splitting can be easily undone: in a closed-string context, the loop integra-

tion comprised by the path integral 〈〈. . .〉〉closed over left- and right movers reproduces the

11More formally, chiral splitting is implemented by inserting the integrated delta function 1 =∫
dDℓ δD(ℓm −

∮
A
dzΠm(z)) into the path integral.
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more conventional and modular invariant form of the Koba-Nielsen factor,

În =
〈〈

n
∏

j=1

ekj ·x(zj ,zj)
〉〉

closed
=

∫

dDℓ
∣

∣In(ℓ)
∣

∣

2
(2.26)

=
(2πi)D

(2 Im τ)
D
2

exp

( n
∑

i<j

sij

[

log
∣

∣θ1(zij , τ)
∣

∣

2
−

2π

Im τ
(Im zij)

2

])

.

On the one hand, the combination log
∣

∣θ1(z, τ)
∣

∣

2
− 2π

Im τ (Im z)2 in the exponent exhibits

double periodicity under translations z → z + 1 and z → z + τ around the homology

cycles of the Riemann surface. On the other hand, its second term ∼
(Im zij)

2

Im τ obstructs

holomorphic factorization of the moduli-space integrand for closed-string amplitudes.

In an open-string context, the path integral 〈〈. . .〉〉 in (2.4) only comprises half the

non-zero modes of xm as compared to its closed-string counterpart 〈〈. . .〉〉closed in (2.26).

Accordingly, the plane-wave correlator of the open string yields half of the Koba-Nielsen

exponent,

Îopen
n =

〈〈

n
∏

j=1

ekj ·x(zj ,zj)
〉〉

=

∫

dDℓ
∣

∣In(ℓ)
∣

∣ (2.27)

=
(2πi)D

(Im τ)
D
2

exp

( n
∑

i<j

sij

[

log
∣

∣θ1(zij , τ)
∣

∣−
π(Im zij)

2

Im τ

])

,

while the loop integration is the same as in (2.26) since the loop momentum is a joint zero

mode of left- and right movers in 〈〈. . .〉〉closed. The purpose of writing the last line of (2.27) in

terms of Im zj and Im τ is to have a universal expression for all the topologies of open-string

amplitudes in (2.4): while the punctures and modulus of a planar cylinder diagram are

accounted for by purely imaginary choices of zj , τ , the non-planar cylinder and the Möbius

strip also introduce real parts for some of zj , τ , see e.g. [41, 42]. Still, one has to keep

in mind that there is no distinction between holomorphic and antiholomorphic variables

in an open-string setup when taking total derivatives of the Koba-Nielsen factor (2.27).

Accordingly, open and closed strings give rise to the same equivalence classes of correlators

with respect to total-derivative relations as discussed in section II.2.3.

Zero-mode integrations at multiplicities higher than four require generalizations

of (2.26) and (2.27) and will be discussed in sections II.7.7 and III.4.4.

2.2.1 Definition of open-string correlators

The main challenge to be addressed in this work is to determine the dependence of the

open-string amplitude (2.4) on the polarizations and momenta. The universal Koba-Nielsen

factor (2.25) due to plane waves will be stripped off from

〈〈(µ, b)Z V1(z1)

n
∏

j=2

Uj(zj)〉〉 =

∫

dDℓ |In(ℓ)| 〈Kn(ℓ)〉 . (2.28)

The residual task is to identify kinematic factors Kn(ℓ) in pure-spinor superspace that

depend on the loop momentum as well as the zero modes of λα, θα and capture the superfield
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kinematics arising from the path integral. Given their origin from integrating out all the

non-zero modes as well as the zero modes of dα and Nmn, we will henceforth refer to these

kinematic factors Kn(ℓ) as correlators. They carry the key information on the amplitudes

An =
∑

top

Ctop

∫

Dtop

dτ dz2 dz3 . . . dzn

∫

dDℓ |In(ℓ)| 〈Kn(ℓ)〉 , (2.29)

and the computational methods and organizing principles for correlators to be developed

in this work are tailored to reveal hidden double-copy structures.

2.2.2 Closed-string correlators and amplitudes

By virtue of chiral splitting, left- and right-moving worldsheet degrees of freedom com-

pletely decouple at the level of the loop integrand, and closed-string correlators are ob-

tained from holomorphic squares of their open-string instances. More precisely, the n-point

closed-string amplitude reads

Mn =

∫

F
d2τ d2z2 d

2z3 . . . d2zn

∫

dDℓ |In(ℓ)|
2 〈Kn(ℓ)〉 〈K̃n(−ℓ)〉 , (2.30)

where F denotes the fundamental domain of the modular group SL2(Z) and the punctures

zj are integrated over a torus of modular parameter τ . The reflection ℓ → −ℓ in the right-

moving correlator is due to our normalization conventions for external momenta. Finally,

the tilde in K̃n instructs to replace the super-Yang-Mills superfields [Ai
α, A

i
m,Wα

i , F
mn
i ]

by another copy, where the Weyl spinors have the same (opposite) chirality for type-IIB

(type-IIA) superstrings.

In situations where both Kn(ℓ) and K̃n(−ℓ) depend on ℓ, we will see in section III.4.4

that quadratic and higher terms in the loop momentum introduces vector contractions

between left- and right-moving superfields proportional to π/(Im τ), see e.g. [47, 48] and [49,

50] in cases of maximal and reduced supersymmetry, respectively. This exemplifies how the

double-copy structure of the closed-string integrand in (2.30) disappears after performing

the loop integration [51]: while 〈Kn(ℓ)〉 〈K̃n(−ℓ)〉 is evidently a holomorphic square of open-

string correlators, its loop integral over
∫

dDℓ |In(ℓ)|
2 no longer factorizes. That is why

chiral splitting is a convenient framework to study the double-copy properties of gravity

amplitudes from a string-theory perspective.

By the appearance of open-string correlators Kn in closed-string amplitudes (2.30),

they need to be well-defined functions on the torus, at least after integration over ℓ. In

particular — after stripping off a global factor of (Im τ)−5 — the loop integral over |In|
2Kn

and |In|
2KnK̃n must have modular weight (n−4, 0) and (n−4, n−4), respectively.

3 Multiparticle SYM superfields

After introducing a convenient notation we review the recursive construction of multipar-

ticle super-Yang-Mills superfields of [23]. A special emphasis will be given to their local

representatives, as they will play an essential role in the construction of one-loop correlators

in later sections.
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3.1 Combinatorics on words

Let us first introduce a notation based on words and review a few associated results that

will be used in the rest of this work. Good introductions to the combinatorics on words

and related subjects can be found in [27, 52].

In dealing with objects that contain multiple particle labels, one is faced with many

permutations and associated operations acting on the labels of the participating particles.

A convenient framework to handle such things is to use the notion of words and linear maps

acting on them. As such, permutations12 of particle labels referring to the external legs are

encoded in words composed from letters in the alphabet of natural numbers; {1, 2, 3, . . .}.

Words will be written in upper-case (e.g. P = 134256) and its letters in lower-case

(e.g. i = 3). The length of the word P = p1p2 . . . pn is the number n of its letters and is

denoted by |P |. The reversal of the word P = p1p2 . . . pn is the word P̃ = pn . . . p2p1.

The concatenation product of the words P = p1 . . . pn and Q = q1 . . . qm is the word

PQ = p1 . . . pnq1 . . . qm. The empty word is denoted by ∅ and it is the unit with respect to

the concatenation, i.e. P∅ = ∅P = P . Unless otherwise noted, labeled objects are defined

to be zero when their label is the empty word (such as the momentum km∅ ≡ 0).

The deconcatenation of a word P into two words is denoted P = XY and is given by all

pairs of words X,Y such that P = XY under concatenation (with obvious generalization

for P = XY Z etc). For example, the deconcatenation of P = XY when P = 312 is given

by the words (X,Y ): (∅, 312), (3, 12), (31, 2) and (312, ∅). The deconcatenation map often

occurs as a summation condition, e.g.

TP =
∑

P=XY

FXFY =⇒ T312 = F∅F312 + F3F12 + F31F2 + F312F∅ (3.1)

for arbitrary labeled objects T and F . The shuffle product of words of length n and m is

defined recursively by

∅ ⊔⊔A = A ⊔⊔∅ = A, A ⊔⊔B ≡ a1(a2 . . . an ⊔⊔B) + b1(b2 . . . bm ⊔⊔A) , (3.2)

and it generates all (n+m)!
n!m! possible ways to interleave the letters of A and B without

changing their orderings within A and B. For example,

1 ⊔⊔2 = 12 + 21 , 12 ⊔⊔3 = 123 + 132 + 312 , (3.3)

12 ⊔⊔34 = 1234 + 1324 + 1342 + 3142 + 3124 + 3412 .

A word P is said to be a shuffle of X and Y if it appears in their shuffle product, i.e. if

P ∈ X ⊔⊔Y . From the examples (3.3) it follows that 3142 is a shuffle of 12 and 34.

The deshuffle of P is denoted P = X ⊔⊔Y and is the sum of all pairs of words X,Y

such that P is a shuffle of X and Y . An efficient algorithm that generates X,Y in the

deshuffle of P follows from the linear map δ(P ) = X ⊗ Y defined by

δ(a1a2 . . . an) ≡ δ(a1)δ(a2) . . . δ(an), δ(ai) ≡ ∅ ⊗ ai + ai ⊗ ∅ , δ(∅) ≡ ∅ ⊗ ∅ . (3.4)

12Words with repeated letters do not appear in the context of scattering amplitudes.
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For example,

δ(1) = ∅ ⊗ 1 + 1⊗ ∅ , (3.5)

δ(12) = δ(1)δ(2) = (∅ ⊗ 1 + 1⊗ ∅)(∅ ⊗ 2 + 2⊗ ∅) = ∅ ⊗ 12 + 1⊗ 2 + 2⊗ 1 + 12⊗ ∅ ,

δ(123) = δ(12)δ(3) = (∅ ⊗ 12 + 1⊗ 2 + 2⊗ 1 + 12⊗ ∅)(∅ ⊗ 3 + 3⊗ ∅)

= ∅ ⊗ 123 + 1⊗ 23 + 2⊗ 13 + 12⊗ 3 + 3⊗ 12 + 13⊗ 2 + 23⊗ 1 + 123⊗ ∅ .

An alternative characterization is δ(P ) =
∑

X,Y 〈P,X ⊔⊔Y 〉X ⊗ Y where 〈·, ·〉 denotes the

scalar product on words defined by

〈A,B〉 ≡ δA,B, δA,B =

{

1, if A = B

0, otherwise
. (3.6)

We will see in section 3.4.4 that the deshuffle coproduct describes the BRST variation of

local multiparticle superfields just like the deconcatenation describes the BRST variation

of their non-local counterparts.

As words are restricted to be permutations of the letters {1, 2, 3, . . .}, an explicit sum

over permutations is often represented by a sum over words, e.g.

∑

P

TP ≡
∞
∑

|P |=1

∑

α∈{p1,...,p|P|}

Tα . (3.7)

Furthermore, two common operations on words are given by the left-to-right bracketing

map ℓ(A) and the rho map ρ(A). They are defined recursively as [27]

ℓ(123 . . . n) ≡ ℓ(123 . . . n−1)n− nℓ(123 . . . n−1) , ℓ(i) ≡ i , ℓ(∅) ≡ 0 , (3.8)

ρ(123 . . . n) ≡ 1ρ(23 . . . n)− nρ(123 . . . n−1), ρ(i) ≡ i , ρ(∅) ≡ 0 , (3.9)

for example ℓ(123) = 123 − 213 − 312 + 321 and ρ(123) = 123 − 132 − 312 + 321. In

sections 3.4 and 5.1 these maps will be used, among other applications, in the discussion of

superfields in the BCJ gauge and as a practical prescription to convert non-local Berends-

Giele currents into their local counterparts. There is a vast literature dealing with these

and similar maps in the context of free Lie algebras, see for instance [27].

In addition, unless otherwise noted every labeled object considered in this series of

papers is linear on words, e.g. TA+B ≡ TA+TB. This linearity will be frequently exploited

to avoid unnecessary summation symbols, for instance

TA⊔⊔B ≡
∑

σ∈A⊔⊔B

Tσ , Tℓ(A) ≡
∑

σ∈ℓ(A)

Tσ . (3.10)

To further illustrate the above points, the Kleiss-Kuijf amplitude relations [25] among Yang-

Mills tree amplitudes become AP1Qn = (−1)|P |A1(P̃⊔⊔Q)n, while the symmetry [28, 53]

obeyed by the Berends-Giele currents [54] is written as KA⊔⊔B = 0.

In this work we use the convention that whenever words of external-state labels in a

subscript are separated through a comma (rather than a vertical bar), the parental object

is understood to by symmetric under exchange of these words. For example,

TA,B,C = TA,C,B = TB,A,C . (3.11)
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In addition to denoting a sum over permutations with standard notations such as

TATB,C,D + (A ↔ B,C,D) ≡ TATB,C,D + TBTA,C,D + TCTA,B,D + TDTA,B,C , (3.12)

more general permutations will be handled with the notation +(A,B|A,B,C,D); it in-

structs to sum over all ordered combinations of the words A,B taken from the set

{A,B,C,D}, for example

TATBTC,D + (A,B|A,B,C,D) ≡ TATBTC,D + TATCTB,D + TATDTB,C (3.13)

+TBTCTA,D + TBTDTA,C + TCTDTA,B .

Generalizations of the form +(A1, . . . An|A1, . . . An+m) for a total number
(

n+m
n

)

of terms

follow similarly.

3.2 Single-particle

A ten-dimensional covariant description of the SYM equations of motion makes use of four

types of superfields seen in the vertex operators (2.6) and (2.7): the gluino and gluon

potentials Aα(x, θ), Am(x, θ) and their field-strengths Wα(x, θ), and Fmn(x, θ). They

satisfy the following linearized equations of motion [55, 56]

DαAβ +DβAα = γmαβAm DαAm = (γmW )α + ∂mAα

DαFmn = ∂[m(γn]W )α DαW
β =

1

4
(γmn) β

α Fmn , (3.14)

see (2.23) for the supersymmetric derivative Dα in D = 10 superspace.13

We will use the collective notation

Ki ∈ {Ai
α(x, θ), A

m
i (x, θ),Wα

i (x, θ), F
mn
i (x, θ)} (3.15)

for the four types of superfields describing the ith external leg in an open-string ampli-

tude (2.29). The superfields Ki will be referred to as single-particle superfields.

3.3 Two-particle

The vertex operators (2.6) and (2.7) for massless states in the pure-spinor formalism are

expanded in terms of single-particle superfields. The computation of OPEs among the

above vertex operators as required by the CFT amplitude prescription in the pure-spinor

formalism leads to a natural definition of multiparticle superfields [23]. In contrast to the

standard description of (3.14), these superfields encompass more than a single particle

label. For example, after absorbing the double poles into total derivatives, the single pole

in the OPE U1(z1)U2(z2) can be written as [57]

U12 ≡ ∂θαA12
α +ΠmA12

m + dαW
α
12 +

1

2
NmnF 12

mn , (3.16)

13We will freely swap km ↔ ∂m without warning due to our convention ikm → km.
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where the two-particle superfields are given by

A12
α = −

1

2

[

A1
α(k

1 ·A2) +A1
m(γmW 2)α − (1 ↔ 2)

]

, (3.17)

A12
m =

1

2

[

A1
pF

2
pm −A1

m(k1 ·A2) + (W 1γmW 2)− (1 ↔ 2)
]

,

Wα
12 =

1

4
(γmnW 2)αF 1

mn +Wα
2 (k

2 ·A1)− (1 ↔ 2) ,

F 12
mn = k12mA12

n − k12n A12
m − (k1 · k2)(A

1
mA2

n −A1
nA

2
m) .

The last line involves the two-particle momentum km12 = km1 +km2 , see (2.2) for the defini-

tion of multiparticle momenta. By virtue of (3.14), one can check that the two-particle

superfields (3.17) satisfy the following equations of motion:

D(αA
12
β) = γmαβA

12
m + (k1 · k2)(A

1
αA

2
β +A1

βA
2
α) , (3.18)

DαA
12
m = (γmW 12)α + k12mA12

α + (k1 · k2)(A
1
αA

2
m −A2

αA
1
m) ,

DαW
β
12 =

1

4
(γmn)α

βF 12
mn + (k1 · k2)(A

1
αW

β
2 −A2

αW
β
1 ) ,

DαF
12
mn = k12m (γnW

12)α − k12n (γmW 12)α + (k1 · k2)(A
1
αF

2
mn −A2

αF
1
mn)

+(k1 · k2)(A
1
n(γmW 2)α −A2

n(γmW 1)α −A1
m(γnW

2)α +A2
m(γnW

1)α) ,

which augment the linearized equations of motion in (3.14) by contact terms ∼ k1 · k2. Up

to BRST exact terms [23], the two-particle version

V12 ≡ λαA12
α (3.19)

of the unintegrated vertex operator also appears in the OPE V1(z1)U2(z2). Written in

terms of the BRST charge Q = λαDα, the equations of motion (3.18) become

QV12 = (k1 · k2)V1V2 , (3.20)

QAm
12 = (λγmW12) + km12V12 + (k1 · k2)(V1A

m
2 − V2A

m
1 ) ,

QW β
12 =

1

4
(λγmn)

βFmn
12 + (k1 · k2)(V1W

β
2 − V2W

β
1 ) ,

QFmn
12 = km12(λγ

nW12)− kn12(λγ
mW12) + (k1 · k2)(V1F

mn
2 − V2F

mn
1 )

+(k1 · k2)(A
n
1 (λγ

mW2)−An
2 (λγ

mW1)−Am
1 (λγnW2) +Am

2 (λγnW1)) ,

where the term (λγmλ)A12
m is absent by the pure-spinor constraint (2.8).

3.4 Multiparticle

Higher-point amplitudes can be elegantly described bymultiparticle superfields that contain

information on multiple particles at once. These superfields not only played a fundamen-

tal role in the derivation of the n-point disk amplitude in [14] but will also simplify the

description of one-loop correlators.
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3.4.1 Multiparticle vertex operators

As shown in [23], there is a multiparticle generalization of the above superfields,

KP ∈ {AP
α , A

P
m,Wα

P , F
mn
P } , (3.21)

that is suggested by iterated OPE calculations among vertex operators. Up to total deriva-

tives and BRST-exact terms, the results of iterated OPEs boil down to the generalization

VP ≡ λαAP
α , UP ≡ ∂θαAP

α +ΠmAP
m + dαW

α
P +

1

2
NmnFP

mn , (3.22)

of (3.19) and (3.16). The appearance of dα and Nmn in (3.22) immediately addresses

the generalization of the zero-mode integration in section 2.1.3 to higher multiplicity,

where (2.16) and (2.19) become

∫

b(4)UAUBUC → (λγmWA)(λγnWB)F
mn
C + cyc(A,B,C) , (3.23)

∫

b(2)UAUBUCUD → ℓm(λγaWA)(λγbWB)(WCγ
abmWD) + perm(A,B,C,D) , (3.24)

see section 4 for the systematic construction of tensorial superfield building blocks.

