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T ran sfo rm a tio n  P ro p e r t ie s  o f A n t isym m e tr ic  S p in  E ig en fu n c t io n s  u n d er  L in ear  M ix in g  
o f th e  O rb ita ls

P a u l  E .  S. W o r m e r  a n d  A d  v a n  d e r  A v o i r d  

Institu te  o f  Theoretical Chemistry, University o f N ijm egen, The Netherlands

(R e c e iv e d  8 M a y  1972)

A f t e r  reca l l in g  t h e  d u a l i t y  b e tw e e n  t h e  g e n e ra l  l in e a r  g r o u p  G L ( m ) ,  r e p r e s e n t e d  b y  i t s  N - fo ld  in n e r  

p r o d u c t ,  a n d  t h e  p e r m u t a t i o n  g r o u p  S n , w e  h a v e  g iv e n  a  s u r v e y  of i t s  q u a n t u m  c h e m ic a l  c o n s e q u e n c e s .

I t  c a u se s  t h e  o n e - to -o n e  c o r r e s p o n d e n c e  b e tw e e n  t h e  t o t a l  sp in  q u a n t u m  n u m b e r  a n d  t h e  p e r m u t a t i o n  s y m 

m e t r y  of iV -e lec tron  sp in  f u n c t io n s ,  a n d ,  v ia  t h e  P a u l i  p r in c ip le  w h ic h  im p o se s  p e r m u t a t i o n  s y m m e t r y  on  

t h e  s p a t i a l  p a r t  a lso , i t  l e a d s  to  specific  p r o p e r t i e s  of a n t i s y m m e t r i c  sp in  e ig e n fu n c t io n s  u n d e r  o rb i ta l  

t r a n s f o r m a t i o n s .  S u c h  f u n c t i o n s  c a n  b e  c lassif ied  a c c o rd in g  to  t h e  i r r e d u c ib le  r e p r e s e n t a t io n s  of G L ( m ) .
F o r  sp ec ia l  o r b i t a l  t r a n s f o r m a t i o n s ,  o f t e n  o c c u r r in g  in q u a n t u m  c h e m i s t r y ,  w h ic h  m ix  o n ly  o r b i t a l s  in 

d i f fe ren t  s u b s e t s  a m o n g  e a c h  o th e r ,  we h a v e  d e r iv e d  h o w  t h e  t r a n s f o r m a t i o n  of t h e  iV -e lec tron  w a v e f u n c t io n s  

s im plif ies ,  b y  a  r e d u c t io n  of t h e  r e p r e s e n t a t i o n s  of G L ( m ) .  T h e  th e o r y  is i l l u s t r a t e d  b y  a n  e x a m p le  a n d  

so m e  a p p l i c a t io n s  a re  d iscussed .

I. IN T R O D U C T IO N

T h e  la s t  y e a r s  h a v e  s h o w n  a m o n g  th e o re t ic a l  c h e m is t s  

a r e n e w e d  in t e r e s t  in th e  a p p l i c a t io n s  of th e  p e r m u t a t i o n  

g ro u p  to  m a n y - b o d y  p ro b le m s .  K o t a n i  el a l.1 a n d  

J o h n s t o n 2 r e v iv e d  th e  e a r ly  w o rk  of H u n d ,  L o n d o n ,  

H e i t l e r ,  W ig n e r ,  a n d ,  e spec ia l ly ,  W e y l .3 T h e  th e o r y  w as  

w o rk e d  o u t  f u r t h e r  b y  M a t s e n  a n d  co-w-orkers4 in  a  

series  on  “ sp in - f re e  q u a n t u m  c h e m i s t r y ” . I t  wras  a p p l ie d  

to  v a r i a t io n a l  c a lc u la t io n s  b y  G o d d a r d ,5 H a r r i s ,6 a n d  

M o r r i s o n  a n d  G a l lu p ,7 w h e re a s  v a n  d e r  A v o i r d ,8 A m o s  

a n d  M u s h e r9 a n d  K le in 10 c o n t in u e d  th e  w^ork of E ise n -  

s c h i tz  a n d  L o n d o n 11 on  p e r m u t a t i o n  s y m m e t r y  a d a p t e d  

p e r t u r b a t i o n  th e o r y .

O n e  a s p e c t  of th e  t h e o r y  is m is s in g  in th is  r e c e n t  

w o rk :  T h e  d u a l i t y  b e tw e e n  th e  r e p r e s e n t a t i o n s  of th e  

p e r m u t a t i o n  g ro u p  S x  on  th e  o n e  h a n d  a n d  th e  g e n e ra l  

l in e a r  g ro u p  in m  d im e n s io n s  G L ( m )  on  t h e  o th e r .  

T h e s e  g ro u p s  a r e  r e la t e d  v ia  t h e i r  r e p r e s e n t a t i o n s  

c a r r ie d  b y  Nth.  r a n k  te n s o r  sp ace .  S till ,  th i s  r e la t io n s h ip  

is of p a r a m o u n t  im p o r t a n c e .  I n  th e  f i rs t  p la c e  i t  fo rm s  

th e  b a s is  of th e  c o n n e c t io n  b e tw e e n  th e  sp in  q u a n t u m  

n u m b e r  a n d  p e r m u t a t i o n  s y m m e t r y :  Ar-e le c t ro n  e ig e n 

f u n c t io n s  of S 2, w h ic h  c a r r y  i r r e d u c ib le  r e p r e s e n t a t i o n s  

of G L ( 2) a n d  i ts  s u b g r o u p  S U ( 2) ,  m u s t  s p a n  c e r t a in  

i r r e d u c ib le  r e p r e s e n ta t i o n s  of th e  p e r m u t a t i o n  g ro u p

5,y. S e c o n d ly ,  th e  P a u l i  p r in c ip le ,  r e q u i r in g  th e  a n t i 

s y m m e t r y  of th e  t o t a l  m a n y - e l e c t r o n  w a v e fu n c t io n ,  

im p o s e s  th e  p e r m u t a t i o n  s y m m e t r y  on  th e  s p a t ia l  p a r t  

a s  well. U s in g  th e  d u a l i t y  b e tw e e n  S n  a n d  G L ( m )  

a g a in ,  i t  fo llow s t h a t  th e  s p a t i a l  f u n c t io n  m u s t  h a v e  

specific  b e h a v io r  u n d e r  o rb i ta l  t r a n s f o r m a t io n s ,  w h ic h  

c a n  b e  s tu d ie d  b y  c o n s id e r in g  th e  g ro u p  G L ( m ) .

T h e  g lo b a l  r e p r e s e n t a t i o n  th e o r y  of G L ( m ) on  w h ic h  

th is  p a p e r  is b a s e d ,  o r ig in a te s  f ro m  S c h u r  a n d  h a s  b e e n  

o u t l in e d  in  g r e a t  d e ta i l  b y  W e y l ,3 wrh o  w a s  th e  f i rs t  to  

re co g n iz e  i t s  q u a n t u m  m e c h a n ic a l  im p o r t a n c e .  T h e

b o o k s  b y  B o e r n e r12 a n d  M u r n a g h a n 13 g iv e  a  good  

s u r v e y  of th e  m a t h e m a t i c a l  b a c k g r o u n d .

I n  m a n y  p r a c t i c a l  cases  o n e  is n o t  i n t e r e s t e d  in  

g e n e ra l  o rb i ta l  t r a n s f o r m a t io n s ,  b u t ,  g iv e n  a  p a r t i t i o n i n g  

of th e  o r b i t a l s  in  d i f f e r e n t  s u b s e ts ,  in  th o s e  t r a n s f o r m a 

t io n s  w h ic h  m ix  o n ly  o rb i ta l s  b e lo n g in g  to  th e  s a m e  

s u b s e t .  E x a m p le s  a re  g iv e n  b y :

th e  h y b r id i z a t i o n  of o rb i ta l s  on  th e  s e p a r a t e  a t o m s  in 

a  m o le c u la r  V a le n c e  B o n d  c a lc u la t io n ,

o r th o g o n a l i z a t io n  of o r b i t a l s  in  d i f f e r e n t  s e ts  b y  

i n t r a s e t  t r a n s f o r m a t io n s  (A c c o rd in g  to  th e  p a i r in g  

th e o r e m  s u c h  t r a n s f o r m a t i o n s  c a n  o r th o g o n a l iz e  a n  

o rb i ta l  in a  d e f in i te  s e t  to  all o r b i t a l s  e x c e p t  o n e  in  

a n o t h e r  s e t . ) ,

m ix in g  s c h e m e s  in  p a i r - c o r r e l a t e d  D O D S  m e th o d s ,  

su c h  as  A M O  14 o r  e x te n d e d  V B ,15

R o o t h a a n ’s p r o c e d u r e 16 of s im p l i fy in g  th e  o p en -sh e l l  

H a r t r e e - F o c k  p r o b le m  b y  t r a n s f o r m a t i o n  of t h e  c losed  

a n d  o p e n  shell o rb i ta l s  s e p a r a t e ly .

