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❆❜str❛❝t

❚❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ r❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② ❛♥❞ ❛♥t❡♥♥❛ ❜❛♥❞✇✐❞t❤✱ ❡①♣r❡s✲

s❡❞ ✐♥ t❡r♠s ♦❢ ◗✲❢❛❝t♦r✱ ❢♦r s♠❛❧❧ ❛♥t❡♥♥❛s ✐s ❢♦r♠✉❧❛t❡❞ ❛s ❛ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡

♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥s ♦❢ ♣r❡❞❡✜♥❡❞ s✉♣♣♦rt✳ ❱❛r✐❛♥ts

♦♥ t❤❡ ♣r♦❜❧❡♠ ❛r❡ ❝♦♥str✉❝t❡❞ t♦ ❞❡♠♦♥str❛t❡ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ r❡q✉✐r✐♥❣

❛ s❡❧❢✲r❡s♦♥❛♥t ❝✉rr❡♥t ❛s ♦♣♣♦s❡❞ t♦ ♦♥❡ t✉♥❡❞ ❜② ❛♥ ❡①t❡r♥❛❧ r❡❛❝t❛♥❝❡✳ ❚❤❡

r❡s✉❧t✐♥❣ P❛r❡t♦✲♦♣t✐♠❛❧ s❡ts r❡✈❡❛❧ t❤❡ r❡❧❛t✐✈❡ ❝♦st ♦❢ ✈❛❧✉✐♥❣ ❧♦✇ r❛❞✐❛t✐♦♥

◗✲❢❛❝t♦r ♦✈❡r ❤✐❣❤ ❡✣❝✐❡♥❝②✱ t❤❡ ❝♦st ✐♥ ❡✣❝✐❡♥❝② t♦ r❡q✉✐r❡ ❛ s❡❧❢✲r❡s♦♥❛♥t

❝✉rr❡♥t✱ t❤❡ ❡✛❡❝ts ♦❢ ❧♦ss② ♣❛r❛s✐t✐❝ ❧♦❛❞✐♥❣✱ ❛♥❞ ♦t❤❡r ✐♥s✐❣❤ts✳

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ r❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② ❛♥❞ ❜❛♥❞✇✐❞t❤✱ t❤❡ t✇♦ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❛♥t❡♥♥❛
♣❡r❢♦r♠❛♥❝❡ ♣❛r❛♠❡t❡rs ❬✺✺❪✱ ❛r❡ ❦♥♦✇♥ t♦ ❜❡ str♦♥❣❧② ❛✛❡❝t❡❞ ❜② t❤❡ s✐③❡ ♦❢ t❤❡
r❛❞✐❛t♦r✳ ❇❡❝❛✉s❡ ❜❛♥❞✇✐❞t❤ ❝❛♥ ❜❡ ✐♥❝r❡❛s❡❞ ❛r❜✐tr❛r✐❧② t❤r♦✉❣❤ r❡s✐st✐✈❡ ❧♦❛❞✐♥❣✱
❛♥ ❛♥t❡♥♥❛✬s ❜❛♥❞✇✐❞t❤✲❡✣❝✐❡♥❝② ♣r♦❞✉❝t✱ Bη✱ ✐s ❛ ✉s❡❢✉❧ ♠❡tr✐❝ ❢♦r ❛ss❡ss✐♥❣ ❛♥
❛♥t❡♥♥❛✬s ❜❛♥❞✇✐❞t❤ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❧♦❛❞✐♥❣ s✐♥❝❡ ✐t ✐s ❛♣♣r♦①✐♠❛t❡❧② ✐♥✈❡rs❡❧② ♣r♦✲
♣♦rt✐♦♥❛❧ t♦ t❤❡ ❛♥t❡♥♥❛✬s r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r✱ ❡①♣r❡ss❡❞ ❤❡r❡ ❛s t❤❡ r❛t✐♦ ♦❢ t♦t❛❧
◗✲❢❛❝t♦r ❛♥❞ ❡✣❝✐❡♥❝②✱ Q/η✳ ❍❡r❡ ✇❡ ♣♦s❡ ❛ q✉❡st✐♦♥ ❛❜♦✉t t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥
t❤❡s❡ q✉❛♥t✐t✐❡s✿ ❇② ❧♦♦❦✐♥❣ ❢♦r t❤❡ ♠♦st ❡✣❝✐❡♥t ❛♥t❡♥♥❛ ♣♦ss✐❜❧❡✱ ❞♦ ✇❡ s❛❝r✐✜❝❡
r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r❄

❆ ♣❧❡t❤♦r❛ ♦❢ ♣r❡✈✐♦✉s ❛♣♣r♦❛❝❤❡s ❡①✐st ❢♦r st✉❞②✐♥❣ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❜♦✉♥❞s
♦♥ ❛♥t❡♥♥❛ ❡✣❝✐❡♥❝② ❛♥❞ ❜❛♥❞✇✐❞t❤ ❬✷✵❪✱ r❛r❡✱ ❤♦✇❡✈❡r✱ ❛r❡ ❛tt❡♠♣ts t♦ ✐♥✈❡st✐✲
❣❛t❡ t❤❡✐r ♠✉t✉❛❧ r❡❧❛t✐♦♥s❤✐♣ ❬✶✽❪✳ ●✐✈❡♥ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ◗✲❢❛❝t♦r ❛♥❞ ❜❛♥❞✲
✇✐❞t❤ ❬✺✱ ✶✹✱ ✺✽❪✱ ❛ ♠❛❥♦r✐t② ♦❢ t❤❡ ✇♦r❦s tr❡❛t✐♥❣ t❤❡ ♣r✐♥❝✐♣❛❧ ❧✐♠✐ts ♦❢ ❛♥t❡♥♥❛
❜❛♥❞✇✐❞t❤ ❞❡❛❧ ✇✐t❤ ◗✲❢❛❝t♦r ❬✷✼❪✱ ❛s ✐ts ✉s❡❢✉❧ s✐♥❣❧❡✲❢r❡q✉❡♥❝② s✉❜st✐t✉t❡✳ ❆ ❦❡②
st❡♣ ✐♥ ❞❡t❡r♠✐♥✐♥❣ ❛♥t❡♥♥❛ ◗✲❢❛❝t♦r ❢r♦♠ s✐♥❣❧❡✲❢r❡q✉❡♥❝② ❞❛t❛ ✐s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢
t❤❡ s②st❡♠✬s st♦r❡❞ ❡♥❡r❣② ❬✹✹❪✳ P✐♦♥❡❡r✐♥❣ ✇♦r❦ ♦♥ t❤✐s ♣r♦❜❧❡♠ ✐♥✈♦❧✈❡❞ t❡❝❤♥✐q✉❡s
❜❛s❡❞ ♦♥ ❡q✉✐✈❛❧❡♥t ❝✐r❝✉✐ts ❬✽✱ ✹✽❪✱ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s ❣❡♥❡r❛t❡❞
❜② t❤❡ r❛❞✐❛t♦r ❛♥❞ ✐ts ❛♥❛❧②t✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ❬✶✵✱ ✷✷❪✳ Pr❛❝t✐❝❛❧ ❛♥❞ ❞✐r❡❝t ❡st✐♠❛✲
t✐♦♥ ♦❢ ◗✲❢❛❝t♦r ❢r♦♠ ♣♦rt q✉❛♥t✐t✐❡s ❧✐❦❡ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡ ❬✶✸✱ ✸✷✱ ✺✽❪ ❛❧s♦ ❛♣♣❡❛r❡❞✱
t❤♦✉❣❤ t❤❡s❡ ♠❡t❤♦❞s ❝❛♥♥♦t ❜❡ ✉s❡❞ t♦ st✉❞② ❜♦✉♥❞s✳ ❘❡❝❡♥t❧②✱ t❤❡ st♦r❡❞ ❡♥❡r❣②
♦❢ ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ r❛❞✐❛t♦rs ✇❛s ❢♦r♠✉❧❛t❡❞ ❛s ❛ ❢✉♥❝t✐♦♥❛❧ ♦❢ s✉r❢❛❝❡ ❝✉rr❡♥t ❞❡♥✲
s✐t② ❬✸✶✱ ✺✸❪✱ ❜② ✇❤✐❝❤ ♠❡❛♥s ❛ ♠✐ss✐♥❣ ❧✐♥❦ t♦ ✐ts ♠❛tr✐①✲❢♦r♠ ❞❡✜♥✐t✐♦♥ ❤❛s ❜❡❡♥
tr❛❝❡❞ ❜❛❝❦ t♦ ❍❛rr✐♥❣t♦♥✱ ❬✶✺✱ ✷✻❪✳ ❈❛st✐♥❣ t❤❡s❡ ❡♥❡r❣② ❛♥❞ ♣♦✇❡r ❢✉♥❝t✐♦♥❛❧s
❛s q✉❛❞r❛t✐❝ ❢♦r♠s ✉♥❞❡r ❛ ♠❡t❤♦❞ ♦❢ ♠♦♠❡♥ts ❛♣♣r♦①✐♠❛t✐♦♥ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦
r❡❢♦r♠✉❧❛t❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ ◗✲❢❛❝t♦r ✐♥t♦ ✐ts
❞✉❛❧ ❢♦r♠ ❬✶✼❪✱ ✇❤✐❝❤ ✐s s♦❧✈❛❜❧❡ ❜② ❛ ♣❛r❛♠❡tr✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❬✻❪✳ ❖t❤❡r
♠❡t❤♦❞s t♦ ♦❜t❛✐♥ ◗✲❢❛❝t♦r ❜♦✉♥❞s ✐♥❝❧✉❞❡ ❛♣♣r♦❛❝❤❡s ❜❛s❡❞ ♦♥ ❢♦r✇❛r❞ s❝❛tt❡✲
r✐♥❣ ❬✶✻❪✱ ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ ❧✐♠✐ts ❬✺✹✱ ✺✻✱ ✺✼❪✱ ❛♥❞ ❝✐r❝✉✐t ♠♦❞❡❧s ❬✺✵❪✱ s❡❡ ❬✷✵❪ ❢♦r
❛♥ ♦✈❡r✈✐❡✇✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡s❡ ♠❡t❤♦❞s ❛❣r❡❡ ❢♦r ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ str✉❝t✉r❡s ✇❤❡r❡
t❤❡ s✐❣♥✐✜❝❛♥❝❡ ❛♥❞ ✐♠♣♦rt❛♥❝❡ ♦❢ ◗✲❢❛❝t♦r ❜♦✉♥❞s ❛r❡ ❤✐❣❤❡st✳

❘❡s❡❛r❝❤ ✐♥t♦ t❤❡ ❜♦✉♥❞s ♦♥ r❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② ✐s ♥♦t❛❜❧② ❧❡ss ♣r♦❧✐✜❝✳ ❆❧❜❡✐t
t❤❡ ❣❡♥❡r❛❧ ✉♥❞❡rst❛♥❞✐♥❣ ❝❛♠❡ ❛❧r❡❛❞② ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ✇♦r❦s ❬✷✶✱ ✺✺❪✱ r✐❣♦r♦✉s
q✉❛♥t✐t❛t✐✈❡ st✉❞✐❡s ❢♦❝✉s ♦♥❧② ♦♥ s♣❤❡r✐❝❛❧ ❣❡♦♠❡tr✐❡s ❬✶✱ ✶✶✱ ✶✷✱ ✸✸❪✳ ❚♦❣❡t❤❡r
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✇✐t❤ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞s✱ t❤❡r❡ ❛r❡ ♣r❛❝t✐❝❛❧❧②✲♦r✐❡♥t❡❞ ❝♦♥tr✐❜✉t✐♦♥s ❬✸✹✱ ✹✷❪✱
❛tt❡♠♣t✐♥❣ t♦ ♣r♦❞✉❝❡ r❡❛❧✐st✐❝ ❛♥t❡♥♥❛s ✇✐t❤ ♠❛①✐♠❛❧ ❡✣❝✐❡♥❝②✳ ❆ ♠♦❞❛❧ ❞❡❝♦♠✲
♣♦s✐t✐♦♥ ✇❛s ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ✉♣♣❡r ❧✐♠✐t ♦♥ ❡✣❝✐❡♥❝② ❬✹❪✳ ■t ✇❛s ❢♦❧❧♦✇❡❞ ❜②
♣r❛❝t✐❝❛❧❧②✲♦r✐❡♥t❡❞ ❤❡✉r✐st✐❝ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ❞✐s❝✉ss✐♦♥ ❬✸✻✱ ✸✼❪✳ ❖t❤❡r ❡st✐♠❛t✐✲
♦♥s ❛r❡ ❜❛s❡❞ ♦♥ ❛ss✉♠♣t✐♦♥ ♦❢ ❝♦♥st❛♥t ❝✉rr❡♥t ❬✹✻❪✱ ✇❤✐❝❤ ✐s ❜❡❧✐❡✈❡❞ t♦ ♠❛①✐♠✐③❡
t❤❡ ❡✣❝✐❡♥❝②✱ ♦r ✉t✐❧✐③❛t✐♦♥ ♦❢ ❝✐r❝✉✐t t❤❡♦r② ❬✹✵✱ ✺✶❪✳ ❘❡❝❡♥t❧②✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞s
♦❢ ❡✣❝✐❡♥❝② ♦❢ s❡❧❢✲r❡s♦♥❛♥t ❝✉rr❡♥t ✇❡r❡ ❢♦✉♥❞ ✉s✐♥❣ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ❬✷✾❪ ✐♥ ❛
s✐♠✐❧❛r ♠❛♥♥❡r ❛s ✐♥ ❬✷✸✱ ✺✷❪ ❢♦r ❡①t❡r♥❛❧❧② t✉♥❡❞ ❝✉rr❡♥ts✳ ■♥ ❝♦♥tr❛st t♦ ◗✲❢❛❝t♦r✱
r❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② ✐s ♥❡❣❛t✐✈❡❧② ✐♥✢✉❡♥❝❡❞ ❜② ✉t✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛t❝❤✐♥❣ ❝✐r❝✉✐t ❬✸✵✱
✹✼❪✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ t❤❡r❡❢♦r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳

❍❡r❡✱ ✇❡ r❡❝❛st t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ ❢✉♥❞❛♠❡♥t❛❧ ❜♦✉♥❞s
♦♥ ❛♥t❡♥♥❛ ◗✲❢❛❝t♦r ❬✻❪ ❛♥❞ ❡✣❝✐❡♥❝② ❬✷✸❪ ✐♥t♦ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ❢♦r♠✳ ❇② ❞♦✐♥❣ s♦✱
✇❡ ♦❜s❡r✈❡ t❤❡ ❝♦st ✐♥❝✉rr❡❞ ✐♥ ❡❛❝❤ ♣❛r❛♠❡t❡r ✉♥❞❡r ❞✐✛❡r❡♥t ♦❜❥❡❝t✐✈❡ ✇❡✐❣❤ts✱
✐✳❡✳✱ P❛r❡t♦ ♦♣t✐♠❛❧✐t② ❬✸❪✳ ❲❡ ❛❧s♦ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤✐s ❝♦st ✉♥❞❡r ♣r❛❝t✐❝❛❧
❝♦♥str❛✐♥ts ♣r❡✈✐♦✉s❧② s❤♦✇♥ t♦ ✐♠♣❛❝t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❜♦✉♥❞s ♦♥ ❡✣❝✐❡♥❝② ♦r ◗✲
❢❛❝t♦r ✐♥❞✐✈✐❞✉❛❧❧②✳ ❚❤❡s❡ ❝♦♥str❛✐♥ts ✐♥❝❧✉❞❡ ❛ r❡q✉✐r❡♠❡♥t ♦❢ s❡❧❢✲r❡s♦♥❛♥❝❡ ❬✸✵✱
✹✼❪ ❛♥❞ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ♥♦♥✲❝♦♥tr♦❧❧❛❜❧❡ ♣❛r❛s✐t✐❝ ❜♦❞✐❡s ❬✾❪✳ ❋✉rt❤❡r✱ ✇❡ ❛♥❛❧②③❡
t❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ❡✣❝✐❡♥❝② ❛♥❞ ◗✲❢❛❝t♦r✱ ❜♦t❤ ✐♥
t❡r♠s ♦❢ ❧✐♠✐t✐♥❣ ❝❛s❡s ❛♥❞ t❤❡ ❝♦♠♣❧❡t❡ P❛r❡t♦ ❢r♦♥t✳

❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ t❛s❦ ✐ts❡❧❢ r❡❧✐❡s ♦♥ s❡✈❡r❛❧ ❝r✉❝✐❛❧ st❡♣s✱ ❡✳❣✳✱ ❡①♣r❡ss✐♥❣ ❛❧❧
♣❛r❛♠❡t❡rs ❛s q✉❛❞r❛t✐❝ ❢♦r♠s ♦❢ ✉♥❞❡r❧②✐♥❣ ♠❛tr✐① ♦♣❡r❛t♦rs ❛♥❞ ❞❡t❡r♠✐♥✐♥❣ ❛
r❡❣✐♦♥ ✐♥ ✇❤✐❝❤ ❛❧❧ t❤❡ ♦♣❡r❛t♦rs ❛r❡ ♣♦s✐t✐✈❡ s❡♠✐❞❡✜♥✐t❡ ❬✶✼❪✳ ❍♦✇❡✈❡r ❛❧❧ t❤❡s❡
t❛s❦s ❝❛♥ ❜❡ ❡①❡❝✉t❡❞ q✉✐❝❦❧② ❛♥❞✱ ✐♠♣♦rt❛♥t❧②✱ t❤❡ ❡♥t✐r❡ ♣r♦❝❡ss ✐s str✐❝t❧② ❞❡t❡r✲
♠✐♥✐st✐❝ ✭♥♦ ❤❡✉r✐st✐❝ ❛❧❣♦r✐t❤♠s ❛r❡ ♥❡❡❞❡❞✮✳ ■♥ ❛❧❧ ❝❛s❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♣❛♣❡r✱
t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❛r❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❝♦♥✈❡① ❢♦r♠✱ ✐♠♣❧②✐♥❣ t❤❡✐r s♦❧✉✲
t✐♦♥ ✐s ❣❧♦❜❛❧ ❛♥❞ ❡✣❝✐❡♥t❧② ❢♦✉♥❞ ✉s✐♥❣ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❬✸❪✳ ■♥ ❢❛❝t✱
♠❛♥② ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❞✐s❝✉ss❡❞ ✐♥ t❤✐s ♣❛♣❡r ❛r❡ s♦❧✈❛❜❧❡ ✐♥ ❝❧♦s❡❞
❢♦r♠ ✈✐❛ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s✳ ❚❤❡ ♠❛✐♥ ♦✉t♣✉ts ♦❢ t❤❡s❡ r♦✉t✐♥❡s ❛r❡ ♥♦t ♦♥❧②
t❤❡ ❜♦✉♥❞s t❤❡♠s❡❧✈❡s✱ ❜✉t ❛❧s♦ t❤❡ ♦♣t✐♠❛❧ ❝✉rr❡♥t ❞❡♥s✐t✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
❜♦✉♥❞s✳ ❚❤✉s t❤❡ r❡s✉❧ts ❢r♦♠ t❤✐s ♣❛♣❡r ♣r♦✈✐❞❡ q✉❛♥t✐t❛t✐✈❡ ❛♥❞ ♣❤②s✐❝❛❧ ✐♥s✐❣❤t
✐♥t♦ t❤❡ q✉❡st✐♦♥ ♣♦s❡❞ ❛❜♦✈❡✱ ❛s ✇❡❧❧ ❛s ✐ts ❝♦♠♣❧❡♠❡♥t✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ t❤❡ ♠❡t❤♦❞✲♦❢✲♠♦♠❡♥ts ❢♦r♠s
r❡q✉✐r❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❡✣❝✐❡♥❝② ❛♥❞ ◗✲❢❛❝t♦rs ♦❢ ❛r❜✐tr❛r② ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥s
❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳ ❚❤❡ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❛r❡ ❡①♣r❡s✲
s❡❞ ❛♥❞ s♦❧✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ P❛r❡t♦ ❢r♦♥ts ❛r❡ ❞✐s❝✉ss✐♦♥ ✐♥
❙❡❝t✐♦♥ ✹✱ ❛♥❞ ❝♦♠♣❛r❡❞ ✇✐t❤ ❛❧r❡❛❞② ❦♥♦✇♥ ❧✐♠✐t✐♥❣ ❝❛s❡s ✐♥ ❙❡❝t✐♦♥ ✺✳ ▲✐♠✐t✐♥❣
❝❛s❡s ✐♥ t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ❧✐♠✐t ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝✳ ✻✳ ❆ ♣r❛❝t✐❝❛❧ ❡①❛♠♣❧❡ ✐♥ ✇❤✐❝❤
♦♥❧② ♣❛rt ♦❢ t❤❡ str✉❝t✉r❡ ✐s ❝♦♥tr♦❧❧❛❜❧❡ ❜② t❤❡ ❞❡s✐❣♥❡r ✐s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✼✳ ❚❤❡
♣❛♣❡r ✐s ❝♦♥❝❧✉❞❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳
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✷ ◗✉❛❞r❛t✐❝ ❋♦r♠s ❋♦r ❖♣t✐♠✐③❡❞ ◗✉❛♥t✐t✐❡s

❆ st❛♥❞❛r❞ ♠❡t❤♦❞✲♦❢✲♠♦♠❡♥ts ✭▼♦▼✮ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥t❡❣r❛❧
❡q✉❛t✐♦♥ ✭❊❋■❊✮ ✐s ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ✐♠♣❡❞❛♥❝❡ ♠❛tr✐① ♦❢ ❛♥ ♦❜❥❡❝t ❬✷✺❪

Z = R+ jX = Rr +RΩ + j(Xm −Xe). ✭✷✳✶✮

❍❡r❡✱ ✈❡❝t♦r ❢✉♥❝t✐♦♥s ♦♥ t❤❡ ♦❜❥❡❝t ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ❛r❡ ❛♣♣r♦①✐♠❛t❡❞ ❛♥❞ ❡①✲
♣❛♥❞❡❞ ✉s✐♥❣ ❛ s✉✐t❛❜❧❡ s❡t ♦❢ ❜❛s✐s ❢✉♥❝t✐♦♥s {ψm(r)}✳ ❚❤❡ t✐♠❡✲❤❛r♠♦♥✐❝ ❞♦♠❛✐♥
✇✐t❤ ω ❛s t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ✐s ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✳ ❚❤❡ ▼♦▼ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ♦❢ t❤❡ st♦r❡❞ ♠❛❣♥❡t✐❝ ❛♥❞ ❡❧❡❝tr✐❝ ❡♥❡r❣✐❡s ❛r❡ ❬✶✼✱ ✷✻✱ ✺✸❪

Wm ≈
1

8
I
H

(

∂X

∂ω
+

X

ω

)

I =
1

4ω
I
H
XmI ✭✷✳✷✮

❛♥❞

We ≈
1

8
I
H

(

∂X

∂ω
−

X

ω

)

I =
1

4ω
I
H
XeI, ✭✷✳✸✮

r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ I ❞❡♥♦t❡s t❤❡ ❝♦❧✉♠♥ ♠❛tr✐① ♦❢ ▼♦▼ ❡①♣❛♥s✐♦♥ ❝♦❡✣❝✐❡♥ts ❬✷✺❪
❛♥❞ H ❞❡♥♦t❡s ❍❡r♠✐t✐❛♥ ❝♦♥❥✉❣❛t❡✳ ❚❤❡ ◗✲❢❛❝t♦r ♦❢ t❤❡ ❝✉rr❡♥t r❡♣r❡s❡♥t❡❞ ❜② I

r❡❛❞s ❬✷✽❪

Q =
2ωmax {Wm,We}

Pr + PΩ

≈ η
max

{

I
H
XmI, I

H
XeI

}

IHRrI
, ✭✷✳✹✮

✇❤❡r❡ η ❞❡♥♦t❡s t❤❡ r❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝②

η =
Pr

Pr + PΩ

=
1

1 + δ
≈

I
H
RrI

IH(Rr +RΩ)I
, ✭✷✳✺✮

Pr t❤❡ r❛❞✐❛t❡❞ ♣♦✇❡r✱ PΩ t❤❡ ♣♦✇❡r ❞✐ss✐♣❛t❡❞ ❢r♦♠ ♦❤♠✐❝ ❧♦ss❡s✱ ❛♥❞ δ = PΩ/Pr t❤❡
❞✐ss✐♣❛t✐♦♥ ❢❛❝t♦r ❬✷✹❪✳ ❚❤❡ r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r Qrad = Q/η r❡♣r❡s❡♥ts t❤❡ ◗✲❢❛❝t♦r
♦❢ t❤❡ ❝✉rr❡♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❧♦ss❡s✳

