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Trace formulae for p-hyponormal operators
by
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Dedicated to Professor W. Zelazko on his T0th birthday with respect

Abstract. The purpose of this paper is to introduce mosaics and principal functions
of p-hyponormal operators and give a trace formula. Also we introduce p-nearly normal
operators and give trace formulae for them.

1. Introduction. In Carey—Pincus [2] and Pincus—Xia [6], the trace
formulae for pairs of operators associated with the polar decomposition are
studied. In this paper, in a situation similar to [6] we introduce mosaics and
principal functions of p-hyponormal operators for 0 < p < 1/2 and give
trace formulae for p-hyponormal and p-nearly normal operators.

Let H be a complex separable Hilbert space and B(H) be the algebra
of all bounded linear operators on H. An operator 7' € B(H) is said to
be p-hyponormal if (T*T)P — (TT*)? > 0 (see [1]). If p = 1, T is called
hyponormal, and if p = 1/2, T is called semi-hyponormal. The set of all
semi-hyponormal operators in B(H) is denoted by SH. The set of all p-
hyponormal operators in B(H) is denoted by p-H. Let SHU and p-HU denote
the sets of all operators in SH and in p-H with equal defect and nullity (cf.
[7, p. 4]), respectively. Hence we may assume that the operator U in the
polar decomposition 7' = U|T| is unitary if T € SHU U p-HU. Throughout
this paper, p satisfies 0 < p < 1/2.

Let T = {e | 0 < 6 < 27}, ¥ be the set of all Borel sets in T, m
be a measure on the measurable space (T, X) such that dm(f) = (2r)~1d6
and D be a separable Hilbert space. The Hilbert space of all vector-valued,
strongly measurable and square-integrable functions with values in D and

2000 Mathematics Subject Classification: Primary 47B20; Secondary 47A10, 47B10.

Key words and phrases: Hilbert space, trace, mosaic, principal function, p-hyponormal
operator.

This research is partially supported by Grant-in-Aid Scientific Research No. 14540190.

(1]



2 M. Cho and T. Huruya

with inner product
(£.9) = | (F(®). 9(e))p dm(6)
T

is denoted by L?(D); the Hardy space is denoted by H?(D), and the pro-
jection from L?(D) to H?(D) by P. If f € L?(D), then
‘ 1 ‘
PUNE) = lim — | flz2)(z—re’) " da.

r—1-0 271
|z]=1

Let v be a singular measure on (T, Y), and F € X be a set such that
v(T\F) = 0and m(F) = 0. Put u = m+v. Let R(-) be a standard operator-
valued strongly measurable function defined on {2 = (T, X, u) whose values
are projections in D, L?(£2, D) be the Hilbert space of all D-valued strongly
measurable and square-integrable functions on {2 with inner product (f, g) =

Sqr(f(eie%g(ew))p du, and
H= {f| feL?2,D),RE®)f(e?) = f(e?), e e T}

Then H is a subspace of L2(£2,D). The space L2(D) is identified with a
subspace of L?(£2,D). Hence P extends to L?(§2, D) so that

Pf=0 for fc L*(2,D)c L*D).
We define an operator Py from L2(£2,D) to D as follows:

Po(f) = £(e) dm(9).

Then Py is the projection from L?(£2,D) onto D (cf. [7, p. 50]). Let a(-) and
B(-) be operator-valued, uniformly bounded, and strongly measurable func-
tions on {2 such that a(e?) and B(e??) are linear operators in D satisfying

R(e”)a(e”) = a(e”)R(e”) = a(e”),

R(e")(e") = B(e")R(e") = B(e”)
and B(e?’) > 0.

Furthermore, suppose that a(e?’) = 0 if ¢? € F. We write (af)(e?) =
a(e®) f(e). An operator U in H is defined by
(Uf)(E?) = e? f(e).
Since 3(e?) > 0 and P is a projection on L?(D), we have
(a(e)* (P(af))(e?) + B(e?) f(e), f(e?))p = 0.