I n  th is  p a p e r  we  h a v e  d e r iv e d  w h ic h  a n t i s y m m e t r i z e d  

e ig e n fu n c t io n s  of S 2 a re  m ix e d  u n d e r  su c h  “ p a r t i t i o n e d ” 

o rb i ta l  t r a n s f o r m a t i o n s  a n d  in d i c a te d  a  w a y  to  c a l 

c u la te  th e  m ix in g  coeffic ien ts .  T h e  th e o r y  is o u t l in e d  

for  a  s y s te m  c o n s is t in g  of tw o  p a r t s ,  b u t ,  b y  in d u c t io n ,  

is eas i ly  e x te n s ib le  to  m a n y  s u b s y s te m s .  I t  co u ld  b e  

c o n s id e re d  as  a  s u p p l e m e n t  to  M a t s e n  a n d  K l e i n ’s 

“ a g g r e g a te  t h e o r y ,” 4 r e g a rd in g  th e  t r a n s f o r m a t i o n  

p r o p e r t i e s  of a g g r e g a te  s t a t e s .  B e fo re  w e p ro c e e d  to  

o u r  r e s u l t s  w e sh a l l  g ive  a  b r ie f  s u r v e y  of t h e  g e n e ra l  

f o rm a l is m  w h ic h  is e x te n s iv e ly ,  b u t  r a t h e r  u n t r a n s -  

p a r e n t l y ,  d e s c r ib e d  b y  W e y l .3

II . R E V IE W  O F  T H E  D U A L IT Y  B E T W E E N

S N A N D  GL(m)

F o r  th e  c o n s t r u c t io n  of th e  w a v e fu n c t io n ,  le t  u s  b e g in  

w i th  a n  w -d im e n s io n a l  o rb i ta l  s e t  s p a n n i n g  a  l in e a r

2498
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sp a c e  V mr, n

V  r#* m  • {<fc(r)| t =  1, • • , m  | . (1)
<x>

T h e  g e n e ra l  l in e a r  g ro u p  G L ( m )  c o n s is ts  of all n o n 

s in g u la r  l in e a r  m a p p in g s  ( o r b i t a l  t r a n s f o r m a t io n s )  7 ,

A

7 V  r—>V rv 771 7 y m (2)
f
w

F o r m a t i o n  of all iV -e lec tron  p r o d u c t  f u n c t io n s  a m o u n t s  

to  c o n s t r u c t in g  a  te n s o r ia l  p r o d u c t  sp a c e  s p a n n e d  b y  

N t h  r a n k  ( p u r e ly  c o n t r a v a r i a n t )  te n so rs ,

V m r ® N : | i l ,  *2, • * *, l N = l ,  • • *, w } ,  ( 3 )

r
L

M—

r - '1

— ►

X X 1 X 1 X X X X

X X

4 -
1 X

4 -
1 X X X “ x “ 1

- - - - - - - - - - - - - - 4 - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

X X 1
1

X X X X X

X X

L .

X
1
1

X X X X

<x>

w h e re

F ig .  1. S im u l t a n e o u s  d e c o m p o s i t io n  of t h e  sp a c e  /? (X) in b as is  

v e c to r s  of t h e  i r r e d u c ib le  r e p r e s e n ta t io n s  [X ]  of S n  a n d  (X) 

of G L { m ) .  T h e s e  b as is  v e c to r s  c a n  be  o b t a i n e d  b y  a p p l y i n g  t h e  

W ig n c r  o p e r a to r s  j — 1, /[x], C F o rm u la  ( 6 ) ]  on d i f 
f e r e n t  p r o d u c t  c o n f ig u ra t io n s  w h ic h  c a n  b e  c o n s t r u c t e d  f rom  
t h e  g iv en  o rb i ta l  se t .

S im ila r ly ,  th e  iY -e lec tron  sp in  sp a c e  I 'V (8>jV is a n  iV-fold 

te n so r ia l  p r o d u c t  of 2-d im e n s io n a l  o n e -e le c t ro n  s p in  w l t ^  

s p a c e s  V 2*.

T h e  l in e a r  sp a c e  V mr® N is s t a b le  u n d e r  b o t h  th e  

p e r m u t a t i o n  g ro u p  S n  a n d  th e  iV-fold in n e r  p r o d u c t  

g ro u p  [_GL(m)~\N. T h e  l a t t e r  c o n s is ts  of th e  te n s o r  

p r o d u c t s  of m a p p in g s  [ y ] ' v ,

"<A>

i=l

/Ixl

E
ƒ=!

[ 7] * : (4 )

w h ic h  a re  d e f in e d  b y

=  ®y4>it(r2) ®  • • • ® y <i>;„0 ,v),

(5 )

t h a t  is, b y  a  s im u l t a n e o u s  t r a n s f o r m a t i o n  of all o rb i ta l s

in $ *1,12.•••-** u n d e r  7 . I f  D ( 7 ) is th e  m a t r i x  of 7 , t h e n

[ D ( 7) ] ;V, th e  Arth  p o w e r  K r o n e c k e r  p r o d u c t  of D ( 7 ) ,

is t h e  m a t r i x  of [ 7] ^ .  T h e  g ro u p  c o n s i s t in g  of th e s e

K r o n e c k e r  p r o d u c t  m a t r i c e s  is a  f a i th fu l  r e p r e s e n t a t i o n

of G L (n i)  {and  of th e  i s o m o rp h ic  g r o u p  [\G L { m )^\N }

c a r r ie d  b y  N t h  r a n k  te n s o r  sp a c e .  T h i s  t e n s o r  sp a c e

c a n  be  d e c o m p o s e d  w i th  r e s p e c t  to  th e  p e r m u t a t i o n

g ro u p  S\r u s in g  th e  m a t r i x  e le m e n t  o p e r a to r s  o r  W ig n e r  

o p e r a to r s  (w h ic h  g e n e r a t e  m in im a l  r ig h t - id e a l s  of t h e  S ince  th e  e le m e n ts  of D<x>(7 ) a re  in te g ra l  f u n c t io n s

R i [X] s p a n s  th e  / txi d im e n s io n a l  r e p r e s e n ta t i o n  [X ]  of 

S n  w h ic h  o ccu rs  n( \ )  t im e s  in  w h e re a s  R j W

s p a n s  th e  //<x> d im e n s io n a l  r e p r e s e n ta t io n  (X) of G L {m )  

occurring/[X ] t im es .  H e r e  R o b in s o n ’s18 n o t a t i o n  is u sed .  

B o th  d im e n s io n s ,  ƒ [x] a n d  n(x>, a re  ea s i ly  c a lc u la te d  b y  

m e a n s  of h o o k  g r a p h s  a n d  m  g ra p h s ,  r e s p e c t iv e ly .18,19 

S c h e m a t ic a l ly  th i s  d e c o m p o s i t io n  (7 )  is s h o w n  in  F ig .  1.

