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1 Introduction

This is the first part of a series of papers [1-3] towards the derivation of n-point one-loop
correlators of open- and closed-superstring states using the pure-spinor formalism [4, 5].
When we refer to section and equation numbers from the papers II and III, these numbers
will be prefixed by the roman numerals II and III accordingly.

A variety of recent developments revealed hidden simplicity and unexpectedly rich
structures in scattering amplitudes of string theories. Many of these findings can be at-
tributed to the boost in computational reach due to the manifestly supersymmetric pure-
spinor formalism [4-12]. For instance, pure-spinor methods enabled the first three-loop



computation in the low-energy limit of the four-point closed-string amplitude [13] and gave
rise to a strikingly compact form of n-point tree-level amplitudes [14, 15].

The pure-spinor computation at tree level paved the way for string-theory realizations
and extensions of recent unifying relations among field-theory amplitudes. For instance,
using a local representation of the massless n-point disk correlation function, manifestly lo-
cal numerators satisfying the color-kinematics duality [16] in gauge-theory amplitudes were
systematically constructed [17].} Locality refers to the absence of kinematic poles in the
superspace kinematic factors of the correlator: all the propagators in the color-kinematics
dual gauge-theory amplitudes stem from the field-theory limit of the moduli-space integrals
over disk worldsheets. The first main goal of this series of papers is to generalize these
results to loop level and to construct local correlators on a genus-one surface.

Moreover, the n-point disk amplitudes [14] were later on found in [20] to share the
structure of the Kawai-Lewellen-Tye (KLT) formula [21] for supergravity trees. In relating
the open superstring to supergravity, one copy of the color-ordered gauge-theory trees in
the KLT formula are mapped to so-called Parke-Taylor integrands (212223 . .. znl)_l with
2ij = zj—z;. This mapping rests on the fact that disk integrals of Parke-Taylor type share
the Bern-Carrasco-Johansson (BCJ) relations [16] of gauge-theory tree amplitudes [20]. We
will refer to these phenomena as a double-copy structure of disk amplitudes and a duality
between kinematics and worldsheet functions. The second main goal of this series of papers
18 to find a one-loop incarnation of the duality between kinematics and worldsheet functions
that results in a double-copy structure of open-superstring amplitudes [22].

While tree-level correlators are completely determined by their singularity structure en-
coded in the OPEs of the vertex operators, the quest for genus-one correlators is guided by
additional constraints: the homology cycles of the genus-one surface translate into a notion
of double-periodicity in its complex coordinate. As we will see in part 11, double-periodicity
does not hold term-by-term in the genus-one correlators. Instead, the monodromies of in-
dividual terms cancel in similar patterns as the BRST variations of kinematic factors in
pure-spinor superspace.? This will not only be a crucial guiding principle in constructing
local representations of genus-one correlators in part III but also furnish a key incarnation
of the duality between kinematics and worldsheet functions.

Apart from the parallels in their BRST- and monodromy variations, the kinematic
building blocks and worldsheet functions in this work resonate in their symmetry properties
under exchange of external legs. In a local form of the correlators, kinematic building
blocks exhibit Lie-symmetries in several groups of labels, which translate into kinematic
Jacobi relations in the tree-level subdiagrams of the field-theory limit [17, 23, 24]. The
worldsheet functions of part II in turn are designed to vanish under shuffle products in
several groups of labels which is reminiscent of the Kleiss-Kuijf relations of gauge-theory
tree amplitudes [25]. Combinations of Lie- and shuffle symmetric objects are tailor-made
to realize the permutation invariance of the correlators. At the same time, this symmetry

L Also see [18, 19] for a string-theory derivation of the resulting Bern-Carrasco-Johansson relations among
color-ordered gauge-theory amplitudes at tree level.

2BRST-invariance of a kinematic factor in pure-spinor superspace implies its components to be both
gauge invariant and supersymmetric [4].



structure is well known in the mathematics literature from a theorem by Ree [26] in the
context of Lie polynomials [27]. Therefore we say that the local one-loop correlators of
part III have a Lie-polynomial structure.?

We will also explore manifestly BRST-invariant but non-local representations of the
correlators in part III, where the kinematic building blocks are dressed with the tree-
level propagators. The resulting supersymmetric Berends-Giele currents [23, 28] and their
BRST-invariant combinations [29] realize shuffle symmetries on the kinematic side. Simi-
larly, monodromy invariance of the correlators can be manifested by organizing the world-
sheet functions into so-called generalized elliptic integrands (GEIs), see [22] and part II. In
contrast to conventional elliptic functions, GEIs may involve loop momenta of the chiral-
splitting formalism [30-32] that transform as well when punctures are taken along the
homology cycle and cancel the monodromies of Jacobi theta functions.

In part III, we will present expressions for (n < 7)-point correlators in terms of BRST-
invariant superfields and GEIs such that both kinds of invariances are manifest. Given
that BRST-invariant superfields and GEIs are shown in part II to obey the same kinds
of relations, the role of kinematics and worldsheet functions can be freely interchanged.
This generalizes the (n—3)!-term representations of tree-level correlators [14], where gauge-
theory trees and Parke-Taylor factors enter on symmetric footing [20]. In analogy to
these tree-level results, the one-loop amplitudes computed from such correlators are said
exhibit a double-copy structure [22]. In the same way as the double-copy representations
of gravitational loop integrands [33, 34] hinges on the color-kinematics duality in gauge
theories, the duality between kinematics and worldsheet function reveals a double-copy
structure in one-loop open-superstring amplitudes.

A brief executive summary for the combined parts [1-3] of this series is as follows. In
the first sections we will have self-contained discussions to set up preliminary notions re-
garding the pure-spinor formalism (section 2), local superfields (sections 3 and 4), non-local
superfields (section 5) and one-loop worldsheet functions (section I1.2.2). Several impor-
tant relations and interplays among these first sections are pointed out and thoroughly
illustrated too. For instance, section 11.4.4 discusses several parallels and dualities between
the non-local kinematic building blocks of section 5 and worldsheet functions that are built
from the constituents in section 11.2.2. Then, in section II1.2.2, after a brief discussion
pointing out the Lie-polynomial structure of the local n-point tree-level correlators, we
will argue that also the local n-point one-loop correlators of the open superstring have a
Lie-polynomial form. Namely,

n—4
1 .
Kn(l) = Z ﬁ(VAlTZ{:::ZTTHZZ{::%H + [12...n]4y, ... ,AT+4]> + corrections, (1.1)
r=0

where V4 and T ") are local kinematic building blocks satisfying Lie symmetries while

ZZI'.'...”Z\ZH are functions on the genus-one worldsheet satisfying shuffle symmetries (the

unconventional notation for the permutations is explained in detail in the appendix II1.A).

3Note that this same Lie-polynomial structure is already present in the calculation of the tree-level
correlator in [14], but it remained unnoticed until now.



The need for “4 corrections” at n > 7 points will be elaborated in detail invoking
e.g., locality, BRST invariance, single-valuedness and several other related technical as-
pects introduced in the first sections. In section II1.3.3, a multitude of representations
for the correlators with n = 4,5,6,7 is presented. The n = 8 correlator is proposed and,
while it satisfies many non-trivial constraints, it fails to be BRST invariant by terms pro-
portional to the holomorphic Eisenstein series G4. Unfortunately, this points to a certain
weakness of our method since any Eisenstein series is a monodromy-invariant function with
no dependence on the worldsheet punctures. (We leave it as an open challenge for future
work to determine the kinematic coefficients of Gy in (n > 8)-point correlators.) Further
representations for the correlators are presented in section I11.4.4, which is concerned with
the explicit integration of the loop momentum in both open- and closed-string one-loop
amplitudes. Several rather technical discussions are left to the appendices.

Finally, one should not be overwhelmed by the total number of pages of this series; the
wide areas of both mathematics and physics that it touches lead to several relationships
and beautiful connections. The final results for the correlators are in fact quite compact.

2 Basic formalism

In this section we will review certain aspects of the one-loop amplitude prescription in the
minimal* pure-spinor formalism [5]. In the later sections, this prescription will be used as a
basis to formulate a general approach to assemble integrands for n-point open-superstring
amplitudes at one loop from standard constraints such as single-valuedness and BRST
invariance, among others.

Conventions. Throughout this work, we will use the shorthands

Zij = 2 — Z%j, (2.1)
for the worldsheet positions and
1 P
kén =0, gp = k{n + k;n +oet k;gL’ 512..p = 5'16%2[) = Z Sij (22)
1<j

for multiparticle momenta and Mandelstam invariants, where s;; = (k; - k;). Vector and
spinor indices of the ten-dimensional Lorentz group are denoted by m,n,... =10,1,...,9
and o, 5,...=1,2,...,16, respectively.

Our convention for (anti)symmetrizing r vector indices does not include a factor of %
and it always generates unit coefficients for each inequivalent term, even in the presence of
symmetric tensors; for instance A™B™ = A™B" 4+ A"B™ as well as

§mngp) = gmnge 4 smegn 4 gpgm (2.3)

4See [12] for the one-loop amplitude prescription in the non-minimal pure-spinor formalism.



2.1 The pure-spinor amplitude prescription

The prescription to compute n-point one-loop amplitudes for open superstrings is [5]

A=Y oy [ ar Qa0 2ViG [T [ s 0300 (2.4
j=2

top Drop

where the Beltrami differential p and the modulus 7 encode the topological information
of the genus-one surface. The sum runs over all open-string worldsheet topologies at one
loop: the planar and non-planar cylinder as well as the Mobius strip. For each topology the
integration domain Dy}, for the modulus ¢ and the color factors Ciop have to be adjusted
and the region of integration over the z; variables must reflect the ordering of the vertex
operators insertions on its boundaries [35], see section 2.1.1 below. Using translation
invariance of the path integral, the position z; can be fixed to z; = 0, but it is customary
to carry it unfixed in the formulas.

Moreover, the prescription (2.4) uses picture-changing operators® collectively denoted
by Z and detailed in [5] as well as a composite b-ghost of schematic form

b = (Ild + N3O + J0) d5(N) + (wdO\ + JON + NOJ + NON)§(N)
+(NTI + JII + 0TI + d*)(TI6(N) + d?6'(N))
+(Nd + Jd)(905(N) + dII§'(N) + d*6"(N))
+(N? + JN + J*)(d08d'(N) 4 11?6’ (N) + I1d*6" (N) 4 d*6""(N)) , (2.5)

where the worldsheet fields on the right-hand side will be introduced below. The com-
plicated expression (2.5) poses difficulties in a direct evaluation of (2.4) at multiplicities
above four, especially when OPE contractions involving the b-ghost b(zg) are considered.
For the five-point correlator, these contributions were shown to be total worldsheet deriva-
tives with respect to zo and therefore could be dropped in the integrated amplitude [36].
However, starting at six-points, the OPE contributions involving the b-ghost may intro-
duce non-trivial functions of the punctures into the correlator although the dependence on
2o ultimately drops out.® The expressions for one-loop correlators to be proposed in the
later sections provide evidence that such OPE contractions can be reduced to zero-mode
contributions.

When all the external states are massless, the unintegrated vertex operator V;(z;) of
conformal weight zero is given by”

Vi(z) = \* Al (2, 0), (2.6)
while the integrated vertices U;(z;) are

. . 1 )
Ui(zs) = 00 Al (2,0) + T A (w,0) + da W' (2,0) + SNy (2,6) . (2.7)

The ingredients of Z = Z; [[n_, Zp, [ [}, Yo, are explained in [5].

5An explicit example of a related cancellation can be found in appendix B of [37] in the parity-odd sector
of one-loop amplitudes in the RNS formalism.

"For ease of mnotation, the dependence on z; via A%(z),z™(2),0%(z) as well as 90%(z),[1™(z),
da(z), N™"(z) is left implicit on the right-hand side of (2.6), (2.7) and later equations.



The vectorial and spinorial polarizations of the i*" gluon and gluino as well as their
light-like momenta k; enter through the ten-dimensional super-Yang-Mills superfields
[AL, AL W, F™] to be reviewed in section 3.

The bosonic pure spinor A% in (2.6) has conformal weight zero and obeys
(\™A) =0, (2.8)

where v = g, denote the 16 x 16 Pauli matrices of SO(1,9) subject to the Clifford
algebra ’ygg'y")m = §™"§},. Note that the symmetry properties of antisymmetrized Pauli

matrices are ,yo%np = —fy;na"p and 7,77 =y 7"

for odd rank as well as v, = —y™" 8
and ™4, B = M8 | for even rank.

Integrated vertices (2.7) involve the Lorentz-current N of the pure-spinor ghost,
and IT"™ = 9z2™ + %(07”89) as well as d, are supersymmetric combinations of the matter

variables in the pure-spinor worldsheet action [4].

2.1.1 Open-string integration domains

The vertex-operator locations or punctures need to be integrated over the torus or over
the boundary components of the cylinder and the Maobius strip. For open strings, the
integration over the boundaries has to match the cyclic orderings of the accompanying
color factors: each external state carries color degrees of freedom encoded in Lie-algebra®
generators t%, and the color dependence of the amplitude enters via traces.

Given a torus of modular parameter 7 in the parameterization of figure 1, one can
obtain the open-string worldsheets via suitable involutions [41, 42], resulting in a purely
imaginary modular parameter 7 in case of the cylinder. The cylinder boundaries By 2 will
be taken to be the B-cycle through the origin and the point z = %, respectively,

1
Blz{Z:iV70§V§’T‘}, BQ:{Z:2+iV,0§V§’T‘}, (29)

i.e. they are separated by half the A-cycle. After using translation invariance to fix one
puncture as z; = 0, the integration domain associated with the single trace tr(t't?...¢")
is characterized by 0 < Im(z2) < Im(z3) < ... < Im(2,) < Im(7), and similar choices
can be made for the Mobius strip [41, 42]. Double traces tr(t'#%...#/)tr(t/+1 ... ¢") are
exclusive to the cylinder topology, and one may define analogous domains where the two
cyclic orderings are implemented on B 2 in (2.9).

Additionally, the modular parameters need to be integrated, e.g. over 7 € /R, in case
of the cylinder. As indicated in (2.4), the integrations over the different topologies along
with their color traces are denoted by the subscript top.

2.1.2 Functional integration and OPEs

The worldsheet fields [00%, 11", d,, N™"] in the integrated vertices (2.7) have conformal
weight +1 and can be integrated after separating off the zero modes. Using d,(z) as an

8For the type-I superstring, the gauge group has to be chosen as SO(32) in order to guarantee cancellation
of infinities [38] and gauge anomalies [39, 40].
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Figure 1. Parameterization of the torus through the lattice C/(Z+7Z) with an identification of
points z with their translates z+1 and z+7 along the A- and B-cycle.

example, in a genus-g surface one gets
g ~
do(2) = dlwi(2) + da(z), (2.10)
=1

where w;(z) are g holomorphic one-forms normalized as 55 A, dzwy(z) = 077 when integrated
around the A-cycles. The non-zero modes cza(z) in turn are characterized by ¢ A, dz cza(z) =
0. In addition, when the holomorphic one-forms are integrated around the B-cycles one
gets the period matrix Q5 = fB[ dzwy(z). Note that wi(z) = 1 at genus one, and the
parameterization of the torus in figure 1 involves the period matrix fB dz =71 with 7 € C
and Im7 > 0.

The non-zero modes are functionally integrated through OPE contractions, in partic-
ular at genus one we have

do(2)K(0) = Do K (0) g™ (z,7), 1" (2)K (0) = —k™K(0) gV (z,7),
do(2)IT™(0) = (Y™00(0))a g™ (2, 7) da(2)dg(0) — =251, (0) gM (2, 7),  (2.11)
da(2)0°(0) = 62 g (2, 7) N™™(2)A*(0) — —%(A(O)vm”)a gD (z,71),
where the worldsheet singularities are captured by [5] (0 = %)
g(l)(z, 7) = 0logbi(z,7), (2.12)

and the standard odd Jacobi theta function with ¢ = exp(2wi7) is given by

o0

01(z,7) = 2¢"/® Sin(ﬂ'z)H(l —q") (1 —¢"e”™) (1 — g"e *™%) . (2.13)

n=1

In the above OPEs, K (z) represents a generic superfield which depends on §%(z) but not
on any derivative 0"0%(z) for n>1, and whose x dependence is entirely contained in the
plane-wave factor? e**. The functional integration of the variables 2™ (z,%Z) gives rise to the
so-called Koba-Nielsen factor and will be reviewed in the next subsection. The above OPEs
can be read off from their tree-level counterparts [4, 43] via the substitution 2 — gV (z,7).

9To avoid factors of 4 in the formulae, we depart from the standard conventions of real momenta and
redefined k™ — k™.



It turns out that the four-point amplitude computed with the pure-spinor formalism
does not involve any OPE contraction; its outcome is based purely on zero-mode integra-
tions [5]. Therefore, the n-point amplitude admits at most n—4 OPE contractions, and
it will be explained in the later sections I1.7.7 and I11.4.4 that this gives rise to modular
forms of weight n—4 after integrating over the zero modes of II"™ in (2.4).

2.1.3 Zero-mode integrations

The non-zero modes of the worldsheet fields are integrated out using OPE contrac-
tions (2.11), and a systematic procedure to capture the resulting tensor structures will
be reviewed in section 3. Similarly, as in the tree-level correlator, we will assume that the
OPE residues which feature double poles have been absorbed into single-pole residues using
integration-by-parts identities [14]. The net effect of such manipulations can be accounted
for via multiparticle superfields in the BCJ gauge [28] to be reviewed in subsection 3.4.

Once all non-zero modes are integrated out in that manner, the correlator (2.4) will
depend only on the zero modes of the worldsheet variables [d,(z), N™"(z),II"(z)] and
[A%(2),0%(z)]. In this section we outline a practical procedure to integrate them using
the pure-spinor zero-mode measures defined in [5]. Unlike the other worldsheet fields, the
zero mode of II"™(z) is denoted with a different symbol ¢™, called the loop momentum. Its
integration will be discussed in the context of chiral splitting, see subsection 2.2.

