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Abstract 
 
This paper proposes a tracking control method for a three-wheeled omnidirectional manipulator system (OMMS) with disturbance and 

friction. The OMMS is separated into two subsystems, a three-wheeled omnidirectional mobile platform (OMP) and a selective compli-
ant articulated robot for assembly (SCARA) type of manipulator. Therefore, two controllers are designed to control the OMP and the 
manipulator system. Firstly, based on a kinematic modeling of the manipulator, a kinematic controller (KC), combined with an integral 
sliding mode controller (ISMC), is designed for the end-effector of the manipulator to track a desired trajectory with the desired angular 
velocity vector of links. Secondly, a differential sliding mode controller (DSMC) based on a dynamic modeling of the OMP with force 
external disturbances is proposed to obtain control inputs moving the OMP so that the manipulator tracks the desired posture without 
singularity. The system stability is proven using Lyapunov stability theory. The simulation and experimental results are presented to illus-
trate the effectiveness of the proposed controllers in the presence of disturbance and friction.   

 
Keywords: Omnidirectional manipulator system (OMMS); Omnidirectional mobile platform (OMP); Integral sliding mode controller (ISMC); Differential 

sliding mode controller (DSMC)   
---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 
 
 
1. Introduction 

An omnidirectional mobile platform with a manipulator is 
more powerful than a conventional mobile manipulator with 
regular wheels, especially in life applications such as home-
car robot, office robots, nursing robots, medical services and 
so on. Compared to conventional mobile platforms with two 
or four regular driving wheels, omnidirectional mobile plat-
forms with three degrees of freedom (DOFs) have an agile 
ability to move toward any desired direction and to attain the 
desired orientation simultaneously [1-5]. 

The omnidirectional mobile manipulator is a typical exam-
ple of a holonomic mechanical system. However, the omnidi-
rectional mobile manipulator provides some problems from its 
complicated mechanical structure. For example, it is very 
difficult to derive the model of an omnidirectional mobile 
manipulator, especially the dynamic modeling. Furthermore, 
more redundant actuators also imply that more motors need to 
be controlled. Therefore, obtaining the modeling and the mo-
tion control of an omnidirectional mobile manipulator is sore-
ly needed. 

The modeling and the control of the omnidirectional mobile 
manipulators were presented in Refs. [6, 7]. Watanabe et al. 
[6] proposed the omnidirectional mobile manipulator without 
disturbance and surface friction exerted on the omnidirectional 
mobile platform of the computed torque control and the re-
solved acceleration control methods. Xu et al. [7] proposed the 
robust neural network-based sliding mode method for trajec-
tory tracking control of the omnidirectional mobile manipula-
tor with three castor wheels. A robust strategy in controlling 
the active suspension system using the proportional-integral 
sliding mode control scheme was presented by Y. M. Sam et 
al. [18]. H. Zhang et al. [19] proposed the robust ∞ PID 
control such that load and reference disturbances can be at-
tenuated with a prescribed level. N. Hung et al. [10] proposed 
a control method for the omnidirectional manipulator system 
to track a desired trajectory with a constant velocity and a 
desired posture of links. However, they presented only simula-
tion results and did not consider tracking the desired angular 
velocities of links. 

This paper proposes a control method for the omnidirec-
tional manipulator system to track a desired trajectory with a 
constant velocity at a desired angular velocities and a desired 
posture of links. The OMMS is separated into two subsystems, 
a SCARA type of manipulator and a three-wheeled omnidi-
rectional mobile platform. A kinematic controller (KC) based  
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on kinematic modeling of the manipulator is proposed to ob-
tain desired angular velocities of links for the end-effector of 
the manipulator to track a desired trajectory with a constant 
velocity. An ISMC based on a dynamic modeling of the ma-
nipulator with time-varying external disturbances of links is 
proposed to obtain control inputs for tracking the real angular 
velocities to the desired angular velocities of links. A DSMC 
based on a dynamic modeling of the OMP with force external 
disturbances due to surface friction and slip phenomenon in 
wheel axial directions is proposed to obtain control inputs 
moving the OMP so that the manipulator tracks the desired 
posture without singularity. Schemes for detecting the track-
ing errors using a touch sensor and for calculating the posture 
tracking errors using rotary potentiometers are presented. A 
control system is developed based on PIC microcontroller. 
Simulation and experimental results are shown to prove the 
effectiveness and the applicability of the proposed control 
method. 

 
2. System description and modeling 

2.1 System description 

Fig. 1 shows the configuration of an omnidirectional mobile 
manipulator system (OMMS) used for this paper. It consists of 
a platform, a SCARA-type manipulator, three omnidirectional 
wheels, DC motors and encoders, a touch sensor, three poten-
tiometers, power supply and a control system. 

Fig. 2 shows the configuration for the geometric model of 
the OMMS considering two separated subsystems such as an 
omnidirectional mobile platform (OMP) and a SCARA-type 
manipulator. The OMP in Fig. 2(a) consists of three omnidi-
rectional wheels equally spaced at 120o  from one another. 
The three omnidirectional wheels have the same radius de-
noted by r  and are driven by DC motors. L  is the distance 
from the wheel’s center to the geometric center .C  

2 1
Wi

×∈ℜP ( 1, 2, 3)i =  is the position vector of each wheel 
with respect to the moving coordinate frame 0 0CX Y  attached 
at point C  on the OMP. 2 1

Wi
×∈ℜD  is the drive direction 

vector of each wheel with respect to the global coordinate 
frame .OXY  [ ]T

C C C CX Y= Φq is the posture vector of the 
OMP in the global coordinate frame. [ ]TC C CX Y=P  is de-

fined as the position vector of point C  with respect to the 
global coordinate frame. Cv  and Cω  are the linear velocity 
and the angular velocity of the OMP. The manipulator has 
three links as shown in Fig. 2(b). [ ]T

E E EX Y= ΦEq is the 
posture vector of the end-effector point E  with respect to the 
global coordinate frame. EΦ  is the angle of the linear veloc-
ity vector of the end-effector with respect to the global coordi-
nate frame. 

