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1 Introduction

This is the third part of a series of papers [1-3] towards the derivation of one-loop correla-
tors of massless open- and closed-superstring states using techniques from the pure-spinor
formalism [4, 5]. We often refer to section and equation numbers from part I & part I and
then prefix these numbers by the corresponding roman numerals I and II. The main result
of this paper is the assembly of local one-loop correlators in pure-spinor superspace [6] up
to eight points. This will be done by combining two main ingredients:



1. local kinematic building blocks introduced in part I that capture the essentials of the
pure-spinor zero-mode saturation rules and transform covariantly under the BRST
charge

2. worldsheet functions introduced in part II capturing the singularities generated by
OPE contractions among vertex operators. In particular, their monodromies as the
vertex positions are moved around the genus-one cycles also follow a notion of “co-
variance”. More precisely, the monodromies are described by a system of equations
that share the same properties of the so-called BRST invariants and naturally lead
to a duality between kinematics and worldsheet functions.

The fundamental guiding principle that will act as the recipe to combine these two ingredi-
ents will correspond to the one-loop generalization of a symmetry property obeyed by the
analogous tree-level correlators derived in [7] and reviewed in section 2.1 below. More pre-
cisely, the tree-level correlators are composed of products of Lie-symmetric kinematic build-
ing blocks Vi23.., and shuffle-symmetric worldsheet functions ng%f_’_.p = (212223 - - - zp,Lp)_l.
Given the similar structure between these symmetries and the composing elements in a the-
orem of Ree concerning Lie polynomials [8], we dubbed the correlators obtained in this way
as having a Lie-polynomial form. We will see that this line of reasoning leads to a key as-
sumption of this paper, that the local n-point one-loop correlators of the open superstring
can be written as

n—4
1 .
Kn(l) = Z ] (VAlTZi:::ﬁ:+42217:::ﬁ1+4 +[12...n|As, ... ,AT+4]> + corrections. (1.1)
r=0

Definitions of the kinematic building blocks T 217:::2?1;4 and the worldsheet functions
ZZ%:TXH can be found in part I and part II, respectively.! The notation for the permu-
tations in terms of partitions of words addresses the kind of permutations resulting from
the interplay between shuffles and Lie symmetries, and is explained in the appendix A. As
discussed in part II, a beneficial side effect of requiring shuffle symmetry for the worldsheet
functions is that the resulting functions automatically contain non-singular pieces that are
invisible to an OPE analysis. Lie symmetries in turn refer to the generalized Jacobi identi-
ties satisfied by the kinematic building blocks, in lines with the Bern-Carrasco-Johansson
duality between color and kinematics [12].

The notions of locality, BRST invariance and single-valuedness will then lead to a
discussion for why the “4 corrections” are needed starting at n > 7 points. In section 3,
a multitude of representations for the correlators with n = 4,5,6,7 (including the “+4
corrections” at n = 7) will be given that expose different subsets of their properties. While
the n = 8 correlator following from the proposal (1.1) satisfies many non-trivial constraints,
it fails to be BRST invariant by terms proportional to the holomorphic Eisenstein series
Gy4. In the future, we expect to address this challenging leftover problem in order to extend
our results to arbitrary numbers of points.

!The worldsheet functions can also be downloaded from [9] as text files in FORM [10, 11] format.



Section 4 is dedicated to manifesting the modular properties of the open- and closed-
string correlators by integrating out the loop momentum. We will relate a double-copy
structure of the open-string correlators [13] to the low-energy limit of the closed-string
amplitudes. This incarnation of the duality between kinematics and worldsheet functions
is checked in detail up to multiplicity seven, and we describe the problems and perspectives
in the quest for an n-point generalization at the end of section 4.

2  One-loop correlators of the open superstring: general structure

In this section, we set the stage for assembling one-loop correlators K, (¢) from the system
of kinematic building blocks and worldsheet functions introduced in part I and II. By their
definition in section 1.2.2, correlators /Cp,(¢) carry the kinematic dependence of one-loop
open-string amplitudes among n massless states

An =) Ciop / drdzadzs ... dz, / dP0 |, (0)| (K (0)), (2.1)

top Drop

with (...) denoting the zero-mode integration prescription of the pure-spinor formalism [4].
The integration domains Do, for the modular parameter 7 and vertex positions z; are
tailored to the topologies of a cylinder or a Mdbius strip with associated color factors Cigp,
see [14] for details. The integration over loop momenta ¢ is an integral part of the chiral-
splitting method [15-17], which allows to derive massless closed-string one-loop amplitudes
from an integrand of double-copy form

Mn:/fd%d% Pz ... d*z, /dDg |Z, ()2 (K (0)) (K (<)), (2.2)

with F denoting the fundamental domain for inequivalent tori w.r.t. the modular group.
Both of (2.1) and (2.2) involve the universal one-loop Koba-Nielsen factor

In(é) = exp (Z Sij log 01 (Zz‘j, T) + Z Zj(g . k‘j) + T€2> R (2.3)

— . 4mi
1<J Jj=1
with lightlike external momenta £;, where we use the shorthands
Sij = ki . kj y Zijg = 2 — % (2.4)

and conventions where 2o/ = 1 for open strings and %, =1 for closed ones.

In trying to calculate multiparticle one-loop amplitudes using the pure-spinor prescrip-
tion (I.2.4), one soon realizes that most efforts tend to be hampered by the complicated
nature of the b-ghost (1.2.5). This difficulty, however, motivates a less direct approach
which illuminates the structure of the answer in a somewhat unexpected way; the organiz-
ing principle will be drawn from the tree-level correlators of [7].



2.1 Lessons from tree-level correlators

Recall that n-point open-string tree amplitudes in the pure-spinor formulation require the
evaluation of the following n-point correlation function [4],

n—2 n
(Vi(z1) [T Ui () Va1 (zn-1) Vi (00) Diwee = (K) [T I2651°7 (2.5)
j=2 1<J

see (I1.2.6) and (1.2.7) for the vertex operators V; and U;. The definition of the tree-level
correlators K% on the right-hand side is analogous to that of one-loop correlators K, (£),
cf. (I.2.28). The idea is to strip off the universal factors of |z;;|* from the path integral,
i.e. the tree-level analogue of the one-loop Koba-Nielsen factor (2.3). The computation of
the correlators K boils down to using the CFT rules of the pure-spinor formalism to
perform OPE contractions among the vertex operators in (2.5).

One of the crucial steps in the calculation of [7] was showing that the multiparticle
vertex operators Vp [18] could be used as the fundamental building blocks of the correlator;
for example, in terms of the function Z° defined by

1
tree —
123...p — ’ (26)
P zi9z03 . Zpo1yp

we have

Vi(21)Us(22) = V12 Z15° (2.7)
Vi(21)Uz(22)Us(23) = Vigs 2155 + Viga 2155

where the symbol 2 is a reminder that the above relations are valid up to total derivatives
and BRST-exact quantities. As reviewed in section I1.4.1, the accompanying functions ex-
hibit shuffle symmetry such as ZJ5*°+ Zie¢ = (0, Zite— Zle = 0 and ZEF+ Z8¢ + ZH5e =
0 dual to the Lie symmetries Vis = —Va1, Viss = —Va13 and Viog 4+ Vasy + V1o = 0, cf.
(I.3.35). When combined with (2.7), these symmetries lead to the following generalization:

n

Vi(z) [ Uni(za) = > ViaZi%e, 2555 =0, VYA B#0, (2.8)
=1 |Al=n

which eventually gives rise to the solution found in [7]. As detailed in section 1.3.1, the
summation range |A| = n in (2.8) refers to the n! words A formed by permutations of
aiaz . ..ajq with [A] = n.

At this point one may realize that the right-hand side of (2.8) has the structure of
a Lie polynomial [8, 19] and that the expressions for the n-point correlators at tree level
obtained in [7] can be written in terms of their products. More precisely, K is given by
two copies of (2.8) with n—2 deconcatenations AB = 23...n—2 and an overall permutation
over (n—3)! letters for a total of (n—2)! terms:

Koo = 3" (ViaZ85°) (V1,528 5) Vi + perm(23 ... n—2). (2.9)
AB=23..n—2



For example (Z**° = 1),

Ky =ViVaVs, Ky = Vie 215 VaVa + ViVaa 255V, (2.10)
Ky = (Vizs 2155 + Viza 2155 ) VaVs + Vi (Vaos Z55 + Vaze Z55°) Vs
+ (Vi2Z215°) (Vas Zi5°) Vs + (VisZ15°) (Vi Z55°) Vs .

Note that V123 Z15% + Va2 2155 in (2.10) is symmetric in 1,2, 3 even though only two out of
3! permutations are spelled out. This is a consequence of the Lie-polynomial structure of
the correlator;? the right-hand side of (2.8) is permutation symmetric in 1, a1, as, ... , Q)4
even though only the weaker symmetry in a1, as, ..., a 4| is manifest.

The Lie-polynomial structure of the building blocks in the tree-level correlator (2.9)
motivates us to search for a similar organization of the one-loop correlators.

2.2 Assembling one-loop correlators

Let us summarize what we have seen in part I and II in order to better understand the
motivation behind the general form of the one-loop correlators ICp, (¢) to be proposed shortly.

e In section 1.3.3, we reviewed the definition of local superfields that satisfy generalized
Jacobi identities and, in section 1.4.4, we showed how they can be assembled in several
classes of local building blocks.

e In section I1.5.5, we constructed functions composed of the expansion coefficients of
the Kronecker-Eisenstein series that obey shuffle symmetries when the vertex inser-
tion points are permuted.

Let us thread the above points together in view of the tree-level structure discussed above.
Firstly, since the short-distance singularities within the correlator are independent on the
global properties of the Riemann surface, the shuffle symmetries of the worldsheet functions
should also be a property of the worldsheet functions at one loop. And secondly, the shuffle
symmetry obeyed by the functions are the driving force in the Lie-polynomial organization
of the tree-level correlators with local kinematic building blocks. When taken together these
points suggest that the superfields and worldsheet functions of one-loop correlators have
the same symmetry structure of Lie polynomials. This realization will lead to a beautiful
organization of superstring one-loop correlators.

2.3 The Lie-polynomial structure of one-loop correlators

The additional zero modes at genus one, in particular the availability of loop momenta,
allow for a significantly richer system of kinematic building blocks as compared to the tree-
level kinematics Vi4V;,—1 8V}, in (2.9). Also their accompanying worldsheet functions must
accommodate the different OPE singularities and powers of loop momentum characteristic
to each zero-mode saturation pattern, see e.g. (1.3.23) and (I.3.24). The corresponding
Lie polynomials will therefore differ with respect to these features but will preserve their
mathematical characterization as sums over products of shuffle- and Lie-symmetric objects.

*This follows from the identity > , ‘%‘lZAVA => 5 ZisVis [8].



To exemplify and to give a preview of what is ahead, the four-, five-, and six-point
correlators at one loop will be written as products of local kinematic building blocks TZ%;:._
(cf. sections I.4.1 to 1.4.3) and worldsheet functions (cf. section 11.4.4) as follows,

Ka(l) =ViTz 3421234, (2.11)
Ks(0) =ViT3% 4 527 345 + [Vi2T34,5 212345 + (2 < 3,4,5)]

+ [ViTas 45212345 + (2, ,5)]

1
o mn mn
Ke(£) = *V1T2 8.4,5,621.2.3,4,5,6

+ [Vie T 5 62153456 + (2 42 3,4,5,6)]
+ [ViT35 4562103456 + (2,3]2,3,4,5,06)]
+ [Vi2sTu5,6 2123456 + Vi32Tu5,6Z132,4,56 1 (2,3]2,3,4,5,6)]
+ [ Vi2T34.5.6212,34,56 + cyc(2,3,4)) + (2,3,4\2,3,4,5,6)}
+[(
+ [V

(ViTo 34,56 21,2,34,56 + cyc(3,4,5)) + (2 <+ 3,4,5,6)]
1T234,5,621,234,5.6 + ViToa3 562124356 + (2,3,4/2,3,4,5,6)] ,

where m,n,p,... = 0,1,...,9 denote Lorentz-vector indices. As in part I and II, the
separation of words A, B, ... through a comma in a subscript indicates that the parental
object is symmetric under A <+ B, e.g. Ta pc = TB,ac = Ta,c,p. The generalized Jacobi
symmetries of Vp then apply to all of A, B, ..., e.g. Thzas6 + cyc(2,3,4) = 0. More-
over, +(ai,...,aplai, ..., apyq) refers to summing over all the (p;q) subsets of a1, ..., ap1q
involving p elements a; in the place of a1, ..., a,.

The Lie-polynomial form of the correlator (2.11) is also convenient for obtaining dif-
ferent representations. For example, after rewriting > , ViaZia = > AB Viada,BZip one
can use (1.5.2) to obtain the trading identity,

S ViaZia =S MiaZl) . (2.12)
A A

(s)

Shuffle symmetric Berends-Giele currents Mp and Lie-symmetric worldsheet functions Z
are defined in (I.5.1) and (I1.4.22), respectively, and (2.12) can be easily generalized to any
number of words. This kind of manipulation played a key role in expressing the tree-level
correlator in terms of an (n—3)! basis of worldsheet functions in [7].

We will be concerned with the particulars of the expressions (2.11) in section 3; for the
moment we note that their growing number of terms calls for a more convenient notation. In
the subsequent discussion we will distill the combinatorial properties of these permutation
sums and propose an intuitive notation for them.

2.3.1 Stirling cycle permutation sums

In order to grasp the combinatorics of (2.11), note that the symmetries of the Lie polynomial
>4 VaZ4 imply that only (p—1)! permutations are independent for words of length p. This
is true for each word A; in terms such as Va, T4, a5,4, Z4,,45,45,A,- For an n-point correlator
these words A; must encompass all particle labels, that is |A;| + |A2| + |A43] + |A4| =



n. Therefore the sums of V4, Ta, a5,4,24,,45,45,4, 10 the correlators of (2.11) can be
interpreted as being all the permutations of n labels that are composed of 4 cycles, or p
cycles in the general case of tensorial Va,T X;lzf 4, This is the characterization of the
Stirling cycle numbers> [Z]

Using the above interpretation, the scalar building blocks in (2.11) are generated by

the following combinatorial notation

IC = VATB,C,DZA,B,C,D + [12 A n|A, B, C, D] , (2.13)

n(€) ‘VATB,C,D
where —l—[12 ...n|A, B, C, D] indicates a sum over the Stirling cycle permutations of the
set {1,2,...,n}, defined in the appendix A. As a consequence of this definition, each term
of (2.13) has leg one as the first letter of A, cf. (A.3).

Similarly, the vector contribution to Ks5(¢) and Kg(¢) in (2.11) follows the same combi-
natorial pattern as the scalars and is captured by extending the Stirling cycle permutations
to five slots in a similar manner,

Kn(0) ], =VuTEcpeZipepe+[12...n/A,B,C,D,E]. (2.14)

m
TE c.p,E

The generalization of the above sums to more slots is straightforward.

2.3.2 Unrefined Lie polynomials

The Stirling cycle permutations allow for a straightforward generalization of the correlators
in (2.11) to multiplicities n > 4,

n—4
1
R0 =3 S (Va Ty 20+ 12l ] (219)
r=0 "

where the summand with » = 0 and r = 1 reproduces (2.13) and (2.14), respectively. The
reason for the superscript in IC%O) (¢) will become clear below, and this is related to the
corrections in (1.1). Expanding the sum yields,

’CS)) (ﬁ) = VAlTA27A37A4ZA17A2,A37A4 =+ [12 .- 'n‘Ah ce. 7A4] (2‘16)
1
VTR A 2R Ay T [12...n|A;, ..., A5)
1
oV T o 2Rk g T [12...n|A;,..., Ag)
1

+ MVAITZ{;_’;?}J‘*ZZ{:TX;*‘* + [12...n]A1, Az, .. Ay

We will see in section 3 that (2.15) gives the correct form of the one-loop correlators up
to and including six points, i.e., K, (¢) = id?)(e) for n < 6. By “correct” we mean that

*We are following the terminology and notation proposed in [20]; they are commonly known as the
Stirling numbers of the first kind.



the resulting correlators satisfy a number of requirements detailed in section 2.4, the most
stringent ones being BRST invariance and single-valuedness.

So the question to consider is whether the expression (2.16) provides the complete
answer for correlators with seven or more external states. Unfortunately this is not the case;
the explicit construction of the seven-point correlator indicates that the proposal (2.16)
needs to be amended by terms involving superfields with higher degrees of refinement
defined in section 1.4.4. This will be done below and leads to an expression for K7 that
passes all consistency checks. At eight points and beyond, however, the appearance of
Eisenstein series in the correlators cannot be determined by the methods in this work.
Hence, we will only propose an expression for Kg up to an unknown kinematic factor
multiplying G4 while completely fixing its dependence on the z;.

2.3.3 Including refined building blocks

The reason why K (¢) in (2.16) cannot be the full expression for the one-loop correlator for
n > 7 is related to BRST invariance; it is not difficult to show that the seven-point instance
is not BRST invariant using the worldsheet functions discussed in part II. However, the
desired invariance can still be achieved by adding corrections containing refined superfields
Ja|B,c,p,r and their tensorial generalizations, cf. section 1.4.4. The patterns encountered
at multiplicities seven and eight suggest the following organization; the n-point correlator
contains contributions with varying degree d of refinement according to,

[25*]

Kre) = S (-1 (1) (2.17)
d=0

The alternating minus sign in (2.17) is chosen for later convenience. The d = 0 contribution
is given by (2.15) for n > 4, while the first instance of refined corrections with d = 1 could
already appear in the six-point correlator,

’Cél)(g) = Vido3.4562201,3456 1 (2 ¢ 3,4,5,6). (2.18)

However, as detailed in section I1.4.4.3, the accompanying functions Zy; 3456 can be

chosen to vanish, i.e. ICél) (¢) = 0. Therefore, the first non-vanishing contribution to (2.17)
with d = 1 occurs at seven points,
1
K (0) = ViJgh 456280 sas67 + (245 3,4,5,6,7) (2.19)

+ [ViaJsja5.67 231124567 + VisJojas 6722134567 + (2,3(2,3,...,7)]
+ [Vidogjas 6,7 22314567 + (2,3(2,3,...,7)]
+ [(Vidojsas 6,7 221,3056,7 + cye(2,3,4)) +(2,3,4(2,3,...,7)],

see (I1.4.42) for the refined worldsheet functions Z 4z . Similarly, eight points give rise
to the first non-vanishing instance of d = 2,

2
’Cé )(5) = Vidasus.678 223145678 T (2,3(2,3,4,5,6,7,8) . (2.20)



These expressions generalize to n > 7 points at generic degree d of refinement as
n—4—2d 1
d My My
KO0 = > ((Va Zmm-m (2.21)

! A2y AgialAgya, s Arpagroa Az Agy1|A1,Aqyo, Arpayod
r=0

+ (A2, ., Ag1|As, .o Apgayoa)) + [12.. 0] Ay, . 7Ar+4+2d]> :

More explicitly, expanding the sum in (2.21) for the case d = 1 yields,

K (0)= (Vay Jag|as.. 4 ZAs| Ay As.... Ag + (A2 A, Ag)) + [1...n| Ay, Ag) (2.22)
1 m m
+F(VA1 JAQ‘A37,A7ZA2‘A17A5,7A7+(AZHA3’7A7)) + [1”‘141,,147]

1
+§(VA1 27A37...,A8212L27A17A3 A8+(A2<_>A37"'7A8)) + [1...”‘141,...,14.8]

77777

1 MMy — MMy —
+m(VAlJA;‘A&_._’;;’”ZA21‘A17A3,6”.7A7L+(A2<—>A3,...,An)) +[1...n|Ay,.. Ay

The collection of K4 (¢) with d = 0,1,..., | %% | summarized by (2.17) makes up the bulk
of the open-string one-loop correlators and will be referred to as its Lie-series part. The
expressions (2.21) for K@ (¢) with d > 1 furnish a large class of the corrections in (1.1).
We will see that up to and including eight points, the BRST variation of (2.17) is purely
anomalous (it is written in terms of the anomalous superfields Y, see section 1.4.3.1) and
it is natural to conjecture that this behavior is valid for arbitrary n.

