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Minimize additional loss of algorithm over loss of 

the best expert 

 𝐿′ =  𝐿 𝑦 𝑡 , 𝑦𝑡 − min𝑖  𝐿 𝑥𝑡,𝑖 , 𝑦𝑡𝑇
𝑡=1

𝑇
𝑡=1  

 

 

• Solution 

• Halving Algorithm 

• Hedge Algorithm 

 

• Additional Loss  ~ 𝑂 𝑐 ln 𝑛  

     (c depends only on L for large class of functions) 
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Segment experts 

0 1 2 3 4

𝑦𝑡 

• 𝑙 trials 

• 𝑘 expert shifts 

• 𝑛 experts 

𝑡𝑜 𝑡1 𝑡2 𝑡𝑘+1 𝑡𝑘 
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Partition 
“Sequence” 𝑆 – divided into 

 (𝑘 + 1) “segments” 

 

 



Segment experts 

0 1 2 3 4

𝑦𝑡 

𝑡𝑜 𝑡1 𝑡2 𝑡𝑘+1 𝑡𝑘 
.       .       . 
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𝑙 trials 

Segment experts 

• 𝒆 = (𝑒0, 𝑒1, … , 𝑒𝑘) 

• 1 ≤ 𝑒𝑖 ≤ 𝑛 

• 𝑒𝑖 ≠ 𝑒𝑖+1  
Segment boundary 

• 𝒕 = (𝑡1, 𝑡2, … , 𝑡𝑘) 

• 1 ≤ 𝑡𝑖 ≤ 𝑙  
• 𝑡𝑖 . . 𝑡𝑖+1  - 𝑖𝑡ℎsegment 



Segment experts 
• 𝑃𝑙,𝑛,𝑘,𝑡 ,𝑒 (𝑆) – describes the partitioning 

• Algorithm’s loss 𝐿 𝑆, 𝐴 =  𝐿 𝑦𝑡, 𝑦𝑡 𝑙
𝑡=1  

• Loss of partition 𝐿 𝑃𝑙,𝑛,𝑘,𝑡 ,𝑒 (𝑆) =  𝐿 𝑡𝑖 . . 𝑡𝑖+1 , 𝑒𝑖𝑘
𝑖=0  

• Minimize 𝐿 𝑆, 𝐴 − min𝑡 ,𝑒 𝐿 𝑃𝑙,𝑛,𝑘,𝑡 ,𝑒 (𝑆)  
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Casting into single expert setting 
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• Total “partition experts” 
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Casting into single expert setting 

• Total “partition experts” 𝑙 − 1𝑘 𝑛 𝑛 − 1 𝑘 = 𝑂 𝑛𝑘+1 𝑒𝑙𝑘 𝑘
 

• Regret bound ~O(𝑐 ln 𝑛) 
 𝑅 ≤ 𝑐 𝑘 + 1 ln 𝑛 + 𝑘 ln 𝑙𝑘 + 𝑘  

• Problem? 

 Inefficient : too many partition-expert weights to update 

 Regret grows with sequence length 



Prior work 



Prior work 

• Littlestone & Warmuth (1994) 

– “The weighted majority algorithm” 

– Fixed multiplicative update of weights 

– WML : Update weight only when > threshold 

 

• Auer & Warmuth (1998) 

– Modification of Winnow 

– Learns shifting disjunctions 
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New algorithms 

• Static Expert 

 

• Weight sharing 

– Fixed Share 

– Variable Share 

– Proximity Variable Share 

 

… but before that 
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Algorithm Output 
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𝑖=1  
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Predictor Function 