❚❤❡ ❞✐ss✐♣❛t❡❞ ♣♦✇❡r ❞✉❡ t♦ t❤❡s❡ ♦❤♠✐❝ ❧♦ss❡s ♦♥ ❛♥ ♦❜❥❡❝t ✇✐t❤ s✉r❢❛❝❡ r❡s✐s✲
t❛♥❝❡ Rs(r) ✐s

PΩ ≈
1

2
I
H
RΩI ✭✷✳✻✮

✇❤❡r❡

RΩ,mn =

∫

Ω

ψm(r) ·ψn(r)Rs(r) dS. ✭✷✳✼✮

■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡♥ t❤❡ s✉r❢❛❝❡ r❡s✐st❛♥❝❡ ✐s ✉♥✐❢♦r♠ ♦✈❡r t❤❡ ❡♥t✐r❡ ♦❜❥❡❝t✱ ✐✳❡✳✱
Rs(r) = Rs✱ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❞✐ss✐♣❛t❡❞ ♣♦✇❡r r❡❞✉❝❡s t♦

PΩ ≈
Rs

2
I
H
ΨI, ✭✷✳✽✮

✇❤❡r❡ Ψ ✐s t❤❡ ●r❛♠ ♠❛tr✐① ♦❢ t❤❡ ❜❛s✐s✲❢✉♥❝t✐♦♥s

Ψmn =

∫

Ω

ψm(r) ·ψn(r) dS. ✭✷✳✾✮
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❚❤❡ r❡s✐st❛♥❝❡ Rs ✐s ❝♦♠♠♦♥❧② ♠♦❞❡❧❡❞ ✇✐t❤ r❡s✐st✐✈❡ s❤❡❡ts ❛♥❞ s✉r❢❛❝❡ r❡s✐st❛♥❝❡
❛s ❬✹✺❪

Rs =
1

σd
and Rs =

√

ωµ0

2σ
, ✭✷✳✶✵✮

r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ σ ✐s t❤❡ ❝♦♥❞✉❝t✐✈✐t②✱ d s❤❡❡t t❤✐❝❦♥❡ss✱ ❛♥❞ µ0 ❢r❡❡ s♣❛❝❡ ♣❡r♠❡✲
❛❜✐❧✐t②✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❛❝t❛♥❝❡ ✐♥ t❤❡ s❦✐♥ ❞❡♣t❤ ♠♦❞❡❧ ❝❛♥ ❜❡ ✐♥❝♦r♣♦r❛t❡❞
✐♥ t❤❡ r❡❛❝t❛♥❝❡ ♠❛tr✐① X ❜✉t ✐s ♥♦t ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♣❛♣❡r✳

✸ P❛r❡t♦✲❖♣t✐♠❛❧ ❙❡t ❢♦r ◗✲❋❛❝t♦r ❛♥❞ ❘❛❞✐❛t✐♦♥

❊✣❝✐❡♥❝②

■t ✐s ❣❡♥❡r❛❧❧② ❞❡s✐r❡❞ t♦ ❝♦♥str✉❝t ❛♥ ❛♥t❡♥♥❛ ✇✐t❤ ❤✐❣❤ ❡✣❝✐❡♥❝② ✭♠❛①✐♠✐③✐♥❣ ✭✷✳✺✮✮
❛♥❞ ❧♦✇ ◗✲❢❛❝t♦r ✭♠✐♥✐♠✐③✐♥❣ ✭✷✳✹✮✮✳ ❇② ❝♦♥s✐❞❡r✐♥❣ t❤❡ r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r Qrad✱
✇❡ r❡♠♦✈❡ t❤❡ ❛❜✐❧✐t② t♦ ❧♦✇❡r ◗✲❢❛❝t♦r ✈✐❛ ❛ ❞r♦♣ ✐♥ ❡✣❝✐❡♥❝②✳ ❇♦✉♥❞s ♦♥ t❤❡s❡
q✉❛♥t✐t✐❡s ❢♦r ❛♥t❡♥♥❛s ♦❢ ❛ ❝❡rt❛✐♥ ❢♦r♠✲❢❛❝t♦r ❝❛♥ ❜❡ ❝❛st ❛s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s
✐♥ t❡r♠s ♦❢ ❝✉rr❡♥ts r❡♣r❡s❡♥t❛❜❧❡ ✐♥ t❤❡ ✈❡❝t♦r I✱ ✇❤❡r❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s ❝❛rr✐❡❞ ♦✉t
♦✈❡r t❤❡ ❡♥t✐r❡ ❞❡s✐❣♥ r❡❣✐♦♥ ❬✶✼❪✳

✸✳✶ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❖♣t✐♠✐③❛t✐♦♥ Pr♦❜❧❡♠s

❚❛❦✐♥❣ t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ ✭✷✳✹✮✱ t❤❡ t❛s❦ ♦❢ ♠✐♥✐♠✐③✐♥❣ r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r Qrad ❝❛♥ ❜❡
r❡✇r✐tt❡♥ ❛s ♦♥❡ ♦❢ ♠❛①✐♠✐③✐♥❣ r❛❞✐❛t❡❞ ♣♦✇❡r ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ r❡❛❝t✐✈❡ ❡❧❡❝tr✐❝
❛♥❞ ♠❛❣♥❡t✐❝ ♣♦✇❡r ❜❡❧♦✇ ❛ ❝❡rt❛✐♥ t❤r❡s❤♦❧❞ P̄w✳ ❆❞❞✐♥❣ t❤❡ ❝♦♥str❛✐♥t t❤❛t ❧♦ss❡s
♠✉st ❛❧s♦ ❜❡ ❜❡❧♦✇ ❛ t❤r❡s❤♦❧❞ P̄Ω ②✐❡❧❞s t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

maximize I
H
RrI

subject to I
H
XmI ≤ 2P̄w

I
H
XeI ≤ 2P̄w

I
H
RΩI ≤ 2P̄Ω.

✭✸✳✶✮

❙❡❧❢✲r❡s♦♥❛♥❝❡ ❝❛♥ ❜❡ ❡♥❢♦r❝❡❞ ❜② ♦♥❧② ❛❧❧♦✇✐♥❣ s♦❧✉t✐♦♥s ✇✐t❤ ❡q✉❛❧ ❡❧❡❝tr✐❝ ❛♥❞
♠❛❣♥❡t✐❝ st♦r❡❞ ❡♥❡r❣✐❡s✳ ❚❤✐s ❛♠♦✉♥ts t♦ s✐♠♣❧② ❝❤❛♥❣✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✐♥ t❤❡
❡♥❡r❣② ❝♦♥str❛✐♥ts ✐♥ t❤❡ ❛❜♦✈❡ ♣r♦❜❧❡♠ t♦ ❡q✉❛❧✐t✐❡s ❛s

maximize I
H
RrI

subject to I
H
XmI = 2P̄w

I
H
XeI = 2P̄w

I
H
RΩI ≤ 2P̄Ω.

✭✸✳✷✮

✸✳✷ ❘❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ❖♣t✐♠✐③❛t✐♦♥ Pr♦❜❧❡♠s ■♥t♦ ❉✉❛❧ ❋♦r♠s

❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮ ❛r❡ ♥♦t ❝♦♥✈❡① ❛♥❞ ❤❡♥❝❡ ♥♦t ❞✐r❡❝t❧② s♦❧✲
✈❛❜❧❡✳ ❚❤❡s❡ ♣r♦❜❧❡♠s ❛r❡✱ ❤♦✇❡✈❡r✱ ✐♥❞✐r❡❝t❧② s♦❧✈❛❜❧❡ ✈✐❛ ❞✉❛❧ ♣r♦❜❧❡♠s ❬✸❪✳ ❍❡r❡✱
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✇❡ ♣r❡s❡♥t ❛ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡✣❝✐❡♥t ❞✉❛❧ ❢♦r♠✉❧❛t✐♦♥ ✉s✐♥❣ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s
❜❡t✇❡❡♥ t❤❡ ❝♦♥str❛✐♥ts ✐♥ ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮✱ ✐✳❡✳✱

maximizeI I
H
RrI

subject to I
H
XανI ≤ 1,

✭✸✳✸✮

✇❤❡r❡
Xαν = ανXe + α(1− ν)Xm + (1− α)RΩ ✭✸✳✹✮

✇✐t❤ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♥♦r♠❛❧✐③❡❞ t♦ ✉♥✐t②✳ ■♥ ✭✸✳✹✮✱ t❤❡ ♣❛r❛♠❡t❡r α ∈ (0, 1) ✐s
t❤❡ ✇❡✐❣❤t ✉s❡❞ t♦ s✇❡❡♣ t❤❡ r❡❧❛t✐✈❡ ♣r✐♦r✐t② ❣✐✈❡♥ t♦ ♠✐♥✐♠✐③✐♥❣ st♦r❡❞ ❡♥❡r❣② ♦r
♦❤♠✐❝ ❧♦ss❡s✳ ❚❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ α = 0 r❡❞✉❝❡s t❤❡ ♣r♦❜❧❡♠ t♦ ❛♥ ♦♣t✐♠✐③❛t✐♦♥
♦❢ ❡✣❝✐❡♥❝② ❛♥❞ α = 1 r❡♣r❡s❡♥ts t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r ♣r❡s❡♥t❡❞
✐♥ ❬✻❪✳ ❚❤❡s❡ ❧✐♠✐t✐♥❣ ❝❛s❡s ❛r❡ ❞✐s❝✉ss❡❞ ❢✉rt❤❡r ✐♥ ❙❡❝✳ ✺✳ ❚❤❡ P❛r❡t♦ ❢r♦♥t✶

❛r✐s✐♥❣ ❢r♦♠ ✭✸✳✸✮ r❡♣r❡s❡♥ts t❤❡ ♦♣t✐♠❛❧ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ r❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② ❛♥❞
r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r✳

❚❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❞✉❛❧ ♣❛r❛♠❡t❡r ν ✐s [0, 1] ❢♦r ✭✸✳✶✮ ✇❤❡r❡ t❤❡ s♦❧✉t✐♦♥ ❝✉r✲
r❡♥t ♠❛② ❜❡ t✉♥❡❞ ❜② ❛♥ ❡①t❡r♥❛❧ r❡❛❝t❛♥❝❡✳ ❍♦✇❡✈❡r t❤✐s ❞♦♠❛✐♥ ✐s ❡①t❡♥❞❡❞ t♦ ❛
♣♦t❡♥t✐❛❧❧② ❧❛r❣❡r s✉❜s❡t ♦❢ R ✐♥ ✭✸✳✷✮ ✇❤❡r❡ t❤❡ s♦❧✉t✐♦♥ ❝✉rr❡♥t ✐s ❡①♣❧✐❝✐t❧② ❝♦♥✲
str❛✐♥❡❞ t♦ ❜❡ s❡❧❢✲r❡s♦♥❛♥t✳ ❚❤✐s ❞✐✛❡r❡♥❝❡ ❛r✐s❡s ❢r♦♠ t❤❡ ❡q✉❛❧✐t✐❡s ✐♥ ✭✸✳✷✮ t❤❛t
❛r❡ ♣r❡s❡r✈❡❞ ❢♦r ❛r❜✐tr❛r② ✇❡✐❣❤ts ✇❤❡r❡❛s t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✐♥ ✭✸✳✶✮ ❛r❡ ♦♥❧② ♣r❡✲
s❡r✈❡❞ ❢♦r ♥♦♥✲♥❡❣❛t✐✈❡ ✇❡✐❣❤ts✳ ❚❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ I

H
RrI ✐♥ ✭✸✳✸✮ ✐s ❣r❡❛t❡r ♦r

❡q✉❛❧ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ✐♥ ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮✳ ❍❡♥❝❡✱ ✭✸✳✸✮ ♣r♦❞✉❝❡s ❜♦✉♥❞s
❢♦r ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮ ❛♥❞ ✐ts ♠✐♥✐♠✐③❛t✐♦♥ ♦✈❡r ν ❣✐✈❡s t❤❡ ♣❤②s✐❝❛❧ ❜♦✉♥❞✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✸✮✳ ■t ✐s ✐♠♣♦rt❛♥t t♦
str❡ss ❛❣❛✐♥ t❤❛t✱ ❛❧t❤♦✉❣❤ ✭✸✳✸✮ ✐s ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✐ts s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞
✈✐❛ ❞❡t❡r♠✐♥✐st✐❝ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ❡✐❣❡♥✈❛❧✉❡ t❡❝❤♥✐q✉❡s ❛♥❞ s✐♠♣❧❡ ❧✐♥❡ s❡❛r❝❤
♠❛①✐♠✐③❛t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥ ✐♥ ♦♥❡ ✈❛r✐❛❜❧❡✳

✸✳✸ ❙♦❧✉t✐♦♥ ♦❢ t❤❡ ❖♣t✐♠✐③❛t✐♦♥ Pr♦❜❧❡♠s

❚❤❡ ♣r♦❜❧❡♠ ✭✸✳✸✮ ❢♦r ❛ ✜①❡❞ ♣❛r❛♠❡t❡r α ✐s ❝♦♥✈❡① ❬✸❪ ✐♥ ν ❛♥❞ ✐ts ♠✐♥✐♠✐③❛t✐♦♥
❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ♠❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ❬✻❪

maximizeν min eig(Xαν ,Rr), ✭✸✳✺✮

✇❤❡r❡ eig ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❡✐❣❡♥✈❛❧✉❡s {γn} ✇❤✐❝❤ s♦❧✈❡s

XανIn = γnRrIn. ✭✸✳✻✮

❚❤❡ ❡✐❣❡♥✈❛❧✉❡s γn ❛r❡ ❛❧❧ ♥♦♥✲♥❡❣❛t✐✈❡ ✐❢ Xαν � 0✳ ❚❤✉s t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢
✭✸✳✺✮ ♠✉st ♦❝❝✉r ✇✐t❤✐♥ t❤❡ r❛♥❣❡ ♦❢ ν ✇✐t❤✐♥ R t♦ [ν1, ν2] ❢♦r ✇❤✐❝❤ Xαν � 0✳
❚❤❡ ♠❛①✲♠✐♥ ♣r♦❜❧❡♠ ✭✸✳✺✮ ✐s ❡❛s✐❧② s♦❧✈❡❞ ❜② ❛ ❧✐♥❡ s❡❛r❝❤ s✉❝❤ ❛s t❤❡ ❜✐s❡❝t✐♦♥
❛❧❣♦r✐t❤♠ ❬✸❪✳ ◆♦t❡ t❤❡ ❢♦r♠❛❧ s✐♠✐❧❛r✐t② ❜❡t✇❡❡♥ ✭✸✳✻✮ ❛♥❞ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠
❢♦r ❝❤❛r❛❝t❡r✐st✐❝ ♠♦❞❡s ❬✷✻❪✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ♠❛①✐♠✐③❛t✐♦♥ ♦✈❡r t❤❡ s❝❛❧❛r ♣❛r❛♠❡t❡r

✶❚❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s ♣r♦❞✉❝❡❞ ❜② s✇❡❡♣✐♥❣ t❤❡ ♣❛r❛♠❡t❡r α ♦✈❡r t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳



✻

ν ✐♥ ✭✸✳✺✮ ✐s s♦❧✈❡❞ ✇✐t❤ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ♦❢ ❛ ❢❡✇ ✭♦r❞❡r ♦❢ ✶✵✮ ❝❤❛r❛❝t❡r✐st✐❝
♠♦❞❡ ❡✈❛❧✉❛t✐♦♥s✳

❙♦❧✉t✐♦♥ ♦❢ ✭✸✳✺✮ ②✐❡❧❞s t❤❡ ✈❛❧✉❡ νopt ✇❤✐❝❤ ♠❛①✐♠✐③❡s t❤❡ ♠✐♥✐♠✉♠ ❡✐❣❡♥✈❛❧✉❡
γ = γ1 t♦ γ1,opt✳ ■♥ s♦❧✈✐♥❣ ✭✸✳✷✮ ✇❤❡r❡ ❛ s❡❧❢✲r❡s♦♥❛♥t s♦❧✉t✐♦♥ ❝✉rr❡♥t ✐s r❡q✉✐r❡❞✱
t❤❡ s♦❧✉t✐♦♥ ❝✉rr❡♥t I1 ✐s ❣✐✈❡♥ ❞✐r❡❝t❧② ❛s t❤❡ ❡✐❣❡♥✈❡❝t♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ γ1,opt
✇❤❡♥ ν = νopt ✐s ✉s❡❞ ✐♥ ✭✸✳✻✮✳ ■❢ ✐♥st❡❛❞ t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠ ✭✸✳✶✮ ✐s s♦❧✈❡❞ ✭✐✳❡✳✱
❡①t❡r♥❛❧❧② t✉♥❡❞ s♦❧✉t✐♦♥s ❛r❡ ❛❧❧♦✇❡❞✮✱ t❤❡ ❝♦♥str❛✐♥t ν ∈ [0, 1] ♠✉st ❜❡ ❛♣♣❧✐❡❞✳
■♥ t❤✐s ❝❛s❡ t❤❡ s♦❧✉t✐♦♥ ❝✉rr❡♥t Ĩ1 ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❛❧✉❡ γ̃1 ❛r❡ ♦❜t❛✐♥❡❞ ✈✐❛
✭✸✳✻✮ ✉s✐♥❣ ν = ν̃opt✱ ✇❤❡r❡

ν̃opt =







νopt 0 ≤ νopt ≤ 1,
0 νopt < 0,
1 νopt > 1.

✭✸✳✼✮

❚❤❡ ❡✐❣❡♥✈❛❧✉❡ s♦❧✈✐♥❣ ✭✸✳✺✮ ♠❛② ❜❡ ❞❡❣❡♥❡r❛t❡ ❬✻❪✳ ❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ✇✐t❤
♥♦♥✲❞❡❣❡♥❡r❛t❡ ❡✐❣❡♥✈❛❧✉❡s✱ ❛ s❝❡♥❛r✐♦ ♥❡❛r❧② ❣✉❛r❛♥t❡❡❞ ❢♦r ❣❡♥❡r❛❧ ♦❜❥❡❝ts ✇✐t❤
♥♦ r❡♣r❡s❡♥t❡❞ ❣❡♦♠❡tr✐❝ s②♠♠❡tr✐❡s ❬✹✸❪✳ ❯♥❞❡r t❤✐s ❝♦♥❞✐t✐♦♥✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢
❛♥② ❡✐❣❡♥✈❛❧✉❡ ✭✸✳✻✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡t❡r ν ✐s ❬✸✺❪

γ′ =
dγ

dν
=

I
H
X

′
ανI

IHRrI
= −α

I
H
XI

IHRrI
, ✭✸✳✽✮

✇❤❡r❡ I ✐s t❤❡ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦r✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡ γ ✐s ✐♥❝r❡❛s✐♥❣
❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐❢ t❤❡ s♦❧✉t✐♦♥ ✐s ❝❛♣❛❝✐t✐✈❡ ✭IHXI ≤ 0✮ ❛♥❞ ✐♥❞✉❝t✐✈❡ ✭IHXI ≥ 0✮✱
r❡s♣❡❝t✐✈❡❧②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✐♠♣❧✐❡s t❤❛t t❤❡ s♦❧✉t✐♦♥ ✐s s❡❧❢✲r❡s♦♥❛♥t ✭IHXI = 0✮
✇❤❡♥ γ′ = 0✳ ❚❤✉s✱ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✺✮ ✐s s❡❧❢✲r❡s♦♥❛♥t ✇❤❡♥ γ ✐s ❧♦❝❛❧❧② ♠❛①✐♠✐③❡❞✳
◆♦t❡ t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦♥ t❤❡ ♣❛r❛♠❡t❡r ν ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ❡①t❡r♥❛❧ t✉♥✐♥❣ ✐s
❛❧❧♦✇❡❞ ❜r❡❛❦s t❤✐s ❝♦♥❞✐t✐♦♥✱ ❛s ν ♠❛② ❜❡ ❧✐♠✐t❡❞ ✈✐❛ ✭✸✳✼✮ t♦ ❛ ✈❛❧✉❡ ♦❢ 0 ♦r
1 ✇❤❡r❡ γ′ 6= 0✳ ❚❤✐s ❝♦♥✜r♠s t❤❡ ❛♥❛❧②s✐s ✐♥ ❬✻❪✱ ✇❤❡r❡ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡
s♦❧✉t✐♦♥ ✐s s❡❧❢✲r❡s♦♥❛♥t ✐❢ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ✐s ✐♥ t❤❡ ✐♥♥❡r r❡❣✐♦♥ 0 < ν < 1✳
❚❤❡ s❡❧❢✲r❡s♦♥❛♥t ❝❛s❡ ✇✐t❤ ❞❡❣❡♥❡r❛t❡ ❡✐❣❡♥✈❛❧✉❡s ✐s ✐❞❡♥t✐❝❛❧ t♦ ❬✻❪ ✇❤❡r❡ ❛ s❡❧❢✲
r❡s♦♥❛♥t ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ✐s ❝♦♥str✉❝t❡❞✳ ❍♦✇❡✈❡r✱ ✐t ✐s
t❡❝❤♥✐❝❛❧❧② ♠♦r❡ ✐♥✈♦❧✈❡❞✱ ❛♥❞ ✐s ❧❡❢t t♦ ❆♣♣❡♥❞✐① ❆✳