To simplify the modeling of the OMMS, the assumptions 
are given as follows: 

(1) Each link is rigid. 
(2) Mass of each link is concentrated on the center of each 

link. 
(3) The mass center of the OMMS is coincident with the 

geometric center C of the OMP. 
(4) Kinematic’s parameters such as the wheel’s radius r , 

distance L  and lengths of links 1 2 3, ,L L L  are known exactly. 
(5) Moment of inertia of the OMMS is constant during the 

operation’s process. 
(6) A torque disturbance vector exerted on the OMMS con-

sists of sinusoidal torque noises exerted on the manipulator, 
surface friction and slip phenomenon, uncertain dynamic pa-
rameters and dynamic interaction between the manipulator 
and the OMP. 

(7) Motion surface is a smooth horizontal plane. 
(8) The curvature radius of the desired trajectory is suffi-

ciently larger than the turning radius of the OMMS. 

 
2.2 Modeling of the omnidirectional mobile platform 

In this section, kinematic modeling and dynamic modeling 
of the three-wheeled omnidirectional mobile platform (OMP) 
are presented [8, 10]. 

 
2.2.1 Kinematic modeling of OMP 

The rotation matrix ( )CΦR  from the moving coordinate 
frame to the global coordinate frame is given by 

 
2 2cos( ) sin( )

( )
sin( ) cos( )

C C
C

C C

×Φ − Φ⎡ ⎤
Φ = ∈ℜ⎢ ⎥Φ Φ⎣ ⎦

R . (1) 

 
The position vectors 2 1

1 2 3, ,W W W
×∈ℜP P P of the wheels of 

the OMP can be obtained as follows: 

 
 
Fig. 1. Configuration of the OMMS. 
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Fig. 2. Configuration for geometric model of the OMMS. 
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1

1
,

0W L
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

P  2 1

12( ) ,
3 2 3W W

Lπ −⎡ ⎤
= × = ⎢ ⎥

⎣ ⎦
P R P   

3 1

14( )
3 2 3W W

Lπ ⎡ ⎤
= × = − ⎢ ⎥

⎣ ⎦
P R P . (2) 

 
The drive direction vectors of the thi wheel 2 1

Wi
×∈ℜD  

( 1, 2, 3)i =  are calculated as follows: 
 

1 ( ) ,Wi C WiL
= Φ ×D R P    1

0
,

1W

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

D   

2

1 3 ,
2 1W

⎡ ⎤
= − ⎢ ⎥

⎣ ⎦
D    3

1 3
2 1W

⎡ ⎤
= ⎢ ⎥

−⎣ ⎦
D . (3) 

 
The angular velocity of the thi wheel iω ( 1, 2, 3)i =  can 

be expressed as 
 

1[ ( )

( ) ( ) ]

T
i C c Wi

T T
Wi c c Wi

r
ω = × Φ ×

+ × Φ × Φ ×

P R D

P R R D
. (4) 

 
From Eq. (4), the kinematic equation of a three-wheeled 

omnidirectional mobile platform can be expressed as follows: 
 

1

2

3

sin cos
1 sin( /3 ) cos( /3 )

sin( /3 ) cos( /3 )

C C C

C C C

C C C

L X
L Y

r
L

ω
ω π π
ω π π

⎡ ⎤− Φ Φ⎡ ⎤ ⎡ ⎤
⎢ ⎥⎢ ⎥ ⎢ ⎥= − −Φ − −Φ ⎢ ⎥⎢ ⎥ ⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥+ Φ − +Φ Φ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

. (5) 

 
Eq. (5) can be rewritten as 
 

1
r

= ×-1
Cz H q  (6) 

1

sin cos
sin( /3 ) cos( /3 )

sin( /3 ) cos( / 3 )

C C

C C

C C

L
L
L

π π
π π

− Φ Φ⎡ ⎤
⎢ ⎥= − −Φ − −Φ⎢ ⎥
⎢ ⎥+ Φ − + Φ⎣ ⎦

-H   

 
where [ ]1 2 3

Tω ω ω≡z is the wheel angular velocity vector. 
From Eq. (6), a velocity vector of point C on the OMP is 

reduced into 
 

r=Cq H z . (7) 
 
In Fig. 2(a), a velocity vector of the OMP is obtained as 
 

cos sin 0
0 0 1

C C C

C

v
ω

Φ Φ⎡ ⎤ ⎡ ⎤
≡ =⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦
Cε q . (8) 

 
2.2.2 Dynamic modeling of OMP 

According to Newton’s second law of motion, equations of 
linear and angular momentum balance of the OMP including a 
force disturbance vector due to surface friction and slip phe-
nomena can be written as follows: 

3

1

( ) ( )i Mi C Wi A C
i

f f m
=

− Φ × − =∑ R D F P  (9) 

3

1

( )i Mi C
i

L f f I
=

− = Φ∑  (10) 

1 2 3

1 2 3

2 4cos cos( ) cos( )
3 3

2 4sin sin( ) sin( )
3 3

A C A C A C

A

A C A C A C

f f f

f f f

π π

π π

⎡ ⎤Φ + +Φ + + Φ⎢ ⎥
= ⎢ ⎥
⎢ ⎥Φ + + Φ + + Φ⎢ ⎥⎣ ⎦

F   

 
where AF  is a force disturbance vector due to surface friction 
and slip phenomena in the wheel axial direction, Mif  and 

Aif ( 1,2,3)i =  are the magnitudes of friction forces exerted 
on the thi wheel in the wheel motion direction and in the 
wheel axial direction, respectively, 2 1

C
×∈ℜP is the linear 

acceleration vector, CΦ  is the angular acceleration, 
( 1, 2, 3)if i = is the magnitude of the force exerted on each 

wheel driven by the thi motor, m is the mass of the OMP, 
and I is the moment of inertia for the OMMS about its center 
of gravity of the OMP.  