• Vovk, V (1998), A game of prediction with expert advice, 

Journal of Computer and System Sciences 
 

• 𝐿0 𝑧 ≜ 𝐿 0, 𝑧 ;   𝐿1 𝑧 ≜ 𝐿(1, 𝑧) – both monotonic 

• 𝐿0−1 𝑧  & 𝐿1−1(𝑧) – inverse functions 
 Δ 𝑦 = −𝑐 ln  𝑣𝑖𝑒−𝜂𝐿(𝑦,𝑥𝑖)𝑛

𝑖=1  

 𝑝𝑟𝑒𝑑𝑣𝑜𝑣𝑘 𝒗, 𝒙 =  𝐿0−1 Δ 0 + 𝐿1−1(Δ 1 )2  

2 



Loss Functions 

    Square loss 𝐿𝑠𝑝 𝑝, 𝑞 = 𝑝 − 𝑞 2 

    Relative Entropy loss 

𝐿𝑒𝑛𝑡 𝑝, 𝑞 = 𝑝 ln 𝑝𝑞 + (1 − 𝑝) ln 1 − 𝑝1 − 𝑞 

    Hellinger loss 

𝐿ℎ𝑒𝑙 𝑝, 𝑞 = 12 1 − 𝑝 − 1 − 𝑞 2 + 𝑝 − 𝑞 2  

    Absolute loss  𝐿𝑎𝑏𝑠 𝑝, 𝑞 = 𝑝 − 𝑞  

1 

2 

3 

4 



Setting parameters 

• 𝐿 and 𝑝𝑟𝑒𝑑 are 𝑐, 𝜂  realizable if  𝐿 𝑝𝑟𝑒𝑑 𝑣 , 𝑥 , 𝑦 ≤ −𝑐 ln  𝑣𝑖𝑒−𝜂𝐿(𝑦,𝑥𝑖) 𝑛
𝑖=1  

𝒑𝒓𝒆𝒅𝒘𝒎𝒆𝒂𝒏 𝒑𝒓𝒆𝒅𝒗𝒐𝒗𝒌 𝑳𝒔𝒒 1/2 2 𝑳𝒆𝒏𝒕 1 1 𝑳𝒉𝒆𝒍 1 2 𝑳𝒂𝒃𝒔 needs tuning – 𝜂 values for loss-prediction function pairings 

𝑐 = 1𝜂 

𝑐 = 11 − 𝑒−𝜂 



New algorithms 



Basics 

 Parameters 0 < 𝜂, 𝑐 and 0 ≤ 𝛼 ≤ 1 

 Initialize weights  𝑤1,𝑖𝑠 = 1/𝑛 

 𝑣𝑡,𝑖 = 𝑤𝑡,𝑖𝑠  / Σ𝑖=1𝑛 𝑤𝑡,𝑖𝑠  

 𝑦 = 𝑝𝑟𝑒𝑑 𝑣𝑡, 𝑥𝑡  

 𝑤𝑡,𝑖𝑚 = 𝑤𝑡,𝑖𝑠 𝑒−𝜂𝐿(𝑦𝑡,𝑥𝑡,𝑖) 

 



Static expert 

 𝑤𝑡,𝑖𝑚 = 𝑤𝑡,𝑖𝑠 𝑒−𝜂𝐿(𝑦𝑡,𝑥𝑡,𝑖) 

 

 𝑤𝑡+1,𝑖𝑠 = 𝑤𝑡,𝑖𝑚 



Fixed share 



Fixed share 

 𝑤𝑡,𝑖𝑚 = 𝑤𝑡,𝑖𝑠 𝑒−𝜂𝐿(𝑦𝑡,𝑥𝑡,𝑖) 

 𝑝𝑜𝑜𝑙 =   𝛼𝑤𝑡,𝑖𝑚𝑛
𝑖=1  

 𝑤𝑡+1,𝑖𝑠 = 1 − 𝛼 𝑤𝑡,𝑖𝑚 + 1𝑛 − 1 (𝑝𝑜𝑜𝑙 − 𝛼𝑤𝑡,𝑖𝑚) 
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𝑤𝑡,𝑖𝑚 



Fixed share 
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𝑤𝑡+1,𝑖𝑆  



Fixed share 

• Loss bound 
 𝐿 𝑆, 𝐴 ≤ 𝑐 ln 𝑛 + 𝑐𝜂𝐿 𝑃𝑙,𝑛,𝑘,𝑡 ,𝑒 𝑆  

       +𝑐 𝑙 − 𝑘 − 1 ln 1 (1 − 𝛼)  

    +𝑐𝑘 ln (1 𝛼) + ln 𝑛 − 1  
 

• Grows with sequence length 

• 𝛼 = 𝑘𝑙−1  

– Determined experimentally 

– “Rate of change of expert per trial” 

– 𝑘 ≤ 𝑘, 𝑙 ≥ 𝑙 ∶ 𝛼 = 𝑘 𝑙 −1  



Fixed share 

Regret bound  ~𝑂 𝑘 + 1 ln 𝑛 + 𝑘 ln 𝑙𝑘                

 

 

 

 

 