3.4.2 Lie symmetries of multiparticle superfields

The construction of multiparticle superfields (3.21) is detailed in section 3 of [23]: recursive

equations following the structure of (3.17) are augmented by certain algorithmic redefini-

tions, which conspire to total derivatives or BRST-exact terms and were later identified

as standard non-linear gauge transformations in [28]. More importantly, the symmetries

resulting from these redefinitions are characterized by the generalized Jacobi identities or

Lie symmetries (see section 8.6.7 of [27]),

KAℓ(B)C +KBℓ(A)C = 0 , A,B 6= ∅ , ∀C , (3.25)

where ℓ(A) is the left-to-right bracketing (3.8). These are the same symmetries obtained

by the following string of structure constants,

K1234...p ↔ f12a2 fa23a3 fa34a4 . . . fap−1pap , (3.26)

and their simplest examples read

K12C +K21C = 0 , ∀C

K123C +K231C +K312C = 0 , ∀C (3.27)

K1234C +K2143C +K3412C +K4321C = 0 , ∀C .

By the correspondence (3.26) with contracted structure constants, the first two lines

of (3.27) are the kinematic counterparts of the antisymmetry f12a = −f21a and the Jacobi

identities f12afa3b+cyc(1, 2, 3) = 0. More generally, the correspondence (3.26) between the

symmetries of color and kinematic factors lines up with the BCJ duality between color and

– 17 –
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Figure 2. The correspondence between local multiparticle superfields K123...p = KP and tree-level

subdiagrams.

kinematics [16]: multiparticle superfields KP implement the BCJ duality in the tree-level

subdiagram of figure 2 [23]. Accordingly, superfields that satisfy the symmetries (3.25) are

said to be in the BCJ gauge [28].

Since the symmetries (3.25) are unchanged for any suffix word C, multiparticle super-

fields KP preserve the symmetries of their lower-multiplicity counterparts. For instance,

the symmetry K12 +K21 = 0 (when C = ∅) carries over to K123 +K213 = 0 (when C = 3)

and so forth for arbitrary C.

3.4.3 Nested bracket notation for superfields in BCJ gauge

Since the superfields KP in the BCJ gauge satisfy the same generalized Jacobi symmetries

as nested brackets ℓ(P ) ≡ [[. . . [[p1, p2], p3], . . .], pn], it is convenient to use a notation where

this is manifest. To this effect, a word P is understood as having a nested bracket structure

P → ℓ(P ) and we define14

KP ≡ Kℓ(P ) , (3.28)

for instance, K12 = K[1,2] and K123 = K[[1,2],3]. The Jacobi symmetry allows the definition

of local superfields with a even more general bracketing structure such as K[A,[B,C]]. It

then follows from Baker’s identity [27],

[ℓ(A), ℓ(B)] = ℓ(Aℓ(B)) , (3.29)

that it is always possible to flatten brackets within local superfields,

K[A,B] ≡ K[ℓ(A),ℓ(B)] = Kℓ(Aℓ(B)) ≡ KAℓ(B) . (3.30)

For example,

K[1,2] = K1ℓ(2) = K12, (3.31)

K[12,3] = K12ℓ(3) = K123,

K[12,34] = K12ℓ(34) = K1234 −K1243 ,

K[1,[[2,3],4]] = K1ℓ(234) = K1234 −K1324 −K1423 +K1432 .

Of course, one can check that the right-hand side of the last identity can also be written

as −K2341. The above relations are equivalent to the Jacobi identities used in the context

14Note, however, that in the definition KP ≡ Kℓ(P ) one must not expand the Dynkin bracket as it would

imply that Kℓ(P ) = |P |KP since KP satisfies the generalized Jacobi identities. So it is important to stress

that (3.28) is a notational device.
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Figure 3. The planar binary tree associated with the multiparticle superfield K[A,B].

of kinematic numerators subject to the BCJ duality. They can be visualized as flattening

out of the planar binary tree associated with the two branches A and B (see figure 3). In

the context of the pure-spinor superstring, the identities (3.31) have been firstly derived

in [14, 15] for the special case KP = VP as a consequence of the BRST algebra obeyed by

VP to be reviewed below.

3.4.4 BRST variation of BCJ-gauge superfields

In evaluating the BRST variations of multiparticle superfields one is faced with an inter-

esting pattern. Explicit calculations using the equations of motion of the single-particle

superfields in the generalization of the definitions (3.17) to a multiparticle setup reveals

the following behavior, for example [23]

QV1 = 0 , (3.32)

QV12 = (k1 · k2)V1V2 ,

QV123 = (k1 · k2)
[

V1V23 + V13V2

]

+ (k12 · k3)V12V3 ,

QV1234 = (k1 · k2)
[

V1V234 + V13V24 + V14V23 + V134V2

]

+(k12 · k3)
[

V12V34 + V124V3

]

+ (k123 · k4)V123V4 ,

QV12345 = (k1 · k2)
[

V1V2345 + V13V245 + V134V25 + V1345V2

+V135V24 + V14V235 + V145V23 + V15V234

]

+(k12 · k3)
[

V12V345 + V124V35 + V1245V3 + V125V34

]

+(k123 · k4)
[

V123V45 + V1235V4

]

+(k1234 · k5)V1234V5 .

It turns out that the deconcatenation and deshuffle maps defined in section 2 can be used

to capture not only these identities for VP but also for the other multiparticle superfields

in a precise manner.15 That is, one can show that multiparticle superfields KP in the BCJ

15In previous papers these BRST variations were formulated using sets and the powerset operation. Since

sets are by definition unordered, this characterization was imprecise. This is rectified in (3.33) by using

words together with the deshuffle map.
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gauge satisfy the following BRST variations (k∅ ≡ 0) [23]

QVP =
∑

P=XjY
Y =R⊔⊔S

(kX · kj)VXRVjS , (3.33)

QAm
P = (λγmWP ) + kmP VP +

∑

P=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRA
m
jS − VjRA

m
XS

]

,

QW β
P =

1

4
(λγmn)βFP

mn +
∑

P=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRW
β
jS − VjRW

β
XS

]

,

QFmn
P = 2k

[m
P (λγn]WP ) +

∑

P=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRF
mn
jS + 2A

[n
XR(λγ

m]WjS)− (X ↔ j)
]

,

where P = XjY denotes the deconcatenation of the word P into the word X, a single letter

j, and a word Y . Moreover, Y = R⊔⊔S denotes the deshuffle of the word Y into the words

R and S, see section 2 for more details and examples. To illustrate how these definitions

are used, the first line of QV 1234 in (3.32) is generated by one of the deconcatenation

terms of P=1234=XjY , namely X=1, j=2, Y=34, and gives rise to four terms VXRVjS

according to the deshuffle δ(34) = {(∅, 34), (3, 4), (4, 3), (34, ∅)}.

Note that when applying the formula (3.33) to QV1, the deconcatenation in 1 = XjY

implies that at least two words among X, j and Y are empty. By defining k∅ ≡ 0 the

momentum contraction (kX · kj) vanishes and we get the correct answer.

4 Pure-spinor superspace: local superfields

In this section we motivate and define a family of local kinematic building blocks for one-

loop open-string amplitudes. On the one hand, they will be demonstrated to capture the

contributions to the correlators (2.28) in pure-spinor superspace arising from the b-ghost

sectors described in section 2.1.3. On the other hand, these building blocks are intertwined

by their BRST variations: this defining property will be referred to as BRST covariance

and shown to be the suitable starting point for local and BRST invariant correlators.

The non-local counterparts of the subsequent building blocks in the form of super-

symmetric Berends-Giele currents have been considered in [29], and we now complete that

discussion by explicitly presenting their local versions. In the appendix D we display the

BRST variations of every local building block relevant for correlators up to multiplicity

eight. A subset of these local building blocks has been used in the construction of the four,

five and six-point one-loop amplitudes of ten-dimensional SYM in [24] and the six-point

string amplitudes in [37].

4.1 Scalars

The zero-mode integrations in the one-loop amplitude prescription (2.4) select certain su-

perfields from the vertex operators according to their associated worldsheet variables. For

example, the b-ghost zero-mode contribution of the form b(4) = d4δ′(N) was argued to

require the zero modes dαdβN
mn from the external vertices, see section 2.1.3. From the
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expression (3.22) for the multiparticle integrated vertex operator, these zero modes are

accompanied by superfields Wα
AW

β
BF

mn
C . Then, by the resulting effective rule (3.23), one

is naturally led to the definition [29]

TA,B,C ≡
1

3
(λγmWA)(λγnWB)F

mn
C + cyclic(A,B,C) . (4.1)

Using the BRST variation of the multiparticle superfields (3.33), it follows that the BRST

variation of (4.1) is given by (k∅ ≡ 0)

QTA,B,C =
∑

A=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRTjS,B,C − VjRTXS,B,C

]

+ (A ↔ B,C) , (4.2)

where the notation for the sums is explained below (3.33). For example, the BRST varia-

tions of all TA,B,C up to multiplicity five are given by

QT1,2,3 = 0 , (4.3)

QT12,3,4 = (k1 · k2)
[

V1T2,3,4 − V2T1,3,4

]

,

QT123,4,5 = (k1 · k2)
[

V1T23,4,5 + V13T2,4,5 − V2T13,4,5 − V23T1,4,5

]

+(k12 · k3)
[

V12T3,4,5 − V3T12,4,5

]

,

QT12,34,5 = (k1 · k2)
[

V1T2,34,5 − V2T1,34,5

]

+ (12 ↔ 34) ,

while the multiplicity-six and -seven BRST variations will be listed in the appendix D.

Since the right-hand side of the BRST variation (4.2) involves the same class of objects

TB,C,D as seen on the left-hand side, the family of building blocks (4.1) is said to be BRST

covariant. The appearance of VA on the right-hand side is inherited from the multiparticle

equations of motion (3.33) and an integral part of our notion of BRST covariance.

Note that TA,B,C is symmetric in A,B,C by its definition (4.1), in agreement with the

convention (3.11) adopted throughout this work.

4.2 Vectors

Vectorial building blocks can be defined from the zero-mode integrations of correlators that

contain a single loop momentum ℓm (the zero mode of Πm). In this case, there are two

different classes of terms in the correlator (2.4), see section 2.1.3:

• (i) the b-ghost contributes b(4) = d4δ′(N) zero modes and the external vertices

ℓmd2Nmn

• (ii) the b-ghost contributes ℓmd2δ(N) via b(2) and the external vertices d4

According to the zero-mode integrations (2.16) and (2.19), the superfield expressions for

the two cases above are given by

(i) Am
ATB,C,D and (ii) Wm

A,B,C,D , (4.4)

where the effective rule (3.24) gives rise to

Wm
A,B,C,D ≡

1

12
(λγnWA)(λγpWB)(WCγ

mnpWD) + (A,B|A,B,C,D) . (4.5)
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The relative coefficient of these superfields is uniquely fixed as

Tm
A,B,C,D ≡

[

Am
ATB,C,D + (A ↔ B,C,D)

]

+Wm
A,B,C,D (4.6)

once we impose the covariant BRST transformation

QTm
A,B,C,D = kmA VATB,C,D+

∑

A=XjY
Y =R⊔⊔S

(kX ·kj)
[

VXRT
m
jS,B,C,D−VjRT

m
XS,B,C,D

]

+(A ↔ B,C,D) ,

(4.7)

for example, the BRST variations of all Tm
A,B,C,D up to multiplicity six are given by

QTm
1,2,3,4 = km1 V1T2,3,4 + (1 ↔ 2, 3, 4) , (4.8)

QTm
12,3,4,5 =

[

km12V12T3,4,5 + (12 ↔ 3, 4, 5)
]

+ (k1 · k2)
(

V1T
m
2,3,4,5 − V2T

m
1,3,4,5

)

,

QTm
123,4,5,6 =

[

km123V123T4,5,6 + (123 ↔ 4, 5, 6)
]

+(k1 · k2)
[

V1T
m
23,4,5,6 + V13T

m
2,4,5,6 − (1 ↔ 2)

]

+(k12 · k3)
[

V12T
m
3,4,5,6 − (12 ↔ 3)

]

,

QTm
12,34,5,6 =

[

km12V12T34,5,6 + (12 ↔ 34, 5, 6)
]

+(k1 · k2)
[

V1T
m
2,34,5,6 − (1 ↔ 2)

]

+ (k3 · k4)
[

V3T
m
12,4,5,6 − (3 ↔ 4)

]

,

while the examples at multiplicity seven are listed in the appendix D. In order to track

the origin of BRST covariance, we first compute the BRST variations of the superfields

in (4.4) to obtain

QAm
ATB,C,D = kmA VATB,C,D + (λγmWA)TB,C,D (4.9)

+
∑

A=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRA
m
jS − (X ↔ j)

]

TB,C,D

+
∑

B=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRA
m
ATjS,C,D − (X ↔ j)

]

+ (B ↔ C,D) ,

QWm
A,B,C,D = −(λγmWA)TB,C,D + (A ↔ B,C,D) (4.10)

+
∑

A=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRW
m
jS,B,C,D − (X ↔ j)

]

+ (A ↔ B,C,D) .

The linear combination in (4.6) is tailored to cancel the non-covariant term (λγmWA)TB,C,D

in which the vector index is carried by a gamma matrix and one arrives at (4.7). The

remaining terms in (4.7) are compatible with the notion of BRST covariance: deshuffle

sums of Tm
A,B,C,D itself or terms of the form kmA VATB,C,D, where the vector index is carried

by momenta. As firstly observed in [13, 48], BRST covariant vector building blocks are

crucial for BRST invariance of closed-string amplitudes that contain vector contractions

between left- and right-movers.

The non-local counterparts of TA,B,C and Tm
A,B,C,D can be found in section 2.4 of [29].

4.3 Tensors

Local building blocks of higher tensor ranks can be defined from the zero-mode integrations

of correlators that contain higher powers of loop momenta. For instance, with two loop
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momenta16

Tmn
A,B,C,D,E ≡ A

(m
A A

n)
B TC,D,E + (A,B|A,B,C,D,E) (4.11)

+A
(m
A W

n)
B,C,D,E + (A ↔ B,C,D,E)

= Am
AWn

B,C,D,E +An
AT

m
B,C,D,E + (A ↔ B,C,D,E) ,

or three loop momenta,

Tmnp
A,B,C,D,E,F ≡ A

(m
A An

BA
p)
C TD,E,F + (A,B,C|A,B,C,D,E, F ) (4.12)

+A
(m
A An

BW
p)
C,D,E,F + (A,B|A,B,C,D,E, F ) ,

and in general,

Tm1...mr

B1,B2,...,Br+3
≡ TB1,B2,B3A

(m1

B4
Am2

B5
. . . A

mr)
Br+3

+ (B1, B2, B3|B1, B2, . . . , Br+3) (4.13)

+W
(m1

B1,B2,B3,B4
Am2

B5
. . . A

mr)
Br+3

+ (B1, . . . , B4|B1, B2, . . . , Br+3) .

Similarly as before, the terms in the first line originate from the Πm1Πm2 . . .ΠmrdαdβNpq

zero-mode coefficient in the external vertices under the integration rules (2.20). The second

line in turn originates from the b-ghost sector linear in Πm, see (2.21).

Straightforward but tedious calculations using the BRST variations (3.33) of multi-

particle superfields imply the rank-two variation,

QTmn
A,B,C,D,E = δmnYA,B,C,D,E

+k
(m
A VAT

n)
B,C,D,E + (A ↔ B,C,D,E) (4.14)

+
∑

A=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRT
mn
jS,B,C,D,E − (X ↔ j)

]

+ (A ↔ B,C,D,E) ,

where the anomaly building block YA,B,C,D,E and its generalizations will be introduced in

the next subsection. Similarly, we find the following variation at rank three:

QTmnp
B1,B2,...,B6

= δ(mnY
p)
B1,...,B6

+k
(m
B1

VB1T
np)
B2,...,B6

+ (B1 ↔ B2, . . . , B6) (4.15)

+
∑

B1=XjY

Y =R⊔⊔S

(kX · kj)
[

VXRT
mnp
jS,B2,...,B6

− (X ↔ j)
]

+ (B1 ↔ B2, . . . , B6) .

In general, the BRST variation is given by

QTm1...mr

B1,B2,...,Br+3
= δ(m1m2Y

m3...mr)
B1,B2,...,Br+3

+k
(m1

B1
VB1T

m2...mr)
B2,...,Br+3

+ (B1 ↔ B2, . . . , Br+3) (4.16)

+
∑

B1=XjY

Y =R⊔⊔S

(kX · kj)
[

VXRT
m1...mr

jS,B2,...,Br+3
− (X ↔ j)

]

+ (B1 ↔ B2, . . . , Br+3) .

16Unless otherwise noted or when written inside [. . .], the convention for summing over the permutations

(B1 ↔ B2, . . . , Bp) applies only to the line in which the permutation appears.
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For example, the BRST variations of the two- and three-tensor Tm...
A,B,... up to multiplicity

six are given by

QTmn
1,2,3,4,5 = δmnY1,2,3,4,5 +

[

k
(m
1 V1T

n)
2,3,4,5 + (1 ↔ 2, 3, 4, 5)

]

, (4.17)

QTmn
12,3,4,5,6 = δmnY12,3,4,5,6 +

[

k
(m
12 V12T

n)
3,4,5,6 + (12 ↔ 3, 4, 5, 6)

]

+(k1 · k2)
[

V1T
mn
2,3,4,5,6 − (1 ↔ 2)

]

,

QTmnp
1,2,3,4,5,6 = δ(mnY

p)
1,2,3,4,5,6 +

[

k
(m
1 V1T

np)
2,3,4,5,6 + (1 ↔ 2, 3, 4, 5, 6)

]

,

while the multiplicity-seven examples will be listed in the appendix D. Here, our notion of

BRST covariance is extended as follows: the admissible terms on the right-hand sides of

the variations are either deshuffle sums of the terms Tm1...mr

B1,B2,...,Br+3
on left-hand side along

with VA, or they comprise an anomalous superfield Y m1...mr

B1,...,Br+5
to be introduced next.

The non-local counterparts of Tm1...mr

B1,...,Br+3
can be found in sections 3 and 4 of [29].

4.3.1 Anomalous building blocks

One-loop amplitudes of the open superstring at n ≥ 6 points are known to exhibit

a gauge anomaly before combining the worldsheet topologies [39, 40], also see [58].