H e n c e f o r th  w e a s s u m e  t h a t  th e  d i f f e r e n t  sp aces  

R i [X], i=  1, • • * ,  ;z<x>, w h ic h  s p a n  th e  i r r e d u c ib le  r e p r e 

s e n t a t io n s  [X ]  of 5 n , c a r r y  id e n t ic a l  m a t r i x  r e p r e s e n ta 

t ions .  W e y P s  p ro o f  sh o w s  t h a t ,  in  th is  case , th e  sp ac es  

j — I? * * *> /(xi) c a r r y  id e n t ic a l  m a t r i x  r e p r e s e n t a 

t io n s  D (X) of G L ( m ) ,  so  t h a t  we o b t a in  th e  fo llow ing  

d e c o m p o s i t io n  of [ D ( 7 ) ] /Y:

[ D ( 7 ) ] * V E
(X)

p a r t i t i o n s  o f  N

® / [X] D<x> ( 7 ) (8 )

g r o u p  a lg e b r a  of S n  12) :

W ,y(X) =  ( f [ \ ] / N \ )  E D (6)

H e r e  Dyt iX] is a  m a t r i x  e le m e n t  of t h e  /[X] d im e n s io n a l  

i r r e d u c ib le  m a t r i x  r e p r e s e n t a t i o n  [ \ ]  of S n  (w h ic h  c a n  

be  d e n o t e d  b y  a  p a r t i t i o n  of N ) . B e c a u s e  th e  e le m e n ts  of 

S n  c o m m u t e  w i th  all th e  e le m e n ts  of t h e  g r o u p  

[ G L (m )^}Ny i t  fo llow s t h a t  a  c o m p le te  r e d u c t io n  of 

F mr (g)iY u n d e r  S n  b r in g s  a lo n g  th e  fo l low ing  c o m p le te  

r e d u c t io n  u n d e r  [_GL(m)~\N a n d ,  c o n s e q u e n t ly ,  u n d e r

G L ( m )  17:

V mr® N E
(X)

p a r t i t i o n s  o f  N

© £ (X)

(iV th  o rd e r  h o m o g e n e o u s  p o ly n o m ia l s )  of th e  e le m e n ts  

of D (7 ) ,  th e se  i r r e d u c ib le  r e p r e s e n ta t io n s  of G L (m )  

a re  ca l led  i n t e g r a l .12,13 T h e  r e a s o n  t h a t  th i s  o n e - to -o n e  

c o r r e s p o n d e n c e  b e tw e e n  th e  i r r e d u c ib le  r e p r e s e n ta t io n s  

of S n  a n d  GL{m)  h a s  i m p o r t a n t  c o n se q u e n c e s  in  th e  

q u a n t u m  m e c h a n ic s  of iY -e lec tron  s y s te m s  is e x p la in e d  

in  th e  n e x t  tw o  sec t io n s .

I I I .  S P IN  Q U A N T U M  N U M B E R  A N D  

P E R M U T A T IO N  S Y M M E T R Y

T h e  ¿ - c o m p o n e n t  of t h e  sp in  o p e r a to r ,  5$, fo r  o n e  

e le c t ro n  is r e l a t e d  to  th e  u n i t a r y  m a p p in g s  in  tw o -

(7 )  d im e n s io n a l  sp in  sp a c e  V 2* b y

(9 )
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w he re  Û (<f>) c an  be  t h o u g h t  to  r e p r e s e n t  a  r o t a t i o n  

a r o u n d  th e  £ ax is  o v e r  ang le  <f>. T h e s e  “ r o t a t i o n s ” fo rm  

th e  g ro u p  £ ¿7 ( 2) of all tw o -d im e n s io n a l  u n i t a r y  

t r a n s f o r m a t io n s  w i th  u n i t  d e t e r m i n a n t .  I n  case  of N  

e le c t ro n s  th e  s a m e  fo r m u la  (9 )  h o ld s  fo r  th e  t e n s o r

S u m m a r iz in g ,  i t  fo llow s t h a t  sp in  s y m m e t r y  to g e th e r  

w i t h  t h e  P a u l i  p r in c ip le  im p o se s  d e l in i te  p e r m u t a t i o n  

s y m m e t r y  o n  th e  s p a t ia l  p a r t  of th e  w a v e fu n c t io n .  T h e  

l a t t e r  s y m m e t r y  in  t u r n ,  b e c a u s e  of th e  d u a l i t y  b e tw e e n  

S n  a n d  G L ( m ) ,  c a u ses  a  r e d u c t io n  of F mr® Ar u n d e r

p r o d u c t  o p e r a to r s  [¿7s(</>)]Ar, c o n s t i t u t i n g  th e  g ro u p  G L ( v i ) .

[ 5 i / ( 2 ) ] - v of m a p p in g s  in

U s in g  F o r m u l a  (9 )  i t  is eas i ly  p r o v e d  t h a t  t h e  g ro u p  

[ . S £ / (2) ] -v c o m m u te s  w i th  th e  to t a l  sp in  o p e r a t o r  S 2 

a n d ,  in v o k in g  S c h u r ’s l e m m a ,  t h a t  iV -e lec tron  sp in  

f u n c t io n s  w h ic h  a re  b a s is  v e c to r s  fo r  th e  i r r e d u c ib le  

r e p r e s e n t a t i o n s  of [ 5 U ( 2) ]-v , a n d  of 5 ¿ 7 ( 2 ) ,  a re  e ig e n 

f u n c t io n s  of S 2. T h e  d u a l i t y  b e tw e e n  th e  r e p r e s e n t a 

t io n s  of [ ¿ 7 ( 2 ) ] - v a n d  S n  a n d  th e  p r o p e r t y  t h a t  i r r e 

d u c ib le  r e p r e s e n ta t io n s  of ¿7(2) s t a y  i r re d u c ib le  u n d e r  

t h e  s u b d u c t io n  ¿7( 2) J, S U ( 2 ) ,  t h e n  le ad s  to  t h e  o n e -  

to -o n e  c o r re s p o n d e n c e  b e tw e e n  t h e  i r r e d u c ib le  r e p r e 

s e n t a t i o n s  of S n  a n d  t h e  to t a l  sp in  q u a n t u m  n u m b e r .  

E ig e n f u n c t io n s  of S 2 a re  b a s is  v e c to r s  fo r  th e  i r r e d u c ib le  

r e p r e s e n ta t io n s  of S n , c o r r e s p o n d in g  to  p a r t i t i o n s  of 

A7, g r a p h ic a l ly  r e p re s e n te d  b y  Y o u n g  d ia g r a m s .  T h e  

d im e n s io n a l i t y  2 of th e  sp in  sp a c e  c a u se s  a t  m o s t  tw o -  

e l e m e n t  p a r t i t i o n s  ( tw o - ro w  d ia g r a m s )  to  o ccu r ,  so 

t h a t  o ne  c a n  w r i te  a  b a s is  e le m e n t  of P V ® 'Y as

W h e n  n e g le c t in g  sp in  t e r m s  in th e  H a m i l t o n i a n ,  a  

g e n e ra l  H a m i l t o n  m a t r i x  e le m e n t  t a k e s  th e  fo rm

( $ 1  s ' , k ' 6 , , ‘W  I 7/ | \ p I„ ,k S M , )  =  5 s ' S & M , ' M . f [ \ ]

X ( * T H' \ H \ W k.k™ * rH), (12 )

w h e re  [A ]  s t a n d s  for  [ '2N,2~ S, l 25] .

F o r  a r r iv in g  a t  th is  r e s u l t  we u se d  th e  p r o p e r t y  t h a t  

th e  W ig n e r  o p e r a to r s  c o m m u t e  w i th  I I  a n d  th e  r e la t io n

(13)

| [ / V / 2 + 5 ,  N / 2 - S ] ,  M „ j ) , (10)

F o r m u la s  ( 12) a n d  (13 )  sh o w  in  th e  f i rs t  p la c e  t h a t  th e  

c a r r ie r  sp aces  R jw , j  =  1, /[x], of G L (v i )  a re  n o n 

i n t e r a c t in g  for d i f f e r e n t  (X) a n d  d i f f e r e n t  j .  S e c o n d ly ,  

in s t e a d  of w r i t in g  th e  m a t r i x  e le m e n ts  o v e r  a n t i s y m 

m e t r i c  s p a c e - s p in  fu n c t io n s  j \p), one  c a n  a lso  w r i te  

m a t r i x  e le m e n ts  o v e r  th e  sp a c e  fu n c t io n s  IVjk(X) | $ r N) 

o n ly .  T h e  re a so n  is t h a t  th e  m a t r i x  e le m e n ts  o v e r  su c hJ

sp a c e  fu n c t io n s  a re  i n d e p e n d e n t  of j ,  a n d  id e n t ic a lsp a c e  J u n c t io n s  a re  i n d e p e n d e n t  or 7, a n d  id e n t ic a l  

w h e re  5  d e n o te s  th e  to ta l  sp in  q u a n t u m  n u m b e r ,  M a ( e x c e p t  fo r  m u l t ip l i c a t io n  b y  a  c o n s t a n t )  to  t h e  m a t r i x

th e  z  c o m p o n e n t  of th e  sp in ,  a n d  th e  in d e x  j =  1, • • •, e le m e n ts  o v e r  th e  s p a c e - s p in  fu n c t io n s .  C o n c lu d in g ,  w e

f  [N/2+S ,N/2—S] • ----i - 1--  -"-•L ------- r j1- ‘ ------ ! ------------ n  m  - r ^ r / —N