 

n weights 

– O(n) time to update all weights in a trial 𝑝𝑜𝑜𝑙 =   𝛼𝑤𝑡,𝑖𝑚𝑛
𝑖=1  

𝑤𝑡+1,𝑖𝑠 = 1 − 𝛼 𝑤𝑡,𝑖𝑚 + 1𝑛 − 1 𝑝𝑜𝑜𝑙 − 𝛼𝑤𝑡,𝑖𝑚  
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Fixed share 

Good expert keeps sharing weight 
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𝛼 (1 − 𝛼) 

𝑤𝑡,𝑖𝑚 
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Variable share 

 𝑤𝑡,𝑖𝑚 = 𝑤𝑡,𝑖𝑠 𝑒−𝜂𝐿(𝑦𝑡,𝑥𝑡,𝑖) 

 𝑝𝑜𝑜𝑙 =   1 − 1 − 𝛼 𝐿 𝑦𝑡,𝑥𝑡,𝑖 𝑤𝑡,𝑖𝑚𝑛
𝑖=1  

 𝑤𝑡+1,𝑖𝑠 = 1 − 𝛼 𝐿 𝑦𝑡,𝑥𝑡,𝑖 𝑤𝑡,𝑖𝑚
 + 1𝑛−1 (𝑝𝑜𝑜𝑙 − 1 − 1 − 𝛼 𝐿 𝑦𝑡,𝑥𝑡,𝑖 𝑤𝑡,𝑖𝑚)  



Variable share 

• Fraction of weight shared depends on loss 

  𝑓 =  1 − 1 − 𝛼 𝐿 𝑦𝑡,𝑥𝑡,𝑖  

 Recall : 0 ≤ 𝛼 ≤ 1 

 High loss → Bad expert → large 𝑓 

 Low loss → Good expert → small 𝑓 
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𝑤𝑡,𝑖𝑚 𝐿 𝑦𝑡 , 𝑥𝑡,𝑖  

𝑆𝑎𝑟𝑒𝑑 



Variable share 
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Column3

Column2

Column1

𝑤𝑡,𝑖𝑚 𝐿 𝑦𝑡 , 𝑥𝑡,𝑖  

𝐹𝑟𝑜𝑚 𝑠𝑎𝑟𝑖𝑛𝑔 



Variable share 

• Loss bound (𝐿 ∈ [0,1]) 
 𝐿 𝑆, 𝐴 ≤ 𝑐 ln 𝑛  

                 +𝑐 𝜂 + ln 11−𝛼 𝐿 𝑃𝑙,𝑛,𝑘,𝑡 ,𝑒 𝑆                     

            +𝑐𝑘 𝜂 + ln 1𝛼 + ln 11−𝛼 + ln 𝑛 − 1  
 

 

• 𝛼 = 𝑘 2𝑘 +𝐿 ∶   𝐿 𝑃𝑙,𝑛,𝑘,𝑡 ,𝑒 𝑆 ≤ 𝐿 ;   𝑘 ∈ ℝ+ 



Variable share 

 

 𝐿 𝑆, 𝐴 ~ 𝑂 𝑘 + 1 ln 𝑛 + 𝑘 ln 𝐿𝑘   

• L – loss of best k-partition 

 

 𝑛 weights - 𝑂(𝑛) time to update all per trial 
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Proximity variable share 
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Proximity variable share 

• Parameters 

 𝜆𝑖0 > 0 : Initial weights 

 𝜆𝑗,𝑘 > 0;  Σ𝑘≠𝑗𝑛 𝜆𝑗,𝑘 = 1 : Shared from expert j to k 

 

• 𝑤1,1𝑆 = 𝜆10, … , 𝑤1,𝑛𝑠 = 𝜆𝑛0  
 

• Same as before 

 𝑝𝑟𝑒𝑑(𝑣𝑡 , 𝑥𝑡) 

 𝑤𝑡,𝑖𝑚 = 𝑤𝑡,𝑖𝑆 𝑒−𝜂𝐿(𝑦𝑡,𝑥𝑡,𝑖) 



Proximity variable share 

 

• Variable share 

 𝑤𝑡+1,𝑖𝑠 = 1 − 𝛼 𝐿 𝑦𝑡,𝑥𝑡,𝑖 𝑤𝑡,𝑖𝑚
 

 + 1𝑛−1 (𝑝𝑜𝑜𝑙 − 1 − 1 − 𝛼 𝐿 𝑦𝑡,𝑥𝑡,𝑖 𝑤𝑡,𝑖𝑚)  