Therefore, we can define the operator (a*Pa+3)/ (?P). See the details in [7].
Moreover, the following results hold.
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THEOREM A (Cho, Huruya and Itoh [3, Th. 1]). With the above nota-

tions, let T be an operator in H defined by
(TF)(e) = e (Af)(e"?),
where (A% f)(e) = a(e)*(P(af)(e?) + B(e) f (). Then T is p-hypo-
normal and the corresponding polar differential operator |T| — U|T|U* is
((IT| = TITIT*) f)(€”) = a(e)* Po(af).

THEOREM B (Cho, Huruya and Itoh [3, Th. 3]). Let T = U|T| be a p-
hyponormal operator in H such that U is unitary. Then there exist a function
space ‘H, and operators T and U in H which have the forms in Theorem A

such that N N
WTW =T and WUW'=U,

where W is a unitary operator from H to H. Moreover a(-) >0.

T is said to be the singular integral model of T.

2. Mosaics of operators T' € p-HU. For the singular integral model
of a semi-hyponormal operator T'= U|T, the following holds:

THEOREM C (Xia [7, Th. V.2.5]). With the above notations, let T =
U|T| be in SHU and «o(-), B(-) be as in Theorems A and B for the singular
integral model of T'. Then the following statements hold.

(1) There exists a unique B(D)-valued measurable function of two vari-
ables, B(e¥,r) (e’ € T, r € [0,00)) satisfying

0<B(e? r)<1I

such that
i0 i0 -1 /i T B(ewﬂ“)
I+a(e™)(B(e”)—1) " a(e”) =exp X ﬁdr.
0

(2) For any bounded Baire function 1 on o(|T|), the function B(e®,r)
satisfies
1
Vo(r)B(e”, r)dr = a(e”) [ (8(e") + k- a(e”)?) dk a(e”).
0
In particular,
S B(e®,r)

r—1

1
dr = o) | (B(e") + k- a(e)? = 1)7! dk a(e”).
0
DEFINITION 1. The function B(-,-) in Theorem C is said to be the mo-
saic of T. We denote the mosaic of T by Br(-,-).
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For T € p-HU, we define T}, = U|T'|?’. Since T}, is in SHU, the mosaic
Br,(-,-) of T}, exists.
DEFINITION 2. For T'=U|T| € p-HU (0 < p < 1/2), we define
BT(ew,r) = Br, (eie,r%).

We call the function Br(-,-) appearing in Definition 2 the mosaic of
T € p-HU. The essential support of Br(-,-) is called the determining set
of T'. We denote this set by D(T), i.e.,

D(T)=C- U{G : G is open in C and Br(e?,r) = 0 for a.e. re? € G}.
Then we have the following
THEOREM 1. Let T =U|T| be in p-HU. Then
D(T) c o(T).
Moreover, if T is completely nonnormal, then D(T) = o(T).

Proof. Since T, = U|T|* is semi-hyponormal, Theorem V.3.2 of [7]
yields
D(T,) C o(T}).

By the definition of D(T") for a p-hyponormal operator 7', we have
re’ € D(T) < 1% € D(Tp).

Since Theorem 3 of [4] implies that r?Pe? € o(T},) if and only if re? € o(T),
we have D(T') C o(T).

If T is completely nonnormal, then Theorem 5 of [5] shows that T}, is
completely nonnormal. Also D(7},) = o(1},) by Theorem V.3.2 of [7]. Hence
D(T) =o(T).

THEOREM 2. Let T = U|T| be in p-HU. Then
1T — 727 || < 2§ 2" drao.
T )

Proof. Since T, = U|T|?" is semi-hyponormal, by Theorem V.3.5 of [7]
we have

1
i =17 Pr) < o §Y dedo.
D(T,)

By the transformation ¢ = 72?7, we have
1T — 7727 || < 2§ 2" arao.
s
D(T)

Hence we have the following corollary.



Trace formulae for p-hyponormal operators 5

COROLLARY 3. Let T be in p-HU. If my(D(T")) = 0, then T is normal,
where my(+) is the planar Lebesgue measure.