The supersymmetric kinematic factor of the six-point anomaly derived with the pure-

spinor formalism in [59] was given in terms of the pure-spinor superspace expression

(λγmW2)(λγ
nW3)(λγ

pW4)(W5γmnpW6). By promoting the Wi to multiparticle superfields,

one arrives at its higher-point extension

YA,B,C,D,E ≡
1

2
(λγmWA)(λγ

nWB)(λγ
pWC)(WDγmnpWE) (4.18)

= (λγmWA)W
m
B,C,D,E ,

as well as its tensorial generalization

Y m1...mr

B1,B2,...,Br+5
≡ YB1,...,B5A

(m1

B6
Am2

B7
. . . A

mr)
Br+5

+ (B1, . . . , B5|B1, . . . , Br+5) (4.19)

= Am1
B1

Y m2...mr

B2,B3,...,Br+5
+ (B1 ↔ B2, B3, . . . , Br+5) ,

and their symmetry in B1, B2, . . . , Br+5 follows from the pure-spinor constraint and group-

theory arguments [29]. These definitions enter the BRST variations (4.14) to (4.16) of

the higher-rank building blocks introduced above. By the arguments in appendix B.5

of [29], the bosonic components 〈Y m1...mr

B1,B2,...,Br+5
〉 are parity odd, i.e. proportional to the

ten-dimensional Levi-Civita symbol.

The BRST variations of the anomaly building blocks (4.19) themselves are covariant

as well: they follow the structure of QTA,B,C , QTm
A,B,C,D and QTm1...mr

B1,...,Br+3
in (4.2), (4.7)
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and (4.16), respectively,17

QYA,B,C,D,E =
∑

A=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRYjS,B,C,D,E − (X ↔ j)
]

+ (A ↔ B,C,D,E) , (4.20)

QY m
A,B,C,D,E,F = kmA VAYB,C,D,E,F + (A ↔ B,C,D,E, F )

+
∑

A=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRY
m
jS,B,C,D,E,F − (X ↔ j)

]

+ (A ↔ B,C,D,E, F ) ,

QY m1...mr

B1,B2,...,Br+5
= k

(m1

B1
VB1Y

m2...mr)
B2,...,Br+5

+ (B1 ↔ B2, . . . , Br+5)

+
∑

B1=XjY

Y =R⊔⊔S

(kX · kj)
[

VXRY
m1...mr

jS,B2,...,Br+5
− (X ↔ j)

]

+ (B1 ↔ B2, . . . , Br+5) .

For example, the BRST variations of the above anomaly building blocks up to multiplicity

six are given by

QY1,2,3,4,5 = 0 , (4.21)

QY12,3,4,5,6 = (k1 · k2)
[

V1Y2,3,4,5,6 − V2Y1,3,4,5,6
]

,

QY m
1,2,3,4,5,6 = km1 V1Y2,3,4,5,6 + (1 ↔ 2, 3, 4, 5, 6) ,

while the multiplicity-seven and -eight examples are listed in the appendix D. The non-local

counterparts of Y m1...mr

B1,...,Br+5
can be found in sections 3 and 4 of [29].

4.4 Refined building blocks

In this section, we extend the system of Tm1...mr

B1,...,Br+3
by additional building blocks that pre-

serve the key property of BRST covariance. This extension is initiated by the observation

that the five-point linear combination km1 V1T
m
2,3,4,5 +

[

V12T3,4,5 + (2 ↔ 3, 4, 5)
]

is BRST

closed [48]. Indeed, one can identify a local BRST generator,

J1|2,3,4,5 ≡ Am
1 Tm

2,3,4,5 −
1

2

[

(A1 ·A2)T3,4,5 + (2 ↔ 3, 4, 5)
]

(4.22)

=
1

2
Am

1

(

Tm
2,3,4,5 +Wm

2,3,4,5

)

,

which reproduces the above terms along with an anomaly building block (4.18):

QJ1|2,3,4,5 = km1 V1T
m
2,3,4,5 +

[

V12T3,4,5 + (2 ↔ 3, 4, 5)
]

+ Y1,2,3,4,5 . (4.23)

Although the emergence of the expression (4.22) for J1|2,3,4,5 from the amplitude prescrip-

tion is unclear, its independent study is motivated by the connection with the earlier

building blocks via BRST covariance.

We emphasize that label 1 enters (4.22) on special footing, i.e it does not participate

in the symmetrization of the other labels 2, 3, 4, 5. That is why the notation for this refined

17The symmetry of YA,B,C,D,E in A,B, . . . , E and the BRST variation of Y m
A,B,C,D,E,F rely on the group-

theory fact that the tensor tα1...α5
≡ (λγm)α1

(λγn)α2
(λγp)α3

γmnp
α4α5

is totally antisymmetric in α1 to α5 and

that the vector t[α1...α5
(λγm)α6] vanishes [29].
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label 1 separates it from the rest by a vertical bar.18 The refined building block J1|2,3,4,5
can be generalized to multiparticle labels. On top of promoting the superfields on the

right-hand side of (4.22) to their multiparticle versions Am
A and Tm

B,C,D,E , BRST covariance

requires additional corrections ∼ H[A,B] in

JA|B,C,D,E ≡ Am
ATm

B,C,D,E −

[(

H[A,B] +
1

2
(AA ·AB)

)

TC,D,E + (B ↔ C,D,E)

]

. (4.24)

A partial list of explicit expressions for local H[A,B] can be found in [28]. The appearance

of the redefining superfields H[A,B] in (4.24) is needed in order to write the following BRST

variation in terms of multiparticle superfields VA in the BCJ gauge:

QJA|B,C,D,E = kmA VAT
m
B,C,D,E +

[

V[A,B]TC,D,E + (B ↔ C,D,E)
]

+ YA,B,C,D,E

+
∑

A=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRJjS|B,C,D,E − (X ↔ j)
]

(4.25)

+
∑

B=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRJA|jS,C,D,E − (X ↔ j)
]

+ (B ↔ C,D,E) .

The brackets of the term V[A,B] in the first line can be flattened via (3.30). For example,

the BRST variations of JA|B,C,D,E up to multiplicity six are given by

QJ1|2,3,4,5 = km1 V1T
m
2,3,4,5 +

[

V12T3,4,5 + (2 ↔ 3, 4, 5)
]

+ Y1,2,3,4,5 , (4.26)

QJ12|3,4,5,6 = km12V12T
m
3,4,5,6 +

[

V123T4,5,6 + (3 ↔ 4, 5, 6)
]

+ Y12,3,4,5,6

+(k1 · k2)(V1J2|3,4,5,6 − V2J1|3,4,5,6) ,

QJ1|23,4,5,6 = km1 V1T
m
23,4,5,6 − V231T4,5,6 +

[

V14T23,5,6 + (4 ↔ 5, 6)
]

+Y1,23,4,5,6 + (k2 · k3)(V2J1|3,4,5,6 − V3J1|2,4,5,6) ,

while the multiplicity-seven examples will be listed in the appendix D. In checking the

BRST variations of the above refined building block it is convenient to note,

QDA,B = V̂(A,B) +

[

∑

A=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRDjS,B − (X ↔ j)
]

+ (A ↔ B)

]

, (4.27)

where

DA,B ≡
1

2
(AA ·AB) , V̂(A,B) ≡

1

2

[

VA(kA ·AB) +Am
A (λγmWB) + (A ↔ B)

]

. (4.28)

4.4.1 Higher-rank tensors

One can also define higher-rank tensors following the same logic,

Jm1...mr

A|B1,...,Br+4
≡Ap

AT
pm1...,mr

B1,...,Br+4
−

[(

H[A,B1]+
1

2
(AA ·AB1)

)

Tm1...,mr

B2,...,Br+4
+(B1 ↔ B2, . . . , Br+4)

]

.

(4.29)

18Note that JA|B,C,D,E can be interpreted as the refinement of Tm
B,C,D,E and should be denoted by

TA|B,C,D,E just like the other refined building blocks discussed below which share the parental notation,

see e.g. (4.32). This inconsistency in the notation is a hysterical artifact.
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In doing so, the word A separated by a vertical bar is said to be refined. Straightforward

but long and tedious calculations show that

QJm1...mr

A|B1,...,Br+4
= kpAVAT

pm1...mr

B1,...,Br+4
+ δ(m1m2Y

m3...mr)
A|B1,...,Br+4

+ Y m1...mr

A,B1,...,Br+4
(4.30)

+V[A,B1]T
m1...mr

B2,...,Br+4
+ k

(m1

B1
VB1J

m2...mr)
A|B2,...,Br+4

+ (B1 ↔ B2, . . . , Br+4)

+
∑

A=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRJ
m1...mr

jS|B1,...,Br+4
− (X ↔ j)

]

+
∑

B1=XjY

Y =R⊔⊔S

(kX · kj)
[

VXRJA|jS,B2,...,Br+4
− (X ↔ j)

]

+ (B1 ↔ B2, . . . , Br+4) ,

where the additional class of anomaly superfields Y m3...mr

A|B1,...,Br+4
in the first line will be defined

below. For example, the BRST variations of the above superfields up to multiplicity seven

are given by

QJm
1|2,3,4,5,6 = kp1T

pm
2,3,4,5,6 + Y m

1,2,3,4,5,6 (4.31)

+V12T
m
3,4,5,6 + km2 V2J1|3,4,5,6 + (2 ↔ 3, 4, 5, 6) ,

QJm
12|3,4,5,6,7 = kp12V12T

pm
3,4,5,6,7 + Y m

12,3,4,5,6,7

+V123T
m
4,5,6,7 + km3 V3J12|4,5,6,7 + (3 ↔ 4, 5, 6, 7)

+(k1 · k2)
[

V1J
m
2|3,4,5,6,7 − (1 ↔ 2)

]

,

QJm
1|23,4,5,6,7 = kp1V1T

pm
23,4,5,6,7 + Y m

1,23,4,5,6,7

−V231T
m
4,5,6,7 + km23V23J1|4,5,6,7

+V14T
m
23,5,6,7 + km4 V4J1|23,5,6,7 + (4 ↔ 5, 6, 7)

+(k2 · k3)
(

V2J
m
1|3,4,5,6,7 − V3J

m
1|2,4,5,6,7

)

,

QJmn
1|2,3,4,5,6,7 = kp1V1T

mnp
2,3,4,5,6,7 + δmnY1|2,3,4,5,6,7 + Y mn

1,2,3,4,5,6,7

+V12T
mn
3,4,5,6,7 + k

(m
2 V2J

n)
1|3,4,5,6,7 + (2 ↔ 3, 4, 5, 6, 7) .

The inclusion of Jm1...mr

A|B1,...,Br+4
and their generalizations into our system of ghost-number

two building blocks is essential to rule out local cohomology objects: up to and including

multiplicity eight, they allow to identify a BRST generator for each local BRST-invariant

at ghost number three which is constructed from the alphabet of building blocks introduced

in this section, see the appendix III.B for more details.

The non-local counterparts of Jm1...mr

A|B1,...,Br+4
can be found in sections 5 and 6 of [29].

4.4.2 Refined anomaly building blocks

One can also repeat the analysis above and define the refinement of the anomaly building

blocks. A covariant BRST variation written in terms of BCJ-gauge superfields fixes their

general definition to be

Y m1...mr

A|B1,...,Br+6
≡

1

2
Ap

AY
pm1...mr

B1,...,Br+6
−

[

H[A,B1]Y
m1...mr

B2,...,Br+6
+ (B1 ↔ B2, . . . , Br+6)

]

. (4.32)
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One can show that the BRST variation is of the same structure as QJm1...mr

A|B1,...,Br+4
in (4.30),

QY m1...mr

A|B1,...,Br+6
= kpAVAY

pm1...mr

B1,...,Br+6
(4.33)

+V[A,B1]Y
m1...mr

B2,...,Br+6
+ k

(m1

B1
VB1Y

m2...mr)
A|B2,...,Br+6

+ (B1 ↔ B2, . . . , Br+6)

+
∑

B1=XjY

Y =R⊔⊔S

(kX · kj)
[

VXRY
m1...mr

A|jS,B2,...,Br+6
− (X ↔ j)

]

+ (B1 ↔ B2, . . . , Br+6)

+
∑

A=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRY
m1...mr

jS|B1,...,Br+6
− (X ↔ j)

]

.

For example, the BRST variations of the above superfields up to multiplicity eight are

QY1|2,3,4,5,6,7 = kp1V1Y
p
2,3,4,5,6,7 +

[

V12Y3,4,5,6,7 + (2 ↔ 3, 4, 5, 6, 7)
]

, (4.34)

QY12|3,4,5,6,7,8 = kp12V12Y
p
3,4,5,6,7,8 +

[

V123Y4,5,6,7,8 + (3 ↔ 4, 5, 6, 7, 8)
]

+(k1 · k2)
(

V1Y2|3,4,5,6,7,8 − (1 ↔ 2)
)

,

QY1|23,4,5,6,7,8 = kp1V1Y
p
23,4,5,6,7,8 − V231Y4,5,6,7,8 +

[

V14Y23,5,6,7,8 + (4 ↔ 5, 6, 7, 8)
]

+(k2 · k3)
(

V2Y1|3,4,5,6,7,8 − (2 ↔ 3)
)

,

QY m
1|2,3,4,5,6,7,8 = kp1V1Y

pm
2,3,4,5,6,7,8 +

[

V12Y
m
3,4,...,8 + km2 V2Y1|3,4,...,8 + (2 ↔ 3, . . . , 8)

]

.

The non-local counterparts of Y m1...mr

A|B1,...,Br+6
can be found in section 6 of [29].

4.4.3 Higher-refinement building blocks

It is possible to generalize the degree of refinement of multiparticle building blocks in a

straightforward manner by contracting refined superfields with additional instances of Am
B .

Jacobi currents. The first non-trivial instance of an additional refined slot can be ob-

tained by considering the term A1
mJm

2|3,4,5,6,7. The BRST covariance principle suggests the

definition to be

J1,2|3,4,5,6,7 ≡ A1
mJm

2|3,4,5,6,7 −
1

2

[

(A1 ·A3)J2|4,5,6,7 + (3 ↔ 4, 5, 6, 7)
]

, (4.35)

since its Q-variation can be expressed in terms of simpler building blocks,

QJ1,2|3,4,5,6,7 = km1 V1J
m
2|3,4,5,6,7 + km2 V2J

m
1|3,4,5,6,7 + Y1|2,3,4,5,6,7 + Y2|1,3,4,5,6,7 (4.36)

+
[

V13J2|4,5,6,7 + (3 ↔ 4, 5, 6, 7)
]

+
[

V23J1|4,5,6,7 + (3 ↔ 4, 5, 6, 7)
]

and therefore generalizes (4.23). The notation J1,2|3,4,5,6,7 = J2,1|3,4,5,6,7 reflects a symmetry

in the refined slots 1, 2 which is not manifest from the definition (4.35).

To define a general recursion for arbitrary tensor ranks and arbitrary degree d of

refinement, it will be convenient to introduce

W
m1...mr−1|mr

A1,...,Ad|B1,...,Bd+r+3
≡

1

2
Ap

A1
W

pm1...mr−1|mr

A2,...,Ad|B1,...,Bd+r+3
(4.37)

−
[

H[A1,B1]W
m1...mr−1|mr

A2,...,Ad|B2,...,Bd+r+3
+ (B1 ↔ B2, . . . , Bd+r+3)

]

.
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Using this auxiliary superfield the recursion for refined currents Jm1...mr

A1,...,Ad|B1,...,Bd+r+3
of

arbitrary refinement becomes

Jm1...mr

B1,...,Br+3
≡ Tm1...mr

B1,...,Br+3
, (4.38)

Jm1...mr

A1,...,Ad|B1,...,Bd+r+3
≡

1

2
Ap

A1

[

Jpm1...mr

A2,...,Ad|B1,...,Bd+r+3
+W

m1...mr|p
A2,...,Ad|B1,...,Bd+r+3

]

−H[A1,B1]J
m1...mr

A2,...,Ad|B2,...,Bd+r+3
+ (B1 ↔ B2, . . . , Bd+r+3) .

In general, for scalars of refinement d = 2, one finds

QJA,B|C,D,E,F,G = YA|B,C,D,E,F,G + VAk
m
A Jm

B|C,D,E,F,G + (A ↔ B) (4.39)

+V[A,C]JB|D,E,F,G + V[B,C]JA|D,E,F,G + (C ↔ D,E, F,G)

+
∑

A=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRJjS,B|C,D,E,F,G − (X ↔ j)
]

+ (A ↔ B)

+
∑

C=XjY
Y =R⊔⊔S

(kX · kj)
[

VXRJA,B|jS,D,E,F,G − (X ↔ j)
]

+ (C ↔ D, . . . , G) ,

and this will be the maximum degree of refinement present in the eight-point correlator.

For completeness, even higher degrees of refinement and tensor ranks are possible,

QJm1...mr

A1,...,Ad|B1,...,Bd+r+3
= δ(m1m2Y

m3...mr)
A1,...,Ad|B1,...,Bd+r+3

(4.40)

+k
(m1

B1
VB1J

m2...mr)
A1,...,Ad|B2,...,Bd+r+3

+ (B1 ↔ B2, . . . , Bd+r+3)

+V[A1,B1]J
m1...mr

A2,...,Ad|B2,...,Bd+r+3
+

(

A1 ↔ A2, A3, . . . , Ad

B1 ↔ B2, . . . , Bd+r+3

)

+Y m1...mr

A2,...,Ad|A1,B1,...,Bd+r+3
+ kpA1

VA1J
pm1...mr

A2,...,Ad|B1,...,Bd+r+3
+ (A1 ↔ A2, . . . , Ad)

+
∑

A1=XjY

Y =R⊔⊔S

(kX · kj)
[

VXRJ
m1...mr

jS,A2,...,Ad|B1,...,Bd+r+3
− (X ↔ j)

]

+ (A1 ↔ A2, . . . , Ad)

+
∑

B1=XjY

Y =R⊔⊔S

(kX · kj)
[

VXRJ
m1...mr

A1,...,Ad|jS,B2,...,Bd+r+3
− (X ↔ j)

]

+ (B1 ↔ B2, . . . , Bd+r+3) ,

where the objects Y m3...mr

A1,...,Ad|B1,...,Bd+r+3
in the first line will be defined next. The non-local

counterparts of W
m1...mr−1|mr

A1,...,Ad|B1,...,Bd+r+3
and Jm1...mr

A1,...,Ad|B1,...,Bd+r+3
can be found in section 6

of [29].