2.3.4 BRST variation of the Lie-polynomial correlator

By BRST covariance of their kinematic building blocks in section 1.4.4, the @ varia-
tions of the above KL¢(¢) boil down to ghost-number four superfields V4, Va,T o, and
VAlYX;TAéW. As will be detailed in the next section, the coefficients of these ghost-number
four combinations read as follows in the simplest non-vanishing variations,

—QKte(r) ‘V1V2T3’4,5 = ky' 21 3451521 221,345152321,23.45+5242124.3 55252125 3.4
—QICIgie(f)‘VlVZTgn4 T kS 205 456 — k5 Zopsase + (52125 3456 + (14 3,4,5,6)]
—Q’C%ie(ﬁ)‘vm‘/ﬂ%ﬁ = k5" Z15 3456531 2312,4,5,6—5322321,4,5,6F | 534 212,34,5,6+(4435, 6) |
—QKg*(0) ’V1V2T34,5,6 = k' 21 34.5,6152321,234.5,6— 5242124356+ [ 521 Z21 34,5, 6+ (1435, 6) |

Lie _.m azm
—QKg (@‘VIV%T%G = k332193456 — 22/1,3,4,5,6 T £3]1,2,4,5,6

+ [5312231,45,6 — 5212321456 + (1 > 4,5,6)] (2.23)
as well as
, 1
_ Q/cge(g)\WYMAM = 52{72’%747576 — [Zap13456 1+ (24 3,4,5,6)] , (2.24)

where K%i:eaﬁ(f) already furnish the complete correlators K,,(¢). Note that we have dis-
regarded the vanishing of Zy; 3456 for later convenience, and one can compactly ab-
sorb the Mandelstam invariants in (2.23) into the S[A, B] map defined in (1.5.13), e.g.



5312312,4,5,6 — 5322321456 = Z25[3,12],4,5,6- Based on these examples and analogous ob-
servations on QCM€(¢) for higher values of n, it is possible infer a general pattern and
propose closed formulae. We organize the general conjecture on the BRST variation of the
correlator (2.17) into the following Stirling permutation sums,

n—>5
ie 1 0,r
QLE(0) = =37 T, aws + 12 ml AL Arys] (2.25)
r=0 '
(Or
+ Z r! Al‘AQ,.‘. Arte + [12 ce n‘Ah s 7AT‘+6]

1
_ Z . Al(j’}l% drer + [12...n|A1, ..., Arir]

(1 T
+ Z o Al\Ag,... Aris + [12 ce n\Al, . 7A'r+8]
+ SR
where the suppressed terms T(%") and Y(@") in ... refer to higher degree of refinement

d > 2 and start to contribute at n = 9. The case r = 0 is understood as containing no
vector indices in the superfields, and a upper negative integer in the sum must be discarded;
Z;:io(- ..) = 0. The shorthands T(*") contain T-like* building blocks, and their definitions
at refinement d = 0, 1

(0,r) _ eme oy(0)my.m,
TA1|A27---7AT+5 = VAIVA2TZ’)17~~7TZT+5@A2|A11,A3,...7AT+5 + (A2 AN A3’ e 7A7"+5) ? (226)
(1,r) —_ r (1) mi..my
TA1|A2,...,AT+7 = ([VAl VAQ J’rzllAZZ T+7@A2|A3‘A1,A4,...,Ar+7 + (A3 <~ A4, P 7A7=+7):|

+ (A & As, ... 7Ar+7)>

admit an obvious generalization to higher values of d. Similarly, the shorthands Y (¢7)

contain anomalous superfields Y with degree of refinement d, see equations (I1.4.18) and
(I.4.32), and their definitions at d = 0, 1,

(0,r) y e =(0)my..m;.

YAllAQ,..‘,AT+6 - VAl As,As,.. 7AT+6_'A1|A27 7Ar+6 ) (227)
(17T) — mi... My (1) mi...My

YA1|A27---7AT+8 =Va, [YA2|A3, GArys DAL Az| A, Ar s + (A2 & Ay, ’ATJFS)] ’

suggest their analogues at d > 2. Finally, the shorthands ©@ and =@ stand for the
following linear combinations of worldsheet functions with degree d of refinement that

4Recall that the J A|... building block is naturally identified as a d = 1 refined version of T'.
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capture the right-hand sides of (2.23),

@(0) M1MmM2... My
A|B1,B2,...,Br44

D Zpmima...my mimsa...my
K2 5 s T (25 B B 5y s T (B¢ Ba,oo, Braa)]

(m1 zma..my) My
=k 2y s Z (Z?%LTBM - (X oY), (228

A=XY
GSRB”'%TE;ﬁTBHS = _kizgﬁ,éri.ﬁws N Zgﬂ;gzﬂ%h...,Brﬁ
B [Za‘ls;.[ﬁlél],..‘,Br+5 + (By 4+ By,...,By5)]
+ kimlzzizé.\gt?..,BT+5 + Z (Z;lB”r}Q/;éT:“’BHS — (X & Y)) ’
A=XY

(recall that S[A, B] denotes the S-map defined in (1.5.13)), and

,:.(0) mimso...My __ 1 ppmi...my mMi...My

‘_‘Al‘B17---7Br+5 = _§ZA1,Bl,...,BT+5 + [ZB1‘A17B2,...,BT+5 + (B]. A B27 e 7B7“+5)] ’ (229)
:(1) mims...My _ 1 ppM1 ... MY mi...mp
—A1|A2|B1,....Brys §ZA2\A1,BL~~,BT+6 B [ZA27B1|A17327“'7BT+6 +(B1 < Ba, .., BH'G)} ’

Hence, after modding out by Lie symmetries of the superfields, combining (2.25) and (2.26)
identifies @& mimz:-m: . to be the coefficient of Va, Vi, J;3' " in QKL Sim-

A2|B1,...,Bg|A1,As,.. sy B Ag,ye.
. —(d Sy . my
ilarly, :;B\TE;T.Q,B:FAQ,... turns out to be the coefficient of VAlygf...,ngm%... by (2.25)
and (2.27).

Two comments are in order here. First, notice that the presentation of the BRST
variation as a Stirling permutation sum (with the conventions of the appendix A) is essential
to fix the ambiguity of ViVp = —VpV4 in matching the V4Vp products in (2.26) to

@gﬁ 4+ For example, the conventions of the appendix A fix the relative ordering between

0

the cycles (1)(234) in the permutation sum such that we get Vi V347567 953)4“ 567
0

than VazaViT567 o And second, although a bit surprising, the BRST variation

1]234,5,6,7°
. . . 0 . .
leads to crossing-symmetric definitions such as 654\)13 o p.gpnB,C, D and E; in other words,

the worldsheet functions multiplying Vi234V5Ts 7 8 are related by a relabeling of those that

rather

multiply V1V2T3456,7s-

The monodromy variations of section 11.4.2 and the elliptic identities of section 11.5.5
imply that the definitions (2.28) are generalized elliptic integrands (GEIs); DO@ = 0.
Moreover, by inserting the solutions of the bootstrap procedure in section I1.4.4 up to
n = 8 points, the GEIs ©@ are in fact found to vanish up to total derivatives. The
coefficients =@ of the anomalous terms, however, turn out to be non-zero. Instead, the
trace relations among worldsheet functions discussed in section I11.5.3 simplify the explicit
expressions of 24 from (2.29) at n < 7 points to a single term. In summary, we obtain

112

@(O) mimz.me 0 G(l)mlmg...mr

A|B1,Ba,....Brys AB|By,Bay Brg = 0s M8, (2.30)

and

=(0)mima..my ~, —(1) mima..my ~
S M BroBrys T 2AUBLBrs s SA | As|ByBrs - 2ALAB . Bre s ST, (231)

see section 3.5.1 for the eight-point examples of (@),
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The simplest examples of (2.28) are given by (see (2.23) for the former two),

0
@§|3,3,4,5 = k205345 T [s12212345 + (24 3,4,5)], (2.32)
0
@§2)|3,4,5,6 = k32093456 + (5232123456 — 5132213456 + (3 ¢ 4,5,06)]
— Z112,34,5,6 T 22/1,3,4,5,6 -

1) _ 1 PzDP
91\2|3,4,5,6,7 - _k132\1,3,4,5,6,7 - 312212|374,576,7 - [313Z2|13,4,5,6,7 + (3¢ 4,5,6, 7)] )

and one can verify from the expressions for Z in section I1.4.4 that these linear combinations
indeed yield total derivatives. For more examples, see the appendix C.

2.3.5 Anomalous Lie polynomials

Civen the non-vanishing expressions for 2@ in (2.31), the Lie-series part K%€(¢) of the
correlators from (2.17) is not BRST invariant for n > 7. More precisely, we have T(4") =
but V(47 = (0 in (2.25). Fortunately, these non-vanishing terms are purely anomalous
and suggest to add corrections containing exclusively anomalous superfields of the form
YX;‘}.'V""Achm, see (1.4.18), (I.4.19) and (1.4.42). Therefore our proposal for the one-loop
correlator becomes,

Kn(0) = Ki(0) + Ky (0), (2.33)

for some KC¥ (¢) to be determined. Such an anomaly sector KY (¢) is plausible by the
kinematic identities of section 1.5.4, as they mix anomalous and non-anomalous terms. Up
to and including six points, we have

KY()y=0, forn<6. (2.34)

From multiplicity seven on, we need to find an expression for the anomaly sector Y (¢)
such that the full correlator satisfies the criteria summarized below. Even though we will
find the proper ICB; (¢) in the seven-point example of section 3, this is done case-by-case, so
it would be desirable to understand the general pattern behind them.

2.4 Final assembly of one-loop correlators

The general form of the one-loop correlators (2.33) was suggested by analogy with the
Lie-polynomial structure observed at tree level [7]. The one-loop correlators ., (¢) are
expressions in the cohomology [21, 22] of pure-spinor superspace that depend on the loop
momentum ¢™ and the zero modes of the pure spinor A* and of the superspace coordinate
0¢. Moreover, they are also expanded in terms of worldsheet functions that have to be
integrated over the vertex operator insertions points as well as over the moduli space
that parametrize the different genus-one surfaces. Given this setting, the final assembly
of one-loop correlators K,,(¢) as defined in (2.1) must satisfy the following fundamental
requirements:

1. The correlator must be in the cohomology of the BRST operator;

2. The correlator must be a single-valued function with respect to both z; and £™;

— 12 —



3. The correlator must admit a local representation;
4. The correlator must be manifestly” symmetric in the labels (2,3,...,n).

These conditions arise from general CF'T considerations applied to the pure-spinor ampli-
tude prescription (1.2.4), and they are compatible with the tree-level arguments that led
to the Lie-polynomial proposal (2.33). The notion of single-valuedness in 2. is defined in
(I1.3.3), and 3. refers to the absence of kinematic poles 31_31 in a local representation of /C,,.
The combination of 1. and 3. turns out to be particularly constraining: any BRST-invariant
linear combination of the building blocks of section 1.4.4 has been checked to vanish in the
cohomology at 5 < n < 8 points (see appendix I.B for further details). Therefore there
is no freedom of adding BRST-invariant local terms multiplying single-valued functions at
these multiplicities.

In the next section we write down explicit examples of one-loop correlators fulfilling
the above criteria up to seven points. Moreover, we propose an expression at eight points
with mild violations of 1. and 3.: its BRST variation vanishes only up to local terms
proportional to the Eisenstein series of modular weight four, G4, and certain terms in the
anomaly sector IC%/ violate locality. We expect that the eight-point proposal to be given in
section 3.5 differs from the correct correlator Kg by G4 multiplying an unknown kinematic
factor, i.e. it correctly captures all dependence on the z;.

3 One-loop correlators of the open superstring: examples

We will now apply all the techniques developed in the previous sections to obtain explicit
expressions for the one-loop correlators of the open superstring in a manifestly supersym-
metric fashion. The correlators at four, five, six and seven points meet all the requirements
described in section 2.4, and we will elaborate on the aforementioned issues with the eight-
point correlator below.

3.1 Four points

The four-point correlator is uniquely determined by the zero-mode integration over the
pure-spinor variables and it was firstly computed by Berkovits in [5]. Using the defini-
tion (I.4.1) its correlator can be written as the manifestly local pure-spinor superspace
expression

K:4(€) = V1T27374 . (3.1)

Note that there are no worldsheet singularities among the vertex positions nor an explicit
dependence on the loop momentum ¢™. This is in accordance with the general discussion
in section 1.2.1.3 that a n-point correlator IC,,(¢) is a polynomial in loop momenta of degree
n—4 and that the maximum number of OPE contractions is also n—4. It has been shown
in [23] using BRST cohomology identities in pure-spinor superspace that the one-loop

5The symmetry with respect to leg 1 is not manifest in the prescription (I1.2.4) and therefore can be
verified only up to total 7 derivatives originating from BRST integration by parts [5].
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correlator (3.1) is proportional to its tree-level counterpart (2.10),
(ViTa3.4) = 512503A5YM(1,2,3,4) . (3.2)

Therefore it reproduces the well-known [14, 24] supersymmetric completion of tgF* and
the one-loop amplitudes of Brink, Green and Schwarz with bosonic external states [25].

3.2 Five points

The reasoning behind the derivation of the five-point correlator will be presented in detail
as it constitutes the prototype for similar derivations at higher points. Not surprisingly,
the outcome of the following analysis is in accordance with the general features of one-loop
correlators summarized in section 2.3.

As discussed in section 1.2.1.3, the pure-spinor prescription [5] implies that the five-
point correlator K5(¢) is a polynomial of degree one in ¢ with at most one OPE singularity.
Therefore the correlator is composed of two classes of terms containing: (i) one OPE
contraction, (i7) one loop momentum. Let us consider them in turn.

3.2.1 The OPEs

The two inequivalent OPEs Vi(z1)Uz(z2) and Us(z2)Us(z3) can be derived from (I1.2.11)
and give rise to two-particle vertex operators (1.3.16) and (1.3.19),

Vi(z))Us(22) = g\0Vis(20),  Us(22)Us(23) — ¢80 Uns(23), (3.3)

where gz.(;.”) = g(w)(zi—zj,T) refer to expansion coefficients of the Kronecker-Eisenstein
series, see (I1.2.5), with g™ (z,7) = 0, log 61 (2, 7). In both cases the zero-mode integration
for dy and N, only admits the b-ghost sector b®) defined in section 1.2.1.3 and yields
T4, according to the multiplicity-agnostic rule (1.3.23). In assembling all the ten OPE

channels we obtain
Ks(0)]opg = (05 ViaTs a5+ (2 ¢ 3,4,5)] + [955 ViTos a5 + (2,3]2,3,4,5)] . (3.4)

3.2.2 Adjoining the loop momentum

Five points is the first instance where a loop momentum can be extracted from the external
vertices or the b-ghost. According to the discussion of section 1.4.2, the relevant b-ghost
sectors are b*) and b(2), and they give rise to the schematic contributions £,, V1 A5"T3 4 5
and £, V1W3's 4 5, respectively. BRST covariance fixes their relative coefficients to

K5(€)‘e = lmV1T3545, (3.5)

see (I.4.6). By adjoining the contribution (3.4) from OPEs, one arrives at the following
final expression for the five-point correlator anticipated in section I1.3.1:

]C5(€) = ,C5(£)‘K + ,C5(£)|OPE (3.6)
= L VAT 15+ [089Via T a5+(2 < 3,4,5)] + [g5%5 ViTosa5+(2,3]2,3,4,5)] .
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It will be rewarding to rewrite the correlator (3.6) in a slightly more abstract manner, since
the higher-point generalization will become more natural in this way. The correlator lines
up with the Lie-polynomial structure of (2.15),

Ks(l) = Va, TR, 4 ZR . a, + [12345|A;, ..., As) (3.7)

-----

+ VA, Ta,,. Ay ZA,,. A, + [12345] Ay, ..., A4,

where the notation for the permutations is explained after (2.13) and in the appendix A.
Expanding the above permutations leads to the following [g] + [Z] =14 10 =11 terms,

’C5(€) - V1T2n,13,4,53f,12,3,4,5 (3-8)
+ VioT54 5212345 + (2¢33,4,5)
+ViToza521 2345+ (2,3|2,3,4,5) .

In comparing (3.8) with (3.6) we can read off the following Z-functions,
z —gl),  Egus =l 3.9
12,3,4,5 = 912 » 1,2,345 — ¢ (3.9)

which correspond to the functions (I1.4.30) studied in section 11.4.4.2. As this example
demonstrates, the presentation of the correlator as the Lie-polynomial (3.7) organizes the
worldsheet functions in a way that manifests the parallels with the kinematic building
blocks as highlighted in section I1.5.5.

In summary, the five-point one-loop correlator (3.8) is a manifestly local expression of
superfields that was obtained using general arguments based on the amplitude prescription
of the pure-spinor formalism. If we want to argue that it is also the correct correlator, it
must be BRST invariant and single-valued as well.

3.2.3 BRST invariance

It is straightforward to use the BRST variations of the local building blocks — (1.3.32),
(I.4.3) and (I.4.8) — to obtain the n = 5 instance of the general BRST variation (2.25).
Indeed, a short calculation yields

QKs(0) = —ViVaTsas [k;”31727374,5 + [s91 201345 + (16 3,4, 5)]} (2 3,4,5)

= —ViVyTs450)

201,345 T (24> 3,4,5), (3.10)

where in the second line we used the shorthand defined in (2.28). At first sight (3.10)
appears to be different than zero, but luckily this particular arrangement of integrands
turns out to be a total worldsheet derivative,

k3 21 545 + [s21201345 + (13 3,4,5)] = (€ k2) + [s219%) + (1 ¢+ 3,4,5)] =0, (3.11)

where we used the expansions (3.9) and the identity (I1.2.22). Therefore the five-point
correlator (3.8) is BRST invariant.
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3.2.4 Single-valuedness

From the discussion in section 11.2.1.1, it follows that the monodromies around the A-cycle
(n)
]

its monodromies around the B-cycle also vanish. In this case, the variations (I1.3.9) yield

vanish for any combination of ¢ and g,.’, so the correlator (3.8) will be single valued if

DICs(6) = O (kTVlTQ”})Aﬁ + [VigThas +2 © 3,4, 5]) (3.12)

+ (kgnVlTQ%A,s + VorTs a5 + [ViTosas + 3 ¢ 4, 5}) + (24 3,4,5),

see section II.3.2 for the linearized-monodromy operator D. Note that the superspace
expressions that multiply the formal variables ; for i = 1,...,5 in the definition (II1.3.8)
of D are BRST-closed and local. However, as discussed in the appendix I.B, the BRST
cohomology is empty for local superspace expressions and therefore the above combinations
must be BRST-exact. In fact, one can show via (1.4.23) and (I.5.41) that

DE5(0) = 21QJ1p 345 + [Q2(QD1p345 — Aipsas) + (2 3,4,5)] = 0. (3.13)

Since the anomalous superfield Ajjg 345 was shown to be BRST-exact in [26], the mon-
odromy variation (3.13) vanishes in the cohomology of the pure-spinor superspace (indi-
cated by = 0), and the correlator (3.8) is therefore single-valued.

3.2.5 Duality between worldsheet functions and BRST invariants

The vanishing of (3.11) is a clear indication of the duality between worldsheet functions
and BRST invariants discussed in section I1.5.5 and pointed out in [13]; it corresponds to
the BRST-exact linear combination of superfields in (3.12) under the replacement (11.4.10),

0=k ViTys 45+ Vor1Tsa5 + ViTozas + ViToass + ViTos 3.4 (3.14)

~ (s) (s) (s) (s) (s)
— 0= kgnZ1,82§4,5 + Z2i,3,4,5 + Zz§,1,4,5 + Zzi,1,3,5 + Z2§,1,3,4 5

where the Lie-symmetric worldsheet functions Z(*) have been introduced in section I1.4.2.5.
The superspace expression in the first line of (3.14) vanishes because it is BRST exact, see
(I.5.41), while the integrand in the second line vanishes because it is a total worldsheet
derivative, see (I1.2.22). This correspondence between BRST invariance and monodromy
invariance is a central example of the duality between pure-spinor-superspace expressions
and one-loop worldsheet functions. In fact, further investigation of such relations led to
the discussions presented in section I1.5.5.

3.2.6 Different representations of the five-point correlator

Since the correlator (3.8) is local, single-valued and BRST invariant, it meets the criteria
of section 2.4 to be the open-superstring five-point correlator. We will now exploit the
properties of both the superspace expressions and the worldsheet functions to rewrite it in
various ways that manifest different subsets of these fundamental properties.
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The C - Z representation: manifesting BRST invariance. Integration-by-parts
identities can be used to yield a manifestly BRST closed representation of the correlator:
first rewrite (3.8) in terms of Berends-Giele currents My and Mp ¢ p associated with Vy
and Tgc,p using the trading identity (2.12) of the Lie polynomial as

Ks(0) = MiM3% 4 s 2% 5 45 + [M12M3z 45512212345 + (2 ¢ 3,4,5)] (3.15)
+ M1 Moa3 45523212345 + (2,3]2,3,4,5) .

Next, the integration-by-parts identity (3.11) can be used to eliminate all functions of the
form Z1; 4 pc with i # 0 (i.e. all of g%), g%),gﬁ),g%)). Doing this leads to
Ks(6) = 2105 (MM 45+ [R5 MisMs 5+ (2 5 3,4,5)]) (3.16)
+ [s2321,23.45(M1Ma3 a5 + MiaMs g5 — MisMays) + (2,3(2,3,4,5)] .

In this way, the terms inside the round brackets build up the Berends-Giele expansions of
the BRST invariants from (I.5.20) and (I.5.21) such that (3.16) becomes

Ks(0) = Clly 34521345 + [Cijzsas 523210345 + (2,312,3,4,5)] . (3.17)

Since Cﬁ’A p.cp and Cp 4 g o are both BRST closed, (3.17) constitutes a manifestly BRST

invariant representation of the local correlator (3.8).

