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TRANSITION ASYMPTOTICS FOR THE PAINLEVE II TRANSCENDENT

THOMAS BOTHNER

ABSTRACT. We consider real-valued solutions u = u(z|s),z € R of the second Painlevé equation uzz =
zu + 2u® which are parametrized in terms of the monodromy data s = (s1,s2,s3) C C3 of the associated
Flaschka-Newell system of rational differential equations. Our analysis describes the transition, as * — —oo,
between the oscillatory power-like decay asymptotics for |s1| < 1 (Ablowitz-Segur) to the power-like growth
behavior for |s1| = 1 (Hastings-McLeod) and from the latter to the singular oscillatory power-like growth for
|s1] > 1 (Kapaev). It is shown that the transition asymptotics are of Boutroux type, i.e. they are expressed
in terms of Jacobi elliptic functions. As applications of our results we obtain asymptotics for the Airy kernel
determinant det(I — vKa;)|2 y in a double scaling limit  — —oco,y 1 1 as well as asymptotics for the
spectrum of Kaj;.

(z,00

1. INTRODUCTION AND STATEMENT OF RESULTS

One of the most impressive occurrences of Painlevé transcendents in non-linear mathematical physics stems
from their applicability in random matrix theory. In this field Painlevé functions describe, for instance (cf.
[33, 3, 19]), eigenvalue distribution functions for classical finite n ensembles, they appear in the description of
universal distribution functions in the large n limit and are also used in the computation of gap probabilities
in the large n limit. One concrete example for the last two cases is given by the celebrated Tracy-Widom
distribution [32]: the distribution function for the largest eigenvalue Apax of a n X n random matrix drawn
from the Gaussian Unitary Ensemble (GUE) in the large n limit equals

X
V2ns

where Uiy = U (), € R is the Hastings-McLeod solution of the second Painlevé equation,

Frw(z) = li_>m Prob (Amax <V2n+ > = exp [—/ (y —x)ul, (y)dy|, =R, (1.1)

d 7 3
. 3

U (T) = —= € 377

() 2T

This special solution was first analyzed in the works of Hastings and McLeod [22] who showed that the
boundary value problem (1.2) has a unique, monotonically decreasing, smooth solution. In addition,

"

_ 3 A .
Ugyy = LUnM + QU’HM’ ( ) - @a

(140(1)), x— +oo. (1.2)

U (T) ~ [ —=, = — —o0.

Although Frw(z) in (1.1) is written as a distribution function, it is equivalent to a gap probability for
the rescaled eigenvalues p; = \/ﬁné()\j —+/2n), and as such, expressible as Fredholm determinant. More
precisely,

Frw(z) = n11_>n;0 Prob(ﬂ{j oy € [z,00)} = 0) = det (I — Kaj) (1.3)

L2(Jc,o<>)7
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TRANSITION ASYMPTOTICS FOR THE PAINLEVE II TRANSCENDENT 2

where K; is the trace-class operator in L?((x, 00);d\) with kernel
_ AIAT (i) — ATV Ai(p)

KAi(Auu) \ — L

, A€ (x,00)

and Ai()) the classical Airy function. Besides the gap probability (1.3) other spectral properties of large
random matrices from the GUE can also be computed through Painlevé transcendents, for instance for
k € Z>o we have (cf. [29])

k
nhHH;O Prob(]j{j HNTINS [m,oo)} = k) = % <(§y> [det (I - ’yKAi) Lz(z’w)} -
and -
det (I —yKai) Loy — P {/m (y— x)ﬂis(y;v)dy] , 7 =>0. (1.4)
Here, u,s = uss(x; ),z € R is the Ablowitz-Segur solution of the second Painlevé equation,
" 3 / d rTE a3
Uy s = TUxs + 2USL g, ()za; uAS(x;v):ﬁQ\/%e 3 (1+0(1)), T — 400. (1.5)

This one-parameter family of solutions has different analytical and asymptotical properties depending on
the values of 4: namely, for the values of v € (0,1) fixed, the boundary value problem (1.5) has a unique,
bounded, smooth solution with oscillatory behavior as & — —o0, compare (1.18) below. On the other hand,
if v > 1, smoothness is destroyed at finite z and the solution blows up, see (1.20).