✹ ❉❡♠♦♥str❛t✐♦♥ ♦❢ t❤❡ ❖♣t✐♠✐③❛t✐♦♥ Pr♦❝❡❞✉r❡

✹✳✶ P❛r❡t♦✲♦♣t✐♠❛❧✐t② ♦❢ ◗✲❢❛❝t♦r ❛♥❞ ❘❛❞✐❛t✐♦♥ ❊✣❝✐❡♥❝②

❚❤❡ P❛r❡t♦ ❢r♦♥t ✐s ❞❡t❡r♠✐♥❡❞ ❜② s✇❡❡♣✐♥❣ t❤❡ ♣❛r❛♠❡t❡r α ✐♥ ✭✸✳✺✮ ♦✈❡r t❤❡ ✐♥t❡r✲
✈❛❧ 0 < α < 1 ❛♥❞ ❝♦♠♣✉t✐♥❣ t❤❡ ◗✲❢❛❝t♦r ❛♥❞ ❡✣❝✐❡♥❝② ❢r♦♠ t❤❡ ♦❜t❛✐♥❡❞ ❡✐❣❡♥✈❡❝✲
t♦r✳ ❚❤✐s ♣r♦❞✉❝❡s ❛ ❝✉r✈❡ t❤❛t ✐s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♦♣t✐♠❛❧ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡
♠✐♥✐♠✉♠ ◗✲❢❛❝t♦r ❛♥❞ ♠❛①✐♠✉♠ ❡✣❝✐❡♥❝② η✳ ❆ P❛r❡t♦ ❢r♦♥t ❢♦r ❛ ♣❧❛♥❛r ▲✲s❤❛♣❡❞
♠❡t❛❧❧✐❝ str✉❝t✉r❡ ❝♦♥str✉❝t❡❞ ❜② ❛ r❡❝t❛♥❣❧❡ ✇✐t❤ ♦♥❡ q✉❛rt❡r r❡♠♦✈❡❞ ✐s ❞❡♣✐❝t❡❞ ✐♥
❋✐❣✳ ✶✳ ❚❤❡ str✉❝t✉r❡ ❤❛s s✐❞❡ ❧❡♥❣t❤s ℓ× ℓ/2✱ s✉r❢❛❝❡ r❡s✐st❛♥❝❡ Rs = 1Ω✱ ❡❧❡❝tr✐❝❛❧
s✐③❡ ka = 1/2✱ ✇✐t❤ k ❜❡✐♥❣ t❤❡ ✇❛✈❡♥✉♠❜❡r ❛♥❞ a ❜❡✐♥❣ t❤❡ r❛❞✐✉s ♦❢ t❤❡ s♠❛❧❧❡st
s♣❤❡r❡ ❝✐r❝✉♠s❝r✐❜✐♥❣ t❤❡ r❛❞✐❛t♦r✱ ❛♥❞ ✐s ❞✐s❝r❡t✐③❡❞ ✇✐t❤ ❘❲● ❜❛s✐s ❢✉♥❝t✐♦♥s ❬✹✶❪✳
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❋✐❣✉r❡ ✶✿ P❛r❡t♦ ❢r♦♥ts ❢♦r ❡①t❡r♥❛❧❧② t✉♥❡❞ ❛♥❞ s❡❧❢✲r❡s♦♥❛♥t ❝♦♥str❛✐♥ts✱ ✭✸✳✶✮
❛♥❞ ✭✸✳✷✮✱ r❡s♣❡❝t✐✈❡❧②✱ ❝❛❧❝✉❧❛t❡❞ ✈✐❛ ✭✸✳✸✮ ❢♦r ❛♥ ▲✲s❤❛♣❡❞ ♠❡t❛❧❧✐❝ ♣❧❛t❡✱ Rs = 1Ω✱
ka = 1/2✱ ❞✐s❝r❡t✐③❡❞ ✇✐t❤ 1515 ❘❲● ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ ♠❛r❦❡r ✐s ❛❞❞❡❞
❛t α = 0.34 ❢♦r ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❋✐❣✳ ✷✳ ❚❤❡ s✐♥❣❧❡✲❝r✐t❡r✐❛ ❛s②♠♣t♦t❡s ✭✺✳✶✮✱ ✭✺✳✹✮✱
❛♥❞ ✭✺✳✺✮ ❛r❡ ❛❞❞❡❞ ❛s ❜❧❛❝❦ ❞❛s❤❡❞ ❧✐♥❡s✳

❍❡r❡✱ t❤❡ ◗✲❢❛❝t♦r ✐s ♥♦r♠❛❧✐③❡❞ ✇✐t❤ t❤❡ ❡✣❝✐❡♥❝② ❛s Qrad = Q/η ✐♥ ♦r❞❡r t♦ r❡♠♦✈❡
t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ◗✲❢❛❝t♦r ✇✐t❤ ❞❡❝r❡❛s✐♥❣ ❡✣❝✐❡♥❝②✳

❚❤❡ r❡❞ ❝✉r✈❡ ✐♥ ❋✐❣✳ ✶✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ P❛r❡t♦ ❢r♦♥t ❢♦r ❛ s❡❧❢✲r❡s♦♥❛♥t ❝✉rr❡♥t✱
s❤♦✇s t❤❡ str✐❝t ✉♣♣❡r ❜♦✉♥❞ ♦♥ s❡❧❢✲r❡s♦♥❛♥t ❡✣❝✐❡♥❝②✱ ηresub ✭❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✮✳
❚❤❡ P❛r❡t♦ ❢r♦♥t ❢♦r t❤❡ ❡①t❡r♥❛❧❧② t✉♥❡❞ ❝❛s❡✱ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❜❧✉❡ ❝✉r✈❡✱ ❤❛s
❛ ♠♦r❡ ✐♥✈♦❧✈❡❞ s❤❛♣❡✳ ❆❢t❡r s❧✐❣❤t❧② ✐♥❝r❡❛s✐♥❣ ❛r♦✉♥❞ t❤❡ ♣♦✐♥t ♠❛r❦❡❞ ✇✐t❤
α = 0.34✱ t❤❡ ◗✲❢❛❝t♦r ✐s r❛t❤❡r ✢❛t ✇✐t❤ Qrad ≈ 45 ✉♣ t♦ η ≈ 0.85 ✇❤❡r❡ ✐t st❛rts
t♦ ✐♥❝r❡❛s❡ r❛♣✐❞❧②✱ r❡❛❝❤✐♥❣ Qrad ≈ 115 ❛t η = 0.86✳ ■t ✐s ❛❧s♦ ♦❜s❡r✈❡❞ ❢r♦♠ ❋✐❣✳ ✷
t❤❛t ✈❡r② s♠❛❧❧ ✐♥❝r❡♠❡♥ts ✐♥ t❤❡ ♣❛r❛♠❡t❡r α ❛r❡ r❡q✉✐r❡❞ t♦ s♣❛♥ t❤❡ P❛r❡t♦ ❢r♦♥t
✐♥ t❤✐s r❡❣✐♦♥ ♥❡❛r α = 0✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡ ❛t η = 0.86 ✐s ❛♣♣r♦❛❝❤❡❞ ✇✐t❤
Qrad → ∞ ❛s α ✐s t❛❦❡♥ ❝❧♦s❡r t♦ ③❡r♦ ✐♥ ✜♥❡r st❡♣s✳

❋r♦♠ ❛ q✉❛❧✐t❛t✐✈❡ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ s❡❧❢✲r❡s♦♥❛♥t ❝❛s❡ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛
s✉❜s❡t ♦❢ t❤❡ ❡①t❡r♥❛❧❧② t✉♥❡❞ ❝❛s❡✳ ❚❤✐s ✐s ❝♦♥✜r♠❡❞ ✐♥ ❋✐❣✳ ✷✱ ❛s ✐t ❝❛♥ ❜❡ s❡❡♥
t❤❡r❡ t❤❛t t❤❡ P❛r❡t♦ ❢r♦♥t ✈❛❧✐❞ ❢♦r ❡①t❡r♥❛❧❧② t✉♥❡❞ ❝✉rr❡♥ts ✐s✱ ✐♥ ❢❛❝t✱ ✭❛❞✈❛♥t❛❣❡✲
♦✉s❧②✮ s❡❧❢✲r❡s♦♥❛♥t ❢♦r α ∈ [0.34, 1) ✇❤❡r❡ 0 < νopt < 1✳ ❚❤❡ ❝❤❛♥❣❡s ✐♥ ♦♣t✐♠✐③❡❞
q✉❛♥t✐t✐❡s ✭Q✱ η✮ ❛r❡ ♠♦st❧② ✈✐s✐❜❧❡ ♦♥ t❤❡ ❧❡❢t ♦❢ α = 0.34✱ ✐✳❡✳✱ ❥✉st ❜❡❢♦r❡ t❤❡
tr❛♥s✐t✐♦♥ ❢r♦♠ t❤❡ s❡❧❢✲r❡s♦♥❛♥t t♦ t❤❡ ❡①t❡r♥❛❧❧② t✉♥❡❞ r❡❣✐♦♥✳ ❚❤❡ ♣r✐❝❡ t♦ ❜❡
♣❛✐❞ ✐♥ t❤❡ ❡①t❡r♥❛❧❧② t✉♥❡❞ r❡❣✐♦♥ ✐s ❛❧s♦ s❡❡♥ ❢r♦♠ ❋✐❣✳ ✷ ✐♥ t❤❡ ❜❧✉❡ ❛♥❞ r❡❞
❝✉r✈❡s ❢♦r α < 0.34✳ ❚❤❡ ✐♠♠❡❞✐❛t❡ ✐♥❝r❡❛s❡ ✐♥ ❡✣❝✐❡♥❝② ✐♠♣❧✐❡s ❛ q✉❡st✐♦♥ ❛❜♦✉t
t❤❡ ♣r❛❝t✐❝❛❧ ❢❡❛s✐❜✐❧✐t② ♦❢ s✉❝❤ ❛ ❤✐❣❤ ❡✣❝✐❡♥❝② ✉t✐❧✐③✐♥❣ ❡①t❡r♥❛❧ t✉♥✐♥❣ ❡❧❡♠❡♥ts
❜❡❝❛✉s❡ ❛♥ ❡①t❡r♥❛❧ ❝♦♠♣❡♥s❛t✐♦♥ ♦❢ ❧❛❝❦✐♥❣ ❡❧❡❝tr✐❝✴♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐♥tr♦❞✉❝❡s
✐♥✜♥✐t❡❧② ❧❛r❣❡ ❧♦ss❡s ❡✈❡♥ ❢♦r ✐♥✜♥✐t❡s✐♠❛❧❧② s♠❛❧❧ s✉r❢❛❝❡ r❡s✐st✐✈✐t② ♦❢ t❤❛t ❧✉♠♣❡❞
❡❧❡♠❡♥t✳ ❋✐❣✉r❡s ✶ ❛♥❞ ✷ ❛❧s♦ s✉❣❣❡st t❤❛t ❛s ❢❛r ❛s t❤❡ s❡❧❢✲r❡s♦♥❛♥t ❝✉rr❡♥t ✐s ❝♦♥✲
❝❡r♥❡❞✱ ◗✲❢❛❝t♦r ❛♥❞ r❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② ✐♥ t❤✐s ❡①❛♠♣❧❡ ❛r❡ ❛❧♠♦st ♥♦♥✲❝♦♥✢✐❝t✐♥❣
♣❛r❛♠❡t❡rs✳
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❋✐❣✉r❡ ✷✿ P❛r❛♠❡t❡rs ❛s ❢✉♥❝t✐♦♥s ♦❢ t❤❡ P❛r❡t♦ s✇❡❡♣ ♣❛r❛♠❡t❡r α ❢r♦♠ ❡①t❡r♥❛❧❧②
t✉♥❡❞ s♦❧✉t✐♦♥ ✭❜❧✉❡ ❝✉r✈❡✮ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✳ ❱❛❧✉❡s ♦❢ α ♥❡❛r 0 ❡♠♣❤❛s✐③❡ ❤✐❣❤
❡✣❝✐❡♥❝② η ✇❤✐❧❡ ✈❛❧✉❡s ♦❢ α ♥❡❛r 1 ♣r✐♦r✐t✐③❡ ❧♦✇ r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r Qrad✱ ❝❢✳ ✭✸✳✹✮✳

■♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ❛ ❜r♦❛❞❡r ♣✐❝t✉r❡ ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡✱ t❤❡ ♦♣t✐♠✐✲
③❡❞ ♣❛r❛♠❡t❡rs ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞✉❛❧ ♣❛r❛♠❡t❡r ν ❢♦r t❤❡
♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ ♣♦s✐t✐♦♥ ♦♥ t❤❡ P❛r❡t♦ ❢r♦♥t ❛t α = 0.09✱ ✐✳❡✳✱ ❢♦r ❛ ♣♦s✐t✐♦♥ ✐♥
✇❤✐❝❤ t❤❡ s❡❧❢✲r❡s♦♥❛♥t s♦❧✉t✐♦♥ ❝❛♥♥♦t ❜❡ ❛tt❛✐♥❡❞ ✐♥s✐❞❡ t❤❡ ν ∈ [0, 1] ✐♥t❡r✈❛❧✳

✹✳✷ ❙❝❛❧❛❜✐❧✐t② ♦❢ t❤❡ P❛r❡t♦ ❋r♦♥t ✇✐t❤ ❙✉r❢❛❝❡ ❘❡s✐st✐✈✐t② Rs

❉✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ❘❛②❧❡✐❣❤ q✉♦t✐❡♥t ❣✐✈❡♥ ❜② t❤❡ ♣❛r❛♠❡t❡r γ ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ P❛r❡t♦ s✇❡❡♣ ♣❛r❛♠❡t❡r α r❡❛❞s

dγ

dα

∣

∣

∣

∣

∣ν=νopt
α=α0

= Qrad (α0)− δ (α0) , ✭✹✳✶✮

✇❤✐❝❤ r❡✢❡❝ts t❤❛t t❤❡ tr❛❞❡✲♦✛ ✐s✱ ✐♥ ❢❛❝t✱ ♣r✐♠❛r✐❧② ❞❡t❡r♠✐♥❡❞ ❜② ❞✐ss✐♣❛t✐♦♥ ❢❛❝✲
t♦r δ ❛♥❞ r❛❞✐❛t✐♦♥ q✉❛❧✐t② ❢❛❝t♦r Qrad✱ ✐✳❡✳✱ ♣r♦♣♦rt✐♦♥❛❧❧② ❜② t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
st♦r❡❞ ❡♥❡r❣② ❛♥❞ ♦❤♠✐❝ ❧♦ss❡s✱ ❝❢✳ ✭✸✳✹✮✳ ❚❤❡ ❢♦r♠✉❧❛ ✭✹✳✶✮ ❛❧s♦ ❝❧❛r✐✜❡s ❛ ❢❛❝t ✈✐s✐✲
❜❧❡ ✐♥ ✭✸✳✹✮✱ t❤❛t t❤❡ P❛r❡t♦ ❢r♦♥ts ❛r❡ s❝❛❧❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✉r❢❛❝❡ r❡s✐st❛♥❝❡
s✐♥❝❡

δ1
Rs1

=
δ2
Rs2

, ✭✹✳✷✮

t❤✉s✱ t❤❡ ❡✣❝✐❡♥❝② η2 ❢♦r t❤❡ P❛r❡t♦ ❢r♦♥t ✇✐t❤ r❡s✐st✐✈✐t② Rs2 ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠
t❤❡ P❛r❡t♦ ❢r♦♥t ❢♦r r❡s✐st✐✈✐t② Rs1 ❛♥❞ t❤❡ ❡✣❝✐❡♥❝② η1 ✇✐t❤ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥

1

η2
=

Rs2

Rs1

(

1

η1
− 1

)

+ 1. ✭✹✳✸✮
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❋✐❣✉r❡ ✸✿ ❖♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ α = 0.09✱ ❜♦t❤ ❢♦r t❤❡
❡①t❡r♥❛❧❧② t✉♥❡❞ ❝❛s❡ ✭✸✳✶✮ ❛♥❞ ❢♦r t❤❡ s❡❧❢✲r❡s♦♥❛♥t ❝❛s❡ ✭✸✳✷✮✱ Rs = 1Ω✱ ka = 1/2✳
❚❤❡ ♣❛r❛♠❡t❡r α ❤❛s ❜❡❡♥ ❝❤♦s❡♥ s♦ t❤❛t t❤❡ ❝✉rr❡♥t ✐s s❡❧❢✲r❡s♦♥❛♥t ✭γ ✐s ♠❛①✐♠✐✲
③❡❞✮ ♦✉ts✐❞❡ ν ∈ [0, 1] r❡❣✐♦♥✳ ■♥ ♦r❞❡r t♦ ❣❡♥❡r❛t❡ t❤❡ ❝✉r✈❡s✱ 251 ❡q✉✐❞✐st❛♥t❧② s♣❛✲
❝❡❞ ♣♦✐♥ts ❜❡t✇❡❡♥ νmin = −3.56 · 10−4 ❛♥❞ νmax = 1.61✱ ✐✳❡✳✱ ✐♥ r❡❣✐♦♥ ✇✐t❤ ♣♦s✐t✐✈❡
s❡♠✐❞❡✜♥✐t❡ ♦♣❡r❛t♦r Xαν ❤❛s ❜❡❡♥ ✉s❡❞✳ ◆♦t✐❝❡ ❢r♦♠ ❋✐❣✳ ✷ t❤❛t t❤❡ s❡❧❢✲r❡s♦♥❛♥t
❝❛s❡ ✐s ✇✐t❤✐♥ ν ∈ [0, 1] ♦♥❧② ❢♦r α > 0.34✳

❚♦ ❞❡♠♦♥str❛t❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ✭✹✳✷✮✕✭✹✳✸✮✱ t❤❡ P❛r❡t♦ ❢r♦♥t ❢r♦♠
❋✐❣✳ ✶ ✐s r❡❞r❛✇♥ ✐♥ ❋✐❣✳ ✹ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐ss✐♣❛t✐♦♥ ❢❛❝t♦r δ✱ ♥♦r♠❛❧✐③❡❞✷ ❜②
✉s❡❞ s✉r❢❛❝❡ r❡s✐st✐✈✐t② Rs✱ ❛♥❞ r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r Qrad✳ ❚❤❡ ✐♥s❡ts ❞❡♣✐❝t P❛r❡t♦
♦♣t✐♠❛❧ s✉r❢❛❝❡ ❝✉rr❡♥t ❞❡♥s✐t✐❡s ❢♦r ❢♦✉r ❞✐st✐♥❝t ♣♦s✐t✐♦♥s ♦♥ t❤❡ P❛r❡t♦ ❢r♦♥ts✳ ❚❤❡
♠✐♥✐♠✉♠ ❞✐ss✐♣❛t✐♦♥ ❢❛❝t♦r ❢♦r t❤❡ ❡①t❡r♥❛❧❧② t✉♥❡❞ ❝❛s❡ ❆ ✐s r❡❛❧✐③❡❞ ❜② ❛ ❝♦♥st❛♥t
❝✉rr❡♥t ❞❡♥s✐t② ❛s ♣r❡❞✐❝t❡❞ ❜② ❬✹✻❪✳ ❚❤❡ s♦❧✉t✐♦♥ ❉ ❢♦r ♠✐♥✐♠✉♠ r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r
✐s ❝♦♠♠♦♥ ❢♦r ❜♦t❤ s❡❧❢✲ ❛♥❞ ❡①t❡r♥❛❧❧② t✉♥❡❞ ❝✉rr❡♥ts ❛♥❞ ❝♦♥s✐sts ♦❢ ❛ ♠✐①t✉r❡ ♦❢
❞♦♠✐♥❛♥t ❝❛♣❛❝✐t✐✈❡ ❛♥❞ ✐♥❞✉❝t✐✈❡ ♠♦❞❡s ❬✻✱ ✼❪✳ ❚❤❡ s❡❧❢✲r❡s♦♥❛♥t s♦❧✉t✐♦♥ ❈ ✇✐t❤
♠✐♥✐♠✉♠ ❞✐ss✐♣❛t✐♦♥ ❢❛❝t♦r ✐s r❡❛❧✐③❡❞ ❜② ❛ ❧♦♦♣ ❝✉rr❡♥t ✇✐t❤ s♠♦♦t❤❧② ✈❛r②✐♥❣
❛♠♣❧✐t✉❞❡✱ ✇❤✐❝❤ ✐s ✐♥ ❝♦♥tr❛st ✇✐t❤ ❝❛s❡ ❉✱ ✇❤❡r❡ t❤❡ ❝✉rr❡♥t ✐s ♣r❡❞♦♠✐♥❛♥t❧②
❞✐str✐❜✉t❡❞ ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r② ❡❞❣❡s✳ ❚❤❡ ❧❛st ❞❡♣✐❝t❡❞ ✐♥s❡t ❇ s❤♦✇s t❤❡ ❝✉rr❡♥t
❞❡♥s✐t② ✐♥ t❤❡ tr❛♥s✐t✐♦♥ r❡❣✐♦♥ ❜❡t✇❡❡♥ ❧♦✇ ❛♥❞ ❤✐❣❤ ◗✲❢❛❝t♦r ❛♥❞ ✐t r❡s❡♠❜❧❡s
❛ s✐♥❡ ❝✉rr❡♥t ♦♥ ❛ ❞✐♣♦❧❡✲t②♣❡ ❛♥t❡♥♥❛✳ ❚♦ r❡♠♦✈❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ ❡❧❡❝tr✐❝❛❧
s✐③❡✱ t❤❡ ①✲ ❛♥❞ ②✲ ❛①❡s ❝❛♥ ❢✉rt❤❡r ❜❡ ♥♦r♠❛❧✐③❡❞ ❜② (ka)4 ❛♥❞ (ka)3✱ r❡s♣❡❝t✐✈❡❧②✱
✇❤✐❝❤ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❝♦♠♣❛r❡ ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ ❛♥t❡♥♥❛s ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡✐r
❡❧❡❝tr✐❝❛❧ s✐③❡ ❛♥❞ s✉r❢❛❝❡ r❡s✐st✐✈✐t②✳

❆ ❝❧♦s❡r ❧♦♦❦ ❛t ✭✹✳✶✮ r❡✈❡❛❧s t✇♦ ♥♦t❛❜❧❡ ♣r♦♣❡rt✐❡s✳ ❋✐rst✱ ✐♥t❡❣r❛t✐♥❣ ✭✹✳✶✮ ❛♥❞

✷◆♦t✐❝❡ t❤❛t ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ✭✹✳✷✮✕✭✹✳✸✮✱ ♦♥❡ s❤♦✉❧❞ t❛❦❡ ❝❛r❡ ✇✐t❤ ✉♥✐ts ❛s t❤❡
❞✐ss✐♣❛t✐♦♥ ❢❛❝t♦r δ ✐s ❞✐♠❡♥s✐♦♥❧❡ss ❛♥❞ s✉r❢❛❝❡ r❡s✐st✐✈✐t② Rs ❤❛s ✉♥✐ts ♦❢ ❖❤♠s ✭Ω✮✳ ❚✇♦ r❡♠❡❞✐❡s
❛r❡ ♣♦ss✐❜❧❡✿ ❡✐t❤❡r ♠✉❧t✐♣❧② t❤❡ ♣r♦❞✉❝t δ/Rs ❜② 1 Ω t♦ ♣r❡s❡r✈❡ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ♥❛t✉r❡✱ ♦r t♦
❧❡❛✈❡ δ/Rs ✇✐t❤ ✐ts ✉♥✐ts✱ Ω−1 ≡ S✱ ❦❡❡♣✐♥❣ ✐♥ t❤❡ ♠✐♥❞ t❤❛t Rs ✐s ✉s❡❞ ❛s ❛ s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r
♦♥❧②✳ ❚❤❡ ❧❛t❡r ♦♣t✐♦♥ ✐s ✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✳
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❋✐❣✉r❡ ✹✿ P❛r❡t♦ ❢r♦♥ts ❢r♦♠ ❋✐❣✳ ✶✱ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ♥♦r♠❛❧✐③❡❞ ❞✐ss✐♣❛t✐♦♥
❢❛❝t♦r ❛♥❞ r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r✳ P❛r❡t♦✲♦♣t✐♠❛❧ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥s ❛r❡ s✉❜s❛♠♣❧❡❞
✉s✐♥❣ 258 ❘❲● ❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ s❤♦✇♥ ❛t ❢♦✉r ♥♦t❡✇♦rt❤② ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡✲
t❡r α✱ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✿ α = {10−5, 0.09, 1} ❢♦r ❡①t❡r♥❛❧❧② t✉♥❡❞ s♦❧✉t✐♦♥s ❞❡♥♦t❡❞
❜② ❆✱ ❇✱ ❛♥❞ ❉✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ α = 10−5 ❢♦r t❤❡ s❡❧❢✲r❡s♦♥❛♥t ❝❛s❡ ❞❡♥♦t❡❞ ❜② ❈✳

s✉❜st✐t✉t✐♥❣ t❤❡ ❧✐♠✐t✐♥❣ ✈❛❧✉❡s ♦❢ P❛r❡t♦ s✇❡❡♣✐♥❣ ♣❛r❛♠❡t❡r α ②✐❡❧❞s

∫ 1

0

dγ

dα

∣

∣

∣

∣

∣

νopt

dα = Qrad
lb − δlb ✭✹✳✹✮

✐✳❡✳✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s♦❧✉t✐♦♥s ♦❢ ✐♥❞✐✈✐❞✉❛❧ s✐♥❣❧❡✲❝r✐t❡r✐❛ ♣r♦❜❧❡♠s✳ ❙❡✲
❝♦♥❞✱ t❤❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ✭✹✳✶✮ r❡❛❞✐❧② ❝♦♥✜r♠s t❤❛t ❛❧❧ ♥♦♥✲❞♦♠✐♥❛t❡❞ s♦❧✉t✐♦♥s
✭♠❡♠❜❡rs ♦❢ t❤❡ P❛r❡t♦ ❢r♦♥t✮ ❤❛✈❡ ♥❡❣❛t✐✈❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ♦❢ γ (α)✳ ◆♦t✐❝❡✱ ❤♦✲
✇❡✈❡r✱ t❤❛t t❤❡ ❝♦♥tr❛r② ✭❛❧❧ s♦❧✉t✐♦♥s ✇✐t❤ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♥❡❣❛t✐✈❡ ❛r❡ ♠❡♠❜❡rs
♦❢ t❤❡ P❛r❡t♦ ❢r♦♥t✮ ✐s ♥♦t s✉♣♣♦rt❡❞✳

✺ ❈♦♠♣❛r✐s♦♥ ❲✐t❤ ▲✐♠✐t✐♥❣ ❈❛s❡s

❚❤❡ P❛r❡t♦ ❢r♦♥ts ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡✐r ❧✐♠✐t✐♥❣ ❝❛s❡s ✇❤❡r❡ s♦♠❡ ♦❢ t❤❡ ❝♦♥✲
str❛✐♥ts ✐♥ ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮ ❛r❡ r❡♠♦✈❡❞✳

✺✳✶ ●❡♥❡r❛❧ ❈❛s❡s

❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ r❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② η ✐s ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ♠✐♥✐♠✉♠
❞✐ss✐♣❛t✐♦♥ ❢❛❝t♦r t❤❛t r❡s✉❧ts ✐♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❬✷✹✱ ✷✾❪

(ηub)
−1 − 1 = δlb = min eig(RΩ,Rr). ✭✺✳✶✮

■♥ ❝♦♠♣❛r✐s♦♥✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥ ❡✣❝✐❡♥❝② ηresub ❛tt❛✐♥❛❜❧❡ ❜② ❛ s❡❧❢✲r❡s♦♥❛♥t
❝✉rr❡♥t ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✷✮ ❜② ❛❞❞✐♥❣ t❤❡ r❡❞✉♥❞❛♥t ❝♦♥str❛✐♥t ♦❢ s❡❧❢✲r❡s♦♥❛♥❝❡✱
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I
H
XI = 0✱ ❛♥❞ t❤❡♥ r❡♠♦✈✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❛❝t✉❛❧ ✈❛❧✉❡s ♦❢ ❡❧❡❝tr✐❝ ❛♥❞

♠❛❣♥❡t✐❝ ♣♦✇❡rs✱ ✐✳❡✳✱ ❬✷✾❪

maximize I
H
RrI

subject to I
H
RΩI = 1

I
H
XI = 0.