IV. T R A N S F O R M A T I O N  P R O P E R T I E S  O F  T H E

S P A T IA L  W A V E F U N C T I O N S

I f  o ne  n e g le c ts  s p in -d v n a m ic s ,  t h e n  5  a n d  M s a re  

good  q u a n t u m  n u m b e r s  a n d  th e  sp in  p a r t  of th e  N -  

e le c t ro n  w a v e fu n c t io n  m u s t  be  a n  e ig e n fu n c t io n  of S2. 
I n  o rd e r  to  c o n s t r u c t  th e  s p a t i a l  w a v e f u n c t io n  one  m u s t  

f irs t  se lec t  a n  a p p r o p r i a t e  c o n f ig u ra t io n  | $ / * ) ,  w h e re  

I n  c o r re s p o n d s  to  a s e t  of specific  o rb i ta l  in d ice s  

I n =  i* i ,  ¿2, • • •, ¿at) . T h e  to t a l  JY-electron w a v e fu n c t io n ,  

w h ic h  m u s t  be  a n t i s y m m e t r i z e d  a c c o rd in g  to  t h e  P a u l i  

p r in c ip le ,  c a n  th e n  b e  w r i t t e n  a s3

I  [ N / 2 + S , N / 2 - S ]

h„ks^ )=  E  \ZN/2+S, N/2-SI Ms,j)
7 =  1

® W jkv s " - s -*ai \ * i ir). ( 11)

I n  th i s  e x p re ss io n  [ 2iV/2- s , 12S]  is th e  a s s o c ia te  ( tw o -  

c o lu m n )  r e p r e s e n t a t i o n  of [ i Y / 2 + 5 ,  N / 2 — S~]. T h e  

in d e x  k  of th e  W ig n e r  o p e r a t o r  h a s  to  be  c h o se n  su c h  

t h a t  th e  r e s u l t in g  te n s o r  is n o t  e q u a l  to  zero .  I n  g e n e ra l ,  

s e v e ra l  cho ices  of h, r e s u l t in g  in  te n s o rs  w i th  d i f f e r e n t  

p a r e n t a g e ,  a r e  p o ss ib le .

e le m e n ts  o v e r  th e  s p a c e - s p in  fu n c t io n s .  C o n c lu d in g ,  w e 

c a n  t a k e  j u s t  one  of th e  c a r r ie r  sp a c e s  of G L { m )  

in o rd e r  to  c o n s t r u c t  all m a t r i x  e le m e n ts  in  t h e  s e c u la r  

p ro b le m .  N e g le c t in g  s p in  d y n a m ic s ,  w e m a y  re p la c e  th e  

P a u l i  p r in c ip le  a n d  th e  sp in  s y m m e t r y  b y  th e  s ing le  

p o s t u l a t e :  A  p h y s i c a l ly  a l lo w a b le  A7-e le c t ro n  s p a t i a l  

w a v e f u n c t io n  m u s t  be  e x p a n d e d  in p a r t n e r  b a s is  

e le m e n ts  of a n  in te g ra l  r e p r e s e n t a t i o n  of G L ( m ) ,  

c h a r a c te r i z e d  b y  a Y o u n g  d i a g r a m  w i th  a n  m o s t  tw o  

c o lu m n s .

A l th o u g h  th is  p o s t u l a t e  is e q u iv a l e n t  to  M a t s e n ’s ,20 

w h ic h  c o n c e rn s  th e  p e r m u t a t i o n  g ro u p  5V, th e  f o r m u l a 

t io n  in t e r m s  of G L ( m )  e m p h a s iz e s  d i r e c t ly  t h e  s p a t i a l  

t r a n s f o r m a t i o n  p r o p e r t i e s  of th e  w a v e fu n c t io n .  T h i s  

p o s t u l a t e  h a s  o ne  d r a w b a c k :  W e  c h a n g e  th e  d e g e n e r a c y  

of th e  s y s te m  f ro m  2 5 + 1  to  f[ 2N,2~s ,i2S), w h e r e  th e  l a t t e r  

d e g e n e r a c y  c a n n o t  b e  re so lv e d  b y  a n y  p h y s ic a l  m e a n s  

w h a t e v e r  (R e f .  3, p .  3 2 1 ) .

L e t  u s  i l l u s t r a t e  th e  q u a n t u m  c h e m ic a l  a p p l i c a t io n  

of th is  t h e o r y  b y  a n  e x a m p le .  T h e  O 2 m o le c u le  c o u n t s  10 

a to m ic  o r b i ta l s  in  th e  K  a n d  L  she lls  t h a t  c a n  be  c o n 

s id e re d  in  a  v a le n c e  b o n d  c a lc u la t io n ,  o r  t h e  s a m e  

n u m b e r  of m o le c u la r  o r b i t a l s  if we s t a r t  w i th  a n  M O  

t r e a t m e n t  o n  t h a t  bas is .  S u p p o s e  we w ish  to  c o n s t r u c t  

a n  a n t i s y m m e t r i c  w a v e f u n c t io n  fo r  th e  t r i p l e t  g r o u n d
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s t a t e  of 0*2 c o n ta in in g  16 e lec tro n s .  T h i s  t r i p l e t  fu n c t io n  

m u s t  b e  a  b a s is  e le m e n t  of th e  r e p r e s e n ta t io n  (27, l 2) of 

G L (  10 ) .  A s im p l i f ic a t io n  is o b t a in e d  b y  n o t i n g  t h a t  

th is  r e p r e s e n t a t i o n  h a s  t h e  s a m e  d im e n s io n  as  th e  

r e p r e s e n t a t i o n  (27, l 2) of S U (  10 ) ,  w h ic h  is e q u iv a l e n t  

to  t h e  “ h o le ” r e p r e s e n t a t i o n  (2, l 2) of S U (  10) .2I T h i s  

ho le  r e p r e s e n t a t i o n  is d e f in ed  s u c h  t h a t  i t s  Y o u n g  

d i a g r a m  a d d e d  to  th e  o r ig in a l  d i a g r a m  as  in  F ig .  2 

y ie ld s  th e  Y o u n g  d i a g r a m  fo r  m  d o u b ly  o c c u p ie d  

o rb i ta l s .

T h e  d im e n s io n  n(2,r>, w h ic h  e q u a ls  th e  n u m b e r  of 

t r i p l e t  c o n f ig u ra t io n s  t h a t  c a n  b e  c o n s t r u c t e d  f ro m  th e  

g iv e n  o rb i ta l  b as is ,  is ea s i ly  c a l c u la te d  b y  R o b i n s o n ’s 

f o r m u l a 18

(14)

w h e re  G (\)(m )  is t h e  p r o d u c t  of n u m b e r s  in th e  m  g r a p h  

a n d  II(\)  is t h e  p r o d u c t  of h o o k  le n g th s .  T h e  d im e n s io n

is 990.

10 11

9

8

4 1

2

1

in g r a p h h o o k  g r a p h

T h i s  m e a n s  t h a t  a n  o rb i ta l  t r a n s f o r m a t i o n  of th e  

o r ig in a l  10 o rb i t a l  b a s is  se t ,  fo r  in s ta n c e  a  L o w d in  

o r th o g o n a l i z a t io n  of th e  V B  o r b i t a l s  o r  a  D O D S  m ix in g  

of th e  M O ’s, w o u ld  m ix  990  t r ip l e t  s t a t e s  of Oo. I f  th e  

a p p l ie d  o rb i ta l  t r a n s f o r m a t i o n  D ( y )  is p r e d e t e r m in e d ,  

a s  fo r  th e  L o w d in  o r th o g o n a l iz a t io n ,  t h e  w e ig h ts  of all 

m ix e d  c o n f ig u ra t io n s  a re  f ixed : t h e y  a re  t h e  m a t r i x  

e le m e n ts  of D ( 7)(2̂ /2 s >l~s\  I n  t h e  case  of th e  D O D S  

p ro c e d u re ,  t h e  m a t r i x  e le m e n ts  of D ( ? )  a re  u sed  as  

v a r i a t i o n  p a r a m e t e r s .  T h e  th e o r y  of th i s  sec t io n  th e n

I

I

•
•

•
•

. . . . . . . . .
•
•
•

•
•

•

A I

j N- S

2 S

1

m

Í

F ig .  2. Y o u n g  d i a g r a m  for  t h e  t r ip l e t  ( 5 = 1 )  s t a t e  of O 2; n u m b e r

of e le c t ro n s  N  =  16, n u m b e r  of o rb i ta l s  m  — 10.

fu n c t io n  s im plif ies  u n d e r  s u c h  o rb i ta l  t r a n s f o r m a t io n s .  