4.4.4 Anomalous building blocks

The higher-refinement generalization of the local superfields discussed above can also be

applied to the anomalous building blocks. However, it turns out that already the simplest

scalar building block with a double refinement can only appear starting at nine points,

Y1,2|3,4,5,6,7,8,9 ≡
1

2
Am

1 Y m
2|3,4,5,6,7,8,9 . (4.41)

More generally, defining anomaly building blocks with higher degree of refinement by

Y m1...mr

A1,...,Ad|B1,...,Bd+r+5
≡

1

2
Ap

A1
Y pm1...mr

A2,...,Ad|B1,...,Bd+r+5
(4.42)

−
[

H[A1,B1]Y
m1...mr

A2,...,Ad|B2,...,Bd+r+5
+ (B1 ↔ B2, . . . , Bd+r+5)

]

,
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their bosonic components are parity odd (cf. appendix B.5 of [29]) and their BRST varia-

tions inherit the structure of QJm1...mr

A1,...,Ad|B1,...,Bd+r+3
in (4.40),

QY m1...mr

A1,...,Ad|B1,...,Bd+r+5
= V[A1,B1]Y

m1...mr

A2,...,Ad|B2,...,Bd+r+5
+

(

A1 ↔ A2, A3, . . . , Ad

B1 ↔ B2, . . . , Bd+r+5

)

(4.43)

+

[

∑

A1=XjY

Y =R⊔⊔S

(kX · kj)
(

VXRY
m1...mr

jS,A2,...,Ad|B1,...,Bd+r+5
− (X ↔ j)

)

+ kpA1
VA1Y

pm1...mr

A2,...,Ad|B1,...,Bd+r+5
+ (A1 ↔ A2, . . . , Ad)

]

+

[

∑

B1=XjY

Y =R⊔⊔S

(kX · kj)
(

VXRY
m1...mr

A1,...,Ad|jS,B2,...,Bd+r+5
− (X ↔ j)

)

+ k
(m1

B1
VB1Y

m2...mr)
A1,...,Ad|B2,...,Bd+r+5

+ (B1 ↔ B2, . . . , Bd+r+5)

]

.

For example,

QY1,2|3,4,5,6,7,8,9 = kp1V1Y
p
2|3,4,5,6,7,8,9 + kp2V2Y

p
1|3,4,5,6,7,8,9 (4.44)

+V13Y2|4,5,6,7,8,9 + V23Y1|4,5,6,7,8,9 + (3 ↔ 4, 5, 6, 7, 8, 9) .

The non-local counterparts of Y m1...mr

A1,...,Ad|B1,...,Bd+r+3
can be found in section 6 of [29].

4.4.5 Trace relations

As an immediate consequence of their definition (4.24), refined scalar building blocks are

related to traces of unrefined tensors [29],

δmnT
mn
A,B,C,D,E = 2

[

JA|B,C,D,E + (A ↔ B,C,D,E)
]

. (4.45)

By the definitions (4.29) and (4.38), this generalizes to higher tensor rank

δnpT
npm1...mr

B1,...,Br+5
= 2

[

Jm1...mr

B1|B2,...,Br+5
+ (B1 ↔ B2, . . . , Br+5)

]

, (4.46)

and to higher degree of refinement, respectively [29]

δnpJ
npm1...mr

A1,...,Ad|B1,...,Bd+r+5
= 2

[

Jm1...mr

A1,...,Ad,B1|B2,...,Bd+r+5
+ (B1↔B2, . . . , Bd+r+5)

]

. (4.47)

The same structures arise for anomaly building blocks

δnpY
npm1...mr

A1,...,Ad|B1,...,Bd+r+7
= 2

[

Y m1...mr

A1,...,Ad,B1|B2,...,Bd+r+7
+ (B1↔B2, . . . , Bd+r+7)

]

, (4.48)

and both of (4.47) and (4.48) can be straightforwardly iterated to express double traces

such as δmnδpqJ
mnpq...
A1,...,Ad|...

in terms of objects with degree of refinement d+2.
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5 Pure-spinor superspace: non-local superfields

The goal of this work is to assemble one-loop correlators in pure-spinor superspace from

kinematic building blocks and their associated worldsheet functions. When comparing these

two classes of ingredients, one discovers surprising parallels in their structures and relations

which will be referred to as a duality between worldsheet functions and kinematics, see part

II. One incarnation of this duality is based on the BRST pseudo-invariants discussed in [29]

and has been pioneered in [22]. The purpose of this section is to review the BRST pseudo-

invariants from the perspective of the above local building blocks. They will be related to

their non-local Berends-Giele representations of [29] via the so-called Berends-Giele map.

5.1 The Berends-Giele map

Every local building block discussed in section 4 can be mapped to its non-local counterpart

studied in [29]. This mapping is induced by a relation among the local superfields KP and

their non-local Berends-Giele superfield KP given19 by the Berends-Giele (BG) map:

KiA =
∑

B

S(A|B)iKiB, KiA =
∑

B

Φ(A|B)iKiB , (5.1)

where S(A|B)i is the KLT matrix [60] (also known as the momentum kernel [61]) and

Φ(A|B)i corresponds to its inverse [62],

δA,B =
∑

C

S(A|C)iΦ(C|B)i , (5.2)

where δA,B is equal to one if A = B and zero otherwise, see (3.6). Both matrices S and

Φ are symmetric and subject to the conditions Φ(A|B)i = S(A|B)i ≡ 0 if A is not a

permutation of B and they admit the following recursive forms [63, 64]

S(P, j|Q, j,R)i = (kiQ · kj)S(P |Q,R)i, S(∅|∅)i = 1 (5.3)

φ(P |Q) =
1

sP

∑

XY =P
AB=Q

(

φ(X|A)φ(Y |B)− φ(Y |A)φ(X|B)
)

, φ(i|j) = δij ,

where Φ(A|B)i ≡ φ(iA|iB). The first instances are given by,

S(2|2)1 = (k1 · k2), S(23|23)1 = (k12 · k3)(k1 · k2), S(23|32)1 = (k1 · k3)(k1 · k2) ,

Φ(2|2)1 =
1

s12
, Φ(23|23)1 =

1

s12s123
+

1

s23s123
, Φ(23|32)1 = −

1

s23s123
,

where S(32|32)1 and Φ(32|32)1 follow from S(23|23)1 and Φ(23|23)1, respectively, by rela-

beling 2 ↔ 3. In (5.1) the notation
∑

B instructs to sum over all words B; the condition

that S(A|B)i and Φ(A|B)i are zero if B is not a permutation of A leading to a finite sum.

19For historic reasons the BG superfield associated with VP is denoted MP rather than VP . Similarly,

the BG image of the local building block T
m1...
A,B,... is denoted by M

m1...
A,B,....
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The simplest applications of (5.1) to KP → VP are

M12 = Φ(2|2)1V12 =
V12

s12
, (5.4)

M123 = Φ(23|23)1V123 +Φ(23|32)1V132 =
V123

s12s123
+

V123 − V132

s23s123
,

and similarly V12 = S(2|2)1M12 = s12M12 as well as

V123 = S(23|23)1M123 + S(23|32)1M132 = (s13 + s23)s12M123 + s13s12M132 . (5.5)

Consistency of the above relations can be checked by plugging the expressions (5.4)

into (5.5) and in general follows from (5.2).

It is interesting to observe that the generalized Jacobi symmetries obeyed by the local

superfields are translated to shuffle symmetries under the BG map. More explicitly, the

BG superfields KP related to KP by (5.1) obey [28, 53]

KA⊔⊔B = 0, ∀A,B 6= ∅ . (5.6)

Note that in writing (5.1) one needs to fix the first letter of the word P in both the local

KP and non-local KP representatives to be the same. This can be done with

KBiA = −Kiℓ(B)A , KBiA = (−1)|B|Ki(B̃⊔⊔A) . (5.7)

The first relation follows from Baker’s identity (3.29) while the second was proven in [65].

In general, applying the BG map to each individual slot in a local building block gives

rise to its non-local Berends-Giele version. Therefore knowing one representation suffices

to obtain the other, for example

MaA,bB,cC ≡
∑

A′,B′,C′

Φ(A|A′)aΦ(B|B′)bΦ(C|C ′)cTaA′,bB′,cC′ , (5.8)

TaA,bB,cC ≡
∑

A′,B′,C′

S(A|A′)aS(B|B′)bS(C|C ′)cMaA′,bB′,cC′ .

However, it is conceptually simpler (but equivalent to (5.8)) to define the BG counterpart

of TA,B,C by directly using non-local multiparticle superfields in (5.1), for example [29]

MA,B,C ≡
1

3
(λγmWA)(λγnWB)F

mn
C + cyclic(A,B,C) . (5.9)

The relation between MA,B,C and TA,B,C straightforwardly generalizes to the tensorial, re-

fined and anomalous kinematic factors in section 4. We will use parental lettersMm1...mr

B1,...,Br+3
,

Jm1...mr

A1,...,Ad|B1,...,Bd+r+3
and Ym1...mr

A1,...,Ad|B1,...,Bd+r+5
for the Berends-Giele versions of Tm1...mr

B1,...,Br+3
,

Jm1...mr

A1,...,Ad|B1,...,Bd+r+3
and Y m1...mr

A1,...,Ad|B1,...,Bd+r+5
, respectively. The shuffle symmetry (5.6) ap-

plies to every slot of a BG current, e.g. MR⊔⊔S,B,C = 0 or Ymn...
A,B,R⊔⊔S,D,... = 0 for R,S 6= ∅.

In addition to changing the symmetry properties within each word, the BG map also

modifies the behavior under a BRST variation. The characteristic terms proportional to
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the momentum contraction (kX · kj) in the BRST variation of the local superfields become

a simpler deconcatenation sum,

QVP =
∑

P=XjY
Y =R⊔⊔S

(kX · kj)VXRVjS ⇐⇒ QMP =
∑

P=XY

MXMY , (5.10)

where MP is related to VP by (5.1). In general, one can show that the BRST variations

of KP in (3.33) are mapped to the following variations of their Berends-Giele counterparts

(note MP ≡ VP ) [23]

QM12...p =

p−1
∑

j=1

M12...jMj+1...p , (5.11)

QAm
12...p = (λγmW12...p) + km12...pM12...p +

p−1
∑

j=1

(M12...jA
m
j+1...p −Mj+1...pA

m
12...j) ,

QWα
12...p =

1

4
(λγmn)

αFmn
12...p +

p−1
∑

j=1

(M12...jW
α
j+1...p −Mj+1...pW

α
12...j) ,

QFmn
12...p = k

[m
12...p(λγ

n]W12...p) +

p−1
∑

j=1

(M12...jF
mn
j+1...p −Mj+1...pF

mn
12...j)

+

p−1
∑

j=1

[

A
[n
12...j(λγ

m]Wj+1...p)−A
[n
j+1...p(λγ

m]W12...j)
]

.

In the appendix of [23] an alternative relation between the local and the non-local super-

fields was given in terms of a diagrammatic map using planar binary trees. Yet one more

relation between these objects will be given below in terms of the so-called S-map. In

summary, there is a multitude of perspectives on how these superfields are defined and the

relations among them.

5.1.1 The S-map between local and non-local superfields

In this subsection we will describe the so-called S-map which relates local and non-local

superfield representations. This map originally appeared in the appendix of [23] as a way to

encode the BCJ relations among tree amplitudes and to rewrite scalar BRST cohomology

objects in terms of super Yang-Mills trees.

After defining a weighted concatenation product ⊗s of Berends-Giele superfields by

KAi ⊗
s KjB ≡ sijKAijB , (5.12)

the definition of the S-map can be written as

KS[A,B] ≡ (−1)|B|+1Kρ(A) ⊗
s Kρ̃(B) , (5.13)

– 33 –



J
H
E
P
0
8
(
2
0
1
9
)
0
9
0

where ρ(B) is defined in (3.9) and ρ̃(B) denotes the reversal of ρ(B). For example, given

ρ(123) = 123− 132− 312 + 321 and ρ̃(45) = 54− 45, the S-map KS[123,45] yields

KS[123,45] = (−1)3K(123−132−312+321) ⊗
s K(54−45) = K(123−132−312+321) ⊗

s K(45−54)

= s34K12345 − s35K12354 − s24K13245 + s25K13254 − s24K31245 (5.14)

+s25K31254 + s14K32145 − s15K32154 ,

and simpler cases include

KS[1,2] = s12K12 , KS[12,3] = s23K123 − s13K213 . (5.15)

A curious property of the S-map is that its iteration over all letters in a given word yields

a translation between the Berends-Giele currents and its local counterparts in a way that

preserves the bracketing structure. More precisely,

KS[1,2] = K[1,2], KS[S[1,2],3] = K[[1,2],3], KS[S[S[1,2],3],4] = K[[[1,2],3],4]

KS[1,S[S[2,3]],4] = K[1,[[2,3],4]] , (5.16)

see (3.31) for a discussion on the bracketing notation for local superfields in the BCJ gauge.

Note that the S-map plays a key role in deriving BCJ relations [16] of SYM tree amplitudes

from the BRST cohomology [66], and that the definition (5.13) is equivalent20 to

KS[A,B] ≡

|A|
∑

i=1

|B|
∑

j=1

(−1)i−j+|A|−1saibjK(a1a2...ai−1⊔⊔a|A|a|A|−1...ai+1)aibj(bj−1...b2b1⊔⊔bj+1...b|B|)

(5.17)

for A = a1a2 . . . a|A| and B = b1b2 . . . b|B|.

5.2 BRST pseudo-invariants

Following [29], let us now consider the non-local versions of the local building blocks dis-

cussed above. As mentioned in the previous section, they are denoted by Mm...
A,... or by the

calligraphic letter of its local counterpart. The BRST variations for the simplest cases can

be written as

QMA,B,C =
∑

XY=A

[

MXMY,B,C − (X ↔ Y )
]

+ (A ↔ B,C) , (5.18)

QMm
A,B,C,D = kmAMAMB,C,D +

∑

XY=A

[

MXMm
Y,B,C,D − (X ↔ Y )

]

+ (A ↔ B,C,D) ,

QMmn
A,B,C,D,E = δmnYA,B,C,D,E

+k
(m
A MAM

n)
B,C,D,E + (A ↔ B,C,D,E)

+
∑

XY=A

[

MXMmn
Y,B,C,D,E − (X ↔ Y )

]

+ (A ↔ B,C,D,E) ,

20Their equivalence follows from the identity ρ(A) =
∑

XjY =A
(X ⊔⊔Ỹ )j(−1)|Y | [67].
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and mirror the structure of their local counterparts (4.2), (4.7) and (4.14), respectively.

For refined building blocks, the appearance of V[A,B] on the right-hand side of QJA|B,... and

its generalizations translates into MS[A,B] under the Berends-Giele map, for instance

QJA|B,C,D,E = YA,B,C,D,E + kmAMAM
m
B,C,D,E (5.19)

+MS[A,B]MC,D,E + (B ↔ C,D,E)

+
∑

XY=B

(

MXJA|Y,C,D,E − (X ↔ Y )
)

+ (B ↔ C,D,E)

+
∑

XY=A

(

MXJY |B,C,D,E − (X ↔ Y )
)

.

See [29] for more details and examples.

5.2.1 BRST invariants

The Berends-Giele currents were shown in [29] to be the natural building blocks in con-

structing recursion relations for BRST (pseudo-)invariants. For instance, it was shown

using (5.18) that the following definitions are BRST invariant:

C1|2,3,4 ≡ M1M2,3,4 , (5.20)

C1|23,4,5 ≡ M1M23,4,5 +M12M3,4,5 −M13M2,4,5 ,

C1|234,5,6 ≡ M1M234,5,6 +M12M34,5,6 +M123M4,5,6 −M124M3,5,6

−M14M23,5,6 −M142M3,5,6 +M143M2,5,6 ,

C1|23,45,6 ≡ M1M23,45,6 +M12M45,3,6 −M13M45,2,6 +M14M23,5,6 −M15M23,4,6

−M412M3,5,6 +M314M2,5,6 +M215M3,4,6 −M315M2,4,6 .

Similarly, their vectorial upgrades are also BRST closed:

Cm
1|2,3,4,5 ≡ M1M

m
2,3,4,5 +

[

km2 M12M3,4,5 + (2 ↔ 3, 4, 5)
]

, (5.21)

Cm
1|23,4,5,6 ≡ M1M

m
23,4,5,6 +M12M

m
3,4,5,6 −M13M

m
2,4,5,6 + km3 M123M4,5,6 − km2 M132M4,5,6

+
[

km4 M14M23,5,6 − km4 M214M3,5,6 + km4 M314M2,5,6 + (4 ↔ 5, 6)
]

.

These superfields are in the BRST cohomology and were dubbed BRST invariants in [23].

In general, a recursion relation was written down in [29] for these scalar and vector co-

homology elements at arbitrary multiplicities. An alternative algorithm to generate the

above combinations of Berends-Giele currents (and those of the subsequent tensorial gen-

eralizations Cm1...mr

1|A1,...,Ar+3
) is described in appendix A.2.

5.2.2 BRST pseudo-invariants

The BRST variations of higher-rank tensors no longer vanish but they are proportional

to superfields with an anomalous factor of Ym1...mr

A1,...,Ad|B1,...,Bd+r+5
in each term. Superspace

expressions with a purely anomalous Q variation are referred to as BRST pseudo-invariant.

Similarly, a general recursion was written down in [29] and the first non-trivial instance is
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given by

Cmn
1|2,3,4,5,6 = M1M

mn
2,3,4,5,6 +

[

km2 M12M
n
3,4,5,6 + kn2M12M

m
3,4,5,6 + (2 ↔ 3, 4, 5, 6)

]

−
[

(km2 kn3 + kn2 k
m
3 )M213M4,5,6 + (2, 3|2, 3, 4, 5, 6)

]

(5.22)

and it satisfies

QCmn
1|2,3,4,5,6 = −δmnM1Y2,3,4,5,6 . (5.23)

Unrefined pseudo-invariants Cm1...mr

1|A1,...,Ar+3
of arbitrary tensor ranks can be characterized by

a leading term M1M
m1...mr

A1,...,Ar+3
+ . . . as in (5.20) to (5.22). Then, the recursions of [29] adjoin

a tail of completions via ∼ M1B with B 6= ∅ such that QCm1...mr

1|A1,...,Ar+3
is purely anomalous.

Similarly, one can start from a refined leading term M1J
m1...mr

A|B1,...,Br+4
, and the recursions

of [29] generate completions such as

P1|2|3,4,5,6 = M1J2|3,4,5,6 +M12k
m
2 Mm

3,4,5,6 +
[

s23M123M4,5,6 + (3 ↔ 4, 5, 6)
]

, (5.24)

where refined and unrefined terms are mixed and the BRST variation becomes purely

anomalous

QP1|2|3,4,5,6 = −M1Y2,3,4,5,6 . (5.25)

The same logic applies to higher degrees d of refinement where pseudo-invariants

Pm1...mr

1|A1,...,Ad|B1,...,Bd+r+3
are defined from recursively generated completions of the leading

term M1J
m1...mr

A1,...,Ad|B1,...,Bd+r+3
.