Remark 1.1. Historically, solutions of the boundary value problem (1.5) for fixed v € (0,1) were first
analyzed, both analytically and asymptotically, in the late 1970’s, cf. [1, 2]. In particular for the bounded so-
lutions, Ablowitz and Segur solved the important connection problem, i.e. determine the complete asymptotic
description of uas(x;y) as x — —oo provided the same description is given as x — 400 (or vice versa). The
same problem was subsequently also solved for the unbounded solution uyy(x) of (1.2), see [22]. However,
the singular asymptotic structure for v > 1 as x — —oo remained unknown until the work of Kapaev [27] in
1992.

Our modest goal in this paper is to place Ablowitz-Segur (for v € (0,1) or v € (1,00)) and Hastings-
McLeod solutions on equal asymptotic footing as * — —oo. This problem is of interest to the asymptotics
of the Fredholm determinant

det (I —vKa;)

L2 (z,00)
as x — —oo and thus to the asymptotics of the Tracy-Widom distribution itself.
For the gap probability let us use the refined asymptotic behavior (compare Remark 1.8 below),

Ugn () = B (1 + 8—; +0 (x6)> , T — —00 (1.6)

/ T2, )y = (e (@)’ — oy (@) — b (), TER

from which we learn in (1.1) that

and the identity

73

Frw(z) = exp LQ} |x|7§co (1+0(z7?), z— - (1.7)
with some constant ¢y € R. The constant factor was first derived by Deift, Its and Krasovsky in [12] using

scaling limits for a finite Laguerre ensemble combined with universality results for the Airy kernel,
1
co = exp {24 In2+ (’(1)} , (1.8)

with ¢ = ({(s) the Riemann-zeta function. Shortly afterwards Baik, Buckingham and DiFranco [4] gave
another derivation of (1.7), (1.8) based on exact integral representations of Frw/(z) which, opposed to
(1.1), involve an integration from —oo to z. In either approach the regularization of the integral in (1.1)
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is important and thus the asymptotics (1.6) relevant as they are needed in the evaluation of a large gap
probability in random matrix theory.!

The very same asymptotic question for the behavior of det(I — yKa;) with fixed v # 1 is still open and
our focus does not lie on this interesting problem. However, considering the different qualitative behaviors
of u,s(x;y) as ¢ — —oo (see (1.18), (1.20) below for further detail),

tns(7) = (‘/__jfcos (;(—x)g + Bln (8(~x)%) +¢> +O ((—m)_l%>, ~ e (0,1)
f=g-m(l=7), 6="1 - areTlip);

w0 = T +§1n(8(\—/3;x3) T roico T o), velo)
Eziln(v—lk <p=g—argF (;JriE);

it becomes evident that det(/ — vKai)|12(z,00) €xperiences a phase transition near v = 1 as x — —oo: for
v € (0,1) the determinant will be strictly positive, decaying exponentially fast but with a slower decay
rate than (1.7). Opposed to that, for v € (1,00) the determinant will display oscillations with decreasing
amplitudes and its zeros are accumulating at * = —oo. This qualitative change leads to a challenging
problem: Determine the asymptotic behavior of

exp [— /:O(y — x)us(y; v)dy} = det (I —7Kai)

As a direct application of Theorem 1.12 below on the transition asymptotics of u,s(x; ) we will prove a short
result which shows that (1.7) to leading order also describes one particular case of the transition asymptotics
for det(I — vKa;).

as x — —oo and simultaneously v — 1. (1.9)
L2 (z,00)

Corollary 1.2. Asz — —oco and v 1T 1, with ¢y as in (1.8),
3

det (I —vKa;) e OO): exp {162} |x\_§co(1 +0(1)),

uniformly for

~In(1—7) S 2\/5.

w = -
(—z)2 3
For the values of x and 7 such that 0 < s < % 2, our results in Theorem 1.10 and 1.13 do in general not
allow us to state an analogous expansion; the integration in (1.9) simply becomes too complicated. Still we
can make a qualitative prediction
The transition asymptotics of det(l —vKai)|r2(z,00) @8 © — —00,7 T 1 and 0 < 3 < % 2 is
modeled by quasi-periodic functions, to leading order.

Remark 1.3. We would like to point out that an asymptotic analysis similar to (1.9) was recently carried
out for the case of another prominent Fredholm determinant in random matriz theory,
. sin s(A — w)
P(s,v) =det(I — vKgin th Kgn(\,p) = ——7, ,v > 0.
(8 ’Y) € ( Y ) LZ(—l,l) Wil S ( :LL) 7T()\—,l,t) 857
It is well known [29, 33] that P(s,1) equals a gap probability: the probability of finding no eigenvalues in the

interval (—=, 2) for a random matriz chosen from the GUE, in the bulk scaling limit with mean spacing one.