The T - E representation: manifesting single-valuedness. Since the five-point cor-
relator (3.8) is single valued, it is worthwhile to spell out a representation that manifests
this property. To do this, we rewrite the terms containing a factor of Vj4 with non-empty
A using the BRST cohomology identity

VioTsa5 = k3 ViTs 4 5+ [ViTosas + (3 < 4,5)] (3.18)

which follows from (I.5.41) and the BRST-exactness of Ajjp345. Doing this replacement
in the correlator (3.8) and collecting terms leads to

Ks(€) = VT3 4 5 (2{7273,475 4 [ 210545+ (2 6 3,4, 5)]) (3.19)
+ [ViTosa5 (212345 + 212345 — Z13245) + (2,3]2,3,4,5)] .

The combinations of Z-functions in the round brackets can be identified with the GEIs
EIT2737475 and Fjjp345 from (I1.4.31) and (I1.4.32), respectively. Using these functions, the
correlator (3.19) takes the manifestly single-valued form:

Ks(l) =ViT3545E 5545 + (ViTosa5E 2345 + (2,3]2,3,4,5)] . (3.20)

This representation reverses the roles of worldsheet functions and kinematic factors in com-
parison to (3.17):% Manifest BRST invariance is traded for manifest monodromy invariance.

5This becomes particularly transparent by introducing Z£S2),T;,4,5 = Z" 345 and Z£f2)3,4’5 = 59321,23,4,5
in (3.17).
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The C - E representation: manifesting BRST invariance & single-valuedness.
The five-point correlator can also be rewritten such as to manifest both BRST invariance
and single-valuedness. To this effect we eliminate Z1% 3 4 5 = Efj5 54 5 — (kY Z12.3.45+ (2 <
3,4, 5)] as well as 21’23’4,5 = E1‘237475 — 212,374’5 + 213,274’5 from (3.17) and use the BRST
cohomology identity (I.5.41) to obtain

Ks(0) = Clla 3457345 + [Crj2sa5523F1123.45 + (2,3]2,3,4,5)] (3.21)

which reproduces the double-copy expression for the five-point correlator proposed in [13]
and manifests both BRST invariance and single-valuedness.

3.2.7 Summary of representations
As shown above, there are multiple Lie-polynomial representations of the five-point corre-
lator according to which features are chosen to be manifested:

Ks() = ViT3s 45275345 + [Vi2T345212345 + (2 ¢ 3,4,5)] (3.22)

+ [ViTos 5212345 + (2,3(2,3,4,5)]

Ks(l) =ViT3545E] 5545+ (ViTosa5E1 545 + (2,3]2,3,4,5)] ,

Ks(£) = Clla 34527345 + [Crj2sa552321,23.45 + (2,3(2,3,4,5)]

Ks(l) = Clla 5451345 + [Cri2sassesEipsas + (2,3[2,3,4,5)].
In addition to the above, the single-valued representation of the five-point correlator ob-
tained by explicit integration over the loop momentum will be presented in section 4.

We remark that the one-loop five-point amplitude in the open superstring has been
computed with the RNS and GS formalisms for states in the Neveu-Schwarz sector [27-29]
and in the Ramond sector [30-32]. Manifestly supersymmetric expressions were obtained
in [33] using the non-minimal pure-spinor formalism [34] and later in [35] using the minimal
pure-spinor formalism.

3.3 Six points

We will now show that the general formulas summarized in section 2.3 give rise to the
correct six-point one-loop correlator. The Lie-polynomial form of the six-point correlator
is given by

1
Ke(€) = §VA1 N agZAT 4 T [123456|A1, ..., Ag) (3.23)

+ VA, TR 4. 2R a4+ [123456|A1, ..., A5]
+ Va, Tay,. A, Z Ay, Ay + [123456|A1, ..., A4],

.....

with the following worldsheet functions as derived in section 11.4.4.3,

1) (1 2 2 2
Z123,4,5,6 = g§2)g§3) + 9§2) + 953) - 9§3) ; (3.24)
1) (1 2 2 2 2
Z12,34,5,6 = 9%2)9:§,4) + 9§3) + 954) - 9§4) - 953) )
m m (1 m my (2 ms (2 2
Zi53456 =1 952) + (k3" — ki )9%2) + [k3 (9%3) - 953)) + (34 4,5,6)],

mn m pn mi.n nipm 2
2193456 =1"0" + (kTS + KT kS )9&2) +(1,2[1,2,3,4,5,6)] .
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Note that a possible contribution of a d = 1 refined sector according to (2.21) is suppressed
since the monodromy variations (I1.4.34) are compatible with Zj5 3456 = 0. The explicit
expansion of the Stirling cycle permutations in (3.23) generates a total of [g] + [g] + [g] =
14 154 85 = 101 terms,

Ke(€) = %Vl %74,5,6217;3,4,5,6 (3.25)
+ V1213 5 62153456 T (2 ¢ 3,4,5,6)
+ViT35 4562103456 T (2,3(2,3,4,5,6)
+ Vi23Ty 562123456 + VisoaTa562Z132,456 + (2,3(2,3,4,5,6)
+ ViTosa 562123456 + ViTou35621,2435,6 + (2,3,4(2,3,4,5,6)
+ [(ViaTsa 562123456 + cye(2,3,4)) + (2,3,4/2,3,4,5,6)]
+ [(ViT,3456 2123156 + cye(3,4,5)) + (2 > 3,4,5,6)] ,
where the indicated permutations defined in (I1.3.13) act on a line-by-line basis.
We will now prove that the six-point correlator (3.23) is both single-valued and BRST
invariant, in accordance with the expectations outlined in section 2.4.
3.3.1 BRST invariance

As anticipated in section 2.3.4, the BRST algebra of the building blocks leads to the
following ()-variation of the correlator (3.23),

1

Q]CG(K) = —§V1Y273747576ZT2T%747576 (3.26)
- W‘@Tﬂﬁﬁ@éﬁ,&ﬁ,a - VHV}’T475’6@I(3(|)22,4,5,6 +(23,4,5,6)
— [ViVaT315,60%) 4y 56+ (3.:413,4,5,6)] + (2 ¢ 3,4,5,6)

- ‘/71‘/v23T475,6@g%)‘1747576 + (2) 3’27 3,4,5, 6) ’

where the shorthands 95?1)47”

Z-function, they are given by

" were defined in (2.28). After discarding the vanishing refined

0 ~
O sas6 = K5 2155450 + 2128 5456+ (1 ¢ 3.4.5,6)] =0, (3.27)
0 ~
@§,3274,576 = k' Z15 3456 + 5312312456 — 5322321456 1 [934212345,6 + (4 ¢+ 5,6)] =0,
O Y
@é|i7347576 = ky' 21 3456 + 5232123456 — 52421,2435,6 + (5912213456 + (1 + 5,6)] =0,

0 ~
9531174’5’6 = k332193456 + (9312231456 — 5212321456 + (1 <> 4,5,6)] =0,

and conspire to total derivatives in z;. Therefore the BRST variation is proportional to
the trace ZTQT%A@E;’
1 . 0

QLs(() = _5‘/1)@,3,4,5,6217{:%1,7475,6 = —27i V1Y2,3,4,5,6E log Zg(¢) = 0, (3.28)
where the total 7 derivative of the Koba-Nielsen factor has been identified in (II.5.15).
Thus, the BRST variation is a boundary term in moduli space [36], and the usual mech-
anism of anomaly cancellation [37, 38] implies that the amplitudes computed from the
correlator (3.23) are BRST invariant.

,19,



3.3.2 The C - Z representation: manifesting BRST invariance

Now that BRST invariance of the six-point correlator is proven, let us rewrite it using
the BRST invariants from section 1.5.2, in a similar spirit as done with the five-point
correlator in the previous section. There are different ways to achieve this, one uses the
trading identity (2.12) to rewrite the Lie polynomial (3.23) as,
1
Ko(t) = 5 Ma, MY A 28y [123456|A,, .., Ag) (3.29)

-----

+ M, M7 4 ZE&?IT,As + [123456|A, . .., As]

4 Ma, My, 4, 2% 4, + [123456|A1,..., Ay,
where Z() is defined in (I1.4.22). The idea now is to exploit the fact that terms of the form
MM}y ., which feature the single-particle Berends-Giele current M, are the leading
terms in the expansion of the BRST (pseudo-)invariants from section 1.5.2.1. Therefore

they can be rewritten as
MiM35 C’1|A B.. T (3.30)

where the terms in the ellipsis on the right-hand side are linear combinations of M; AMEI,',',’_
with A # () that uniquely follow from the definition of the BRST pseudo-invariants in
(I.5.20) to (I.5.22). Plugging in the above expressions into the correlator (3.29) yields

1

Ke(0) = = ﬁghm’AsZ@{fﬁ”As + [23456| A, ..., As) (3.31)
+ C”Al W ZE L [23456] 44, ., Ad]
+ 01|A1,..,,A32£SI)41,”_7A3 + [23456|A1, ce ,Ag} .

To arrive at (3.31) the following three topologies of terms (and their permutations) were
discarded as they are total derivatives:

334M12M34569§|i 3456 = 0, M12M3456@é|3345 ~0, (3.32)
Moz My 5.6 (ké”@gfl) 7;4 56 T 512@&&2 4,5,6 [534@2\1 34,5,6 +{4 o5, 6)] 0.

|—| ~— o
I

Expanding the Stirling cycle permutations in (3.31) yields the following ] + [Z] + [g] =

1410 4+ 35 = 46 terms,

Ke(l) = C1\2 34,5, 6Z1(S2)TZ?Z 56 1T [Cﬁ23,4,5,625f2)§4,5,6 +(2,3/2,3,4,5,6)] (3.33)
+ [01|234,5,6Z£2)34,5,6 + Cl|243,5,62{:92)43,5,6 +(2,3,4/2,3,4,5,6)]
+ [Cl|23,45762£82)3,45,6 + Cl|24,3576Z{,S2)4,35,6 + 01\25,34,GZ£S2)5,34,6 + (6 ¢+ 2,3,4,5)] .

Note one important difference between the expansion above and an earlier representation;
unlike the local Lie polynomial (3.23) in which six labels are distributed among the avail-
able slots, in the non-local representation (3.31) only five labels participate in the Stirling
permutations. Like this, the initially 101 terms in (3.25) conspire to the considerably
smaller number of 46 terms in (3.33).
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As a consistency check, we note that the scalar Cy4 p ¢ and vectorial C’frA BC.p are
manifestly BRST closed while the BRST variation of the two-tensor C{TZ BCDE 1S Pro-
portional to §™" [26]. Hence, we arrive at the same conclusion as in (3.28)

1 ) 0
QKe(l) = _5‘/11/2,3,475,62??2%,4,5,6 = —2mi V1Y2,3,4,5,6§ logZg(¢) = 0, (3.34)

since Z{‘?Q)’gffﬁﬁ = Z{%'3 4 56 follows from (I1.4.22).

3.3.3 Single-valuedness

To prove that the correlator (3.23) is single-valued it is sufficient to show that its
integration-by-parts-equivalent representation (3.33) is single-valued. After a tedious cal-
culation using the monodromy variations (11.4.34) one gets

DK(6) = 26K + Q00K + -+ + Qe (3.35)
where
1 n o mn m m m
5’Cé )= ki C1|2,3,4,5,6E1\2,3,4,5,6 + [kl 32301\23,4,5,6E1|23,47576 +(2,3(2,3,4,5, 6)] (3.36)

(2 _
OKs" =k Cllssa568803.450 + [523C 456 Pl 3456 T (3 < 4.5,6)]
+ [k5"530C 5 34 5 6 21,3456 1+ (3,4]3,4,5,6)]
+ [(523545C1 123,456 Bop1,3.45,6 T 523534C11234,5.6 F2p1 3456 + ye(3,4,5)) 4+ (3 ¢+ 4,5,6)]

and the other 5]Céi) for i = 3,4,5,6 are obtained from relabeling of (51C® under (2 <> 3),
(2 <» 4) and so forth. The structural difference between (5IC((31) and §KC¢ ) for J # 1 arises
from the choice of basis for the BRST pseudo-invariants which singles out leg number 1 in

Cfﬁ;‘“m. To expose this, one uses the kinematic change-of-basis identities dual to (I1.5.11)

and (I1.5.12) [26] (also see section 11.5.2 and the appendix I.A.3) to rewrite 5/Cé2) in a basis

of C’gm;m to obtain”’

2
K =k dsas6E318a56 + [k 513C3h5 45 6F21356 + (1,3]1,3,4,5,6)] . (3.37)

which is clearly the relabeling of (5/Cé1) under 1 <+ 2. Therefore, it suffices to demonstrate

(1)

the vanishing of 0/Cg’ to prove that the correlator (3.23) is single-valued.

To show that (5/Cé1) vanishes, we use the kinematic BRST cohomology identities [26]
k'Cilasa56 = —Pr2p3,a56 + Prsjase — A1j23,456 (3.38)
k1 CT5s 456 = — (k5 Pigj3 56 + (2 ¢ 3,4,5,6)] — Aflo3,456

that follow from (I.5.42) and can be used to bring (3.36) into the following form
il = —Ally 3456103456 — [A1123.45,6523F123,456 + (2,3(2,3,4,5,6)] (3-39)

- {P1|2|3,4,5,6(kglEﬂLZ,?)A,E,ﬁ + [s23F1j23.456 + (3 ¢ 4,5,6)]) + (2 <> 3,4,5, 6)} :

"The anomalous term in the change-of-basis identity Cll23,a56 =0""Vo1,3456+C51'3 4567+ - [26] has
already been discarded from (3.37) since the accompanying GEI k3" FE3); 5 4 5 vanishes upon contraction
with §™".
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The coefficients of Pyjjgj3 45 in the second line in turn conspire to total derivatives,
kY Ellasase+ [523F123456 + (3 ¢ 4,5,6)] =0, (3.40)

see section I1.5.1. Finally, combining the relabelings of the first line of (3.39), we arrive at

—DKs(l) = (Aﬁ2,3,4,5,6E{T2,3,4,5,6 + [Aypsa5.6523F123.456 + (2,312,3,4,5, 6)])
+(1452,3,4,5,6). (3.41)

As reviewed in section 1.5.3, the unrefined anomalous building blocks A;’l’ﬁl are BRST
exact, so the monodromy variation (3.41) vanishes in the cohomology of the pure-spinor
BRST charge, finishing the proof that the six-point correlator (3.23) is single valued. By
the interplay of the cohomology identity (3.38) and the GEI relation (3.40), our proof of
DKg(¢) = 0 constitutes an illuminating showcase of the duality between kinematics and
worldsheet functions.

We note that there are other ways to prove the single-valuedness of the six-point cor-
relator (3.23). One such proof, given in section 4, follows by explicitly integrating the loop
momentum from the correlator while verifying that only the single-valued functions fi(f)
in (I1.7.1) build up in the outcome. Another proof, presented in the appendix B, uses ma-
nipulations involving the manifestly-local representation 7" - Z. However, in exploiting the
BRST invariance of the correlator in its C'- Z representation the proof above is considerably
simpler than the others.

The C - E representation: manifesting BRST invariance & single-valuedness.
As another application of the duality between kinematics and worldsheet functions, we shall
now derive a manifestly BRST-invariant and single-valued representation of the six-point
correlator. The idea is to start from the C'- Z representation (3.33) and to exploit the dual
1iB,. T (3.42)

goee

of (3.30): each Z-function with leg one in a single-particle slot is taken as a leading
term of a GEI, see (I1.4.26), and the additional terms in the ellipsis of (3.42) are of the
form Zirp  with C # (). In this way, a long sequence of BRST cohomology identities
given in section 1.5.4 leads to the following manifestly BRST-invariant and single-valued
Lie-polynomial form of (3.33),

1

Ko() = SO, .a, BiA 4y + [23456] A1, A5] (3.43)

- C{?A17~~~:A4E§TI)4T:L,...,A4 + [23456“’417 et 7A4]

+ Oty ts BN, + [23456] A1, Asg]

.....

— [Pl\/h|A2,---7A5E§\81)41|A2,...7A5 + (Al + As, ..., A5)] + [23456|A1, R ,A5] .

The GEIs have been expressed in terms of the Lie symmetric Eﬁllm defined in (11.4.23),

and similar to (3.31), only five legs participate in the Stirling permutations. More
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explicitly, expanding the above sums over Stirling cycle permutations yields

1
K6(£) = 5 W£3,4,5,6Eﬁ2n,3,4,5,6 - [P1|2\3,4,5,6E1|2|3,4,5,6 + (2 A 37 47 57 6)] (3~44)

+ [Cllas.456 523 F o34 56 1+ (2,3[2,3,4,5,6)]
+ [(Chj23 45,6 523545 E1)23,45,6 + €yc(3,4,5)) + (6 <> 5,4,3,2)]
+ [(01\234,5,6 323534E1\234,5,6 + CyC(Q, 3, 4)) + (27 3, 4|2a 3,4,5, 6)] )

and reproduces the double-copy expression for the six-point correlator proposed in [13].
The refined GEI Ejjg3456 arises from its expansion (I1.4.27) in terms of Z-functions
and boils down to the gg?) in (I1.4.37). By the vanishing of 23456, the C' - 2-
representation (3.33) of the six-point correlator does not feature any analogue of the terms
Pyjoj3.4,5,6F1)23,4,5,6 1n the first line of (3.44).

Furthermore, from the trace relation (I1.5.31) among GEIs,

1 0
iamnEf‘ng% = [Eij3456 1 (2 ¢ 3,4,5,6)] + 27715 log Z(¢) , (3.45)

one concludes that the BRST variation of (3.44) is a boundary term [13]

1
QK6() = —V1Ya3456 <2E{"£§,4,5,6 — [Bippass + (2 3,4,5, 6)]) (3.46)

‘ 0
= —27i V1Y2,3,4,5,65 logZs(¢) = 0,

as required by the anomaly cancellation condition.

3.3.4 The T - FE representation: manifesting locality & single-valuedness

The C' - E representation (3.43) is not manifestly local, but it is written in terms of GEIs
manifesting monodromy invariance. However, by construction, we know that (3.43) is
equivalent to the local representation (3.23), so all the non-localities within the pseudo-
invariants C' and P must be spurious. In the following discussions we exploit this reasoning
to find a new representation that is both manifestly local and monodromy invariant.

We can do this starting from (3.44), plugging in the Berends-Giele expansion of the
pseudo-invariants and separating terms according to their kinematic poles. The non-local
terms turn out to vanish (as will be exemplified below) while the local terms conspire to
produce the full correlator Kg(¢). After going through the algebra we obtain the following
manifestly local and monodromy-invariant form of the six-point correlator g (),

1
Ke(£) = §V1T2m,37}4,5,6 123456 — (Vidasa56E1 213456 + (24 3,4,5,6)] (3.47)
+ [ViT35 456 ETa3.45.6 + (2,3(2,3,4,5,6)]
+ [ViTosa56E1p2sa 56 + ViToas 561124356 + (2,3,4]2,3,4,5,6)]
+ [(%T2734756E1‘2734756 + cyc(S, 4, 5)) + (2 <~ 3,4,5, 6)] .
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The non-local terms from the kinematic side turn out to vanish due to identities obeyed by
their accompanying worldsheet functions. For instance, one such class of terms (featuring
an uncancelled s12 pole) is given by,

Mi2Ts456 (k3" E 123456 T 523F1123456 — s24E1243 5.6 + S25E1)25 346 + 526 126,34 5) =20,
(3.48)
whose vanishing follows from one of the GEI relations (I1.5.2). Similarly, one can check
that all the other classes of non-local terms vanish as well. In summary, the expres-
sions (3.25), (3.33), (3.44) and (3.47) for the six-point correlator generalize the four repre-
sentations of the five-point correlator in (3.22).
Note that the T - F representation (3.47) is related to the C' - Z representation (3.33)
through the duality between kinematics and worldsheet functions: in order to see this, one
needs to adjoin the vanishing terms — [ZQ|1,374’576P1|2‘374,576 + (2 3,4,5, 6)] to the latter.