5.2.3 Symmetries of pseudo-invariants

Following our convention for subscripts with words A1, A2, . . . separated by commas, the

most general pseudo-invariant Pm1...mr

1|A1,...,Ad|B1,...,Bd+r+3
is separately symmetric in the refined

slots Ai and the unrefined slots Bj but not under exchange of Ai with Bj . Also, the

shuffle-symmetries (5.6) of their leading terms propagate to the pseudo-invariants, e.g.

Cm1m2...mr

1|A1,...,R⊔⊔S,...,Ar+3
= 0, ∀R,S 6= ∅ , (5.26)

and the same is true for both types of slots Ai and Bj of Pm1...mr

1|A1,...,Ad|B1,...,Bd+r+3
.

5.2.4 Q variations of pseudo-BRST invariants

The Q variations (5.23) and (5.25) can be compactly generalized to higher multiplicity by

means of BRST invariant combinations of anomalous superfields such as

Γ1|2,3,4,5,6 ≡ M1Y2,3,4,5,6 , (5.27)

Γ1|23,4,5,6,7 ≡ M1Y23,4,5,6,7 +M12Y3,4,5,6,7 −M13Y2,4,5,6,7

Γm
1|2,3,4,5,6,7 ≡ M1Y

m
2,3,4,5,6,7 +

[

km2 M12Y3,4,5,6,7 + (2 ↔ 3, 4, 5, 6, 7)
]

Γ1|2|3,4,5,6,7,8 ≡ M1Y2|3,4,5,6,7,8 +M12k
m
2 Ym

3,4,5,6,7,8 +
[

s23M123Y4,5,6,7,8 + (3 ↔ 4, . . . , 8)
]

.

The combinatorics of these expressions is identical to ghost-number three superfields

C1|2,3,4, C1|23,4,5, C
m
1|2,3,4,5 and P1|2|3,4,5,6 in (5.20), (5.21) and (5.24). Accordingly, the expan-

sion of refined and tensorial invariants Γm1...mr

1|A1,...,Ad|B1,...,Bd+r+5
in terms of MAY

m1...
... can be
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inferred from the analogous Pm1...mr

1|A1,...,Ad|B1,...,Bd+r+3
after obvious adjustments in the number

of unrefined slots.21 These ghost-number four superfields capture the most general BRST

variation

QCm1...mr

1|A1,...,Ar+3
= −δ(m1m2Γ

m3...mr)
1|A1,...,Ar+3

, (5.28)

QPm1...mr

1|A1,...,Ad|B1,...,Bd+r+3
= −δ(m1m2Γ

m3...mr)
1|A1,...,Ad|B1,...,Bd+r+3

−Γm1...mr

1|A2,...,Ad|A1,B1,...,Bd+r+3
+ (A1 ↔ A2, . . . , Ad)

of the above ghost-number three pseudo-invariants.

5.2.5 Trace relations

The trace relations (4.45) to (4.47) of the local building blocks straightforwardly generalize

under the Berends-Giele map. Moreover, the (pseudo-)invariants inherit the trace relations

of their leading term, e.g.

δnpC
npm1...mr

1|B1,B2,...,Br+5
= 2

[

Pm1...mr

1|B1|B2,...,Br+5
+ (B1 ↔ B2, . . . , Br+5)

]

, (5.29)

and at generic degree of refinement,

δnpP
npm1...mr

1|A1,...,Ad|B1,...,Bd+r+5
= 2

[

Pm1...mr

1|A1,...,Ad,B1|B2,...,Bd+r+5
+ (B1↔B2, . . . , Bd+r+5)

]

. (5.30)

These relations will play a key role for the modular properties of the correlators after

integration over ℓ.

5.3 Anomaly counterparts of BRST invariants

We shall now review an interesting class of anomaly superfields ∆...
1|... that enter relations

between the above (pseudo-)invariants of different tensor ranks. Similar to the formal

operation Mm...
B,C,... → Ym...

B,C,... that translates the C ...
1|... into the ghost-number four objects

Γ...
1|... in section 5.2.4, one can generate anomaly building blocks of ghost-number three via

MAM
m...
B,C,... → Ym...

A,B,C,... , MAJ
m...
B|C,... → Ym...

B|A,,C,... , (5.31)

by adjusting the number of slots in the obvious manner (also see the alternative algorithm

in appendix A.2). Then, the Berends-Giele expansions of the simplest instances of the

scalars (5.20) and vectors (5.21) translate into,

∆1|2,3,4,5 ≡ Y1,2,3,4,5

∆1|23,4,5,6 ≡ Y1,23,4,5,6 + Y12,3,4,5,6 − Y13,2,4,5,6 (5.32)

∆m
1|2,3,4,5,6 ≡ Ym

1,2,3,4,5,6 +
[

km2 Y12,3,4,5,6 + (2 ↔ 3, 4, 5, 6)
]

.

As discussed in [29], it turns out that all the unrefined superfields ∆1|A,... are BRST exact

after using momentum conservation,

k1 + kB1 + . . .+ kBr+4 = 0 ⇒ 〈∆m1m2...mr

1|B1,B2,...,Br+4
〉 = 0 . (5.33)

21The mismatches in the numbers of slots, say between Cm
1|2,3,4,5 and the counterpart Γm

1|2,3,4,5,6,7, are

accounted for by the more rigorous definition of Γ1|A,... in section 8 of [29], or in the appendix A.2.
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However, their refined counterparts are non-zero in the BRST cohomology, i.e.

〈∆m1m2...mr

1|A1,...,Ad|B1,B2,...,Bd+r+4
〉 6= 0 , d ≥ 1 . (5.34)

For example, the simplest refined anomaly superfield is given by

∆1|2|3,4,5,6,7 = Y2|1,3,4,5,6,7 + km2 Ym
12,3,4,5,6,7 +

[

s23Y123,4,5,6,7 + (3 ↔ 4, 5, 6, 7)
]

, (5.35)

and follows the combinatorics of P1|2|3,4,5,6 in (5.24) according to the translation (5.31). Its

BRST variation is easily verified to be

Q∆1|2|3,4,5,6,7 = V1k
m
2 Y m

2,3,...,7 − V12Y3,4,...,7 +
[

V1Y23,4,5,6,7 + (3 ↔ 4, . . . , 7)
]

(5.36)

= km2 Γm
1|2,3,...,7 +

[

s23Γ1|23,4,5,6,7 + (3 ↔ 4, . . . , 7)
]

,

see section 5.2.4 for the ghost-number four invariants Γ...
1|....

5.3.1 Locality of 〈∆1|2|3,4,5,6,7〉

In contrast to the naive expectation from its slot structure, the component expansion

of (5.35) is a local expression. The poles in s12 and s12j with j = 3, . . . , 7 in the Berends-

Giele currents of (5.35) do not propagate to the components for the following reasons:

• The components 〈Y123,4,5,6,7〉 cannot have a pole in s−1
123 since this would conflict with

the vanishing of 〈∆1|234,5,6,7〉 = 〈Y123,4,5,6,7 +
1
2Y12,34,5,6,7〉 + cyc(1, 2, 3, 4) by (5.34):

the Berends-Giele currents in the cyclic permutations do not introduce any additional

pole in s123 to the right-hand side.

• The trace relations among tensorial ∆1|... in section 10 of [29] include

1

2
〈∆mm

1|2,3,4,5,6,7〉 = 〈Y1|2,3,4,5,6,7 +
[

∆1|2|3,4,5,6,7 + (2 ↔ 3, 4, 5, 6, 7)
]

〉 . (5.37)

Since the left-hand side vanishes by (5.34) and each pole s−1
1j can occur in no term

other than 〈∆1|j|...〉 on the right-hand side, the respective residues must be zero.

This superspace argument is confirmed by the bosonic components

〈∆1|2|3,4,5,6,7〉 = −
1

2
(e1 · e2)ǫ

k3k4k5k6k7e3e4e5e6e7
10 + fermions , (5.38)

that have been obtained from an automated calculation using [68]. We are using the

schoonship convention of writing the contracted vectors as ǫ...m...
10 km ≡ ǫ...k...10 . The locality

of 〈∆1|2|3,4,5,6,7〉 will be important in section II.4.4.4 for asserting that the seven-point

correlator comprising ∆1|2|3,4,5,6,7 (and permutations) is local.
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5.3.2 Eight-point examples

Similarly, the eight-point topologies of ∆1|A|B,C,D,E,F are obtained by applying the

rules (5.31) to the expressions of the refined superfields P1|A|B,C,D,E at seven points,

see (C.1) for the expansion of ∆1|23|4,5,6,7,8, ∆1|2|34,5,6,7,8 and ∆m
1|2|3,4,5,6,7,8 in terms of

Berends-Giele currents. It is straightforward to show that their BRST variations are given

by [29]

Q∆1|23|4,5,6,7,8 = km23Γ
m
1|23,4,...,8 + Γ1|3|2,4,...,8 − Γ1|2|3,4,...,8

+
[

s34Γ1|234,5,6,7,8 − s24Γ1|243,5,6,7,8 + (4 ↔ 5, 6, 7, 8)
]

Q∆1|2|34,5,6,7,8 = km2 Γm
1|2,34,5,...,8 + s23Γ1|234,5,...,8 − s24Γ1|243,5,...,8 (5.39)

+
[

s25Γ1|34,25,6,7,8 + (5 ↔ 6, 7, 8)
]

Q∆m
1|2|3,4,5,6,7,8 = kp2Γ

pm
1|2,3,4,...,8 − km2 Γ1|2|3,4,...,8 +

[

s23Γ
m
1|23,4,...,8 + (3 ↔ 4, . . . , 8)

]

in the momentum phase space with k12...8 = 0. Since these superfields will play a role in

the construction of the eight-point correlator later on, it is important to know about the

kinematic poles in their component expansions. The first hint on non-locality comes from

rewriting the BRST variations above after plugging in the definitions of the superfields Γ

from [29]. Unlike the local expression (5.36) at seven points, some kinematic poles survive,

e.g. s−1
12 , s

−1
13 , s

−1
23 in Q∆1|23|4,5,6,7,8, see (C.2) for the full expressions.

Given the correspondence between BRST variations in pure-spinor superspace and

gauge variations in components discussed in the appendix B of [29], the above relations

indicate that the gauge variations of the eight-point anomaly superfields contain s−1
ij poles.

Therefore, the component expansions of 〈∆1|A|B,C,D,E,F 〉 for the eight-point topologies are

not local, see their explicit expansions in the appendix C.

5.4 BRST cohomology identities

We have seen that the family of anomaly building blocks ∆1|A,... is obtained by redistribut-

ing the slots of MAMB,C,... in the Berends-Giele expansion of (pseudo-)invariants. The

same procedure can be applied to derive BRST generators at ghost-number two whose

Q-variation gives rise to relations between (pseudo-)invariants, see section 8 to 10 of [29].

For instance, translating the combinatorics of ∆1|2|3,4,5,6,7 in (5.35) into a non-anomalous

context (and truncating the number of slots in the obvious manner) yields

D1|2|3,4,5 = J2|1,3,4,5 + km2 Mm
12,3,4,5 +

[

s23M123,4,5 + (3 ↔ 4, 5)
]

, (5.40)

which generates the kinematic Jacobi identity [24]

QD1|2|3,4,5 = km2 Cm
1|2,3,4,5 +

[

s23C1|23,4,5 + (3 ↔ 4, 5)
]

+∆1|2,3,4,5 . (5.41)

In a five-point momentum phase space, the last term ∆1|2,3,4,5 drops out from the coho-

mology, cf. (5.33). Of course, one could have obtained (5.40) directly by applying special-

izations like MAM
m1...
B,C,... → Mm1...

A,B,C,... to each term in the Berends-Giele expansion (5.24)
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of P1|2|3,4,5,6. In a similar manner, one can infer generalizations of D1|2|3,4,5 by redistribut-

ing the slots of appropriate Pm1...
1|A1,...,Ad|B1,...

, see section 8 of [29] for details. The resulting

Jacobi identities include the six-point cases

QD1|4|23,5,6 = km4 Cm
1|23,4,5,6 + s24C1|423,5,6 − s34C1|432,5,6 (5.42)

+s45C1|23,45,6 + s46C1|23,46,5 +∆1|23,4,5,6 ,

QD1|23|4,5,6 = km23C
m
1|23,4,5,6 +

[

s34C1|234,5,6 − s24C1|324,5,6 + (4 ↔ 5, 6)
]

+P1|3|2,4,5,6 − P1|2|3,4,5,6 +∆1|23,4,5,6 ,

QDn
1|2|3,4,5,6 = km2 Cmn

1|2,3,4,5,6 +
[

s23C
n
1|23,4,5,6 + (3 ↔ 4, 5, 6)

]

− kn2P1|2|3,4,5,6 +∆n
1|2,3,4,5,6 ,

and closed formulae for arbitrary multiplicity and tensor rank can be written down using

the S-map (5.13), e.g.

QDm1m2...mr

1|A|B1,...,Br+3
= kpAC

pm1...mr

1|A,B1,...,Br+3
+
[

Cm1...mr

1|S[A,B1],B2,...,Br+3
+ (B1 ↔ B2, . . . , Br+3)

]

+(k
(m1

1AB1...Br+3
− k

(m1

A )P
m2...mr)
1|A|B1,...,Br+3

+ δ(m1m2∆
m3...mr)
1|A|B1,...,Br+3

(5.43)

+∆m1m2...mr

1|A,B1,...,Br+3
+

∑

XY=A

(Pm1...mr

1|Y |X,B1,...,Br+3
− Pm1...mr

1|X|Y,B1,...,Br+3
) .

One can also derive kinematic Jacobi identities for refined (pseudo-)invariants

Q(. . .) = km3 Pm
1|2|3,4,5,6,7 − s23P1|23|4,5,6,7 +

[

s34P1|2|34,5,6,7 + (4 ↔ 5, 6, 7)
]

+∆1|3|2,4,5,6,7

Q(. . .) = km4 Pm
1|23|4,...,8 + s24P1|324|5,6,7,8 − s34P1|234|5,6,7,8

+
[

s45P1|23|45,6,7,8 + (5 ↔ 6, 7, 8)
]

+∆1|4|23,5,6,7,8

Q(. . .) = km23P
m
1|4|23,5,6,7,8 + s34P1|234|5,6,7,8 − s24P1|324|5,6,7,8 − P1|2,4|3,5,6,7,8 (5.44)

+P1|3,4|2,5,6,7,8 +
[

s35P1|4|235,6,7,8 − s25P1|4|325,6,7,8 + (5 ↔ 6, 7, 8)
]

+∆1|23|4,...,8

Q(. . .) = km5 Pm
1|4|23,5,6,7,8 − s45P1|45|23,6,7,8 + s25P1|4|325,6,7,8 − s35P1|4|235,6,7,8

+
[

s56P1|4|23,56,7,8 + (6 ↔ 7, 8)
]

+∆1|5|23,4,6,7,8

Q(. . .) = km3 Pmn
1|2|3,...,8 − s23P

n
1|23|4,...,8 +

[

s34P
n
1|2|34,5,6,7,8 + (4 ↔ 5, 6, 7, 8)

]

−kn3P1|2,3|4,...,8 +∆n
1|3|2,4,...,8

by taking suitable combinations of Dm1...
1|A1,...,Ad|B1,...

at various degrees d of refinement as a

BRST ancestor on the left-hand side.

Finally, the generalization of the Jacobi identity (5.43) to (pseudo-)invariants of arbi-

trary degree of refinement reads [29]

QDm1...mr

1|A1,...,Ad|B1,...,Br+d+2
=
[

∆m1...mr

1|A2,...,Ad|A1,B1,...,Br+d+2
+(A1↔A2, . . . ,Ad)

]

+δ(m1m2∆
m3...mr)
1|A1,...,Ad|B1,...,Br+d+2

−k
(m1

A1A2...Ad
P

m2...mr)
1|A1,...,Ad|B1,...,Br+d+2

(5.45)

+

(

kpA1
P pm1...mr

1|A2,...,Ad|A1,B1,...,Br+d+2
+
[

Pm1...mr

1|A2,...,Ad|S[A1,B1],B2,...,Br+d+2
+(B1↔B2, . . . ,Br+d+2)

]

−
∑

XY=A1

(

Pm1...mr

1|X,A2,...,Ad|Y,B1,...,Br+d+2
−(X↔Y )

)

+(A1↔A2, . . . ,Ad)

)

,
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and the simplest example at degree of refinement d = 2 is

QD1|2,3|4,5,6,7 = ∆1|2|3,4,5,6,7 +∆1|3|2,4,5,6,7 + km3 Pm
1|2|3,4,5,6,7 + km2 Pm

1|3|2,4,5,6,7

+
[

s34P1|2|34,5,6,7 + s24P1|3|24,5,6,7 + (4 ↔ 5, 6, 7)
]

. (5.46)

6 Conclusions

In this first part of the series of papers [1–3] towards the derivation of one-loop correlators

in string theory, several aspects related to the description of the massless string states via

superfield kinematics have been thoroughly discussed.

The whole setup starts with the standard superfields describing super-Yang-Mills states

in ten-dimensions [55] contained in the massless vertex operators of the pure-spinor super-

string. We then used a combination of OPEs, zero-mode integration rules and covariance

under BRST transformations to derive several compositions of superfields with the correct

properties to describe higher-point amplitudes in the pure-spinor formalism, in both the

anomalous and non-anomalous sectors. The comprehensive description of the local repre-

sentatives is both new and relevant to the derivation of local n-point one-loop correlators in

part III of this series.22 The emphasis on these local superfield building blocks is warranted

because the one-loop correlators are local objects prior to integration by parts, where only

the OPE contractions and zero-mode integrations are performed.

We then reviewed their non-local representatives from [29] with special emphasis on the

multitude of relations valid in the cohomology of the pure-spinor BRST charge. In this first

part of the series, these relations represent cohomological identities among superfields. In

the sequel part II, it will be shown that these same identities are realized by a set of objects

completely different in nature: functions on the genus-one worldsheet! The pursue of this

unexpected connection dubbed “duality between worldsheet functions and kinematics” will

lead us to a detailed study of so-called “generalized elliptic integrands” (GEIs), which were

briefly introduced in [22].