3. Principal functions. In this section, we introduce principal func-
tions of operators 1" in p-HU. First we prepare some notations. If ¢ is ana-
lytic in the upper half plane and with range in the closed upper half plane,
¥ is called a Pick function ([7, p. 129]). ¥ is a Pick function if and only if it
has the following unique canonical representation:

w(z):az—kb—ﬂ[

x
r—z x241

] dp(z),

where a > 0, b is a real number, and p is a nonnegative Borel measure on
the real line R which satisfies
1
—— du(x) < 0.
S 1422 Hiw)

For a bounded closed set E of the real line R, let P(E) be the set of all Pick
functions with representation measure u(E®) = 0. Moreover, let PM(E) be
the set of all Pick functions ¢ in P(E) such that

1
!

t) = —
Vi =at ) o0
E
([7, pp. 129, 166]). Let Trp(-) be the trace on D. Subscripts will usually be
suppressed when clear from the context.

du(z) < 0o

DEFINITION 3. (1) For T" € SHU, we define the principal function

gr(e?,r) of T by
gr(e”,r) = Trp(Br(e”, 1)),

where Br(+,-) is the mosaic of T.

(2) For an operator T' € p-HU, we define the principal function gr(e®,r)
by

gr(e”,r) = Trp(Br(e”,r)) (= Trp(Br, (¢, %)),

where Br(-,-) is the mosaic of 7' € p-HU (0 < p < 1/2).

Hence, for 0 < p < 1/2, we have gr(e®,r) = gr, (¢, r?P).

THEOREM 4. Let T = U|T| and S = V|S| be in p-HU. If T and S are
unitarily equivalent, then

gr(e”,r) = gs(e”,r).

Proof. If p = 1/2, the assertion holds by Theorem VII.2.4 of [7]. Hence
we need only prove that 7}, and S, are unitarily equivalent. We assume that
W*TW = S for a unitary operator W. Since W*|T'|W = |S|, we have

W*UW|S| = W UWW?*|T|W = W*TW = S = V|S|.
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Hence W*UWz = Vz for z € ran(|S]). Therefore,
W*T,W = W*U|T|*W = W*UWW*|T|*W = W*UW|S|*
=V|S|* = S,.
So the proof is complete.

Hence, the principal function g7 (-,-) of T"is independent of the concrete
model of T

Now we would like to give a trace formula for p-hyponormal operators.
First we give a trace formula for semi-hyponormal operators. This formula
is slightly different from Theorem VII.2.4 of [7]. The proof is based on an
idea of the proof of Theorem VII.2.2 of [7] about hyponormal operators.

THEOREM 5. Let T = U|T| € SHU,

o(z) = e - a,l with |a| < 1 and X € R,
az —

€ PM(o(|T)) and gr(-,-) be the principal function of T. Then

Te((IT)) = p(U)S(IT)e(U)) = {1/ ()¢ (r)gr(e”, ) dr dm(8).
Proof. We may assume that 7' = U|T| is represented by the singular
integral model. We define |T'|; and |T|_ by
T+ =slim U™ T|U", |T|- =slmU"T|U".

For () and B(-) of the singular integral model of T, by Theorem III.1.3
of [7] we have

T+ =B()+a()?,  |T|-=5().
Let S = Uy(|T|). Put ¥1 =% + a with a > 0. Since
V1(IT]) = (U)o (T (U)* = (& (T1]) + a) — (U)(@(|T]) + a)e(U)*
= ¢(IT]) = e(U)P(|IT])p(U)*

and ¥] = 1)', we may assume that ¢) > 0. Since 9 is operator monotone on
a(|T|), we have ¥(|T|) > Y(U|T|U*) = Uyp(|T|)U* > 0, so that S € SHU
(cf. [7, Theorem VI.3.2]). Let a1 (-) and (31(-) come from the singular integral
model of S. Since U is unitary, we have

S|+ = (I T])+ = slim U (ITYU™ = y(s-lim U™ T|U™)
= ¢(IT|+) = (B() + a(-)?)