As explained in [5], in performing the path integral of the prescription (2.4) the role
of the picture-changing operators Z is to ensure that all bosonic and fermionic zero modes
are absorbed correctly. In doing this it will be convenient to start integrating out d, and
N™" while leaving the zero modes of 11", A* and 6% to be dealt with at later stages. The
reason for this is that the integrations over d, and N™" can be performed, under mild
assumptions, using group-theory arguments alone. This will lead to effective rules which
will then be used as input on section 4 to define local kinematic building blocks based on
the multiparticle SYM superfields of section 3.

To see how this comes about, the first thing to note is that in integrating out the zero
modes d, and N™" using the pure-spinor measures of [5] one introduces two pure spinors
A% into the rest of the path integral. In addition, since the picture-changing operators
contribute a fixed number of ten fermionic d,, zero modes, an additional six zero modes must
come from the b-ghost and the external vertices (2.7). We will consider the contributions
from two classes of terms in the b-ghost (2.5), given by b(®) = I1d?§(N) and b®) = d*§'(N).

When the b-ghost contributes b®*) = d*d’(N), the external vertices must provide the re-
maining two d,, zero modes. However, there must also be a N™" zero mode due to the factor
of &'(N) [5]. Therefore, the non-vanishing configuration of zero modes from the external ver-
tices must be proportional to dodg N"™". Given the expression (2.7) for integrated vertex op-
erators, this contribution is of the schematic form UsUsUy — dadBNmnWQO‘W?)ﬂ EF", see sec-
tion 3.4 for multiparticle generalizations. Taking into account the introduction of two pure
spinors from the pure-spinor measures, the integration of the factor dadgNmnWQO‘Wf e
from the external vertices can be summarized as

[ @5 @0dads N <5 (300075, (2.14)



where the integral sign represents the integration using the zero-mode measures of [5].
Up to an overall coefficient, this is the unique outcome because there is only one two-form

irreducible representation in the tensor product of two pure spinors and two Weyl spinors!'?

[0,0,0,0,2] @ [0,0,0,0,1"* = [0,1,0,0,0] 4 - - - . (2.15)

Hence, the net contribution from this sector to the correlator is given by a unique Lorentz-
scalar combination of superfields

/ VY OULUsU, — (AymWa) My Wa) FI™ + cye(2,3,4) . (2.16)

Similarly, when the b-ghost contribution comes from the term b?) = IId2§(N), the external
vertices must provide four d, zero modes, and this time there is no need for an additional
N™n_ Therefore, b?) requires the external vertices to contribute dad5d7d5W2°‘Wf w, Wg ,
see section 3.4 for multiparticle generalizations. One can show that, up to an overall
coeflicient, the effective rule for integrating these zero modes is given by

[ BRSOV daddsds = (9O )a (2.17)

The argument to see this is similar to (2.15): there is a single vector representation in the
tensor product of \2W4,

[0,0,0,0,2] @ [0,0,0,0,1]"* = [1,0,0,0,0] 4 -- - . (2.18)

Therefore the unique Lorentz-invariant overall contribution from this zero-mode sector can
be summarized by the following superfield combination

/b(Z)U2U3U4U5 — fm()\’}/aWQ)()\’}/ng)(W4’yabmW5) -+ perm(2, 3,4, 5) . (2.19)

In section 4 we will see how (2.19) motivates the introduction of tensorial local building
blocks that capture the kinematics of one-loop correlators.
The above rules are readily generalized for additional instances of zero modes of 11",

/ T2 . T @4 (N ) dadg NPT — £710m2 0" (AP) (M) (2.20)
/ ™ T Td?6(N)dadgdyds — €™ 0™ Ly (AY) (M) s(Y7™ )y - (2:21)

The analogues of (2.16) and (2.19) for the remaining terms of the b-ghost (2.5) besides b(?)
and b are currently out of reach. Instead, we will infer their contributions to one-loop
correlators from first principles to be detailed in section I11.2.4. Up to integration-by-parts
equivalent terms, b2 and b®) provide the highest numbers of zero modes of d,, N™" and
therefore start to contribute at the lowest multiplicities. Using these zero-mode consid-
erations it follows that the loop integrand for n-point open-string amplitudes (2.4) is a
polynomial of degree n—4 in the loop momentum /.

We acknowledge the use of the LiE program in these decompositions [44].



2.1.4 Pure-spinor superspace

The angle brackets ((...)) in the amplitude prescription (2.4) represent the complete path
integral over all the worldsheet degrees of freedom. After integrating the zero modes of d,,
N™" and all the other variables except for \* and ¢, these ((...)) are replaced by (...)
which represent the remaining functional integration over zero modes of A% and 6%. In
integrating the variables in this order, the kinematic factors become expressions in pure-
spinor superspace as defined in [45]. Pure-spinor superspace compactly encodes all states
in the supermultiplet, and the components can be extracted using the prescription [4]

(3™6) (7"0) (A770) (6smns)) = 2880 (2.22)

for integration over zero modes of A* and #¢. In fact, the amplitudes exhibit their most
convenient form when written in pure-spinor superspace, i.e. without performing the inte-
gration in (2.22), and will be represented as such in this series of papers.

A key feature of the measure (2.22) is its interplay with the BRST operator

9 1 9
— D,  Dy=-2 1 tmg. 9
@ ge T3V Dogm

As pointed out in [4], the measure (2.22) is only sensitive to the cohomology of @: BRST-

(2.23)

closed superfields @QS(z,0,\) = 0 are mapped to gauge invariant and supersymmetric
components in (S(x,0,\)), whereas BRST-exact terms decouple, i.e. (E(z,0,))) = 0 if
E(x,0,)\) = QX(x,0, ). This cohomology structure can be exploited to obtain non-trivial
relations among seemingly different superspace expressions including amplitudes at differ-
ent loop orders [46].

2.2 Chiral splitting of the Koba-Nielsen factor

The zero-mode integrations of the matter variables x"(z,%) or equivalently II"(z) is per-
formed employing the techniques of the chiral-splitting formalism of [30-32]. The idea is to
defer the zero-mode integration for II"™ within the path integral in (2.4) to the last step of
the amplitude computation!! and to interpret it as a string-theory antecedent of the loop
momentum in Feynman integrals, to be denoted by

M= édz Inm(z). (2.24)

k-

In this setting, the contributions from the plane-wave factors e”?* can be reproduced from

the Koba-Nielsen factor

n n -
In(g) = exp <Z Sij log 01 (Zz'j, 7') + Z Zj(f . kj) + 47”€2> R (2.25)

i<j j=1
and our notation Z,(¢) for the Koba-Nielsen factor omits its dependence on the variables

2j, kj, 7. Chiral splitting can be easily undone: in a closed-string context, the loop integra-
tion comprised by the path integral ((...))ciosed Over left- and right movers reproduces the

HMore formally, chiral splitting is implemented by inserting the integrated delta function 1 =
[dPesP e — $,dz1I"(z)) into the path integral.
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more conventional and modular invariant form of the Koba-Nielsen factor,

z, - ﬁ ) T / dPe |Z,(0)| (2.26)
j=1

(2II'H7—)7 i<j mT

On the one hand, the combination log !01(z,r)|2 — 2% (Imz)? in the exponent exhibits

double periodicity under translations z — z 4+ 1 and z — z 4+ 7 around the homology
. )2
Imz)” o hstructs

cycles of the Riemann surface. On the other hand, its second term ~
holomorphic factorization of the moduli-space integrand for closed-string amplitudes.

In an open-string context, the path integral ((...)) in (2.4) only comprises half the
non-zero modes of ™ as compared to its closed-string counterpart ((...)closed i (2.26).
Accordingly, the plane-wave correlator of the open string yields half of the Koba-Nielsen

exponent,

Foven _ << ﬁekj.x(zj,zﬂ» _ / Pt |Z,(0)] (2.27)
j=1

_em” (iszj [log 161(215,7)| — MD ,

(Im7)2 i<j Im 7

while the loop integration is the same as in (2.26) since the loop momentum is a joint zero
mode of left- and right movers in ((. . .))closed- The purpose of writing the last line of (2.27) in
terms of Im z; and Im 7 is to have a universal expression for all the topologies of open-string
amplitudes in (2.4): while the punctures and modulus of a planar cylinder diagram are
accounted for by purely imaginary choices of z;, 7, the non-planar cylinder and the Mdobius
strip also introduce real parts for some of zj, 7, see e.g. [41, 42]. Still, one has to keep
in mind that there is no distinction between holomorphic and antiholomorphic variables
in an open-string setup when taking total derivatives of the Koba-Nielsen factor (2.27).
Accordingly, open and closed strings give rise to the same equivalence classes of correlators
with respect to total-derivative relations as discussed in section I1.2.3.

Zero-mode integrations at multiplicities higher than four require generalizations
of (2.26) and (2.27) and will be discussed in sections I1.7.7 and I11.4.4.

2.2.1 Definition of open-string correlators

The main challenge to be addressed in this work is to determine the dependence of the
open-string amplitude (2.4) on the polarizations and momenta. The universal Koba-Nielsen
factor (2.25) due to plane waves will be stripped off from

(1,5 2 Vi) [T Uz = / 4P |Z,(0)] (Ka(0)) - (2.28)
j=2

The residual task is to identify kinematic factors K, (¢) in pure-spinor superspace that
depend on the loop momentum as well as the zero modes of A%, #¢ and capture the superfield

— 11 —



kinematics arising from the path integral. Given their origin from integrating out all the
non-zero modes as well as the zero modes of d, and N™", we will henceforth refer to these
kinematic factors IC,,(¢) as correlators. They carry the key information on the amplitudes

A= Ciop | drdedes ... dz, / AP | T, (0)] (K (D)), (2.29)

top Dtop

and the computational methods and organizing principles for correlators to be developed
in this work are tailored to reveal hidden double-copy structures.

2.2.2 Closed-string correlators and amplitudes

By virtue of chiral splitting, left- and right-moving worldsheet degrees of freedom com-
pletely decouple at the level of the loop integrand, and closed-string correlators are ob-
tained from holomorphic squares of their open-string instances. More precisely, the n-point
closed-string amplitude reads

M, = | Prd®zndz ... dz, /dDE |Z, ()| (I (£)) (Kn(—=0)), (2.30)
F

where F denotes the fundamental domain of the modular group SLy(Z) and the punctures
zj are integrated over a torus of modular parameter 7. The reflection £ — —/¢ in the right-
moving correlator is due to our normalization conventions for external momenta. Finally,
the tilde in K, instructs to replace the super-Yang-Mills superfields (A% AL W, Fmn
by another copy, where the Weyl spinors have the same (opposite) chirality for type-1IB
(type-ITIA) superstrings.

In situations where both K, (¢) and K, (—¢) depend on ¢, we will see in section II1.4.4
that quadratic and higher terms in the loop momentum introduces vector contractions
between left- and right-moving superfields proportional to 7/(Im 7), see e.g. [47, 48] and [49,
50] in cases of maximal and reduced supersymmetry, respectively. This exemplifies how the
double-copy structure of the closed-string integrand in (2.30) disappears after performing
the loop integration [51]: while (K, (€)) (K,(—¢)) is evidently a holomorphic square of open-
string correlators, its loop integral over [d”¢|Z,(¢)[* no longer factorizes. That is why
chiral splitting is a convenient framework to study the double-copy properties of gravity
amplitudes from a string-theory perspective.

By the appearance of open-string correlators ), in closed-string amplitudes (2.30),
they need to be well-defined functions on the torus, at least after integration over ¢. In
particular — after stripping off a global factor of (Im7)~5 — the loop integral over |Z,|*kC,,
and |Z,,|2K,,K,, must have modular weight (n—4,0) and (n—4,n—4), respectively.

3 Multiparticle SYM superfields

After introducing a convenient notation we review the recursive construction of multipar-
ticle super-Yang-Mills superfields of [23]. A special emphasis will be given to their local
representatives, as they will play an essential role in the construction of one-loop correlators
in later sections.
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3.1 Combinatorics on words

Let us first introduce a notation based on words and review a few associated results that
will be used in the rest of this work. Good introductions to the combinatorics on words
and related subjects can be found in [27, 52].

In dealing with objects that contain multiple particle labels, one is faced with many
permutations and associated operations acting on the labels of the participating particles.
A convenient framework to handle such things is to use the notion of words and linear maps
acting on them. As such, permutations!? of particle labels referring to the external legs are
encoded in words composed from letters in the alphabet of natural numbers; {1,2,3,...}.

Words will be written in upper-case (e.g. P = 134256) and its letters in lower-case
(e.g. i = 3). The length of the word P = p1psy...p, is the number n of its letters and is
denoted by |P|. The reversal of the word P = pip2 ... py, is the word P=p,...pp1.

The concatenation product of the words P = p1...p, and Q = ¢1 ... ¢y is the word
PQ =pi...pnq1-..qm. The empty word is denoted by () and it is the unit with respect to
the concatenation, i.e. P() = )P = P. Unless otherwise noted, labeled objects are defined
to be zero when their label is the empty word (such as the momentum kj' = 0).

The deconcatenation of a word P into two words is denoted P = XY and is given by all
pairs of words X, Y such that P = XY under concatenation (with obvious generalization
for P = XY Z etc). For example, the deconcatenation of P = XY when P = 312 is given
by the words (X,Y): (0,312),(3,12),(31,2) and (312, (). The deconcatenation map often
occurs as a summation condition, e.g.

Tp= Y FxFy = Ts=FyFy+ FsFia+ FaiFy + FanFy (3.1)
P=XY

for arbitrary labeled objects 1" and F'. The shuffle product of words of length n and m is
defined recursively by

DLIA=ALLD = A, AUB =aq(ay...an WB) +bi(by...by LLIA), (3.2)

and it generates all (ZTnT!)! possible ways to interleave the letters of A and B without

changing their orderings within A and B. For example,

112 =12+21, 12013 =123+ 132+ 312, (3.3)
1211134 = 1234 + 1324 + 1342 + 3142 + 3124 + 3412.

A word P is said to be a shuffle of X and Y if it appears in their shuffle product, i.e. if
P e X LY. From the examples (3.3) it follows that 3142 is a shuffle of 12 and 34.

The deshuffie of P is denoted P = X LLIY and is the sum of all pairs of words X,Y
such that P is a shuffle of X and Y. An efficient algorithm that generates X,Y in the
deshuffle of P follows from the linear map §(P) = X ® Y defined by

d(aray...an) =d6(ar)d(az)...0(an), 0(a;)=0®a;+a; @0, 5@)=0x0. (3.4)

12Words with repeated letters do not appear in the context of scattering amplitudes.
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For example,

i) =01+1x0, (3.5)

5(12) =6(1)6(2) = (P21+10)(l®2+200)=02124+102+2®1+12®0,

§(123) = 6(12)0(3) = (V@124 12421+ 1200) 023+ 3 0)
=0®123+1®23+2®13+1203+3®12+13®2+231+123®0.

An alternative characterization is 0(P) = > (P, X LLIY) X ® Y where (-, -) denotes the
scalar product on words defined by

1, fA=8B

’ . (3.6)

(A,B) =048, oaB = )
0, otherwise

We will see in section 3.4.4 that the deshuffle coproduct describes the BRST variation of
local multiparticle superfields just like the deconcatenation describes the BRST variation
of their non-local counterparts.

As words are restricted to be permutations of the letters {1,2,3, ...}, an explicit sum
over permutations is often represented by a sum over words, e.g.

ZTP_Z > T (3.7)

|[P[=1ae{p1,....p|p}

Furthermore, two common operations on words are given by the left-to-right bracketing
map ¢(A) and the rho map p(A). They are defined recursively as [27]

0(123...n) =4(123...n—1)n —nl(123...n—1), i) =1, (0) =
p(123...n) =1p(23...n) —np(123...n—1), p(i) =1, p(0) =

for example ¢(123) = 123 — 213 — 312 4 321 and p(123) = 123 — 132 — 312 + 321. In
sections 3.4 and 5.1 these maps will be used, among other applications, in the discussion of

(3.8)

0,
0 (3.9)

superfields in the BCJ gauge and as a practical prescription to convert non-local Berends-
Giele currents into their local counterparts. There is a vast literature dealing with these
and similar maps in the context of free Lie algebras, see for instance [27].

In addition, unless otherwise noted every labeled object considered in this series of
papers is linear on words, e.g. Tarp = T4+ Tp. This linearity will be frequently exploited
to avoid unnecessary summation symbols, for instance

Tavs= Y, T», Z T, . (3.10)
occALLIB ocel(A
To further illustrate the above points, the Kleiss-Kuijf amplitude relations [25] among Yang-
Mills tree amplitudes become Apig, = (*1)‘P‘A1(Pu_|Q)n’ while the symmetry [28, 53]
obeyed by the Berends-Giele currents [54] is written as K45 = 0.
In this work we use the convention that whenever words of external-state labels in a
subscript are separated through a comma (rather than a vertical bar), the parental object
is understood to by symmetric under exchange of these words. For example,

Tapec=Tace=TBac. (3.11)
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In addition to denoting a sum over permutations with standard notations such as
TaTpcp+ (A< B,C,D)=TaTpcp +TTacp +TcTapp +TpTapc, (3.12)

more general permutations will be handled with the notation +(A, B|A, B,C, D); it in-

structs to sum over all ordered combinations of the words A, B taken from the set
{A, B,C, D}, for example

TATBTQD + (A, B|A, B, C, D) = TATBTC,D + TATCTB,D =+ TATDTB@' (3.13)
+TBTcTa,p +1TBTpTac +TcTpTaB.

Generalizations of the form +(Ay,... A,|A1, ... Aptm) for a total number ("Zm) of terms
follow similarly.

3.2 Single-particle

A ten-dimensional covariant description of the SYM equations of motion makes use of four
types of superfields seen in the vertex operators (2.6) and (2.7): the gluino and gluon
potentials A,(x,0), A™(x,0) and their field-strengths W%(x, ), and F™"(z,0). They
satisfy the following linearized equations of motion [55, 56]

DaAB + DﬁAa = 'YZLﬁAm D, A, = ('YmW)a + O Aa
1
Do Frp = 8[m(')’n]w)a DaWB = Z('Ymn)aﬂan7 (3.14)
13

see (2.23) for the supersymmetric derivative D, in D = 10 superspace.
We will use the collective notation

K; € {Ag(ac, 0), A (x,0), W (x,0), F/"" (x,0)} (3.15)

for the four types of superfields describing the i*" external leg in an open-string ampli-
tude (2.29). The superfields K; will be referred to as single-particle superfields.