✭✺✳✷✮

❚❤✐s r❡❢♦r♠✉❧❛t✐♦♥ r❡♣r❡s❡♥ts t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♦❢ α = 0 ❢♦r t❤❡ P❛r❡t♦ ❛♥❛❧②s✐s
♦❢ ✭✸✳✷✮ ❛♥❞ ❝❛♥ ❜❡ r❡❧❛①❡❞ t♦ t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠

minimizeνmaximizeI I
H
RrI

subject to I
H(νX+RΩ)I = 1

✭✺✳✸✮

❛♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ ✭✸✳✸✮✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s

(ηresub )
−1 − 1 = δreslb = max

ν∈R
min eig(νX+RΩ,Rr) ✭✺✳✹✮

✇❤✐❧❡ ✭✸✳✽✮ s❤♦✇s t❤❛t t❤❡ ❝♦♥str❛✐♥ts ✐♥ ✭✺✳✷✮ ❛r❡ s❛t✐s✜❡❞ ❛t t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡
❢♦r ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❡✐❣❡♥✈❛❧✉❡s✳ ❆ s❡❧❢✲r❡s♦♥❛♥t s♦❧✉t✐♦♥ ✐s ❝♦♥str✉❝t❡❞ ❬✻❪ ❢♦r t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❣❡♥❡r❛t❡ ❝❛s❡ s❤♦✇✐♥❣ t❤❛t ✭✺✳✹✮ s♦❧✈❡s ✭✺✳✷✮✳ ❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ✭✺✳✹✮
❢♦r t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❞✐ss✐♣❛t✐♦♥ ❢❛❝t♦r δ ✐s ❝♦♥❝❛✈❡ ❛♥❞ ❤❡♥❝❡ ❡❛s✐❧② s♦❧✈❛❜❧❡✳
❲✐t❤ RΩ = RsΨ✱ ✇❡ ❤❛✈❡ t❤❡ s♦❧✉t✐♦♥ ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ s✉r❢❛❝❡ r❡s✐st❛♥❝❡ ❛❝❝♦r❞✐♥❣
t♦ ✭✹✳✸✮ ❛♥❞ ✐t ✐s ❤❡♥❝❡ s✉✣❝✐❡♥t t♦ s♦❧✈❡ ✭✺✳✹✮ ❢♦r Rs = 1Ω✳ ❚❤❡ ✜♥❛❧ ❧✐♠✐t✐♥❣ ❝❛s❡✱
t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r✱ ✐s ❞❡t❡r♠✐♥❡❞ ❛s ❬✻❪

Qrad
lb = max

0≤ν≤1
min eig (νXe + (1− ν)Xm,Rr) . ✭✺✳✺✮

❍❡r❡ ✇❡ ❝♦♥t✐♥✉❡ st✉❞②✐♥❣ t❤❡ ❡①❛♠♣❧❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✸ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥ ♦❢
t❤❡s❡ t❤r❡❡ ❧✐♠✐t✐♥❣ ❝❛s❡s✳ ❚❤❡ P❛r❡t♦✲❢r♦♥ts ❢♦r t❤❡ t✉♥❡❞ ✭✸✳✶✮ ❛♥❞ s❡❧❢✲r❡s♦♥❛♥t ✭✸✳✷✮
❝❛s❡s ♦✈❡r❧❛♣ ❢♦r ❧♦✇ ❡✣❝✐❡♥❝✐❡s ✇❤❡r❡ t❤❡✐r ◗✲❢❛❝t♦rs ❛r❡ ❝❧♦s❡ t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞Qrad

lb ✱
s❡❡ t❤❡ ♠❛❣♥✐✜❡❞ ♣❛rt ✐♥ ❋✐❣✳ ✶✳ ❚❤❡ ◗✲❢❛❝t♦r ❢♦r t❤❡ s❡❧❢✲r❡s♦♥❛♥t ❝❛s❡ ✐♥❝r❡❛s❡s
s❧✐❣❤t❧② ❛♥❞ r❡❛❝❤❡s t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐♥ t❤❡ ❡✣❝✐❡♥❝② ηresub ❣✐✈❡♥ ❜② ✭✺✳✹✮✳ ❲❡ ♥♦✇
✐❞❡♥t✐❢② t❤❡ ✈❡rt✐❝❛❧ ❛s②♠♣t♦t❡ ✐♥ t❤❡ ❡①t❡r♥❛❧❧② t✉♥❡❞ P❛r❡t♦ ❢r♦♥t ❛s t❤❡ ❛❜s♦✲
❧✉t❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ ❡✣❝✐❡♥❝② ηub ❣✐✈❡♥ ❜② ✭✺✳✶✮✳ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ηa ♣r♦♣♦s❡❞
✐♥ ❬✹✻❪ s♦❧❡❧② ❜❛s❡❞ ✐♥ t❤❡ s✉r❢❛❝❡ ❛r❡❛✱ r❡s✐st✐✈✐t②✱ ❛♥❞ ❢r❡q✉❡♥❝② ❣✐✈❡s t❤❡ s❛♠❡
✈❛❧✉❡ ❛s t❤❡ ❜♦✉♥❞ ηub✳ ❚❤❡s❡ ❜♦✉♥❞s ✇✐t❤ t❤❡✐r ❛♣♣r♦①✐♠❛t❡❧② ❝♦♥st❛♥t ❝✉rr❡♥t
❞✐str✐❜✉t✐♦♥ ✭s❡❡ α = 10−5 ♣♦✐♥t ✐♥ ❋✐❣✳ ✶✮ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❝❧♦s❡r t♦ ❝♦s✐♥❡✲s❤❛♣❡❞
♦♣t✐♠❛❧ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥ ❬✶✾❪ ❢♦r ♠✐♥✐♠✉♠ ◗✲❢❛❝t♦r ♦❢ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ r❛❞✐❛t♦rs
❡①♣❧❛✐♥ t❤❡ r❛♣✐❞ ✐♥❝r❡❛s❡ ♦❢ t❤❡ Qrad✳ ◆♦t❡ t❤❛t ❛ ❝♦s✐♥❡✲s❤❛♣❡❞ ❝✉rr❡♥t ❞✐str✐❜✉✲
t✐♦♥ ❞♦✉❜❧❡s t❤❡ ♦❤♠✐❝ ❧♦ss❡s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ✐❞❡❛❧✐③❡❞ ❝♦♥st❛♥t ❝✉rr❡♥t ❢♦r ❛
r❡❝t❛♥❣❧❡ ❛♥❞ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐ss✐♣❛t✐♦♥ ❢❛❝t♦r ✐♥❝r❡❛s❡s ❛s π2/8 ≈ 1.23 ❢♦r
s♠❛❧❧ str✉❝t✉r❡s ❬✹✻❪✳ ❚❤❡ ◗✲❢❛❝t♦r ✐♥❝r❡❛s❡s r❛♣✐❞❧② ❛s t❤❡ ❝❤❛r❣❡ ❛❝❝✉♠✉❧❛t❡s ❛t
t❤❡ ❡❞❣❡s ✇❤❡♥ t❤❡ ❛♣♣r♦①✐♠❛t❡❧② ❝♦♥st❛♥t ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥ ✐s ❢♦r❝❡❞ t♦ ✈❛♥✐s❤
❛t t❤❡ ❡❞❣❡✳
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✺✳✷ P❛r❡t♦ ❖♣t✐♠❛❧✐t② ❢♦r ❙♣❤❡r✐❝❛❧ ❙❤❡❧❧

❆ ❣❡♦♠❡tr② ✇✐t❤ ✐♥t❡r❡st✐♥❣ ❜❡❤❛✈✐♦r ✐♥ t❡r♠s ♦❢ t❤❡s❡ ❜♦✉♥❞s ✐s t❤❡ s♣❤❡r✐❝❛❧ s❤❡❧❧✱
❢♦r ✇❤✐❝❤ t❤❡ ♦♣t✐♠❛❧ ❝✉rr❡♥ts ❛♥❞ ❜♦✉♥❞s ❢♦r ◗✲❢❛❝t♦r ❛♥❞ ❡✣❝✐❡♥❝② ❛r❡ ❦♥♦✇♥
❛♥❛❧②t✐❝❛❧❧② ❬✽✱ ✸✽✱ ✹✾❪✳ ❆s ❛ s✐♥❣❧❡ ❝✉rr❡♥t ✐s ♦♣t✐♠❛❧ ✐♥ ❜♦t❤ s❡❧❢✲r❡s♦♥❛♥t r❛❞✐❛t✐♦♥
◗✲❢❛❝t♦r ❛♥❞ ❡✣❝✐❡♥❝②✱ t❤❡ s❡❧❢✲r❡s♦♥❛♥t P❛r❡t♦ ❢r♦♥t ✐s r❡♣r❡s❡♥t❡❞ ❜② ♦♥❡ ♣♦✐♥t
✇✐t❤ ❛♥ ♦♣t✐♠❛❧ ❝✉rr❡♥t ❝♦♥s✐st✐♥❣ ♦❢ ❛ ♠✐①t✉r❡ ♦❢ ❞♦♠✐♥❛♥t ❚▼ ❛♥❞ ❚❊ ♠♦❞❡s

I = ITM10 + ξ (ka) ITE10, ✭✺✳✻✮

✇✐t❤ t❤❡ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t ❬✼✱ ✸✽❪

ξopt =

√

√

√

√

√

√

√

−

1− ka
y0 (ka)

y1 (ka)

1− ka
j0 (ka)

j1 (ka)

ejϕ, ✭✺✳✼✮

❛♥❞ jn (ka)✱ yn (ka) s♣❤❡r✐❝❛❧ ❇❡ss❡❧ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ nt❤ ♦r❞❡r ❛♥❞ ♦❢ t❤❡ ✜rst ❛♥❞
s❡❝♦♥❞ ❦✐♥❞ ❬✷❪✱ r❡s♣❡❝t✐✈❡❧②✳ ❈✉rr❡♥ts ❧②✐♥❣ ♦♥ t❤❡ ❡①t❡r♥❛❧❧② t✉♥❡❞ P❛r❡t♦ ❢r♦♥t
❢♦❧❧♦✇ t❤❡ ❢♦r♠ ♦❢ ✭✺✳✻✮ ❛♥❞ s✇❡❡♣ ❝♦♥t✐♥✉♦✉s❧② ❜❡t✇❡❡♥ ξ = 0 ❛♥❞ ξ = ξopt✳ ❚❤❡
❜♦✉♥❞❛r② ✈❛❧✉❡s ❞❡❧✐♠✐t t❤❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ t❤❡ ❡①t❡r♥❛❧❧② t✉♥❡❞ ♠❛①✐♠✉♠ r❛❞✐✲
❛t✐♦♥ ❡✣❝✐❡♥❝② ✭ξ = 0✮ ❛♥❞ ♥❛t✉r❛❧❧② s❡❧❢✲r❡s♦♥❛♥t ♠✐♥✐♠✉♠ ◗✲❢❛❝t♦r ✭ξ = ξopt✮
❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥s r❡❛❧✐③❛❜❧❡ ♦♥ ❛ s♣❤❡r✐❝❛❧ s❤❡❧❧✳

❑♥♦✇❧❡❞❣❡ ♦❢ ✭✺✳✻✮✱ t❤❡ ✐♥t❡r✈❛❧ ♦❢ ξ✱ ❛♥❞ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦♣❡r❛t♦rs Rr✱ Xm✱ ❛♥❞ Xe ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡
P❛r❡t♦ ❢r♦♥t ❛♥❛❧②t✐❝❛❧❧②✳ ❙✉♣♣♦s❡ t❤❡ s❡t ♦❢ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ✐s ♥♦r♠❛❧✐③❡❞
t♦ ✉♥✐t❛r② r❛❞✐❛t❡❞ ♣♦✇❡r✱ Pr,TM10 = Pr,TE10 = 1✱ ✐✳❡✳ ❝❤❛r❛❝t❡r✐st✐❝ ♠♦❞❡s ♦❢ t❤❡
s♣❤❡r✐❝❛❧ s❤❡❧❧✳ ❚❤❡♥ t❤❡ r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r ✐s ❡q✉❛❧ t♦

Qrad =
ωmax {Wm,TM10+TE10,We,TM10+TE10}

1 + ξ2
, ✭✺✳✽✮

✇❤❡r❡

Wm,TM10+TE10 = Wm,TM10 + ξ2Wm,TE10, ✭✺✳✾✮

We,TM10+TE10 = We,TM10 + ξ2We,TE10, ✭✺✳✶✵✮

❛♥❞ ✇❤❡r❡ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♠♦❞❛❧ ❡♥❡r❣✐❡s ❛r❡ ❡✈❛❧✉❛t❡❞ ✐♥ ❬✷✷❪✳ ❚❤❡ r❡s✉❧t✐♥❣ ❞✐ss✐✲
♣❛t✐♦♥ ❢❛❝t♦rs ❛r❡ ❡q✉❛❧ t♦ ❬✸✽❪

δ =
PΩ,TM10 + ξ2PΩ,TE10

1 + ξ2
. ✭✺✳✶✶✮

❚❤❡ ♥♦r♠❛❧✐③❡❞ P❛r❡t♦ ❢r♦♥ts ❢♦r ❛ s♣❤❡r✐❝❛❧ s❤❡❧❧ ♦❢ ❡❧❡❝tr✐❝❛❧ s✐③❡s ka = {1/10, 1/2}
❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✺✳ ❙♦❧✐❞ ❧✐♥❡s ❛r❡ s♦❧✉t✐♦♥s t♦ ✭✺✳✽✮✱ ✭✺✳✶✶✮✱ ❞❛s❤❡❞ ❧✐♥❡s r❡♣r❡✲
s❡♥t s♦❧✉t✐♦♥s t♦ ✭✸✳✺✮✳ ❙✐♥❝❡ t❤❡ ❞❡♥♦♠✐♥❛t♦rs ♦❢ ✭✺✳✽✮ ❛♥❞ ✭✺✳✶✶✮ ❞✐♠✐♥✐s❤ ✐♥ t❤❡✐r
♠✉t✉❛❧ tr❛❞❡✲♦✛✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t t❤❡ P❛r❡t♦ ❢r♦♥t ✐s ❛ str❛✐❣❤t ❧✐♥❡✳
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❋✐❣✉r❡ ✺✿ P❛r❡t♦ ❢r♦♥ts ❢♦r ❡①t❡r♥❛❧❧② t✉♥❡❞ ❝✉rr❡♥ts ♦♥ ❛ s♣❤❡r✐❝❛❧ s❤❡❧❧ ♦❢ r❛❞✐✉s a✳
❚❤❡ ❝✉rr❡♥t ✐s s❡❧❢✲r❡s♦♥❛♥t ❢♦r ❜♦t❤ P❛r❡t♦ ❢r♦♥ts ❛t t❤❡ ❡①tr❡♠❡ ♣♦✐♥ts ♦♥ t❤❡ r✐❣❤t
s✐❞❡✱ ✇❤❡r❡ t❤❡ ❝♦✉♣❧✐♥❣ ❝♦❡✣❝✐❡♥t ξ = ξopt✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❞❛t❛ ✇❡r❡ ♦❜t❛✐♥❡❞ ❢r♦♠
❛ s♣❤❡r✐❝❛❧ s❤❡❧❧ ❞✐s❝r❡t✐③❡❞ ✇✐t❤ 1215 ❘❲● ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ❚❤❡ ♣❛r❛♠❡t❡r ξ2 ✐s
s✇❡♣t ❧✐♥❡❛r❧② ✐♥ ✐♥t❡r✈❛❧

[

0, ξ2opt
]

✇✐t❤ 25 ♣♦✐♥ts✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ❝✐r❝✉❧❛r ♠❛r❦❡rs
❞❡♥♦t❡ t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡s ✭✺✳✶✷✮✱ ✭✺✳✶✸✮✳

❋♦r s♠❛❧❧ ka ✭ka ≪ 1✮✱ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛❧✉❡s ❢♦r t❤❡ ❡♥❞ ♣♦✐♥ts ❛r❡ ❦♥♦✇♥ ❛s ❬✸✽✱
✹✾❪

(ka)3Qrad
lb = 1 ❛♥❞ (ka)3Qrad

TM10 =
3

2
, ✭✺✳✶✷✮

Z0

Rs

(ka)4δ = 3 ❛♥❞
Z0

Rs

(ka)4δlb =
9

4
(ka)2, ✭✺✳✶✸✮

r❡s♣❡❝t✐✈❡❧②✳ ❚✇♦ ❡①tr❡♠❛ ♣♦✐♥ts ❣✐✈❡♥ ❜② ✭✺✳✶✷✮ ❛♥❞ ✭✺✳✶✸✮ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✺
❜② ❝✐r❝✉❧❛r ♠❛r❦❡rs✳

✺✳✸ P❛r❡t♦ ❖♣t✐♠❛❧✐t② ❢♦r ▲❛②❡r❡❞ Pr♦❧❛t❡ ❙♣❤❡r♦✐❞

P❛r❡t♦ ❝✉r✈❡s ❢♦r ❛ ❧❛②❡r❡❞ ♣r♦❧❛t❡ s♣❤❡r♦✐❞ ✇✐t❤ s❡♠✐ ❛①❡s a ❛♥❞ 0.9a ❛♥❞ ❡❧❡❝tr✐❝❛❧
s✐③❡ ka = 1/2 ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻✳ ❚❤❡ ❧❛②❡rs ❤❛✈❡ s✉r❢❛❝❡ r❡s✐st✐✈✐t② Rs ❛♥❞
❢♦r♠ s♣❤❡r♦✐❞s ✇✐t❤ ❛①❡s s❝❛❧❡❞ ❜② (11 − m)/10 ✇✐t❤ m ∈ {1, ..., n} ❢♦r ❝✉r✈❡s
❧❛❜❡❧❡❞ {1, ..., n}✳ ❚❤❡ ✜❣✉r❡ ❛❧s♦ ❝♦♥t❛✐♥s t❤❡ P❛r❡t♦ ❢r♦♥t ❢♦r t❤❡ ❝❛s❡ ✇✐t❤ ♦❢ ♥✐♥❡
✐♥♥❡r ❧❛②❡rs ♣❧❛❝❡❞ ♦♥ s♣❤❡r♦✐❞s ✇✐t❤ ❛①❡s s❝❛❧❡❞ ❜❡t✇❡❡♥ 0.25 ❛♥❞ 0.5 ♦❢ t❤❡ r❛❞✐❛❧
❞✐st❛♥❝❡✳

❚❤❡ P❛r❡t♦ ❢r♦♥t ❢♦r t❤❡ s❡❧❢✲r❡s♦♥❛♥t ✭✸✳✷✮ s✐♥❣❧❡ ❧❛②❡r ❝❛s❡ ✐s ❝❧♦s❡ t♦ ❛ s✐♥❣❧❡
♣♦✐♥t✱ ❛♣♣r♦❛❝❤✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ s♣❤❡r❡ ✭✺✳✻✮✳ ■ts ♥♦r♠❛❧✐③❡❞ ❞✐ss✐✲
♣❛t✐♦♥ ❛♥❞ ◗✲❢❛❝t♦rs ❛r❡ ❛r♦✉♥❞ 4 ❛♥❞ 1.4✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❝❤ ❛r❡ s❧✐❣❤t❧② ❤✐❣❤❡r
t❤❛♥ ❢♦r t❤❡ s♣❤❡r❡ ✭✺✳✶✷✮✳ ❚❤❡ P❛r❡t♦ ❢r♦♥t ❢♦r t✉♥❡❞ ❝❛s❡ ✭✸✳✶✮ tr❛✈❡rs❡s ❢r♦♠ t❤❡
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0.2 0.5 1 2 3
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Z0

Rs

(ka)4δ
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❋✐❣✉r❡ ✻✿ P❛r❡t♦ ❝✉r✈❡s ❢♦r ❧❛②❡r❡❞ ♣r♦❧❛t❡ s♣❤❡r♦✐❞s ✇✐t❤ s❡♠✐ ❛①❡s a ❛♥❞ 0.9a ❢♦r
ka = 0.5✳ ❙♦❧✐❞ ❛♥❞ ❞♦tt❡❞ ❝✉r✈❡s ❢♦r t✉♥❡❞ ✭✸✳✶✮ ❛♥❞ s❡❧❢ r❡s♦♥❛♥t ✭✸✳✷✮✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ❧❛②❡rs ❤❛✈❡ r❡s✐st✐✈✐t② Rs ❛♥❞ s❡♠✐ ❛①❡s s❝❛❧❡❞ (11−m)/10✱ ✇❤❡r❡ m ∈ {1, ..., n}
❢♦r t❤❡ ❝✉r✈❡ ❧❛❜❡❧❡❞ 1 − n✳ ❚❤❡ ❜❧❛❝❦ ❝✉r✈❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❇✭✶✿✶✵✮ ❝❛s❡ ✇✐t❤
t❤❡ ✐♥♥❡r 9 ❧❛②❡rs ❤❛✈✐♥❣ s❡♠✐ ❛①✐s ❡q✉✐❞✐st❛♥t❧② s❝❛❧❡❞ ❜❡t✇❡❡♥ 0.25 ❛♥❞ 0.5✳

s❡❧❢✲r❡s♦♥❛♥t ♠✐①❡❞ ❚❊✴❚▼ ♠♦❞❡ ✭✺✳✻✮ t♦ t❤❡ ❚▼ ♠♦❞❡ ❛r♦✉♥❞ (0.7, 1.8) ✇❤✐❝❤ ✐s
❛❧s♦ ♦❜t❛✐♥❡❞ ❜② ❡✈❛❧✉❛t✐♥❣ t❤❡ ♠✐♥✐♠✉♠ ◗✲❢❛❝t♦r ❢♦r ❚▼ r❛❞✐❛t✐♦♥ ❬✻❪ ❛♥❞ ♠❛r❦❡❞
✇✐t❤ ❞✐❛♠♦♥❞s ✐♥ ❋✐❣✳ ✻✳