3.3.5 Comparison with older results

To conclude the discussion of the six-point correlator, we make contact between the above
representations and a manifestly BRST invariant expression for the six-point amplitude
that has been presented in [39]. Starting from the C' - Z-representation (3.33), expanding
the worldsheet functions and collecting terms yields,

Ke(l) = 5 (nClj23456 T tm [3239%)01723,4,5,6 +(2,312,...,6)] (3.49)

+ [(523534953)g§4)Cl|234,5,6 + cye(2,3,4)) + (2,3,4[2,3,4,5,6)]
+ [(5235459%)951?Cl|23,45,6 + cye(3,4,5)) + (6 <+ 5,4,3,2)]
+ [g§3)01|2\3,4,5,6 + (2 A 37 47 57 6)] + [953)01‘(23”4,576 + (27 3|27 37 4> 57 6)] 5

where we defined the following shorthands for the coefficients of gg) and gé?,

Ciiazase = k'kSCTlo 456 + [523K7 Ol a 56 + (3 > 4,5,6)] , (3.50)
Chy(23)a5.6 = k3" k3 Cl'5 4 5.6 + s23(k5" — k3" )Cla3 456
+ [s24K5 Cllaass6 t 530k3" Cllga 056 + (4 ¢ 5, 6)]
+ [534523C1 123456 + 523524C1 304,56 — $24534C1 243,56 + (4 ¢+ 5,6)]
+ [524535C1 24,356 + 525534C1)25,34,6 + (4, 5[4, 5, 6)] :
These combinations are easily seen to satisfy
RC1 23456 = —s12V1Y23456 QC1|(23)4,56 = —523V1Y2,3456 (3.51)

so the BRST variation of (3.49) reproduces the desired Koba-Nielsen derivative in 7. Using
BRST cohomology identities one can show that

Cli213,4,56 = 5121123456 5 (3.52)
1

Cli(28))45.6 = 5523 <P1|2\3 156+ Pipj2ase + (k8" — k3" )Cliys 456

+ [534C112345.6 + 524C1 30456 + (4 ¢ 5, 6)}) :
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which will imply, after integration over the loop momentum in section 4, that (3.49) gives

rise to an equivalent version of the six-point pure-spinor correlator expression of [39].%
The bosonic six-point one-loop amplitude of the open superstring was computed in the

RNS formalism, see [27, 28] for the parity even part and [40] for the parity odd part.

3.4 Seven points

Following the general structure of the one-loop correlator presented in (2.33), the local
seven-point correlator is proposed to be

K7 (0) = KHe(0) + KY (0), (3.53)

where 1€ (¢) is defined in (2.17) and the anomaly sector XY (¢) will be determined below.
The unrefined contribution to KLi¢(¢) = IC;O) (0) — ngl)(f) follows the pattern of (2.16),

1 mn, mn
/c$°) (6) = ﬁVAlTAz,.].D.,mZAlf.,m + [1234567 Ay, ..., A7] (3:54)

1
o VAT agZAH g+ [1234567|41, .., Ag]

+ VA, TR 4. ZR a4y + [1234567| Ay, ..., As)
+ VA, Ty, AsZ Ay, A, + [123456T| Ay, ..., Ay]

with a total number of terms given by m + [g] + [57)] + [Z] = 142141754735 = 932 (see its
explicit expansion in (A.6)). The worldsheet functions entering (3.54) and the subsequent
equations are determined from their monodromy variations. The solutions for the three
topologies of scalar Z-functions, the two topologies of vectorial ones and the tensorial ones
can be found in (I1.4.40), (I1.A.26), (II.A.29) and (II.A.30), respectively.

The above ngO) (¢) alone is not BRST invariant, and this fact motivates the introduc-
tion of refined contributions IC(71)(€) to (2.17). In fact, the general discussion of refined
correlators IC%d) (¢) in section 2.3.2 originated from the explicit findings of this example.
The seven-point expression

KM (0) = [Va, I o Ay Z0 Ay gty + (A2 43 Ag, o A7)] + [1234567| Ay, ..., Ar]

+ [Va, Jas|As,.... A5 A Ar A5, Ag + (A2 > Az, .. Ag)] + [1234567| Ay, . . ., Ag]
= VlJ573,4,5,6,7Zg\11,3,4,5,6,7 + (24 3,4,5,6,7) (3.55)
+ [ViaJsja 56,7 231124567 + VizJajas.67 29134567 + (2,312,3,...,7)]
+ [Vidasjas 6722314567 + (2,32,3,...,7)]
+ [(Vidysa5.6,72201,345.6,7 + €ye(2,3,4)) + (2,3,4]2,3,...,7)]
with 5 [g] +6 m =105+ 6 = 111 terms in total lines up with the general proposal (2.22) at

refinement d = 1. We have seen in (I1.4.42) that the three topologies of refined functions
appearing in (3.55) are simple combinations of

2 1) (2 3
Z1913,4,5,6,7 = 8952) + 8129§2)9§2) - 38129%2) (3.56)

= —381299 + gﬁ) (0 ko + 8239%) + 82495? + ...+ 8279517)) .

8To see the equivalence we note, in particular, equation (3.15) of [39].
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However, the sum of the d = 0 and d = 1 correlators in (3.54) and (3.55) is still not enough
to yield a BRST-invariant seven-point correlator, see the discussion of QK%®(¢) in sec-
tion 2.3.4. This necessitates the additional purely anomalous contribution to (3.53) given by

KY () = —AipzaserZiapaser + (2 3,4,5,6,7), (3.57)

where the anomalous superfield Ajps 7 is defined in (1.5.35). By the arguments of
section 1.5.3.1, the components (A1‘2|3,m77> cannot have any kinematic pole, so addition
of (3.57) does not spoil the locality of the seven-point correlator (3.53).

Note that the representation of Zj53456,7 in the second line of (3.56) manifests that

K7(¢) can be written without any derivatives agi(j m) 1(])91(3)

arguments. This observation should play an important role for the transcendentality prop-

or products g with coinciding

erties upon integration over z;.

3.4.1 BRST invariance

In order to show that the full correlator (3.54) is BRST invariant, let us first consider its
non-anomalous part, QIC];ie (¢). This computation can be organized according to the ghost-
number four products of superfields it generates; this general structure was anticipated in
section 2.3.4 but it is instructive to see it again in this particular case:
Lie _ (0,2) (1,0)

QK7 _*T1|234567 T1|234567 (3‘58)
0,1)
1123.4,5,6,7 T

- [Tf§|;)475,6 S+ (2¢3,4,5,6,7)] — [T
— [ 123|4567+T(32|i567+(2,3|2,3,4,5,6, 7]
- [1}}:
- [T

(2,3[2,3,4,5,6,7)]

(0,0)
1\234 567 T T1\243 567 T (2,3,4/2,3,4,5,6,7)]

70 700 (2,3,4/2,3,4,5,6,7)]

12|34567+ 13]24,5,6,7 14123,5,6,7 T

(0,0) (0,0) (0,0)
- [T1\234567+T\245367+T\253467+<677’273v4>5a677)]

(0,1) (0,0)
12,3,4,5,67 T [Y12\3,4,5,6,7 +(243,4,5,6,7)]

0,0
[Y(\23)4 5671 (2,3(2,3,4,5,6, 7],

+Y]

where, following (2.26), the non-anomalous building blocks are contained in

Tf&?4 5,67 Vlv?Tmn7@g|??n ;+(243,4,5,6,7), (3.59)
Tl(g\;)4 56,7 = Vi V3T 7954%2 4,. + (3¢ 4,5,6,7),

T1(|02§,)4757677 = V1V23T4,...,7@ég)M__’? + (23 <+ 4,5,6,7),

T1((2]§(|)4)1,5,6,7 = V123V4T5~~:7651(\);23,5,...,7 +(4¢5,6,7),

T1((2)|,§4)1,5,6,7 = V12%4T57---77@$1)|12 5.7 1 (3445,6,7),

T s6r = ViVasiTs_1O0 o o+ (23445 5,6,7),

Tl(\oég)45,6,7 = Vl%3T457677@és)\1,45,6,7 +(23 < 45,6,7),

Tf|12‘§4 so7 ="V [J3‘4M7@g};“’%? +(3¢4,5,6,7)] +(2¢3,4,5,6,7),
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while the anomalous building blocks are contained in Y (") given by (2.27),

(0,1) =(0)m
Y1|2,3,4,5,6,7 =ViY354567 =112,3,...,7 (3.60)
(0,0) =(0)
Y12\3,4,5,6,7 ViaY3.456,7 =12|3,..
(0,0) —(0)
Y1|23,4,567 V1Y234567~1\234 ST

It is evident from the above permutations that the general compact expression (2.25)
leads to involved combinatorics resulting in many terms present in the seven-point BRST
variation (3.58), even when written using the shorthands ©® and Z(@ defined in (2.28)
and (2.29). Fortunately, the analysis of the outcome is also greatly simplified by this very
same organization, as it suffices to check only a handful of different topologies of ©@ and
2@ rather than all their permutations. In fact, it is straightforward to check that all T(dr)
terms above vanish due to

ViVoT: 34567@(0)mn =0,

2|1,3,4,5,6,7

V1V23T4567®( ym =0,

23(1,4,5,6,7 —

ViVoTsa56 795& 345,6,7

~

ViVasaT5 6 7953)4\1 56,7 —

NO,

0 ~J
ViVaT3i 567050 567 2 0, (3.61)

ViVaTs4 56 7@é|i 34567 = U
ViVasTys 79( ) =0,

23|1,45,6,7 —

ViVadsjass, 7@§|§\1 4567 =

whose explicit expansions in terms of shuffle-symmetric functions Z can be found in the
appendix C. The coefficients of V;4 with A # @ are just relabellings of the ©(@ in (3.61)
and therefore vanish as well.

Using the results above the BRST variation of (3.54) is purely anomalous
—=(0)m

QKF(6) = ViYs% 4567 F1jp s 4567 (3.62)
+ ViaY345.67 B0l 4567 + (2 € 3,4,5,6,7)
+ VAYa345.67 E\ng 4507 + (23(2,3,4,5,6,7),
and is written entirely using the linear combinations Z(©) of (2.29),
_ﬁ)% 34,567 %Z{?QP,QA,E.,&? + [Z;T1,3,4,5,6,7 +(2¢3,...,7)]= —Zihsaser  (3.63)
E§313,4,5,6,7 = —%Zf§,3,4,5,6,7 + [Z3p124567 + (3 2 4,5,6,7)] = —Zi934567
55?3374,576,7 = —%ngg,%,m + [Zogj1a567 + (23 ¢ 4,5,6,7)] = —Z1p3a567-

Similar to (3.28), the = symbol indicates that boundary terms w.r.t. 7 have been discarded
in the second step of each line. The rearrangements of the above sums have the same struc-
ture as the trace relations among non-refined and refined building blocks, see section 1.4.4.4.
As discussed in section I1.5.3, the worldsheet functions found via the bootstrap method of
section I1.4.4.4 satisfy the dual trace relations exploited in (3.63), and (3.62) becomes,

QICY(0) = —V1Y334567 21234567 (3.64)
—V12Y34567 21234567 T (2 < 3,4,5,6,7)
- V1Y23,4,5,6,7 Zl|23,4,576,7 + (27 3‘27 37 47 57 67 7) .
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By the relations (I1.4.42) between the three topologies of refined Z-functions, the BRST
variation (3.64) can then be written as,
QKHe(r) = <1<:7271V1Y£§,4,576’7 + Va1 Y567 + [ViYasaser + (3 ¢ 4,5,6, 7)])212\3,4,5,6,7
+ (24 3,4,5,6,7). (3.65)

From (1.5.36) we recognize the terms inside the parenthesis in (3.65) as the BRST variation
of Aqj2j3,4,5,6,7, that is, the expression for KY (¢) in (3.57) is tailored to cancel

QKY(0) = QA1j93.4567 212134567 + (24 3,4,5,6,7) = —QKY (¢). (3.66)
Therefore the full correlator (3.54) is BRST invariant up to total derivatives,
QKF(0) + K7 () = QKx(¢) = 0. (3.67)

Before showing that (3.54) is also monodromy invariant, it will be convenient to rewrite it
using the pseudo-invariants of section 1.5.2, as that will simplify the proof considerably.

The C - Z representation: manifesting BRST invariance. Given that the corre-
lator (3.54) is BRST invariant, it is rewarding to rewrite it in terms of BRST pseudo-
invariants. This can be done following the same procedure applied in detail for the six-
point correlator in subsection 3.3.2, so it will only be sketched here again; we rewrite
MIMZy, . =Cllip, .
ing a factor of Myp with P # (). A long but straightforward analysis using integration-by-

+---and MhJ)'y = H‘A“B e and collect the terms contain-

parts relations (2.30) for the Z-functions shows that all terms proportional to M;p vanish

and we arrive at

1 mn, (s),mn
Kr(l) = SOTY L 20X, + [234567| A, ..., Ag] (3.68)

1
3Oty 21k g + [234567| Ay, A5]
O 20N, + [234567|Ay, . Ay

-----

m (s)m
— [Pl\A1|A2,..-7AGZA1|1,A2,...,A6 + (Al <~ AQ, R ,A6)] + [234567|A1, ey Aﬁ]

- [Pl\Al|A2,...,A5ZS1)|LA2’M,A5 + (A1 <> Ao, ..., As)] + [234567| A4, . .., As]
— Aj23,4,5,6,721203,4,5,6,7 T (2 ¢ 3,4,5,6,7) .

Note that only six legs participate in the Stirling permutations, and Z (5) are defined in

(I1.4.22). To compute the BRST variation of (3.68) it will be convenient to recall that [26]

QPzas67 = Tiksaserr  QClasas67 = _5(mnF€|)2,3,4,5,6,7
QP123a5,67 = —1'1)23,4,5,6,7 5 QCT 954567 = —0""T1j234567
QP123456,7 = —T'1)2,34567 QCTaB,c,p =QC1aBc =0

QA 234567 = k5 Tl 34567+ [523T 11234567 + (3 ¢ 4,5,6,7)] (3.69)
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see (I.5.27) for the anomaly invariants I'; . After straightforward algebra and using the
trace relations (3.63) we obtain,

QI (L) = 11§r|L2,3,4,5,6,7(Z{Y|L2,3,4,5,6,7 + [k Z1913,4567 + (24 3,4,5,6,7)]) (3.70)

— 52301123.4,5,6,7(21)23.4,5,6,7 + 212034567 — 21312.4,5,6,7) T (2,3(2,3,4,5,6,7)
=0.

The linear combinations of worldsheet functions in (3.70) correspond to the BRST-exact
anomalous kinematic factors displayed in section I1.5.4 and, as we have seen in (I1.5.26),
they vanish up to total derivatives. Therefore, BRST invariance of the representation (3.68)
is indeed confirmed.

3.4.2 Single-valuedness

We will take the manifestly BRST-invariant representation (3.68) of the seven-point corre-
lator as a starting point to verify monodromy invariance. Using the monodromy variations
of the seven-point Z-functions discussed in section 11.4.4.4 and in the appendix II.A, a long
but straightforward calculation implies,

DIC7(£) = Q10K + -+ + 70k (3.71)

where (Eﬁ)qm is defined in (11.4.23))

1 1 m mn s)n
0Ky = SKPCHAY L BAN, 4+ [234567| s, ..., A7] (3.72)

+ RO, A BN+ [234567]Ag, ., Ag]

+ KOy as BNk, + [234567 4y, .., As]

- [kinpﬁlz|3,4,5,6,7 + A1jaj3.4.5.6.7] E§|s2)|3,4,5,6,7 +(243,4,5,6,7).

The other 5]C§j) for j =2,...,7 can be obtained from (5ng1) by relabeling of 1 <+ j in both
the kinematics and GEIs of (3.72). To verify this last statement one uses the change-of-
basis identities for pseudo-invariants derived in [26]. This is because the relabeling of 5/C;j )
for j = 2,...,7 involves pseudo-invariants outside of the canonical basis C.{T.'.'.' (i.e. C’;”l_:'
with j # 1), whereas the monodromy variation of (3.71) obviously contains only elements
in the canonical basis. See the analogous six-point analysis described in section 3.3.3 for
more details.

The appearance of momentum contractions in (3.72) signals the need to use the BRST
cohomology identities derived in [26] and reviewed in section 1.5.4. In addition, one also
needs their elliptic dual identities involving momentum contractions of kf*E™ (cf. sec-

tion I1.5.1) and the trace identity

L mm 0
5 1]2/3,4,5,6,7 = [E1‘2|3,475’6’7 + (2 — 37 47 57 6, 7)] + 27['7/677_ logI7(€) . (373)
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After long but straightforward manipulations one finally concludes that the monodromy
variation (3.72) is BRST-exact and given by

et = AHAQ A BT 4+ [234567]As, ., Ag] (3.74)

ATy ag B g+ [234567] A, Ag]
+ At gy BT, gy [234567|As, . A5] 220

It is crucial to note that only unrefined building blocks Ay arise, whose BRST exactness
is discussed in section 1.5.3. Since the other 5ng] ) are relabellings of (3.74), it follows that

the complete monodromy variation DC7(¢) in (3.71) is BRST-exact and therefore vanishes
in the cohomology; DC7(¢) = 0.

The C - E representation: manifesting BRST invariance & single-valuedness.
Having derived the C - Z representation and shown that it is single valued, we can re-
express it to manifest both BRST and monodromy invariance. We proceed similarly as in
the six-point case by inserting 27" 5 = EITA;B,... +- - into the C'- Z representation (3.68)
and using a long sequence of BRST cohomology identities described in [26]. Doing this
leads to a manifestly BRST-invariant and single-valued expression neatly summarized by
the following Stirling permutation sums

Zcﬁﬁl,mi LB 4 [234567] Ay, Avys] (3.75)

1
” (s)ymi...my
-3 [Pl s B,y H (AL Aoy Apgs) [ (20T AL - Args ]

where Eifl‘m is defined in (I1.4.23), and the terms proportional to Ajj(34567 drop out
by the trace relations (3.63). Expanding the Stirling permutation sums in (3.75) yields

1 mn, (s)mn
K (€) = *01|2§4,5,6 7E1|234p567 (3.76)

+ CI|234567E§T2)£T2567 (273’2737475767 7)

(s)m (s)ym
11234,5.6, 7B o34567 T Clloas 5.6 7E1 24356 7] (2,3,4[2,3,4,5,6,7)

1\234567E§T%73714567+CYC( ,3,4)] +(6,7(2,3,4,5,6,7)

C11234,56 7E1|2)34 56,7 T C11243,56 7E§‘2)43 56.7 T cye(b, 6 1)) +(2,3,4]2,3,4,5,6,7)

01\23,45,67E§|33,45,67 +cye(4,5,6)] + (3 ¢ 4,5,6,7)

(s)
Pily, 47576,7E1|82g’ 4567t (24 3,4,5,6,7)

+ [01\2345 6 7E1|2)345 6,7 + perm(3 4 5)] + (27 3a 45 5‘2’ 3, 47 57 6, 7)
+

+ [

- Pl|23|4,5,6,7E§TQ)3‘4757677 + (27 3|27 3,4,5,6, 7)

- [Pl|2\34,5,6,7E§‘82)|3475’677 +cye(2,3,4)] +(2,3,4]2,3,4,5,6,7),

— 30 —



for a total number of 326 terms with pseudo-invariants C' and 81 terms with P. This is the
double-copy expression for the seven-point correlator implicitly proposed in [13]. Similar
to (3.68), only six legs participate in the Stirling permutations, but there is no analogue of
the terms Ayjgj3 . 72123,...7 in the last line of the C'- Z representation.

The T - E representation: manifesting locality & single-valuedness. From the
C'-FE representation (3.76) one can derive a manifestly local and single-valued representation
following the same ideas as explained for the six-point case in section 3.3.4. The end result
is given by,

1 mn mn
Ki(0)=ViTy5" EE (3.77)

n %nggj}lﬁﬁ,?E%A&&ﬁ (2,312,3,4,5,6,7)

+ ViT530 567 Bl a3a 567+ ViTois 5,67 E a3 5.6.7) +(2:3,4(2,3,4,5,6,7)

+ [I/1T27§’457677E717|1237457677+cyc(2,3,4)] +(6,72,3,4,5,6,7)

+ [ViTa345,6,7E1j9345,67 + Perm(3,4,5)| 4 (2, 3,4,5(2,3,4,5,6,7)

+ [ViT234,56,7Er 234,56 7+ ViTa3,56,7E1 243 56,7 + Cyc(5,6,7)] +(2,3,42,3,4,5,6,7)
+ [ViTos 45,67 F1 123 45,67 + cyc(4,5,6)] + (34 4,5,6,7)

—Vid3s 45671 23,4567 T (243,4,5,6,7)

~Vidosas.6,7F1 2314567+ (2,3(2,3,4,5,6,7)

— [Vidojsas6,7E1934,5,6,7 +cye(2,3,4)] +(2,3,4/2,3,4,5,6,7).

Similar to the six-point case (3.47), this T'- E representation is related to the C' - Z repre-
sentation through the duality between kinematics and worldsheet functions, up to the fact
that (3.77) does not exhibit any dual of the terms Aypg3 . 7Z12j3,..7 in (3.68). Moreover,
the combinatorial structure of (3.77) is identical to that of the C' - E representation (3.76).
In addition, proving BRST invariance of the representation (3.77) requires the same elliptic
worldsheet identities used to generate (3.77) from (3.76).