3.3 Two-particle

The vertex operators (2.6) and (2.7) for massless states in the pure-spinor formalism are
expanded in terms of single-particle superfields. The computation of OPEs among the
above vertex operators as required by the CFT amplitude prescription in the pure-spinor
formalism leads to a natural definition of multiparticle superfields [23]. In contrast to the
standard description of (3.14), these superfields encompass more than a single particle
label. For example, after absorbing the double poles into total derivatives, the single pole
in the OPE Uj(21)U2(z2) can be written as [57]

1
Utp = 007 A" + T Ayl + do Wiy + SN Fy)

mn

(3.16)

BWe will freely swap kp, <> Om without warning due to our convention ik, — ku,.

,15,



where the two-particle superfields are given by
1
A2 = -3 [AL(K" - A%) + AL (Y"W?)o — (1 2)] (3.17)

P~ pm

1
A2 = S[ALRZ, — AL (- A7)+ (W) — (16 2)],

1
W = ("W F, + WS - A) = (162),

Fo = kg 407 = kP Al — (k1 - ko) (A, A7 — AL A7)

The last line involves the two-particle momentum k7% = k"+k%", see (2.2) for the defini-
tion of multiparticle momenta. By virtue of (3.14), one can check that the two-particle

superfields (3.17) satisfy the following equations of motion:

DAL = vup Ay + (k1 - ko) (Ag A% + A5A2), (3.18)
DAy = (ymW ') + ki Ag? + (1 - k) (Ag A7, — AZAL) |
1
DaWiy = (7"™)a " Fjf 4 (k- ka) (AL — AZW),
DaFpy, = ki (W' )a = ky? (ymW'2)a + (k1 - ko) (AGF, — A% Fp)

+(k51 ’ k2)(A}L('YmW2)a - A?L(’mel)a - A}n(’YnW2)a + A?n(’YnWI)a) )

which augment the linearized equations of motion in (3.14) by contact terms ~ ky - k2. Up
to BRST exact terms [23], the two-particle version

Vig = \*AL2 (3.19)

of the unintegrated vertex operator also appears in the OPE Vj(z1)Ua(z2). Written in
terms of the BRST charge Q = A*D,,, the equations of motion (3.18) become

QViz = (k1 - k2)V1 V2, (3.20)
QATy = (MymWhia) + ki3Via + (k1 - ko) (V1IAY — V2 ATY),
1
QWi = 7 (M) FI5" + (k- ko) ViV — Vo),
QF3" = k{3(M"Wi2) — kiy (M Wig) + (ki - ko) (ViEFS™ — Vo FT™)
+ (k1 - ko) (AT (A" W) — A3 (MW" Wh) — AT (A" Wa) + AZH (MW" W),

where the term (Ay™A)AL? is absent by the pure-spinor constraint (2.8).

3.4 Multiparticle

Higher-point amplitudes can be elegantly described by multiparticle superfields that contain
information on multiple particles at once. These superfields not only played a fundamen-
tal role in the derivation of the n-point disk amplitude in [14] but will also simplify the
description of one-loop correlators.
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3.4.1 Multiparticle vertex operators

As shown in [23], there is a multiparticle generalization of the above superfields,
Kp e {Aéj’AZ’W]%’F]T”}’ (3.21)

that is suggested by iterated OPE calculations among vertex operators. Up to total deriva-
tives and BRST-exact terms, the results of iterated OPEs boil down to the generalization

1
Vp=XAL ) Up=00°AL 1M AL + d WE + 5J\f””mF,f:m : (3.22)

of (3.19) and (3.16). The appearance of d, and N, in (3.22) immediately addresses
the generalization of the zero-mode integration in section 2.1.3 to higher multiplicity,
where (2.16) and (2.19) become

/ bYVUAUBU = MymWa) (M W) FE™ + cyc(A, B, C) (3.23)
/ VAULUBUUD = iy (MyaWa) AN WB)(Wery™™ W) + perm (A, B,C, D),  (3.24)

see section 4 for the systematic construction of tensorial superfield building blocks.

3.4.2 Lie symmetries of multiparticle superfields

The construction of multiparticle superfields (3.21) is detailed in section 3 of [23]: recursive
equations following the structure of (3.17) are augmented by certain algorithmic redefini-
tions, which conspire to total derivatives or BRST-exact terms and were later identified
as standard non-linear gauge transformations in [28]. More importantly, the symmetries
resulting from these redefinitions are characterized by the generalized Jacobi identities or
Lie symmetries (see section 8.6.7 of [27]),

Kapyo + Kpyaye =0, A,B#0, VC, (3.25)

where ((A) is the left-to-right bracketing (3.8). These are the same symmetries obtained
by the following string of structure constants,

Kigsy. p <> [f1202 fo2des postas | fop-iptp (3.26)
and their simplest examples read

Kioc + Koic =0, VC
Ki3c + Kagic + K312¢ =0, VC (3.27)
Ki23ac + Kora3c + Kszai12c + Kazo1c = 0, VC.

By the correspondence (3.26) with contracted structure constants, the first two lines
of (3.27) are the kinematic counterparts of the antisymmetry f'2¢ = — f21% and the Jacobi
identities f12¢f230 4 cyc(1,2,3) = 0. More generally, the correspondence (3.26) between the
symmetries of color and kinematic factors lines up with the BCJ duality between color and
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Figure 2. The correspondence between local multiparticle superfields K23.., = Kp and tree-level

1]

< Kioz. p, = Kp

subdiagrams.

kinematics [16]: multiparticle superfields Kp implement the BCJ duality in the tree-level
subdiagram of figure 2 [23]. Accordingly, superfields that satisfy the symmetries (3.25) are
said to be in the BCJ gauge [28].

Since the symmetries (3.25) are unchanged for any suffix word C, multiparticle super-
fields Kp preserve the symmetries of their lower-multiplicity counterparts. For instance,
the symmetry K9 + K21 = 0 (when C' = ()) carries over to Kj23 + K213 = 0 (when C' = 3)
and so forth for arbitrary C.

3.4.3 Nested bracket notation for superfields in BCJ gauge

Since the superfields Kp in the BCJ gauge satisfy the same generalized Jacobi symmetries
as nested brackets £(P) = [[...[[p1,p2], 3], - - -], Pn], it is convenient to use a notation where
this is manifest. To this effect, a word P is understood as having a nested bracket structure
P — ((P) and we define!*

Kp = Kypy, (3.28)

for instance, K12 = K[ 9] and K123 = K[[19)3)- The Jacobi symmetry allows the definition
of local superfields with a even more general bracketing structure such as Kq gy It
then follows from Baker’s identity [27],

U(A), €(B)] = (AU(B)), (3.29)
that it is always possible to flatten brackets within local superfields,
K481 = Kypa),u) = Keaesy) = Kaep - (3.30)
For example,
K1 9) = Kyy2) = Kz, (3.31)
Ko 3 = Ki23) = K23,

K1231) = Ki2g34) = K1234 — K243,

K1 12,34 = Kue23a) = Ki23a — K324 — Kz + Kig32

Of course, one can check that the right-hand side of the last identity can also be written
as —Ks341. The above relations are equivalent to the Jacobi identities used in the context

4Note, however, that in the definition Kp = K,(py one must not expand the Dynkin bracket as it would
imply that K[(p) = |P|Kp since Kp satisfies the generalized Jacobi identities. So it is important to stress
that (3.28) is a notational device.
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Figure 3. The planar binary tree associated with the multiparticle superfield K4 p;.

of kinematic numerators subject to the BCJ duality. They can be visualized as flattening
out of the planar binary tree associated with the two branches A and B (see figure 3). In
the context of the pure-spinor superstring, the identities (3.31) have been firstly derived
in [14, 15] for the special case Kp = Vp as a consequence of the BRST algebra obeyed by
Vp to be reviewed below.

3.4.4 BRST variation of BCJ-gauge superfields

In evaluating the BRST variations of multiparticle superfields one is faced with an inter-
esting pattern. Explicit calculations using the equations of motion of the single-particle
superfields in the generalization of the definitions (3.17) to a multiparticle setup reveals
the following behavior, for example [23]

QL =0, (3.32)
QVi2 = (k1 -k2)V1 V2,
QViaz = (k1 - k2) [ViVas + VisVa] + (k12 - k3)Vi2Vs,
QVizsa = (k1 - k2) [ViVasa + VigVaa + ViaVag + VizaVa)
+(k12 - k3) [ViaVas + VioaVs] + (k123 - ka)Vias Vi,
QVigzas = (k' - k%) [ViVasus + VisVaus + VizaVas + Visas Vo
+Vi35Vaa + ViaVass + ViasVas + VisVosa)

+(k" - k) [Vi2Vaas + ViaaVas + Viaas Vs + Vios Vad]
+(k' - k") [VigsVis + Viss Vi
+ (" ) Vigsa Vs .

It turns out that the deconcatenation and deshuffle maps defined in section 2 can be used
to capture not only these identities for Vp but also for the other multiparticle superfields
in a precise manner.!> That is, one can show that multiparticle superfields Kp in the BCJ

1511 previous papers these BRST variations were formulated using sets and the powerset operation. Since
sets are by definition unordered, this characterization was imprecise. This is rectified in (3.33) by using
words together with the deshuffle map.
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gauge satisfy the following BRST variations (ky = 0) [23]

QVe = > (kx-kj) VxrVjs, (3.33)
P=XjY
Y=RLLIS
QAR = (\Y"Wp) + kpVp + Y (kx - k) [VxrATs — VirA%s] |
YRl
1
QWp = JO0™PEL, + 3 (k- k) [VxrWWjs — VirWig]
P=XjY
Y=RLLIS
QFE™ = 2K O Wp) + 7 (kx - k) [VarF" + 245, 0™ Wjs) — (X 45 5)] |
P=XjY
Y=RLLS

where P = XjY denotes the deconcatenation of the word P into the word X, a single letter
j, and a word Y. Moreover, Y = RLLS denotes the deshuffle of the word Y into the words
R and S, see section 2 for more details and examples. To illustrate how these definitions
are used, the first line of Q11234 in (3.32) is generated by one of the deconcatenation
terms of P=1234=XjY, namely X=1,7j=2,Y=34, and gives rise to four terms VxgrVjg
according to the deshuffle 6(34) = {(0,34), (3,4), (4,3), (34,0)}.

Note that when applying the formula (3.33) to QV, the deconcatenation in 1 = XjY
implies that at least two words among X, j and Y are empty. By defining ky = 0 the
momentum contraction (ky - k;) vanishes and we get the correct answer.

4 Pure-spinor superspace: local superfields

In this section we motivate and define a family of local kinematic building blocks for one-
loop open-string amplitudes. On the one hand, they will be demonstrated to capture the
contributions to the correlators (2.28) in pure-spinor superspace arising from the b-ghost
sectors described in section 2.1.3. On the other hand, these building blocks are intertwined
by their BRST variations: this defining property will be referred to as BRST covariance
and shown to be the suitable starting point for local and BRST invariant correlators.

The non-local counterparts of the subsequent building blocks in the form of super-
symmetric Berends-Giele currents have been considered in [29], and we now complete that
discussion by explicitly presenting their local versions. In the appendix D we display the
BRST variations of every local building block relevant for correlators up to multiplicity
eight. A subset of these local building blocks has been used in the construction of the four,
five and six-point one-loop amplitudes of ten-dimensional SYM in [24] and the six-point
string amplitudes in [37].

4.1 Scalars

The zero-mode integrations in the one-loop amplitude prescription (2.4) select certain su-
perfields from the vertex operators according to their associated worldsheet variables. For
example, the b-ghost zero-mode contribution of the form b®*) = d*§'(N) was argued to
require the zero modes d,dgN™" from the external vertices, see section 2.1.3. From the
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expression (3.22) for the multiparticle integrated vertex operator, these zero modes are
accompanied by superfields WﬁWgFgm. Then, by the resulting effective rule (3.23), one
is naturally led to the definition [29]

1 .
Tapc = g()\WmWA)()\%WB)an + cyclic(4, B, C) . (4.1)

Using the BRST variation of the multiparticle superfields (3.33), it follows that the BRST
variation of (4.1) is given by (ky = 0)

QTaBc = E (kx - k) [VxrTjs,8,0c — VirTxs,B,c] + (A + B,C), (4.2)
A=XjY
Y=RLLS

where the notation for the sums is explained below (3.33). For example, the BRST varia-
tions of all T4 p,c up to multiplicity five are given by

QTi23 =0, (4.3)
QTi234 = (k1 - k) [ViToza — VaTi 34,
QTi2345 = (k1 - ko) [ViThsas + VisTaas — VoTigas — VasTi a5
+(k12 - k3)[ViaTs,45 — VaTi2,45) ,

QTi2345 = (k1 - ko) [ViTosas — VaTigas) + (12 <> 34),
while the multiplicity-six and -seven BRST variations will be listed in the appendix D.
Since the right-hand side of the BRST variation (4.2) involves the same class of objects
Tp,c.p as seen on the left-hand side, the family of building blocks (4.1) is said to be BRST
covariant. The appearance of V4 on the right-hand side is inherited from the multiparticle
equations of motion (3.33) and an integral part of our notion of BRST covariance.

Note that T4 p ¢ is symmetric in A, B, C by its definition (4.1), in agreement with the
convention (3.11) adopted throughout this work.

4.2 Vectors

Vectorial building blocks can be defined from the zero-mode integrations of correlators that
contain a single loop momentum ¢ (the zero mode of II"). In this case, there are two
different classes of terms in the correlator (2.4), see section 2.1.3:

e (i) the b-ghost contributes b®* = d*§'(N) zero modes and the external vertices
gmdQNmn

e (ii) the b-ghost contributes £™d*5(N) via b?) and the external vertices d*

According to the zero-mode integrations (2.16) and (2.19), the superfield expressions for
the two cases above are given by

(i) AYTpcp and (i) Wi'p o p, (4.4)

where the effective rule (3.24) gives rise to

1
Wi'scp = E()\'anA)(AVPWB)(WC'ym”pWD) + (A,B|A,B,C,D). (4.5)
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The relative coefficient of these superfields is uniquely fixed as
Thpop=|[AXTpcop+ (A B,C,D)|+Wigcp (4.6)
once we impose the covariant BRST transformation

QTXpcp=FkiValscp+ Z (kx -kj) [VxrT}S oo — VirTXspop) + (A< B,C,D),

A=XjY
Y=RLLIS
(4.7)
for example, the BRST variations of all T’ 2? B.c.p up to multiplicity six are given by
QTih 34 = F'ViThp4+ (142,3,4), (4.8)

QTT5 345 = [Fi3Vi2Ts45 + (12 > 3,4,5)] + (k1 - ko) (ViT5%s 45 — VoI5 45) »
QT 53456 = [Kk153Vi2sTus6 + (123 < 4,5,6)]
+ (k1 - ko) [ViTo3 456 + VisT5 56 — (1 < 2)]
+(k12 - k3) [ViaT3ly 5.6 — (12 < 3)]
QTS 3456 = [K15Vi2Tsa56 + (12 < 34,5,6)]
(k- ko) [Tyl 56 — (1 ¢ 2)] + (ks - ka) [VaTi5 456 — (3 ¢ 4)]
while the examples at multiplicity seven are listed in the appendix D. In order to track

the origin of BRST covariance, we first compute the BRST variations of the superfields
in (4.4) to obtain

QAN TBcp = kXVaTgcp+ (M"Wa)TBc,D (4.9)
+ Z (k?X : kij) [VXRA% — (X — j)]TB@"D
A=XjY
Y=RLLIS
-+ Z (kX . /{?j) [VXRAZLT]'&C’D — (X <> j)] + (B < C, D),
B=XjY
Y=RLLIS
QWigep = —(M"Wa)Tpcep + (A< B,C,D) (4.10)
+ > (kx k) [VxrWE pop — (X < j)] + (A« B,C, D).
A=XjY
Y=RLLIS

The linear combination in (4.6) is tailored to cancel the non-covariant term (Ay"Wa)TB.c,p
in which the vector index is carried by a gamma matrix and one arrives at (4.7). The
remaining terms in (4.7) are compatible with the notion of BRST covariance: deshuffle
sums of TX?B,C, p itself or terms of the form &Y' VaTg ¢ p, where the vector index is carried
by momenta. As firstly observed in [13, 48], BRST covariant vector building blocks are
crucial for BRST invariance of closed-string amplitudes that contain vector contractions
between left- and right-movers.

The non-local counterparts of Ta,p.c and T\'p - , can be found in section 2.4 of [29].

4.3 Tensors

Local building blocks of higher tensor ranks can be defined from the zero-mode integrations
of correlators that contain higher powers of loop momenta. For instance, with two loop
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momental®

T¥% c.pm = AV AR Top g+ (A, B|A, B,C, D, B) (4.11)
+ AW p g+ (A« B,C,D,E)
= AXWgcprp+AiTEcpEr+ (A« B,C,D,E),

or three loop momenta,

TZ%{’C,D,E,F = Afélm %AlgTDE,F +(A,B,C|A,B,C,D,E, F) (4.12)
+ AN ARWE ), o o+ (A, B|A, B,C, D, E,F),
and in general,
T8 Fyr By = TBl,B2,BsAgzlAg§" AR+ (B1, By, B3|B1, Bs,..., Brys) (4.13)

’ BT+3

+WéTBz,Bg,B4Ag2- ALY 4 (By,...,Bi|B1,Bs,... Bris).

5 B s

Similarly as before, the terms in the first line originate from the II"II"2 ... 11" d,dgNp,
zero-mode coefficient in the external vertices under the integration rules (2.20). The second
line in turn originates from the b-ghost sector linear in II", see (2.21).