and also

1S|- = 9(T))- = st U™ (U™ = 4(|T]-) = ¢ (5(-).
Since a1 = ((|T])+ — »(IT])-)"/? and B = ¢(|T])-, we have
(1) a1(2) = (W(B(2) + a(2)?) = (B2, Bi(z) = »(B(2)).
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Since o(U)(2)B1(2)p(U)*(z) = B1(z), by (1) and Theorem A we have

(W(IT]) = pOITDEU) V) = ax(2)Plar f)(E) + Bi(2)1(2)

— (W)or (IP(RU) a1 (=) + LU ()pU) () (2)
= (&P () — #U) (s (IP(e(U) 0 )(2)
@ i | (- 2 o s Jal0f O

27 r—1-0 o az—1 (—rz a(—-1

N

Bl WS L Za()f(Q)dc
2mi I¢|=1 (GZ - 1)(ac - 1)

1
(az —1)(@e=* — 1)

= (1—al)ou(2)] ai () f(e?) dm(9),

where we put ¢ = e*?. Hence

2)  (T]) = @)(ITNeU)*)f, f)
1 B ’a‘ SX 6191 _ 1 ae— 10 1)
x (ar(e”) f(e"), ar(e) f (")) p dm(8) dm(61)

2

= (1~ |a)|| | =g 0 (") F() dm(6)
D

Let {e;} and {h;(-)} be orthonormal bases of H and L*(T, X, m). Put
if 1
9w (€)= e~ —1
Then by (2) we have
B)  Tr(T]) = e@)L(T)eU)")

[— ()it (¢) dm(0)

(o (ew)ej, ex) € L*(T, m).

2

-1 Y| § e
i,j D

= 1) S| (g (e ety dmo), e
.7,k

= (1 10P) 2| = (@i, ex)y () dm(6)
ij,k

= (= 1aP) Y| S e ) dm@)]| = (1= 1a) Y (g0

1,5,k 1,5,k
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= (1~ la’) ZHQMHZ (1=1la )
7,k

2

1 2
P (a1(e”)ej,ex)| dm(6)

= (1= 1) S | sy | dm0)
= (1= 1) S| | laa(e)e; | dm(o)

J
2

L Tep(as (€)2) dmi(0).

ae¥ —1

= (1—af*)]

Putting 9 (r) = (r — ) =2 in Theorem C, we have

1

Trp <§ (13(_2,32 dr) ~ Trp (a(z) (g) (B(2) + ka(2)? — )2 dka(z))

1

— Trp (g (B(2) + ka(2)? — ) La(2)2(B(2) + ka(2)? — ) dk:).

0

Considering «(z) + ¢ for a small positive number &, we may assume that
a(z) is invertible. We have

(2= (B(2) +ha(2)?) ™" = a(2) " (za(2) *—a(z) T B(z)a(z) " k) la(z)

so that

d -1

(= (5(2) + Ka(2)?)
= a(z) " wa(2) " — a(z) " Bl)a() ! — K) Pa()!
= a(2) " wa(z) 2 — alz) L B()alz) - k)

x (za(z)™? ~ a(Z)’lﬁ(Z)a(Z) "=k e
= (za(2)™" — alz)7'B(z) -
x (za(z) ™" — 6(2)04(2)’1 -
= (z = B(2) — ka(2)*) 'a(2) - a(2)(z = B(2) — ka(2)) .
Therefore we have

@) §(B(2) + ka(2)® —2) ' al(2)*(B(2) + ka(z)? — 2) " dk

0
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By Definition 3 and (4) we have

(e g - vy, (S Blz.r) dr>

(z—1)? (r—2)?
= Trp((z — B(2) —a(2)*) 7! = (2 = B(2)) 7).
Putting ¥ (r) = 1 in Theorem C, by Definition 3 we have
(5) Vor(z,7) dr = Trp(a(z2)?).
Let E = o(|T). Since ¢ € PM(E

we can put

)
b(t) :ct+d+§:<x L) dy(z)

and hence 1
W) =c+ | —— du().
V@—9

Therefore
Y(B(2) + a(2)?) = »(5(2))
= c(B(2) + a(2)* = B(2))
+ W@ = 8(z) - a2)’) ™! = (& = B(2)) "} du(x)
E

= c(a(2)?) + J{(& = B(z) —a(2)*) 7" = (z = (=)'} dp().