T h e  r e s u l t  is d e s c r ib e d  in  th i s  s e c t io n  fo r  a  tw o - s u b s e t  

p a r t i t i o n i n g  of th e  o rb i ta l  se t ,  b u t ,  b y  in d u c t io n ,  c a n  b e  

eas i ly  e x te n d e d  to  t h e  g e n e ra l  case.

A  d iv is io n  of th e  o rb i ta l  s e t  i n to  tw o  s u b s e t s  is 

e q u iv a le n t  to  th e  fo l low ing  d e c o m p o s i t io n  of th e  

o rb i ta l  sp a c e :

Vm — Vmj© V TO 2 (15)

W e  c o n s id e r  o rb i ta l  t r a n s f o r m a t io n s  of th e  fo rm

7 =  7 i ©72, (16 )

w h e re  71 is th e  r e s t r i c t io n  of 7  to  V mi a n d  70 to  V„.2. T h e  

m a p p in g s  7  of th is  fo rm  c o n s t i t u t e  a  g ro u p  w h ic h  we 

d e n o te  b y  G L ( m i + i r h ) . S ince m i + n h  = m,  th i s  g ro u p  

is c le a r ly  a  s u b g r o u p  of G L ( m ) . T h i n k i n g  in  t e r m s  of 

m a t r ic e s  in s te a d  of l in ea r  m a p p in g s ,  GL{mi-\-vio)  c a n  

be  def ined  as  th e  g ro u p  of m a t r ic e s  w i th  th e  b lo c k e d  

s t r u c t u r e

D  (7) =  D  (71) © D  (72) , (17)

te l ls  im m e d i a t e ly  t h a t  th e  D O D S  a p p r o a c h  is e q u iv a le n t  w h e re  D ( 7i) is a  W jX w i  m a t r i x  a n d  D ( 72) a  m2X ^2

m a t r ix .

T h e  p ro b le m  w e h a v e  to  so lve  is to  f ind  th e  b e h a v io r  

of th e  i r r e d u c ib le  r e p r e s e n ta t io n s  (X) of G L (m )  u n d e r  

th e  s u b d u c t io n  G L (m )  j  G L (m i- \ -m o ) . F i r s t  w e d e c o m 

p o se  t h e  N t h  r a n k  te n s o r  sp a c e  F m(g)jV b y  a  g e n e ra l iz a 

t io n  of N e w t o n ’s b in o m ia l  th e o r e m  fo r  n o n c o m m u t in g  

fa c to r s :

to  a  full c o n f ig u ra t io n  in t e r a c t io n  w i th  s o m e w h a t
% __

r e s t r i c t e d  C l  coeff ic ien ts  t h a t  a re  h o m o g e n e o u s  p o ly 

n o m ia ls  of th e  D O D S  p a r a m e t e r s .

V. P A R T IT IO N E D  O R B IT A L  T R A N S F O R M A T IO N S

So f a r  we h a v e  o u t l in e d  th e  b a s ic  t h e o r y  d e r iv e d  b y  

S c h u r  a n d  W e y l .  F r o m  th is  t h e o r y  fo llow s th e  m a n n e r  

in  w h ic h  a n  a n t i s y m m e t r i c  sp in  e ig e n fu n c t io n  b e h a v e s  

u n d e r  a r b i t r a r y  o rb i t a l  t r a n s f o r m a t io n s .  I n  m a n y  

p r a c t ic a l  cases, h o w e v e r  ( e x a m p le s  a re  g iv e n  in  th e  

i n t r o d u c t i o n ) ,  o n e  c a n  d iv id e  t h e  o rb i t a l s  in  d i f f e r e n t  

s u b s e t s  a n d  r e s t r i c t  th e  t r a n s f o r m a t io n s  b e tw e e n

•V ( n )

Z  E  ® C l. ( F mi® " ) ® ( F m2® 'v- " ) .
n=0 /;=!

(18 )

o rb i ta l s  of th e  s a m e  s u b s e t .  I n  th e se  cases  th e  m a t r i x  T h e  e le m e n ts  w h ic h  t a k e  c a re  of th e  p r o p e r

D  (7 ) h a s  a  b lo c k e d  fo rm .  W e  h a v e  d e r iv e d  e x p l ic i t ly  o rd e r in g  of th e  f a c to r s  in  th e  te n so r ia l  p r o d u c t s  a re  th e  

h o w  th e  t r a n s f o r m a t i o n  of th e  m a n y - e le c t r o n  w av e -  c o se t  g e n e r a to r s  of th e  s u b g r o u p  S n® S N -n  in  S y .  N o t e



2502 P  . E  . S . W O R K E R  A N D  A  . v a n  d  e  r  A V 0  1 R  D

t h a t  th i s  d e c o m p o s i t i o n  of F m® iV is jo in e d  b y  a  r e d u c 

t io n  of [ t ]'v €  n a m e ly ,

t y Y V m® N = ( y V m) ® N

=  ( 7 l F TO1© 72V m 2) ®  * V  

•V ( ? )

= E  E  ©c*{(7i^-i)®")
„=0 /:=1

<S> {(-T2̂ , „ 2) <S>Ar-"}

-V ( » )

= E E ©C1.[t i]"®[t 2]'v_"(F».i®,‘)
71 =0 h= 1

0(7»,®*-")
•V («)

= E  E  ©!C*[7i]’,0[72],v_’,C r1)
72 = 0 fc=l

X |C4(F,ni®")0  (K .,® * - ) ). (19)
H e n c e ,

•v ( ? )

[Yi©72]'V= E  E  ©Ca-[7i]"®[7-»]a-"C k~ l, (20)
/i=0 k=l

w h e re  th e  s u m m a n d  is t h e  r e s t r i c t io n  of [ 71® 72] ^  to

Cjfe(7mi® B) ®  ( F „ ,2® Ar- " ) .

I f  w e  choose  th e  b a s is  e le m e n ts  in each  of th e  sp a c e s  

Cfc(Fmi® " )  ®  ( F m2® Ar_M) s u c h  t h a t  t h e y  a re  o b t a i n e d  

f ro m  a n  o r ig in a l  b a s is  in ( F mi® 7') ®  ( F W2® ‘v_n) b y  th e  

p e r m u t a t i o n s  C/;, i t  fo llow s t h a t  all e l e m e n t s  G £ 7 i ] ”®  

[ 72] * - "  G r 1 fo r

h a v e  th e  s a m e  m a t r i x ,

[ D  (7 l ) [ D  (72) ] A’- \  (2 1 )

T h i s  is e a s i ly  p r o v e d  s ince  C/; is a  l in e a r  o p e r a t o r  

w h ich  d o e s  n o t  a c t  on  th e  t r a n s f o r m a t i o n  coeff ic ien ts  of 

[ D (71) ] M® [ D ( 72) ] -v_ \  W e  t h u s  a r r iv e  a t  a  r e d u c t io n  

of t h e  m a t r i x  r e p r e s e n t a t i o n  of G L ( m )  c a r r ie d  b y  th e  

c o m p le t e  t e n s o r  s p a c e  F m® :V u n d e r  G L ( m \ + n h ) .