From the dynamic characteristic of the DC motor, the force 
generated by a wheel attached to a DC motor is described by 
[8, 10]: 

 
i i Wif u vα β= −  (11) 

 
where ( 1, 2, 3)iu i =  is the voltage applied to the DC motors, 

( 1, 2, 3)Wiv i =  is the linear velocity of each wheel, α  and 
β  are motor characteristic coefficients depending on the 
parameters of the DC motor that can be obtained from the its 
catalog or experiment. /( )t ak rRα =  and 2/( )t e ak k n r Rβ =  
are motor characteristic coefficients depending on the parame-
ters of the DC motor , ek  is the back emf coefficient, tk  is 
the torque coefficient, r  is the radius of each wheel, aR  is 
the armature resistance and n  is gear ratio.  

From Eqs. (9)-(11), the dynamic equations of OMP can be 
expressed as 

 
d+ = −C CMq Vq u u  (12) 

3 31
α

×= ∈ℜTM H M ,  3 31 ,
α

×= ∈ℜTV H V   

3 11 T
d dα

×= ∈ℜu H f  (13) 

0 0
0 0
0 0

m
m

I

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

M , 
2

1.5 0 0
0 1.5 0
0 0 3 L

β
β

β

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

V   

 
where [ ] 3 1

1 2 3
Tu u u ×≡ ∈ℜu  is a voltage input vector 

applied to the DC motor, [ ] 3 1
1 2 3

T
d d d df f f ×≡ ∈ℜf  is a 

friction and slip force disturbance vector as follows: 
 

1 1 2

3

1 2

3

sin sin( / 3 )
sin( /3 )

cos cos(2 / 3 )
cos(4 /3 )

d M C M C

M C

A C A C

A C

f f f
f
f f
f

π
π

π
π

= − Φ − −Φ
+ +Φ

+ Φ + + Φ

+ +Φ
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2 1 2

3

1 2

3

cos cos( /3 )
cos( /3 )

sin sin(2 /3 )
sin(4 / 3 )

d M C M C

M C

A C A C

A C

f f f
f
f f
f

π
π

π
π

= Φ − −Φ
− +Φ

+ Φ + +Φ

+ + Φ

 (14) 

3 1 2 3( )d M M Mf L f f f= + + ,  
 

   max max3 3M Mi M

mg mgfμ μ− ≤ ≤   

   max max3 3A Ai A

mg mgfμ μ− ≤ ≤ , 1, 2, 3i =   

 
where maxMμ  and maxAμ  are the maximum static friction 
coefficients in the wheel motion direction and in the wheel 
axial direction, respectively [9], and g  is the acceleration of 
gravity. 

 
2.3 Modeling of the three-linked manipulator  

In this section, kinematic modeling and dynamic modeling 
of the three-linked manipulator are presented.  

 
2.3.1 Kinematic modeling of manipulator 

In Fig. 2(b), the kinematic equation of the end-effector of 
the manipulator with respect to the global coordinate frame is 
obtained as follows [10-13]: 

 
0 1 0

1 1E C C E= + +V V W Rot q Rot Jθ  (15) 

E

E E E

E

X
Y
⎡ ⎤
⎢ ⎥

≡ = ⎢ ⎥
⎢ ⎥Φ⎣ ⎦

V q , 
C

C C C

C

X
Y
⎡ ⎤
⎢ ⎥

≡ = ⎢ ⎥
⎢ ⎥Φ⎣ ⎦

V q , 
0
0C

C

⎡ ⎤
⎢ ⎥≡ ⎢ ⎥
⎢ ⎥Φ⎣ ⎦

W ,  

0
1

cos sin 0
sin cos 0

0 0 1

C C

C C

Φ − Φ⎡ ⎤
⎢ ⎥= Φ Φ⎢ ⎥
⎢ ⎥⎣ ⎦

Rot ,  

1 1 2 12 3 123
1

1 1 2 12 3 123

E

E E

E E

x L C L C L C
y L S L S L S
φ φ

+ +⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥≡ = + +⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

q  (16) 

3 123 2 12 1 1 3 123 2 12 3 123

3 123 2 12 1 1 3 123 2 12 3 123

1 1 1

L S L S L S L S L S L S
L C L C L C L C L C L C
− − − − − −⎡ ⎤
⎢ ⎥= + + +⎢ ⎥
⎢ ⎥⎣ ⎦

J  (17) 

 
where EV  and CV  are the velocity vectors of the end-
effector and the center point of the OMP with respect to the 
global coordinate frame, respectively; CW is the angular veloc-
ity vector of the moving coordinate frame; 0

1Rot  is the rota-
tion transform matrix from the moving coordinate frame to the 
global coordinate frame; 1

Eq  is the posture vector of the end-
effector with respect to the moving coordinate frame; J is the 
Jacobian matrix; 1 2 3

T
θ θ θ⎡ ⎤≡ ⎣ ⎦θ is the angular velocity 

vector of the revolution joints of the three-linked manipulator; 
1 2 3, ,L L L  are the lengths of links of the manipulator, and 
1 1sin( ),S θ≡ 12 1 2sin( ),S θ θ≡ + 123 1 2 3sin( ),S θ θ θ≡ + + 12C ≡  

1 2cos( ),θ θ+  1 1cos( ),C θ≡  and 123 1 2 3cos( )C θ θ θ≡ + + . 
 