❋✐❧❧✐♥❣ t❤❡ s♣❤❡r♦✐❞ ❤✐❣❤❧✐❣❤ts s♦♠❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡
❞✐ss✐♣❛t✐♦♥ ❛♥❞ ◗✲❢❛❝t♦r✳ ❍❡r❡✱ ✐♥t❡r♥❛❧ ❧❛②❡rs ❛r❡ ❛❞❞❡❞✱ r❛t❤❡r t❤❛♥ ❛ ❤♦♠♦❣❡♥❡♦✉s
✜❧❧✐♥❣ ❬✶✶✱ ✸✸❪✱ t♦ s✐♠♣❧✐❢② t❤❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ s✉r❢❛❝❡ ❝✉rr❡♥ts ✐♥ t❤✐s ♣❛♣❡r✳
❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡r❡ ✐s ❛ tr✐✈✐❛❧ s❝❛❧✐♥❣ ♦❢ t❤❡ s❤❡❡t r❡s✐st✐✈✐t② ✭✷✳✶✵✮ ❛s t✇♦ ❝❧♦s❡❧②
s♣❛❝❡❞ ❧❛②❡rs ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ s✐♥❣❧❡ ❧❛②❡r ✇✐t❤ t❤❡ ❞♦✉❜❧❡ t❤✐❝❦♥❡ss ❛♥❞ ❤❡♥❝❡
❤❛❧❢ t❤❡ s❤❡❡t r❡s✐st✐✈✐t②✳ ■t ✐s s❡❡♥ t❤❛t t❤❡ P❛r❡t♦ ❢r♦♥t ❡①t❡♥❞s ❛s t❤❡ ♥✉♠❜❡r ♦❢
✐♥♥❡r ❧❛②❡rs ❛r❡ ✐♥❝❧✉❞❡❞✳ ❚❤❡ ❡✛❡❝t ✐s ❧❛r❣❡st ❢♦r t❤❡ ❧❛②❡rs ❝❧♦s❡ t♦ s✉r❢❛❝❡ ❛♥❞
t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ t❤❡ ❧❛②❡rs ❝❧♦s❡ t♦ t❤❡ ❝❡♥t❡r ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ❛s s❡❡♥ ❢r♦♠ t❤❡
s♠❛❧❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❆✭✶✿✺✮ ❛♥❞ ❆✭✶✿✶✵✮ ❝❛s❡s✳ ❚❤r♦✉❣❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢
❛❞❞✐t✐♦♥❛❧ ✐♥t❡r♥❛❧ ❧❛②❡rs✱ t❤❡ ❞✐ss✐♣❛t✐♦♥ ❢❛❝t♦r r❡❞✉❝❡s ✇❤✐❧❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥
r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r ✐s ✉♥❛✛❡❝t❡❞ ❜② t❤❡ ♣♦ss✐❜❧❡ s♦✉r❝❡s ✐♥ t❤❡ ✐♥♥❡r r❡❣✐♦♥ ❬✶✾❪✳ ❚❤✐s
s❤♦✇s t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✉t✐❧✐③❡ t❤❡ ✐♥t❡r✐♦r r❡❣✐♦♥ ♦❢ ❛♥ ♦❜❥❡❝t t♦ ❞❡❝r❡❛s❡ ❧♦ss❡s
❛♥❞ t❤❛t ✈♦❧✉♠❡s s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ♣❤②s✐❝❛❧ ❜♦✉♥❞s ♦♥ ❞✐ss✐♣❛t✐♦♥ ❢❛❝t♦r✳

❖♥❡ ♣♦ss✐❜✐❧✐t② ❢♦r ✉s✐♥❣ t❤❡ ✐♥♥❡r r❡❣✐♦♥ ✐s t♦ t✉♥❡ t❤❡ ❞♦♠✐♥❛♥t ❡❧❡❝tr✐❝ ❡♥❡r❣②
❢r♦♠ t❤❡ ♦✉t❡r s❤❡❧❧ ♠❛❣♥❡t✐❝ ❡♥❡r❣② ✐♥ t❤❡ ✐♥♥❡r r❡❣✐♦♥✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ❜② t❤❡
❝❛s❡ ❞❡♥♦t❡❞ ❇✭✶✿✶✵✮ t❤❛t ❝♦♥s✐sts ♦❢ ♥✐♥❡ ❧❛②❡rs ♣❧❛❝❡❞ ❜❡t✇❡❡♥ ✵✳✷✺ ❛♥❞ ✵✳✺ ♦❢ t❤❡
r❛❞✐❛❧ ❞✐st❛♥❝❡✳ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ s❡❧❢✲r❡s♦♥❛♥t ❝❛s❡ tr❛✈❡rs❡s ❢r♦♠ t❤❡ ♠✐①❡❞
♠♦❞❡ s♦❧✉t✐♦♥ t♦ ❛ ❞♦♠✐♥❛♥t ❚▼ ♠♦❞❡✳
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✻ ▲✐♠✐t ♦❢ ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ ❛♥t❡♥♥❛s

❚❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ✭❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧✮ ❧✐♠✐t ♦✛❡rs ❡①♣❧✐❝✐t s♦❧✉t✐♦♥s ❢♦r ♠❛♥② ❛♥t❡♥♥❛
♣r♦❜❧❡♠s ❬✶✾✱ ✸✶✱ ✺✻✱ ✺✼❪ ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❞♦♠✐♥❛♥t ❝♦♠♣♦♥❡♥ts ♦❢
t❤❡ s♠❛❧❧ s✐③❡ ❡①♣❛♥s✐♦♥s ✭✺✳✶✷✮ ❛♥❞ ✭✺✳✶✸✮ ❢♦r ❛r❜✐tr❛r② s❤❛♣❡❞ ♦❜❥❡❝ts✳ ❯♥❞❡r
t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ❡①♣❛♥s✐♦♥ ♦❢ ❛ ❝✉rr❡♥t ❞❡♥s✐t② J ∼ J0 + kJ1 ✭❛s k → 0 ✇❤❡r❡
∇ · J0 = 0 ❛♥❞ ∇ × J1 = 0✮✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ♠✐♥✐♠✉♠ ◗✲❢❛❝t♦r ✐s
s❡♣❛r❛t❡❞ ✐♥t♦ ✐ts ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ♣❛rts ❬✶✾❪✳ ❚❤❡ st♦r❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝
❡♥❡r❣✐❡s t❤❡♠s❡❧✈❡s ❤❛✈❡ ❧♦✇✲❢r❡q✉❡♥❝② ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s✸

We =
1

4ω
I
H
1 XeI1 ∼

1

4
I
H
1 CiI1 ✭✻✳✶✮

❛♥❞

Wm =
1

4ω
I
H
0 XmI0 ∼

1

4
I
H
0 LI0, ✭✻✳✷✮

r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ L ❛♥❞ Ci ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡ ✐♠♣❡❞❛♥❝❡ ♠❛tr✐① Z = jkL− jCi/k✳
❚❤❡ r❛❞✐❛t❡❞ ♣♦✇❡r ❛♥❞ ❞✐ss✐♣❛t❡❞ ♣♦✇❡r ✐♥ ♦❤♠✐❝ ❧♦ss❡s ❝❛♥ ❜❡ ✇r✐tt❡♥

Pr ∼
1

2
k4(IH0 RTEI0 + I

H
1 RTMI1) ❛♥❞ PΩ ∼

1

2
I
H
0 RΩI0, ✭✻✳✸✮

r❡s♣❡❝t✐✈❡❧②✱ ✇✐t❤ t❤❡ ❡①♣❧✐❝✐t r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ♠❛tr✐❝❡s✱ ❡✳❣✳✱ ❣✐✈❡♥ ❬✸✶✱ ❊q✳
✭✸✳✾✮❪✳ ■♥s❡rt✐♥❣ t❤❡ ❡①♣❛♥s✐♦♥s ✐♥ ✭✺✳✺✮ s❤♦✇s t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ s❡♣❛r❛t❡s
✐♥t♦ ❚▼ ❛♥❞ ❚❊ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s

k3Qrad
lb,TM = min eig

∇×

(Ci,RTM) =
6π

max eig γe

✭✻✳✹✮

❛♥❞

k3Qrad
lb,TE = min eig

∇·

(L,RTE) =
6π

max eig γm

✭✻✳✺✮

✇❤✐❝❤ ❤❛✈❡ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥s ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ♣♦❧❛r✐③❛❜✐❧✐t②
❞②❛❞✐❝s γe ❛♥❞ γm✱ r❡s♣❡❝t✐✈❡❧②✱ s❡❡ ❛❧s♦ ❬✶✻✱ ✶✾✱ ✷✵✱ ✸✶✱ ✺✻❪ ❢♦r ❛❧t❡r♥❛t✐✈❡ ❞❡r✐✈❛t✐✲
♦♥s✳ ■♥ ✭✻✳✹✮ ❛♥❞ ✭✻✳✺✮✱ eig∇× ❛♥❞ eig∇· ❞❡♥♦t❡ s♦❧✈✐♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✇❤✐❧❡
❛❞♠✐tt✐♥❣ ♦♥❧② ❝✉r❧✲ ❛♥❞ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ s♦❧✉t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦t❡ t❤❛t t❤✐s ♥♦✲
t❛t✐♦♥ ❛ss✉♠❡s s♦♠❡ r❡❣✉❧❛r✐t② ♦♥ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❛♥❞ ❣❡♥❡r❛❧✐③❛t✐♦♥ ❛r❡ ♥❡❡❞❡❞
❢♦r s✉r❢❛❝❡ ❝✉rr❡♥ts ❛♥❞ ❝♦♠♣❧❡① t♦♣♦❧♦❣✐❡s✳ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ◗✲❢❛❝t♦r ✭✺✳✺✮
❢♦r ❝♦♠❜✐♥❡❞ ❚❊ ❛♥❞ ❚▼ ♠♦❞❡s ❤❛s t❤❡ ❡①♣❧✐❝✐t r❡♣r❡s❡♥t❛t✐♦♥

Qrad
lb =

6π

k3(max eig γe +max eig γm)
. ✭✻✳✻✮

❚❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ❡①♣❛♥s✐♦♥ tr❛♥s❢♦r♠s t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❢♦r t❤❡ ♠✐♥✐♠❛❧ s❡❧❢✲
r❡s♦♥❛♥t ❞✐ss✐♣❛t✐♦♥ ❢❛❝t♦r ✭✺✳✷✮ t♦

maximize I
H
0 RTEI0 + I

H
1 RTMI1

subject to I
H
0 RΩI0 = 1

I
H
0 LI0 = I

H
1 CiI1,

✭✻✳✼✮

✸❚❤❡ ❝♦♠♣♦♥❡♥ts I0 ❛♥❞ I1 ♠❛② ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❧♦✇❡r ❞✐♠❡♥s✐♦♥ ❜❛s❡s✱ ❤♦✇❡✈❡r ❢♦r ♥♦t❛t✐♦♥❛❧
s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ ❤❡r❡ t❤❛t t❤❡② ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ s❛♠❡ ❜❛s✐s ❛s ❛ ❣❡♥❡r❛❧ ❝✉rr❡♥t ✈❡❝t♦r I✳



✶✻

✇❤❡r❡ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ♣❛rt s❡♣❛r❛t❡s✳ ❚❤❡ ❡❧❡❝tr✐❝ ♣❛rt ✐s ♠❛①✐♠✐③❡❞
✐♥ ✭✻✳✹✮ s✐♠♣❧✐❢②✐♥❣ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ t♦

maximize I
H
0 RTEI0 + β

subject to I
H
0 RΩI0 = 1

I
H
0 LI0 = 6πβ/γ,

✭✻✳✽✮

✇❤❡r❡ γ = max eig γe✳ ❚❤❡ ❛❜♦✈❡ ♣r♦❜❧❡♠ ✐s t❤✉s r❡❞✉❝❡❞ t♦ ❛ ♠❛①✐♠✐③❛t✐♦♥ ♦✈❡r
I0 ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r β✳ ❚❤✐s ♦♣t✐♠✐③❛t✐♦♥ ✐s s♦❧✈❡❞ ❛♥❛❧♦❣♦✉s❧② t♦ ✭✺✳✷✮✳ ❚❤❡ k4

s❝❛❧✐♥❣ ♦❢ t❤❡ r❛❞✐❛t❡❞ ♣♦✇❡r ✐♥ ✭✻✳✸✮ s❤♦✇s t❤❛t t❤❡ ❞✐ss✐♣❛t✐♦♥ ❢❛❝t♦r s❝❛❧❡s ❛s
k−4✳ ✳ ❚❤❡ ❡❧❡❝tr✐❝ ♣❛rt ✭❝❤❛r❣❡✮ ✐s ❤❡♥❝❡ ✐❞❡♥t✐❝❛❧ ❢♦r ♠✐♥✐♠✉♠ ◗✲❢❛❝t♦rs ♦❢ t❤❡
❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ✭❚▼✮ ✭✻✳✹✮✱ ❛♥❞ ❝♦♠❜✐♥❡❞ ♠♦❞❡ ✭❚▼✰❚❊✮ ✭✻✳✻✮✱ ❛♥❞ s❡❧❢ r❡s♦♥❛♥t
♠❛①✐♠❛❧ ❡✣❝✐❡♥❝② ❝❛s❡s ✭✻✳✽✮✳ ▼❛①✐♠✐③❛t✐♦♥ ♦❢ ✭✻✳✽✮ ✐♥❝❧✉❞❡s ❜♦t❤ ❞✐ss✐♣❛t✐♦♥ ✐♥
♦❤♠✐❝ ❧♦ss❡s RΩ ❛♥❞ ♠❛❣♥❡t✐❝ r❛❞✐❛t✐♦♥ RTE✳ ❆ss✉♠✐♥❣ ❛♥ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ r❛❞✐❛t♦r✱
✐✳❡✳✱ ♥❡❣❧✐❣✐❜❧❡ ♠❛❣♥❡t✐❝ r❛❞✐❛t✐♦♥ ✐♥ ✭✻✳✽✮✱ ❣✐✈❡s ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r I0

✐♥ ✭✻✳✽✮ ❛s t❤❡ ♠❛①✐♠✉♠ ◗✲❢❛❝t♦r ♦❢ ❛♥ ✐♥❞✉❝t♦r

Qub,L

k
= max

I
H
0 LI0

IH0 RΩI0
= max eig

∇·

(L,RΩ). ✭✻✳✾✮

■♥s❡rt✐♥❣ ✭✻✳✾✮ ✐♥t♦ ✭✻✳✽✮ ②✐❡❧❞s t❤❡ ♠✐♥✐♠❛❧ ❚▼ ❞✐ss✐♣❛t✐♦♥ ❢❛❝t♦r ❛s t❤❡ q✉♦t✐❡♥t
❜❡t✇❡❡♥ t❤❡ ❚▼ r❛❞✐❛t✐♦♥ ❛♥❞ ✐♥❞✉❝t♦r ◗✲❢❛❝t♦rs

δlb,TM =
min eig∇×(Ci,RTM)

k4 max eig∇·(L,RΩ)
=

6π

k3γQub,L

=
Qrad

lb,TM

Qub,L

. ✭✻✳✶✵✮

❚❤✐s s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s st♦r❡❞ ❡♥❡r❣② ❢r♦♠ ❛ ❧♦ss❧❡ss ❡❧❡❝tr✐❝ ❞✐♣♦❧❡
r❛❞✐❛t♦rs t✉♥❡❞ ✇✐t❤ ❧♦ss② ✐♥❞✉❝t✐✈❡ ❝✉rr❡♥ts✳

◗✲❢❛❝t♦r ❜♦✉♥❞s Qrad
lb,TM✱ Q

rad
lb,TE✱ ❛♥❞ Qub,L ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✼ ❢♦r ♣❧❛♥❛r r❡❝✲

t❛♥❣❧❡s ✇✐t❤ ❛s♣❡❝t r❛t✐♦♥s ℓx/ℓy ❛♥❞ t✇♦ ❛♥t❡♥♥❛ ❣❡♦♠❡tr✐❡s ❝✐r❝✉♠s❝r✐❜❡❞ ❜② t❤❡
r❡❝t❛♥❣❧❡s✳ ❚❤❡ ❧♦♦♣s ❛♥❞ ♠❡❛♥❞❡r ❧✐♥❡s ❤❛✈❡ str✐♣ ✇✐❞t❤s ℓx/12 ✇❤✐❝❤ ✐♠♣❧② t❤❛t
t❤❡ ❧♦♦♣ ❛♥❞ ♠❡❛♥❞❡r ❧✐♥❡ r❡❞✉❝❡ t♦ t❤❡ r❡❝t❛♥❣❧❡ ❢♦r ℓx ≥ 6ℓy ❛♥❞ ℓx ≥ 12ℓy✱ r❡✲
s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❚▼ ❛♥❞ ❚❊ ◗✲❢❛❝t♦rs ✐♥ ❞❛s❤❡❞ ❞♦tt❡❞ ❛♥❞ ❞❛s❤❡❞ ❝✉r✈❡s✱ r❡s♣❡❝t✐✲
✈❡❧②✱ ❛r❡ ♥♦r♠❛❧✐③❡❞ ✇✐t❤ (ka)3 ❛♥❞ r❡❧❛t❡❞ t♦ t❤❡ ♣♦❧❛r✐③❛❜✐❧✐t② ❞②❛❞✐❝✱ s❡❡ ✭✻✳✹✮
❛♥❞ ✭✻✳✺✮✳

❚❤❡ ❧♦♦♣ ❛♥❞ ♠❡❛♥❞❡r s❤❛♣❡s ❛r❡ ❢♦r♠❡❞ ❜❡ r❡♠♦✈✐♥❣ ♣❛rts ♦❢ t❤❡ r❡❝t❛♥❣❧❡
❛♥❞ ❛r❡ ❤❡♥❝❡ s✉❜♦♣t✐♠❛❧ ✐♥ ✭✻✳✹✮✱ ✭✻✳✺✮✱ ❛♥❞ ✭✻✳✾✮ ❝♦♠♣❛r❡❞ t♦ t❤❡ s♦❧✉t✐♦♥ ❢♦r
t❤❡ ❝✐r❝✉♠s❝r✐❜✐♥❣ r❡❝t❛♥❣❧❡✳ ❙✉❜♦♣t✐♠❛❧ s♦❧✉t✐♦♥s t♦ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ✐♥ ✭✻✳✹✮
❛♥❞ ✭✻✳✺✮ ✐♠♣❧② ✐♥❝r❡❛s❡❞ ◗✲❢❛❝t♦rs Qrad

TM ❛♥❞ Qrad
TE✳ ❙✐♠✐❧❛r❧②✱ s✉❜♦♣t✐♠❛❧ s♦❧✉t✐♦♥s

✐♠♣❧② r❡❞✉❝t✐♦♥ t♦ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ Qub,L ✐♥ ✭✻✳✾✮✱ s❡❡ ❛rr♦✇s ✐♥ ❋✐❣✳ ✼✳ ❚❤✐s
✐s ❛ s✐♠✐❧❛r ❝♦♥❝❧✉s✐♦♥ ❛s ❞r❛✇♥ ❢r♦♠ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❜♦✉♥❞s ❢♦r t❤❡ ♣♦❧❛r✐③❛❜✐❧✐t②
❞②❛❞✐❝s ❬✶✻❪✳ ❍♦✇❡✈❡r✱ t❤❡ ❡❧❡❝tr✐❝ ♣♦❧❛r✐③❛❜✐❧✐t② ✐s ♦♥❧② ♠❛r❣✐♥❛❧❧② ❞❡❝r❡❛s❡❞ ❛s t❤❡
r❡♠♦✈❡❞ ♣❛rts ❛r❡ ❧♦❝❛t❡❞ ✐♥ t❤❡ ✐♥♥❡r r❡❣✐♦♥ ♦❢ t❤❡ r❡❝t❛♥❣❧❡ ❬✷✵❪ ❛♥❞ ❤❡♥❝❡ ❛r❡ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ◗✲❢❛❝t♦rs ❛♣♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡ ❢♦r t❤❡ ❛♥t❡♥♥❛ ❣❡♦♠❡tr✐❡s ❛s ❢♦r
t❤❡ ❝✐r❝✉♠s❝r✐❜✐♥❣ r❡❝t❛♥❣❧❡✳ ❈♦♥tr❛r②✱ t❤❡ ❚❊ Qrad

lb,TE ❛♥❞ ✐♥❞✉❝t✐✈❡ Qub,L ◗✲❢❛❝t♦r
❝❤❛♥❣❡ r❛♣✐❞❧② ❛s ✐♥♥❡r ♣❛rts ❛r❡ r❡♠♦✈❡❞✳ ❚❤✐s ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ ❡❧✐♠✐♥❛t✐♦♥ ♦❢
❧♦♦♣ ❝✉rr❡♥ts ✇❤❡♥ s✉❝❤ r❡❣✐♦♥s ❛r❡ r❡♠♦✈❡❞ ♦r ❝✉t ❜② s❧♦ts✳
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❋✐❣✉r❡ ✼✿ ◆♦r♠❛❧✐③❡❞ ◗✲❢❛❝t♦rs ❢♦r ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ❛♥t❡♥♥❛s Qrad
lb,TM(ka)

3 ✭✻✳✹✮ ✭❞♦t

❞❛s❤❡❞✮✱ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ Qrad
lb,TE(ka)

3 ✭✻✳✺✮ ✭❞❛s❤❡❞✮✱ ❛♥❞ ✐♥❞✉❝t♦rs Qub,L/(ka) ✭✻✳✾✮
✭s♦❧✐❞✮ ❝♦♥✜♥❡❞ t♦ ❛ r❡❝t❛♥❣✉❧❛r r❡❣✐♦♥ ✇✐t❤ s✐❞❡ ❧❡♥❣t❤s ℓx ❛♥❞ ℓy✳ ❊✛❡❝ts ♦♥ t❤❡
◗✲❢❛❝t♦rs ❢r♦♠ r❡♠♦✈❛❧ ♦❢ t❤❡ ✐♥♥❡r r❡❣✐♦♥ ✭❧♦♦♣✮ ❛♥❞ s❧♦ts ✭♠❡❛♥❞❡r✐♥❣✮ ❛r❡ ❛❧s♦
✐♥❝❧✉❞❡❞✳

❚❤❡ s♠❛❧❧ ✐♥❝r❡❛s❡s ♦❢ Qrad
lb,TE ❢♦r t❤❡ ❧♦♦♣ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ r❡❝t❛♥❣❧❡ ✐♥❞✐❝❛t❡

t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ♣♦❧❛r✐③❛❜✐❧✐t② ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❧♦♦♣ ❛r❡❛✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♠✉❝❤ ❧❛r❣❡r ❞❡❝r❡❛s❡ ✐♥ Qub,L s❤♦✇s t❤❛t t❤❡ ✐♥❞✉❝t❛♥❝❡ ❝❛♥ ❜❡♥❡✜t ♠♦r❡ ❢r♦♠
t❤❡ ✐♥♥❡r ♣❛rts✱ ❝❢✳ ✇✐t❤ t❤❡ ❈ ❛♥❞ ❉ ❝❛s❡s ✐♥ ❋✐❣✳ ✹✳ ❚❤❡ ❛♣♣r♦①✐♠❛t❡ ❢❛❝t♦r ♦❢
t✇♦ ❜❡t✇❡❡♥ Qrad

lb,TM ❛♥❞ Qrad
lb,TE ❢♦r ℓx = ℓy ✐♥❞✐❝❛t❡ ❛ ♣♦t❡♥t✐❛❧ 66% r❡❞✉❝t✐♦♥ ❢♦r

t❤❡ ❝♦♠❜✐♥❡❞ ❚▼✲❚❊ ♠♦❞❡ ✭✺✳✺✮✳ ❚❤✐s r❡❞✉❝t✐♦♥ ❤♦✇❡✈❡r ✈❛♥✐s❤❡❞ r❛♣✐❞❧② ✇✐t❤
✐♥❝r❡❛s✐♥❣ ❛s♣❡❝t r❛t✐♦ ❛s t❤❡ q✉♦t✐❡♥t Qrad

lb,TM/Q
rad
lb,TE ≫ 1 ❢♦r ℓx ≥ 2ℓy✳

❚❤❡ ✐♠♣❛❝t ❢r♦♠ t❤❡ s❧♦ts ✐♥ t❤❡ ♠❡❛♥❞❡r ❧✐♥❡s ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ ❢♦r t❤❡
❧♦♦♣s ❛s t❤❡ s❧♦ts ❤✐♥❞❡r ❧❛r❣❡ ❧♦♦♣ ❝✉rr❡♥ts s♣❛♥♥✐♥❣ t❤❡ ❡♥t✐r❡ s✉r❢❛❝❡✳ ❍❡r❡✱
Qrad

lb,TE ✐♥❝r❡❛s❡s ❛♥❞ Qub,L ❞❡❝r❡❛s❡s ❝❧♦s❡ t♦ ❛ ❢❛❝t♦r ♦❢ ✶✵✳ ❚❤❡s❡ ❧❛r❣❡ ❝❤❛♥❣❡s

✐♥ Qrad
lb,TE ❛♥❞ Qub,L ✇✐t❤ r❡s♣❡❝t t♦ r❡♠♦✈❛❧ ♦❢ ❣❡♦♠❡tr② ❝♦♠♣❛r❡❞ t♦ t❤❡ s♠❛❧❧