Similar to thewAiry kernel determinant, P(s,7y) admits a representation in terms of Painlevé functions, this
time involving a special solution of the fifth Painlevé equation [26]. Building on previous work of Dyson [16],
the analysis of P(s,7v) as s — +oo,y 1 1, was essentially completed in [8], however without using Painlevé
asymptotic analysis. This lead to results completely analogous to Corollary 1.2 and the qualitative prediction,

compare Theorems 1.4 and 1.12 as well as Corollary 1.13 in [8].

L Another way of deriving (1.7) without the Painlevé II connection was presented in [7].
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We now move ahead and present the setup for our results on the transition asymptotics as © — —oo
between u,s(x;y) and uyy(z). Opposed to introducing Painlevé IT functions as solutions to boundary value
problems as in (1.2) and (1.5), we choose to follow a Riemann-Hilbert point of view. In this approach [18, 25]
solutions u = u(x) to

Upe = T + 203 (1.10)

are parametrized through the monodromy data of an associated linear system of ordinary differential equa-
tions in the complex plane. The details are as follows, compare [20]: Given six complex numbers {s;}¢_,
which satisfy the relations

S§1 — So + 83 + s15283 = 0, Sk+3 = —Sk, 81 = 83, S9 = 82, (1.11)

we introduce the triangular matrices

(1 0 _ (1 s _
Sk_(sk 1) for k=1 mod 2, Sk—<0 1) for k=0 mod 2,

and the sectors - -
0 = {)\GC: =(2k —3) <arg < g(2k—1)}, k=1,...,6

with oriented boundary rays

rkz{xeccz argA:%Jrg(k—l)}, k=1,....6

as shown in Figure 1 below. Consider now the following Riemann-Hilbert problem (RHP).

Riemann-Hilbert Problem 1.4. Determine the piecewise analytic 2 X 2 matriz-valued function Y (\) =
Y (A 2,8 = (s1,82,83)) such that
o Y(X) is analytic for A € C\ U? Ty and for every k, the function Yi(\) = Y (\)]

extension on the closure .

O has a continuous

1 526’29
0 1
1 0
\92 81626 1

W

(o

<1 s4€ i /Qb
1 0
sse2? 1

FIGURE 1. Jumps in the Painlevé II Riemann-Hilbert problem

1 sge
0 1

e The boundary values Yy (X) (resp. Y_(X)) from the left (resp. right) side of the oriented contour T’y
are related via the jump condition

Yi(\) = Y_(N)e 0O 0os g fa)os ey (1.12)

(4 (1 0
0(A,x)1<3)\ +x)\>, 03(0 _1).

where
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e As X tends to infinity, the function Y (\) is normalized as follows,
YN =TI+01"), A= . (1.13)

Remark 1.5. The first two of the relations in (1.11) ensure consistency of the jump conditions (1.12) with
the continuity of Y (A) on Q. Indeed, conditions (1.12) can be rewritten as

Yig1(A) = Viy(A)e IO g 0A2)os N ey k=1,....5
Yi(\) = Ys(A\)e IO2)os geefAalos -\ e 1y
and thus
Yl()\) = Yl(A)Eie()\’I)JSSlsQ et 5669()\’1;)03, )\ S Fl. (114)

But every solution Y (\) of the RHP 1.4 is invertible since det Y () is an entire function normalized to unity
at infinity. Hence (1.14) yields upon cancellation of Y1(\) the cyclic constraint

S1Sy ... Sg=1 (1.15)

which is equivalent to the first two conditions in (1.11). We also mention that by triangularity of Sk, we
have e~ 9®)73 G, X295 4 T g5 X\ — 0o along the rays Ty, i.e. (1.12) is consistent with (1.13).

The connection between the RHP 1.4 and (1.10) is as follows. It is known [6] that for any set of parameters
s = (s1, $2, s3) satisfying (1.11) the RHP for Y'() is meromorphically (with respect to x) solvable. Moreover
its solution determines the Painlevé II transcendent via

u(z) = u(x|s) = 2)\1i_)n;<> [/\(Y()\;ﬂc,s))u}, (1.16)

and in addition we have @(z) = u(Z). Conversely every real for real x solution of (1.10) has a unique
Riemann-Hilbert representation (1.16) for suitable s and we therefore adopt the notation u(z) = wu(zl|s),
indicating the parametrization of solutions to PII equation (1.10) in terms of the data s.