Finally, in part III the numerous definitions as well as surprising relationships and iden-

tities uncovered in parts I and II will pave the way to the assembly of one-loop correlators

in many different representations.
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A A new algorithm for the combinatorics of shuffle invariants

In this appendix, a multi-word generalization of the standard map ρ(A) in (3.9) is intro-

duced. It will lead to a systematic unification of the combinatorics of all C-like pseudo-

invariants as well as their canonicalization identities. Among other things, this simplifies

the discussion of the master recursion from section 8 of [29] and allows to write down a

closed formula for the scalar functions ZA,B,C,D of part II, see appendix II.A.

A.1 Multi-word generalization of the rho map

A.1.1 Scalar multi-word rhomap

Let us define a recursive two-word version of (3.9) by

ρ(A|iBj) ≡ (Ai|Bj)− (Aj|iB) + ρ(Ai|Bj)− ρ(Aj|iB) , ρ(A|i) ≡ 0 . (A.1)

For example,

ρ(342|56) = (3425|6)− (3426|5) (A.2)

ρ(342|567) = (3425|67)− (3427|56) + ρ(3425|67)− ρ(3427|56)

= (3425|67)− (3427|56) + (34256|7)− (34257|6)− (34275|6) + (34276|5) .

The asymmetry ρ(A|B) 6= ρ(B|A) motivates the vertical bar notation (rather than a

comma) for separating the two words, in accordance with the convention for building

blocks. In addition, the definition (A.1) will be generalized for an arbitrary number of

words using the following recursion (with ρ(A|B)⊗ρ ∅ ≡ ρ(A|B))

ρ(A|B,C, . . .) ≡ ρ(A|B)⊗ρC⊗ρ · · ·+(B↔C,. . .) (A.3)

(A|B)⊗ρC⊗ρD · · · ≡ (A|B,C,D, . . .)+
[

ρ(A|C)⊗ρB⊗ρD⊗ρ · · ·+(C↔D,. . .)
]

(A.4)

Note that the word B is excluded from the permutations in (A.4). It is also important

to notice that the recursion (A.4) eventually stops due to the condition ρ(A|i) = 0. To

illustrate this last point, consider (234|56)⊗ρ 78 = (234|56, 78)+ρ(234|78)⊗ρ 56 where the

second term by itself requires further usage of (A.4):

ρ(234|78)⊗ρ 56 = (2347|8)⊗ρ 56− (2348|7)⊗ρ 56 (A.5)

= (2347|8, 56) + ρ(2347|56)⊗ρ 8− (2348|7, 56)− ρ(2348|56)⊗ρ 7 .

Since the words attached to ⊗ρ end up becoming letters, the recursion eventually stops

due to ρ(A|i) ≡ 0.
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A.1.2 Tensorial multi-word rhomap

In order to upgrade the recursions above to a tensorial setting we modify the end point of

the recursive definition (A.1) to

ρm(A|i) ≡ kmi (Ai|∅) , ρm1m2m3...(A|i) ≡ k
(m1

i (Ai|∅)m2m3...) . (A.6)

All other definitions are kept unchanged except for having extra vector indices; e.g.,

ρm(A|iBj) ≡ (Ai|Bj)m−(Aj|iB)m+ρm(Ai|Bj)−ρm(Aj|iB) , (A.7)

ρm(A|B,C, . . .) ≡ ρm(A|B)⊗ρC⊗ρ · · ·+(B↔C,. . .)

(A|B)m⊗ρC⊗ρD · · · ≡ (A|B,C,D, . . .)m+
[

ρm(A|C)⊗ρB⊗ρD⊗ρ · · ·+(C↔D,. . .)
]

,

and the generalization to multiple vector indices is straightforward.

A.1.3 Tensorial word-invariant maps

The multi-word generalization of the rhomap can be used to define the following word

invariants,

I(A|B,C, . . .) ≡ (A|B,C, . . .) + ρ(A|B,C, . . .) (A.8)

Im1m2...(A|B,C, . . .) ≡ (A|B,C, . . .)m1m2... + ρm1m2...(A|B,C, . . .) .

The reason for dubbing them “word invariants” will become clear shortly.

For an example application of the scalar three-word-invariant, let us consider

I(2|34, 56) = (2|34, 56) + ρ(2|34, 56) (A.9)

= (2|34, 56) + ρ(2|34)⊗ρ 56 + ρ(2|56)⊗ρ 34 .

Applying the recursion (A.4) in the right-hand side gives

ρ(2|34)⊗ρ 56 = (23|4)⊗ρ 56− (24|3)⊗ρ 56 (A.10)

= (23|56, 4) + ρ(23|56)⊗ρ 4− (24|56, 3)− ρ(24|56)⊗ρ 3

= (23|56, 4) + (235|6, 4)− (236|5, 4)− (24|56, 3)− (245|6, 3) + (246|5, 3) ,

ρ(2|56)⊗ρ 34 = (25|34, 6) + (253|4, 6)− (254|3, 6)− (26|34, 5)− (263|4, 5) + (264|3, 5) .

And finally collecting everything from (A.9) yields the final result:

I(2|34, 56) = (2|34, 56) + (23|56, 4) + (235|6, 4)− (236|5, 4)− (24|56, 3)

−(245|6, 3) + (246|5, 3) + (25|34, 6) + (253|4, 6)− (254|3, 6)

−(26|34, 5)− (263|4, 5) + (264|3, 5) . (A.11)

A.2 Unifying all C-like building blocks

The word invariants (A.8) can be used to provide an alternative derivation of the Berends-

Giele expansions of tensorial C-like BRST invariants defined in [29]. More explicitly, the
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observation is

C1|A1,...,A3
= IC(1|A1, . . . , A3) , ∆1|A1,...,A4

= I∆(1|A1, . . . , A4) ,

D1|A1,...,A2
= ID(1|A1, . . . , A2) , Λ1|A1,...,A6

= IΛ(1|A1, . . . , A6) , (A.12)

L1|A1,...,A4
= IL(1|A1, . . . , A4) , Γ1|A1,...,A5

= IΓ(1|A1, . . . , A5) ,

where

IC(A1| . . . , A4) ≡ I(A1| . . . , A4) with (P1| . . . , P4) → MP1MP2,P3,P4 , (A.13)

ID(A1| . . . , A3) ≡ I(A1| . . . , A3) with (P1| . . . , P3) → MP1,P2,P3 ,

IL(A1| . . . , A5) ≡ I(A1| . . . , A5) with (P1| . . . , P5) → JP1|P2,...,P5
,

I∆(A1| . . . , A5) ≡ I(A1| . . . , A5) with (P1| . . . , P5) → YP1,...,P5 ,

IΛ(A1| . . . , A7) ≡ I(A1| . . . , A7) with (P1| . . . , P7) → YP1|P2,...,P7
,

IΓ(A1| . . . , A6) ≡ I(A1| . . . , A6) with (P1| . . . , P6) → MP1YP2,...,P6 ,

with obvious tensorial generalizations,

Cm
1|A,B,C,D = Im

C (1|A,B,C,D) , Cm1...mr

1|A1,...,Ar+3
= Im1...mr

C (1|A1, . . . , Ar+3) , (A.14)

where (A|B,C,D,E)m → MAM
m
B,C,D,E and (A|B1, . . . , Br+3)

m1...mr → MAM
m1...mr

B1,...,Br+3
.

For the simplest example, consider:

I(1|23, 4) = (1|23, 4) + ρ(1|23)⊗ρ 4 = (1|23, 4) + (12|3, 4)− (13|2, 4) . (A.15)

Hence, we get D1|23,4 = ID(1|23, 4) = M1,23,4+M12,3,4−M13,2,4 from the second definition

in (A.13), in accordance with equation (8.16) from [29]. Also note that the expansion of

unrefined GEIs E1|... in terms of Z-functions (cf. part II) can be obtained from

E1|A1,...,A3
≡ I(1|A1, . . . , A3) with (P1| . . . , P4) → ZP1,...,P4 (A.16)

Em1...mr

1|A1,...,Ar+3
≡ Im1...mr(1, A1, . . . , Ar+3) with (P1| . . . , Pr+4)

m1...mr → Zm1...mr

P1,...,Pr+4
.

A.3 Change-of-basis identities

The word invariants also give rise to a simple algorithm to obtain various identities for the

change of basis in BRST invariants.

A.3.1 Scalar BRST invariants

Using the shuffle symmetries within the words A,B and C of Cj|A,B,C , one can always

rewrite an arbitrary Cj|PiQ,R,S as a linear combination of the form Cj|iA,B,C (with a given

label i in the first position). So, without loss of generality, the change of basis of scalar

BRST invariants can be restricted to the case Cj|iA,B,C . The change of basis from j to i

follows from

Cj|iA,B,C = Ci|I(Aj|B,C) , (A.17)
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which is equivalent to IC(j|iA,B,C) = IC(i|I(Aj|B,C)). For example, from C2|1,34,56 =

C1|I(2|34,56) and (A.11) we get

C2|1,34,56 = C1|2,34,56 + C1|23,56,4 + C1|235,6,4 − C1|236,5,4 − C1|24,56,3 − C1|26,34,5 − C1|263,4,5

−C1|245,6,3 + C1|246,5,3 + C1|25,34,6 + C1|253,4,6 − C1|254,3,6 + C1|264,3,5 , (A.18)

which reproduces the expression (F.1) from [29].

A.3.2 Tensor BRST invariants

A straightforward generalization of the algorithm for the change of basis of scalar BRST

invariants leads to the vectorial identity

Cm
j|iA,B,C,D = Ci|Im(Aj|B,C,D) , (A.19)

where the vectorial word invariant map was defined in (A.8). However, the tensorial identity

requires trace corrections proportional to I∆ from (A.13),

Cmn
j|iA,B,C,D,E = Ci|ρmn(Aj|B,C,D,E) + δmnI∆(iAj|B,C,D,E) . (A.20)

In summary, the word invariant map can be applied to any number of words (slots) and

it unifies all C-like building block recursions from [29], as well as their change-of-basis

identities.

As a final example of the unifying power of the word invariants, consider the mon-

odromy derivation of Z12,34,56,78 to be defined by (II.4.7). We will need to change the GEI

E2|1,34,56,78 in (II.4.7) to a basis of E1|A,B,C,D. Since with the exception of the “basis” letters

1 and 2 all words are multiparticle, there is no instance of an analogous identity for C2|A,B,C

that can be slot extended. However, it is easy to use the word invariant map to obtain

E2|1,34,56,78 = IE(1|I(2|34, 56, 78)) (A.21)

= E1|23,56,78,4 + E1|235,78,4,6 + E1|2357,4,6,8 − E1|2358,4,6,7 − E1|236,78,4,5

−E1|2367,4,5,8 + E1|2368,4,5,7 + E1|237,56,4,8 + E1|2375,4,6,8 − E1|2376,4,5,8 − E1|238,56,4,7

−E1|2385,4,6,7 + E1|2386,4,5,7 − E1|24,56,78,3 − E1|245,78,3,6 − E1|2457,3,6,8 + E1|2458,3,6,7

+E1|246,78,3,5 + E1|2467,3,5,8 − E1|2468,3,5,7 − E1|247,56,3,8 − E1|2475,3,6,8 + E1|2476,3,5,8

+E1|248,56,3,7 + E1|2485,3,6,7 − E1|2486,3,5,7 + E1|25,34,78,6 + E1|253,78,4,6 + E1|2537,4,6,8

−E1|2538,4,6,7 − E1|254,78,3,6 − E1|2547,3,6,8 + E1|2548,3,6,7 + E1|257,34,6,8 + E1|2573,4,6,8

−E1|2574,3,6,8 − E1|258,34,6,7 − E1|2583,4,6,7 + E1|2584,3,6,7 − E1|26,34,78,5 − E1|263,78,4,5

−E1|2637,4,5,8 + E1|2638,4,5,7 + E1|264,78,3,5 + E1|2647,3,5,8 − E1|2648,3,5,7 − E1|267,34,5,8

−E1|2673,4,5,8 + E1|2674,3,5,8 + E1|268,34,5,7 + E1|2683,4,5,7 − E1|2684,3,5,7 + E1|27,34,56,8

+E1|273,56,4,8 + E1|2735,4,6,8 − E1|2736,4,5,8 − E1|274,56,3,8 − E1|2745,3,6,8 + E1|2746,3,5,8

+E1|275,34,6,8 + E1|2753,4,6,8 − E1|2754,3,6,8 − E1|276,34,5,8 − E1|2763,4,5,8 + E1|2764,3,5,8

−E1|28,34,56,7 − E1|283,56,4,7 − E1|2835,4,6,7 + E1|2836,4,5,7 + E1|284,56,3,7 + E1|2845,3,6,7

−E1|2846,3,5,7 − E1|285,34,6,7 − E1|2853,4,6,7 + E1|2854,3,6,7 + E1|286,34,5,7 + E1|2863,4,5,7

−E1|2864,3,5,7 + E1|34,56,78,2 ,
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where IE is defined in analogy with (A.13). This example demonstrates that the large

number of terms in such identities can be generated by a simple set of combinatorial rules.

B Empty BRST cohomology for manifestly local expressions

Using the alphabet of local building blocks presented in section 4, in this appendix we will

demonstrate that their most general BRST-closed linear combinations are also BRST-exact

when more than four and up to eight particles are involved; i.e., the BRST cohomology is

empty for manifestly local expressions of multiplicities five to eight.

At four points, the expression V1T2,3,4 is clearly local, and it is not BRST-exact in the

four-point phase where sijk = 0 (its components reproduce the one-loop four-point ampli-

tude [69]). Consequently, there is a local cohomology at four points. In the following we

study the higher-point generalizations and find that the manifestly local BRST cohomology

is empty23 for up to eight points among the combinations of building blocks in section 4.

B.1 BRST-closed expressions without momentum conservation

In the first series of checks, we treat all the momenta k1, k2, . . . , kn in an n-point superspace

expression as independent, i.e. temporarily relax momentum conservation. An automated

brute-force scan of all possible linear combinations of building blocks from section 4 using

FORM [70, 71] led to the following unique BRST-closed expressions24

loc5pt1 = km1 V1T
m
2,3,4,5 +

[

V12T3,4,5 + (2 ↔ 3, 4, 5)
]

+ Y1,2,3,4,5 , (B.1)

loc6pt1 = km1 Y m
1,2,3,4,5,6 +

[

Y12,3,4,5,6 + (2 ↔ 3, 4, 5, 6)
]

+ km1 kn1V1T
mn
2,3,4,5,6 (B.2)

+
[

(2km1 + km2 )V12T
m
3,4,5,6 + s12V1J2|3,4,5,6 + (2 ↔ 3, 4, 5, 6)

]

+
[

(V123 + V132)T4,5,6 + (2, 3|2, 3, 4, 5, 6)
]

,

loc7pt1 = k1 · k234567Y1|2,3,4,5,6,7 + km1 kn1Y
mn
1,2,3,4,5,6,7 (B.3)

+
[

(2km1 + km2 )Y m
12,3,4,5,6,7 + s12Y2|1,3,4,5,6,7 + (2 ↔ 3, 4, 5, 6, 7)

]

+
[

Y123,4,5,6,7 + Y132,4,5,6,7 + (2, 3|2, 3, 4, 5, 6, 7)
]

+km1 kn1 k
p
1V1T

mnp
2,...,7 +

[

(3km1 kn1 + 3km1 kn2 + km2 kn2 )V12T
mn
3,...,7 + (2 ↔ 3, . . . , 7)

]

+
[(

(3km1 + 2km2 + km3 )V123 + (3km1 + 2km3 + km2 )V132

)

Tm
4,...,7 + (2, 3|2, . . . , 7)

]

+
[

(V1234 + perm(2, 3, 4))T5,6,7 + (2, 3, 4|2, . . . , 7)
]

+
[

s12V1(3k
m
1 + km2 )Jm

2|3,4,5,6,7 + (2 ↔ 3, 4, 5, 6, 7)
]

+
[

(3s13+s23)V12J3|4,5,6,7 + (3s12+s23)V13J2|4,5,6,7

+(s12−s13)V1J23|4,5,6,7 + (2, 3|2, . . . , 7)
]

,

23In absence of five-point momentum conservation 〈Y1,2,3,4,5〉 ∼ ǫ10(f1, f2, . . . , f5) [59], and one could

argue that it constitutes a local element of the BRST cohomology. But this is no longer true once we invoke

k12345=0 since Y1,2,3,4,5 becomes BRST exact in this case (see section 9.1 of [29]).
24Note that QY1,2,3,4,5 = 0 is BRST closed by itself but we add it to loc5pt1 for convenience.