E
Since ¢ > 0 and Trp(§ {(z — B(z) — a(2)?) ™' — (& — B(2)) "} du(z)) > 0,

we have
Trp(Y(B(2) + a(2)?) — ¢(6(2)))
= Trp(ca(2)? + [{(z ~ () — a(2))) " = (&~ 6()) "} du() )

E

= cTep(a(2)?) + Tep ([{(@ - B(2) — a(2)2) 7 = (@ = B()) "} du(a))
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Hence

(6) Trp(au(2)?) = Trp(d(B(2) + a(2)?) — ¥(B(2))) = | ¢/ (r)gr(z,7) dr.
Since p(e'?) = e ;j{fl, we have ¢ (e'?) = e"/\(a‘;l;%llp. Therefore, by (3)
and (6),

T (IT1) ~ H(O)R(TDEW0)) = (1~ a)§| —g— | Tep(ar(c)?) dm(6)

= VI (@) (r)gr (e, r) dr dm(0).

So the proof is complete.

In the case of p-HU operators, we have the following

THEOREM 6. Let T = U|T| € p-HU. For |a| < 1 and a real number A,
let (z) = e*2Z=2 ) € PM(o(|T|?")) and g7(-,-) be the principal function
of T. Then

Te(w(|T17) = (U)o T1P)p(U)")

= 2] [r L () 0 () g (e, ) i dim(6).

Proof. Let T, = U|T|?. Then T, € SHU and gr(e?,r) = gr, (¢, r?P).
Hence, by Theorem 5 and the transformation 0?? = r we have the assertion.

4. Trace formulae for commutators associated with polar de-
compositions. We denote the trace class of operators by C;. For operators
A and B, the commutator AB — BA is denoted by [A, B]. In this section, we
give a trace formula for [|T'|™, U"] for a semi-hyponormal operator ' = U|T|
with unitary U. First we give the following theorem.

THEOREM 7. Let T = U|T| € SHU and gr(-,-) be the principal function
of T. Assume that [|T|,U] € C1. Then, for any integer n > 1,

Te([|IT),U™) = | \ne™gr (e, r) dr dm(9).
Proof. For n > 1, since
(|T),U"] = [T, U)U"~t + U[|T|,UJU" 2 + ...+ U™ H[|T|, U],

we have

Te((|7],U"]) = Te(nU" [T, U]).

Using the singular integral model of T', we obtain

(TIU = UITNA)E) = a(=) 5= § al)f(Q)dc
[¢]=1

= a(2)| a(e?)e” f() dm(0).
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Let {e;} and {hi(:)} be the orthonormal bases of H and L*(T, X, m), re-
spectively. By (5), a(z) is Hilbert—Schmidt; put

F(e) = Trp(a(e™)ea(e'?)).
Then
Te(nU" (T, U))

= Z;S(ne“"”‘"a<el"">Sa<e"")ejhk<e“‘9> dm(0), ejln(e™) ) dm(w)

= ZS"B“” ”“’SZ( ()a(e®)ee;, e hi(e™) dm(0) (@) dm(w)
= ZSne“" D2 { Trp (a(e™)ale)e™® ) hi () dm(0) Ry () dm(w)
(U0 ) i

= Snei("*l)“’F(ew)dm(w):Snei(”*l)‘”TrD(a(e e a(e™)) dm(w)

— [ne™ {gr(e,r) drdm(w)  (by (5)).
Therefore,
Te([|T],U™)) = § § ne™ gz (e, 7) dr dm(6).

So the proof is complete.
Next we give a trace formula for [|T|¥, U™].

THEOREM 8. Let T'=U|T| € SHU and gr(-,-) be the principal function
of T. If |T|,U] € Cy, then for k=1,2,... and n = +£1,42,...,

Te((|T1*, U™) =\ | kne™®r* g (e?, r) dr dm(6).
Proof. If k,n > 1, then (Tx([|T|*,U™)))* = — Tx([|T|¥,U~"]) and
(§§ knetor=tgp (e, r) dr dm(e))*
= || k(=n)e’ = 1 gr (e, ) dr dm(6).