3.5 Eight points

Following the general structure of one-loop correlators presented in (2.17) and (2.33), the
manifestly local Lie-series part of the eight-point correlator is proposed to be

Ko e) = k00 — k00 + K2 1), (3.78)
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which will later receive a purely anomalous correction Kgf(ﬁ). The unrefined part with
d = 0 follows the general pattern indicated in (2.16),

/cgw):v o, T, 20y [12345678| Ay, ..., As] (3.79)
VA1 TP 20 4+ [12345678|A,, . .., A7

+ EVAng’;ﬁw%zg’}m’AG + [12345678| A1, . . ., Ag]

+ VA, TR, A 2R 4, + [12345678|AL, ..., As]
+ Va, Ta,,.. Ay 2y, A0 + [12345678| Ay, ..., Ay,

and contains [3] + [3] + [§] + [5] + [}] = 1+ 28 + 322+ 1960 + 6769 = 9080 terms, where
we recall that [Z} denotes the Stirling cycle number. The correlator (3.78) also contains

7[2] + 6[?] + 5[2] =74+ 168 + 1610 = 1785 terms with refinement d = 1,

1 1
icg>(g):5[vA1J T s Zhiay Ay 4y T (Ag > Az, Ag)] +[1...8] Ay, Ag]
+[vAlJA2|A3,...,A7ZA2|A1,A3,.A.,A7+(A2HA3?"'7A7)]+[1"'8‘A17"'7A7]
+ [Vay J 45| As,... A Z As| Ar A, A+ (A2 Az, Ag) | +[1...8] A, Ag],  (3.80)

and (;) = 21 terms with refinement d = 2,
2
’Cé ‘() = ViJa314,5,6,7,822,3)1,4,5.6,7.8 T (2,3(2,3,4,5,6,7,8) . (3.81)

The worldsheet functions appearing in the expansions above can be obtained solving the
system of monodromy variations described in section I1.4.4, and their explicit expressions
can be found in the appendix II.A.

One can also show using the trace relations among local building blocks that the overall
correlator (3.78) is unchanged when using trace-satisfying worldsheet functions Z defined
in (II.5.19) instead of the naive ones from the solutions to the monodromy variations,

KLe) = kte(r). (3.82)

3.5.1 BRST variation

The computation of QIC;#ie can be performed in a straightforward fashion using the varia-
tions of the local superfields given in section 1.4.4 and is given by the general identity (2.25)
with n = 8 (see its n = 7 instance in (3.58)). To check whether the correlator is BRST
invariant, it suffices to analyze a few distinct linear combinations of worldsheet functions
encompassed in the definitions of ©@ and =@ in (2.28) and (2.29).

One can show that the eight-point Z-functions derived via the bootstrap approach
(cf. appendix II.A.3) imply the vanishing of all ©(?) topologies of worldsheet functions,
see (2.30). For some of these topologies, more than ten Z-functions conspire in a highly
non-trivial way to yield total Koba-Nielsen derivatives that integrate to zero. The full list
of inequivalent topologies can be found in the appendix C.
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However, the combinations Z(@ defined in (2.29) do not vanish when the solutions
to the monodromy equations are plugged in. For instance, the contributions to QICIgie
proportional to V1Y23 456,78 are given by

—(0 1
5531174576,778 = —5255,1,45,6,7,8 + [Za3p14567,8 + (23 <> 45,6,7,8)]

= —Z)2345,6,7,8 + [11,23.45,6,7,8 (3.83)
= —Z1|23,45,6,7,8 »
where the R-functions defined in (I1.5.18) are proportional to G4 — they will be written

down below in (3.88) for convenience — and we used the definition (I1.5.19) of Z in passing
to the last line. The analysis for the other eight-point building blocks is similar,

—=(0)mima..my ~, S —=(1) mima...m; ~ & o
_'A1|Bl7"'aBT+6 - _ZA1|B17...,BT+6 9 ‘_‘A1|A2|Bly~--,Br+6 - ZA1,A2|B1,...,BT+6 9 n = 8? (384)

and the BRST variation of (3.78) becomes

. 1 A
QKL () — —SVA YA Ay 20, ag + 12,8 AL Ay (3.85)
—Va YA an 2R ay oy T 12..8]A, . Af]

_ VA1YA27~~.,A6 ZAA1|A2,...,A6 + [12 . 8|A1, Ceey A6]
+ ViYop 45678 212345678 + (2 3,4,5,6,7,8)]

which can be written more explicitly as

1e 1
QRE“(0) == ViY5ih 5678 2155 45678 (3.86)

[VY234567821\2345678+(2 3[2,3,4,5,6,7,8)]
[‘/125/545678312|345678+(2<—>345678)]
— [Vi2sYa5.6,7.8 Z123j4.5.6.7.8 + V132 Y5678 2132145678 T (2:312,3,4,5,6,7,8)]
— [ViY234,5,6,7,8 Z1j234,5,6.7,8 + Vi You3,5,6,7,8 Z1j243.5.6.78 + (2,3,4/2,3,4,5,6,7,8)]
[(V12Y345678312|345678+Cyc( ,3,4)) +(2,3, ,8)]
—[(V1Ya,3,4,56, 7821\23456 7s+cye(5,6,7)) +(2,3,4(2,3,4,5,6,7,8)]
(ViYazas678 219345678+ (24 3,4,5,6,7,8)] .

+

In terms of the undeformed functions, the BRST variation is given by

1
Q,CLle()__§vA1Y£; o (ZRay as — BA ag) +112...8[A1,. ., AS] (3.87)

— VA1YA’Z7.“,A7 (ZA1|A27...,A7 - REl,...,A7) + [12 IR 8|A1, o 7147]
—Va, Yy, A6 (Zay) s, ag — Bay,.a5) +[12...8| AL, ..., Ag]
+ [ViYo 45678 212345678 + (2 3,4,5,6,7,8)]
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where the R-functions are all proportional to Gy,

Ri2315678 = 3Ga(s13 — 514 — 523 + 524) , (3.88)
Ri23456,78 = 3Ga(s12 — 2513 + s23) ,

R%,3,4,5,6,7,8 = 3Gy (Slg(kgn — kM) + [kgn(slg — S93) + (3 4> 4,5,6,7, 8)]) ,

RS 45678 = 3Gaki ™k s12 + (1,2]1,2,...,8).

Note that the trace relation Y3'§" ¢ =2Yy3 g+ (2« 3,...,8) implies that the contribu-
tions of R{% ¢ in (I1.5.21) and (I1.5.22) cancel. The remaining task is to compensate the
leftover variation (3.87) by adding an anomaly sector K} () to the eight-point correlator.

3.5.2 Purely anomalous sector

The strategy to cancel the terms (3.86) in a bid to achieve BRST invariance is similar to
the seven-point case; we propose to add a purely anomalous contribution to the eight-point
correlator (3.78),

Ks(0) = KE*°(0) + KX (0). (3.89)

By analogy with the expression (3.57) for Y (¢), we start from an ansatz comprising
anomalous A superfields of (I.C.1) and some unknown worldsheet functions U,

K (0) = [ATlysa. s Ullpa. s+ (24 3,4,...,8)]
+ [Aypsia,... s 523011231, 8 + (2,3]2,3,4,...,8)] (3.90)
+ [(Arjgisa,...8 53401 j2j34,....8 +cyc(2,3,4)) + (2,3,4(2,3,4,5,6,7)] .

In fact, (3.90) is the most general linear combination of anomalous building blocks such
that their BRST variations are expressible in terms of V;4Y "1 rather than VpY]"' with
1 ¢ B. Any other combination of Y™ in (3.90) would lead to terms Vi, 1 ¢ B in QK (¢)
that cannot be cancelled by (3.87). In contrast to their seven-point counterpart A1123,4,5,6,75
the eight-point instances of the A superfields exhibit kinematic poles (cf. appendix 1.C),
so (3.90) amounts to a mild violation of manifest locality.

In order to determine the U-functions in (3.90) we start by noting that Q*K5*°(¢) =0
implies that QK5°(¢) is BRST closed. Therefore all the ghost-number-four superfields
VAYEI fgﬁ: in (3.87) must combine to ghost-number four BRST invariants given by I’
defined in [26] (also see the alternative algorithm in appendix I.A.2 for the unrefined cases).
This can be seen by rewriting the local superfields in (3.86) in terms of Berends-Giele
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currents using (1.5.1) followed by MAY}Z"52" — 0 A"lfz‘lgféé _ where

12345678 = MYy s+ (k3" M12Y5 5678 + ks MioViy 5678 + (2 3,...,8)] (3.91)
— [(k5'k5 + k3 k5 ) M31oVa 5678 + (2,3(2,3,4,5,6,7,8)]
T as67s = MiV3a5678 + (M3 5678 + Mi123Yas6,7.8k5 — (2 4 3)]
+ [k (M14Y23,5.6,7.8 — M214Y3.5.6,7.8 + M31aDo5678) + (4 <> 5,6,7,8)]
Iyj23456,78 = M1Yasas678 + M12Vsa5678 + Mi123Va56,7,8
+ M214Y3 56,78 — M14Y2356,7,8 + M143V256,7,8
Dyps 45,678 = M1Yosas 678 + [Mi2Vas 3678 — (2 ¢ 3)]
+ [M14Y23,567,8 + Ma15Y3,467,8 — Ma1s Vo678 — (4 4 5)]
Liposa5678 = Miajga, s + Mok V5 g+ [s23MiosVa.. s + (3 4,...,8)].

Under these transformations, it is possible to verify that (3.86) is identical to

QKCLe(¢) = —% T s 2SN (12, 8| AL, A (3.92)
="} 4s,. A Zﬁff[;’;“,& +[12...8|Ay,..., A7]
~ Dastsste 25 pyng + 12 8| A1, ., Ag]
+ [M123.5.678 Z§f2)|3,4,5,6,7,8 +(2+¢+3,4,5,6,7,8)]
+ %VAIYX;?WAS RE™ a0+ [12...8A, ..., Ag]
+ VA, YA, A RR A, +[12...8]Ay, ..., A7]
+Va,Yay, a6 Ray,.oag + [12...8] 41, ..., Ag),

where Z(*) is defined in (I1.4.22). It is beneficial to rewrite (3.86) in this way because

the @-variation of the anomalous correlator (3.90) takes the same form once we insert the
expressions for QA in (1.5.39):

QKg (0) = i35 45678 [k?Uﬁ2|3,4,5,6,7,8 + (24 3,4,5,6,7,8)] (3.93)
+ [523Fﬁ23,4,...,8 (Uf?2\3 ..... 8§ UITTL3|2,...,8
+ K3 Us 30,8 + (23 € 4,5,6,7,8)]) + (2,3]2,3,4,5,6,7,8)]
+ [s2354501123.45,6,7.8 (U1)213,45,6,7,8 — U1]312,45,6,7,8
+ Unjajs23.6,7.8 — Utjsja2ser,s) + (2,304,512, 3,4,5,6,7,8)]
+ [F1\234,5,6,7,8 (523524 (Unj23)a,....8 — Unjapes,...s — Unjgjoa,..s + Urjoags,... )
+ 593534 (Unj23/4,....8 — Unjapes,...s + Ujaisa,..s — Urpsage,...s) |
+ Dipoas 567 (523524 (Unppags,..s — Unpsjoa,..s — Unjajes,..s + Urjagja,...8)
+ 594534 (Unj2453,....8 — Unpsjoa,...s + Ujas,..s — Urjaspa,...s) |

+(2,3,4]2,3,4,5,6,7, 8)]
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m m
— [T1213,4,5.6,7,8 (K5 Ulj2p3.a,5,6,7,8 T 523U112314,5,6,7,8 T 524U1|24)35,6,7,8
+ -+ sosUnpagjaa567) + (2 ¢ 3,4,5,6,7,8)] .

As we will see, the functions U in the anomalous correlator (3.90) can be chosen such as to
cancel all I" terms from (3.92). This can be achieved provided the following equations hold:

0= (21 45678~ [ Ulisansrs+ (2403 8)] )Tl 4567 (3.94)
0= (Zﬁl23,4,...,8 —Ullys,...s tUllsa,..s — [F33U11231,..8 + (232 4, S)D 1234, (3:95)
0= (Zl|23,45,6,7,8 — [Unjaj23,5,6,7.8 + Utjsj23,4,6,7,8 — (23 4> 45)] ) I'1123,45,6,7,8 (3.96)
0= (823(824 + 834)31|234,5,6,7,8 + 82382431|243,5,6,7,8 (3.97)
— 593524 (Unj2sja,....s + Urjags,...s — Unjgjea,...s — Utjajes,...8)
— 593534 (Urj2j34,....8 + U1j23)4,....8 — Utj342,...8 — U1\4|23,...,8))F1|234,5,6,7,8
0= (Zl,2|3,...,8 — kS U s, s~ [523U112304,.. 8+ (3¢ 4,...,8)] ) I'1)213,4,5,6,7,8 - (3.98)

To solve these equations it will be convenient to exploit the vanishing of Z2 according to
(I1.5.29). For instance, 0 = Zhmn 5 6.7 can be used to rewrite

112,34,
12345678 = — [’“éng\s,u,a,zs +(243,...,8)] + [K"K Zargas 678 + (2312,...,8)]
(3.99)
allowing (3.94) to be solved for U™. In turn, plugging U™ into (3.95) and using the

vanishing of Zﬁ% 15678 from (IL.5.27) allows the determination of the other two topologies

of U in (3.90). The resulting expressions

1
m . m m
Ulpsasers = —Zi2s,..8 T 5 (5" 29130, 8 + (3 <> 4,...,8)], (3.100)
1
Ut|23)4,5,6,7,8 = 3 (Z132145.67.8 — Z123145.6,78) »
1
Utj2134,5,6,7.8 = 3 (Z51904,5.6,7,8 — Z1123,5,6,7.8) »

are consistent with the remaining equations (3.96) to (3.98). One could wonder if the
trace relation Fg’”‘bg’&_“ﬁ =2l 3.8+ (24 3,..., 8) among the anomaly invariants might
generate corrections to the last equation (3.98) from tensor traces in (3.94). This is not
the case because the chosen representation of Z™" in the tensorial equation (3.94) does
not feature any 6" Gy deformations.

Given that the expressions (3.100) for the U-functions in K} (¢) solve all of (3.94)
to (3.98), the BRST variation of the overall correlator (3.89) reduces to

ie 1 mn mn
QK™ (0) + K (¢)) = §VA1YA2,...,A8 R ag t12...8]Ay, ..., As] (3.101)

+Va, Yi a4, RA, 4, +[12...8]A;, ..., A7
+Va, Y, as Ray,.as +[12...8]A1, ..., Ag].
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The R-functions from (3.88) are all proportional to the holomorphic Eisenstein series Gy,
i.e. any dependence of the BRST variation (3.101) on £ or the z; has cancelled.

Unfortunately, we explicitly checked [10, 11] that there is no manifestly local deforma-
tion of the correlator that can be used to cancel the remaining terms in (3.101). Therefore,
even though the BRST variation of K}(£) + KCY (¢) turns out to be a local expression, its
component expansion is non-local, see appendix I.C for the kinematic poles of the Ay su-
perfields in (3.90). This suggests that there may be another non-local sector whose BRST
variation cancels (3.101), although we have not been able to pinpoint it yet. We leave the
quest for finding such a completion to future investigations.

4 Modular forms: integrating out the loop momentum

This section is dedicated to the integration over the loop momentum which will lead to
manifestly single-valued one-loop correlators. In this way, the correlators acquire well-
defined weights under modular transformations, namely holomorphic weight n—4 for the
loop integral of Ky, (¢).

At the same time, closed-string correlators are no longer chirally split after integration
over the loop momenta [15-17]. We will describe the systematics of the interactions between
left- and right movers that arises from loop integration of the holomorphic squares |1C,, (£)|.
The setup of Z-functions and GEIs turns out to provide an efficient handle on the vector
contractions between left- and right movers and the loss of meromorphicity of the open-
string contributions after integration over /.

Let us briefly summarize the notation of part I & II. As detailed in sections 1.2.2
and I1.7.2, the net effect of loop integration on the Koba-Nielsen factor (2.3) is captured

by

g = L0 (3 s o) - 2 (1)

(ImT)E i<j Imr
. (2mi)P ( . [ 2 27 QD
I, = ——>—ex g sii|log |01(zii, 7)|" — ——(Im 2;; .
(211117')% p Z- J g} 1(2i )| Imr( i)

After factorizing these universal quantities in the worldsheet integrand of open- and closed-
string amplitudes (2.1) and (2.2),

Ar =Y Ciop / drdzsdzs . .. dzn TP [ (Kn(O) ], (4.2)

top Dtop

M, = / PrdPe d?s ... d2zn T [n(0)) (Kn(—0)]],
F

the leftover integrand w.r.t. the punctures z; and modular parameters 7 is furnished by
“loop-integrated” correlators [[K,(£)]] and [[K,(£)K,(—£)]] in combination with the zero-
mode prescription (...) of the pure-spinor formalism [4]. Hence, the notation [[...]] in (4.2)
addresses the net effect of shifting the loop momentum as a Gaussian integration variable,
cf. section I1.7.2. The normalization is chosen as [[1]] = 1, and the simplest non-trivial
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examples [[("']] = Lg" and [[(""("]] = L' Ly — ;5=6™" are most compactly written in terms

of the non-meromorphic quantity Lg' = >_%_, kJ'v1; with vy = 27Ti1}1rlnzf , see (I1.7.13)
for integration over higher powers of £. The contribution — =" to [[("("]] is the first

instance of the aforementioned interactions between left- and right movers.

4.1 Five-point open-string correlators

Starting from this section, we apply the techniques of integrating the loop momentum to
the correlators ICp,(¢) of section 3. We will complement the direct integration of GEIs with
a study of the T'- Z and C' - Z representations where the origin of the kinematic factors
from the OPEs is more transparent.

4.1.1 The T - F representation: manifesting locality & single-valuedness

As discussed in [17], integration over the loop momentum leads to manifestly single-valued
representations of chirally-split correlators. We therefore integrate out the loop momentum
from the representation (3.8) using (II.7.13) to obtain

[[IC5 (E)H = [k?%T%7475V12 + V12T374,5gg) + (2 3,4, 5)] + [V1T23,475g§? + (2, 3’2, 3.4, 5)]
— [ViaTs.45(9\5 +112)+(243,4,5) |+ [Vi Tos 4 5 (955 +123)+(2,3(2,3,4,5)] ,  (4.3)

where to arrive in the second line we used the cohomology identity (3.18) as k3y'ViT775 4 5 =

VioaTs,45 — [V1T23’4,5 + (3« 4,5)] and v13—112 = 1p3. So we see that the single-valued
(1)

functions fl(Jl) = 9;; +vij are constructively obtained and we get the following correlator

([KCs5(0)]] = VieTs.45 Fi2,345 + (2 > 3,4,5) (4.4)
+ ViTes a5 F12345 + (2,3)2,3,4,5),

in terms of manifestly single-valued functions Fi2345 = fl(é). Given that the functions
fi(]w) defined by (I1.7.1) carry w units of holomorphic modular weight, see (I1.7.5), the
correlator (4.4) is a modular form of weight one.

4.1.2 The C - F representation: manifesting BRST invariance & single-
valuedness

It is also possible to obtain a representation without the loop momentum which mani-

fests both BRST invariance and single-valuedness. This can be achieved in at least two

ways: integrating out the loop momentum from the C' - Z representation (3.17) or using

integration-by-parts identities to eliminate all fl(;.) integrands with j = 2,3,4,5 from (4.4).
First, integrating out the loop momentum from (3.17) using the identity,

5
L810$737475 = - Z ij;?lc{?273’475 = [523V2301|23,4,5 +1(2,3[2,3,4, 5)] ) (4.5)
J=1

leads to the manifestly single-valued and BRST-invariant form of the five-point correlator

[ (0)]] = Cuppsassosfoy + (2,3[2,3,4,5) . (4.6)
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This form reproduces the five-point one-loop correlator proposed in [33] and rederived
in [13, 35]. Alternatively, one can arrive at the representation (4.6) using integration-by-
parts identities (I1.7.27) in the local and single-valued representation (4.4). In fact, this is
how (4.6) was originally derived in [35]. The derivations of this paper are based on single-
valuedness and BRST-invariance constraints, and one obtains a much richer perspective on
the correlators. In summary, the integration over the loop momentum yields two additional
representations of the five-point correlator from (3.22),

[Ks(0)]] = [VieTs45F 12345 + (2 < 3,4,5)] + [ViTosasF12345 + (2,3[2,3,4,5)]

[K5(O)]) = Cuizgas i35+ (2:312,3,4,5), (4.7)
where we used the shorthand F1(f2)3,4,5 = S93F12345 = 523f2(:1,)) in the second line. More
generally, by analogy with the Z(®) in (I1.4.22), we define the following Lie-symmetry

FUln = 3 S(AIANGS(BIB ) Filiiip (48)
Al B’...
which will be tensorial at higher multiplicity. We see that integrating out the loop momen-
tum from the functions Z in (3.8) has the same effect as sending ¢ — 0 and gz(; ) fi(jl).
However, these replacement rules are tied to the present open-string context and no longer
apply to the closed-string five-point correlators of section (4.20).
4.1.3 Lessons from the T - E and C - E representations

As an alternative to the earlier computations, one can start from the representations (3.20)
or (3.21) of K5(¢) in terms of GEIs and insert the results (I1.7.17) and (I1.7.19) for their
loop integral. The manifestly local T'- E representation (3.20) yields

H/C5 (ﬂ)“ = V1T237475f2(;) + (2, 3’2, 3,4, 5) (4.9)
+Vi(ky' Ty 45 + Toz a5 + Toa3s + T25,3,4)f1(;) + (2 + 3,4,5)

after reorganizing terms which agrees with the T'- F representation (4.4) up to the cohomol-
ogy identity (3.18). Similarly, the manifestly BRST-invariant C' - E representation (3.21)
yields

(15 ()] = s23C1 23,0505 + (2,3]2,3,4,5) (4.10)
mym 1
+ (k3'Clla .45 T 523C1 123,45 + 524C1 2035 + 32501|25,3,4)f1(2) +(2 ¢ 3,4,5),

after reorganizing terms. This in turn matches the C' - F representation (4.6), because the
second line is BRST exact by (I.5.41).