2.3.2 Dynamic modeling of manipulator 
The dynamic equation of the three-linked manipulator with 

a time-varying external disturbance vector can be written as 
[14] 

 

1 1 1 1d M+ + + =M (θ)θ V (θ,θ) G (θ) τ τ  (18) 

11 12 13

1 21 22 23

31 32 33

M M M
M M M
M M M

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

M (θ) , 
11

21

31

V
V
V

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

1V (θ,θ) ,  

11

1 21

31

G
G
G

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

G (θ) , 
1

2

3

M

M M

M

τ
τ
τ

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

τ , 
1 1

1 1 2

1 3

d

d d

d

τ
τ
τ

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

τ   

 
where 1M (θ) is the inertia matrix, 1V (θ,θ) is the Centripetal 
and Coriolis matrix, 1G (θ) is the gravity vector, Mτ is the 
control input torque vector, 1dτ is the time-varying external 
disturbance vector, and 1 2 3[ ]Tθ θ θ≡θ is a joint angular 
vector.  

The parameters of Eq. (18) are shown in appendix. 

 
3. Controller design 

3.1 Controller design of manipulator 

For trajectory tracking of the manipulator, a kinematic con-
troller (KC), combined with an integral sliding mode control-
ler (ISMC), is designed for the end-effector of the manipulator 
to track a desired trajectory with a desired angular velocity 
vector of links as shown in Fig. 3. 

To design the controller, a tracking error vector oe  be-
tween a reference point R  and the end-effector point E  is 
defined as follows: 

 
[ ]1 2 3 [ ]T

o R Ee e e≡ = −e A q q  (19) 

cos sin 0
sin cos 0

0 0 1

E E

E E

Φ Φ⎡ ⎤
⎢ ⎥= − Φ Φ⎢ ⎥
⎢ ⎥⎣ ⎦

A , 
R

R R

R

X
Y

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥Φ⎣ ⎦

q   

 
where Rq is the posture vector of the reference point which is 
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Fig. 3. A tracking error vector oe  of the manipulator. 
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moving along a desired trajectory with a constant velocity. 
Lyapunov function candidate is defined as follows: 
 

1
2

T
o o o=V e e . (20) 

 
From Eqs. (15), (19) and (20) by Lyapunov stability, the 

following kinematic control law 1 2 3
T

d d d dθ θ θ⎡ ⎤≡ ⎣ ⎦θ for the 
end-effector of the manipulator to track a desired trajectory is 
chosen as follows [10-12]: 

 
1 0 1 1 1

1

0 1
1

[ ( )
]

d o

R C C E

− − − −= +

+ − −

θ J Rot A AA K e
V V W Rot q

 (21) 

 
where 1 2 3( , , )diag k k k=K  is the diagonal positive gain ma-
trix and .R R=V q  The kinematic control law Eq. (21) exists 
due to ≠det(J) 0  when link 1 and link 2 are not on the same 
straight line. 

In the following, an ISMC is presented based on the dy-
namic modeling of the manipulator for making its real angular 
velocity vector converge to a desired angular velocity vector.  

Second, a torque control law Mτ exerted to links of the 
manipulator is chosen as 

 

1 1 1 1 1M d d= + + + +τ M (θ)θ V (θ,θ) G (θ) M (θ)μ τ  (22) 
 

where 3 1×∈ℜμ  is an auxiliary control input vector. 
From Eqs. (18) and (22), the following form is obtained 
 

d− =θ θ μ . (23) 
 
An angular velocity error vector 3 1

v
×∈ℜe is defined as 

 

1 2 3[ ]T
v v v v de e e≡ = −e θ θ  (24) 

 
where dθ  is a desired angular velocity vector of links of the 
manipulator. 

An integral sliding surface vector [ ]4 5 6

T

v v v vS S S≡S  
3 1×∈ℜ  is defined with the angular velocity error vector and its 

integral term as follows: 
 

v v v v= + ∫S e K e dt  (25) 

 
where 4 5 6( , , )v v v vdiag K K K=K is a diagonal positive integral 
gain matrix. 

Third, an auxiliary control input vector μ  for the real an-
gular velocity θ of the manipulator to track the desired angu-
lar velocity vector dθ is designed as follows: 

 

v v v v v d= − − − −μ Q S P sign(S ) K (θ θ )  (26) 
 

where the matrices 4 5 6( , , )v v v vdiag P P P=P and v =Q  
4 5 6( , , )v v vdiag Q Q Q  are diagonal positive definite matrices. 

Theorem 3.1: For the kinematic Eq. (6) and the dynamic 
modeling Eq. (12) of the manipulator with a torque distur-
bance vector, if the control laws in Eqs. (21), (22) and (26) are 
applied, both a tracking error vector oe  and an auxiliary 
angular velocity error vector ve  converge to zero asymptoti-
cally as t →∞ . 

Proof: Lyapunov function candidate is defined as 
 

1

1
2

T
o v vV V= + S S . (27) 

 
The first order derivative of 1V  is derived into 
 

1
T

o v vV V= + S S . (28) 
 
From Eqs. (15), (19)-(21), the following can be obtained. 
 