– 46 –



J
H
E
P
0
8
(
2
0
1
9
)
0
9
0

as well as a much bigger expression at eight points,

loc8pt1 =Y m
1|2,3,...,8

(

3km1 (k1 ·k23...8)+
[

s12k
m
2 +(2↔3,4,...,8)

]

)

(B.4)

+
[

(s12−s13)Y1|23,4,...,8+(2,3|2,3,...,8)
]

+
[

Y12|3,4,...,8(3(k1 ·k23...8)+(k2 ·k34...8))+(2↔3,4,...,8)
]

+
[

s12(3k
m
1 +km2 )Y m

2|1,3,4,...,8+(2↔3,4,...,8)
]

+
[

(3s12+s23)Y2|13,4,...,8+(3s13+s23)Y3|12,4,...,8

+(s12−s13)Y23|1,4,5,...,8+(2,3|2,3,4,...,8)
]

+km1 kn1 k
p
1Y

mnp
1,2,...,8+

[

Y mn
12,3,...,8(3k

m
1 kn1+3km1 kn2+km2 kn2 )+(2↔3,4,...,8)

]

+
[

Y m
123,4,...,8(3k

m
1 +2km2 +km3 )+Y m

132,4,...,8(3k
m
1 +2km3 +km2 )+(2,3|2,3,...,8)

]

+
[

(Y1234,5,6,7,8+perm(2,3,4))+(2,3,4|2,3,4,...,8)
]

+km1 kn1 k
p
1k

q
1V1T

mnpq
2,3,...,8+

[

s12V1J
mn
2|3,4,...,8(6k

m
1 kn1+4km1 kn2+km2 kn2 )+(2↔3,4,...,8)

]

+
[

(6s12s13+s12s23+s13s23)V1J2,3|4,5,...,8+(2,3|2,3,4,...,8)
]

+
[

V1J
m
23|4,5,...,8(4k

m
1 (s12−s13)+km2 (2s12−s13)+km3 (s12−2s13))+(2,3|2,3,4,...,8)

]

+
[

(s12−2s13+s14)V1J234|5,6,7,8+(s12+s13−2s14)V1J243|5,6,7,8+(2,3,4|2,3,4,...,8)
]

+
[

V12T
mnp
3,4,...,8(4k

m
1 kn1 k

p
1+6km1 kn1 k

p
2+4km1 kn2 k

p
2+km2 kn2 k

p
2)+(2↔3,4,...,8)

]

+
[

V12J
m
3|4,5,6,7,8(k

m
3 s23+4km3 s13+3km2 s23+6km2 s13+4km1 s23+12km1 s13)

+V13J
m
2|4,5,6,7,8(k

m
2 s23+4km2 s12+3km3 s23+6km3 s12+4km1 s23+12km1 s12)+(2,3|2,3,4,...,8)

]

+
[

V12J34|5,6,7,8(4s13−4s14+s23−s24)+V13J24|5,6,7,8(4s12−4s14+s23−s34)

+V14J23|5,6,7,8(4s12−4s13+s24−s34)+(2,3,4|2,3,4,5,6,7,8)
]

+
[

V123(6k
m
1 kn1+8km1 kn2+4km1 kn3+3km2 kn2+3km2 kn3+km3 kn3 )T

mn
4,5,6,7,8

+V132(6k
m
1 kn1+8km1 kn3+4km1 kn2+3km3 kn3+3km2 kn3+km2 kn2 )T

mn
4,5,6,7,8+(2,3|2,3,...,8)

]

+
[

(V123(s34+3s24+6s14)J4|5,6,7,8+perm(2,3,4))+(2,3,4|2,3,4,5,6,7,8)
]

+
[

(V1234(k
m
4 +2km3 +3km2 +4km1 )Tm

5,6,7,8+perm(2,3,4))+(2,3,4|2,3,4,5,6,7,8)
]

+
[

(V12345T6,7,8+perm(2,3,4,5))+(2,3,4,5|2,3,4,5,6,7,8)
]

,

and these are the only BRST-closed expressions with manifestly local building blocks up to

eight points. But, as alluded to in the beginning of this appendix, the above BRST-closed

expressions are also BRST-exact, and the local BRST cohomology is trivial in absence of

momentum conservation. In fact,

loc5pt1 = QL1|2,3,4,5 , (B.5)

loc6pt1 = Q
(

km1 Lm
1|2,3,4,5,6

)

, (B.6)

loc7pt1 = Q
(

km1 kn1L
mn
1|2,3,4,5,6,7 +

[

s12L1|2|3,4,5,6,7 + (2 ↔ 3, 4, 5, 6, 7)
])

, (B.7)

loc8pt1 ≡ Q
(

km1 kn1 k
p
1L

mnp
1|2,3,...,8 +

[

s12(3k
m
1 + km2 )Lm

1|2|3,4,...,8 + (2 ↔ 3, . . . , 8)
]

(B.8)

+
[

(s12 − s13)s23L1|23|4,...,8 + (2, 3|2, 3, 4, . . . , 8)
])

,

where the building blocks L were defined in [29], e.g. L1|2,3,4,5 = J1|2,3,4,5 as well as

Lm
1|2,...,6 = Jm

1|2,...,6 +
[

km2 J12|3,...,6 + (2↔3, . . . , 6)
]

. Their unrefined instances Lm1...mr

1|A1,...,Ar+4

can also be explicitly obtained using the alternative algorithm in (A.12).
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Although straightforward to check, the relations (B.5) to (B.8) contain a hidden sys-

tematics noteworthy of uncovering. To this effect, we rewrite the BRST-exactness solution

of loc5pt1 in terms of BRST invariants (see equation (10.1) of [29]):

loc5pt1 = QL1|2,3,4,5 = ∆1|2,3,4,5 + km1 Cm
1|2,3,4,5 , (B.9)

which manifests BRST invariance rather than locality. We can interpret (B.9) as the

statement that the non-localities in the Berends-Giele expansion of km1 Cm
1|2,3,4,5 in (5.21)

are in fact spurious (which is easy to verify). Since the combinatorics of the Berends-Giele

expansion of the building blocks L and C is the same (see (A.12)), the conclusion is that

the ghost-number-two expression k1mLm
1|2,3,4,5,6 is also a local expression. Even though it

was not guaranteed to be the case, computing its BRST variation leads to the manifestly

local expression loc6pt1 .

Similarly, the BRST-closed expression loc6pt1 can be rewritten in terms of non-local

BRST pseudo-invariants

Q
(

km1 Lm
1|2,3,4,5,6

)

= km1 ∆m
1|2,3,4,5,6 + km1 kn1C

mn
1|2,3,4,5,6 +

[

s12P1|2|3,4,5,6 + (2 ↔ 3, 4, 5, 6)
]

,

(B.10)

where again the locality of the left-hand side (i.e., loc6pt1 ) is obscured by the representation

with BRST (pseudo-)invariants on the right-hand side.

However, the same logic can be applied again: when promoting the BRST descendant

on the right-hand side of (B.10) to a BRST generator via Cmn...
1|A,B,C,D,E → Lmn...

1|A,B,C,D,E

and ∆mn...
1|A,B,C,D,E → 0, locality follows from the equivalence of the respective expansions

in terms of Berends-Giele currents. We therefore obtain the ghost-number-two terms

km1 kn1L
mn
1|2,3,4,5,6,7 +

[

s12L1|2|3,4,5,6,7 + (2 ↔ 3, 4, 5, 6, 7)
]

that are guaranteed to generate

a local ghost-number-three expression upon BRST variation. The fact that it exactly re-

produces the unique expression for loc7pt1 obtained by a brute-force search demonstrates

that the manifestly local BRST cohomology is empty at seven points (using the set of

building blocks from section 4).

Similarly, we use the promotion C → L and ∆ → 0 in the BRST variation of the

seven-point identity (see [29] or (A.12) for the anomaly superfields Λ1|...)

Q
(

km1 kn1L
mn
1|2,3,4,5,6,7 +

[

s12L1|2|3,4,5,6,7 + (2 ↔ 3, 4, 5, 6, 7)
])

= (B.11)

= k1 · k1234567Λ1|2,3,4,5,6,7 + km1 kn1∆
mn
1|2,3,4,5,6,7

+
[

s12∆1|2|3,4,5,6,7 + (2 ↔ 3, 4, 5, 6, 7)
]

+km1 kn1 k
p
1C

mnp
1|2,...,7 +

[

s12(3k
m
1 + km2 )Pm

1|2|3,...,7 + (2 ↔ 3, . . . , 7)
]

+
[

(s12 − s13)s23P1|23|4,5,6,7 + (2, 3|2, 3, 4, 5, 6, 7)
]

to obtain a local eight-point expression. Surprisingly, as already stated in (B.8), the out-

come of its BRST variation exactly matches the expression (B.4) and demonstrates that

the manifestly local BRST cohomology is empty at eight points.
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For completeness, the local expression (B.4) for loc8pt1 takes the following form in terms

of (pseudo-)invariants

loc8pt1 = Λm
1|2,3,...,8

(

3km1 (k1 · k12...8) +
[

km2 s12 + (2 ↔ 3, 4, . . . , 8)
]

)

(B.12)

+
[

(s12 − s13)s23Λ1|23,4,...,8 + (2, 3|2, 3, 4, . . . , 8)
]

+km1 kn1 k
p
1∆

mnp
1|2,3,...,8 +

[

s12(3k
m
1 + km2 )∆m

1|2|3,4,...,8 + (2 ↔ 3, 4, . . . , 8)
]

+
[

(s12 − s13)s23∆1|23|4,...,8 + (2, 3|2, 3, 4, . . . , 8)
]

+km1 kn1 k
p
1k

q
1C

mnpq
1|2,3,...,8 +

[

s12(6k
m
1 kn1 + 4km1 kn2 + km2 kn2 )P

mn
1|2|3,4,...,8 + (2 ↔ 3, 4, . . . , 8)

]

+
[

(6s12s13 + s12s23 + s13s23)P1|2,3|4,...,8 + (2, 3|2, 3, 4, . . . , 8)
]

+
[

s23(4(s12−s13)k
m
1 + (2s12−s13)k

m
2 + (s12−2s13)k

m
3 )Pm

1|23|4,5,6,7,8 + (2, 3|2, 3, . . . , 8)
]

+
[

(s12 − 2s13 + s14)s23s34P1|234|5,6,7,8 + (s12 − 2s14 + s13)s24s34P1|243|5,6,7,8

+(s13 − 2s12 + s14)s23s24P1|324|5,6,7,8 + (2, 3, 4|2, 3, 4, 5, 6, 7, 8)
]

,

and it can be used to obtain the (tentatively unique) BRST-closed manifestly local combi-

nation at nine points.

B.2 BRST-closed expressions using momentum conservation

We shall now repeat the above analysis in presence of momentum conservation and count

the number of manifestly local BRST invariants in an n-particle phase space. At five

points, k12345 = 0 gives rise to four independent local BRST invariants obtained from

permutations of

QD1|2|3,4,5 = ∆1|2,3,4,5 + km2 Cm
1|2,3,4,5 +

[

s23C1|23,4,5 + (3 ↔ 4, 5)
]

(B.13)

= Y1,2,3,4,5 + km2 V1T
m
2,3,4,5 − V12T3,4,5 +

[

V1T23,4,5 + (3 ↔ 4, 5)
]

in 2 ↔ 3, 4, 5. The earlier solution (B.5) then follows from a sum over the 2 ↔ 3, 4, 5

permutations of (B.13) via momentum conservation.

The non-obvious locality of km2 Cm
1|2,3,4,5+

[

s23C1|23,4,5+(3 ↔ 4, 5)
]

is not altered when

promoting C1|... → L1|..., and we can identify a six-point BRST generator from the first

line of (B.13),

Q(km2 Lm
1|2,3,4,5,6 +

[

s23L1|23,4,5,6 + (3 ↔ 4, 5, 6)
]

) (B.14)

= km2 ∆m
1|2,3,4,5,6 +

[

s23∆1|23,4,5,6 + (3 ↔ 4, 5, 6)
]

+km1 kn2C
mn
1|2,3,4,5,6 − s12P1|2|3,4,5,6 +

[

s23k
m
1 Cm

1|23,4,5,6 + (3 ↔ 4, 5, 6)
]

= km2 Y m
1,2,...,6 − Y12,3,4,5,6 +

[

Y23,1,4,5,6 + (3 ↔ 4, 5, 6)
]

+V1k
m
1 kn2T

mn
2,3,4,5,6 − s12V1J2|3,4,5,6 − V12k

m
1 Tm

3,4,5,6

+
[

V1k
m
1 Tm

23,4,5,6 + V13k
m
2 Tm

2,4,5,6 + V312T4,5,6 + (3 ↔ 4, 5, 6)
]

+
[

V13T24,5,6 + V14T23,5,6 + (3, 4|3, 4, 5, 6)
]

.

The locality of the right-hand side is clear from the locality of the BRST generator. Note

that the first line km2 Y m
1,2,...,6 − Y12,3,4,5,6 +

[

Y23,1,4,5,6 + (3 ↔ 4, 5, 6)
]

is separately BRST
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closed under k2 · k13456 = 0. They are expressible in terms of the BRST exact ∆1|... and

can be viewed as the anomaly analogue of the second line of (B.13). The five permutations

of the anomalous and the non-anomalous terms on the right-hand side of (B.14) under

2 ↔ 3, 4, 5, 6 exhaust the 5 + 5 manifestly local BRST invariants at six points as obtained

via a brute-force search with FORM.

At seven points, the BRST descendant in the third line of (B.14) can be promoted to

a BRST generator whose locality is guaranteed by the last three lines of (B.14),

Q(km1 kn2L
mn
1|2,3,4,5,6,7 − s12L1|2|3,4,5,6,7 +

[

s23k
m
1 Lm

1|23,4,5,6,7 + (3 ↔ 4, 5, 6, 7)
]

) (B.15)

= km1 kn2∆
mn
1|2,3,4,5,6,7 − s12∆1|2|3,4,5,6,7 +

[

s23k
m
1 ∆m

1|23,4,5,6,7 + (3 ↔ 4, 5, 6, 7)
]

+km1 kn1 k
p
2C

mnp
1|2,3,...,7 +

[

s23k
m
1 kn1C

mn
1|23,4,5,6,7 + (3 ↔ 4, 5, 6, 7)

]

− 2s12k
m
1 Pm

1|2|3,4,5,6,7

+
[

s13k
m
2 Pm

1|3|2,4,5,6,7 + s13s23P1|23|4,5,6,7 + (3 ↔ 4, 5, 6, 7)
]

+
[

s14s23P1|4|23,5,6,7 + s13s24P1|3|24,5,6,7 + (3, 4|3, 4, 5, 6, 7)
]

.

Hence, the right-hand side has to be local as well, as can be verified by explicit computation,

Q(km1 kn2L
mn
1|2,3,4,5,6,7−s12L1|2|3,4,5,6,7+

[

s23k
m
1 Lm

1|23,4,5,6,7+(3↔ 4,5,6,7)
]

) (B.16)

= km1 kn2Y
mn
1,2,3,4,5,6,7−s12Y2|1,3,4,5,6,7−km1 Y m

12,3,4,5,6,7

+
[

km1 Y m
1,23,4,5,6,7+km2 Y m

13,2,4,5,6,7+Y312,4,5,6,7+(3↔ 4,5,6,7)
]

+
[

Y13,24,5,6,7+Y14,23,5,6,7+(3,4|3,4,5,6,7)
]

+km1 kn1 k
p
2V1T

mnp
2,3,4,5,6,7−2s12V1k

m
1 Jm

2|3,4,5,6,7+V1k
m
2

[

s13J
m
3|2,4,5,6,7+(3↔ 4,5,6,7)

]

+
[

V13k
m
2 (2kn1 +kn3 )T

mn
2,4,5,6,7+km1 kn1V1T

mn
23,4,5,6,7−2V13s12J2|4,5,6,7+(3↔ 4,5,6,7)

]

−V12k
m
1 kn1T

mn
3,4,5,6,7+

[

s13(V1J23|4,5,6,7−V12J3|4,5,6,7)−s23V13J2|4,5,6,7+(3↔ 4,5,6,7)
]

+
[

V1(s13J3|24,5,6,7+(3↔4))+(3,4|3,4,5,6,7)
]

−
[

V132(2k
m
1 +km3 )Tm

4,5,6,7+(3↔4,5,6,7)
]

+
[

V14(2k
m
1 +km4 )Tm

23,5,6,7+V13(2k
m
1 +km3 )Tm

24,5,6,7+(3,4|3,4,5,6,7)
]

+
[

(V134+V143)k
m
2 Tm

2,5,6,7−(V1342+V1432)T5,6,7+(3,4|3,4,5,6,7)
]

+
[

(V145+V154)T23,6,7+(V135+V153)T24,6,7+(V134+V143)T25,6,7+(3,4,5|3,4,5,6,7)
]

.

In contrast to the six-point analogue (B.14), the anomalous terms

Y
(7)
1|2|3,4,5,6,7 ≡ km1 kn2Y

mn
1,2,3,4,5,6,7 − s12Y2|1,3,4,5,6,7 − km1 Y m

12,3,4,5,6,7 (B.17)

+
[

km1 Y m
1,23,4,5,6,7 + km2 Y m

13,2,4,5,6,7 + Y312,4,5,6,7 + (3 ↔ 4, 5, 6, 7)
]

+
[

Y13,24,5,6,7 + Y14,23,5,6,7 + (3, 4|3, 4, 5, 6, 7)
]

in the first three lines on the right-hand side of (B.16) are not BRST invariant by them-

selves. Instead, we have

QY
(7)
1|2|3,4,5,6,7 = −s12

(

V1k
m
2 Y m

2,3,4,5,6,7 − V12Y3,4,5,6,7 +
[

V1Y23,4,5,6,7 + (3 ↔ 4, 5, 6, 7)
]

)

= −s12Q∆1|2|3,4,5,6,7 , (B.18)

consistent with (B.15) and the fact that Q∆mn
1|2,3,...,7 = Q∆m

1|23,...,7 = 0. Accordingly,

〈Y
(7)
1|2|3,4,5,6,7〉 = −s12〈∆1|2|3,4,5,6,7〉 in the cohomology. The six permutations of (B.16) under
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2 ↔ 3, . . . , 7 are the only manifestly local BRST invariants at seven points which can be

built from our alphabet of building blocks. By the availability of the BRST generator on

the left-hand side of (B.16), all of them are excluded from the cohomology.

At eight points, a brute-force search with FORM identified seven BRST invariant linear

combinations of manifestly local building blocks, namely the 2 ↔ 3, . . . , 8 permutations of

Q
(

km1 kn1 k
p
2L

mnp
1|2,3,...,8+

[

s23k
m
1 kn1L

mn
1|23,4,...,8+(3↔4,5,6,7,8)

]

−2s12k
m
1 Lm

1|2|3,4,...,8 (B.19)

+
[

s13k
m
2 Lm

1|3|2,4,...,8+s13s23L1|23|4,...,8+(3↔4,...,8)
]

+
[

s14s23L1|4|23,5,6,7,8+s13s24L1|3|24,5,6,7,8+(3,4|3,4,5,6,7,8)
]

)

=−s12(k
m
2 Λm

1|2,3,...,8+
[

s23Λ1|23,4,...,8+(3↔4,...,8)
]

)

+km1 kn1 k
p
2∆

mnp
1|2,3,...,8+

[

s23k
m
1 kn1∆

mn
1|23,4,...,8+(3↔4,5,6,7,8)

]

−2s12k
m
1 ∆m

1|2|3,4,...,8

+
[

s13k
m
2 ∆m

1|3|2,4,...,8+s13s23∆1|23|4,...,8+(3↔4,...,8)
]

+
[

s14s23∆1|4|23,5,6,7,8+s13s24∆1|3|24,5,6,7,8+(3,4|3,4,5,6,7,8)
]

+km1 kn1 k
p
1k

q
2C

mnpq
1|2,3,...,8+

[

s23k
m
1 kn1 k

p
1C

mnp
1|23,4,...,8+(3↔4,...,8)

]

−3s12k
m
1 kn1P

mn
1|2|3,4,...,8+

[

s13k
m
2 (3kn1+kn3 )P

mn
1|3|2,4,...,8+(3↔4,...,8)

]

+
[

s13s23(3k
m
1 +km3 )Pm

1|23|4,5,...,8−s13(3s12+s23)P1|2,3|4,5,6,7,8+(3↔4,...,8)
]

+
[

(s13−s14)(s34k
m
2 Pm

1|34|2,5,6,7,8+s23s34P1|234|5,6,7,8−s24s34P1|243|5,6,7,8)+(3,4|3,4,...,8)
]

+
[

s14s23(3k
m
1 +km4 )Pm

1|4|23,5,6,7,8+s13s24(3k
m
1 +km3 )Pm

1|3|24,5,6,7,8+(3,4|3,4,...,8)
]

+
[

s23s45(s14−s15)P1|45|23,6,7,8+s24s35(s13−s15)P1|35|24,6,7,8

+s25s34(s13−s14)P1|34|25,6,7,8+(3,4,5|3,4,5,6,7,8)
]

.