 

 



Proximity variable share 

 

• Variable share 

 𝑤𝑡+1,𝑖𝑠 = 1 − 𝛼 𝐿 𝑦𝑡,𝑥𝑡,𝑖 𝑤𝑡,𝑖𝑚
 

   +Σ𝑗≠𝑖𝑛 1𝑛−1 1 − 1 − 𝛼 𝐿 𝑦𝑡,𝑥𝑡,𝑗 𝑤𝑡,𝑗𝑚   

 



Proximity variable share 

 

•  Proximity variable share 

 𝑤𝑡+1,𝑖𝑠 = 1 − 𝛼 𝐿 𝑦𝑡,𝑥𝑡,𝑖 𝑤𝑡,𝑖𝑚
 

   +Σ𝑗≠𝑖𝑛 𝜆𝑗,𝑖 1 − 1 − 𝛼 𝐿 𝑦𝑡,𝑥𝑡,𝑗 𝑤𝑡,𝑗𝑚   

 

 𝑂 𝑛2  to update all weights in a trial 



Proximity variable share 

• Loss bound (𝐿 ∈ [0,1]) 𝐿 𝑆, 𝐴 ≤ ln 𝜆𝑒00 +  ln 𝜆𝑒𝑖−1,𝑒𝑖
𝑘

𝑖=1  

                 +𝑐 𝜂 + ln 11−𝛼 𝐿 𝑃𝑙,𝑛,𝑘,𝑡 ,𝑒 𝑆                    

            +𝑐𝑘 𝜂 + ln 1𝛼 + ln 11−𝛼 + ln 𝑛 − 1  

 

• 𝛼 = 𝑘 2𝑘 +𝐿 ∶   𝐿 𝑃𝑙,𝑛,𝑘,𝑡 ,𝑒 𝑆 ≤ 𝐿 ;   𝑘 ∈ ℝ+ 

(Same as Variable share) 



Proximity variable share 

• 𝜆𝑒0 = 1𝑛   ; 𝜆𝑒𝑖−1,𝑒𝑖 = 1𝑛−1  

 𝐿 𝑆, 𝐴 ~ 𝑂 𝑘 + 1 ln 𝑛 + 𝑘 ln 𝐿𝑘  

 

• Can be 𝑂(𝑘) 

 



Comparison 



Comparison 

• Static expert 

• Exponentially many weights 

• Loss bound depends on sequence length 

 

• Fixed share 

• Number of weights = Number of experts 

• Loss bound depends on sequence length 

• Good expert keeps sharing weight 



Comparison 

• Variable share 

• Loss bound independent of sequence length 

• Expert distributes its weight equally to others 

 

• Proximity variable share 

• Selective weight sharing 

• Knowledge of expert transitions 

 

 



Experiments 



Experiments 

• 64 experts 

• 800 trials – 4 segments (200 trials each) 

• For all trials, 𝑦𝑡 = 0 
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0 200 400 800 600 

EXPERT 1 EXPERT 2 EXPERT 4 EXPERT 3 

800 trials 



Experiments 
• Prediction 𝑥𝑡,𝑖 sampled (uniform distribution) 

– Best expert 0, 1 2 10  

– All others 0, 1/2  

 

 

 
 

• Expected loss per trial (𝐿𝑠𝑞 𝑦𝑡, 𝑥𝑡,𝑖 ) 

– Best expert : 1/120 

– All others : 1/12 
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Experiments 

• 𝜂 = 2 ;  𝑐 = 1/2 

 

• Fixed share 

 𝛼 = 3/799 (“Rate of change of expert per trial”) 
 

• Variable share 

 𝐿 = 800 120 = 6.73  (Loss of best partition) 

 𝛼 = 𝑘 2𝑘 + 𝐿  = 3/(6 + 6.73) 



Results 



Results – Static expert 
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Results – Fixed share 
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Results – Variable share 
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Results – Variable share 
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Conclusion 

• Experts change during trials  

• Static expert – weight loss only 

• Key idea – weight sharing 

• Fixed share 

– Share fixed fraction of weight 

• Variable share 

– Give up more weight if more loss 

• Proximity variable share 

– Donate weight to specific experts 

• Will make mistakes at transition point 



Questions? 

Thank you! 