1

[ ] [ ]

[ ]
o R E R E

o R E
−

= − + −

= + −
= − o

e A q q A V V

AA e A V V
Ke

 (29) 

 
From Eqs. (23)-(25), the first order derivative of vS  is 

given as 
 

v v v v d v d

v d

= + = − + −

= + −

S e K e (θ θ ) K (θ θ )

μ K (θ θ )
. (30) 

 
Substituting Eq. (26) into Eq. (30), the following is obtained 

as 
 

v v v v v= − −S Q S P sign(S ) . (31) 
 
From Eqs. (3.11) and (3.13), the first order derivative of 1V  

is derived into 
 

[ ]1

6
2

4

( ) 0

T T T
o o v v o v v v v v

o vi vi vi vi
i

V

Q S P S
=

= + = − + − −

= − − + ≤∑

2

2

e e S S Ke S Q S P sign(S )

Ke
. (32) 

 
If 0viQ ≥  and 0viP ≥  ( 4, 5, 6i = ), 1V  is negative under 

the conditions of Eqs. (20), (21) and (26). By Barbalat’s 
lemma [13], 0o →e  and 0v →S  as .t →∞  When 

0v →S , v v vdt= − ∫e K e  from Eq. (25). So it is clear that 
0v →e  as t →∞ . 

 
3.2 Differential sliding mode controller (DSMC) design for 

the OMP 

The following shows how to design a differential sliding 
mode controller (DSMC) based on the dynamic modeling of 
the OMP to move the manipulator to the desired posture with-
out its singularity. 
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The desired posture of the manipulator is chosen with the ini-
tial posture of the manipulator as 1 / 4,dθ π=  2 / 2,dθ π=  

3 / 4.dθ π= − [ ], , T

P P P PX Y≡ Φq is a posture vector of the fixed 
point P  as a target point of the end-effector with respect to 
the global coordinate frame that keeps the desired posture of 
the manipulator without its singularity. In Fig. 4, the coordi-
nates of the target point P is expressed as follows: 

 
sinP C CX X D= − Φ , cosP C CY Y D= + Φ , P CΦ = Φ  (33) 

 

where 1 2 3

3sin sin sin
4 4 2

D L L Lπ π π⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

. 

A posture error vector 3 1×∈ℜe for the OMP is defined as 
the difference between a target point P and a real point E of 
the end-effector in Fig. 4. 

 
[ ]

[ ]
4 5 6 E[ ]

[ ] 0 0

T
P

T

e e e

D

≡ = −

= − + −E C

e G q q

G q q
 (34) 

cos sin 0
sin cos 0

0 0 1

C C

C C

Φ Φ⎡ ⎤
⎢ ⎥= − Φ Φ⎢ ⎥
⎢ ⎥⎣ ⎦

G   

 
The first and second order derivatives of e  yield 
 

[ ]
4

5 5 4

6

( ) 0 T
C C

e
e e D e
e

ω ω
⎡ ⎤
⎢ ⎥= = − + + −⎢ ⎥
⎢ ⎥⎣ ⎦

E Ce G[q q ]  (35) 

2
4 5 5 4

2
5 4 4 5

6

( ) 2
2 ( )

0

C C C

C C C

e e D e e
e e e e D
e

ω ω ω
ω ω ω

⎡ ⎤+ + +⎡ ⎤
⎢ ⎥⎢ ⎥= = − + − − + +⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

E Ce G[q q ] . (36) 

 
A differential sliding surface vector [ ]4 5 6

TS S S≡S is 
defined with the posture error vector and its derivative as fol-
lows: 

 4 4 4 4

5 5 5 5

6 6 6 6

S e k e
S e k e
S e k e

+⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥≡ = +⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥+⎣ ⎦ ⎣ ⎦

S  (37) 
 

where 4 5,k k  and 6k  are positive values. 
First, a control input voltage vector [ ]1 2 3

Tu u u≡u for 
the OMP is defined as follows: 

 
E C d= + + +u Mq Vq Mη u  (38) 

 
where 3 1

E
×∈ℜq is a reference acceleration vector and 

3 1×∈ℜη  is an auxiliary control input vector. 
From Eqs. (12) and (38), the following is obtained 
 

E− =Cq q η . (39) 
 
Second, the auxiliary control input vector 1 2 3[ ]Tη η η≡η  

is chosen as a control law. 
 

{ }1
1= + +-η G QS Psign(S) Δ  (40) 

 

where 

2
5 5 4 4 4

2
1 4 4 5 5 5

6 6

( ) 2
2 ( )

C C C

C C C

e D e e k e
e e e D k e

k e

ω ω ω
ω ω ω

⎡ ⎤+ + + +
⎢ ⎥= − − + + +⎢ ⎥
⎢ ⎥⎣ ⎦

 

4 5 6( , , )diag P P P=P and 4 5 6( , , )diag Q Q Q=Q are diagonal 
positive definite matrices. 

Theorem 3.2: For the dynamic model of OMP Eq. (12) 
with a friction torque disturbance vector, if the control laws in 
Eqs. (38) and (40) are applied, a sliding surface vector S  and 
a posture error vector e  converge to zero asymptotically as 
t →∞ . 