Straightforward but tedious calculations using the BRST variations (3.33) of multi-
particle superfields imply the rank-two variation,

QTyscpr =90"YaBoDE

kY VAT py s + (A ¢ B,C, D, E) (4.14)
+ Z (kx - k) [VxrTj§s.cpp — (X < j)] + (A< B,C,D,E),
A=XjY
Y=RLLIS

where the anomaly building block Y4 ¢ p r and its generalizations will be introduced in
the next subsection. Similarly, we find the following variation at rank three:

QTmnp Bs = 5(man)

Bi1,Ba,.. Bai,...,Bs
+hig Ve, TR g+ (Bi < Ba,..., By) (4.15)
+ Y (kxR [VXRTJSS, gy — (X < )] +(Bi Bs,..., Bg).
B1=XjY
Y=RLLIS

In general, the BRST variation is given by

mi...mpy _ s(mima ms...my)
QTBLBzw-,Br-s-s =9 YB17B27"'7B7‘+3
(m1 ma...Mmy)
ki Ve, T+ (By 4 By, Brys) (4.16)
mi...My .
+ D (kx k) [VxrTj 5 5, — (X ¢ §)] + (B1 ¢ Ba,..., Brys).
B1=XjY
Y=RLLS
Y6Unless otherwise noted or when written inside [. . .], the convention for summing over the permutations

(B1 > Ba,...,B,) applies only to the line in which the permutation appears.
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For example, the BRST variations of the two- and three-tensor 7';;  up to multiplicity

six are given by

QTS 45 = 0™ Y1545 + (K" ViTyh 45 + (1 ¢ 2,3,4,5)] , (4.17)
QT 456 = 0""Y123456 + [%’;VHTQ@,G + (12 4+ 3,4,5,6)]
(k- ko) [ViTS 56 — (1 ¢ 2)]
QTYS% 456 = 5(mny1%,3,4,5,6 + [kng1T£§?4,5,6 + (14 2,3,4,5,6)] ,

while the multiplicity-seven examples will be listed in the appendix D. Here, our notion of
BRST covariance is extended as follows: the admissible terms on the right-hand sides of
the variations are either deshuffle sums of the terms Tgﬁé:fi’ By.g O left-hand side along
with V4, or they comprise an anomalous superfield Yé’:f;_‘.‘fg:% to be introduced next.

The non-local counterparts of T' g1:::%:+3 can be found in sections 3 and 4 of [29].

4.3.1 Anomalous building blocks

One-loop amplitudes of the open superstring at n > 6 points are known to exhibit
a gauge anomaly before combining the worldsheet topologies [39, 40], also see [58].
The supersymmetric kinematic factor of the six-point anomaly derived with the pure-
spinor formalism in [59] was given in terms of the pure-spinor superspace expression
(MY W) (A" W3) (AYP W) (W5 YmnpWs). By promoting the W; to multiparticle superfields,
one arrives at its higher-point extension

1
Yapeone = 500" Wa) (M " We)APWe) (WD W) (4.18)
()\’YmWA)WE%C,D,E )

as well as its tensorial generalization

Ygﬁéﬁ?i,Br+5 = YBly~~~:B5AgzlAg72 e AmT) + (Blv T vB5‘Blv T vB?”+5) (4'19)

: B'r+5
= ATEEYBZZ?B3T?T7BT+5 + (B1 + By, Bs, ..., BT+5) ,
and their symmetry in By, Bs, ..., Byy5 follows from the pure-spinor constraint and group-

theory arguments [29]. These definitions enter the BRST variations (4.14) to (4.16) of
the higher-rank building blocks introduced above. By the arguments in appendix B.5
of [29], the bosonic components (Y™ Br+5> are parity odd, i.e. proportional to the

ten-dimensional Levi-Civita symbol.
The BRST variations of the anomaly building blocks (4.19) themselves are covariant

as well: they follow the structure of QT p.c, QT g o p and QT "y in (4.2), (4.7)
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and (4.16), respectively,!”

QYapcpe = Y (kx k) [VXRYJ’S,B,C,D,E - (X j)] + (A< B,C,D,E), (4.20)

A=XjY
Y=RLUS

QY 'scprr = kiVa¥poper+ (A« B,C,D,E,F)
+ 3 Chx) [VkrY i p.op.mr — (X 0 4)] + (A B,C.D, B, F),

A=XjY
Y=RILS

mi...m _(ma Ma...Mmy)
YB17BQ7“7:7BT+5 - kB1 VBlYB27~~,Br+5 + (Bl © B, .., B’"JFE’)

+ Z (kx - kj) [VXR%@,EQT_T’BT% - (X j)} + (B1 ¢ Ba,...,Bpys).

B1=XjY
Y=RLUS

For example, the BRST variations of the above anomaly building blocks up to multiplicity
six are given by

QY12345 =0, (4.21)
QY123456 = (k1 - k2)[ViYasas6 — VaY1,3456)
QY3456 = k"V1Yosza56 + (1> 2,3,4,5,6),

while the multiplicity-seven and -eight examples are listed in the appendix D. The non-local

counterparts of Yp' 5" can be found in sections 3 and 4 of [29].

4.4 Refined building blocks

In this section, we extend the system of T’ Et:_’:%:% by additional building blocks that pre-
serve the key property of BRST covariance. This extension is initiated by the observation
that the five-point linear combination k"V113% 45 + [ViaTs45 + (2 <+ 3,4,5)] is BRST
closed [48]. Indeed, one can identify a local BRST generator,

1
Jipsas = ATT3% 45 — 3 (A1 A2)Ts45 4 (2 4> 3,4,5)] (4.22)

1
= SAT (T35 + Wilsa) »
which reproduces the above terms along with an anomaly building block (4.18):
Q12,345 = KTVITs 45+ [VieTs a5 + (24 3,4,5)] + Y2345 (4.23)

Although the emergence of the expression (4.22) for Jy 3 45 from the amplitude prescrip-
tion is unclear, its independent study is motivated by the connection with the earlier
building blocks via BRST covariance.

We emphasize that label 1 enters (4.22) on special footing, i.e it does not participate
in the symmetrization of the other labels 2, 3,4, 5. That is why the notation for this refined

"The symmetry of Ya p.c,p.e in A, B,..., E and the BRST variation of Y{'5,c,p,E,F rely on the group-
mnp

theory fact that the tensor ta; .. .as = (AYm)ar (AVn)as (AVp)as Yagay is totally antisymmetric in oy to as and
that the vector to, .. a5 (AY™)ae) Vvanishes [29].
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label 1 separates it from the rest by a vertical bar.'® The refined building block J112,3,4,5
can be generalized to multiparticle labels. On top of promoting the superfields on the
right-hand side of (4.22) to their multiparticle versions A} and T3¢ p , BRST covariance
requires additional corrections ~ Hiy p) in

1
Jaeope=ARTE cpp— |:<H[A,B] + §(AA : AB)>TC,D,E + (B« C,D,E)|. (4.24)

A partial list of explicit expressions for local H4 p) can be found in [28]. The appearance
of the redefining superfields Hi4 p) in (4.24) is needed in order to write the following BRST
variation in terms of multiparticle superfields V4 in the BCJ gauge:

QJA|B,C,D,E = kEVATgtC,D,E + [V[A,B}TC,D,E + (B <~ C, D, E)] + YA,B,C,D,E
+ Z (kx - kj) [VxrJjsip.op.p — (X < )] (4.25)

A=X;jY
Y=RLILUS

+ Y (kx - k) [Virayscne — (X < §)] + (B C,D,E).
B=XjY
Y=RLLS

The brackets of the term V4 p) in the first line can be flattened via (3.30). For example,
the BRST variations of Jy g ¢ .p,r up to multiplicity six are given by

Q12345 = kKI'VITys 45+ [VieTsa5 + (242 3,4,5)] + Yi2345 (4.26)
QJ123.456 = k15Vi2T3 56 + [VizsTuse + (3 <> 4,5,6)] + Yiasas6

+(k1 - k2)(Vidozase — Vadizase) s
Q123,456 = KT'ViT53 456 — VasiTuse + [ViaTos 56 + (4 <> 5,6)]

+Y123456 + (k2 - k3)(VadJizas6 — Vadi24.56) »

while the multiplicity-seven examples will be listed in the appendix D. In checking the
BRST variations of the above refined building block it is convenient to note,

QDyp = V(A,B) + [ Z (kx - k;j)[VxrDjs,p — (X < j)] + (A< B)| , (4.27)
A=XjY
Y=RLLIS

where

[VA(/{?A ~Ap) + AT (A ymWg) + (A < B)] . (4.28)

1 ~ 1

4.4.1 Higher-rank tensors

One can also define higher-rank tensors following the same logic,

1
T 2 AN | (Hi iy + 540 Ap) VIR (B B B
(4.29)

¥Note that Ja|B,c,p,e can be interpreted as the refinement of 7% p r and should be denoted by
TaB,c,p, just like the other refined building blocks discussed below which share the parental notation,
see e.g. (4.32). This inconsistency in the notation is a hysterical artifact.
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In doing so, the word A separated by a vertical bar is said to be refined. Straightforward
but long and tedious calculations show that

My _ My m r) My
QUG 5, , = MAVATR B 4 6y i Y (4.30)
VB TR T+ kg Ve S5 ™, +(By e By, Bria)
+ 2 U ) [Vergi™ s, = (X )]
A=XjY
Y=RLLS
+ Z (kx - k) [VXRJAj$,Bs,..Brs — (X > §)] + (B1 ¢ Ba, ..., Brya),
B1=XjY
Y=RLUS

where the additional class of anomaly superfields Y,XTJ%’{'TTB ., in the first line will be defined

below. For example, the BRST variations of the above superfields up to multiplicity seven
are given by

Q1456 = k153456 + Y23456 (4.31)

V1215 5.6 + k3 Vadizase + (2 <> 3,4,5,6),

QJI534567 = k1oV12T8 s 67 + ViS5 4567
+V123T)s 6.7 + k5 VaJigja 567 + (3 ¢ 4,5,6,7)
+(k1 - k2) [V1J2T,|13,4,5,6,7 — (1« 2)} )

Qs ase7 = MiViTisaser + Yis34567
—Vas1Tys 6.7 + k53VasJ1ja5.6,7
V14155 5 6.7 + ki VaJija3 567 + (4 < 5,6,7)
(k2 - k3) Vol as67 = Valjaser) »

QI asa567 = KIViTysh 567+ 0" " Yipsaser + Y 254567
FVia T 6.7 + kS Vol 4567+ (24 3,4,5,6,7).

The inclusion of le‘g.l-mr Bria and their generalizations into our system of ghost-number

two building blocks is essential to rule out local cohomology objects: up to and including
multiplicity eight, they allow to identify a BRST generator for each local BRST-invariant
at ghost number three which is constructed from the alphabet of building blocks introduced
in this section, see the appendix II1.B for more details.

The non-local counterparts of le'lé‘l"f’_‘f B, can be found in sections 5 and 6 of [29].

4.4.2 Refined anomaly building blocks

One can also repeat the analysis above and define the refinement of the anomaly building
blocks. A covariant BRST variation written in terms of BCJ-gauge superfields fixes their
general definition to be

mi..mp
YA\317---7Br+6

1
§Agygj’j};gj;6 — [Hia, B YE, B+ (B¢ Ba,... ,Bryg)] . (4.32)
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One can show that the BRST variation is of the same structure as Q‘]XTEITTB L, in (4.30),

QYIQTJ;;TTBWG - kiVAYEI;Til-:,.EZ—G (4'33)

HViam YR+ R Ve, Y ;me + (B ¢ Bs,...,Bi¢)
+ > (kx - k) [VxrY U5 ir = (X 5)] + (Bu ¢ Ba,..., Brye)
B1=XjY

Y=RLLS
+ 3 e - k) [VarYjeli™ 5 = (X 6 5)].

A=X3Y

Y=RLLS

For example, the BRST variations of the above superfields up to multiplicity eight are

QYip34567 = KiViYas 4567+ [Vi2Ysas67 + (2 ¢ 3,4,5,6,7)] (4.34)
QY1934567.8 = FroVi2Ve 5678 + [Vi23Yas678 + (3 ¢ 4,5,6,7,8)]
+(k1 - k2) (ViYa3 45678 — (1 4+ 2)),
QY1j2345678 = FIViY3 45678 — Ves1Yasers + [ViaYas 5678 + (4 ¢ 5,6,7,8)]
+(k2 - k3) (VaYiza 5678 — (24 3)),
QYio345678 = KViYss 45678+ (VioYglh g+ k3 VaYisa s+ (24 3,...,8)].

The non-local counterparts of Y/ L""" can be found in section 6 of [29].
A|Bi1,.,Brt6

4.4.3 Higher-refinement building blocks

It is possible to generalize the degree of refinement of multiparticle building blocks in a
straightforward manner by contracting refined superfields with additional instances of A’}.

Jacobi currents. The first non-trivial instance of an additional refined slot can be ob-
tained by considering the term A}nJ;L3 1567 Lhe BRST covariance principle suggests the
definition to be

1
12134567 = A}nJQT?{zA,S,G,? 5 (A1~ A3) o567+ (3¢ 4,5,6,7)], (4.35)
since its (Q-variation can be expressed in terms of simpler building blocks,

Q12334567 = kK"Vidys 4567 Tk Vo3 4567+ Yij234567 + Yo 34567  (4.36)
+[Visdous67 + (34 4,5,6,7)] + [VasJijuse7 + (342 4,5,6,7)]

and therefore generalizes (4.23). The notation J1,23.4,5,6,7 = J2,13,4,5,6,7 reflects a symmetry
in the refined slots 1,2 which is not manifest from the definition (4.35).
To define a general recursion for arbitrary tensor ranks and arbitrary degree d of

refinement, it will be convenient to introduce

mi...my—1|my _ } P pmi..mp—1|my
A1, Ag| By, Bagrgs 2AA1WAQv--~’Ad|Bl’~--»Bd+r+3 (4.37)
mi..mp_1i|my
B [H[AlvBl]WAQ,...,Ad|B2,...,Bd+T+3 + (Bl AR B2’ o 7Bd+7“+3)] :
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Using this auxiliary superfield the recursion for refined currents J b of
AdIBl, Batrts
arbitrary refinement becomes
mi...Mmy — mi... My
JBl, wBryz = TB1, oBrys? (4'38)
M ...y _ pr PM .My + mi..mp|p
Aty Ad| By Bayrss = 97 AL [V Az, Ad|Brse s Bayrga Az, s Ag|B1ye s Bagrgs
N mi...Mme
H[ALBI]JAQ,...,Ad|BQ,A..,Bd+T+3 + (Bl AR B2’ Tt Bd+r+3) :
In general, for scalars of refinement d = 2, one finds
— m Tm
QJapiop,EFG = YaBcpEFG+ VAKY JEcp B et (A B) (4.39)

+Via,c)/Bip.EFG + ViBoyJapEFa + (C < D, EF,G)
+ Z (kx - k) [VxrJjs,pio.p,p,rc — (X < j)] + (A< B)

A=XjY
Y=RLLS

+ > (kx k) [VxrJapyspere — (X ¢ 4)] +(C< D,...,G),

C=XjY
Y=RLUS

and this will be the maximum degree of refinement present in the eight-point correlator.
For completeness, even higher degrees of refinement and tensor ranks are possible,

mi...my (mimay, m3...mr)
QJAI’ 7Ad‘Blv 7Bd+7‘+3 - 6 YAl, 714d|Bl7 7Bd+'r+3 (4'40)
(m1 ma...Mmy)
+k31 VBl JAly---yAd|B27---7Bd+r+3 + (Bl <~ BQ, . ,Bd+r+3)

Vv A1HA2,A3,...,Ad
V4,81 AQ, ,Ad\Bg, Batrts By < By, ..., Bairis

mi...my pmi...my
YAQ: Ag|A1,B1,...,Bayris + kAlVAlJ - Aq|B1,...,Bayris (Al Az, Ad)

3 (o k) VARG atm sy — (X 0 D]+ (A1 6 As, Ag)

A1=XjY

Y=RLLIS
+ Z (kX . k‘J) [VXRJ L Ad|]SBz, Basris X 7 } B1 < Bo, ..., Bd+7~+3) s
B1=XjY
Y=RLLIS
where the objects Ym3 Tz;l BiroBasrs in the first line will be defined next. The non-local
counterparts of W' *"r> Llms and Jm1 can be found in section 6

A1, Aq| By, Bayrys Ad|Bh Batri3

of [29].
4.4.4 Anomalous building blocks

The higher-refinement generalization of the local superfields discussed above can also be
applied to the anomalous building blocks. However, it turns out that already the simplest
scalar building block with a double refinement can only appear starting at nine points,

Yi203456789 = §A71n 203,4,5,6,7,8,9 (4.41)
More generally, defining anomaly building blocks with higher degree of refinement by

R 1 p ypmim, (4.42)

Y
Aty Ad|B1 oo, Bagrss 9 AL Az, Ad| Bl Bt

- [H[AhBl] A27~-~7Ad‘327~~-7Bd+r+5 + (Bl e BQ? R Bd+7"+5)] )
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their bosonic components are parity odd (cf. appendix B.5 of [29]) and their BRST varia-

tions inherit the structure of Q‘].ZIZZ:TZ\Bl Bairys D (4.40),

Qyml---mr —V y s A1 < AQ, Ag, . ,Ad
A1,..,Aq|B1, s Bayrys [A1,B1] Y Ag,...,Ag|Ba,.... Bayris By < Ba,

> (4.43)

ooy Bayras
mi...Mmp .
+ Z (kx - kj)(VXRE/J'S}AQV'WAd‘Bl7~~-7Bd+r+5 -(X e ‘7))
A]=XjY
Y=RLLIS
p pmL ..My
+ kAlVA1YA27'1"7Ad|Blv'“7Bd+7‘+5 + (Al < AQ’ e ,Ad)
mi..mp .
| D Ui k) (Va0 s By s — (X )
B1=XjY
Y=RLLS

+ kg?flVBlYZ?.'.'.'Z;\)BQ,.,,,Bd+T+5 + (B1 ¢ Bo, ..., Bd+T+5)] .

For example,
_ 1.P 14 p P
QYiopas56789 = V1Yo 56780 T F2V2Vi5456780 (4.44)
+V13Yopu 567,80 + VasYijus 6780 + (3 ¢ 4,5,6,7,8,9).

my...my

The non-local counterparts of YAl,...,AdIBl,...,Bd+T+3 can be found in section 6 of [29].