W e  m u s t  n o w  look  fo r  t h e  r e d u c t io n  of th e  i r r e d u c ib le  

r e p r e s e n t a t i o n s  (X) of G L ( m )  u n d e r  G L (m i+ m o)>  T o  

th is  e n d  we r e d u c e  th e  s p a c e s  F mi® ” a n d  F TO2®  A“ M 

a c c o r d in g  to  F o r m u l a  ( 7 ) :

F mi® "  =  E  ZQRt*,
(/i) i= l

p a r t i t i o n s  o f  n

V m, ® N- n=  E  E  © R f  ">, (22)
(y) i =  1

p a r t i t i o n s  o f  N  —n

w h e re  Rt(^ is i r r e d u c ib le  u n d e r  [GL(nh)~]n a n d  R f ^ 

is i r r e d u c ib le  u n d e r  [GL{mo)^N~n. T h e r e f o r e  th e  

t e n s o r  p r o d u c t  s p a c e  is i r r e d u c ib le  u n d e r

[GL(nii)  ] ” ® [GL(np¿) ] Ar-“ a n d ,  c o n s e q u e n t ly ,  u n d e r  

G L ( w i + w 2).22 S ince  w e  j u s t  d e r iv e d  [ s e e  E x p r e s s io n  

( 21) ]  t h a t  all sp a c e s  C * ( F TO1® n) ®  ( F m 2 ® Ar_,i) s p a n  th e  

s a m e  m a t r i x  r e p r e s e n t a t i o n  of GL{mi+mo ) , i t  fo l low s 

t h a t  all sp a c e s  Ck{R f^®Rj^ )  fo r

i =  * # * J ( / ih J =  • # *,ƒ[»]

a re  i r r e d u c ib le  u n d e r  GL(mi+m¿)  a n d  s p a n  th e  s a m e  

m a t r i x  r e p r e s e n t a t i o n  D (^ ® D <  VK

L e t  u s  im a g in e  t h a t  we p la c e  t h e  n^Xm*)  b a s is  

v e c to r s  of R / ®  Rf  in  ro w s .  T a k i n g  th e s e  ro w s  fo r  

i = l ,  • ••,ƒ[/!], 7=  1, • • •, ƒ[»-], w e  o b t a i n  a  s c h e m e  c o m 

p a r a b l e  to  F ig .  1. W e  c o n s t r u c t  id e n t ic a l  s c h e m e s  fo r  

t h e  sp a c e s  Ck(Ri(^ ® R / v)) a n d  p la c e  th e s e  d i r e c t l y  

u n d e r  t h e  f i r s t  s c h e m e ,  g e t t i n g

b lo c k s  w i th  e a c h  f[v)Xf[V] ro w s .  As s h o w n  a b o v e ,  e ac h  

ro w  c a r r ie s  th e  s a m e  i r r e d u c ib le  m a t r i x  r e p r e s e n t a t i o n  

D<^®D<"> of GL ( w i + 1712) .  U s in g  W e y P s  r e s u l t  [ E q .  

( 7 ) ]  a g a in ,  we f in d  t h a t  e a c h  c o lu m n  in  t h e  f i r s t  b lo c k  

s p a n s  th e  i r r e d u c ib le  r e p r e s e n t a t i o n  [ m ] ® M  of 

S 7l®  S x -n -  T h e  c o lu m n s  of th e  n e x t  b lo c k s  a re  g e n e r a t e d  

f ro m  th e  f irs t  b lo c k  b y  th e  c o s e t  g e n e r a t o r s  C* of 

SnQSy-n  in Sat. W e  c a n  p r o v e  t h a t  a  full c o lu m n  s p a n s  

th e  in d u c e d  r e p r e s e n t a t i o n  of S x  d e n o t e d  b y  [ m ] ®  

M l  Sy.  E v e r y  o n e  of t h e  w(M)X«(v> d i f f e r e n t  c o lu m n s  

s p a n s  a n  id e n t ic a l  in d u c e d  r e p r e s e n t a t i o n ,  t h u s  a s s u r in g  

t h a t  all th e s e  in d u c e d  r e p r e s e n t a t i o n s  c a n  b e  r e d u c e d  b y  

t h e  s a m e  b a s i s  t r a n s f o r m a t i o n .  B u t ,  if we p e r f o r m  th e  

s a m e  b a s is  t r a n s f o r m a t i o n  o n  all c o lu m n s ,  w e d o  n o t  

d i s t u r b  th e  m a t r i x  r e p r e s e n t a t i o n  of G L ( ; « i + ; w 2) 

a f fo rd e d  b y  th e  row s.

L e t  t h e  r e d u c t io n  of e v e r y  c o lu m n  b e  w r i t t e n  as  

fo llow s:

W ® W T & =  E  (23)
(X)

p a r t i t i o n s  o f  ¿V

a n d  le t  u s  p e r f o r m  o n  t h e  c o lu m n s  th e  b a s is  t r a n s 

f o r m a t io n  c o r r e s p o n d in g  to  th i s  r e d u c t io n .  I n  o u r  

s c h e m e  we th e n  h a v e  b lo c k s  in  w h ic h  th e  c o lu m n s  s p a n  

t h e  i r r e d u c ib le  r e p r e s e n t a t i o n s  [X ]  of Sn , t h e  s a m e  

b lo c k  a p p e a r i n g  w M„x t im e s .  T h e  ro w s  s ti l l  s p a n  th e  

r e p r e s e n t a t i o n  D (/i)® D ‘ ^ of GL(m\-\-mv).  T h i s  r e s u l t  is
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e x p re s se d  m a t h e m a t i c a l l y  as

\ » j  ƒw  /M

E  E  E  
1=1 ;=1

ƒ Ixl

E  (24)
(X) r= 1

p a r t i t i o n s  o f  AT

N o t e  t h a t  t h e  sp a c e  R r( ^  c a n n o t  be  w r i t t e n  as  a  

t e n s o r  p r o d u c t ,  a l t h o u g h  i t  s p a n s  th e  r e p r e s e n t a t i o n

D< <g> D<'>.

W e  n o w  c o n s id e r  th e  c o m p le te  r e d u c t io n  of t h e  full 

s p a c e  F m(g>Ar u n d e r  G L ^ m i + n h ) :

N  ( n )

F m® " =  E  E © C * ( F mi® » ) ® ( F m2® * - » )
n=0 k = l

N  \ n  /  f l u  1 ƒ [„  1

=  E  E  E  E  E E  ©  c kR / *> ®  R f  ■>.
n= 0 k =  1 (n) ( v) 1=1 ;=1

p a r t ,  o f  n  p a r t ,  o f  N  —n

( 2 5 )

S u b s t i t u t i n g  F o r m u l a  (24)  y ie ld s

N

F m® A' =  E  E  E  E  W/i>x

n = 0  (m) (»>) (X)

p a r t ,  o f  71 p a r t ,  o f  N  —it p a r t ,  o f  N

/[xl

X  E  © # r<"> ®<->• (26)
r=l

C o m p a r in g  th i s  to  th e  o r ig in a l  r e d u c t io n  of F,„<8r Y u n d e r

G L ( m ) j

f  ixi

V m® ” =  E  E © ^ r < x>, (27)
(X) r = l  

p a r t ,  o f  N

we find

N

RrW= E E  E  ©WMrijy'*«*’». (28)
n=0 (p) ( t>)

p a r t ,  o f  n  p a r t ,  o f  —m

T h is  r e d u c t io n  is a c c o m p a n ie d  b y  a  d e c o m p o s i t io n  of 

th e  m a t r i x  r e p r e s e n t a t i o n :

N

d (x>(yi©y2)= E E  E ©WjivxD ^ yi)
»=0 00 (y)

p a r t ,  o f  n  p a r t ,  o f  — it

®D<’>(t *). (29)

W i th  th is  r e s u l t  we h a v e  fulfilled o u r  a im :  t h e  d e c o m 

p o s i t io n  of th e  i r r e d u c ib le  r e p r e s e n ta t i o n s  (X) of 

G L ( m )  w i th  r e s p e c t  to  G L ( m i + m 2) .  T h e y  a re  e x p re sse d  

in t e n s o r  p r o d u c t s  of i r r e d u c ib le  r e p r e s e n ta t i o n s  (/n) 

a n d  (z/) of G L (m i)  a n d  G L ( m 2) ,  r e s p e c t iv e ly ,  w i th

m u l t ip l i c i ty  coeffic ients  t h a t  a re  d e r iv e d  f ro m  a n  

in d u c t io n  p r o b le m  in  Sat.23 A c c o rd in g  to  F r o b e ^ u s ’ 

r e c ip ro c i ty  th e o r e m  we c a n  also  o b ta in  th e  coeffic ients  

f ro m  th e  s u b d u c t io n

EX] >1 S n(& SN -n=  E  E  ©WxM̂(jLc]<S)[i'],
00 (

p a r t ,  o f  n  p a r t ,  o f  N  —n

(30 )

w h e re  =

G e n e ra l ly ,  th is  i n d u c t i o n / s u b d u c t i o n  p ro b le m  is n o t  

m u l t ip l i c i ty  free, i.e., m ^ v\  c a n  b e  la rg e r  t h a n  1. I f  we 

r e s t r i c t  th e  p ro b le m  to  m a n y - e le c t ro n  sy s te m s ,  h o w 

ever ,  o n ly  r e p r e s e n ta t i o n s  a re  a l low ed  w i th  Y o u n g  

d ia g r a m s  of tw o  c o lu m n s  a t  m o s t ,  a n d  m M„x c a n  j u s t  

b e c o m e  0 o r  1. A c o n s t r u c t iv e  m e th o d  of c a lc u la t in g  

th e se  m u l t ip l i c i ty  fa c to r s  h a s  b een  g iv e n  b y  L i t t l e w o o d 24 

a n d  b y  R o b i n s o n .18 E x te n s iv e  ta b le s  can  b e  fo u n d  in 

A p p e n d ix  B of R ef .  25.