Proof: The Lyapunov function candidate is chosen as 
 

2

1
2

V T= S S . (41) 

 
With Eqs. (35), (36), (39) and (40), the first order derivative 

of S  is obtained as 
 

4 4 4 4

5 5 5 5

6 6 6 6

1

S e k e
S e k e
S e k e

⎡ ⎤ +⎡ ⎤
⎢ ⎥ ⎢ ⎥= = + = −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥+⎣ ⎦⎣ ⎦

= − + = − −

E C 1S G[q q ] + Δ

Gη Δ QS Psign(S)

. (42) 

 
The first order derivative of 2V is derived into 
 

2

6
2

4

[ ]

0i i i i
i

V

Q S P S
=

= = − −

⎡ ⎤= − + ≤⎣ ⎦∑

T TS S S QS Psign(S)
. (43) 

 
If 0iQ ≥  and 0iP ≥  ( 4, 5, 6i = ), 2V  is negative semi-

definite. By Barbalat’s lemma [16], 0→S as .t →∞  Be-
cause there exists the control law η  stabilizing the sliding 
surface vector in Eq. (37), the tracking error vector e  con-
verges to zero as t →∞ . 

In order to eliminate the chattering phenomenon, the sig-

 
 
Fig. 4. Posture error vector e  of the manipulator. 
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num function ( )sign ⋅  is replaced by a saturation function 
( )sat ⋅  [17]. The control laws in Eqs. (26) and (40) can be re-

expressed as follows: 
 

,v v v v v dδ= − − − −μ Q S P sat(S ) K (θ θ )  (44) 

{ }1
1,δ= + +-η G QS Psat(S ) Δ  (45) 

 
where the saturation function ( )sat ⋅ is defined as: 

 
/ / 1

( , )
( / )

o o
o

o

S if S
sat S

sign S otherwise
δ δ

δ
δ

⎧ ≤
= ⎨
⎩

 (46) 

 
where oS  is any general chosen sliding surface, δ  is a 
boundary layer thickness. 

The block diagram for the proposed controller of the 
OMMS is shown in Fig. 5. A decentralized control strategy is 
applied to the OMMS that includes two controllers for the 
manipulator and the omnidirectional mobile platform. The 
position vector Cq  and the velocity vector CV  as the out-
puts of the OMP are fed as inputs of the controller of the ma-
nipulator. The position vector Eq  and the velocity vector 

EV  as the outputs of the manipulator are fed as the inputs of 
the controller of the OMP. 

 
4. Error measurement and hardware 

4.1 Tracking errors using touch sensor 

A touch sensor is used to measure tracking errors between 
the end-effector and reference point as shown in Fig. 6. The 
touch sensor consists of two rollers and two potentiometers: 
one is a rotary potentiometer, and another is a linear potenti-
ometer. Two rollers are mounted on a bar that can rotate 
around the pivot of a rotary potentiometer. This potentiometer 
is mounted on another bar that can slide along the third link, 
and the displacement can be measured by a linear potentiome-
ter. Tracking errors detected using the touch sensor are as 
follows [10-12, 15]: 

1 3

2 3

3 1 1 3

sin ,
cos ,

( , )
2

r

e r

e r e
e d r e

e O E O O π

= −

= +

= ∠ −

 (47) 

 
where rr  is the radius of the roller, ed is the length which is 
measured by the linear potentiometer, and 3e  is the angle 
which is measured by the rotary potentiometer 2 3O O   

This method is also applied for a curve line if the distance 
of 2 3O O  is small enough, and the curved radius of a desired 
trajectory is large enough. The method is used to determine 
errors for designing a controller. 

 
4.2 Posture errors 

The posture errors 4 ,e  5e  and 6e in Fig. 4 can be calcu-
lated as follows [10-12]: 

 
4 1 1 2 1 2

3 1 2 3

cos cos( )
cos( )

E Pe x x L L
L

θ θ θ
θ θ θ

= − = + +
+ + +

  

5 1 1 2 1 2

3 1 2 3

sin sin( )
sin( )

E Pe y y L L
L D

θ θ θ
θ θ θ

= − = + +

+ + + −
 (48) 

6 1 2 3( )
2 2Ee π πφ θ θ θ= − = + + −   

 
where ( )E E Ex y φ  is denoted as the coordinates with re-
spect to the moving coordinate frame of the point ,E  
( )P P Px y φ  is the coordinates with respect to the moving 
coordinate frame of the point P , and the joint angles 

1 2,θ θ and 3θ  can be measured by the rotary potentiometers 
which are mounted at each joint of the manipulator. 

 
4.3 Hardware 

A prototype of the experimental OMMS with six degrees-
of-freedom (DOFs) is shown in Fig. 7(a). The OMMS is con-
sidered as two subsystems such as a manipulator and an OMP. 
The manipulator has three DOFs, each driven by a DC en-
coder motor (50.8 W/24 V) with gear ratio 144:1. The touch 
for measuring the tracking errors is mounted on the third link. 
The rotary potentiometers for measuring the joint angles are 
mounted at each joint. The mobile platform has three omnidi-
rectional wheels that are driven by 3 DC encoder motors (39.7 

 
 
Fig. 5. Block diagram for the proposed control system. 

 

 
 
Fig. 6. Configuration of measuring tracking errors using touch sensor.

 



2204 T. D. Viet et al. / Journal of Mechanical Science and Technology 26 (7) (2012) 2197~2211 
 

 

W/24 V) with the gear ratio 71:1. The omnidirectional wheel 
used for this paper is shown in Fig. 7(b).  

The omnidirectional wheel in Fig. 7(b) is an assembly that 
provides both constrained and unconstrained motions when 
turning. It has six rollers aligned around its rim so that it can 
roll freely orthogonally to its driving direction. Because three 
wheels are mounted on a platform, their constrained and un-
constrained motions can be combined to provide omnidirec-
tionality. An omnidirectional mobile platform can simultane-
ously perform independent translation and rotation. With the 
above capabilities, the omnidirectional mobile platform makes 
the omnidirectional mobile manipulator more efficient and 
dexterous than the regular mobile manipulator. 