4.2 Six-point open-string correlators

4.2.1 The T - F representation: manifesting locality & single-valuedness

We already know that the six-point correlator (3.23) is single-valued, and in this section this
will be manifested by integrating out the loop momentum and checking that the generated
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variables v;; combine into single-valued functions fi(;l) according to (I1.7.3)
1 1 2 n, 1 2

g 9 %

Indeed, integrating out the loop momentum in the representation (3.23) using (11.7.3) yields

1
[KCs(0)]] = §VA1TZ7?-.-,A6]:1T17?---,A6 + [123456| Ay, . . ., Ag) (4.12)
+ Va, Ty asF Ay, a5 + [123456| Ay, ..., As]

+ VA, Tay,. a0 Fay,. Ay +[123456| A1, . .., Ay],
with manifestly single-valued worldsheet functions given by

F123456 = fg)fz(;) + fg) + f2(§) - 1(? ) (4.13)
F12,3456 = fl(;)féi) + fl(g) + fz(z) - 1(2) - 2(? )

Flhaase = (68 — K[ + [K5'(F3) — £5) + (3 4 4,5,6)] ,

Fis ase = [(KI'KE + KRS £S) + (1,211,2,3,4,5,6)]

To see this, we use the integration-by-parts identity (I1.7.27) obtained from 8 (roZg) = 0,

Vo flD) = 5112 (ImWT + [sosnfs) + (3 4,5, 6)]) : (4.14)
and drop the BRST-exact linear combinations given by (I.B.2) and (I.B.14). Given that
an additional summand of ﬁ arises from the loop integral over %KmﬁnVngn’g;wﬁ, the
coefficient of the modular anomaly cancels by the building-block trace relation (1.4.45).
Similarly as in the five-point open-string calculations, the functions F in (4.13) are related
to Z from (3.24) by ¢ — 0 and ggl) — fi(]m. Furthermore, we see from (I1.7.5) that the
non-holomorphic six-point correlator (4.12) is a modular form of weight two.

4.2.2 The C - F representation: manifesting BRST invariance single-
valuedness

There are several alternatives to deriving a manifestly BRST-invariant form of the corre-
lator without the loop momentum. The most straightforward way is to use integration-
by-parts identities (I1.7.27) in the representation (4.12). A long calculation very similar to
the derivation of (3.49) in section 3.3.5 leads to

[[K:G(E)H = [(823534f2(?1,)f§i)01\234,5,6 + cyc(2, 3> 4)) + (27 37 4|27 3a 4a 57 6)] (415)
+ [(823845f2(§)f§é)Cl|23,45,6 +cyc(3,4,5)) + (6 < 5,4,3,2)]
+ [ff;)01\2|3,4,5,6 + (24 3,4,5,6)] + [fz(?cl\(23)|4,5,6 +(2,3/2,3,4,5,6)]

see (3.50) or (3.52) for the pseudo-invariant kinematic factors Chjaj3456 and Cyj(23)j4,56-
This representation reproduces the correlator proposed in [39] based on BRST cohomology
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properties together with an anomaly-cancellation analysis. At the same time, (4.15) can
be easily checked to be equivalent to

1

Ko(O) = 507568 3556 + (Ol as6F 9550+ (2:32,3.4.5,6)]  (4.16)
+ [(01\23475,6}71(,82)34,5,6 + 01\2437576F1(,S2)43,5,6) +(2,3,412,3,4,5, 6)]
+ [(01\23745,6F1(,s2)3,45,6 + CYC(3, 4a 5)) + (6 A 57 47 37 2)] ;

using the Lie-symmetric version (4.8) of the functions F7'j; in (4.13).

4.2.3 Lessons from the T - E and C - E representations

Again, one can combine the above results for the loop integrals over six-point GEIs with
the T'- E and C'- E representations of g () in (3.47) and (3.44), respectively. Based on the
loop integration [[Eﬁgfﬂ = —nz0™" + .. and [[Eygs,.]] = —fas + .- in (I17.19) and
(I1.7.32), the cancellation of the modular anomalies is transparent in both representations:
either by the trace relation (I.4.45) among local building blocks or by the trace relation

(I.5.29) among pseudo-invariants.

In particular, the terms Kg(¢) = %CW;EW; — [P1‘2|37“_E1|2|37m +(2+3,.. )] +...1in
the C'- E representations (3.44) illustrate the duality between BRST anomalies and modular
anomalies: in the same way as the modular anomaly of [[KCs(¢)]] cancels by the trace relation
(I.5.29) between C’flgl and Pyjp3.., the BRST anomaly localizes to a boundary term in

moduli space since the GEls E{’FQ" and Fyp3 . satisfy the dual trace relation (I1.5.31) (or

(I1.7.34) after integration over /).

Also, note that the C' - F representation (4.16) results from straightforward regroup-
ings of terms in the integrated C' - E representations (3.44): there is no need to perform
integration by parts on the fi(f), and the coeflicients of fl(jl-), j=2,3,4,5,6 are easily seen
to vanish after using Fay relations and cohomology identities of section 1.5.4.

4.3 Closed-string correlators

One of the major motivations for chiral splitting is that closed-string correlators are literally
the square of open-string correlators before integration over ¢, cf. (2.2). Performing the
loop integral reveals modular invariance of the closed-string amplitude representation (4.2),
at the expense of introducing interactions between left- and right-movers. We will now
illustrate these interactions based on examples up to six points.

Most obviously, the expressions of section I1.7.2 for integrated GEIs are augmented by
additional terms involving 7— when the opposite-chirality sector contributes additional
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loop momenta, e.g.

(0" Efj 3,45 = 7Im7'6 + L k3 f1(2) +(2 3,4, 5)] ; (4.17)
n ;pm ™ nfim m 2 2
(0" ETjos,4,561 = T (1,2,3) + Lg (kz FS 1Y + k5 £ 15 + k() — £13)
+ (k= k) f5) + [ ADVA(L,2,3) + (40 5,6)] ).
2
i m(n T (1)
([P B3 s 4 561] = (Imr) gmngra) — Imr L 690 [k f + (24 3,4,5,6)]

Imr

I LTy 3 z(Lng - h;(sm> (kR £ + (2 ¢ 3,4,5,6)]
IALE — 6% ) [(ky Ry Rk £33 £ + (2,3]2,3,4,5,6
T (Fof0 T 1, (B3R5 +R5ES) fro' f13° + (2,32, 3,4,5,6)]
m T m m T
(€™ Erji3,4,56]] = —Efg)@ + Ly <_Im7‘ - 2812f1(§) + flg) [523.&%) + (3« 475,6)]>

m ™ 1 1 2
= Lg <_Im7' + 3f1(2) + 512(f1(2))2 - 2812f1(2)> :

Once these additional loop momenta are regrouped into complex conjugate GEIs, the net
effect of the additional Lg® is to recombine the g™ functions to

(n) ~ ()"

—(n B )k _

f (277-) :ZTQ(H )(277-)‘ (418)

k=0

The minus signs relative to (IL.7.3) are due to v;; — —v;; under complex conjugation.
Likewise, our normalization conventions for the loop momentum transforms ¢ — —/ in
passing from GEIs to their complex conjugates, as reflected in the notation Ky, (=) for right-
moving correlators in (4.2). For instance, the vectorial GEI in K5(—f) = E1|2 3.4 501|2 345+

. reads Eﬁ2’374’5 =4+ [k:g”gglz) + (2 ¢ 3,4,5)], and the loop integral of its holomorphic

square can be performed via (4.17),

m T T mn m (1 nF(l
(Bl aasBipsas) = 0™ + [l + (20 3,4.5)] 571 + (2 & 8.4,5)] . (4.19)

The first term exemplifies that factors of - are not necessarily associated with modular
anomalies in a closed-string setup: both 7— and the remaining terms fi(jl)fg) in (4.19) have
modular weights (1, 1), in lines with modular invariance of the five-point amplitude (4.2). In
fact, the cancellation of modular anomalies in integrated open-string six-point correlators
applies separately to both chiral halves of the closed-string calculation.

4.3.1 Five points

Starting from the T - Z representation (3.8) of the open-string five-point correlator, loop
integration over its holomorphic square yields

s 2
[Ks(0)Ks(—0)]] = MV12T3,4,5]:12,3,4,5+(2 < 3,4,5)] + [ViTosa5F1,23.4,5+(2,3(2,3,4, 5)])

T -~
+ Im*T‘/lT?,s,4,5V1T2m,3,4,5 : (4.20)
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The second line augments the square of the integrated open-string correlator in its 7' - F

representation (4.4) by a left-right contraction. The recombination of gz(; ) +v = fi(jl) and
(1)

9 —vij = ?fjl ) follows the mechanism of the open-string context, see (4.3).

The local form (4.20) of the five-point closed-string correlator has been spelled out
n [41]. As already emphasized in the reference, integrations by parts (I1.7.27) are more
subtle in presence of both figm and fﬁ?) additional terms 7~ may arise in trading s12 fl(;)
for sog fQ; +(3 <—> 4,5) on the left-moving side, depending on the labels of the accompanying
right-moving fl] , see e.g. (I1.7.30). Hence, one cannot just replace the left-moving terms
in the first line of (4.20) by their manifestly BRST-invariant counterparts (4.6) without
inspecting the respective right-movers and altering the coefficient of -

Instead, a manifestly BRST-invariant rewriting of (4.20) can be conveniently found by
integrating the C'- Z representation of K5(£)Ks(—£),

_ 1 -
[Ks(O)Rs(=0]) = [saafs Criosa5+(2:312,3,4,5) " + ——Clly5,45CThsas-  (4:21)

This representation has been firstly given in [39], based on a long sequence of integration-

by-parts identities in (4.20) and carefully tracking all GJZ( difi; ) = — e [41].

4.3.2 Six points

A manifestly BRST invariant closed-string six-point correlator has been proposed in [39]

” open p~open ™ m 2
[[K6 () Ke(—0)]] = K" K™ + - ‘323f2(§)cl|23,4,5,6 +(2,3[2,3,4,5,6)| (4.22)

ImT

2
m 1 ~
+ ( ) <20T27f3,475,60{’|127?374,5,6 — (1P sl + (2 ¢ 3.4, 5’6)]> ’
where KCgP" is essentially the representation of [[Kg(¢)]] given in (4.15),
K = [(s23s30f83) 134 Capasass + cye(2,3,4)) + (2.3,4]2,3,4,5,6)] (4.23)
1) 41
+ [(523845f2(3)f4§5)Cl|23,45,6 + cyc(3, 47 5)) + (6 AN 57 47 3> 2)]
2 2
+ (115 Cuppigaso + (2 ¢ 3,4,5,6)] + [£53 Cryapyase + (2,312,3,4,5,6)]
up to Koba-Nielsen derivatives to be detailed below. The pseudo-invariants Cy9345,6 and
C1|(23)4,5,6 have been defined in (3.50). The second line of (4.22) has not yet been derived
from first principles but was inferred by indirect arguments including properties of the
low-energy limit [39]. In appendix D, we will demonstrate the terms |Pyjg3 456/* in (4.22)
to follow from a careful analysis of integration-by-parts identities.
Our derivation of (4.22) starts from the C - E representation (3.44) of Kg(¢) and a

convenient organization of the loop integrals in the closed-string case according to the
number of contractions £™¢" — —"— between left- and right-movers

[[Ks(O)Ks(—=0) = [[Ka(O)] - [[Ks(~0)]] ) (4.24)
-1

Q mn ~mn
+2<Im7_> Cl53.456C11.3.456 -
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The double contractions between left- and right movers are sensitive to no contribution
to other than Kg(¢) = £6,,¢ nCllagase T
open-string constituents of (4.24), the representation (3.44) gives rise to

. and lead to the last line. For the vectorial

0K (¢ 1
H ae( )” = [Olfys 456523058 + (2,32,3,4,5,6)] + [Prjapsas6kiviz + (2 ¢ 3,4,5,6)]
m
(4.25)
see appendix D for intermediate steps. Finally, the scalar contributions to (4.24)
[[K6(0)]] = K" — [N1j2j3.45,6Pr213,4,5.6 + (2 > 3,4,5,6)] (4.26)

augment (4.23) by total derivatives

. . . 9 .
N123.4,56L6 = (IH]T + V12(312f1(;) - [823f§§)+(394,576)])>1 = "o — (112Z¢)

~

N . - _ 0 0 )
Nigas6le = < — via(s12f3y — [523f;3)+(3<—>4» 576)})>I6 = 55, (n2le)  (4.27)

Imr Z2

that have been dropped in the open-string context of (4.15), see (I1.7.32). In the

present closed-string context, however, the quantity Kg"™"

in (4.23) cannot be replaced
by integration-by-parts equlvalent representations of [[KCg(¢)]], say the local expression
n (4.12). The factors of ?Z(] in the accompanying KgP®" in (4.22) are affected by holomor-
phic total derivatives via (I1.7.29).

Upon insertion into (4.24), the first term of (4.25) and the holomorphic square of KCg
in (4.26) explain the first line of the final result (4.22). The second line of (4.22), however,

arises from the factors of v in (4.25) and (4.27) through a sequence of integrations by parts,

open

see appendix D for details. Note that the modular anomalies of (4.24) cancel separately
in both [[Kg(£)]] and [[K¢(—£)]], following the mechanisms of section 4.2.3. The BRST
anomaly of (4.22) was shown in [39] to yield a boundary term in 7, based on a special case
of (I1.7.28).

4.3.3 Higher multiplicity

The organization of the closed-string loop integration in the six-point example (4.24) readily
generalizes to higher multiplicity. The left-right contractions in the seven-point correlator
can be captured via

er O~ = (RO - (K- + | | 257 HWH;C Al
)
—/

o[ 250

3] (sl o
T 3 3
S T

IST)SCW;ID C’f'gnp when the C' - E representation (3.76)

of K7(¢) is used. By adapting the techniques of appendix D, it should be possible to

where the last line evaluates to %(
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(n)

bring (4.28) into a form similar to (4.22) where all the 9ij (n)

and g;;” are completed to fi(]m
and fgl) through the loop integration. The most laborious part of this calculation might

be to identify the seven-point generalization of the terms like —(2=)?| Py | in (4.22).

Im T

Note that the all-multiplicity generalization of (4.28) reads

|

O on =5 . (hL)T Haemg;m .

r—=

<gmmgrre_gme ||
O(—€p,)0(

O

-]
’i (4.29)

el |

4.4 Closed-string low-energy limits versus open-string correlators

The one-loop low-energy effective action? of type-IIB and type-IIA superstrings features a
supersymmetrized higher-curvature operator'® R* at its leading order in o/ [25]. Hence,
the low-energy limit of one-loop closed-string amplitudes yields matrix elements with a
single insertion of a supersymmetrized R* operator. By inspection of their (n < 7)-point
examples, these matrix elements will be shown to relate to open-string correlators by the
duality between pseudo-invariants and GEIs [13].

4.4.1 Up to six points

Once the ,z:J dependence of closed-string correlators [[KC,,(£)KC,,(—£)]] is expressed in terms of

f ™) and fw , their low-energy limit can be conveniently extracted through the techniques
of [29, 41]. The idea is to perform the o’-expansion of the integrals in (4.2) over the
punctures while keeping 7 finite!! in this process. Then, the leftover 7-integration at the

leading order in o straightforwardly yields the volume % of moduli space.

In this setup, the representations (4.21) and (4.22) of the closed-string correlators are

9See [42] for the exact coefficient of the R* operator in the type-IIB effective action, including all
perturbative and non-perturbative contributions.

10While the R* operators in the tree-level effective action of the type-ITA and type-IIB theories are
identical, at one loop they differ by a contribution proportional to eipe10R* [43, 44]. As detailed in [41], the
type-IIB matrix elements of this section are proportional to the a’2(s-order of the respective tree amplitudes,
where the proportionality constant depends on the R-symmetry charge of the components (say gravitons
or dilatons).

"This approach yields a power series in o' that is tailored to infer the one-loop low-energy effective
action. The branch cuts of the overall amplitude due to the 7 — ioo limit of the moduli-space integral are
disentangled when integrating over the z; at fixed values 7. Still, in analyzing effective interactions beyond
the low-energy limit, a subtle interplay between the branch cuts and the power-series part has to be taken
into account [45, 46].
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tailored to extract the following low-energy limits [39]

4 ~
Mf = C112,34C112,3.4 (4.30)

4 ~ ~
ME = 12345012345 + [Cij23,45 523C1 23,45 + (2,3(2,3,4,5)]
4 1 ~ -
Mg = 2 12,3,4,5.6C12,3,4,5,6 ~ [Pl|2\374,5,6P1|2\374»576 +(243,4,5,6)]
+ [0%3,4,5,6 8230?\12374,5,6 +(2,3(2,3,4,5,6)]
+ [(Chj23.45.6 523545C1 23,456 + cye(3,4,5)) + (6 <> 5,4, 3,2)]
+ [(C1j234,5,6 523534C1 123456 + €ye(2,3,4)) + (2,3,4]2,3,4,5,6)]

also see [25] and [29, 41] for earlier discussions of the four- and five-point examples.

As highlighted in [13], the expressions (4.30) for the matrix elements of R* are related to
open-string correlators ICp,(¢) by the duality between kinematics and worldsheet functions.
More precisely, the above ./\/154 can be mapped to the C - F representations of the open-
string correlators by trading the right-moving pseudo-invariants for the GEIs with the same
slot structure [13],

Kn () = ME* (4.31)

‘Cﬂﬁ—)E ’
This can be checked from the formal rewriting KC4(¢) = Cjg34F1j2,34 of (3.1) and as well
as the expressions (3.21) and (3.44) for 5(¢) and Kg(¢), respectively.

In the same way as open-string correlators admit a variety of representations, one can
rewrite the matrix elements (4.30) such as to manifest their locality properties. The idea is
to aim for a kinematic analogue of the T"- F representations Ky (¢) = V1123 4E 234 as well
as (3.20) and (3.47) of the open-string correlators. The duality between pseudo-invariants
and GEIs translates these manifestly local representations of /C,,(¢) into

4 ~
M7 =ViT34Cip 5 (4.32)
4 ~ ~
ME =T34 5CT 545+ Vi [Tosas Criosas + (2,3[2,3,4,5)]
4 1 ~ ~
MG = §V1T2m,37}4,5,6017\127?3,4,5,6 -V [J2|3,4,5,6P1|2\3,4,5,6 + (24 3,4,5,6)]
+Vi[T5456 Cllasase +(2,3[2,3,4,5, 6)]

+ Vi[(Tasus6 Cijoz as.6 + cye(3,4,5)) + (6« 5,4,3,2)]
+ V1 [Tos4,56 él|234,5,6 + To435.6 61\243,5,6 +(2,3,4/2,3,4,5,6)] .

These representations of the matrix elements are tailored to connect with the Feynman
diagrams of the effective action proportional to R + R*: all the propagators stem from the
right-moving pseudo-invariants whose expansion in terms of Berends-Giele currents is re-
viewed in section 1.5.2. These Berends-Giele constituents manifest that each term in (4.32)
has at most n—4 propagators, reflecting at least one vertex of valence > 4 in each diagram.

The equivalence of (4.30) and (4.32) can be checked without any further calculation
by exploiting the duality between kinematics and worldsheet functions: given that /I, (¢)
and Mf4 are related by exchange of pseudo-invariants and GEIs, the manipulations that
connect the T'- E and C' - E representations of the correlators apply in identical form to
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the matrix elements of R*. This follows from the observations of section IL.5.1 that all
the integration-by-parts identities among GEIs at n < 6 points have a counterpart in the
BRST cohomology, relating pseudo-invariants of different tensor rank.

In summary, the low-energy limit of closed-string one-loop amplitudes results in su-
persymmetrized matrix elements of R* that share the structure of open-string correlators,
cf. (4.31). Like this, the duality between kinematics and worldsheet functions connects the
representations (4.30) and (4.32) and implies that the matrix elements are both local and
BRST invariant.