4.4.5 Trace relations

As an immediate consequence of their definition (4.24), refined scalar building blocks are
related to traces of unrefined tensors [29],

Smn T B 00 =2[JapcpE+ (As B,C,D,E)|. (4.45)
By the definitions (4.29) and (4.38), this generalizes to higher tensor rank

5”PT£anl,BZE =2 [ngl\é;n:-,Br-;—z’) + (Bl < By, ..., Br+5)] , (446)

and to higher degree of refinement, respectively [29]

npmi...Mmy _ m1...Myp
5”PJA1,...,Ad\Bl,...,Bd+7.+5 - 2[JAl,...,Ad,Bl\Bg,...,Bd+,.+5 + (Bi+By, .. ., Bd+7”+5)] : (4.47)

The same structures arise for anomaly building blocks

npmij...my _ mi... My
5”PYA1,...,Ad\Bl,...,Bd+r+7 - 2[YAl,...,Ad,Bl|Bz,...,Bd+T+7 + (Bi+ By, ... ’Bd+7"+7)] J (4.48)

and both of (4.47) and (4.48) can be straightforwardly iterated to express double traces

such as 5mn5quZ”? ?Xdl--. in terms of objects with degree of refinement d+2.
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5 Pure-spinor superspace: non-local superfields

The goal of this work is to assemble one-loop correlators in pure-spinor superspace from
kinematic building blocks and their associated worldsheet functions. When comparing these
two classes of ingredients, one discovers surprising parallels in their structures and relations
which will be referred to as a duality between worldsheet functions and kinematics, see part
II. One incarnation of this duality is based on the BRST pseudo-invariants discussed in [29]
and has been pioneered in [22]. The purpose of this section is to review the BRST pseudo-
invariants from the perspective of the above local building blocks. They will be related to
their non-local Berends-Giele representations of [29] via the so-called Berends-Giele map.

5.1 The Berends-(Giele map

Every local building block discussed in section 4 can be mapped to its non-local counterpart
studied in [29]. This mapping is induced by a relation among the local superfields Kp and
their non-local Berends-Giele superfield Kp given'® by the Berends-Giele (BG) map:

Kia=) S(ABNKiz,  Kia= Z‘P A|B)iKip, (5.1)
B

where S(A|B); is the KLT matrix [60] (also known as the momentum kernel [61]) and
®(A|B); corresponds to its inverse [62],

dap =Y S(AC)®(C|B), (5.2)

where 04 p is equal to one if A = B and zero otherwise, see (3.6). Both matrices S and
® are symmetric and subject to the conditions ®(A|B); = S(A|B); = 0 if A is not a
permutation of B and they admit the following recursive forms [63, 64]

S(P,jlQ,j,R); = (kiQ -k;)S(P|Q, R)i, SO0, =1 (5.3)
o(PQ) = Z d(X|A)p(Y|B) — ¢(Y[A)p(X|B)), o(il7) = ij
AB=0

where ®(A|B); = ¢(iA]iB). The first instances are given by,

S(22)1 = (k1 - ko), S(23123)1 = (k1o - k3)(k1 - ko), S(23[32)1 = (k1 - ks) (k1 - k),
1 1 1 1

$(2]2); = —, ®(23|23); = + . $(23]32), = — :
512 5125123 5235123 5235123

where S(32|32); and ®(32(32); follow from S(23|23); and ®(23]23)1, respectively, by rela-
beling 2 ++ 3. In (5.1) the notation ) 5 instructs to sum over all words B; the condition
that S(A|B); and ®(A|B); are zero if B is not a permutation of A leading to a finite sum.

YFor historic reasons the BG superfield associated with Vp is denoted Mp rather than Vp. Similarly,
the BG image of the local building block T\ is denoted by M}';;"

,,,,,,,,
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The simplest applications of (5.1) to Kp — Vp are

”
My = B(2]2)1Viz = —, (5.4)

s12”
Vi Vioa — Vi
M123 = @(23’23)1‘/123 + @(23|32)1‘/132 = 123 + 123 132
5125123 5235123

and similarly Vig = S(2|2)1M12 = 812M12 as well as
Vigz = 5(23]23)1 Mi23 + S(23]32)1 Mi32 = (s13 + s23)s12M123 + s13512M132 . (5.5)

Consistency of the above relations can be checked by plugging the expressions (5.4)
into (5.5) and in general follows from (5.2).

It is interesting to observe that the generalized Jacobi symmetries obeyed by the local
superfields are translated to shuffle symmetries under the BG map. More explicitly, the
BG superfields Kp related to Kp by (5.1) obey [28, 53]

Kawup =0, VA B#0. (5.6)

Note that in writing (5.1) one needs to fix the first letter of the word P in both the local
Kp and non-local Kp representatives to be the same. This can be done with

Kpia=—Kymya,  Kpia=(DPIC 50, (5.7)

The first relation follows from Baker’s identity (3.29) while the second was proven in [65].

In general, applying the BG map to each individual slot in a local building block gives
rise to its non-local Berends-Giele version. Therefore knowing one representation suffices
to obtain the other, for example

MoapB,cc = Z D(A|A),@(B|B" )y ®(C|C")Tun b5 e » (5.8)
A/ B/ C/

TaA,bB,cC = Z S A|A B|B )bS(C’C) aA’ bB’ cC’ -
A’ B! C

However, it is conceptually simpler (but equivalent to (5.8)) to define the BG counterpart
of Ty p,c by directly using non-local multiparticle superfields in (5.1), for example [29]

(A Wa) (A W) FA™ + cyclic(A, B, C) . (5.9)

Wl =

My.pc =

The relation between M4 p ¢ and Ty p ¢ straightforwardly generalizes to the tensorial, re-

fined and anomalous kinematic factors in section 4. We will use parental letters M m1 ”}3’;+3,
mMmi...My M. My Wel . m1 my
;?Ll’“' A\ By Bayrss @ yél’ hfdlBl, Bairss for the Berends-Giele versions of TB1,...,BT+3’
1...m 1 T o —
Ty A\ B Banss and YA1 AGBro Buirs , respectively. The shuffle symmetry (5.6) ap
plies to every slot of a BG current, e.g. MRLI_ISBC =0or Y5 rusp,. =0for RS # ().

In addition to changing the symmetry properties within each Word the BG map also
modifies the behavior under a BRST variation. The characteristic terms proportional to
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the momentum contraction (kx - k;) in the BRST variation of the local superfields become
a simpler deconcatenation sum,

QVP = Z (kX . kj)VXRV}S <~ QMP = Z MxMy, (5-10)
A Py

where Mp is related to Vp by (5.1). In general, one can show that the BRST variations
of Kp in (3.33) are mapped to the following variations of their Berends-Giele counterparts
(note Mp = Vp) [23]

p—1
QM. p = ZMIQ...ij+1...p7 (5.11)
j=1
p—1
QAT , = (M Wia.p) + Ky, Migp+ > (Mig AT, = My p AT ),
j=1
1 p—!
OWih.p = 3 Mimn)“Fi2Tp + D (Mg Wi — Myt W),
j=1
p—1
QFE", = Ky O Wiz ) + 3 (Miz jFIN%, — M1 pFi3" )
j=1
p—1
+y [A[lg...j()"ym}wj-i-l...p) - Aﬁl...p(hm]wm...j)] :
j=1

In the appendix of [23] an alternative relation between the local and the non-local super-
fields was given in terms of a diagrammatic map using planar binary trees. Yet one more
relation between these objects will be given below in terms of the so-called S-map. In
summary, there is a multitude of perspectives on how these superfields are defined and the
relations among them.

5.1.1 The S-map between local and non-local superfields

In this subsection we will describe the so-called S-map which relates local and non-local
superfield representations. This map originally appeared in the appendix of [23] as a way to
encode the BCJ relations among tree amplitudes and to rewrite scalar BRST cohomology
objects in terms of super Yang-Mills trees.

After defining a weighted concatenation product ®° of Berends-Giele superfields by
Kai @° Kjp = 5ijKaijB (5.12)

the definition of the S-map can be written as

Ksiap = (—DPITIC, 4 @ Ky, (5.13)
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where p(B) is defined in (3.9) and p(B) denotes the reversal of p(B). For example, given
p(123) = 123 — 132 — 312 + 321 and p(45) = 54 — 45, the S-map Kg[123 45 yields

Koz = (—1)°K(123-132-3124321) ®° K54-15) = K(123-132-3121321) ®° K(45-51)
= 534K12345 — 535K 12354 — 524K 13245 + 525K 13254 — 524K31245 (5.14)

+525K31254 + 514K32145 — 515K32154 ,

and simpler cases include
Kspng = s12K12,  Kgpag = s23K123 — s13K13 - (5.15)

A curious property of the S-map is that its iteration over all letters in a given word yields
a translation between the Berends-Giele currents and its local counterparts in a way that
preserves the bracketing structure. More precisely,

Ksno = Kp Ksisiaz = Kz, Ksisisa)aa = Ki,21,31.4]
Ksi1,s1502.3)1,4] = K[1,[[2,3),4]] » (5.16)

see (3.31) for a discussion on the bracketing notation for local superfields in the BCJ gauge.
Note that the S-map plays a key role in deriving BCJ relations [16] of SYM tree amplitudes
from the BRST cohomology [66], and that the definition (5.13) is equivalent?® to

Al 1B

— i—j+|Al—1
ICS[A,B} :ZZ(_]')’L J | ‘ SaibjK(alag...ai_lLl_la‘A|a|A‘,1...aH_l)aibJ’(bj_l...bzblLL’bj+1...b|B‘)
i=1 j=1
(5.17)

for A=ajas...aj4 and B =b1by...bp.

5.2 BRST pseudo-invariants

Following [29], let us now consider the non-local versions of the local building blocks dis-
cussed above. As mentioned in the previous section, they are denoted by M} or by the
calligraphic letter of its local counterpart. The BRST variations for the simplest cases can
be written as

QMapc = Y [MxMypc— (X <Y)|+ (A« B,C), (5.18)
XY=A
QM{pcp = kiMaMpep+ ) [MxM{gcp— (X &)+ (A B,C,D),
XY=A

QMiscpp = 0""VapopE
+kY MMy + (A ¢ B,C, D, E)

+Y [MxMPBopp— (X Y)| + (A« B,C,D,E),
XY=A

20Their equivalence follows from the identity p(A) = Doxjy=alX LY ) (=) [67].
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and mirror the structure of their local counterparts (4.2), (4.7) and (4.14), respectively.
For refined building blocks, the appearance of V] 4 p) on the right-hand side of Q.J4p,... and
its generalizations translates into Mg(4 p) under the Berends-Giele map, for instance

QJIAB,cD,E = YaBCDE+EAMAME ¢ p g (5.19)
+Mga,5/Mc,p,e + (B < C, D, E)

+ E:(A[thnxzDia—(xre>Y))+(f3€>C§D,E)
XY=B

+ 2:(ﬂijﬂ3¢u1E——@Yé+}3)-
XV=A

See [29] for more details and examples.

5.2.1 BRST invariants

The Berends-Giele currents were shown in [29] to be the natural building blocks in con-
structing recursion relations for BRST (pseudo-)invariants. For instance, it was shown
using (5.18) that the following definitions are BRST invariant:

Cli234 = MiMa34, (5.20)
Chyasas = MiMasas + MioMs a5 — MizMa g5,
Chi23456 = M1Masas6 + MiaMsase + MiasMys56 — Mi2aM3 56
—Mi4 Moz 56 — Migo M3 56 + MiszMa 56 ,
Chi23,45,6 = M1Maz a5.6 + MiaMys 36 — Mi3Mas 2.6 + M1aMoas 56 — Mi5Maz a6
—My12M3 56 + Mz14Ms 56 + Mo1sMs a6 — Mz15Ma 46 -

Similarly, their vectorial upgrades are also BRST closed:

Cllyzas = MiMs 5+ [k MiaMz a5 + (2 <> 3,4,5)] (5.21)
Cllazase = MiM33 56+ MioMgly 56 — MisM3'y 56 + k3" MiosMase — k' Misa M6
+ [k MiaMaz 5.6 — ki Ma1aMs 5.6 + ki Ms14Ma 56 + (4 <+ 5,6)] .

These superfields are in the BRST cohomology and were dubbed BRST invariants in [23].
In general, a recursion relation was written down in [29] for these scalar and vector co-
homology elements at arbitrary multiplicities. An alternative algorithm to generate the

above combinations of Berends-Giele currents (and those of the subsequent tensorial gen-
LMy

eralizations C7"
Cl\l‘h o Arys

) is described in appendix A.2.

5.2.2 BRST pseudo-invariants

The BRST variations of higher-rank tensors no longer vanish but they are proportional

yml...mr
Aty Ag| By Bagrgs

expressions with a purely anomalous @) variation are referred to as BRST pseudo-invariant.

to superfields with an anomalous factor of in each term. Superspace

Similarly, a general recursion was written down in [29] and the first non-trivial instance is
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given by

123456 = MiMy3y56+ [kglM12M§f4,5,6 + ky Mia M3y 5 6 + (2 <> 3,4, 5, 6)]
— [(K5" kY + kS kS ) MasMase + (2,3]2,3,4,5,6)] (5.22)

and it satisfies
QOIS 3456 =—0""M1Y23456 - (5.23)

Unrefined pseudo-invariants C’lljl m’“A L of arbitrary tensor ranks can be characterized by

aleading term My M} " 4... asin (5.20) to (5.22). Then, the recursions of [29] adjoin

Ar+3

a tail of completions via ~ Mg with B # () such that Qcﬁih o 8 purely anomalous.

Similarly, one can start from a refined leading term M;J and the recursions

|B17 Brya’
of [29] generate completions such as

Pigisass = MiJaz a6 + Migky M3y 5 6 + [sa3MiazMa s + (3 < 4,5,6)] (5.24)

where refined and unrefined terms are mixed and the BRST variation becomes purely

anomalous
QP1g3456 = —M1Y23456 - (5.25)
The same logic applies to higher degrees d of refinement where pseudo-invariants
Pm1 My

1A Ayl BL . Bd+r , are defined from recursively generated completions of the leading

Lo Mle 1, ,Ad|31,~~-7Bd+r+3’

5.2.3 Symmetries of pseudo-invariants

Following our convention for subscripts with words Aq, As, ... separated by commas, the
most general pseudo-invariant Pﬁgl mTAd‘ BuoBuirs is separately symmetric in the refined

slots A; and the unrefined slots B; but not under exchange of A; with B;. Also, the
shuffle-symmetries (5.6) of their leading terms propagate to the pseudo-invariants, e.g.

I s A, =0, YRS #0, (5.26)

. m My
and the same is true for both types of slots A; and B; of Pl\fh, G Bro Basris’

5.2.4 (@ variations of pseudo-BRST invariants

The @ variations (5.23) and (5.25) can be compactly generalized to higher multiplicity by
means of BRST invariant combinations of anomalous superfields such as

23456 = M1)23456, (5.27)
Tijp3a567 = M1Yasase7 + Mi2Vsase7 — Mi3Ya 56,7
1234567 = MiVis4567 + (k5 Mi2Y3.456,7 + (2 3,4,5,6,7)]
Cipsas678 = Midosasers + Mioky Vi 5678+ [s23Mi2sVasers + (34 4,...,8)].
The combinatorics of these expressions is identical to ghost-number three superfields

Cl|2 3.4 Cl|23 4,5, Cﬁlz 3,45 and P1‘2|3 4,56 in (5 20), (521) and (524) Accordingly, the expan-

LM mi...
sion of refined and tensorial invariants F1| Ar o Ag By Basrss in terms of M4)Y™! can be
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Pml...mT
1‘A17"'7Ad|Bl7"'7Bd+7‘+3

of unrefined slots.?! These ghost-number four superfields capture the most general BRST

inferred from the analogous after obvious adjustments in the number

variation
mi...Mmy __ s(mime ms...my)
QCl‘Alv---yAr+3 o 6 F1|A1,...,AT+3 ? (528)
QPml...mT _ _5(m1m21—\m3...mr)
1|A1,...;Aq|B1,e, Bayris 1|A1,...,Aq|B1,... Bayris
_ pmi..me
D o Ag Ay, BreBusrys T (A1 € A2y Ad)

of the above ghost-number three pseudo-invariants.

5.2.5 Trace relations

The trace relations (4.45) to (4.47) of the local building blocks straightforwardly generalize
under the Berends-Giele map. Moreover, the (pseudo-)invariants inherit the trace relations
of their leading term, e.g.

SupCyl 5 = 2[Piir 5+ (Bi4 Bay.., Brys)] (5.29)

and at generic degree of refinement,

TP ... My o mi... My
5in1‘A17---7Ad‘Bly---7Bd+r+5 =2 [PllAlv---aAdyBl|B27---1Bd+r+5 +(Bier B, .. Bd+r+5)] - (5:30)

These relations will play a key role for the modular properties of the correlators after
integration over /.

5.3 Anomaly counterparts of BRST invariants

We shall now review an interesting class of anomaly superfields AI[... that enter relations
between the above (pseudo-)invariants of different tensor ranks. Similar to the formal
operation Mpg'e; ~— Vi that translates the Cj; into the ghost-number four objects

...
F'1'|'... in section 5.2.4, one can generate anomaly building blocks of ghost-number three via

MAMEG. . — YiBc.. MaJgic. = VEic.. (5.31)

by adjusting the number of slots in the obvious manner (also see the alternative algorithm
in appendix A.2). Then, the Berends-Giele expansions of the simplest instances of the
scalars (5.20) and vectors (5.21) translate into,

Aqp345 = V12345
Aq23 456 = V123456 + V12,3456 — V132,456 (5.32)
Allosas6 = V23456 + (k5" V12,3456 + (2 4> 3,4,5,6)] .
As discussed in [29], it turns out that all the unrefined superfields A4 = are BRST exact

after using momentum conservation,

Fitkp 4o ke, =0 = (ATYRT ) =0, (5.33)

*IThe mismatches in the numbers of slots, say between Clla,3,4,5 and the counterpart I'Tly 5 4 56 7, are
accounted for by the more rigorous definition of I'y| 4, .. in section 8 of [29], or in the appendix A.2.
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However, their refined counterparts are non-zero in the BRST cohomology, i.e.