 
4.4 Control system  

A control system is developed based on PIC18F452 type of 
microcontrollers which are operated with the clock frequency 
40MHz. A hardware configuration of the proposed control 
system using seven PIC18F452’s is shown in Fig. 8. 

One PIC18F452 is used as the master unit, and other 
PIC18F452’s are used as slave units. The design control algo-

rithms are embedded into PIC18F452 for controlling the DC 
motors at the joints of the manipulator and the three wheels of 
the OMP. The master unit functions as the main controller, 
that is, to receive the tracking error vector of the end-effector 
using the touch sensor and the angles of joints of the manipu-
lator using potentiometers and, in turn, to send the commands 
to the slave controllers via I2C communication, respectively. 
The master unit can be used to interface other devices such as 
display and keypad devices or personal computer via RS-232 
communication for remote control through a Parani SD200 
blue tooth. The slave unit integrates PIC18F452 with 
LMD18200 motor drivers for the DC motor control. The ser-
vo controller of the slave unit can perform a complete servo 
operation with a closed loop feedback control using an en-
coder for velocity control of three wheels and using potenti-
ometer for position control of each joint. The sampling time of 
the proposed control system is about 10 ms. 

 
5. Simulation and experiment results  

5.1 Simulation results 

To verify the effectiveness of the proposed controller, simu-
lations have been done for the OMMS to track a desired tra-
jectory. The numerical values of parameters, the numerical 
parameter values, and the initial values of the DC motor and 
the OMMS for simulation and experiment are given in Table 
1 and Table 2. Fig. 9 shows the desired trajectory with a 
straight line of 1 0.3 ,l m= a curved line of 0

1( 0.3 , 90 ),r m=  a 
straight line of 2 0.3 ,l m=  a curved line of 0

2( 0.3 , 180 )r m= , 
and a straight line of 3 0.3l m= . The desired velocity of the 
end-effector is 0.01 / .Rv m s=  The sampling time of control 
system is about 10 ms.  

The designed parameters of the proposed controller are as  

Table 1. Numerical parameter values of the DC motor and the OMMS. 
 

Parameters Values Units 

aR  20.5 [Ω] 

ek  7.2x10-2 [Nm/A] 

tk  7.2x10-2 [Nm/A] 

u  24 [V] 

τ  3.1 [kg.cm] 

n 71 [rpm] 

r  0.04 [m] 

α  0.087 [ / ]N V  

β  11.4 [ / ]kg s  

r  0.04 [ ]m  

L  0.18 [ ]m  

1 2 3 oL L L L= = =  0.18 [ ]m  

1 2 3m m m= =  0.95 [ ]kg  

m  9.5 [ ]kg  

I  0.19 2[ ]kgm  

g  9.8 2[ / ]m s  

 
 

          (a) Prototype            (b) Omnidirectional wheel 
 
Fig. 7. Experimental OMMS. 

 

 
Fig. 8. Control architecture of hardware system of the OMMS. 
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follows: 1
1 1.7 ,k s−=  1

2 1.7 ,k s−= 1
3 1.7 ,k s−=  1

1 0.2 ,vk s−=  
1

2 0.2 ,vk s−= 1
3 0.2 ,vk s−= 1

4 0.4 ,k s−= 1
5 1.5 ,k s−= 1

6 0.4 ,k s−=
1

4 0.3 ,vP s−= 1
5 0.3 ,vP s−= 1

6 0.3 ,vP s−= 1
4 0.2 ,P s−= 1

5 0.2 ,P s−=  
1

6 0.2 ,P s−= 1
4 15 ,vQ s−= 1

5 15 ,vQ s−= 1
6 15 ,vQ s−= 1

4 20 ,Q s−=  
1

5 20 ,Q s−=  1
6 20Q s−=  and 0.1.δ = The maximum magni-

tudes of friction torque disturbances are assumed as 
4Mif N=  and 3Aif N= ( 1, 2, 3).i = The periodic external 

disturbances vector to influence the manipulator is assumed to 
be 1 [0.1sin(2 ) 0.1sin(2 ) 0.1cos(2 )] .T

d t t tτ =  
The simulation results for trajectory tracking of the manipu-

lator are shown in Figs. 10-29. Figs. 10-12 show the force 
disturbance vector that is exerted on the OMP for the full time. 

1 ,df  2df  and 3df  change in time within 8 ,N±  8 N±  
and 2.16 ,Nm±  respectively. Figs. 13 and 14 show a control 
input torque vector Mτ  and an auxiliary control input vector 
μ  of the manipulator. They change at the beginning time and 
converge to  constant  values within 2 Nm±  and 

20.01 /rad s± , respectively. Figs. 15 and 16 show a control 
input voltage vector u  and an auxiliary control input vector 
η  of the OMP, respectively. They are bounded, and its aver-
age value converges to constant values within 24 V± and 

20.2 /m s± , respectively. The tracking error vectors are shown 
in Figs. 17-18 at the beginning time and for the full time. They 
show that the kinematic controller of the manipulator makes 
the tracking errors 1 2 3, ,e e e converge to zero asymptotically 
after about 4 seconds for tracking the desired trajectory. The 
integral sliding surface vector vS  approaches zero from 4 
seconds as shown in Fig. 19. So the angular velocity error 
vector ve  also goes to zero from 4 seconds as shown in Fig. 
20 and it maintains zero values for the full time as shown in  
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Fig. 10. Force disturbance 1df . 
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Fig. 11. Configuration Force disturbance 2df . 
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Fig. 12. Force disturbance 3df . 
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Fig. 13. Control input torque vector Mτ  of the manipulator. 

Table 2. The initial values for simulation. 
 