Hence it is sufficient to prove the equalities for k,n > 1. By Theorem 5,
we have

Te(|T| - U|T|U") = S S gr (e, r) dr dm(0) < .
For |A| > ||T||, let ¥»(r) = 1/(A — ). By Theorem 5, we have

Te(y(|T) - Ue(IT)U*) = | | ﬁ gr(e”,r) dr dm(0),
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so that ¢¥(|T|) — Uy(|T|)U* € Ci. Hence ¢(|T))U — Uy(|T]) € Cy. Let
S =Uy(|T]). Applying Theorem 7 to S, for n > 1 we obtain

Tr(yp(|T)U" — Ump(|T])) = | ne™ | gs (e, r) dr dm(0).

Since in the proof of Theorem 5 we have ¥(|T|)+ = ¥ (|T|+) and ¥(|T|)- =
»(|T|-), by (1), (2) and (6) we obtain

§gs(e”, ) dr = Te((IT))+ = $(IT))-) = Te((IT|+) = ¢(|T]-))
1

= S wl(r)gT(eie, 7“) dr = S m gT<ei9, T’) dr.
By Theorem 1, if r > ||T||, then gr(e?,r) = 0. Hence
Te(yp(|T)U" =U"(T])) = | ne™ | SE=E gr(e”,r) dr dm(0)

in k+ 1)r* i
S ne 98 ()\Tz)gT(e O 1) drdm(6)

)

T
o

1
)\k+2

M

S S n(k+1)e™rFgr(e?, r) dr dm(8).

bl
Il
o

On the other hand, we have
Y(ITHU™ = U"(IT]) = (A= |T) U™ = U™ (A = |T]) 7"
= (= [T YT U~ (T
Since [|T|,U] € Ci, we have [|T|,U"] € Cy. Hence Tr((:)[|T],U"]) is a

bounded linear functional on the bounded linear operators on the Hilbert
space. By the same argument of the first part of the proof of Theorem 7,

Tr((k -+ 1)|T*| T}, U™) = Te([|T*, U"]).
Then
Te(p(|TNU™ = U™p(|IT])) = Te((A = |T)) 27|, U"])

= 2 s T+ DITFITL U = 3 s TIT1 U7
=0 =

Therefore, by comparing the coefficients of A**1 we have
Te([|T)%, U™]) = S S kne™0rk =g (e 1) dr dm(6).

So the proof is complete.

5. Trace formulae for p-nearly normal operators. In this section,
we give trace formulae for p-nearly normal operators. Let A; be the set
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of all polynomials of one variable. By As we denote the set of all Laurent
polynomials of two variables r and z which have the form
N N
p(r,z) = Z arri 2F,
j=0k=—N
where N is a positive integer and aj; are constant coefficients. If h € A
and p € As, we define

(hop)(r,z) = h(p(r, 2)).
For a bilinear form (-, -) on Az, we consider the following property:
(*) (por,qgor)=0

for all p,q € Ay and r € A,. Condition (*) is called the collapsing property
([7, p. 171]). Let X be an operator and Y be an invertible operator. For

p(r,2) = Z;VZO Eiv:,N ajkrjzk, we define

N N
j=0k=—N
We denote the Jacobian for p,q € Ay by J(p, q), that is,
Ta) e = L) S ) - L) Zr, o),

DEFINITION 4. For T' = U|T'| with U unitary, T is called p-nearly normal
if [|T??,U] € C; (cf. [7, p. 170]).

It is easy to see that if ' = U|T| is p-nearly normal, then, for p,q € A,
[p(|T|?,U),q(|T|?P,U)] € C; and Tr([p(|T|?,U), q(|T|?P,U)]) is indepen-
dent of the order of multiplication of the factors |T'|?? and U (see [7, p. 174]).
First we give a proof of Theorem VIL.3.3 of [7] for a trace formula for a
L_nearly normal operator.