4.4.2 Seven points

As explained in section 4.3.3, the low-energy limit of the closed-string seven-point amplitude
may not be readily available from the expression (4.28) for the loop-integrated correlator.
Still, it is tempting to invoke the connection between matrix elements of R* and open-string
correlators to propose a candidate expression on the basis of the C'- E representation (3.76)
of IC7(0):

1

R L ~ymnp ~(s)mnp
M7 = 6Cl|2,3,4,5,6,701|2,3,4,5,6,7 (4.33)

1 ~
+ B {TQ% 4,5,6 7C£T2);Z5,677 + (27 3’27 37 47 57 67 7)

(s)m

[ 11234,5,6,7C11234,5,6,7 +01|243567Cf|82)2§567] +(2,3,4)2,3,4,5,6,7)

+ [Cljos, 4567cl|2)34567+cyc( ,3,4)] +(6,72,3,4,5,6,7)
[Caposas.6,7C aas 6.7 + Perm(3,4,5)] + (2,3,4,5[2,3,4,5,6,7)
[CrizsasorCiisaser + CrizassorClims ser + €ve(5,6,7)] + (2,3,4]2,3,4,5,6,7)
[

_'_
_l’_
+ 01\23,45,67C§|2)3’45’67 + cyc(4,5,6)] 4 (3 > 4,5,6,7)

H(s)
P{np|3,4,5,6,7P1f2\7:751,4,5,6,7 +(2¢3,4,5,6,7)

- Pl\23\4,5,6,7p1(|32)3|4757677 + (2a 3‘2, 3,4,5,6, 7)
- [Pl|2|34,5,6,7P1(f2)‘34’57677 + CyC(2, 3, 4)] + (27 3, 4‘2a 3,4,5,6, 7) :

The superscripts () of the right-moving pseudo-invariants instruct to perform the matrix
multiplications with S(A\A’) as in the definitions (I1.4.22) and (I1.4.23) of Z(*) and E(®),
e.g. Cfpg 45,67 = 523545567C'1 23,45 67-

In order to validate the proposal (4.33), we shall verify that the BRST invariant expres-
sion is at the same time compatible with the locality properties of an R* matrix element.
Since the seven-point pseudo-invariants obey the relations of the dual GEIs up to the

anomalous A;; superfields, cf. section I1.5.1.3, we can apply the manipulations of the

...
correlator K7(¢) to the above expression for /\/lé#. In the same way as integration-by-
parts relations among GEIs yield the T - E representation (3.77) for K7(¢), (4.33) must be

— 47 —



equivalent to

1

R4
M7 = GVT234567CIT;34567 (4.34)

+ §V1T2n§1 5,6 701727?3 1567 T (2,3]2,3,4,5,6,7)

+ ViT3345.6.7C sas.67 T ViTo4356,7C hazs.6.7) + (2,3:4/2,3,4,5,6,7)

(ViT53 456 7cl|23 ss6.7 T oye(2,3,4)] +(6,7(2,3,4,5,6,7)
[ViT2345,6,7C1j2345,6.7 + Perm(3,4,5)] + (2,3,4,5[2,3,4,5)

[ViTos4.56,7C1 1234567 + ViToas,56,7C1 043, 56,7 + cye(5,6,7)] + (2,3,4]2,3,4,5,6,7)
(ViTo3,45 67C1|23 45,67 + €yc(4,5,6)] + (3 4+ 4,5,6,7)

= Vid3s 4567 b3 a567 T (24 3,4,5,6,7)

— Vidosjas 6.7 Prjosjaser + (2,32,3,4,5,6,7)

— [VidopsaserPiopaser +cye(2,3,4)] +(2,3,4]2,3,4,5,6,7),

+ o+ o+ o+

and we have made a separate check that the BRST non-exact Ayjg3 . are absent. Given
that the candidate expression (4.33) is both BRST invariant and local, we expect it to match
with the seven-point matrix element of R*. This corroborates the correspondence (4.31)
up to multiplicity seven [13].

4.4.3 Eight points

At eight points, the analysis of section 3.5 led to obstacles in constructing a BRST-invariant
and local open-string correlator from the methods of this work. A closely related problem
is the availability of the holomorphic Eisenstein series G4 as a deformation of eight-point
GEIs. Any addition of G4 is compatible with the defining property (11.3.3) of GEIs and
the desired modular weight four upon loop integration. While the construction of eight-
point GEIs subject to trace relation is left for the future, we shall propose an eight-point
candidate for M§4,

ME = Z SO I+ [2345678| Ay, ., Arys] (4.35)

1‘1417 7 T+5

2
1 ” (s)my..mp
Z 17?1;1\;;127 ,AT+QP1|A1|;12---,AT+5 + (Al <~ AQ, C ,Ar+5)] + [23 C S‘Al, C ,Ar+5}

r=

+ [P1|23|45678 Pipgjasers +(2,32,3,4,5,6,7,8)]

see section 2.3 and appendix A for the notation [2345678|A1, ..., A;]. The BRST variation
of (4.35) vanishes by the trace relations (1.5.29) and (1.5.30) among the pseudo-invariants,
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and we expect it to be equivalent to the following local representation,

4
R* 1 My MMy
M = Z ﬁl/szg'”Llf_”ﬁMSCI"ghﬁ 4y T[2345678| A1, A ys] (4.36)
r=0

2
1 -
— Z ﬁvl [JZI\XZT~7AT+5Plr?x}\;\.zr...,flr-;-s 4+ (Al — AQ, - ,AT+5)] + [23 - 8|A1, - ,Ar+5]
r=0 "

+Vi[Jasas678P2345678+(2,3(2,3,4,5,6,7,8)] .

By the cohomology identities and trace relations of the right-moving pseudo-invariants,
also the local representation (4.36) is BRST invariant, see the detailed argument below.
And since all the left-moving superspace building blocks of (4.36) appear in (4.35) with
the same right-moving coefficient, the two expressions should be equivalent.

Since the trace relations (I1.5.33) among eight-point GEIs exhibit the inhomogeneities
proportional to Gy, the duality between kinematics and worldsheet functions does not
generate any BRST-invariant candidate correlators from (4.36). But it is encouraging to see
that it is only the constant G4 and none of the vast set of z;- and /-dependent eight-point Z-
functions or GEls that obstructs the construction of local and BRST-invariant correlators.

4.4.4 Higher multiplicity

In order to obtain a more general perspective on its BRST invariance, we note that (4.36) is
closely related to the Lie-series contributions KY®(¢) of (2.17): by replacing the Z-functions
in (2.21) according to

mi...Myp MY ..My
ZIA7317327---7BT+3 — 5A7®01‘Bl,32,...,Br+3 (437)

Zml"'mT N 5 Pml...mr
Bi,...Bq|1A,Byy1,.,Briass A0 By,..,Ba|Bas1 s Brydrs

such that all of the accompanying V;4 with A # () are set to zero, we recover (4.36) from
KCEe(£). Then, the coefficients ©@ and 2@ in (2.28) and (2.29) of the ghost-number four
superfields in QKL°(¢) are mapped to

O iy = RACT G b & [OTIA B o + (B1 € B2, Brys)]

RSP o= S (PR s, — (X G Y),
A=XY
65“1|)Bn|1117212;::-7?§r+4 - _kiﬁﬁgfigﬂ...,&% - P{réfA%|Bl,...,Br+4 (4.38)
- [P{Tﬁ\éﬁ,Bl},Bg,...,BTM + (B1 ¢ By, ..., Bri4)]
FRPI ot Y (PR g, — (X 0 7)),
A=XY
as well as
NG —%C’ff"éfff}.}gf% + [Py g+ (B Bay. Brys)], (4.39)
1~ -
B Aoy = 5PN, 0~ [P a,mrse + (B1 + Bay. Bris)]
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At multiplicity eight, (4.39) vanishes, and all instances of (4.38) boil down to the anoma-
lous Ay . superfields by the results of section 1.5.4. The BRST non-exact Ay in turn
drop out from QMR by the trace relations of the local superfields at ghost-number four,
confirming BRST invariance of (4.36). Moreover, all of 2 21 and ©©) at arbitrary
higher multiplicity are mapped to zero or Ay under (4.37) — see e.g. (1.5.43).

For the images of ©1), by contrast, only their (n < 8)-point instances are known to
reduce to Ay in the BRST cohomology, see (1.5.44). It is an open question whether the
same is true at n > 9 points and for generalizations ©(9) with higher refinement d > 2.

Note, however, that the vanishing kinematic factors on the right-hand side of (4.39)
are the result of translating Z-functions to kinematic factors via (4.37). At the level of
open-string correlators, i.e. before applying the (non-invertible) map (4.37), the Z(4 are
generically non-zero, cf. (3.84).

Up to these open questions on the pseudo-invariants, it appears likely to arrive at
BRST-invariant and local expressions for n-point matrix elements of R* by applying the
map (4.37) to KL¢(¢). Then, the leftover task to generate BRST-invariant and local corre-
lators in a T - E representation would be to identify a suitable system of GEls: such T - E
representations of /C,,(¢) would follow from M,}E4 through the duality between pseudo-
invariants and GEIs if the latter can be made to

e satisfy all the trace relations dual to those of the pseudo-invariants

e obey the analogue of the condition ©(@ =0 (possibly up to analogues of the BRST
non-exact anomaly superfields Ay, cf. the objects Gy . in (I1.5.6) and (I1.5.7)),

= D ppmiy...my mi...My
=k El\Bl, »BalA,C1,..,.Cryaya [El‘S[AyBl}»BQw--delcl7~-~7cr+d+3+(Bl<—>B2"“’Bd):|
mi...my
[El‘Bly Ba|S[A,C1],02s...Crsdis (01 HCQ,...,CT_HH_:;)] (440)
(ml m2 mr) Z mima...my
+kA E1|ABL »Bq|Ch,...,C r+d+3+ El\XBh »BalY,C1,..,.Cryay3 (XHY))

A=XY

In case one succeeds in generating local and BRST invariant 7T'- E' representations for C,,(¢)
in this way, one would still have to find and inspect the corresponding T'- Z form: for consis-
tency with the OPEs among vertex operators, the correlators must admit a representation,

where the slots of the multiparticle superfields in V4, T gb}j': and Jg - line up with

1, 7Bd\C
the singularity structure of the accompanying gz(j1 ). As a drawback of the GEIs in T - FE
representations, their slot structure does not expose the singularities of the gg).

In spite of the large list of open questions, we are optimistic that the above ideas will

on the long run guide a path towards an explicit n-point open-string correlator.

5 Conclusions

It is appropriate to summarize the achievements and future directions arising from this
series of three papers [1-3]. We have presented a method to determine manifestly local
one-loop correlators of the pure-spinor superstring. Their dependence on the external
polarizations is organized in terms of BRST-covariant building blocks discussed in part I.
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A bootstrap procedure is introduced to assemble the accompanying worldsheet func-
tions from loop momenta and coefficients of the Kronecker-Eisenstein series. As a key input
of the bootstrap, the monodromies of the worldsheet function around the B-cycle are taken
to mirror the BRST variations of the associated kinematic factors. This is a first example
for a multifaceted duality between kinematics and worldsheet functions described in part II.

The bootstrap approach results in shuffle-symmetric worldsheet functions that conspire
with the Lie symmetries of the kinematic factors: the two kinds of ingredients combine
into a Lie-polynomial structure which leads to a natural ansatz for manifestly local n-point
correlators. Up to six points, the Lie polynomials are BRST-invariant by themselves and
reproduce the non-local correlators known from earlier work [39]. At seven points, the Lie-
polynomial ansatz exhibits a simple BRST variation which can be cancelled by adding a
local collection of certain anomalous superfields to the full correlator. Starting from eight
points, however, an anomalous BRST variation along with the holomorphic Eisenstein
series G4 remains uncancelled. Like this, we can only give an incomplete proposal for the
eight-point correlator, leaving a single kinematic factor along with G4 undetermined. We
leave it as an open problem for the future to understand the systematics of Eisenstein series
Gy in (n>8)-point correlators.

Further aspects of the duality between kinematics and worldsheet functions concern
the BRST-(pseudo-)invariants obtained from certain non-local combinations of kinematic
building blocks [26]. By exporting their underlying combinatorial pattern to the shuffle-
symmetric worldsheet functions, one is led to the notion of generalized elliptic integrands
(GEIs) whose B-cycle monodromies cancel upon integration over the loop momentum.
GEIs are observed to share the relations of the dual kinematic factors up to seven points,
but the preliminary definition of eight-point GEIs are found to violate certain trace relations
by a factor of G4. Hence, it remains to incorporate Gy into (n>8)-point GEIs in order to
realize the duality between kinematics and worldsheet functions at all multiplicities.

We rewrite the (n<T7)-point correlators in terms of (pseudo-)invariants and/or GEIs
such as to manifest the respective kinds of invariances. When both of BRST-invariance and
monodromy invariance are manifested, the (pseudo-)invariants and GEIs are found to enter
on completely symmetric footing. This kind of exchange symmetry between kinematics and
worldsheet functions is reminiscent of the disk amplitudes of [7, 47], where gauge-theory
trees and Parke-Taylor integrands are freely interchangeable. Hence, the observed duality
between kinematics and worldsheet functions up to and including seven points induces
a double-copy structure in one-loop open-superstring amplitudes [13]. In the same way
as disk amplitudes are dual to supergravity trees when replacing worldsheet integrals by
kinematics, the duality maps one-loop open-superstring amplitudes to matrix elements of
the supersymmetrized higher-curvature operator R*.

The results of this work result suggest a variety of follow-up directions.

Higher genus. Most obviously, the systems of BRST-covariant kinematic building blocks
and shuffle-symmetric worldsheet functions call for an extension to higher genus. First in-
stances of BRST-covariant vectorial superfields have been studied in the low-energy regime
of two-loop five-point [48, 49] and three-loop four-point amplitudes [50, 51]. The principle
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of BRST-covariance should guide their systematic generalizations to higher tensor ranks
as well as analogues of the refined and anomalous building blocks of this work.

As to the worldsheet functions, one would need to identify a higher-genus generalization
of the Kronecker-Eisenstein series and its expansion coefficients, where the elliptic functions
of [52] may play a role. It would be interesting to extend the duality between worldsheet
functions and kinematics — in particular between monodromy and BRST variations — to
the multiloop level.

Gravitational operators versus open-string correlators. There is an intuitive rea-
son to find the matrix elements of R* and no other gravitational operator as the kinematic
duals to one-loop open-string correlators: the supersymmetrized higher-curvature operator
R* governs the low-energy limit of the corresponding closed-string amplitudes. Accord-
ingly, the supersymmetrized matrix elements of'?> D*R* and DSR* are likely to imprint
their double-copy structure on two-loop and three-loop open-string correlators.

In one-loop string amplitudes with reduced supersymmetry in turn, the closed-string
low-energy limit results in matrix elements of R? [53]. Hence, the open-string one-loop
correlators with half- and quarter-maximal supersymmetry of [54] should share the double-
copy structure of R? involving GEIs similar to the ones in this work.

Field-theory limits and ambitwistors. The framework of chiral splitting is a natural
starting point to determine loop integrands of super-Yang-Mills and supergravity in mo-
mentum space from the field-theory limit. We leave it to follow-up work to investigate the
T — 0o degeneration of GEIls relevant to field-theory amplitudes and the emergence of
new color-kinematics dual representations.

Moreover, the superstring correlators of this work can be exported to the one-loop
amplitudes of the ambitwistor string [55, 56]. It will then be interesting to explore the
interplay of GEIs with the color-kinematics dual field-theory amplitudes obtained from the
methods of [57, 58]. The same questions will arise at higher genus [59, 60].

GEIs and scalar amplitudes. The double-copy structure of open-string tree ampli-
tudes [7, 47] motivated the interpretation of Parke-Taylor-type disk integrals as scattering
amplitudes in effective field theories of scalars. Indeed, the low-energy limit of disk inte-
grals reproduces the tree amplitudes of bi-adjoint scalars with a ¢® interaction [61] and
Goldstone bosons [62, 63]. Similarly, higher orders in their o/-expansion suggest higher-
mass-dimension deformations of the respective Lagrangians collectively referred to as Z-
theory [62-64].

In one-loop string amplitudes, GEls are found to play a role similar to the Parke-Taylor
factors at tree level. Hence, it is tempting to compare the moduli-space integrals of GEIs
with loop integrands in scalar field theories — for worldsheets of both toroidal and cylinder
topology. Also, it will be interesting to compare such integrated GEIs with the forward
limits of Z-theory amplitudes.

2The shorthands D*R* and D®R* are understood to comprise the companion terms D?R® + R® and

D*R® + D?R® + R7 of the same mass dimension determined by non-linear supersymmetry.
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Connections with combinatorics. After observing that several patterns and identities
obeyed by the BRST pseudo-invariants are also satisfied by the GEIs, one is left wondering
if these kinematic and worldsheet-function invariants could be a manifestation of a more
fundamental mathematical property of objects constructed from building blocks subject to
the shuffle symmetries. After all, the combinatorics of these “invariants” can be generated
by linear maps acting on words that also feature prominently in the free-Lie-algebra litera-
ture. We suspect that many combinatorial algorithms on words have direct relevance to the
study of scattering amplitudes and in particular string-theory correlators, and that many
relations among amplitudes can be understood in terms of free-Lie-algebra structures.
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A Stirling cycle permutation sums

In order to explain the Stirling cycle permutation sums used throughout this work it is
convenient to start by briefly recalling the definition, using the notation and terminology
proposed in [20], of the Stirling cycle numbers m and Stirling set numbers {Z}

The Stirling set number {Z} represents the number of ways to partition a set of n
elements into p non-empty sets [65]. For example, {3} = 7 because there are seven ways
to split the set {1,2,3,4} into two non-empty subsets:

(1,2,3)u{4), {124 0{3}, {1,3,4}u{2}), {234 U{1},  (A.Q)
(1,2)U (3,4},  {1,3}U{2,4}, {1,4}U{2,3).

The Stirling cycle number [Z] is closely related and represents the number of ways to split
n objects into p cycles.!® It is easy to write down the different arrangements of cycles
once the Stirling set partitions have been worked out: simply convert a given k-element
subset into its (k—1)! distinct cycles as {1,2,...,k} — (123...k) + perm(2,3,...,k). For

13A cycle is defined up to cyclic rearrangements; (12...k) = (23...k1).
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example, using the above subset decomposition of {3} we obtain [g] =11:

(123)(4),  (132)(4),  (124)(3),  (142)(3),  (134)(2),  (143)(2), (A.2)
(1)(234),  (1)(243),  (12)(34),  (13)(24),  (14)(23).

Since there is no unique way of representing a product of disjoint cycles we fix this ambiguity
by ordering the cycles as follows:

i. each cycle is written with its smallest element first, (A.3)

11. the cycles are written in increasing order of its smallest element.

For example, (65)(471)(23) becomes (147)(23)(56). Given the above conventions we can
now define:

Definition 2. The Stirling cycle permutation sum of a generic object Sa, a,,. A, with p
slots is denoted by
SA17A2,...,AP + [17 27 ey n’Alv A27 s 7Ap] ) (A4)

and it represents the sum over all ["} ways to partition the set {1,2,...,n} into p cycles,
P
ordered according to (A.3), and that are distributed to Siy,...A, as follows,

(a1 an,)(br...bp,) - (P1...Pn,) = Sal-.-ana,b1---bnb,---7p1..-pnp .

To illustrate the above definition, let us consider C4 g ¢ + [2,3,4,5,6\A,B,C]. In
this case, all the 35 partitions of {2, 3,4, 5,6} into 3 cycles ordered according to the above
convention are given by

(2)(3)(456),  (2)(3)(465),  (2)(356)(4),  (2)(365)(4),  (2)(346)(5),
(2)(364)(5),  (2)(345)(6),  (2)(354)(6),  (256)(3)(4),  (265)(3)(4),
(246)(3)(5),  (264)(3)(5),  (245)(3)(6),  (254)(3)(6),  (236)(4)(5),
(263)(4)(5),  (235)(4)(6),  (253)(4)(6),  (234)(5)(6),  (243)(5)(6),
(2)(34)(56),  (2)(35)(46),  (2)(36)(45),  (24)(3)(56),  (25)(3)(46),
(26)(3)(45),  (23)(4)(56),  (25)(36)(4),  (26)(35)(4),  (23)(46)(5),
(24)(36)(5),  (26)(34)(5),  (23)(45)(6),  (24)(35)(6),  (25)(34)(6).
Therefore
Cijape+(2,3,4,5,6/4,B,C) = (A.5)

= C1j2,3456 + C1j2,3.465 + C1)2,356.4 T C1j2,3654 + Cij2,346,5 + C12,364,5 T C112,345.6
+ Cij2,354,6 T C1)256,34 + C1j265,3.4 T C1)246,35 + C1j264,35 T Crj2a5,3,6 + C1j254,3,6
+ Ch236,4,5 T Crj263,4,5 + Cijassae + Cry2ss a6 + Cri2sase + Crppasse + Cry2,34,56
+ Cij2,35.46 T C1)2,3645 + C1j24,3,56 T Chy25,346 + C1j26,3,45 T C1y23,4,56 + C1)25,36,4
+ Chj26,35.4 T Cry23,46,5 + Crj24,36,5 + Crj26,34,5 T Crj23,45,6 + C1j24,356 + C1)25,346 -
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For some typical numbers appearing in this work, we note that the total number of
terms in the local representation (2.15) of kY (0) is given by T, = [}] + [5] + -+ [1],
while in the corresponding manifestly BRST-invariant representation they become C,, =
"3+ [" + -+ [27]]. For example, T, = 1,11,101,932,9080, 94852, 1066644 and

C, = 1,7,46, 326, 2556, 22212, 212976 for n = 4,5,6,7,8,9, 10.