Parameters Values Units 

RX  0.4 [ ]m  

RY  0.4 [ ]m  

RΦ  0 [deg]  

EX  0.395 [ ]m  

EY  0.395 [ ]m  

EΦ  5 [deg]  

Rv  0.01 [ / ]m s  
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Fig. 9. Control architecture of hardware system of the OMMS. 
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Fig. 14. Auxiliary control input vector μ  of the manipulator. 

 
 

 
 
Fig. 15. Control input voltage vector u  of the OMP. 
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Fig. 16. Auxiliary control input vector η  of the OMP. 
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Fig. 17. Tracking error vector oe  at the beginning time. 
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Fig. 18. Tracking error vector oe  for the full time. 
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Fig. 19. Integral sliding surface vector vS  at the beginning time. 
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Fig. 20. Angular velocity error vector ve  at the beginning time. 
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Fig. 21. Angular velocity error vector ve  for the full time. 
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Fig. 21. The differential sliding surface vector S  approaches 
zero very quickly from 0.2 second as shown in Fig. 22. So the 
posture error vector e  also goes to zero as shown in Fig. 23 
and it maintains zero values for the full time as shown in Fig. 
24. They show that the tracking errors 4 5 6, ,e e e  converge to 
zero more slowly than 1 2 3, ,e e e  because the end-effector first 
approaches the reference point as soon as possible and then 
the OMP allows the manipulator to move to the desired pos-
ture without its singularity. Rotational angles of revolution 
joints are shown in Fig. 25. After 12  seconds, 1 2,θ θ  and 

3θ  go to the desired values of 1 45 ,oθ =  2 90oθ =  and 
3 45oθ = − . This means that the manipulator approaches the 

desired posture. The angular velocities of the three wheels are 
shown in Fig. 26. It shows that the angular velocity values are 

1 0,ω = 2 3 0.21 /rad sω ω= − = − for tracking the straight lines; 

1 0.154 / ,rad sω = 2 0.382 / ,rad sω = −  3 0.679 /rad sω = and 
3 2ω ω>  for left turning in tracking the arc lines. The linear 

velocity of the end-effector is about 0.01 /m s , as desired, 
from 5 seconds, as shown in Fig. 27. Figs. 28 and 29 show the 
movement of the OMMS along the desired trajectory at the 
beginning time and for the full time of 260.4 seconds. The 
above simulation results show that the proposed tracking con-
troller has a good trajectory tracking performance under dis-
turbance and friction. 

 
5.2 Experiment results 

The simulation and experimental results are shown in Figs. 
30-38. Figs. 29-32 show the simulation and experimental 
tracking errors for the full time, 260.4 seconds. It shows that 
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Fig. 22. Differential sliding surface vector S  at the beginning time. 
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Fig. 23. Posture error vector e  at the beginning time. 
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Fig. 24. Posture error vector e  for the full time. 
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Fig. 25. Rotational angles of revolution joints. 
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Fig. 26. Angular velocities of three wheels. 

 

 
 
Fig. 27. Linear velocity Ev  of the end-effector. 
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the experimental results of the tracking errors 1,e 2e  and 3e  
are bounded along the simulation results within 

0.7 ,mm± 0.8mm±  and 2.3deg,±  respectively. Figs. 33-35 
show the simulation and experimental results for the posture 
error vector for full time 260.4 seconds. It shows that the ex-
periment results of the posture errors 4 ,e  5e  and 6e  are 
bounded along the simulation results within 1.3 ,mm±  

0.6mm±  and 1.4deg,±  respectively. Figs. 36-38 also show 
the simulation and experimental results for rotational angles of 
revolution joints. The experiment results are bounded within 

2.1deg,± 1.7deg±  and 1.8deg±  along the simulation re-
sults with respects to the desired values 1 45 ,oθ =  2 90oθ =  
and 3 45oθ = − , respectively. It means that the manipulator 
keeps the desired posture without singularity during the opera-

tion’s process. The simulation and experimental results show 
the effectiveness and the applicability of the OMMS to practi-
cal fields. 

 
 
Fig. 31. Simulation and experimental results of tracking error 2e . 
 

 
 
Fig. 32. Simulation and experimental results of tracking error 3e . 
 

 
 

Fig. 33. Simulation and experimental results of posture error 4e . 
 

 
 
Fig. 34. Simulation and experimental results of posture error 5e . 

 

 
 
Fig. 28. Movement of the OMMS at the beginning time. 

 

 
 
Fig. 29. Movement of the OMMS for the full time. 

 

 
 
Fig. 30. Simulation and experimental results of tracking error 1e . 
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6. Conclusions  

This paper proposes an OMMS for trajectory tracking of the 
manipulator with trajectory with constant velocity. The 
OMMS is divided into two subsystems such as a manipulator 
and an OMP. A decentralized control strategy is applied for 
this system using sliding mode robust control technique. The 
kinematic controller (KC) combined with the integral sliding 
mode controller (ISMC) and the differential sliding mode 
controller (DSMC) are designed to control the manipulator 
and the OMP, respectively. The control laws are obtained 
based on Lyapunov stability theory and make the tracking 
error vectors go to zero asymptotically. The experimental 
results are bounded within some values along the simulation 
results. The simulation and experiment results are presented to 
illustrate the effectiveness and the applicability to the practical 
fields of the proposed controller of the OMMS. 
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Appendix  

From Fig. 2(b) using Lagrange formula, the parameters of 
Eq. (18) can be obtained as follows: 
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where 1 2 3, ,m m m  are the masses of links and 

1 2 3 oL L L L= = = , 1mτ , 2mτ , and 3mτ  are magnitudes of 
disturbance torques exerted on three-linked manipulator. 
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