Remark 1.6. The previously considered cases (1.5) and (1.2) are special cases of (1.16),
UAS(:E; 7) = U(IK*I\/TY: 0, lﬁ)), UHM(Z') = u(z|(7i, 0, 1))

The data s is equal to the monodromy data of the associated linear 2 x 2 matrix ODE

dv 12 . 0 u —iz — 2 —2uy,
where u satisfies (1.10). In the language of classical monodromy theory of differential equations (cf. [23]) the
entire functions ¥y, (\) = Yp(N)e 0278 & =1,... 6 and ¥()\) = ¥;(\) form the seven canonical solutions

of the ODE (1.17) and the triangular matrices S, in (1.12) are the Stokes matrices characterizing the Stokes
phenomenon of the irregular singular point A = co. The matrices Sy are z-independent and thus the second
Painlevé transcendent u = u(x|s) describes the isomonodromy deformations of system (1.17) with respect
to the (isomonodromic) deformation parameter z.

As we are interested in the asymptotic behavior of real solutions u(z|s) as  — —oo, it will be useful to
recall the following three different cases which have been singled out over the past 40 years.

(A) If |s1] < 11is fixed, then, as z — —o0,

u(z|s) = (—z)~ % /~28 cos <§(_x)% +fh (8(—x)%) + ¢> +o ((—x)*%) : (1.18)
with
BZ%IH(1—|31|2), qﬁ:—%—argF(i,@)—argsl,

and I'(z) is the Euler gamma function.
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Remark 1.7. Ezpansion (1.18) appeared first in [1, 2] and was partially proven by Hastings, McLeod and
Clarkson in [22, 11] using Gelfand-Levitan type integral equations. In the late 80’s, Its, Kapaev, Suleimanov
and Kitaev [24, 31, 28], using the “isomondromy method”, obtained the full leading term. Another derivation
of (1.18) was given by Deift and Zhou [14] in the mid 90’s based on a direct asymptotic analysis of the
RHP 1.4 with the help of the Deift-Zhou nonlinear steepest descent method [13]. We refer the reader to the
monograph [20] for a detailed exposition of the methods used in the rigorous derivation of (1.18).

(B) If |s1| = 1, then with s; =ie,e = sgn(¥s1) € {£1}, as ¢ = —o0,

u(z|s) = —GB—I— o (x_%) . (1.19)

Remark 1.8. The leading order expansion in (1.19) is originally due to Hastings and McLeod [22] but was
later on also derived by Deift and Zhou [13], who extended (1.19) to a full asymptotic series in which all
coefficients can be computed recursively.

(C) If |s1| > 1 is fixed, then, as x — —o0,

D

+0 ((-z)™") (1.20)

u(z|s) =

Dl

sin (%(fz) +BIn (8(71)%> + 90) +0 ((fx)_%)
with
B:%Inﬂsﬂ?—l), @ = —argT (;4—13) — arg s,

where the error terms are uniform outside some neighborhoods of the singularities of the trigono-
metric function appearing in the denominator of the leading order.

Remark 1.9. The singular asymptotic formula (1.20) was first obtained by Kapaev in [27] through the

isomonodromy method. In [9], the authors rederived (1.20) based on nonlinear steepest descent techniques
applied to the RHP 1./.

In this paper we derive new asymptotic expansions of u(z|s) as x — —oo with the help of a nonlinear
steepest descent analysis applied to RHP 1.4. These expansions explain how the leading oscillatory power-
like decay in case (A) is transformed to the leading power-like growth in case (B) as |s1| 1T 1. We shall refer
to the transition between regimes (A) and (B) as regular transition. In addition, we will also explain the
transformation of the leading singular oscillatory power-like growth in case (C) to the leading power-like
growth asymptotics in (B) as |s1| J 1. It is natural to refer to the transition between (B) and (C) as singular
transition. The results are as follows.

1.1. Statement of results for regular transition. Let

_ﬁ €(0,00); O<v=—In|[l—|si?| = =In(1—|s1[?), 0<|sq| <1 (1.21)
Y

and k € (0,1) be implicitly determined from the transcendental equation

2 [ 2 2k>
%:51/1“{2 [E’—1+k2K’], (1.22)

in which K and FE are standard complete elliptic integrals

_ _ ! du ’ 2. _ _ ! 1 —k2p? ’_ /
K—K(k)—/o \/(1—M2)(1—k2u2)7 K' =Kk E—E(k)—/o ”71—;[4‘ dp, E' =E(K)

with modulus k € (0,1) and complementary modulus k' = +/1 — k2. Tt is shown in Proposition 3.2 that for
any » € (0, 2v/2), equation (1.22) determines k = k() uniquely. In addition, set