❝❤❛♥❣❡s ♦❢ Qrad
lb,TM ♣❛rt❧② ❡①♣❧❛✐♥s t❤❡ ✐♥❝r❡❛s❡❞ ❞✐✣❝✉❧t② t♦ ❞❡s✐❣♥ ♦♣t✐♠❛❧ ❛♥t❡♥♥❛s

❢♦r Qrad
TE✱ Q

rad✱ ❛♥❞ ❡✣❝✐❡♥❝② ❝♦♠♣❛r❡❞ t♦ Qrad
TM✳ ❚❤❡ s♦❧✉t✐♦♥s t♦ ✭✻✳✹✮ ❛♥❞ ✭✻✳✾✮

❛r❡ q✉❛❧✐t❛t✐✈❡❧② ❞✐✛❡r❡♥t ❢♦r s✉r❢❛❝❡ ❛♥❞ ✈♦❧✉♠❡tr✐❝ r❡❣✐♦♥s Ω✳ ▼✐♥✐♠✐③❛t✐♦♥ ♦❢
t❤❡ ◗✲❢❛❝t♦rs ✭✻✳✹✮ ❛♥❞ ✭✻✳✺✮ ❤❛✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❛♥❞ s✉r❢❛❝❡ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥s✱
r❡s♣❡❝t✐✈❡❧② ❬✶✾❪✳ ❚❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✉❝t♦r ◗✲❢❛❝t♦r ✭✻✳✾✮ ❤❛s ✐♥st❡❛❞ ❛
✈♦❧✉♠❡tr✐❝ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥✱ ❝❢✳ t❤❡ ✜❧❧❡❞ s♣❤❡r♦✐❞ ✐♥ ❋✐❣✳ ✻✳

✼ ❈♦♥tr♦❧❧❛❜❧❡ ❘❡❣✐♦♥ ❈♦♥str❛✐♥ts

❘❡str✐❝t✐♥❣ ❝♦♥tr♦❧ ♦❢ ❝✉rr❡♥ts t♦ ❛ s✉❜r❡❣✐♦♥ ♦❢ ❛ str✉❝t✉r❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛❞❞✐♥❣ ❛
❧✐♥❡❛r ❝♦♥str❛✐♥t IG = TIA t♦ ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮✱ s❡❡ ❬✻✱ ✶✺❪ ❢♦r ❞❡t❛✐❧s✳ ❚❤✐s r❡str✐❝t✐♦♥
s❤✐❢ts t❤❡ P❛r❡t♦ ❢r♦♥t ✐♥t♦ t❤❡ r❡❣✐♦♥ ♦❢ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥s❀ t❤❛t ✐s✱ ❧❡ss ❝♦♥tr♦❧ ❧❡❛❞s
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❋✐❣✉r❡ ✽✿ ❚❤❡ P❛r❡t♦ ❢r♦♥ts ❢♦r sq✉❛r❡ ♣❛t❝❤ ✇✐t❤ ❝♦♥tr♦❧❧❛❜❧❡ s♦✉r❝❡s ΩA ♣❧❛❝❡❞ ✐♥
✈❛r✐♦✉s ❤❡✐❣❤ts h ♦✈❡r ❛ r❡❝t❛♥❣✉❧❛r ❣r♦✉♥❞ ♣❧❛♥❡ ΩG✱ s❡❡ t❤❡ ✐♥s❡t✳ ❚❤❡ P❛r❡t♦✲
♦♣t✐♠❛❧ ❝✉rr❡♥ts ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ t✉♥❡❞ t♦ r❡s♦♥❛♥❝❡ ❜② ❡①t❡r♥❛❧ ❡❧❡♠❡♥ts✱ ✐✳❡✳✱
♣r♦❜❧❡♠ ✭✸✳✶✮ ✇❛s s♦❧✈❡❞ ❛t ka = 1/2 ❢♦r Rs = 1Ω✳ ❚❤❡ s❡❧❢✲r❡s♦♥❛♥❝❡ P❛r❡t♦ ❢r♦♥ts✱
❢✉❧✜❧❧✐♥❣ ✭✸✳✷✮ ❛♥❞ ❞❡♣✐❝t❡❞ ❜② s♦❧✐❞ ❜❧❛❝❦ ❧✐♥❡s✱ ❛r❡ ❛❞❞❡❞ ♦♥❧② ❢♦r t❤❡ ❝♦♠♣❧❡t❡♥❡ss
❛s t❤❡② ❛r❡ ♦❢ ❡①tr❡♠❡❧② ❧✐♠✐t❡❞ s❝♦♣❡✳ ■♥ ❛❧❧ ❝❛s❡s✱ t❤❡ s❛♠❡ ♠❡s❤ ❣r✐❞ ✇❛s ✉s❡❞
✇✐t❤ 202 ❘❲● ❡❧❡♠❡♥ts ✐♥ t❤❡ ❝♦♥tr♦❧❧❛❜❧❡ r❡❣✐♦♥ ❛♥❞ 422 ❘❲● ❡❧❡♠❡♥ts ♦♥ t❤❡
❣r♦✉♥❞ ♣❧❛♥❡✳

t♦ str✐❝t❡r ❜♦✉♥❞s ✐♥ ❜♦t❤ ◗✲❢❛❝t♦r ❛♥❞ ❡✣❝✐❡♥❝②✳
❍❡r❡ ✇❡ ❡①❛♠✐♥❡ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ❛ ❝❛❧❝✉❧❛t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤✐s ❝❧❛ss ♦❢ ❧✐♥❡❛r

❝♦♥str❛✐♥ts ✐♠♣♦s❡❞ ❜② ✐♥❝♦♠♣❧❡t❡ ❝♦♥tr♦❧ ♦❢ ❝✉rr❡♥ts ✇✐t❤✐♥ ❛ ❞❡s✐❣♥ r❡❣✐♦♥✳ ❚❤❡
s❛♠♣❧❡ ♣r♦❜❧❡♠✱ s❤♦✇♥ ✐♥ ❋✐❣✳ ✽✱ ❝♦♥s✐sts ♦❢ ❛♥ ❛♥t❡♥♥❛ ❞❡s✐❣♥ r❡❣✐♦♥ ΩA ✇❤❡r❡
❝✉rr❡♥ts r❡♣r❡s❡♥t❡❞ ❜② IA ❛r❡ ❢✉❧❧② ❝♦♥tr♦❧❧❛❜❧❡✳ ❇❡❧♦✇ t❤✐s r❡❣✐♦♥ ✐s ❛ ❧❛r❣❡r ❣r♦✉♥❞
♣❧❛♥❡ ΩG ✇❤❡r❡ ❝✉rr❡♥ts r❡♣r❡s❡♥t❡❞ ❜② IG ❛r❡ ✐♥❞✉❝❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧✐♥❡❛r
r❡❧❛t✐♦♥ IG = TIA✳

❚❤❡ ❤❡✐❣❤t h ♦❢ t❤❡ ❝♦♥tr♦❧❧❛❜❧❡ r❡❣✐♦♥ ♦✈❡r t❤❡ ❣r♦✉♥❞ ♣❧❛♥❡ ✐s ❛❞❥✉st❡❞ ❛♥❞ t❤❡
r❡s✉❧t✐♥❣ ❞❛t❛ ✐♥ ❋✐❣✳ ✽ ❞❡♠♦♥str❛t❡ ❤♦✇ t❤✐s ❞✐st❛♥❝❡ ❛✛❡❝ts t❤❡ P❛r❡t♦ ❢r♦♥ts✳ ❇♦t❤
❡①tr❡♠❛❧ ♣♦✐♥ts ♦♥ t❤❡ P❛r❡t♦ ❢r♦♥t ❞❡❣r❛❞❡ ✇✐t❤ ❞❡❝r❡❛s✐♥❣ ❤❡✐❣❤t ✇✐t❤✐♥ t❤❡ r❛♥❣❡
st✉❞✐❡❞ ❤❡r❡✱ ✐✳❡✳✱ ♠✐♥✐♠✉♠ r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r ✐♥❝r❡❛s❡s ✇❤✐❧❡ ♠❛①✐♠✉♠ ❡✣❝✐❡♥❝②
❞❡❝r❡❛s❡s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ P❛r❡t♦ ❢r♦♥ts ❜❡❝♦♠❡ s♠♦♦t❤❡r ✇✐t❤
❞❡❝r❡❛s✐♥❣ ❤❡✐❣❤t✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡s❡ q✉❛♥t✐t✐❡s ❜❡❝♦♠❡s
♠♦r❡ ♣r♦♥♦✉♥❝❡❞ ❛s t❤❡ ❝♦♥tr♦❧❧❛❜❧❡ r❡❣✐♦♥ ✐s ❜r♦✉❣❤t ❝❧♦s❡r t♦ t❤❡ ❣r♦✉♥❞ ♣❧❛♥❡✳
❙♣❡❝✐✜❝❛❧❧②✱ ❢♦r t❤❡ ❧❛r❣❡st ✈❛❧✉❡ ♦❢ h st✉❞✐❡❞ ❤❡r❡✱ ❛♥ ❡✣❝✐❡♥❝② ♠❛r❣✐♥❛❧❧② ❜❡❧♦✇
t❤❡ ♠❛①✐♠✉♠ ✭71% ✈s✳ 73%✮ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❛ ❝✉rr❡♥t ✇✐t❤ r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r
♦♥❧② 40% ❛❜♦✈❡ t❤❡ ♠✐♥✐♠✉♠✳ ❍♦✇❡✈❡r✱ ❛t t❤❡ s♠❛❧❧❡st ✈❛❧✉❡ ♦❢ h✱ t❤❡ s❛♠❡ r❡❧❛t✐✈❡
s❛❝r✐✜❝❡ ✐♥ r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r ❧❡❛❞s t♦ ❛♥ ❡✣❝✐❡♥❝② ✇❡❧❧ ❜❡❧♦✇ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ✭36%
✈s✳ 59%✮✳ ❚❤❡s❡ r❡s✉❧ts ❝❛♥ ❢✉rt❤❡r ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❤✐❣❤ ❝♦st ♦❢ ❛♣♣r♦❛❝❤✐♥❣
t❤❡ ❛❜s♦❧✉t❡ ♠✐♥✐♠✉♠ ♣♦ss✐❜❧❡ ◗✲❢❛❝t♦r✱ ✇❤✐❝❤ ✐♥ ❛❧❧ ❝❛s❡s st✉❞✐❡❞ ❤❡r❡ ❞✐❝t❛t❡s ❛
❧♦✇ ❡✣❝✐❡♥❝② ♦♥ t❤❡ ♦r❞❡r ♦❢ 5% ♦r ❧❡ss✳
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❋✐❣✉r❡ ✾✿ P❛r❡t♦ ❢r♦♥ts ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ s❡❧❢✲r❡s♦♥❛♥t ❝♦♥str❛✐♥t✳ ❚❤❡ r❡❝t❛♥❣✉❧❛r
♣❧❛t❡ ♦❢ ℓ× ℓ/2 ❞✐♠❡♥s✐♦♥s✱ ka = 1/2✱ ✇✐t❤ ✶✹✼✽ ❘❲● ❜❛s✐s ❢✉♥❝t✐♦♥s ✇❛s ❞✐✈✐❞❡❞
✐♥t♦ t✇♦ r❡❣✐♦♥s ♦❢ ❞✐✛❡r❡♥t s✉r❢❛❝❡ r❡s✐st✐✈✐t②✱ Rs1 ❛♥❞ Rs2✳ ❚✇♦ s❝❤❡♠❡s ♦❢ s✉r❢❛❝❡
❝✉rr❡♥t ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛r❡ ❝♦♥s✐❞❡r❡❞✿ ❢✉❧❧ ❝♦♥tr♦❧ ΩA = ℓ× ℓ/2 ✭r❡❞ ❝✉r✈❡s✮ ❛♥❞
♣❛rt✐❛❧ ❝♦♥tr♦❧ΩA = ℓ1 × ℓ/2 ✭❜❧❛❝❦ ❝✉r✈❡s✮✳ ❘❡s✐st✐✈✐t② ♦❢ t❤❡ ❧❛r❣❡r ❛r❡❛ ✐s ❝♦♥st❛♥t
✇❤✐❧❡ t❤❡ r❡s✐st✐✈✐t② ♦❢ s♠❛❧❧❡r ❛r❡❛ ✐s 0 Ω ✭P❊❈✮ ♦r 1 Ω✳ ❚❤❡ s❡❧❡❝t❡❞ P❛r❡t♦ ♦♣t✐♠❛❧
❝✉rr❡♥t ❞❡♥s✐t✐❡s ❛r❡ ❞❡♣✐❝t❡❞ ♦♥❧② ❢♦r r❡❧❡✈❛♥t ♣❛rt ♦❢ t❤❡ ♣❧❛t❡✱ ❤✐❣❤❧✐❣❤t❡❞ ❜② t❤❡
❞❛s❤❡❞ ②❡❧❧♦✇ r❡❣✐♦♥✳

❚❤❡ ❧❛st ❡①❛♠♣❧❡ ✐♥ t❤✐s ♣❛♣❡r st✉❞✐❡s s✐♠♣❧❡ r❡❝t❛♥❣✉❧❛r ♣❧❛t❡✱ ❞✐✈✐❞❡❞ ✐♥t♦
t✇♦ r❡❣✐♦♥s ♦❢ ❞✐✛❡r❡♥t s✉r❢❛❝❡ r❡s✐st✐✈✐t②✱ Rs1✱ Rs2✱ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t✇♦ ❞✐✛❡r❡♥t
s❝❤❡♠❡s ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✕ ✐♥ ♦♥❡ ♦♥❧② ❛ s♠❛❧❧ ❛r❡❛ ✐s ❝♦♥tr♦❧❧❛❜❧❡ ✇❤✐❧❡ ✐♥ t❤❡
♦t❤❡r t❤❡ ❡♥t✐r❡ ♣❧❛t❡ ✐s ❝♦♥tr♦❧❧❛❜❧❡✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✾ ❛♥❞ ✐t ✐s
✐♠♠❡❞✐❛t❡❧② s❡❡♥ t❤❛t t❤❡ P❛r❡t♦ ❢r♦♥ts s✇❡❡♣ ❛ ❜r♦❛❞ r❛♥❣❡ ♦❢ ❞✐ss✐♣❛t✐♦♥ ❢❛❝t♦r ❛♥❞
r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r ✈❛❧✉❡s✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❡♥❞s ♦❢ t❤❡ P❛r❡t♦ ❢r♦♥ts ❝♦rr❡s♣♦♥❞✐♥❣
✇✐t❤ ♠✐♥✐♠✉♠ ◗✲❢❛❝t♦r ❛r❡ ❛❧r❡❛❞② ❦♥♦✇♥✿ t❤❡ ♦♣t✐♠❛❧ ❝✉rr❡♥t ❢♦r ΩA = ℓ× ℓ/2✱
Rs1 = 1 Ω ✐s ❞❡♣✐❝t❡❞ ✐♥ ❬✼❪ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❝✉rr❡♥t ❢♦r ♣❛rt✐❛❧ ❝♦♥tr♦❧ ❛♥❞ P❊❈ ✐s
❞❡♣✐❝t❡❞ ✐♥ ❬✻❪✳

◆❛t✉r❛❧❧②✱ ♠❛♥② ♣❡r♠✉t❛t✐♦♥s ♦❢ t❤❡ ❝♦♥tr♦❧❧❛❜❧❡ r❡❣✐♦♥ ♣r♦❜❧❡♠ ❡①✐st ❛♥❞ ❣❡✲
♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥s ❝❛♥♥♦t ❜❡ ❞r❛✇♥ ❢r♦♠ ❛ s✐♥❣❧❡ ❡①❛♠♣❧❡✳ ❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ✐s ❛❞❛♣✲
t❛❜❧❡ t♦ t❤❡ st✉❞② ♦❢ ❜♦✉♥❞s ❛♥❞ tr❛❞❡✲♦✛s ♦❢ ❛r❜✐tr❛r② ❛♥t❡♥♥❛ ✴ ❣r♦✉♥❞ ❝♦♥✜❣✉✲
r❛t✐♦♥s ❛♥❞ ✐s ♣♦✇❡r❢✉❧ ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ s♣❡❝✐✜❝ ❜❡❤❛✈✐♦r ♦❢ ♦♣t✐♠❛❧ ❝✉rr❡♥ts ✐♥
❝♦♠♣❧❡① ❞❡s✐❣♥ s❡tt✐♥❣s✳ ❆❞❞✐t✐♦♥❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ✐s ❡♥❛❜❧❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ✐♥❤♦♠♦✲
❣❡♥❡♦✉s ❧♦ss ♣r♦♣❡rt✐❡s t❤r♦✉❣❤ t❤❡ ✉s❡ ♦❢ ✭✷✳✻✮✳ ■♥ t❤✐s ✇❛②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ st✉❞②
t❤❡ ✐♠♣❛❝ts ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❜♦✉♥❞s ❛❝❤✐❡✈❛❜❧❡ ✐♥ t❤❡ r❡❣✐♦♥ ΩA ✐♥ t❤❡ ♣r❡s❡♥❝❡
♦❢ ❛♥ ❛r❜✐tr❛r✐❧② ❧♦ss② ♣❛r❛s✐t✐❝ r❡❣✐♦♥ ΩG✳ ❚❤✐s ❛♥❛❧②s✐s ✐s ♦❢ ♣r❛❝t✐❝❛❧ ✐♠♣♦rt❛♥❝❡
❢♦r ✐♥❢♦r♠✐♥❣ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❛♥❞ ❞❡s✐❣♥ ♦❢ ❛♥t❡♥♥❛s ♣❧❛❝❡❞ ✐♥ ♦♣❡r❛t✐♥❣ ❡♥✈✐r♦♥✲
♠❡♥ts ✇❤❡r❡ ✈❛r②✐♥❣ ❧♦❛❞✐♥❣ ♦r ♣❛r❛s✐t✐❝ ❡✛❡❝ts ♠❛② ❜❡ ❡♥❝♦✉♥t❡r❡❞✱ ❡✳❣✳✱ ✐♥✲❜♦❞②
♦r ❡♠❜❡❞❞❡❞ ❛♥t❡♥♥❛s ❬✸✾❪✳



✷✵

✽ ❈♦♥❝❧✉s✐♦♥

❯s✐♥❣ t♦♦❧s ❢r♦♠ ❝♦♥✈❡① ❛♥❞ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥✱ ✇❡ st✉❞② t❤❡ tr❛❞❡✲♦✛s
❜❡t✇❡❡♥ ❛♥t❡♥♥❛ ❡✣❝✐❡♥❝② ❛♥❞ r❛❞✐❛t✐♦♥ ◗✲❢❛❝t♦r✳ ❊✈❡♥ ✇✐t❤ t❤✐s ❢♦❝✉s❡❞ s❝♦♣❡✱
t❤❡r❡ ❡①✐sts ❛ ♣❧❡t❤♦r❛ ♦❢ ❝♦♥str❛✐♥ts ✭r❡s♦♥❛♥❝❡✱ r❡str✐❝t❡❞ ❝♦♥tr♦❧❧❛❜❧❡ r❡❣✐♦♥s✮ t♦
❡①♣❧♦r❡ ✇✐t❤ ♠✐♥✐♠❛❧ ❝❤❛♥❣❡s ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥✳ ▼❛♥✐♣✉❧❛t✐♥❣ t❤❡ ❝❤♦✐❝❡ ♦❢ ♦♣❡✲
r❛t♦rs ❛♥❞ ❞✐✛❡r❡♥t ❝♦♥str❛✐♥ts ②✐❡❧❞s ♠❛♥② ♠♦r❡ tr❛❝t❛❜❧❡ ♣r♦❜❧❡♠s t❤❛♥ ❝♦✈❡r❡❞
❤❡r❡✳ ❚❤✉s ❛ ❣❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s ✇♦r❦ ✐s t❤❛t✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ s♣❡❝✐✜❝ ♥✉✲
♠❡r✐❝❛❧ ♦✉t❝♦♠❡s✱ t❤❡ ♣r♦♣♦s❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ❝✉rr❡♥t ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠s ❡♥❛❜❧❡s t❤❡ st✉❞② ❛♥❞ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ ♠❛♥② ❛♥t❡♥♥❛ ♣r♦❜❧❡♠s ❛♥❞ ✇✐❧❧
s❡❡❞ s✐❣♥✐✜❝❛♥t ❢✉rt❤❡r ✇♦r❦ ✐♥ t❤✐s ❛r❡❛✳

▼♦r❡ s♣❡❝✐✜❝ ❝♦♥❝❧✉s✐♦♥s ❛♥❞ ♣❤②s✐❝❛❧ ✐♥s✐❣❤ts ❛r❡ ❞r❛✇♥ ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧
❡①❛♠♣❧❡s✳ ❋♦r❡♠♦st ✐s t❤❡ ❡♥♦r♠♦✉s ❝♦st ♦❢ s❡❧❢✲r❡s♦♥❛♥❝❡ ♦♥ ❡✣❝✐❡♥❝②✱ ✐✳❡✳✱ t❤❡
♠❛①✐♠✉♠ ❡✣❝✐❡♥❝② ❛tt❛✐♥❛❜❧❡ ❜② ❛ s❡❧❢✲r❡s♦♥❛♥t ❝✉rr❡♥t ✐s ❣❡♥❡r❛❧❧② ♠✉❝❤ ❧♦✇❡r
t❤❛♥ t❤❛t ❛❝❤✐❡✈❛❜❧❡ ❜② ❛ ♥♦♥✲r❡s♦♥❛♥t ❝✉rr❡♥t✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤♦✉❣❤ t❡❝❤♥✐❝❛❧❧②
❝♦♥t✐♥✉♦✉s✱ t❤❡ P❛r❡t♦ ❢r♦♥t ✐♥ t❤✐s ♣r♦❜❧❡♠ ✐s ❝❧✉st❡r❡❞ ✐♥t♦ t✇♦ ❞✐st✐♥❝t r❡❣✐♦♥s
♣r✐♦r✐t✐③✐♥❣ ❡✐t❤❡r ❡✣❝✐❡♥❝② ♦r ◗✲❢❛❝t♦r✳ ❊①❛♠✐♥❛t✐♦♥ ♦❢ t❤❡s❡ ❝❧✉st❡rs s❤♦✇s t❤❡
r❛♣✐❞ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ ❛ ♥❡❛r❧② ❝♦♥st❛♥t ❝✉rr❡♥t ✭♥♦♥✲r❡s♦♥❛♥t✱ ❤✐❣❤ ❡✣❝✐❡♥❝②✱
❡①tr❡♠❡❧② ❤✐❣❤ ◗✲❢❛❝t♦r✮ ❛♥❞ ❛ ♠✉❧t✐✲♠♦❞❡ s♦❧✉t✐♦♥ ✭s❡❧❢✲r❡s♦♥❛♥t✱ ❧♦✇✲❡✣❝✐❡♥❝②✱
❧♦✇ ◗✲❢❛❝t♦r✮✳ ▼♦✈✐♥❣ s❧✐❣❤t❧② ❛✇❛② ❢r♦♠ t❤❡ ❡①tr❡♠❡ ❝❛s❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❡✣❝✐❡♥❝②
❝♦♥st❛♥t ❝✉rr❡♥t✱ ✇❡ ✜♥❞ ❛ s♠♦♦t❤❡r s✐♥❣❧❡✲♠♦❞❡ s♦❧✉t✐♦♥ ✇❤✐❝❤ ❤❛s ❛ ◗✲❢❛❝t♦r
♦♥❧② s❧✐❣❤t❧② ❤✐❣❤❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ♠✉❧t✐✲♠♦❞❡ s♦❧✉t✐♦♥ ✇❤✐❧❡ ❤❛✈✐♥❣ s✐❣♥✐✜❝❛♥t❧②
✐♠♣r♦✈❡❞ ❡✣❝✐❡♥❝② ✇❤❡♥ ❧♦ss❧❡ss t✉♥✐♥❣ ✐s ❛ss✉♠❡❞✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣❛r✐s♦♥s
❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❝❧❛ss❡s ♦❢ s♦❧✉t✐♦♥s ✈❛r② ❜❡t✇❡❡♥ ❡①❛♠♣❧❡s✱ ❜✉t t❤❡ str✉❝t✉r❡ ♦❢
t❤❡ r❡s✉❧ts st❛②s t❤❡ s❛♠❡✳