<A717114T-2-.-;21T‘Bl7B27---,Bd+r+4> 70, d=>1. (5'34)

For example, the simplest refined anomaly superfield is given by

Ajj93.4,5,67 = Vo1,345,67 + k3 V534567 [3233)12374,57677 + (3 4,5,6, 7)] . (5.35)

and follows the combinatorics of P34 56 in (5.24) according to the translation (5.31). Its
BRST variation is easily verified to be

QA1a34567 = Viky' Y3 7 —ViaYau 7+ [ViYasuser + (B < 4,...,7)] (5.36)
= k3 Tilos 7+ [s23T 1234567 + (3¢ 4,...,7)],

see section 5.2.4 for the ghost-number four invariants Fl‘

5.3.1 Locality of (A1|2|3,4’5,6,7>

In contrast to the naive expectation from its slot structure, the component expansion
of (5.35) is a local expression. The poles in sj2 and s12; with j = 3,...,7 in the Berends-
Giele currents of (5.35) do not propagate to the components for the following reasons:

e The components (V123.4,5,6,7) cannot have a pole in sf213 since this would conflict with
the vanishing of (Ayja3456,7) = (V1234567 + %y12,34,5,6,7> + cye(1,2,3,4) by (5.34):
the Berends-Giele currents in the cyclic permutations do not introduce any additional
pole in s7923 to the right-hand side.

e The trace relations among tensorial Ay in section 10 of [29] include

1 mm
§< Mosas567) = (V1234567 T [A1jgzas67 + (2 ¢ 3,4,5,6,7)]). (5.37)

Since the left-hand side vanishes by (5.34) and each pole sl_jl can occur in no term
other than (A;; ) on the right-hand side, the respective residues must be zero.

This superspace argument is confirmed by the bosonic components

1
(Aijafaaser) = —5(e1 - e)elf oS 4 fermions, (5.38)

that have been obtained from an automated calculation using [68]. We are using the
schoonship convention of writing the contracted vectors as ejy"kp, = €j5" . The locality
of (Aq234,5,6,7) Will be important in section 11.4.4.4 for asserting that the seven-point
correlator comprising Ayjg(3.4,5,6,7 (and permutations) is local.
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5.3.2 Eight-point examples

Similarly, the eight-point topologies of Aj4p.c,p g F are obtained by applying the
rules (5.31) to the expressions of the refined superfields Pjjqpc p g at seven points,
see (C.1) for the expansion of Ajja345678, Aij234,56,7,8 and Aﬁ2‘374’576’778 in terms of
Berends-Giele currents. It is straightforward to show that their BRST variations are given
by [29]

. m m
QA 3145678 = k2307934, s T T1312,4,.8 = L1j23,4,..8
+ (5340112345678 — 524L112435.6,7.8 + (4 4> 5,6,7,8)]

— mi1mm
QA12345678 = k3 112,34,5,..8 T 523012345 s — 5240112435 .8 (5.39)
+ [s25T 1j34,25,6,78 + (5 ¢ 6,7,8)]
m — LL.Pmpm m m
QAV 345678 = F2lpsa. s = k2 T1j234,..8 + [823F1|2374,“_,8 + (34> 4,...,8)]

in the momentum phase space with k1o g = 0. Since these superfields will play a role in
the construction of the eight-point correlator later on, it is important to know about the
kinematic poles in their component expansions. The first hint on non-locality comes from
rewriting the BRST variations above after plugging in the definitions of the superfields I"
from [29]. Unlike the local expression (5.36) at seven points, some kinematic poles survive,
.8 519,513,595 N QA1)23)4,5,6,7,8, see (C.2) for the full expressions.

Given the correspondence between BRST variations in pure-spinor superspace and
gauge variations in components discussed in the appendix B of [29], the above relations
indicate that the gauge variations of the eight-point anomaly superfields contain si_jl poles.
Therefore, the component expansions of (A;j4p,c,p,e,r) for the eight-point topologies are
not local, see their explicit expansions in the appendix C.

5.4 BRST cohomology identities

We have seen that the family of anomaly building blocks Ay 4 . is obtained by redistribut-
ing the slots of MsMpc, . in the Berends-Giele expansion of (pseudo-)invariants. The
same procedure can be applied to derive BRST generators at ghost-number two whose
Q-variation gives rise to relations between (pseudo-)invariants, see section 8 to 10 of [29].
For instance, translating the combinatorics of Ajjgj34567 in (5.35) into a non-anomalous
context (and truncating the number of slots in the obvious manner) yields

Dijapas = Joji3as + ky' Mis 345 + [s23Mia3a5 + (3 ¢ 4,5)] (5.40)
which generates the kinematic Jacobi identity [24]
QD1jg345 = k3'Cljp 545 + [523C1j23,45 + (3 ¢ 4,5)] + Aqpp 345 - (5.41)

In a five-point momentum phase space, the last term Ajj53 45 drops out from the coho-
mology, cf. (5.33). Of course, one could have obtained (5.40) directly by applying special-
izations like MAMpy — My to each term in the Berends-Giele expansion (5.24)
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of Pjjg345,6- In a similar manner, one can infer generalizations of Dy|g3 4,5 by redistribut-

ing the slots of appropriate Pfﬁ}h AglBy,..0 S€€ section 8 of [29] for details. The resulting

Jacobi identities include the six-point cases
QD1jaj2356 = ki'Cljag 456 + 524C1142356 — 534C11432,56 (5.42)
+545C1 123,456 T 546C1[23.46,5 T A1]23,4,5,6 -
QDij23jass = k33CT 3456 1+ [531C1 123456 — 524C1 32456 + (4 <> 5,6)]
+Py312,456 — P1j2i3.4,56 T D1j23.4,5.6 5
QDYgi3456 = k2'Clias 456+ [523Cﬁ23,4,5,6 + (342 4,5,6)] — ki Pyjoj3a56 + Alo3.456

and closed formulae for arbitrary multiplicity and tensor rank can be written down using
the S-map (5.13), e.g.

mima...my 1D APML..my mi...my
QD1|A|BI"“7BT'+3 - kACl‘AyBly~~~:Br+3 + [Cl\S[AvBﬂ,Bmm,Bws +(B1 ¢ By,... ’BH'?’)]
(m1 o (m1 ma...Mmy) (mima ms...my)
+(k1AB1“'BT+3 ka )P1|A\Bl7---,Br+3 +0 A1\A|B17---,BT+3 (5.43)
mima...my mi.. My mi.. My
A D (PN B — PAXIY BBy
XY=A

One can also derive kinematic Jacobi identities for refined (pseudo-)invariants

Q(--.) = k' Pz a567 — 523Prjasjaser + [534Prgsaser + (4 4 5,6,7)] + Ayspaser
Q(...) = k" Pllygs s+ s24P132415.6,7.8 — 534P1123405,6,7.8
+ [845P1|23|45,6,7,8 + (5 6,7,8)] + Aq14123,5,6,7,8
Q(...) = k35P{{4o35675 T 534P1j23415.6,7.8 — 524P1j304)5.6,7,8 — P1|2,43,5,6,7.8 (5.44)
+Pi3412,5.678 + [535P1a1235.6,7.8 — S25P1ja325.6,7,8 + (5 > 6,7,8)] + Aqjosja,.. s
Q(...) = k3" Pllyos 56,78 — S45P1a5)23.6,7.8 + S25P1141325,6,7.8 — 535111423567,
+ [s56P1j4j23,56,7,8 + (6 <> 7,8)] 4+ Ayj5123.46,7,8
Q(...) = ky' 1T|n27|l3,...,8 - 323Pﬁ23|4,...,8 + [834Pﬁ2\34,5,6,7,8 +(445,6,7, 8)]
—k3Pragja,..s + Aljgi04,..8

by taking suitable combinations of D’fﬁh AglBy,... At various degrees d of refinement as a

BRST ancestor on the left-hand side.
Finally, the generalization of the Jacobi identity (5.43) to (pseudo-)invariants of arbi-
trary degree of refinement reads [29]
mi...my o mi...my
QD A, Ay Brs Brsass = [A1|A2,.,.,Ad|A1,Bl,‘..,B,.erH + (A1 4 As, o Ag))

(mima ms...my) . (m1 ma...my)
+5 A1|A1,...,Ad|B1,...,BT+d+2 kAlAQ...AdPHAl,...,Ad|B1,...,BT+d+2 (545)

P DI ... My m... My
+ (kAlplAz,...,AdAl,Bl,...,Br+d+2 + P A 81 B Bavs By e T (B1 €2 Basoo Brgas)]

_ Z (Plrr)lf;;l?:..,AdlY,Bl,...,Br+d+2 — (X — Y)) + (A1 Ao, ... ,Ad)> ,
XY=A;
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and the simplest example at degree of refinement d = 2 is

o m pm m pm
Q@D12311567 = D1p2i3a567 + D1j24,567 T k3 Pllajsaser + k2 Pilapaser
+[s34P1jo34,5,6,7 + 524 P1j300,56,7 + (4 ¢+ 5,6,7)] . (5.46)

6 Conclusions

In this first part of the series of papers [1-3] towards the derivation of one-loop correlators
in string theory, several aspects related to the description of the massless string states via
superfield kinematics have been thoroughly discussed.

The whole setup starts with the standard superfields describing super-Yang-Mills states
in ten-dimensions [55] contained in the massless vertex operators of the pure-spinor super-
string. We then used a combination of OPEs, zero-mode integration rules and covariance
under BRST transformations to derive several compositions of superfields with the correct
properties to describe higher-point amplitudes in the pure-spinor formalism, in both the
anomalous and non-anomalous sectors. The comprehensive description of the local repre-
sentatives is both new and relevant to the derivation of local n-point one-loop correlators in
part III of this series.?? The emphasis on these local superfield building blocks is warranted
because the one-loop correlators are local objects prior to integration by parts, where only
the OPE contractions and zero-mode integrations are performed.

We then reviewed their non-local representatives from [29] with special emphasis on the
multitude of relations valid in the cohomology of the pure-spinor BRST charge. In this first
part of the series, these relations represent cohomological identities among superfields. In
the sequel part II, it will be shown that these same identities are realized by a set of objects
completely different in nature: functions on the genus-one worldsheet! The pursue of this
unexpected connection dubbed “duality between worldsheet functions and kinematics” will
lead us to a detailed study of so-called “generalized elliptic integrands” (GEIs), which were
briefly introduced in [22].

Finally, in part III the numerous definitions as well as surprising relationships and iden-
tities uncovered in parts I and II will pave the way to the assembly of one-loop correlators
in many different representations.
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A A new algorithm for the combinatorics of shuffle invariants

In this appendix, a multi-word generalization of the standard map p(A) in (3.9) is intro-
duced. It will lead to a systematic unification of the combinatorics of all C-like pseudo-
invariants as well as their canonicalization identities. Among other things, this simplifies
the discussion of the master recursion from section 8 of [29] and allows to write down a
closed formula for the scalar functions Z4 g ¢ p of part II, see appendix IL.A.

A.1 Multi-word generalization of the rho map
A.1.1 Scalar multi-word rhomap

Let us define a recursive two-word version of (3.9) by
p(AJiBj) = (Ai|Bj) — (AjliB) + p(AilBj) — p(AjliB), p(Al)=0. (A1)
For example,

p(342|56) = (3425(6) — (3426]5) (A.2)
p(342[567) = (3425(67) — (3427|56) + p(3425(67) — p(3427|56)
= (3425|67) — (342756) + (34256|7) — (34257|6) — (34275|6) + (34276|5) .

The asymmetry p(A|B) # p(B|A) motivates the vertical bar notation (rather than a
comma) for separating the two words, in accordance with the convention for building
blocks. In addition, the definition (A.1) will be generalized for an arbitrary number of
words using the following recursion (with p(A|B) ®, 0 = p(A|B))

p(A|B,C,...) = p(A|B)®,C®, -+ (B+C,...) (A.3)
(A|B)®,C®,D--- = (A|B,C,D,...)+ [p(A|C)®,BR,D®, -+ (C+ D,...)] (A.4)

Note that the word B is excluded from the permutations in (A.4). It is also important
to notice that the recursion (A.4) eventually stops due to the condition p(Ali) = 0. To
illustrate this last point, consider (234|56) ®, 78 = (23456, 78) 4 p(234|78) ®, 56 where the
second term by itself requires further usage of (A.4):

p(234]78) ®, 56 = (2347|8) ®, 56 — (2348|7) ©, 56 (A.5)
= (2347[8,56) + p(2347|56) ©, 8 — (23487, 56) — p(2348|56) ©, 7.

Since the words attached to ®, end up becoming letters, the recursion eventually stops
due to p(Ali) = 0.
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A.1.2 Tensorial multi-word rhomap

In order to upgrade the recursions above to a tensorial setting we modify the end point of
the recursive definition (A.1) to

(Al = K(AID),  pmmema(Ali) = B (Adlg) ) (A.6)
All other definitions are kept unchanged except for having extra vector indices; e.g.,
p(AliBj) = (AilBj)™ — (AjliB)™ +p™ (Ai Bj) — o™ (AjliB), (A7)

p"(A|B,C,...) = p™(A|B)®,C®, -+ (B+C,...)
(A|IB)"®,C®,D--- = (A|B,C,D,...)" + [p"™(A|C)®, B, D®,---+(C < D,...)],

and the generalization to multiple vector indices is straightforward.

A.1.3 Tensorial word-invariant maps

The multi-word generalization of the rhomap can be used to define the following word

muvariants,

I(A|B,C,...) = (A|B,C,...) + p(A|B,C,...) (A.8)
Tmme(A|B,C,...) = (A|B,C,...)™™2 4 pmm2(AB C,...).

The reason for dubbing them “word invariants” will become clear shortly.
For an example application of the scalar three-word-invariant, let us consider

7(2]34,56) = (2]34,56) + p(2|34, 56) (A.9)
— (2[34,56) + p(2]34) ®, 56 + p(2]56) ©, 34.

Applying the recursion (A.4) in the right-hand side gives

p(2]34) ®, 56 = (23]4) ®, 56 — (24]3) @, 56 (A.10)
— (23]56,4) + p(23]56) ®, 4 — (24]56,3) — p(24/56) @, 3
= (23]56,4) + (235(6,4) — (236]5,4) — (24]56,3) — (245/6, 3) + (246/5,3) ,
p(2]56) ®, 34 = (25]34,6) + (2534,6) — (254|3,6) — (26]34,5) — (263]4,5) + (264/3,5) .

And finally collecting everything from (A.9) yields the final result:

Z(2|34,56) = (2|34,56) + (23]56,4) + (235]6,4) — (236|5,4) — (2456, 3)
—(2456, 3) + (2465, 3) + (25|34,6) + (253|4,6) — (254|3,6)
—(26]34,5) — (263]4,5) + (264/3,5) . (A.11)
A.2 Unifying all C-like building blocks

The word invariants (A.8) can be used to provide an alternative derivation of the Berends-
Giele expansions of tensorial C-like BRST invariants defined in [29]. More explicitly, the
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observation is

Cijay,...as = Lo(1]Ay, ..., A3), Ajjay,a, = In(1]A, ..o Ag),
Dyjay,..a, = Ip(1|A1, ..., Ag), Ay, a6 = Ia(1]A1, . Ag), (A.12)
Ly, a, = Zo(1]Ay, .. Ay, Tyjay, a5 = Ir(1]Ag, ..., As),
where
Ic(A1| - ,A4) = I(A1| - ,A4) with (Pl‘ - ,P4) — Mlep27p3,p4 , (A.l?))
ZD(A1| - ,Ag) = I(A1’ .. .,A3> with (Pl‘ o ,Pg) — ]\4]317]327133 ,
IL(A1| Ce ,A5) = I(A1| .. .,A5) with (Pl‘ .. .,P5) — jp1|p27_._7p5 R
IA(Aq]. .., A5) = Z(A4]. .., A5) with (Pl‘ coy Ps) — Yp,,..ps
IA(A1| s >A7> = I(A1| e '1A7) with (Pl‘ e '7P7) - yPl‘PQ,...7P7 )
Ir(Aq]...,A¢) = Z(A4] ..., Ag) with (P1]..., Ps) — Mp, Yp,....Ps s
with obvious tensorial generalizations,
Ciiasop =284, B,C.D),  Cyj™, =T (1A, .., Args),  (A14)

where (A|B,C,D,E)™ — MaME ¢ p g and (A|By,...,Byyg)mmr — MAME{:::%’;H.
For the simplest example, consider:

T(1]23,4) = (1)23,4) + p(1]23) ®, 4 = (1]23,4) + (12[3,4) — (13[2,4). (A.15)

Hence, we get Dyjo34 = Ip(1]23,4) = M 234+ Mi234 — Mi3 24 from the second definition
in (A.13), in accordance with equation (8.16) from [29]. Also note that the expansion of
unrefined GEIs Fy|  in terms of Z-functions (cf. part II) can be obtained from

E1|A1,...,A3 = I(1|A1, e Ag) with (P1| - ,P4) — 2,‘7})17_“7‘134 (A16)

mi...my _ My . My mi..mp
E1|1111,...,Ar+3 =7m.m (I,Al, RN A,«+3) with (P1’ RN PT+4)m1 mr ZP11,...,PT+4 .

A.3 Change-of-basis identities

The word invariants also give rise to a simple algorithm to obtain various identities for the
change of basis in BRST invariants.

A.3.1 Scalar BRST invariants

Using the shuffle symmetries within the words A, B and C of Cjj4 p ¢, one can always
rewrite an arbitrary C}p;g r,g as a linear combination of the form Cj;4 5, (with a given
label 7 in the first position). So, without loss of generality, the change of basis of scalar
BRST invariants can be restricted to the case Cj;4,p,c. The change of basis from j to i
follows from

Cjlia,.c = Ciz(4j|B,C) » (A.17)
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which is equivalent to Z¢(j|id, B, C) = Zc(i|Z(Aj|B,C)). For example, from Coj; 3456 =
CI|I(2|34,56) and (All) we get

Co1 34,56 = Clp2,3456 + Crj23,56.4 T Clrp23sea — Crj236,54 — Crj24,56,3 — C1126,345 — C1)263,4,5
—Cija5,6,3 + Cijpa6,5,3 + Crjas,346 + Crjassae — Crjasase + Crjzeass, (A18)

which reproduces the expression (F.1) from [29].