The BRST generator inherits its locality from the seven-point analogue (B.15). Again, the

anomalous terms on the right-hand side of (B.19) are not by themselves BRST invariant.

Hence, by the BRST generator on the left-hand side of (B.19), none of the seven local

BRST invariants at eight points can belong to the cohomology. As long as we do not

consider superspace combinations beyond the building blocks of section 4, the manifestly

local BRST cohomology is therefore demonstrated to be empty at five to eight points.

C Eight-point anomalous building blocks

This appendix is dedicated to the refined anomalous building blocks at eight points that

enter the discussion of the eight-point correlator via (III.3.90) and do not vanish in the

BRST cohomology,

∆1|23|4,5,6,7,8 = Y23|1,4,5,6,7,8 + Y3|12|4,5,6,7,8 − Y2|13,4,5,6,7,8 (C.1)

+
(

Ym
123,4,5,6,7,8k

m
3 +

[

s34Y1234,5,6,7,8 + (4 ↔ 5, 6, 7, 8)
]

− (2 ↔ 3)
)

∆1|2|34,5,6,7,8 = Y2|1,34,5,6,7,8 + Y2|13,4,5,6,7,8 − Y2|14,3,5,6,7,8

+km2 Ym
12,34,5,6,7,8 +

[

s25Y125,34,6,7,8 + (5 ↔ 6, 7, 8)
]

+
(

km2 Ym
124,3,5,6,7,8 + s24(Y1234,5,6,7,8 + Y1324,5,6,7,8)

+
[

s25Y4125,3,6,7,8 + (5 ↔ 6, 7, 8)
]

− (3 ↔ 4)
)
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∆m
1|2|3,4,5,6,7,8 = Ym

2|1,3,4,5,6,7,8 + kp2Y
pm
12,3,4,5,6,7,8

+
[

s23Y
m
123,4,5,6,7,8 + km3

(

Y2|13,4,5,6,7,8 − kp2Y
p
213,4,5,6,7,8

)

−
[

km4 s23Y4123,5,6,7,8 + (4 ↔ 5, 6, 7, 8)
]

+ (3 ↔ 4, 5, 6, 7, 8)
]

.

Their BRST variations (5.39) can be rewritten such as to expose the kinematic poles

Q∆1|23|4,5,6,7,8 =
km23V1Y

m
23,4,...,8+V231Y4,5,6,7,8+

[

V1Y234,5,6,7,8+(4↔5,6,7,8)
]

s23
(C.2)

+
km3 V12Y

m
3,4,...,8−V123Y4,5,6,7,8+

[

V12Y34,5,6,7,8+(4↔5,6,7,8)
]

s12

−
km2 V13Y

m
2,4,...,8−V132Y4,5,6,7,8+

[

V13Y24,5,6,7,8+(4↔5,6,7,8)
]

s13
−V1Y2|3,4,...,8+V1Y3|2,4,...,8

Q∆1|2|34,5,6,7,8 =
km2 V1Y

m
2,34,5,...,8−V12Y34,5,6,7,8−V1Y342,5,6,7,8+

[

V1Y34,25,6,7,8+(5↔6,7,8)
]

s34

+
km2 V13Y

m
2,4,...,8−V132Y4,5,6,7,8+

[

V13Y24,5,6,7,8+(4↔5,6,7,8)
]

s13

−
km2 V14Y

m
2,3,...,8−V142Y3,5,6,7,8+

[

V14Y23,5,6,7,8+(3↔5,6,7,8)
]

s14
Q∆m

1|2|3,4,5,6,7,8 = V1k
p
2Y

mp
2,3,...,8−V12Y

m
3,4,...,8−km2 V1Y2|3,4,...,8+

[

V1Y
m
23,4,...,8+(3↔4,...,8)

]

+
[

km3
kp2V13Y

p
2,4,...,8−V132Y4,5,6,7,8+

[

V13Y24,5,6,7,8+(4↔5,6,7,8)
]

s13

+(3↔4,...,8)
]

which should therefore be present in the components of the ∆1|... superfields themselves.

Indeed, we shall now write down the bosonic components of the eight-point topology

∆1|2|34,5,6,7,8 in terms of Berends-Giele currents in the BCJ gauge, see [28] for more details.

〈∆1|2|34,5,6,7,8〉 = +
1

2
(Ak2

12F
mn
34 +Ak2

34F
mn
12 )ǫk

5k6k7k8e5e6e7e8mn+
1

2
Ae2

34ǫ
k1k5k6k7k8e1e5e6e7e8

−
1

4

[

(Fmn
12 Fpq

34 (k
2 ·e5)+Fmn

125F
pq
34s25)ǫ

k6k7k8e6e7e8mnpq+(5↔ 6,7,8)
]

+
1

2

[

(Fmn
214 (k

2 ·e5)+Fmn
4125s25)ǫ

k3k6k7k8e3e6e7e8mn+(5↔ 6,7,8)
]

−(3↔ 4)

+
1

2

[

(Fmn
214 (k

2 ·e3)+Fmn
1324s24+Fmn

1234s24)ǫ
k5k6k7k8e5e6e7e8mn−(3↔ 4)

]

+
1

2

[

(Ae2

13−2Ak2

213)ǫ
k4k5k6k7k8e4e5e6e7e8 −(3↔ 4)

]

+
1

12

[

1

s13

(

((k1 ·e2)−(k3 ·e2))(e1 ·e3)+((k2 ·e3)−(k1 ·e3))(e1 ·e2)

+((k3 ·e1)−(k2 ·e1))(e2 ·e3)
)

ǫk
4k5k6k7k8e4e5e6e7e8 −(3↔ 4)

]
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+
1

12s34

[

[

(k3 ·e2)(e3 ·e4)+((k2 ·e4)−(k3 ·e4))(e2 ·e3)
]

ǫk
1k5k6k7k8e1e5e6e7e8

−(3↔ 4)
]

+
1

4

[

Fmn
13 (e2 ·e5)ǫk

4k6k7k8e4e6e7e8mn+(5↔ 6,7,8)
]

−(3↔ 4)

+
1

4

[

Fmn
34 (e2 ·e5)ǫk

1k6k7k8e1e6e7e8mn+(5↔ 6,7,8)
]

+
1

4

[

Fmn
13 (e2 ·e4)ǫk

5k6k7k8e5e6e7e8mn−(3↔ 4)
]

+
1

4
Fmn
34 (e1 ·e2)ǫk

5k6k7k8e5e6e7e8mn
∣

∣

∣

θ=0
+fermions . (C.3)

Given that θ and fermionic wavefunctions are suppressed on the right-hand side, the su-

perfields Am
P and Fmn

P reduce to the bosonic Berends-Giele currents in the BCJ gauge [28].

The other topologies in (C.1) have similar expansions but were omitted and can be found

as computer-readable files attached to the arXiv submission. Although it is not manifest

in the form presented above, all four-channel sijkl poles turn out to be absent25 in every

eight-point topology of ∆. The three-channel poles sijk are however present (despite being

absent in the BRST variation).

D The BRST variations of local building blocks

In this appendix we list the BRST variations of every local building block appearing in the

one-loop correlators up to eight points that have not appeared as examples in the preceding

sections. The list below can be generated from the formulas given in the main text but

are presented here for convenience. Together with the examples from the main text, these

equations allow one to verify all claims related to BRST variations in this series of papers.

D.1 Scalar TA,B,C

Similarly, the BRST variations given in (4.3) are appended by

QT1234,5,6 = (k1 · k2)
[

V1T234,5,6 + V13T24,5,6 + V134T2,5,6 + V14T23,5,6 − (1 ↔ 2)
]

(D.1)

+(k12 · k3)
[

V12T34,5,6 + V124T3,5,6 − (12 ↔ 3)
]

+(k123 · k4)
[

V123T4,5,6 − (123 ↔ 4)
]

,

QT123,45,6 = (k1 · k2)
[

V1T23,45,6 + V13T2,45,6 − V23T1,45,6 − V2T13,45,6

]

+(k12 · k3)
[

V12T3,45,6 − V3T12,45,6

]

+(k4 · k5)
[

V4T123,5,6 − V5T123,4,6

]

,

QT12,34,56 = (k1 · k2)
[

V1T2,34,56 − V2T1,34,56

]

+ (12 ↔ 34, 56) ,

25This can be seen by inserting Fmn
1234 = km

1234A
n
1234 − Am

123A
n
4 − Am

12A
n
34 − Am

1 An
234 − (m ↔ n) into

Fmn
1234ǫ

k5k6k7k8e5e6e7e8mn and noting the consequence km
1234A

n
1234ǫ

k5k6k7k8e5e6e7e8mn = 0 of momentum con-

servation.
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QT12345,6,7 = (k1 · k2)
[

V1T2345,6,7 + V13T245,6,7 + V134T25,6,7 + V1345T2,6,7

+ V135T24,6,7 + V14T235,6,7 + V145T23,6,7 + V15T234,6,7 − (1 ↔ 2)
]

+(k12 · k3)
[

V12T345,6,7 + V124T35,6,7 + V1245T3,6,7 + V125T34,6,7 − (12 ↔ 3)
]

+(k123 · k4)
[

V123T45,6,7 + V1235T4,6,7 − (123 ↔ 4)
]

+(k1234 · k5)
[

V1234T5,6,7 − (1234 ↔ 5)
]

,

QT1234,56,7 = (k1 · k2)
[

V1T234,56,7 + V13T24,56,7 + V134T56,2,7 + V14T23,56,7 − (1 ↔ 2)
]

+(k12 · k3)
[

V12T34,56,7 + V124T56,3,7 − (12 ↔ 3)
]

+(k123 · k4)
[

V123T56,4,7 − (123 ↔ 4)
]

+(k5 · k6)
[

V5T1234,6,7 − (5 ↔ 6)
]

QT123,456,7 = (k1 · k2)
[

V1T456,23,7 + V13T456,2,7 − (1 ↔ 2)
]

+(k12 · k3)
[

V12T456,3,7 − (12 ↔ 3)
]

+(k4 · k5)
[

V4T123,56,7 + V46T123,5,7 − (4 ↔ 5)
]

+(k45 · k6)
[

V45T123,6,7 − (45 ↔ 6)
]

QT123,45,67 = (k1 · k2)
[

V1T23,45,67 + V13T45,67,2 − (1 ↔ 2)
]

+(k12 · k3)
[

V12T45,67,3 − (12 ↔ 3)
]

+(k4 · k5)
[

V4T123,67,5 − (4 ↔ 5)
]

+(k6 · k7)
[

V6T123,45,7 − (6 ↔ 7)
]

.

D.2 Tensorial Tm...
A,B,C,...

The vectorial BRST variations in (4.8) generalize to

QTm
1234,5,6,7 =

[

km1234V1234T5,6,7 + (1234 ↔ 5, 6, 7)
]

(D.2)

+(k1 · k2)
[

V1T
m
234,5,6,7 + V13T

m
24,5,6,7 + V14T

m
23,5,6,7 + V134T

m
2,5,6,7 − (1 ↔ 2)

]

+(k12 · k3)
[

V12T
m
34,5,6,7 + V124T

m
3,5,6,7 − (12 ↔ 3)

]

+(k123 · k4)
[

V123T
m
4,5,6,7 − (123 ↔ 4)

]

QTm
123,45,6,7 =

[

km123V123T45,6,7 + (123 ↔ 45, 6, 7)
]

+(k1 · k2)
[

V1T
m
23,45,6,7 + V13T

m
2,45,6,7 − (1 ↔ 2)

]

+(k12 · k3)
[

V12T
m
3,45,6,7 − (12 ↔ 3)

]

+(k4 · k5)
[

V4T
m
123,5,6,7 − (4 ↔ 5)

]

QTm
12,34,56,7 =

[

km12V12T34,56,7 + (12 ↔ 34, 56, 7)
]

+
[

(k1 · k2)(V1T
m
2,34,56,7 − (1 ↔ 2)) + (12 ↔ 34, 56)

]

,
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while the higher-multiplicity analogues of the tensorial BRST variations (4.17) read

QTmn
123,4,5,6,7 = δmnY123,4,5,6,7 +

[

k
(m
123V123T

n)
4,5,6,7 + (123 ↔ 4, 5, 6, 7)

]

(D.3)

+(k1 · k2)
[

V1T
mn
23,4,5,6,7 + V13T

mn
2,4,5,6,7 − (1 ↔ 2)

]

+(k12 · k3)
[

V12T
mn
3,4,5,6,7 − (12 ↔ 3)

]

QTmn
12,34,5,6,7 = δmnY12,34,5,6,7 +

[

k
(m
12 V12T

n)
34,5,6,7 + (12 ↔ 34, 5, 6, 7)

]

+(k1 · k2)
[

V1T
mn
2,34,5,6,7 − (1 ↔ 2)

]

+(k3 · k4)
[

V3T
mn
12,4,5,6,7 − (3 ↔ 4)

]

QTmnp
12,3,4,5,6,7 = δ(mnY

p)
12,3,4,5,6,7 +

[

k
(m
12 V12T

np)
3,4,5,6,7 + (12 ↔ 34, 5, 6, 7)

]

+(k1 · k2)
[

V1T
mnp
2,3,4,5,6,7 − (1 ↔ 2)

]

QTmnpq
1,2,3,4,5,6,7 = δ(mnY

pq)
1,2,3,4,5,6,7 +

[

k
(m
1 V1T

npq)
2,3,4,5,6,7 + (1 ↔ 2, 3, 4, 5, 6, 7)

]

.

D.3 Refined Jm...
A|B,C,...

The BRST variations of the refined building blocks JA|B,C,D,E that appear in the eight-

point correlator read,

QJ123|4,5,6,7 = km123V123T
m
4,5,6,7+

[

V[123,4]T5,6,7 + (4 ↔ 5, 6, 7)
]

+Y123,4,5,6,7 (D.4)

+(k1 · k2)
[

V1J23|4,5,6,7 + V13J2|4,5,6,7 − (1 ↔ 2)
]

+(k12 · k3)
[

V12J3|4,5,6,7 − (12 ↔ 3)
]

QJ12|34,5,6,7 = km12V12T
m
34,5,6,7 +

[

V[12,34]T5,6,7 + (34 ↔ 5, 6, 7)
]

+ Y12,34,5,6,7

+(k1 · k2)
[

V1J2|34,5,6,7 − (1 ↔ 2)
]

+ (k3 · k4)
[

V3J12|4,5,6,7 − (3 ↔ 4)
]

QJ1|23,45,6,7 = km1 V1T
m
23,45,6,7 +

[

V[1,23]T45,6,7 + (23 ↔ 45, 6, 7)
]

+ Y1,23,45,6,7

+(k2 · k3)
[

V2J1|3,45,6,7 − (2 ↔ 3)
]

+ (k4 · k5)
[

V4J1|23,5,6,7 − (4 ↔ 5)
]

QJ1|234,5,6,7 = km1 V1T
m
234,5,6,7 +

[

V[1,234]T5,6,7 + (234 ↔ 5, 6, 7)
]

+ Y1,234,5,6,7

+(k2 · k3)
[

V2J1|34,5,6,7 + V24J1|3,5,6,7 − (2 ↔ 3)
]

+(k23 · k4)
[

V23J1|4,5,6,7 − (23 ↔ 4)
]

,

see (4.26) for examples at lower multiplicity. The BRST variation of every tensorial Jm...

relevant to one-loop correlators up to eight points has been spelled out in (4.31).

D.4 Anomaly building blocks Y m...
A,B,C,...

The BRST variations (4.21) of anomaly building blocks generalize as follows to multiplicity

seven and eight,

QY123,4,5,6,7 = (k1 ·k2)
[

V1Y23,4,5,6,7+V13Y2,4,5,6,7−(1↔ 2)
]

(D.5)

+(k12 ·k3)
[

V12Y3,4,5,6,7−(12↔ 3)
]

QY12,34,5,6,7 = (k1 ·k2)
[

V1Y2,34,5,6,7−(1↔ 2)
]

+(12↔ 34)

QY1234,5,6,7,8 = (k1 ·k2)
[

V1Y234,5,6,7,8+V13Y24,5,6,7,8+V14Y23,5,6,7,8+V134Y2,5,6,7,8−(1↔2)
]

+(k12 ·k3)
[

V12Y34,5,6,7,8+V124Y3,5,6,7,8−(12↔ 3)
]

+(k123 ·k4)
[

V123Y4,5,6,7,8−(123↔ 4)
]
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QY123,45,6,7,8 = (k1 ·k2)
[

V1Y23,45,6,7,8+V13Y2,45,6,7,8−(1↔ 2)
]

+(k12 ·k3)
[

V12Y3,45,6,7,8−(12↔ 3)
]

+(k4 ·k5)
[

V4Y123,5,6,7,8−(4↔ 5)
]

QY12,34,56,7,8 = (k1 ·k2)
[

V1Y2,34,56,7,8−(1↔ 2)
]

+(12↔ 34,56)

QY m
12,3,4,5,6,7 =

[

km12V12Y3,4,5,6,7+(12↔ 3,4,5,6,7)
]

+(k1 ·k2)
[

V1Y
m
2,3,4,5,6,7−(1↔ 2)

]

QY m
123,4,5,6,7,8 =

[

km123V123Y4,5,6,7,8+(123↔ 4,5,6,7,8)
]

+(k1 ·k2)
[

V1Y
m
23,4,5,6,7,8+V13Y

m
2,4,5,6,7,8−(1↔ 2)

]

+(k12 ·k3)
[

V12Y
m
3,4,5,6,7,8−(12↔ 3)

]

QY m
12,34,5,6,7,8 =

[

km12V12Y34,5,6,7,8+(12↔ 34,5,6,7,8)
]

+(k1 ·k2)
[

V1Y
m
2,34,5,6,7,8−(1↔ 2)

]

+(k3 ·k4)
[

V3Y
m
12,4,5,6,7,8−(3↔ 4)

]

QY mn
1,2,3,4,5,6,7 = k

(m
1 V1Y

n)
2,3,4,5,6,7+(1↔ 2,3,4,5,6,7)

QY mn
12,3,4,5,6,7,8 =

[

k
(m
12 V12Y

n)
3,4,5,6,7,8+(12↔3,4,5,6,7,8)

]

+(k1 ·k2)
[

V1Y
mn
2,3,4,5,6,7,8−(1↔2)

]

QY mnp
1,2,3,4,5,6,7,8 = k

(m
1 V1Y

np)
2,3,4,5,6,7,8+(1↔ 2,3,4,5,6,7,8) .

The BRST variations of refined anomaly building blocks relevant to (n ≤ 8)-point correla-

tors are spelled out in (4.34).
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