●✐✈❡♥ t❤❡s❡ r❡s✉❧ts ✇❡ ❝♦♥❝❧✉❞❡ ❜② ❛♥s✇❡r✐♥❣ t❤❡ q✉❡st✐♦♥✿ ❇② ❧♦♦❦✐♥❣ ❢♦r t❤❡
♠♦st ❡✣❝✐❡♥t ❛♥t❡♥♥❛ ♣♦ss✐❜❧❡✱ ❞♦ ✇❡ s❛❝r✐✜❝❡ ◗✲❢❛❝t♦r❄ ❨❡s✱ ❜✉t ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
s✉❣❣❡st t❤❛t t❤❡ r❡❧❛t✐✈❡ tr❛❞❡♦✛ ❞❡♣❡♥❞s ❤✐❣❤❧② ♦♥ t❤❡ s♣❡❝✐✜❝ ♣r♦❜❧❡♠ ✉♥❞❡r
❝♦♥s✐❞❡r❛t✐♦♥✳ ❋♦r t❤❡ ❢✉❧❧② ❝♦♥tr♦❧❧❛❜❧❡ r❡❣✐♦♥s st✉❞✐❡❞ ❤❡r❡✱ t❤❡ s❛❝r✐✜❝❡ ✐s s♠❛❧❧✱
✇✐t❤ ✐♥❝r❡❛s❡s t♦ ◗✲❢❛❝t♦r ♦♥ t❤❡ ♦r❞❡r ♦❢ 10% t♦ 50% ❛❧❧♦✇✐♥❣ ❢♦r ✈❡r② ❧❛r❣❡ ✐♥❝r❡❛s❡s
✐♥ ❡✣❝✐❡♥❝②✳ ❍♦✇❡✈❡r ❢♦r s♠❛❧❧ ❝♦♥tr♦❧❧❛❜❧❡ ❛♥t❡♥♥❛ r❡❣✐♦♥s ♥❡❛r ❧❛r❣❡r ♣❛r❛s✐t✐❝
str✉❝t✉r❡s t❤❡ tr❛❞❡♦✛ ❝♦st ❜❡t✇❡❡♥ t❤❡s❡ ♣❛r❛♠❡t❡rs ♠❛② ❜❡ ♠✉❝❤ ❤✐❣❤❡r✳

❆♣♣❡♥❞✐① ❆ ❉❡❣❡♥❡r❛❝✐❡s

❉❡❣❡♥❡r❛t❡ ❡✐❣❡♥✈❛❧✉❡s r❡q✉✐r❡ s♣❡❝✐❛❧ ❝❛r❡ ✇❤❡♥ ❝♦♥str✉❝t✐♥❣ t❤❡ P❛r❡t♦ ❢r♦♥t ❢♦r
t❤❡ t✉♥❡❞ ♣r♦❜❧❡♠ ✭✸✳✶✮✳ ▼❛♥② ❞❡❣❡♥❡r❛t❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ s②♠♠❡✲
tr✐❡s ✐♥ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ♣r♦❜❧❡♠ ❬✹✸❪✳ ■♥✈❡rs✐♦♥ s②♠♠❡tr② r → −r ❛r❡ ✐♥❤❡r❡♥t
✐♥ ❝❛♥♦♥✐❝❛❧ ❣❡♦♠❡tr✐❡s s✉❝❤ ❛s r❡❝t❛♥❣❧❡s ❛♥❞ s♣❤❡r♦✐❞s✱ ❛s ✇❡❧❧ ❛s s✐♠♣❧❡ ❛♥t❡♥♥❛
❣❡♦♠❡tr✐❡s ❧✐❦❡ ❧♦♦♣s ❛♥❞ ❞✐♣♦❧❡s✳ ❋♦r t❤❡s❡ ❝❛s❡s t❤❡ s②♠♠❡tr✐❡s ❛r❡ ❦♥♦✇♥ ❛♥❞
❝❛♥ ❜❡ ✉s❡❞ t♦ t✉r♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦❜❧❡♠s ✇✐t❤ ❞❡❣❡♥❡r❛❝✐❡s t♦ ❛❞✈❛♥t❛❣❡s✳
❚❤❡ ✐♥✈❡rs✐♦♥ s②♠♠❡tr② ❞❡❝♦♠♣♦s❡s t❤❡ s♦❧✉t✐♦♥ s❡t ✐♥t♦ t✇♦ ♦rt❤♦❣♦♥❛❧ s✉❜s♣❛❝❡s
❝♦♥s✐st✐♥❣ ♦❢ s②♠♠❡tr✐❝ ✭❡✈❡♥✮ ❛♥❞ ❛♥t✐✲s②♠♠❡tr✐❝ ❝✉rr❡♥t ❞❡♥s✐t✐❡s✳ ❚❤✐s r❡❞✉❝❡s
t❤❡ s✐③❡ ♦❢ t❤❡ ♠❛tr✐❝❡s ❛♥❞ ❤❡♥❝❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✐♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐✲
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❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧s♦ s❡♣❛r❛t❡s t❤❡ s♦❧✉t✐♦♥s ✐♥t♦ ❚▼ ✭❡✈❡♥✮
❛♥❞ ❚❊ ✭♦❞❞✮ ♣❛rts ✐♥ t❤❡ ❧✐♠✐t ♦❢ ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ str✉❝t✉r❡s✳

❆❝❦♥♦✇❧❡❞❣♠❡♥t

❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❙✇❡❞✐s❤ ❋♦✉♥❞❛t✐♦♥ ❢♦r ❙tr❛t❡❣✐❝ ❘❡s❡❛r❝❤ ✭❙❙❋✮
✉♥❞❡r t❤❡ ♣r♦❣r❛♠ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ❛♥❞ t❤❡ ♣r♦❥❡❝t ❈♦♠♣❧❡① ❛♥❛❧②s✐s ❛♥❞ ❝♦♥✲
✈❡① ♦♣t✐♠✐③❛t✐♦♥ ❢♦r ❊▼ ❞❡s✐❣♥ ❛♥❞ ❜② t❤❡ ❈③❡❝❤ ❙❝✐❡♥❝❡ ❋♦✉♥❞❛t✐♦♥ ✉♥❞❡r Pr♦❥❡❝t
✶✺✲✶✵✷✽✵❨✳ ❑✉rt ❙❝❤❛❜ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ■♥t❡❧❧✐❣❡♥❝❡ ❈♦♠♠✉♥✐t②
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❘❡❢❡r❡♥❝❡s

❬✶❪ ❆✳ ❆r❜❛❜✐ ❛♥❞ ❙✳ ❙❛❢❛✈✐✲◆❛❡✐♥✐✳ ✏▼❛①✐♠✉♠ ❣❛✐♥ ♦❢ ❛ ❧♦ss② ❛♥t❡♥♥❛✑✳ ■❊❊❊
❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✻✵ ✭✶✮ ✭✷✵✶✷✮✿ ♣♣✳ ✷✕✼✳

❬✷❪ ●✳ ❇✳ ❆r❢❦❡♥ ❛♥❞ ❍✳ ❏✳ ❲❡❜❡r✳ ✏▼❛t❤❡♠❛t✐❝❛❧ ▼❡t❤♦❞s ❢♦r P❤②s✐❝✐sts✑✳ ❙✐①t❤✳
❆❝❛❞❡♠✐❝ Pr❡ss✱ ✷✵✵✺✳

❬✸❪ ❙✳ P✳ ❇♦②❞ ❛♥❞ ▲✳ ❱❛♥❞❡♥❜❡r❣❤❡✳ ✏❈♦♥✈❡① ❖♣t✐♠✐③❛t✐♦♥✑✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈✳
Pr✳✱ ✷✵✵✹✳

❬✹❪ ▼✳ ❈❛♣❡❦✱ ❏✳ ❊✐❝❤❧❡r✱ ❛♥❞ P✳ ❍❛③❞r❛✳ ✏❊✈❛❧✉❛t✐♥❣ r❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② ❢r♦♠
❝❤❛r❛❝t❡r✐st✐❝ ❝✉rr❡♥ts✑✳ ■❊❚ ▼✐❝r♦✇✳ ❆♥t❡♥♥❛ P✳ ✾ ✭✶✮ ✭✷✵✶✺✮✿ ♣♣✳ ✶✵✕✶✺✳

❬✺❪ ▼✳ ❈❛♣❡❦✱ ▲✳ ❏❡❧✐♥❡❦✱ ❛♥❞ P✳ ❍❛③❞r❛✳ ✏❖♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥
q✉❛❧✐t② ❢❛❝t♦r ❛♥❞ ❢r❛❝t✐♦♥❛❧ ❜❛♥❞✇✐❞t❤✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✻✸
✭✻✮ ✭✷✵✶✺✮✿ ♣♣✳ ✷✼✽✼✕✷✼✾✵✳

❬✻❪ ▼✳ ❈❛♣❡❦✱ ▼✳ ●✉st❛❢ss♦♥✱ ❛♥❞ ❑✳ ❙❝❤❛❜✳ ✏▼✐♥✐♠✐③❛t✐♦♥ ♦❢ ❛♥t❡♥♥❛ q✉❛❧✐t②
❢❛❝t♦r✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✻✺ ✭✽✮ ✭✷✵✶✼✮✿ ✹✶✶✺✕✕✹✶✷✸✳

❬✼❪ ▼✳ ❈❛♣❡❦ ❛♥❞ ▲✳ ❏❡❧✐♥❡❦✳ ✏❖♣t✐♠❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠♦❞❛❧ ❝✉rr❡♥ts ❢♦r ♠✐♥✐♠❛❧
q✉❛❧✐t② ❢❛❝t♦r Q✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✻✹ ✭✶✷✮ ✭✷✵✶✻✮✿ ♣♣✳ ✺✷✸✵✕
✺✷✹✷✳

❬✽❪ ▲✳ ❏✳ ❈❤✉✳ ✏P❤②s✐❝❛❧ ❧✐♠✐t❛t✐♦♥s ♦❢ ♦♠♥✐✲❞✐r❡❝t✐♦♥❛❧ ❛♥t❡♥♥❛s✑✳ ❏✳ ❆♣♣❧✳ P❤②s✳
✶✾ ✭✶✾✹✽✮✿ ♣♣✳ ✶✶✻✸✕✶✶✼✺✳

❬✾❪ ▼✳ ❈✐s♠❛s✉ ❛♥❞ ▼✳ ●✉st❛❢ss♦♥✳ ✏❆♥t❡♥♥❛ ❜❛♥❞✇✐❞t❤ ♦♣t✐♠✐③❛t✐♦♥ ✇✐t❤ s✐♥❣❧❡
❢r❡q✉❡♥❝② s✐♠✉❧❛t✐♦♥✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✻✷ ✭✸✮ ✭✷✵✶✹✮✿ ♣♣✳ ✶✸✵✹✕
✶✸✶✶✳

❬✶✵❪ ❘✳ ❊✳ ❈♦❧❧✐♥ ❛♥❞ ❙✳ ❘♦t❤s❝❤✐❧❞✳ ✏❊✈❛❧✉❛t✐♦♥ ♦❢ ❛♥t❡♥♥❛ ◗✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥✲
t❡♥♥❛s Pr♦♣❛❣✳ ✶✷ ✭✶✾✻✹✮✿ ♣♣✳ ✷✸✕✷✼✳

❬✶✶❪ ❑✳ ❋✉❥✐t❛ ❛♥❞ ❍✳ ❙❤✐r❛✐✳ ✏❚❤❡♦r❡t✐❝❛❧ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡ r❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② ❢♦r
❤♦♠♦❣❡♥♦✉s ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ ❛♥t❡♥♥❛s✑✳ ■❊■❈❊ ❚✳ ❊❧❡❝tr♦♥✳ ❊✾✽❈ ✭✷✵✶✺✮✿
♣♣✳ ✷✕✼✳

http://www.stratresearch.se/
http://www.eit.lth.se/index.php?puid=175&projectpage=projektfakta
http://www.eit.lth.se/index.php?puid=175&projectpage=projektfakta
http://dx.doi.org/10.1109/TAP.2011.2167934
http://dx.doi.org/10.1017/cbo9780511804441
http://dx.doi.org/10.1049/iet-map.2013.0473
http://dx.doi.org/10.1049/iet-map.2013.0473
http://dx.doi.org/10.1109/TAP.2015.2414472
http://dx.doi.org/10.1109/TAP.2015.2414472
http://dx.doi.org/10.1109/TAP.2017.2717478
http://dx.doi.org/10.1109/TAP.2017.2717478
http://dx.doi.org/10.1109/TAP.2016.2617779
http://dx.doi.org/10.1109/TAP.2016.2617779
http://dx.doi.org/10.1063/1.1715038
http://dx.doi.org/10.1109/TAP.2013.2295426
http://dx.doi.org/10.1109/TAP.2013.2295426
http://dx.doi.org/10.1109/TAP.1964.1138151


✷✷ ❘❊❋❊❘❊◆❈❊❙

❬✶✷❪ ❑✳ ❋✉❥✐t❛ ❛♥❞ ❍✳ ❙❤✐r❛✐✳ ✏❚❤❡♦r❡t✐❝❛❧ ❧✐♠✐t ♦❢ t❤❡ r❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② ❢♦r ❡❧❡❝✲
tr✐❝❛❧❧② s♠❛❧❧ s❡❧❢✲r❡s♦♥❛♥t s♣❤❡r✐❝❛❧ s✉r❢❛❝❡ ❛♥t❡♥♥❛s✑✳ ■❊■❈❊ ❚r❛♥s❛❝t✐♦♥s
♦♥ ❊❧❡❝tr♦♥✐❝s ✶✵✵ ✭✶✮ ✭✷✵✶✼✮✿ ♣♣✳ ✷✵✕✷✻✳

❬✶✸❪ ▼✳ ●✉st❛❢ss♦♥ ❛♥❞ ❇✳ ▲✳ ●✳ ❏♦♥ss♦♥✳ ✏❆♥t❡♥♥❛ ◗ ❛♥❞ st♦r❡❞ ❡♥❡r❣② ❡①♣r❡ss❡❞
✐♥ t❤❡ ✜❡❧❞s✱ ❝✉rr❡♥ts✱ ❛♥❞ ✐♥♣✉t ✐♠♣❡❞❛♥❝❡✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳
✻✸ ✭✶✮ ✭✷✵✶✺✮✿ ♣♣✳ ✷✹✵✕✷✹✾✳

❬✶✹❪ ▼✳ ●✉st❛❢ss♦♥ ❛♥❞ ❙✳ ◆♦r❞❡❜♦✳ ✏❇❛♥❞✇✐❞t❤✱ ◗✲❢❛❝t♦r✱ ❛♥❞ r❡s♦♥❛♥❝❡ ♠♦❞❡❧s
♦❢ ❛♥t❡♥♥❛s✑✳ Pr♦❣✳ ❊❧❡❝tr♦♠❛❣♥✳ ❘❡s✳ ✻✷ ✭✷✵✵✻✮✿ ♣♣✳ ✶✕✷✵✳

❬✶✺❪ ▼✳ ●✉st❛❢ss♦♥ ❛♥❞ ❙✳ ◆♦r❞❡❜♦✳ ✏❖♣t✐♠❛❧ ❛♥t❡♥♥❛ ❝✉rr❡♥ts ❢♦r ◗✱ s✉♣❡r❞✐r❡❝t✐✲
✈✐t②✱ ❛♥❞ r❛❞✐❛t✐♦♥ ♣❛tt❡r♥s ✉s✐♥❣ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥✲
♥❛s Pr♦♣❛❣✳ ✻✶ ✭✸✮ ✭✷✵✶✸✮✿ ♣♣✳ ✶✶✵✾✕✶✶✶✽✳

❬✶✻❪ ▼✳ ●✉st❛❢ss♦♥✱ ❈✳ ❙♦❤❧✱ ❛♥❞ ●✳ ❑r✐st❡♥ss♦♥✳ ✏P❤②s✐❝❛❧ ❧✐♠✐t❛t✐♦♥s ♦♥ ❛♥t❡♥♥❛s
♦❢ ❛r❜✐tr❛r② s❤❛♣❡✑✳ Pr♦❝✳ ❘✳ ❙♦❝✳ ❆ ✹✻✸ ✭✷✵✵✼✮✿ ♣♣✳ ✷✺✽✾✕✷✻✵✼✳

❬✶✼❪ ▼✳ ●✉st❛❢ss♦♥✱ ❉✳ ❚❛②❧✐✱ ❈✳ ❊❤r❡♥❜♦r❣✱ ▼✳ ❈✐s♠❛s✉✱ ❛♥❞ ❙✳ ◆♦r❞❡❜♦✳ ✏❆♥✲
t❡♥♥❛ ❝✉rr❡♥t ♦♣t✐♠✐③❛t✐♦♥ ✉s✐♥❣ ▼❆❚▲❆❇ ❛♥❞ ❈❱❳✑✳ ❋❊❘▼❆❚ ✶✺ ✭✺✮
✭✷✵✶✻✮✿ ♣♣✳ ✶✕✷✾✳

❬✶✽❪ ▼✳ ●✉st❛❢ss♦♥✳ ✏❊✣❝✐❡♥❝② ❛♥❞ ◗ ❢♦r s♠❛❧❧ ❛♥t❡♥♥❛s ✉s✐♥❣ P❛r❡t♦ ♦♣t✐♠❛❧✐t②✑✳
■♥✿ ❆♥t❡♥♥❛s ❛♥❞ Pr♦♣❛❣❛t✐♦♥ ❙♦❝✐❡t② ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ✭❆P❙❯❘❙■✮✳
■❊❊❊✳ ✷✵✶✸✱ ♣♣✳ ✷✷✵✸✕✷✷✵✹✳

❬✶✾❪ ▼✳ ●✉st❛❢ss♦♥✱ ▼✳ ❈✐s♠❛s✉✱ ❛♥❞ ❇✳ ▲✳ ●✳ ❏♦♥ss♦♥✳ ✏P❤②s✐❝❛❧ ❜♦✉♥❞s ❛♥❞
♦♣t✐♠❛❧ ❝✉rr❡♥ts ♦♥ ❛♥t❡♥♥❛s✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✻✵ ✭✻✮ ✭✷✵✶✷✮✿
♣♣✳ ✷✻✼✷✕✷✻✽✶✳

❬✷✵❪ ▼✳ ●✉st❛❢ss♦♥✱ ❉✳ ❚❛②❧✐✱ ❛♥❞ ▼✳ ❈✐s♠❛s✉✳ ✏P❤②s✐❝❛❧ ❜♦✉♥❞s ♦❢ ❛♥t❡♥♥❛s✑✳ ■♥✿
❍❛♥❞❜♦♦❦ ♦❢ ❆♥t❡♥♥❛ ❚❡❝❤♥♦❧♦❣✐❡s✳ ❊❞✳ ❜② ❩✳ ◆✳ ❈❤❡♥✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✶✺✱
♣♣✳ ✶✕✸✷✳

❬✷✶❪ ❘✳ ❈✳ ❍❛♥s❡♥✳ ✏❋✉♥❞❛♠❡♥t❛❧ ❧✐♠✐t❛t✐♦♥s ✐♥ ❛♥t❡♥♥❛s✑✳ Pr♦❝✳ ■❊❊❊ ✻✾ ✭✷✮
✭✶✾✽✶✮✿ ♣♣✳ ✶✼✵✕✶✽✷✳

❬✷✷❪ ❘✳ ❈✳ ❍❛♥s❡♥ ❛♥❞ ❘✳ ❊✳ ❈♦❧❧✐♥✳ ✏❆ ♥❡✇ ❈❤✉ ❢♦r♠✉❧❛ ❢♦r ◗✑✳ ■❊❊❊ ❆♥t❡♥♥❛s
Pr♦♣❛❣✳ ▼❛❣✳ ✺✶ ✭✺✮ ✭✷✵✵✾✮✿ ♣♣✳ ✸✽✕✹✶✳

❬✷✸❪ ❘✳ ❋✳ ❍❛rr✐♥❣t♦♥✳ ✏❆♥t❡♥♥❛ ❡①❝✐t❛t✐♦♥ ❢♦r ♠❛①✐♠✉♠ ❣❛✐♥✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥✲
t❡♥♥❛s Pr♦♣❛❣✳ ✶✸ ✭✻✮ ✭✶✾✻✺✮✿ ♣♣✳ ✽✾✻✕✾✵✸✳

❬✷✹❪ ❘✳ ❋✳ ❍❛rr✐♥❣t♦♥✳ ✏❊✛❡❝t ♦❢ ❛♥t❡♥♥❛ s✐③❡ ♦♥ ❣❛✐♥✱ ❜❛♥❞✇✐❞t❤ ❛♥❞ ❡✣❝✐❡♥❝②✑✳
❏♦✉r♥❛❧ ♦❢ ❘❡s❡❛r❝❤ ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❙t❛♥❞❛r❞s ✕ ❉✳ ❘❛❞✐♦ Pr♦♣❛✲
❣❛t✐♦♥ ✻✹❉ ✭✶✾✻✵✮✿ ♣♣✳ ✶✕✶✷✳

❬✷✺❪ ❘✳ ❋✳ ❍❛rr✐♥❣t♦♥✳ ✏❋✐❡❧❞ ❈♦♠♣✉t❛t✐♦♥ ❜② ▼♦♠❡♥t ▼❡t❤♦❞s✑✳ ▼❛❝♠✐❧❧❛♥✱ ✶✾✻✽✳

❬✷✻❪ ❘✳ ❋✳ ❍❛rr✐♥❣t♦♥ ❛♥❞ ❏✳ ❘✳ ▼❛✉t③✳ ✏❈♦♥tr♦❧ ♦❢ r❛❞❛r s❝❛tt❡r✐♥❣ ❜② r❡❛❝t✐✈❡
❧♦❛❞✐♥❣✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✷✵ ✭✹✮ ✭✶✾✼✷✮✿ ♣♣✳ ✹✹✻✕✹✺✹✳