2
THEOREM 9. Let T'=U|T| € SHU and gr(-,-) be the principal function
of T. If T 1is %—nearly normal, then, for p,q € As,

Te([p(IT|, V), a(IT], 0))) = | § T(0, 0)(r, )€ g (e, ) dr dim ().
Proof. We define a bilinear form on Az by

(p,q) = Tr([p(IT],U), q(|T|, U)])

for p,q € As. Then it is easy to see that (-,-) has the collapsing property.
For ¢ € As, we choose q1,q2 € Ay such that d¢1/0r = g = 0g2/0r. Then
¢1 — g2 is a Laurent polynomial of variable z. Let h(r, z) = z. By definition
of (-,-) we have (h,q1 — ¢q2) = 0. Hence we can define a linear functional ¢
on Aj by

t(q) = (h,q1)
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where dq,/0r = q. From now on, if p(r, z) = /2%, then we simply denote
(p,q) by (r72*, q) and so on. Hence £(0q/0r) = (2, q). We define an auxiliary
bilinear form (-,-); on Ay by

(= () + T ))
Since J(pos,qos) =0 for any p,q € Ay and s € Aj, the bilinear form (-, )1

has the collapsing property.
We show that (-,-); = 0. For each ¢ € Ay, we have

D) G =)+ ) = )+ (5 = o) = () =0,
(8) (2 ¢)1=0.
In fact, since J(z7 1, q) = 2720q/0r, we have
5 0q -2
K(z E) = (2,27%¢) = Tv(UU2q(|T|,U) — U %q(|T|,U)U)
Te(U™q(|T|,U) = U~ %¢(|T],U)V)
= Te(U~ (T, ) U = U™ Yq(|T|,U))U)
= Te([q(IT],U),U™)) = (¢,27 1) = —(=",q).

haoi=(E"1a+iJI(Ea)
(25 ) = - g =0

r

Now, for & € C and n > 1, using (7) we have
0=((r+az),(r+az)=(0r+az)" 1_2 Coﬂ )17

so that

Therefore, we have
(r,rizFy =0 (,k=1,2,...).
Since (8) holds, we have (r,7727%); = 0 (j,k = 1,2,...). Hence for all
q € As we have
(9) (r,q)1 = 0.

Next, we prove that if s,t € Ay satisfy (s,q)1 = (t,¢q)1 = 0 for all ¢ € A,
then

(10) (st,q)1 = 0.
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In fact, let ¢ € As and «, 8 € C. By the collapsing property we have
((aws + Bt + q)*, (s + Bt + q))1 = 0.
Since (u?,u); = 0 for u € Ay, we have
a?(s*, )1 + B2 (1, @)1 + 20B(st, @)1 + 2a(sq, )1 + 2B(tq, q)1 = 0.
Since a and 3 are arbitrary, the coefficient of oG must vanish: i.e.,
(st,q)1 = 0.
By (7)-(10), we have
(rz,q)1 = (rz=*,¢)1 =0,

so that

(7'227@1 = (7422’717(])1 = <TZ27q)1 = (rz727Q)1 =0.

Repeating this procedure, we have
(-,))1 = 0.
Therefore, for p,q € Az we have
(11) (p,q) = —£(J(p,q)).
Since gr(e,r) >0, {§gr (e, r)drdm(0) = Te(|T| — U|T|U ') < oo and
gr(e’?,r) =0 for r > ||T||, we can define a linear functional £y on Ay by
ly(p) = S S p(r,e)e® gr (¥ ) dr dm().

Since
(r™,2") = Te(|T|™U™ = U™T|™) (by Theorem 8)
= mns S (er=Lym=1ei g (¥ 1) drr dm(6)
= mnly (2" ™1,
it follows from (11) that
—L(rm Y = 4o(rm T (m > 1, 0 #£0).
For || > ||T||, let ¥(r) = 1/(A —r). By Theorem 5,

T((IT) ~ UO(TNU) = | | =gz 9r(e”.r) dr dm(0).