A.3.2 Tensor BRST invariants

A straightforward generalization of the algorithm for the change of basis of scalar BRST
invariants leads to the vectorial identity

C%A,B,C,D = Cjjzm(44|B,C,D) » (A.19)

where the vectorial word invariant map was defined in (A.8). However, the tensorial identity
requires trace corrections proportional to Za from (A.13),

In summary, the word invariant map can be applied to any number of words (slots) and
it unifies all C-like building block recursions from [29], as well as their change-of-basis
identities.

As a final example of the unifying power of the word invariants, consider the mon-
odromy derivation of Zj2 34 56 78 to be defined by (I1.4.7). We will need to change the GEI
Es|1,34,56,78 in (IL.4.7) to a basis of Ey |4 g ¢ p- Since with the exception of the “basis” letters
1 and 2 all words are multiparticle, there is no instance of an analogous identity for Cy 4 p ¢
that can be slot extended. However, it is easy to use the word invariant map to obtain

B 34,56,78 = Zr(11Z(2[34, 56, 78)) (A.21)

= Eqj2356,78,4 T E1)235,78,4,6 + E1)2357,4,6,8 — £1)2358,4,6,7 — £1)236,78,4,5
—FE2367,4,58 T E1j2368,4,5,7 + F1j237,56,48 + E1j2375,4,6,8 — E112376,4,5,8 — £1/238,56,4,7
—FE1j2385,4.6,7 + E1j2386,4,5,7 — L1)24,56,78,3 — E1)245,78,3,6 — £1)2457,3,6,8 T E1)2458,3,6,7
+E1|246,78,3,5 + £1)2467,3,5,8 — £1)2468,3,5,7 — £1)247,56,3,8 — E1)2475,3,6,8 T E1)2476,3,5.8
+E11248,56,3,7 + E1)2485,3,6,7 — E1)2486,3,5,7 T £1)25,34,78,6 T E1)253,78,4,6 T E1)2537,4,6,8
—FEqj2538,4,6,7 — E1j254,78,3,6 — E1)2547,3,6,8 + E1)2548,3,6,7 T E1)257,34,6,8 T £1)2573,4,6,8
—FE1j2574368 — E1j258.34,6,7 — E1j2583.4,6,7 + E112584,3,6,7 — £1)26,34,78,5 — £11263,78.4,5
—FE112637,4,58 T E1)2638,4,5,7 + E£1)264,78,3,5 + £1)2647,3,5,8 — £1)2648,3,5,7 — £1)267,34,5,8
—FE1j2673,4,58 + 112674358 + E1j268,34,5,7 + E1)2683,4,5,7 — £1)2684,3,5,7 T £1)27,34,56,8
+E1273,56,48 + E1)2735,4,6,8 — E1)2736,4,5,8 — F1)274,56,3,8 — E1)2745,3,6,8 T E1)2746,3,5,8
+FE1 2753468 + E1j2153,4,6,8 — E1)2754,3,6,8 — E1)276,34,58 — E1)2763,4,5,8 T E1)2764,3,5,8
—FE1j28 34,56,7 — £11283,56,4,7 — L112835,4,6,7 + E112836,4,5,7 T £1)284,56,3,7 T E1)2845,3,6,7
—FE1|2846,3,5,7 — E11285,34,6,7 — E1)2853,4,6,7 + E1)2854,3,6,7 T £1)286,34,5,7 T £1)2863,4,5,7

—FE1|2864,3,5,7 + E1134,56,78,2 »
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where Zp is defined in analogy with (A.13). This example demonstrates that the large
number of terms in such identities can be generated by a simple set of combinatorial rules.

B Empty BRST cohomology for manifestly local expressions

Using the alphabet of local building blocks presented in section 4, in this appendix we will
demonstrate that their most general BRST-closed linear combinations are also BRST-exact
when more than four and up to eight particles are involved; i.e., the BRST cohomology is
empty for manifestly local expressions of multiplicities five to eight.

At four points, the expression V1713 3 4 is clearly local, and it is not BRST-exact in the
four-point phase where s;;, = 0 (its components reproduce the one-loop four-point ampli-
tude [69]). Consequently, there is a local cohomology at four points. In the following we
study the higher-point generalizations and find that the manifestly local BRST cohomology
is empty?? for up to eight points among the combinations of building blocks in section 4.

B.1 BRST-closed expressions without momentum conservation

In the first series of checks, we treat all the momenta ki, ks, . .., k, in an n-point superspace
expression as independent, i.e. temporarily relax momentum conservation. An automated
brute-force scan of all possible linear combinations of building blocks from section 4 using
FORM [70, 71] led to the following unique BRST-closed expressions?*

loc™ = K" VATYS 45 + [VieTsa5 + (2 ¢ 3,4,5)] + Yi2345, (B.1)
1o = k"Y' 5456+ [Yizaa56 + (2 ¢ 3,4,5,6)] + Kk VITY S, 5.6 (B.2)

+ 2K + k) VRT3 5.6 + 512V1d934,5,6 + (2 > 3,4,5,6)]

+[(Vizs + Vis2)Tus6 + (2,3[2,3,4,5,6)] ,

PY = Ky - kosaserYijzs 4567 + KT EIYTSS 4567 (B-3)
+H[(2R + K3 )Y 35 4567 + 512Ya1 34567 + (20 3,4,5,6,7)]

+[Yi234.56,7 + Yis2.456,7 + (2,3[2,3,4,5,6,7)]

FETRTRVITY "™, + (3R KT + 3Kk + k3RS ) ViR T3 7 + (2 4 3,...,7)]
+[((BKT* + 2k5" + k5" )Vigs + (kT + 2k5" + k:Q”)Vlgg)Tﬂﬂ +(2,32,...,7)]
+[(Vigsa 4+ perm(2,3,4))Ts 6,7 + (2,3,4(2,...,7)]
+[512ViBKT + K5") T 567 + (2 ¢ 3,4,5,6,7)]
+[(3s13+523)ViaJau 567 + (3s124523)ViaJau 56,7
+(s12—513)ViJagjus67 + (2,3]2,...,7)]

loc7

%Tn absence of five-point momentum conservation (Yi23.45) ~ €10(f1, fo,---, f5) [59], and one could
argue that it constitutes a local element of the BRST cohomology. But this is no longer true once we invoke
k12345=0 since Y7 23,45 becomes BRST exact in this case (see section 9.1 of [29]).

#Note that QYi 2,345 = 0 is BRST closed by itself but we add it to loc”" for convenience.
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as well as a much bigger expression at eight points,

locSP = 1’75,37“.78<3k1m(k1‘k23,,,8)+[slgk?+(2<—>3,4,...,8)]> (B.4)
+[(312—313)Y1|234 8+(2,312,3,...,8)]

+[Yig3a,..8(3(k1-kos. .8)+ (ko k3. 8))+(24+3,4,...,8)]

+ [s12( 3km+k2 o134, s+(2¢34,...8)]

+[(3s12+523) Yoz 4, s+ (3s13+523) Y124,

+(s12—513) Yoz 45,8+ (2,3(2,3,4,...8)]
FETRTRYY S o+ (Y155 s (3KTAT +3K7" kS +- k5 k) (245 3,4,...,8)]
+[Y17§L3,4,...,8(3k§n+2k§n+k3 )+ Y1504, s (3K +2K5 +£5") +(2,3(2,3,...8)]
+[(YV1234,5,6,7,8+perm(2,3,4))+(2,3,4[2,3,4,...,8)]

FRU R R RV Ty 5+ [s12V1 3 554, (6k§“k?+4k§“k§+k§”k§)+(2<—>3,4,...,8)}
[(6312513+312823+813323)1/1J273|4’57m,8+(2,3|2,3,4,...,8)}
+[WJ£‘4757_“78(4/€T(812—513)4—1{:;”(2512—513)—|—k‘§”(512—2313))+(2,3|2,3,4,...,8)]
+[(s12—2513+514)ViJosaj5 6,78 (s12+513— 2514) ViJoug 5 6,7.8(2,3,4]2,3,4,...,8)]

+ [VioT5y " (4K kYK + 6k kT kS +4KT kS kS + k5 k3 kD) + (24 3,4,..,8)]

+ [ViaJi 5.6.7.8 (K3 s03+4KS 513+ 3k5" 523+ 6k5" 513 +4k7" 23+ 12k{"s13)

+V13J§T4757677’8(k’2"823—i—4k‘§1812+3k§”523+6k§”812+4k{”823+12k{”312)+(2,3|2,3,4,...,8)]

+[VizJsaj5,6,7,8(4513— 4514+ 523 — 524) + VisJoujs 67,8 (4512 — 4514+ 523 — 534)
+ViaJo3p5.6,7,8(4s12— 4513+ 524 — 534) +(2,3,4(2,3,4,5,6,7,8)]

+ [1/123(6ka +8k ky + Ak k5 43Ky kg +3ky Ky + k5 k5 )Ty 5 6,7.8
+Vi32 (6T kT + 8k ki + 4k ki + 3k5" k& + 3k k5 + k5 ks 4757677784—(2,3]2,3,...,8)]

+[(Vi23(s34+3s24+6514) Jaj5.6,7,8+perm(2,3,4)) +(2,3,4/2,3,4,5,6,7,8)]

+[(Vigsa (k] +2k5 + 3k +4kT) T3 7 g +perm(2,3,4))+(2,3,4]2,3,4,5,6,7,8)]

+[(Va2sasTo 7,5+ perm(2,3,4,5))+(2,3,4,5(2,3,4,5,6,7,8)] ,
and these are the only BRST-closed expressions with manifestly local building blocks up to
eight points. But, as alluded to in the beginning of this appendix, the above BRST-closed

expressions are also BRST-exact, and the local BRST cohomology is trivial in absence of
momentum conservation. In fact,

1005pt = QL1|2345, (B.5)
loci” = Q (k" Lilss456) - (B.6)
loci™ = Q(M'K{ L}y s 4567 + [s12L1j21,456.7 + (2 ¢ 3,4,5,6,7)]) (B.7)
lociP* = QR RTRILYyYS o+ [s123K]" + K5 Lijp54, .5 + (242 3,...,8)]  (B.8)

+[(s12 = s13)s23L1j2sja,...8 +(2,3]2,3,4,...,8)])

where the building blocks L were defined in [29], e.g. Lijp345 = Jij234,5 as well as
LYy ¢=Jh 6+ [kg”j12‘37,_.,6 + (24+3,...,6)]. Their unrefined instances Lﬁxlﬁh,mjArH
can also be explicitly obtained using the alternative algorithm in (A.12).
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Although straightforward to check, the relations (B.5) to (B.8) contain a hidden sys-
tematics noteworthy of uncovering. To this effect, we rewrite the BRST-exactness solution
of loc2P" in terms of BRST invariants (see equation (10.1) of [29]):

loci™ = QL2345 = D12 35 + F'Clhsas (B.9)

which manifests BRST invariance rather than locality. We can interpret (B.9) as the

12,345 i (5.21)
are in fact spurious (which is easy to verify). Since the combinatorics of the Berends-Giele

statement that the non-localities in the Berends-Giele expansion of k"

expansion of the building blocks L and C' is the same (see (A.12)), the conclusion is that

the ghost-number-two expression k! L is also a local expression. Even though it

m
1/2,3,4,5,6
was not guaranteed to be the case, computing its BRST variation leads to the manifestly

. 6pt
local expression loc;™".

Similarly, the BRST-closed expression loc(fpt can be rewritten in terms of non-local
BRST pseudo-invariants

Q(F" Lo z.456) = k' Allas 456 + 'k Cllsga56 + [s12P1joj3.45.6 + (2 > 3,4,5,6)]
(B.10)
where again the locality of the left-hand side (i.e., loc?pt) is obscured by the representation
with BRST (pseudo-)invariants on the right-hand side.

However, the same logic can be applied again: when promoting the BRST descendant
on the right-hand side of (B.10) to a BRST generator via ABepr — L1|ABCDE
and A”Z BoDE 0, locality follows from the equivalence of the respective expansions
in terms of Berends-Giele currents. We therefore obtain the ghost-number-two terms
kR L5 3 4567 T [s12L1j93,4,567 + (2 ¢ 3,4,5,6,7)] that are guaranteed to generate
a local ghost-number-three expression upon BRST variation. The fact that it exactly re-
produces the unique expression for IOCIpt obtained by a brute-force search demonstrates
that the manifestly local BRST cohomology is empty at seven points (using the set of
building blocks from section 4).

Similarly, we use the promotion C — L and A — 0 in the BRST variation of the
seven-point identity (see [29] or (A.12) for the anomaly superfields Ay )

QRT'ET L33 4567 + [s12L1j2134567 + (2 ¢ 3,4,5,6,7)]) = (B.11)
= k1 - k12saserA 1234567 + KT KT AYY 5 4567
+[s12A1)913,456,7 + (24 3,4,5,6,7)]
TRPRPRLCTI? 4 [s12(3KT + K Pl 7+ (26 3,...,7)]
+[(s12 — s13)523P1josja 567 + (2,3(2,3,4,5,6,7)]

to obtain a local eight-point expression. Surprisingly, as already stated in (B.8), the out-
come of its BRST variation exactly matches the expression (B.4) and demonstrates that
the manifestly local BRST cohomology is empty at eight points.
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For completeness, the local expression (B.4) for loc?pt takes the following form in terms

of (pseudo-)invariants

loci™ = ATty s (3K (k1 - kiz.s) + [K's12 + (2 5 3,4, 8)]) (B.12)
+ [(812 — s13)823A1)23,4,...8 +(2,32,3,4, ... ,8)]
HRPRTRTATSS g+ [5123K7 + K)AT5, s+ (24 3,4,...,8)]
+[(s12 — 513)523A1j0314,.. s + (2,3[2,3,4,...,8)]
HRPRTRTRT YS! o+ [s12(6K" AT + 4Kk + kSRS ) Pllyls 4 s + (242 3,4,...,8)]
+[(6s12513 + s12503 + s13523) Prjogpa,.. s + (2,3[2,3,4,...,8)]
+[s23(4(s12—513)kT" + (2512—513) k5" + (s12—2513)k5") Pllhgja 5,678 + (2:312,3,. .., 8)]
+[(s12 — 2513 + s14) 523534 P1|234(5.6,7.8 + (512 — 2514 + 513) 524534 P1j24305.6. 7.8
+(s13 — 2512 + 514) 523524 P 3045678 + (2, 3,4(2,3,4,5,6,7,8)] ,

and it can be used to obtain the (tentatively unique) BRST-closed manifestly local combi-
nation at nine points.

B.2 BRST-closed expressions using momentum conservation

We shall now repeat the above analysis in presence of momentum conservation and count
the number of manifestly local BRST invariants in an n-particle phase space. At five
points, kis345 = 0 gives rise to four independent local BRST invariants obtained from
permutations of

QD1jg345 = D1j23a5 + k' Cllp g5+ [32301\23,4,5 + (34 4,5)] (B.13)
= Yio3as+ kS ViTSs 45 — VieTsus 4+ [ViThsas + (3 <> 4,5)]

in 2 <» 3,4,5. The earlier solution (B.5) then follows from a sum over the 2 <+ 3,4,5
permutations of (B.13) via momentum conservation.

The non-obvious locality of lfé”C’ﬁlz?)A’5 + [32301‘23,475 + (3 + 4, 5)] is not altered when
promoting Cy|. — Ly, and we can identify a six-point BRST generator from the first
line of (B.13),

Q(K3' Ly 3. 456 + [523L1j23,456 + (3 ¢+ 4,5,6)]) (B.14)
= k3 ATl 3456 T [523801023456 + (3 ¢ 4,5,6)]
+k?1k§0{?£3,475,6 — s12P1234,56 + [523’%?0{?23,4,5,6 + (3> 4,5, 6)]
=ky'Y 6 —Yiesase + Yo 1,456 + (3¢ 4,5,6)]
+VIkT kS T35 5.6 — 512V1do3456 — Vieki" 1574 5 6
+[VIkT' T35 456 + Visky' T3 5.6 + Va12Tus6 + (3 ¢+ 4,5,06)]
+[VisToa 56 + ViaTos 56 + (3,4]3,4,5,6)] .

The locality of the right-hand side is clear from the locality of the BRST generator. Note
that the first line k3'Y)"5 4 — Yiosa56 + [Ya3,14,56 + (3 + 4,5,6)] is separately BRST
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closed under ks - k13456 = 0. They are expressible in terms of the BRST exact A, and
can be viewed as the anomaly analogue of the second line of (B.13). The five permutations
of the anomalous and the non-anomalous terms on the right-hand side of (B.14) under
2 <> 3,4,5,6 exhaust the 5 + 5 manifestly local BRST invariants at six points as obtained
via a brute-force search with FORM.