Stirling cycle permutations of the seven-point d = 0 correlator. For convenience
and to provide yet another explicit example of a Stirling cycle permutation sum, we write
down the complete expansion of the unrefined Lie polynomials in (3.54),

0 1
ng )(5) = 6VlT;?’)T?f,B,G,?ZT;gA@&? (A'G)

1

t3 [(VieT3s 6 72155 4567 + (24 3,...,7)]
1

+5 9 [WT£Z,5,6,7ZT£3,4,5,6,7 + (2’ 3|27 37 cee 7)]

+ [(ViaaTis 672153 456 + VisaTis 6 72152.456) + (2,3[2,3,...,7)]

+ [(ViT354 56,7 27034567 + ViTois 56721 243,567) T (2,3,412,3,...,7)]

+ [(Vi2T3i 567205 30567 + (3,413,4,...,7)) + (24 3,...,7)]

+ (VT35 456721 03.45.6.7 + cye(2, 3, 4)) (6,7’2737---,7)}

+ [(Vi234T5.6,7Z1234,5,6,7 + perm(2,3,4)) + (2,3,4/2,3,...,7)]

+ [(VizsTus 6,7 Z123,45.6,7 + ViseTus.6,72132,45,6,7 + (4, 5|4 5,6,7)) + (2, 312,...,7)]

+ [(Vi2T345,6,7 Z12,345,6,7 + Vi2T54,6,7212,354,6,7 + €y¢(2,3,4,5)) + (6,7(2,...,7)]

+ [(ViaTs.45 67 Z12,3.45,67 + Vi3To,a5,67213,2,45,67 + cyc(4,5,6)) + (2, 3|2a )]

+ [(ViT2s45,6,721,2315,6,7 + perm(3,4,5)) + (2,3,4,5(2,3,...,7)]
+ [(ViTas.4,567 21,234,567 + ViTosa 576 21,234,576 + €ye(2,3,4)) + (2,3,4(2,...,7)]

+ [(ViTa3,45,6721,23,45.67 + cyc(4,5,6)) + (3 <> 4,5,6,7)] .

It is straightforward but tedious to see that there are 932 terms above, reproducing the
number 77 = 932 discussed above.

A.1 Lie polynomials

There are several characterizations of a Lie polynomial in the mathematics literature, see
for example [19]. For our purposes, Lie polynomials are composed by linear combinations
of nested commutators in a given set of non-commutative indeterminates. For example, if
1% ¢92 % are non-commutative, P = [t*, [t%2,¢*3]] + 3[[t™,t*2],t%3] is a Lie polynomial
while N = t1¢*2¢% is not.

The identification of a Lie-polynomial structure within the correlators of this work
stems from a theorem proved by Ree [8]. Using the notation of section 1.3.1, the theorem
states that if My satisfies shuffle symmetries (i.e., Mg, = 0, for any R, S # () and t%
are non-commutative indeterminates with ¢4 = ¢%1¢% ... ¢% a sum over all words A of
length p of the form

P=>" Mpt" (A.7)
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gives rise to a Lie polynomial of degree p. For example, at degree two the shuf-
fle symmetry on M, 4, implies that My,q, = —Mgy,4, and the sum (A.7) becomes
P = Mg, q,t"t%2 + My,q,t*2t" = Mg, 4, [t*", t*2]. Hence P is a Lie polynomial.

In general, the sum in (A.7) can be rewritten as a sum proportional to > M t“4) where
¢(A) is the Dynkin map defined in (1.3.8). Thus, the Lie polynomial arising from (A.7)
has the form of a sum over products of objects satisfying shuffle symmetries and objects
satisfying generalized Jacobi symmetries. Schematically we have P = ) (shuffle)(Lie).
This is precisely the structure within each word (slot) in the local form of the one-loop
correlators found in this work, see for example (2.15).

B Monodromy invariance of the six-point correlator

In this appendix we demonstrate the monodromy invariance of the six-point correlator in its
local representation (3.23) and thereby provide an alternative to the proof in section 3.3.3
with manifest BRST invariance. It will be convenient to define the following shorthands:

(a)

Xi23,456 = = Vik{T3s 456 — Va1 Tuse — VarToss6 — Vs1T23,46 — Vo1 T23,45 (B.1)
(a)m — npmn m m m m m

Xiesase = Vik1 o556 = Valsase — VaiTouse — Vilass6 — VaiTozae — Vo134
(b) PP

X13‘2|4 56 = V13koT5 456 — Vis2Tus,6 — VisTuz 5,6 — VisTs24,6 — VisTe245

(b)
Xio134,56 = = VikyTy 556 — VieTsas6 — ViTsa256 — ViTsasae — ViTsa62,5

(b)m — npmn m m m m m
X1|2\374,576 = Vlk?, T2,3,4,5,6 - V12T3,4,5,6 - V1T32,4,5,6 - V1T42,3,5,6 - V1T52,3,4,6 - V1T62,3,4,5 :

Using the monodromy variations of the six-point functions (II.A.2) we get the following
variation of the correlator (3.23),
DK(0) = Q10K + Q0K + -+ + Qe (B.2)

where

1 m a)m
oK) = 1|23456X£\2)345,6 + [E1\23456X£|2)3456 (2,3/2,3,4,5,6)] (B.3)

2 m b)ym
‘WC( )= 2|1,3,4,5 6X£\2)|3456 + [E2\134 5 6X£3)|2|456 + (34,5, 6)] (B.4)

(0)
[E2|34 1,5,6 X1‘2|34 5,6 + (3a 4‘3, 47 57 6)] ’

and the other 6IC( D for i = 3,4,5,6 are obtained by relabeling of 6IC( )i n (B.4). Since the
bookkeeping variables €2; are independent, all the 5IC( )
For the ©; terms in (B.3), after using the BRST identities

must vanish separately

QJif2 3,456 = Xffz)&,s),e + ATy 34561 (k5 (Vadisase — Vi23456) + (2 ¢ 3,4,5,6)]

(a)
Q23,456 = Xypp3.a56 T 528(VaJiza56 = VaJipase) + V123456
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together with their elliptic counterpart k‘g"E% 3456 =" [523E1‘2374’5’6 + (34,5, 6)], one
arrives at a BRST-exact variation since the unrefined AZ;"B' ¢ are BRST exact [26],

1
5Ké )= 12,3456 <Q‘]ﬁ127374,5,6 ~ Mbsas) )
+ [E1\23,4,5,6(QJ1\23,4,5,6 —s2Bi23456) +(2,312,3,4,5, 6” '

For the 9 terms in (B.4), upon using BRST identities (see section 8 of [26] for the D)

_ y(bm k5" (b)
QDYy3456 = Xipase — k2 Vidasase + Allasase + ST?’X13|2\4,5,6 + <45, 6)]
_ v 534 4(b) 534 1 (b)
534QD12j34,56 = Xi12p3a56 T STSX13|2\4,5,6 - 5X14|2\3,5,6 + 53481134,2,5.6 (B.6)

and relabellings of k:é”E{’rZ 3456 = — [523E1|23’4,576 + (34,5, 6)], one gets

(2 _
OKs" = Egf1 3456(@DTa3.456 — Alj23,456) (B.7)
+ [Eoy341,5,6(5340QD1jj34,5.6 — 534 21134,2,5.6) + (3,4]3,4,5,6)]
which vanishes in the cohomology for the same reason as above. Therefore, the six-point
correlator (3.23) is confirmed to be single valued.
The above proof can be extended to higher-point correlators, but since it is simpler to

prove monodromy invariance using a non-local representation with manifest BRST invari-
ance (see section 3.3.3), we will omit further discussions.

C Vanishing linear combinations of worldsheet functions

In this appendix we write down a few explicit expansions of the vanishing linear combina-
tions of worldsheet functions given by ©(@ from (2.28).

At six points, the three topologies of worldsheet functions were expanded in (3.27) and
are easily checked to be zero.

C.1 Seven points

At seven points, the inequivalent topologies of ©(®) are given by

95?2,34’5677 = k5" 215 34,567 — $12212,34,56,7 + 52721,27,34,56 (C.1)
+ 82321,234,56,7 — $24.21,243,56,7 T 52521,256,34,7 — 52621,265,34,7
@%1’45’677 = k532193 45,67 — 512212345,6,7 T 5132132,45,6,7
— 52421,3245,6,7 + 53421,2345,6,7 + 52521,3254,6,7 — 53521,2354,6,7
+ [53621,236.45,7 — 26 21,326,457 + (6 <> 7)]
— 29/3,1,45,6,7 + 2£3)2,1,45,6,7
9503)4”,576,7 = k33, Z 30567 + [513(Z213245.6,7 + Z1342,5.6,7)
— s12Z12345.6,7 — S14214325,67 + (1 3 5,6,7)]

— Z9134,1,5,6,7 — 223|4,1,5,6,7 T £342,1,5,6,7 T 24]23,1,5,6,7
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(0) _ pmgm
Ouj1235.67 = K1 Z123,4,5,6,7 T 53424321567 + 51424123567

— 594(Zans 56,7 + Za231,56,7) + [Sa5 21234567 + (5 > 6,7)]

(0)m __ nzmn m m m
@2|1,347576,7 = kg Z1,2,34,5,6,7 - 512312,34,5,6,7 + 52331,234,5,6,7 - 52421,243,5,677

+ [s25 2795 3467 + (5 ¢ 6,7)] — k3" Zo1 34567

(0)m __1.n omn m m
@23“,4,576,7 = k‘2331,23,4,5,6,7 - 3122123,4,5,6,7 + 5132132,4,5,6,7
™m m
+ [531 21934567 — 52421 300567 + (4 ¢ 5,6,7)]

m m m
— k33 20311,45,6,7 = Zai31,45.6,7 T 232,1,4,5.6,7

(0) mn mn mn
O91,3,4567 = Ky Z15% 1567 — 5122155 4567+ (52321984567 + (3¢ 4,5,6,7)]
(m on)
B k2 Zz|1,3,4,5,6,7
(1) _ P
Ou3p1.4567 = k2231214567 — 52322314567 — (501231214567 + (1 ¢+ 4,5,6,7)]

and can also be verified to be zero up to total derivatives.

C.2 Eight points

At eight points, the following topologies can be shown to vanish up to total derivatives:

ViVaT3ih o - @) 0 e (C.2)

Tmnp (0) mnp ~
Viva 345678@2|1345678_ 2[1,34,5,6,7,8 —

V1V23T45678@;%)|1mn =0,

(0)m ~
45678 = ViVaT51 567,891 315678 = 0

(0)ym ~ (0)m ~
V1V2T345678®2\1 345678 = U V1V23T45678@23\1 45,678~ 0

(0)ym ~ (0) ~
ViVasdT35's 7 89234|1 5678 = 05 ViVa3Tus5,678093)1 45,678 = 0

~

ViVazyTse,7 8623)4\1 56,7,8

~

ViVasasTe,7 89%3)45\1 6,78

(0) ~ (0) ~

‘/1‘/2T34 56 78®2|1 34,56,78 — 07 VYIVQT345 67 892\1 345,67,8 0

ViVaTsys56,7 8@2|1 345678 — 05 ViVasTyse,7 8923|1 456,7,8 = 0

as well as

(1) ~ (1) ~

ViVadsas.6,7.890341, 56,78 = 0> ViV Js15.6.7.8993)1.45.6.78 = 0 (C3)
(1)m ~ (1) ~

VlV2J§T4,5,6,7,8®2|3\1,4,5,6,7,8 =0 ViVasJujs6,7 8@23I4\175,6 75 =0

The coefficients of V4 with A # () are just relabellings of the 0 in
therefore vanish as well.

(C.2) and (C.3) and

The explicit expansion of all eight-point topologies from (C.2) and (C.3) is somewhat
lengthy, so let us display just a couple of examples. It is not hard to be convinced that
their vanishing, up to total derivatives, is a non-trivial statement:

(0) _
Oa31,45,67,8 = 2321 23,4567, + [s3821,238,45,67+ 513 Z132,45,67,8 — (242 3) |

+ [(524+534) Z1,2345,67,8 — (44 5) | + [ (s26+ 536) Z1,2367,45,8— (64> 7)]
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+ [s24(Z1,2435,67,8+ Z1,2453,67,8) — (442 5)]
+ [526(Z1,2637,45,8+ Z1,2673,45,8) — (6> 7)]
—Z9|1,3,45,67,8 1 23/1,2,45,67,.8 =0,

92?2734576778 =k3' Z1,2,345,67,8 + 523 21,2345,67,8 — 524(21,2435,67,8 T 21,2453,67,8)
+59521,2543,67,8 1 | 526 21,267,345,8 — (64> 7)]| (C.4)
+ 528 21,28,345,67 — 512 212,345,67,8 =0,

%?4?1,5,6,7,8 =kb34 295415678 K234 223411,5,6,7,8

+ 51423341 5.6,7,8—513(23431,5.6,7,8+ Z4331,5,6,7,8) +512 21501 5.6,7.8H(145,6,7,8)]

— 2903415678 Z234,1,5.6,7,8 T 23412,1,5,6,7,8 T 242315678 =0

@32‘ 195678 = —/-613335“273’57677,8 —$34234]12,5,6,7,8 — 53124|312,5,6,7,8

+530Z4(301 5,6,7,8— | 935 24/35,12,6,7,8 + (5 ¢+ 6,7,8)] 0.

D Proof of (4.22)

The purpose of this appendix is to deliver intermediate steps in deriving the manifestly
BRST-invariant representation (4.22) of the six-point closed-string correlator that has been
proposed in [39].

D.1 Single contraction between left and right movers

The open-string contribution (4.25) involving a single vector contraction between left- and
right-movers stems from the derivative

8;() = Cli33a56(0" + [912%5 + (2 & 3,4,5,6)]) (D-1)

+ [Cﬁ23,4,5,6323vl(17 27 3) + (27 3’27 37 47 57 6)]

m (1
- [P1|2‘374’5’6k2 952) + (2 <~ 3,4, 5, 6)]

of the C' - F representation (3.44) (using the loop-momentum-dependent form of Ejg345
in the first line of (I11.4.37)). Upon integration over ¢, we obtain

Halggf)ﬂ = Cliz3456] 15 K5 + (24 3,4,5,6)] (D.2)
+ [Cllaz 4 56523V1(1,2,3) + (2,32, 3,4,5,6)]
+ [Prapas6ks (vi2 — O+ (23,45, 6)]
= [01?23,4,576523]02(;) +(2,3[2,3,4,5,6)]
+ [Pi2ps,a5.6k5 12 + (2 ¢ 3,4,5,06)]

(1) n mn m m
+ [f12 k3 Cllas, 6 — k2 Priasase + 5230123456

+ 524CT o356 T 525CT 25,346 S260{T26,3,4,5> + (2 ¢ 3,4,5,6) |,
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and BRST-exactness of the coefficient of fl(;) in the last two lines leads to (4.25). As we
will see, the v;-dependent terms in the second line of (4.24) ,

. s

[Cﬁ23456323f2(3) +(2,3(2,3,...,6)] [Cls 456323f23 +(2,3(2,3,...,6)]
+ [Prjg3 4,565 V12 + (2 < 3,4,5,6)] [é 3456823f23 + (2 73|273a---76)]

- [Cl|23,4,5,6323f23 (2,3[2,3,. H 1]2(3, 475,6]“2 vig + (24 3,4,5 6)]

— [Pigp.a5.6k5 12 + (2 > 3,4,5,6) ] [Piajzas6k8vi2 + (2 <> 3,4,5,6)] (D.3)
will cancel in the end (where all of (D.3) is accompanied by a factor of 7).

D.2 Contributions from two (anti-)holomorphic derivatives

We shall now elaborate on the contributions of the (anti-)holomorphic derivatives Nyjg3 .
and Nyp3,... (4.27) that arise in the expression (4.26) for [[Kg(¢)]]. Combinations of both
Nyjgj3,... and N1|2‘37.__ can lead to the following two inequivalent situations,

0 T —(1
N12i3,4,5 6N1|3|2 456 = V125 — < - V13(513f13 + 823f23 - [834f§,4) + (45, 6)]))

822
7r
= D4
T 7 12V13523 (D.4)
- 0 7r =(1 =
Nijg3,456N1)23456 = V25— | 7= — ia(s1af s — [Szzfgg) + (34 4,5,6)])
Oz \ImT
| T2
= Im (812f21 + [823f23 + (3 4,5 6)] + 1/12(812+823+ - —1—826)>
Ty O N T 0 7 \2
— oo T ¥ — o= | —— D.5
Imrdz 0 Tmroz 2 <Im7> ’ (D-5)
using 6%27%) = —p— and momentum conservation. Hence, the part of [[[Cg(£)]] - [KKe(—0)]]

with two factors of Nyjgj3 . and N1‘2|3,_” adds up to

[N1p3.a56P 123,456 + (2> 3,4,5,6)] [N1j3.456 123,456 + (2 > 3,4,5,6)]

7T ~
= I [Pippjs,a5.6ks 12 + (2 43 3,4,5,6)| [Prjjsa56k5 vi2 + (2 > 3,4,5,6)]
2
™
+ <Imr> [|P1\2|3,4,5,6|2 + (24 3,4,5,6)] . (D.6)

Note that the first line of the right-hand side cancels the last line in (D.3), and the last
term of (D.6) will interfere with the crossterms to be discussed next.

D.3 Contributions from one (anti-)holomorphic derivative

Finally, there are crossterm contributions to [[Ks(£)]] - [[Ke(—£)]]

~ 0 (1= -
Nijgi3,a56Ke " = viag { §Cﬁ£..,,ﬁ[[m;...,6]] + (523CW23,4,5,6[[Eﬁgs,4,5,6]] +(2,32,...,6))

- T —2) =()r =0
+ [P12|3,4,5,6 (IHIT +2512f§2) - f§2) [323f§3) + (34,5, 6)}) +(243,4, 576)} } , (D.7)
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where KgP" given by (4.23) is obtained from the C - E representation (3.44) of Kg(—¥).
(n)

The coefficient of ]51|2|37475,6 is most subtle to evaluate since the zo-derivative of the ﬁj
functions generates a Koba-Nielsen derivative w.r.t. Zs:

9 d —<(2 (1 -1
Vg~ <ImT +2519F s — Fo [s23 oy + (3 > 4,5, 6)])

V12 —(1 =1
= Imr <312f§2) - [823f§3) + (34> 4,5, 6)])
vy 0 om0 T \?
lo I — v =|-— D.
I 0% mT 0%z 2 <Im 7') (D-8)

Given that the only contributions to THEII ] arise from the quantity Ly in (I1.7.12),
ky*,

. oL
the remaining terms in (D.7) reduce to vector contractions of 72 = — 71—

2
~ e ~ V12 —(1
Nijgzascke " = (ImT> 123,456 + 1~ {km ﬂlzn?, 456 [kgfgg + (24 3,4,5,6)]

m m 1 —(1
+ ky [32301\23,4,5,6( )+ f( )+ f:(n)) +(2,3]2,3,4,5,6)]
~ —(1)
- [323P1|3\2,4,5,6f§3 + (34> 4,5,6)] } (D.9)

™

2
B (Imr) 1|2‘3456+ k2 [32301\23456f23 +(2,3(2,3,4,5,6)]

where we have repeated the simplifications of (D.2) in the last step. By adjoining permu-
tations and the complex conjugate of (D.9), one arrives at

— [N1j23.45.6Pri23a5.6+ (240 3,4,5,6) [ KgP" — [N1jaj3.45,6P1j2j3,,56 + (2 ¢+ 3,4,5,6) | K>

7T 1
= T Ims [Prj2j3.4,5,6k5 12+ (24 3,4,5,6)] [32301|23456f( ) +(2,3]2,3,4,5,6)]
771- m
+ Imr [523CI|23,4,5,6f23 "‘(273’273’4,5;6)} [P1\2|3,4,5,6k2 V12+(2<—>3,475,6)]
2
T
_2<Im7> [[Pj23.a56° + (242 3,4,5,6)] (D.10)

where the last term interferes with (D.6), and the remaining terms on the right-hand side
cancel the crossterms in the second and third line of (D.3). In summary, by combin-
ing (D.3), (D.6) and (D.10), one arrives at the most subtle contributions ~ Clls,. C{”‘Z]
and |P1|i|j,...‘2 in (4.22), concluding the derivation of the proposal in [39].
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