Since
Y(|T)) = Up(ITHU™ = (A = [T M7, UNA = 7)) "HU ™!
and [|T|,U] € Cy, we have
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Tr( (7)) = Up(ITHU ™) = Te((A = [T) [T, UIA = |T) 70
= (T, U1<< — [T U A= T )
I WH v((|T), U} T|"U T

s=0 t=0

=ZZWH (|||, U)| T U )

s=0 t=0

0o 1 . -
= ZWTY([W Lo

m=0

=Y (Tt - v,

m—+2

m:O)\ *

because
(|T[", U] = |T[* " |T|, U]+ |T|" T, U)|T|
+ . H|TIIT], U T2 + (| T, U T
Therefore,
Tr((IT)) = Uy (ITHU Z Am+2 Te(|T[™ " —U|T™ U,

Since

S S ﬁ gr (e, r) dr dm(0)

=3 ks s D) (o)

comparing the coefficients of A™*!, we have
Te(|T|™ - U|T|™U ) = S S mr™ g (e, r) drdm(0)  (m >1).

We also have
1

—l(rmz) = — o (z, 7M7)
= - DU U T D)
1
= - DT U - (T
1
= (T vl o)

=1 S S (m + 1)rmgT(ew, r) drdm(0)
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= X S r™ g (e, r) dr dm(6)
= S S e e g (e r) dr dm(0) = lo(r™zt),
so that ;5 = —¢. Consequently, we obtain
Te([p(IT], U), q(IT],U)]) = (p, @) = Lo(J (P, 0))
= S S J(p, q)(r,e)e? g (e, 1) dr dm ().
So the proof is complete.
Finally, we have

THEOREM 10. Let m be a positive integer. Let T = U|T| € 5—-HU. If
T is ﬁ—neaﬂy normal, then

Te([p(|I T, U), q(|IT], U))) =\ § T (0, @) (r, €)e gz (e, 1) dr dm(0)
forp,q € As.
Proof. Put p(r, z) = p(r™, z), q(r, z) = q(r™, 2) € Ay and S = U|T|'/™.
Since S is in SHU and %—nearly normal, by Theorem 9 we have
Te([p(|I 7™, U), q(IT1V™, U)])) = { § T(p, @) (r, €)e g5 (€, ) dr dm(6)
and
Te([p(|T], U), ¢(IT|, U))) = Te([p((|T1Y™)™, U), q((ITIV™)™, U)))
=V 7@ D(r, ) gs(e?,r) dr dm(6).
Since gr(e?,r) = gg(e??, /™), from the translation 7 = o'/™ we have
WV 7@ @) e?)egs (e, ) dr dm(0)
=\ § I, a)(0,€")e? gr (e, 0) dodm(9).
So the proof is complete.

Acknowledgements. The authors would like to thank the referee for
helpful comments that clarified an earlier version of this paper.

References

[1] A. Aluthge, On p-hyponormal operators for 0 < p < 1, Integral Equations Oper.
Theory 13 (1990), 307-315.

[2] R. W. Carey and J. D. Pincus, Mosaics, principal functions, and mean motion in
von Neumann algebras, Acta Math. 138 (1977), 153-218.

[3] M. Cho, T. Huruya and M. Itoh, Singular integral models for p-hyponormal operators
and the Riemann—Hilbert problem, Studia Math. 130 (1998), 213-221.



18 M. Cho and T. Huruya

[4] M. Cho and M. Itoh, Putnam’s inequality for p-hyponormal operators, Proc. Amer.
Math. Soc. 123 (1995), 2435-2440.

[5] —, —, On the angular cutting for p-hyponormal operators, Acta Sci. Math. (Szeged)
59 (1994), 411-420.

[6] J. D. Pincus and D. Xia, Mosaic and principal function of hyponormal and semi-
hyponormal operators, Integral Equations Oper. Theory 4 (1981), 134-150.

[7] D. Xia, Spectral Theory of Hyponormal Operators, Birkhduser, Basel, 1983.

Department of Mathematics Faculty of Education and Human Sciences
Kanagawa University Niigata University
Yokohama 221-8686, Japan Niigata 950-2181, Japan
E-mail: chiyom0Ol@kanagawa-u.ac.jp E-mail: huruya@ed.niigata-u.ac.jp

Received December 31, 2001
Revised version April 11, 2003 (4863)