At seven points, the BRST descendant in the third line of (B.14) can be promoted to
a BRST generator whose locality is guaranteed by the last three lines of (B.14),

QR k5 LY} 5 4567 — S12Lj2i3,5.6,7 + [523k" Lijas u 567 + (3 ¢+ 4,5,6,7)])  (B.15)

= k1" k3 AY[3 5 4567 — 128102134567 T [823k?1Aﬁ2374’5’677 +(34+4,5,6,7)]
+k§”k’fk§’cfgj§ 7t [szgkmkncmg 67T (34 4,5,6,7)] — 25121 Plly3 4567
+[513K5 P30 45,67 + 513523 Prjasjaser + (3 ¢ 4,5,6,7)]

+ (514523 P1jaj23. 56,7 + 13524 P1j31245.67 + (3,4]3,4,5,6,7)] .
Hence, the right-hand side has to be local as well, as can be verified by explicit computation,

QR K3 LY 3 45 6.7 — 5121112134567+ [523K7 Loz 4 5. 6.7+ (3 ¢+ 4,5,6,7)]) (B.16)
=k kY55 4567 512Yop 34567 k1" Y1234567
+ kY s 4567+ kS YS9 4567+ 3124567+ (3454,5,6,7)]
+[Yi3,24.5,6,7 + Y14,23,56,7 + (3,4]3,4,5,6,7)]
R R R VITY 55 6.7 2312V1k{”J§T3 1567 VIS (51835 4 5,67+ (3> 4,5,6,7)]
+ [Visky' (2K + k5 T35 6 7 + KR VITES ! 5 6.7 — 2Vissi2Jaju 567 + (3 4 4,5,6,7)]
—Viok kY T3S 6.7+ [s13(Vidasjase7 — VizJsjas,6,7) — 523VisJoa 567+ (34 4,5,6,7)]
+[Vi(s13J324,5,6,7+(3¢34)) +(3,413,4,5,6,7)| — [Visa (267" +k5" ) T1s .7+ (3¢34,5,6,7)]
+ [Via (2K + k) T35 5 6.7+ Vis (k1" + k5 ) T34 5 6.7+ (3,413,4,5,6,7)]
+[(Visa 4+ Viag) k5 T35 6.7 — (Visaz + Viaz2) Ts 6.7+ (3,4]3,4,5,6,7))]
+[(Vias + Visa) Tos,6,7 + (Viss + Viss) Toae,7 + (Viza + Vias) Tos 6,7+ (3,4,5(3,4,5,6,7)] .

In contrast to the six-point analogue (B.14), the anomalous terms

7
Yl(\2)|3 4567 = Rk Y 934567 — 512Yo)134567 — k1" Y1234567 (B.17)
+ RT3 4567 + k5 Yi504567 + Y3124567 + (3 ¢ 4,5,6,7)]
+[Yi3,24,56,7 + Y1a,2356,7 + (3,4]3,4,5,6,7)]
in the first three lines on the right-hand side of (B.16) are not BRST invariant by them-

selves. Instead, we have

QY an0r = —s12 (ViR Vi a7 — ViaYaaser + [ViVasaser + (3 4 4,5,6,7)])

= —512QA123.456,7 » (B.18)
consistent with (B.15) and the fact that QAT 7 = QAfly; -, = 0. Accordingly,
<Y1(|;)|3,4,5,6,7> = —512(Aq23,4,5,6,7) in the cohomology. The six permutations of (B.16) under
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2 <+ 3,...,7 are the only manifestly local BRST invariants at seven points which can be
built from our alphabet of building blocks. By the availability of the BRST generator on
the left-hand side of (B.16), all of them are excluded from the cohomology.

At eight points, a brute-force search with FORM identified seven BRST invariant linear

combinations of manifestly local building blocks, namely the 2 <+ 3,...,8 permutations of
Q(k‘}’%?ké’Lﬁ%m@L (sosk "KLY | o+ (344,5,6,7,8)] ~2s10k] ity s s (B.19)

+[513k£nL§r|L3|274’m,8+513823L1|23|4’_“78+(3<—>4,...,8)]
‘|‘[314323L1|4\23,5,6,7,8+313324L1|3|24,5,6,7,8+(3a4‘374a5a67778)])
=—s12(k3' Al 5 g+ [s23A1j234,.. 8+ (3¢ 4,...,8)])
—l—k{”k?ké}Aﬁg’gws—k [Szgk{nk?Aﬁ§3’4’...78+(3<—>4,5,6,7,8)] —2512k{”Aﬁ2|3’4,m78
+[s13k5 ATl s g 5135230112314, 8 +(3 > 4,...,8)]
+ 5145230 114123.5.6,7,8 F 513524 A1 3)24,5.6,7,8 + (3,4]3,4,5,6,7,8) |
TRPRTRIRACT 4 [k RERICTRY  1(3434,....8)]
—3s12k] kY 17?273747___78+[slgk?(Bk’f+k§) $72,4’._.78+(3<—>4,...,8)]
+ [513523 (3T +K5") Pilbga 5. s —513(3512+523) Pija gjas 67,8+ (340 4,...,8)]
+ [(513—514)(534kgnpmg4|2,57677,8+323534pl|234|5,6,7,8_524534P1|243|5,6,7,8)+(374‘3>47---a8)]
+ [514523 (3R K" ) Pl o3 5 6.7.8 + 513520 (3T +K5") Pl 0 5 6.7, (3,4]3,4,...,8)]
+ [s23545 (514 — 515) Pljas|23,6,7,8 + 524535 (513 — 515) Pi[35)24,6,7.8
+525534 (513 —514) P1j3aps 67,8 +(3,4,513,4,5,6,7,8)] .
The BRST generator inherits its locality from the seven-point analogue (B.15). Again, the
anomalous terms on the right-hand side of (B.19) are not by themselves BRST invariant.
Hence, by the BRST generator on the left-hand side of (B.19), none of the seven local
BRST invariants at eight points can belong to the cohomology. As long as we do not
consider superspace combinations beyond the building blocks of section 4, the manifestly
local BRST cohomology is therefore demonstrated to be empty at five to eight points.

C Eight-point anomalous building blocks

This appendix is dedicated to the refined anomalous building blocks at eight points that
enter the discussion of the eight-point correlator via (III1.3.90) and do not vanish in the
BRST cohomology,

Aq2314,5,6,7.8 = V23)1,4,5,6,7,8 T V3]1214,5,6,7,8 — V2[13,4,5,6,7,8 (C.1)
+(y1753,4,5,6,7,8k§n + [s34 V12345678 + (4 <> 5,6,7,8)] — (2 > 3))

Aq234,5,6,7.8 = Vo|1,34,5,6,7,8 T V2/13,4,5,6,7,8 — V2(14,3,5,6,7,8
+k3' Vi 3456,78 + [32537125,34,6,7,8 + (56,7, 8)]

+ (k?yg4,375767778 + 524 (V1234,5,6,7,8 + V1324,5,6,7,8)

+ [s25Va125,36,7.8 + (5 3 6,7,8)] — (34> 4))
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m _ m P~yHpm
Aflo3,a5.67.8 = Yal1,345678 T kaVi2345673
m m PP
+ {82337123,475,677,8 + k5 (V2pi3.45,6,78 — kb V513.45678)
— [k s23Va1235,6,7,8 + (4 > 5,6,7,8)] + (3 4+ 4,5,6,7, 8)} .

Their BRST variations (5.39) can be rewritten such as to expose the kinematic poles

kgsViYs, s+ VasiYasers+[ViYasasers+(445,6,7,8)]

QA1 23145678 = (C.2)
S93
N kViRYY s —ViasYase s+ [ViaYsase78+ (44 5,6,7,8)]
512
ky'VisYsh  s—=VisaYase78+ [VisYause78+ (44 5,6,7,8)]
513

—ViYo34,.. 8+ V1Y3124,..8
Ky ViYySy s s—ViaYaa5678—V1Y312,5678+ [V1Y34,25678+ (54 6,7,8)]

QA123456,7.8 =

534
N kVisYyly s —VisaYasers+ |[VisYaasers+(445,6,7,8)]
513
kyViaYs  s—ViaeYss678+ [ViaYasse78+ (342 5,6,7,8)]
S14

QAV 3,456,783 = VIESYy ' s=ViaV3y s =k ViYosa s+ [ViYaza, s +(3434,...,8)]

L koVisYyy  s—VizaYasers+ [VisYous 678+ (445,6,7,8)]
’ 513
+(3+4,...,8)

which should therefore be present in the components of the Ay superfields themselves.

Indeed, we shall now write down the bosonic components of the eight-point topology
Ajj934,5,6,7,8 in terms of Berends-Giele currents in the BCJ gauge, see [28] for more details.

(Brpiaasorns) =+ (ABFR -+ AL FEAHRICTEm | 2 G ISR e
—i [(FnFRI (k2 - €%) + Fian Fhlsys ) kTR e eTe mnpa 4 (5 5 6,7, 8)]
+% [(FE3 (k2 - €) + Fiis so5) e KRR SCeTedmn (5,6, 7.8)] — (34 4)
b (PR € + Fiifyson+ Fliasag) dHWREETEm (3 0, )]
—l—% [< Té _2A12~ci3)6k4k5k6k7k86465666768 —(3 H4)]
g | o ()= () €)1 () = () el

4.5,6,7,.8

+((k3‘€1)_(kZ‘61))(62'63))€k4k5k6k7k86 e’e’e’e _(3<_>4)
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1

T LB @) (€ e) 4 (1) — (- ) (¢ )| H HIHI I
(3o 4)}
—l—% [.7-'“{’;”(62 _ 65)6k4k6k7k864666768mn + (56,7, 8)} —(3<>4)
J& [f:rﬁn(eZ_65)6k1k6k7k86166e768mn+(5<_>6’7,8)}
+% [P (2. )R RORTRS S ST mn (3 4)]
+i (1 - 2) T RORTRS P eOeT eBmn N + fermions. (C.3)

Given that 6 and fermionic wavefunctions are suppressed on the right-hand side, the su-
perfields A7 and Fp'" reduce to the bosonic Berends-Giele currents in the BCJ gauge [28].
The other topologies in (C.1) have similar expansions but were omitted and can be found
as computer-readable files attached to the arXiv submission. Although it is not manifest
in the form presented above, all four-channel s;;,; poles turn out to be absent?® in every
eight-point topology of A. The three-channel poles s;;;, are however present (despite being
absent in the BRST variation).

D The BRST variations of local building blocks

In this appendix we list the BRST variations of every local building block appearing in the
one-loop correlators up to eight points that have not appeared as examples in the preceding
sections. The list below can be generated from the formulas given in the main text but
are presented here for convenience. Together with the examples from the main text, these
equations allow one to verify all claims related to BRST variations in this series of papers.

D.1 Scalar Ty, B,c

Similarly, the BRST variations given in (4.3) are appended by

QT 23456 = (k1 - k2) [ViTasas6 + VisToase + VisaTose + ViaTosse — (1 < 2)]  (D.1)
+(k12 - k3)[VieTsa,5.6 + ViaaTs56 — (12 < 3)]
+ (k123 - ka) [ViosTus6 — (123 <> 4)]
QT23456 = (k1 - k2) [ViTasus6 + VisTouse — VasTiase — VoTi3,456]
+(kiz - k) [VioTs 456 — VaT12,456]
+(ka - ks) [VaT12356 — VsT123,46) -
QTi23156 = (k1 - ko) [ViTo 3456 — VaT13456] + (12 <> 34,56)

*This can be seen by inserting Fi35y = k534 Alogs — ATss AL — AT AL, — AT ALy, — (m < n) into

51,6178 _5_6_7_8 . 51,6778 5 6_7
Fn FPRTEI e ereletmn o d noting the consequence kias Al e’ BF R eTereleimn — (g of momentum con-
1234 123441234
servation.
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QT 234567 = (k1 - k2) [ViTosase7 + VisToas 6,7 + VisaTos 6,7 + Visas o7
+ VizsToa7 + ViaTozs 6.7 + ViasTaz 6.7 + VisTazaer — (1 5 2)]
+(k12 - k3) [VieThas,6,7 + Vi2aT35,6,7 + VizasTs.6.7 + VizsTsa67 — (12 < 3)]
+(k123 - ka) [ViosTus,6,7 + ViessTuer — (123 45 4)]
+ (k1234 - k5)[Vi23aT5.6,7 — (1234 <5 5)] |
QT 234567 = (k1 - k2) [ViTosase,r + VisToaser + VisaThe 2,7 + ViaTas 56, — (1 4+ 2)]
+(k12 - k3) [VieTsa,56,7 + VizaTse3,7 — (12 <+ 3)]
+(k123 - ka) [Vi23Ts6.4,7 — (123 ¢ 4)]
+(ks - ke) [VsTh234,6,7 — (5 <> 6)]
QT23,456,7 = (k1 - ko) [ViTuse 23,7 + VisTuse 2,7 — (1 ¢ 2)]
+(kiz - k3) [VieTuse 3,7 — (12 > 3)]
+(ka - ks) [VaT123,56,7 + VasThas,57 — (4 > 5)]
+(kas - k) [VasTi23,6,7 — (45 <> 6)]
QT1234567 = (k1 - k) [ViTasus,67 + VisTusgr,2 — (1 ¢ 2)]
+(k12 - k3) [ViaTus 67,3 — (12 » 3)]
+(ka - ks) [VaT123,675 — (4 3 5)]
+(k - k7) [VeT123,457 — (6 <> 7)] .

D.2 Tensorial TX:B’.,C,...

The vectorial BRST variations in (4.8) generalize to

QT334 567 = [ki534V1234T567 + (1234 45 5,6,7)] (D.2)
(k1 ko) [ViT53a 567 + VisTot 567 + ViaTo3 567 + VisaTss 6.7 — (1 < 2)]
+(k12 - k3) [ViaT3i 5.6 7 + Vi2aT3s 6.7 — (12 ¢ 3)]
+(k123 - ka) [Vi2sT} 6.7 — (123 <> 4)]
QT53.4567 = [ki53V123Tus.6,7 + (123 ¢ 45,6,7)]
+(k1 - k) [ViT53 45,67 + Vi3T5 4567 — (1 ¢ 2)]
+ (k12 - k) [Vie T35 6.7 — (12 ¢ 3)]
+(ka - ks) [WTB3,5,6,7 -4« 5)]
QT 34567 = [K15Vi2T3a,56,7 + (12 > 34,56,7)]
+ (k1 - ko) ViT3%y 56,7 — (1 4> 2)) + (12 <> 34,56)] ,
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while the higher-multiplicity analogues of the tensorial BRST variations (4.17) read

QT3 4567 = 0" Y1234567 + [ki’g'éVmgTﬁ%m + (123 > 4,5,6,7)] (D.3)
(k1 - ko) (VT35 567 + VisTos.67 — (1 4 2)]
+ (k12 - ks) [Via T35 6.7 — (12 > 3)]
QT15 54567 = 0" V1234567 + [kngT&)ﬁﬁﬁ + (12 > 34,5,6,7)]
(k1 - k) [ViTS 50 567 — (1 4 2)]
+(ks - ka) [VaTT3 567 — (3 ¢ 4)]
QT\5 3567 = 5(mnY1p2),3,4,5,6,7 + [kggVIQT::Z)s,G,? + (12 ¢+ 34,5,6,7)]
k- ko) [ViT35 567 — (14 2)]
QT 554567 = 5(mnylzjg?3,4,5,6,7 + [k§mV1T2Tf§?4),5,6,7 + (14 2,3,4,5,6,7)] .

D.3 Refined JXTE,C,...

The BRST variations of the refined building blocks Jy g c p r that appear in the eight-
point correlator read,

Q1231567 = k33Vi2sTis 6 7+ [Vias aTs.6.7 + (4 4 5,6,7) |+ V1234567 (D.4)

+(k' - k*) [Vidasaser + Visdouser — (145 2)]

+(k k) [VigJga 567 — (12 4 3)]
Qrapaser = kaVieT5i 567 + [ViizsgTser + (34 > 5,6,7)] + Yiasa56.7

+(k" B [Vidozaser — (Lo 2)] + (K kY [Vadiopser — (3 ¢ 4)]
Q3567 = kI'ViTsh 4567 + [Viza Tus.e,r + (23 <5 45,6, 7)] + Y12345,6.7

+(k* k%) [VaTijzas6r — (20 3)] + (K" - k%) [Vaijas 67 — (4 4 5)]
QTvp3aser = k' ViTssaser + [VizsgTser + (234 4 5,6,7)] + Yia34567

+(k? - k%) [VaTysaser + VarJiz s — (2 ¢ 3)]

+(k* - k") [VagJyjas67 — (23 4)]

see (4.26) for examples at lower multiplicity. The BRST variation of every tensorial J™-
relevant to one-loop correlators up to eight points has been spelled out in (4.31).

D.4 Anomaly building blocks YEJ'E}',C,...

The BRST variations (4.21) of anomaly building blocks generalize as follows to multiplicity
seven and eight,

QY123456,7 = (k1-k2)[ViYas 567+ VisYouse7— (14 2)] (D.5)
+(k12-k3) [Vi2Ys 4567 — (124 3)]
QY12,31567 = (k1-ka) [ViYagas6,7— (143 2)] + (1245 34)
QY12345,6,7,8 = (k1-k2) [ViYa34,567,81V13Y2456,7.8+V14Y23,56,7,8+V134Y256,7,8 — (1432)]
+(k12-k3)[Vi2Yaa,5,6,7,8 + V124Y356.7.8 — (124 3)]
+(k123-ka) [Vi23Ya 5,678 — (123 <> 4)]
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QY123,456,7,8 = (k1-k2) [V1Yas.4567.8 + VisYaus56,7,8 — (142 2)]
+(ki2 - k3) [Vi2Y3.456,7,.8 — (124> 3)]
+(ka-ks) [VaYias 5,678 — (44 5)]
QY12,3456,7,8 = (k1-k2) [V1Ya 345678 — (143 2)] + (12 ¢ 34,56)
QY3 34567 = [k13V12Y34567+ (124 3,4,5,6,7)]
+(k1- ko) [V1Y27,r§,4,5,6,7 (1« 2)]
QY% 45678 = [Ki53Vi23Yas67.8+(123454,5,6,7,8)]
+(k1-k2) VY38 45678+ V13Yalh 5678 — (142 2)]
+(k12-k3) [‘/12Y37:}1,5,6,7,8 — (124 3)]
QYi3315675 = [F5Vi2Yaa5678+ (124 34,5,6,7,8)]
+(k1 - ko) [V1Y27E4,5,6,7,8 — (14> 2)] 4 (k3 - k) [V3Ylgl,4,5,6,7,8 —(3¢4)]
QY1T§?3,475,677 = kEmV1Y2?§74757677 +(142,3,4,5,6,7)
QYi35as67s = (K5 ViaYalsms+(1268,4,5,6,7,8)] + (k1 ko) [Vi Y5l 5 6.7.8 — (16:2)]

Y i sers = KVAYSE), o605+ (1492,3,4,5,6,7,8).

The BRST variations of refined anomaly building blocks relevant to (n < 8)-point correla-
tors are spelled out in (4.34).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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