F o r  d e m o n s t r a t i n g  th e  a p p l ic a t io n  of o u r  r e s u l t  (29)  

we a g a in  t u r n  to  th e  e x a m p le  of th e  0 -_> m olecu le .  

S u p p o se  t h a t  we f irs t  w ish  to  s e p a r a t e  th e  core  o rb i ta l s  

a n d  th e n  to  p e r fo rm  a n  o rb i ta l  t r a n s f o r m a t io n  (e .g .,  

h y b r id i z a t io n  o r  o r th o g o n a l iz a t io n )  w h ich  m ixes  o n ly  

th e  v a le n c e  o rb i ta l s  of e ac h  a to m  a m o n g  each  o th e r .  

F o r  th e  s e p a r a t io n  of th e  tw o  core  o rb i t a l s  we c o n s id e r  

th e  r e d u c t io n  of th e  t r ip l e t  r e p r e s e n ta t io n  (27, l 2) of

G L (10)  u n d e r  G L (  2 + 8 ) :

<y,i*> = (l) 0  (27, 1 )
t r ip l e t  O 2 d o u b le t  core  d o u b le t  v a le n c e  

(16  e le c t ro n s )  ( l e i . )  (15 el.)

d im e n s io n  9 9 0 =  2 X  8

©  ( 2) ®  ( 26, l 2) ©  ( l 2) <g> (27) 

s in g le t  c. t r ip le t  v . t r ip le t  c. s in g le t  v .

(2 )  (1 4 )  (2 )  (1 4 )

-f- 3 X  28 +  1 X  36

©  ( l 2) <g> <2G, l 2) ©  ( 2 ,1 )  ®  (26, 1) 

t r i p l e t  c. t r i p l e t  v .  d o u b le t  c. d o u b le t  v.

(2 )  (1 4 )  (3) (13 )

+  1 X  28 +  2 X  168

©  < 2 , 1 )  ®  <26, 1») ©  (22) ®  (26, l 2) 

d o u b le t  c. q u a r t e t  v . s in g le t  c. t r i p l e t  v.

(3)  (1 3 )  (4 )  (12 )

+  2 X  56  +  1 X  378

W e  a re  o n ly  in t e r e s te d  in  th o s e  s t a t e s  w i th  4  e le c t ro n s  

in  t h e  co re  fo rm in g  a  s in g le t ,  so  t h a t  w e a re  left  w i th  12
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e le c t ro n s  in  th e  8 v a le n c e  o rb i t a l s  c a r r y in g  t h e  t r i p l e t  

r e p r e s e n ta t io n  (25, l 2) of G L ( S ) .  F o r m u l a  (14 )  sh o w s  

t h a t  w e find 378 s u c h  s t a te s .  T h e  se c o n d  s t e p  of o u r  

p r o c e d u r e  a m o u n t s  to  th e  r e d u c t io n  of th e  l a t t e r  

r e p r e s e n t a t i o n  u n d e r  G L ( 4 + 4 ) ,  w h ich  r e a d s  ( in d ic a t in g  

t h e  a t o m s  b y  A a n d  B ) :

(25, l 2) =  (2', l 2) ®  (24)

v a le n c e  t r ip l e t  t r i p l e t  A 2+ s in g le t  B 2“

(12 e le c t ro n s )  (4  el.) (8 el.) 

d im e n s io n  3 7 8 =  15 X  1

©  (2 ,  l 3) ®  ( 2 3, 1 )  ©  <22, 1 )  ®  ( 2 3, 1 )

q u a r t e t  A+ d o u b le t  B ~  d o u b le t  A+ d o u b le t  B ~

(5 )  (7 )  (5 )  (7)

+  4 X 4 + 2 0 X 4

©  (23) ®  (22, l 2) ©  (22, l 2) ®  <22, l 2)

s in g le t  A t r ip le t  B t r ip l e t  A t r ip l e t  B

(6 ) (6 ) (6) (6)

+  10 X 6 +  6 X 6

©  <22, l 2) ®  (23) ©  (23, 1) ®  (22, 1) 

t r i p l e t  A  s in g le t  B d o u b le t  A-  d o u b le t  B ^

( 6) ( 6) (7 )  (5 )

+  6 X  10 +  4  X  20

©  (23, 1) ®  (2, l 3) ©  (24) ®  <2, l 2) 

d o u b le t  A“  q u a r t e t  B + s in g le t  A 2- t r ip l e t  B 24\

(7) (5) (8) (4) 

+  4 X  4 +  1 X  15

O n e  co u ld  im a g in e  t h a t  th e  s e c u la r  p ro b le m  in c lu d in g  

all c o n f ig u ra t io n s  m ix e d  b y  G L ( S )  is to o  la rge .  I n  th i s  

case , we can ,  fo r  in s ta n c e ,  c o n s id e r  o n ly  th e  t r ip le t  

g ro u n d  s t a t e  w h ic h  is fo rm e d  b y  c o v a le n t  i n t e r a c t io n  

b e tw e e n  th e  a to m ic  g ro u n d  s t a t e  t r ip le t s .  W e  th e n  find 

36  s t a t e s  w h ic h  t r a n s f o r m  as

(22) ®  (22, l 2) ®  (22, l 2)

core  a to m  A a t o m  B 

s in g le t  t r ip l e t  t r ip le t  .

I t  is i m p o r t a n t  to  n o te ,  as  w e r e m a r k e d  befo re ,  t h a t  

th e  p r o d u c t  n o t a t i o n  fo r  th e  r e p r e s e n ta t io n s  does  n o t  

im p ly  t h a t  th e  wra v e f u n c t io n s  a re  s im p le  te n so r ia l  p r o d 

u c t s ;  t h e y  sh o u ld  h a v e  th e  p r o p e r  s y m m e t r y  also  w i th  

r e s p e c t  to  p e r m u t a t i o n s  e x c h a n g in g  e le c t ro n s  b e tw e e n  

s u b s y s te m s .  Still,  t h e y  a re  b a s is  e le m e n ts  of te n so r ia l  

p r o d u c t  r e p re s e n ta t io n s .  W e  h a v e  d e v e lo p e d  a  m e t h o d 26

to  c o n s t r u c t  s u c h  w a v e f u n c t i o n s  b y  m e a n s  of r e d u c e d  

W ig n e r  o p e r a to r s ,  w h ic h  is c lo se ly  r e la te d  to  th e  

a g g r e g a te  t h e o r y  of M a t s e n  a n d  K l e i n .4

VI. D IS C U S S IO N

S t a r t i n g  f ro m  W e y l ’s t h e o r y  wTh ic h  d e s c r ib e s  t h e  

b e h a v i o r  of a n t i s y m m e t r i c  sp in  e ig e n f u n c t io n s  u n d e r  

g e n e ra l  o r b i t a l  t r a n s f o r m a t io n s ,  w e h a v e  d e r iv e d  h o w  

th i s  b e h a v io r  s im p lif ie s  fo r  p a r t i t i o n e d  o r b i t a l  m ix in g s .  

T h i s  s im p l i f ic a t io n  c a n  b e  c o n s id e ra b le ,  a s  in  t h e  

e x a m p le  of t h e  p r e c e d in g  s e c t io n ,  w h e re  a  fu ll  v a le n c e  

b o n d  c a lc u la t io n  is r e s t r i c t e d  to  in c lu d e  o n ly  c o v a l e n t  

s t a t e s .  B o t h  t h e  g e n e ra l  r e s u l t  a n d  i t s  sp e c i f ic a t io n  fo r  

p a r t i t i o n e d  t r a n s f o r m a t i o n s  h a v e  n u m e r o u s  a p p l i c a 

t io n s  in  q u a n t u m  m e c h a n ic a l  m e t h o d s  a p p l ie d  to  a t o m s  

a n d  m o lecu le s .