❬✷✼❪ ■❊❊❊ ❙t❛♥❞❛r❞ ❉❡✜♥✐t✐♦♥ ♦❢ ❚❡r♠s ❢♦r ❆♥t❡♥♥❛s✳ ❆♥t❡♥♥❛ ❙t❛♥❞❛r❞s ❈♦♠✲
♠✐tt❡❡ ♦❢ t❤❡ ■❊❊❊ ❆♥t❡♥♥❛ ❛♥❞ Pr♦♣❛❣❛t✐♦♥ ❙♦❝✐❡t②✳ ✶✾✾✸✳

http://dx.doi.org/10.1587/transele.E100.C.20
http://dx.doi.org/10.1587/transele.E100.C.20
http://dx.doi.org/10.1109/TAP.2014.2368111
http://dx.doi.org/10.1109/TAP.2014.2368111
http://dx.doi.org/10.2528/PIER06033003
http://dx.doi.org/10.2528/PIER06033003
http://dx.doi.org/10.1109/TAP.2012.2227656
http://dx.doi.org/10.1109/TAP.2012.2227656
http://dx.doi.org/10.1098/rspa.2007.1893
http://dx.doi.org/10.1098/rspa.2007.1893
http://www.e-fermat.org/articles/gustafsson-art-2016-vol15-may-jun-005/
http://www.e-fermat.org/articles/gustafsson-art-2016-vol15-may-jun-005/
http://dx.doi.org/10.1109/TAP.2012.2194658
http://dx.doi.org/10.1109/TAP.2012.2194658
http://dx.doi.org/10.1007/978-981-4560-75-7_18-1
http://dx.doi.org/10.1109/proc.1981.11950
http://dx.doi.org/10.1109/map.2009.5432037
http://dx.doi.org/10.1109/TAP.1965.1138539
http://dx.doi.org/10.6028/jres.064d.003
http://dx.doi.org/10.1109/9780470544631
http://dx.doi.org/10.1109/TAP.1972.1140234
http://dx.doi.org/10.1109/TAP.1972.1140234
http://dx.doi.org/10.1109/ieeestd.1973.7366738


❘❊❋❊❘❊◆❈❊❙ ✷✸

❬✷✽❪ ■❊❊❊✶✹✺✲✶✾✾✸✳ ■❊❊❊ ❙t❛♥❞❛r❞ ❉❡✜♥✐t✐♦♥ ♦❢ ❚❡r♠s ❢♦r ❆♥t❡♥♥❛s✳ ❆♥t❡♥♥❛
❙t❛♥❞❛r❞s ❈♦♠♠✐tt❡❡ ♦❢ t❤❡ ■❊❊❊ ❆♥t❡♥♥❛s ❛♥❞ Pr♦♣❛❣❛t✐♦♥ ❙♦❝✐❡t②✳ ✶✾✾✸✳

❬✷✾❪ ▲ ❏❡❧✐♥❡❦ ❛♥❞ ▼ ❈❛♣❡❦✳ ✏❖♣t✐♠❛❧ ❝✉rr❡♥ts ♦♥ ❛r❜✐tr❛r✐❧② s❤❛♣❡❞ s✉r❢❛❝❡s✑✳
■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✻✺ ✭✶✮ ✭✷✵✶✼✮✿ ♣♣✳ ✸✷✾✕✸✹✶✳

❬✸✵❪ ▲✳ ❏❡❧✐♥❡❦✱ ❑✳ ❙❝❤❛❜✱ ❛♥❞ ▼✳ ❈❛♣❡❦✳ ✏❚❤❡ r❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② ❝♦st ♦❢ r❡s♦♥❛♥❝❡
t✉♥✐♥❣✑ ✭✷✵✶✼✮✳

❬✸✶❪ ❇✳ ▲✳ ●✳ ❏♦♥ss♦♥ ❛♥❞ ▼✳ ●✉st❛❢ss♦♥✳ ✏❙t♦r❡❞ ❡♥❡r❣✐❡s ✐♥ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡✲
t✐❝ ❝✉rr❡♥t ❞❡♥s✐t✐❡s ❢♦r s♠❛❧❧ ❛♥t❡♥♥❛s✑✳ Pr♦❝✳ ❘✳ ❙♦❝✳ ❆ ✹✼✶ ✭✷✶✼✻✮ ✭✷✵✶✺✮✿
♣✳ ✷✵✶✹✵✽✾✼✳

❬✸✷❪ ❉✳ ❑❛❥❢❡③ ❏r ❛♥❞ ❲✳ P✳ ❲❤❡❧❡ss✳ ✏■♥✈❛r✐❛♥t ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ✉♥❧♦❛❞❡❞ ◗
❢❛❝t♦r✑✳ ■❊❊❊ ❚r❛♥s✳ ▼✐❝r♦✇❛✈❡ ❚❤❡♦r② ❚❡❝❤✳ ✸✹ ✭✼✮ ✭✶✾✽✻✮✿ ♣♣✳ ✽✹✵✕✽✹✶✳

❬✸✸❪ ❆✳ ❑❛r❧ss♦♥✳ ✏❖♥ t❤❡ ❡✣❝✐❡♥❝② ❛♥❞ ❣❛✐♥ ♦❢ ❛♥t❡♥♥❛s✑✳ Pr♦❣r❡ss ■♥ ❊❧❡❝tr♦♠❛❣✲
♥❡t✐❝s ❘❡s❡❛r❝❤ ✶✸✻ ✭✷✵✶✸✮✿ ♣♣✳ ✹✼✾✕✹✾✹✳

❬✸✹❪ ❑✳ ❑❛r❧ss♦♥ ❛♥❞ ❏✳ ❈❛r❧ss♦♥✳ ✏❈✐r❝✉✐t ❜❛s❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ r❛❞✐❛t✐♦♥ ❝❤❛r❛❝✲
t❡r✐st✐❝s ♦❢ s✐♥❣❧❡ ❛♥❞ ♠✉❧t✐✲♣♦rt ❛♥t❡♥♥❛s✑✳ ❘❛❞✐♦❡♥❣✐♥❡❡r✐♥❣ ✶✽ ✭✹✮ ✭✷✵✵✾✮✿
♣♣✳ ✹✸✽✕✹✹✹✳

❬✸✺❪ P✳ ▲❛♥❝❛st❡r✳ ✏❖♥ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ♠❛tr✐❝❡s ❞❡♣❡♥❞❡♥t ♦♥ ❛ ♣❛r❛♠❡t❡r✑✳ ◆✉♠❡✲
r✐s❝❤❡ ▼❛t❤❡♠❛t✐❦ ✻ ✭✶✮ ✭✶✾✻✹✮✿ ♣♣✳ ✸✼✼✕✸✽✼✳

❬✸✻❪ ❘✳ ▲✐✱ ❉✳ ❆✳ ▼❝◆❛♠❛r❛✱ ❛♥❞ ●✳ ❲❡✐✳ ✏❈❤❛r❛❝t❡r✐st✐❝ ♠♦❞❡s ❡✈❛❧✉❛t✐♦♥ ❢♦r
♠❡t❛❧❧✐❝ s♠❛❧❧ ❛♥t❡♥♥❛s ✇✐t❤ ✉♥✐❞✐r❡❝t✐♦♥❛❧ ♣❛tt❡r♥✑✳ ■❊❊❊ ❆♥t❡♥♥❛s ❲✐r❡❧❡ss
Pr♦♣❛❣✳ ▲❡tt✳ ✶✻ ✭✷✵✶✼✮✿ ♣♣✳ ✸✵✷✻✕✸✵✷✾✳

❬✸✼❪ ❘✳ ▲✐✱ ❉✳ ❆✳ ▼❝◆❛♠❛r❛✱ ●✳ ❲❡✐✱ ❛♥❞ ❏✳ ▲✐✳ ✏■♥❝r❡❛s✐♥❣ r❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝②
✉s✐♥❣ ❛♥t❡♥♥❛ s❤❛♣❡ ♦♣t✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤✑✳ ■❊❊❊ ❆♥t❡♥♥❛s ❲✐r❡❧❡ss Pr♦♣❛❣✳
▲❡tt✳ PP ✭✾✾ ✷✵✶✽✮✿ ♣♣✳ ✶✕✹✳

❬✸✽❪ ❱✳ ▲♦s❡♥✐❝❦②✱ ▲✳ ❏❡❧✐♥❡❦✱ ❛♥❞ ▼✳ ❈❛♣❡❦✳ ✏❈♦♠♠❡♥ts ♦♥ ❵❋✉♥❞❛♠❡♥t❛❧ ❊✣✲
❝✐❡♥❝② ▲✐♠✐ts ❢♦r ❙♠❛❧❧ ▼❡t❛❧❧✐❝ ❆♥t❡♥♥❛s✬✑✳ ❛r❳✐✈✿ ✶✼✶✶✳✵✵✽✹✾ ✭✷✵✶✽✮✿ ♣♣✳ ✶✕
✷✳

❬✸✾❪ ❋✳ ▼❡r❧✐✱ ▲✳ ❇♦❧♦♠❡②✱ ❏ ❩✉r❝❤❡r✱ ●✳ ❈♦rr❛❞✐♥✐✱ ❊✳ ▼❡✉r✈✐❧❧❡✱ ❛♥❞ ❆✳ ❙❦r✐✈❡r✈✐❦✳
✏❉❡s✐❣♥✱ r❡❛❧✐③❛t✐♦♥ ❛♥❞ ♠❡❛s✉r❡♠❡♥ts ♦❢ ❛ ♠✐♥✐❛t✉r❡ ❛♥t❡♥♥❛ ❢♦r ✐♠♣❧❛♥t❛✲
❜❧❡ ✇✐r❡❧❡ss ❝♦♠♠✉♥✐❝❛t✐♦♥ s②st❡♠s✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✺✾ ✭✶✵✮
✭✷✵✶✶✮✿ ♣♣✳ ✸✺✹✹✕✸✺✺✺✳

❬✹✵❪ ❈✳ P❢❡✐✛❡r✳ ✏❋✉♥❞❛♠❡♥t❛❧ ❡✣❝✐❡♥❝② ❧✐♠✐ts ❢♦r s♠❛❧❧ ♠❡t❛❧❧✐❝ ❛♥t❡♥♥❛s✑✳ ■❊❊❊
❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✻✺ ✭✹✮ ✭✷✵✶✼✮✿ ♣♣✳ ✶✻✹✷✕✶✻✺✵✳

❬✹✶❪ ❙✳ ▼✳ ❘❛♦✱ ❉✳ ❘✳ ❲✐❧t♦♥✱ ❛♥❞ ❆✳ ❲✳ ●❧✐ss♦♥✳ ✏❊❧❡❝tr♦♠❛❣♥❡t✐❝ s❝❛tt❡r✐♥❣ ❜②
s✉r❢❛❝❡s ♦❢ ❛r❜✐tr❛r② s❤❛♣❡✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✸✵ ✭✸✮ ✭✶✾✽✷✮✿
♣♣✳ ✹✵✾✕✹✶✽✳

❬✹✷❪ ❋✳ ❙❛rr❛③✐♥✱ ❙✳ P✢❛✉♠✱ ❛♥❞ ❈✳ ❉❡❧❛✈❡❛✉❞✳ ✏❘❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② ♦♣t✐♠✐③❛t✐♦♥ ♦❢
❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ ❛♥t❡♥♥❛s✿ ❛♣♣❧✐❝❛t✐♦♥ t♦ ✸❉ ❢♦❧❞❡❞ ❞✐♣♦❧❡✑✳ ■♥✿ ■♥t❡r♥❛t✐♦♥❛❧
❲♦r❦s❤♦♣ ♦♥ ❆♥t❡♥♥❛ ❚❡❝❤♥♦❧♦❣② ✭✐❲❆❚✮✳ ✷✵✶✻✱ ♣♣✳ ✷✾✕✸✷✳

http://dx.doi.org/10.1109/IEEESTD.2013.6507364
http://dx.doi.org/10.1109/TAP.2016.2624735
https://arxiv.org/abs/1712.02613
https://arxiv.org/abs/1712.02613
http://dx.doi.org/10.1098/rspa.2014.0897
http://dx.doi.org/10.1098/rspa.2014.0897
http://dx.doi.org/10.1109/TMTT.1986.1133452
http://dx.doi.org/10.1109/TMTT.1986.1133452
http://dx.doi.org/10.1007/BF01386087
http://dx.doi.org/10.1109/LAWP.2017.2758787
http://dx.doi.org/10.1109/LAWP.2017.2758787
http://dx.doi.org/10.1109/LAWP.2018.2791585
http://dx.doi.org/10.1109/LAWP.2018.2791585
https://arxiv.org/abs/1711.00849
https://arxiv.org/abs/1711.00849
http://dx.doi.org/10.1109/TAP.2011.2163763
http://dx.doi.org/10.1109/TAP.2011.2163763
http://dx.doi.org/10.1109/TAP.2017.2670532
http://dx.doi.org/10.1109/TAP.1982.1142818
http://dx.doi.org/10.1109/TAP.1982.1142818


✷✹ ❘❊❋❊❘❊◆❈❊❙

❬✹✸❪ ❑✳ ❙❝❤❛❜ ❛♥❞ ❏✳ ❇❡r♥❤❛r❞✳ ✏❆ ❣r♦✉♣ t❤❡♦r② r✉❧❡ ❢♦r ♣r❡❞✐❝t✐♥❣ ❡✐❣❡♥✈❛❧✉❡
❝r♦ss✐♥❣s ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ♠♦❞❡ ❛♥❛❧②s❡s✑✳ ■❊❊❊ ❆♥t❡♥♥❛s ❛♥❞ ❲✐r❡❧❡ss Pr♦✲
♣❛❣❛t✐♦♥ ▲❡tt❡rs ✶✻ ✭✷✵✶✻✮✿ ♣♣✳ ✾✹✹✕✾✹✼✳

❬✹✹❪ ❑✳ ❙❝❤❛❜✱ ▲✳ ❏❡❧✐♥❡❦✱ ▼✳ ❈❛♣❡❦✱ ❈✳ ❊❤r❡♥❜♦r❣✱ ❉✳ ❚❛②❧✐✱ ●✳ ❆✳ ❱❛♥❞❡♥❜♦s❝❤✱
❛♥❞ ▼✳ ●✉st❛❢ss♦♥✳ ✏❊♥❡r❣② st♦r❡❞ ❜② r❛❞✐❛t✐♥❣ s②st❡♠s✑✳ ■❊❊❊ ❆❝❝❡ss ✻
✭✷✵✶✽✮✿ ♣♣✳ ✶✵✺✺✸ ✕✶✵✺✻✽✳

❬✹✺❪ ❚✳ ❇✳ ❙❡♥✐♦r ❛♥❞ ❏✳ ▲✳ ❱♦❧❛❦✐s✳ ✏❆♣♣r♦①✐♠❛t❡ ❇♦✉♥❞❛r② ❈♦♥❞✐t✐♦♥s ✐♥ ❊❧❡❝✲
tr♦♠❛❣♥❡t✐❝s✑✳ ✹✶✳ ■❊❚✱ ✶✾✾✺✳

❬✹✻❪ ▼✳ ❙❤❛❤♣❛r✐ ❛♥❞ ❉✳ ❱✳ ❚❤✐❡❧✳ ✏P❤②s✐❝❛❧ ❜♦✉♥❞s ❢♦r ❛♥t❡♥♥❛ r❛❞✐❛t✐♦♥ ❡✣✲
❝✐❡♥❝②✑✳ ❛r❳✐✈ ♣r❡♣r✐♥t ❛r❳✐✈✿✶✻✵✾✳✵✶✼✻✶ ✭✷✵✶✻✮✳

❬✹✼❪ ●✳ ❙✳ ❙♠✐t❤✳ ✏❊✣❝✐❡♥❝② ♦❢ ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ ❛♥t❡♥♥❛s ❝♦♠❜✐♥❡❞ ✇✐t❤ ♠❛t❝❤✐♥❣
♥❡t✇♦r❦s✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✷✺ ✭✶✾✼✼✮✿ ♣♣✳ ✸✻✾✕✸✼✸✳

❬✹✽❪ ❍✳ ▲✳ ❚❤❛❧✳ ✏❊①❛❝t ❝✐r❝✉✐t ❛♥❛❧②s✐s ♦❢ s♣❤❡r✐❝❛❧ ✇❛✈❡s✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s
Pr♦♣❛❣✳ ✷✻ ✭✷✮ ✭✶✾✼✽✮✿ ♣♣✳ ✷✽✷✕✷✽✼✳

❬✹✾❪ ❍✳ ▲✳ ❚❤❛❧✳ ✏◆❡✇ r❛❞✐❛t✐♦♥ ◗ ❧✐♠✐ts ❢♦r s♣❤❡r✐❝❛❧ ✇✐r❡ ❛♥t❡♥♥❛s✑✳ ■❊❊❊ ❚r❛♥s✳
❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✺✹ ✭✶✵✮ ✭✷✵✵✻✮✿ ♣♣✳ ✷✼✺✼✕✷✼✻✸✳

❬✺✵❪ ❍✳ ▲✳ ❚❤❛❧✳ ✏◗ ❇♦✉♥❞s ❢♦r ❆r❜✐tr❛r② ❙♠❛❧❧ ❆♥t❡♥♥❛s✿ ❆ ❈✐r❝✉✐t ❆♣♣r♦❛❝❤✑✳
■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✻✵ ✭✼✮ ✭✷✵✶✷✮✿ ♣♣✳ ✸✶✷✵✕✸✶✷✽✳

❬✺✶❪ ❍✳ ▲✳ ❚❤❛❧✳ ✏❘❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② ❧✐♠✐ts ❢♦r ❡❧❡♠❡♥t❛r② ❛♥t❡♥♥❛ s❤❛♣❡s✑✳ ■❊❊❊
❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✭✾✾✮ ✭✷✵✶✽✮✳

❬✺✷❪ ▼ ❯③s♦❦② ❛♥❞ ▲ ❙♦❧②♠ár✳ ✏❚❤❡♦r② ♦❢ s✉♣❡r✲❞✐r❡❝t✐✈❡ ❧✐♥❡❛r ❛rr❛②s✑✳ ❆❝t❛ ♣❤②✲
s✐❝❛ ❆❝❛❞❡♠✐❛❡ ❙❝✐❡♥t✐❛r✉♠ ❍✉♥❣❛r✐❝❛❡ ✻ ✭✷✮ ✭✶✾✺✻✮✿ ♣♣✳ ✶✽✺✕✷✵✺✳

❬✺✸❪ ●✳ ❆✳ ❊✳ ❱❛♥❞❡♥❜♦s❝❤✳ ✏❘❡❛❝t✐✈❡ ❡♥❡r❣✐❡s✱ ✐♠♣❡❞❛♥❝❡✱ ❛♥❞ ◗ ❢❛❝t♦r ♦❢ r❛✲
❞✐❛t✐♥❣ str✉❝t✉r❡s✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✺✽ ✭✹✮ ✭✷✵✶✵✮✿ ♣♣✳ ✶✶✶✷✕
✶✶✷✼✳

❬✺✹❪ ●✳ ❆✳ ❊✳ ❱❛♥❞❡♥❜♦s❝❤✳ ✏❙✐♠♣❧❡ ♣r♦❝❡❞✉r❡ t♦ ❞❡r✐✈❡ ❧♦✇❡r ❜♦✉♥❞s ❢♦r r❛❞✐❛t✐♦♥
◗ ♦❢ ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ ❞❡✈✐❝❡s ♦❢ ❛r❜✐tr❛r② t♦♣♦❧♦❣②✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s
Pr♦♣❛❣✳ ✺✾ ✭✻✮ ✭✷✵✶✶✮✿ ♣♣✳ ✷✷✶✼✕✷✷✷✺✳

❬✺✺❪ ❏✳ ❱♦❧❛❦✐s✱ ❈✳ ❈✳ ❈❤❡♥✱ ❛♥❞ ❑✳ ❋✉❥✐♠♦t♦✳ ✏❙♠❛❧❧ ❆♥t❡♥♥❛s✿ ▼✐♥✐❛t✉r✐③❛t✐♦♥
❚❡❝❤♥✐q✉❡s ✫ ❆♣♣❧✐❝❛t✐♦♥s✑✳ ▼❝●r❛✇✲❍✐❧❧✱ ✷✵✶✵✳

❬✺✻❪ ❆✳ ❉✳ ❨❛❣❤❥✐❛♥✱ ▼✳ ●✉st❛❢ss♦♥✱ ❛♥❞ ❇✳ ▲✳ ● ❏♦♥ss♦♥✳ ✏▼✐♥✐♠✉♠ ◗ ❢♦r ❧♦ss②
❛♥❞ ❧♦ss❧❡ss ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ ❞✐♣♦❧❡ ❛♥t❡♥♥❛s✑✳ Pr♦❣r❡ss ■♥ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s
❘❡s❡❛r❝❤ ✶✹✸ ✭✷✵✶✸✮✿ ♣♣✳ ✻✹✶✕✻✼✸✳

❬✺✼❪ ❆✳ ❉✳ ❨❛❣❤❥✐❛♥ ❛♥❞ ❍✳ ❘✳ ❙t✉❛rt✳ ✏▲♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ ◗ ♦❢ ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧
❞✐♣♦❧❡ ❛♥t❡♥♥❛s✑✳ ■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✺✽ ✭✶✵✮ ✭✷✵✶✵✮✿ ♣♣✳ ✸✶✶✹✕
✸✶✷✶✳

❬✺✽❪ ❆✳ ❉✳ ❨❛❣❤❥✐❛♥ ❛♥❞ ❙✳ ❘✳ ❇❡st✳ ✏■♠♣❡❞❛♥❝❡✱ ❜❛♥❞✇✐❞t❤✱ ❛♥❞ Q ♦❢ ❛♥t❡♥♥❛s✑✳
■❊❊❊ ❚r❛♥s✳ ❆♥t❡♥♥❛s Pr♦♣❛❣✳ ✺✸ ✭✹✮ ✭✷✵✵✺✮✿ ♣♣✳ ✶✷✾✽✕✶✸✷✹✳

http://dx.doi.org/10.1109/LAWP.2016.2615041
http://dx.doi.org/10.1109/LAWP.2016.2615041
http://dx.doi.org/10.1109/ACCESS.2018.2807922
http://dx.doi.org/10.1049/PBEW041E
http://dx.doi.org/10.1049/PBEW041E
https://arxiv.org/abs/1609.01761
https://arxiv.org/abs/1609.01761
http://dx.doi.org/10.1109/TAP.1977.1141589
http://dx.doi.org/10.1109/TAP.1977.1141589
http://dx.doi.org/10.1109/tap.1978.1141822
http://dx.doi.org/10.1109/TAP.2006.882184
http://dx.doi.org/10.1109/TAP.2012.2196920
http://dx.doi.org/10.1109/TAP.2018.2809507
http://dx.doi.org/10.1007/BF03157322
http://dx.doi.org/10.1109/TAP.2010.2041166
http://dx.doi.org/10.1109/TAP.2010.2041166
http://dx.doi.org/10.1109/TAP.2011.2143657
http://dx.doi.org/10.1109/TAP.2011.2143657
http://dx.doi.org/10.2528/PIER13103107
http://dx.doi.org/10.2528/PIER13103107
http://dx.doi.org/10.1109/TAP.2010.2055790
http://dx.doi.org/10.1109/TAP.2010.2055790
http://dx.doi.org/10.1109/TAP.2005.844443

	Introduction
	Quadratic Forms For Optimized Quantities
	Pareto-Optimal Set for Q-Factor and Radiation Efficiency
	Formulation of the Optimization Problems
	Relaxation of the Optimization Problems Into Dual Forms
	Solution of the Optimization Problems

	Demonstration of the Optimization Procedure
	Pareto-optimality of Q-factor and Radiation Efficiency
	Scalability of the Pareto Front with Surface Resistivity Rs

	Comparison With Limiting Cases
	General Cases
	Pareto Optimality for Spherical Shell
	Pareto Optimality for Layered Prolate Spheroid

	Limit of electrically small antennas
	Controllable Region Constraints
	Conclusion
	Appendix Degeneracies