A n  e x a m p le  fo r  th e  u se  of t h e  g e n e ra l  r e s u l t  is g iv e n  

b y  a c o m p le te  o r t h o g o n a l i z a t i o n  of a  l in e a r ly  i n d e 

p e n d e n t  b a s is  se t .  T h i s  o r th o g o n a l i z a t i o n  of th e  o r b i t a l  

s e t  c a n  s ig n i f i c a n t ly  c h a n g e  t h e  i n t e r a c t i o n  e n e r g y  

b e tw e e n  a to m s  o r  m o le c u le s  c a l c u la t e d  w i th  a  l im i te d  

n u m b e r  of a to m ic  o r  m o le c u la r  o r b i t a l  c o n f ig u ra t io n s .  

I n  p r a c t i c e ,  th i s  e f fe c t  w a s  n o t i c e d  b y  M a g n a s c o  a n d  

M u s s o 27 in  t h e i r  c o m p u t a t i o n  of t h e  i n t e r a c t i o n  b e tw e e n  

tw o  Ho m o le c u le s  a n d  b y  V o n s o v s k y  a n d  K a r p e n k o 28 

in d is c u s s in g  s u p e r e x c h a n g e  b y  A n d e r s o n ’s m o d e l .  T h e  

r e s u l t s  of b o t h  s tu d ie s  d e p e n d  s e n s i t iv e ly  on  w h e t h e r  t h e  

a to m ic  o r b i t a l s  a r e  o r th o g o n a l i z e d  o r  n o t .  W e y i ’s 

t h e o r y  te lls  in th i s  case  w h ic h  c o n f ig u ra t io n s  s h o u ld  b e  

in c lu d e d  in o rd e r  to  o b t a i n  a  r e s u l t  w h ic h  is i n d e p e n d e n t  

of o r b i t a l  m ix in g  a n d ,  in c ase  o n e  t a k e s  fe w e r  c o n 

f ig u ra t io n s ,  w h ic h  n e w  o n e s  a re  i n t r o d u c e d  a n d  h o w  t h e  

w e ig h ts  a re  c h a n g e d  b y  a  g iv e n  o r b i t a l  t r a n s f o r m a t i o n .

O u r  spec ia l  r e s u l t  fo r  p a r t i t i o n e d  o r b i t a l  t r a n s f o r m a 

t io n s  h a s  b e e n  u s e d  in tw o  d i f f e r e n t  s u b j e c t s  so  f a r :

(1 )  I n  c o n n e c t io n  w i th  R o o t h a a n ’s o p e n -sh e l l  H a r -  

t r e e - F o c k  m e t h o d 16 w e h a v e  p r o v e d ,  v e r y  c o m p a c t ly ,  

t h a t

a n  a n t i s y m m e t r i c  s p in  e ig e n fu n c t io n  is i n v a r i a n t  

u n d e r  m ix in g  of th e  c lo sed -sh e l l  o rb i t a l s ,

a n  a n t i s y m m e t r i c  s p in  e ig e n fu n c t io n  t r a n s f o r m s  

u n d e r  m ix in g  of t h e  o p e n -sh e l l  o r b i t a l s  a s  if t h e  c lo sed  

she l ls  w e re  n o t  p r e s e n t .

U s in g  t h e  l a t t e r  t h e o r e m  o n e  sh o w s  v e r y  e a s i ly  t h a t  b y  

m ix in g  of t h e  o p e n  she l ls  a lso  n o n - d e g e n e r a t e  s t a t e s  

( w i th  th e  s a m e  sp in  m u l t i p l i c i t y  b u t  d i f f e r e n t  s p a t i a l  

s y m m e t r y )  c a n  b e  m ix e d .

( 2) w e h a v e  d e r iv e d  t h e  e x p l ic i t  r e l a t io n  b e tw e e n  a  

p a i r - c o r r e l a t e d  D O D S  m e t h o d  a n d  th e  C l  a p p r o a c h .  

P a r t i c u l a r l y ,  t h e  e f fec t  t h a t  v a r io u s  m a t r i x  e l e m e n t s  in  

th e  D O D S  s e c u la r  e q u a t i o n s  d o  n o t  d e p e n d  on  so m e  

m ix in g  p a r a m e t e r s  c o u ld  b e  e x p la in e d .
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T h e s e  r e su l t s  will b e  e l a b o r a t e d  in  a  fo r th c om in g  

p u b l i c a t i o n .26
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A q u a n t u m  la t t i c e  d y n a m i c s  f o r m u l a t i o n  is p r e s e n te d  fo r  m o le c u la r  solids, in c lu d in g  t r a n s l a t io n a l  a n d  

l ib r a t io n a l  m o d es .  T h e  v a r i a t io n a l  p r in c ip le  is u se d  to  c o n s t r u c t  g ro u n d  a n d  e x c i te d  s t a t e  w a v e f u n c t io n s  

o b e y in g  t h e  t r a n s l a t io n a l  s y m m e t r y  of th e  c ry s ta l .  F o r  t r a n s l a t io n a l  m o d e s  t h e  fo rm a l i s m  re d u c e s  to  a  

fo rm  s im i la r  to  p re v io u s  q u a n t u m  la t t i c e  d y n a m ic s  t r e a t m e n t s .  T h e  re s u l t s  for l ib r a t io n a l  m o d e s  a r e  new .

G e n e ra l  p r o p e r t i e s  of t h e  l ib r a t io n a l  w a v e f u n c t io n s  a n d  m a t r ix  e le m e n ts  a re  d e r iv e d  for  l in e a r  m o lecu les  

i n t e r a c t i n g  t h r o u g h  a r b i t r a r y  a n i s o t r o p ic  p a i r  p o te n t ia l s .

I .  I N T R O D U C T I O N

I n  r e c e n t  y e a r s  q u a n t u m  la t t i c e  d y n a m ic s  t r e a t m e n t s 1 

h a v e  p r o v e n  e sse n t ia l  in t h e  s t u d y  of t r a n s l a t io n a l  p h o -  

n o n s  of s y s te m s  of l ig h t  p a r t i c le s  a n d / o r  w e a k  b in d in g  

energ ies .  M o s t  of t h e  a p p l i c a t io n s  h a v e  b e e n  to  solid  

h e l iu m  a n d  so lid  m o le c u la r  h y d ro g e n ,  s y s te m s  c h a r a c 

t e r i z e d  b y  la rg e  a m p l i t u d e  v ib r a t io n s  a n d  a p p re c ia b le  

z e r o - p o in t  energ ies .

M o le c u la r  so l ids  possess ,  in  a d d i t io n ,  r o t a t io n a l  d e 

g rees  of f r e e d o m ,  g iv in g  rise  to  l ib r a t io n a l  p h o n o n s .  

T h e r e  is a  c lea r  d i s t in c t io n  b e tw e e n  so lid  h y d ro g e n ,

w h e re  t h e  r o t a t i o n a l  s p a c in g  is m u c h  la rg e r  t h a n  th e

l ib r a t io n a l  e x c i ta t io n  e n e rg y ,  a n d  th e  o th e r  m o le c u la r  

solids, w 'here th e  o p p o s i te  ho lds .  T h i s  d i s t in c t io n 2 is th e  

re a so n  t h a t  o n ly  solid h y d r o g e n  w a s  t r e a t e d  q u a n t u m  

m e c h a n ic a l ly ,  a n d  as  /  is a  g o o d  q u a n t u m  n u m b e r ,  f ree  

r o t o r  w a v e f u n c t io n s  of d e f in i te  J  w ere  u sed  as  a  b as is  

se t .

H o w e v e r ,  so m e  o th e r  m o le c u la r  so lids  h a v e  low  b a r 

r ie rs  to  r o t a t i o n  a n d  h a v e ,  a s  a  re su l t ,  la rg e  ro o t - m e a n -  

s q u a r e  l ib ra t io n a l  d i s p la c e m e n ts  f ro m  th e  e q u i l ib r iu m  

o r ie n ta t io n s .  F o r  e x a m p le ,  t h e  a n g u la r  d i s p la c e m e n t  in  

solid  a - n i t r o g e n  is a b o u t  20°,3 w h ile  in a d a m a n t a n e  th e  

l ib ra t io n a l  a m p l i t u d e  is e s t im a te d  to  re a c h  30°.4 T h i s  

le a d s  to  t h e  co n c lu s io n  t h a t  “ f re sh  th in k in g  is ca l led