2 2 1—k? K
V=V = —— E— K|; = =2i— 1.23
() 37r\/1+k2{ 14+ k2 ]7 T=7(%) YK (1.23)

2The (’) notation for complete elliptic integrals is reserved throughout for the complementary integrals; it does not represent
a derivative with respect to the modulus.
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and let

O3(z,q) =1+2 Z qm2 cos(2mmz);  Ba(z,q) =2 Z q(er%)2 cos ((2m+ 1)wz), z€C
m=1 m=0
denote the Jacobi theta functions with nome ¢ = ™. The theta functions in turn determine the Jacobi
elliptic function

1-k\ 1-k\ 6500,q) 6s(zq) 1, 7
d(2: K - g dZ+77Z 1.24
‘ ( : <1+k>’ 1+k> 05(0,q) 05(2,q)’ 2€C\ g MOOTTT .

and we list properties of the elliptic integrals and theta functions which are relevant to our analysis in
Appendices A and B. The main result concerning the regular transition asymptotics of u(z|s) as x — —oo
is formulated in the following Theorem.

Theorem 1.10. For any fized § € (0,3v2), f1 € (0,00), there exist positive constants xo = xo(0), 21 =

21(f1),v1 = v1(f1) and co = co(6),c1 = c1(f1) such that

N 1 —k(5) . oV V(o 1—k()\ 1—Xk(») s
wtols) = /=5 et (VK (T ) i) A 029
with
|J1(z,5)] < co(—x)_Tlo V(—z) >x0, 0<v< (—x)% (gxf— 5) ) (1.26)
and
| Ji(z,5)] < ln(cix) V(—z) > x1, v >0, g\/i(—x)% - fi<v< gﬁ(—m)% (1.27)

Theorem 1.10 describes the transition of the leading order asymptotics between case (A) for fixed |s1] < 1
given in (1.18) and case (B) for |s;| = 1 in (1.19). Indeed, using the limiting behavior of V' (5), 7(5) and
k() in the Jacobi elliptic function (1.25) as s | 0 and s 1 %\/i (compare Corollary 3.3 below), we obtain
directly

Corollary 1.11. Asz — —oo,
1 2 3 3
u(zls) = (—z) "% \/—28 cos <3(g:)z + B (8(795)5) + ¢> +O ((fx)*
uniformly for 0 < ¢ < (—x)’g with (8, ¢) as in (1.18). In addition, as x — —o0,|s1] T 1,

w(zls) = —eﬁ+ 0 (m(lx)) , (1.29)

uniformly for %\f— (—33)_% <x< %\/ﬁ

=

) : (1.28)

Our second result addresses the asymptotic regime z — —oo, |s1| 1 1 for » > % 2— % with fixed fo € R.
In this case the leading behavior is already of type (1.19) and therefore connects the Boutroux behavior
(1.25), (1.27) completely to the Hastings-McLeod asymptotics (1.19) for |s;| = 1.

Theorem 1.12. Given fo € R, there exist positive constants xo = xo(f2),v0 = vo(f2) and ¢ = c(f2) such
that ,
o < e(3V2-3)(—2)2

u(zls) = —ey [ —= 7T(—$>%2%

2 + Jg(:L’,S)) , (1.30)

with
2
|Ja(z,5)| < o(—z)" %  V(—z)>z0, v>10, V> g\/i(—x)% — fo.

Theorems 1.10 and 1.12 describe the behavior of u(z|s) as + — —oo for the values of ¢ in

(03va-d]U5ve- L) c 020
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Stokes region

LT TN = %\/5—5

R

regular
Boutroux region

R

FIGURE 2. Depiction of regular transition asymptotics in the (t,v) plane with ¢ = (—x)%
and v = —In(1 — |s1]?). The region captured by Theorems 1.10 is coined regular Boutroux
region since the asymptotics are described in terms of Jacobi elliptic functions. Above and
slightly below the separating line » = %\/5 we observe to leading order Hastings-McLeod
asymptotics, compare Theorem 1.12. In between we find Stokes lines, see Theorem 1.13.

The corresponding regions in the double scaling diagram, i.e. regular Boutroux region for Theorem 1.10
and Hastings-McLeod region for Theorem 1.12, are shown in Figure 2. Another region, the Stokes region,
corresponds to

2 2 2

we(ZV2-6,V2— f13 , 6€(0,2vV2), fi €(0,00). (1.31)
3 3 (—x)2 3

We will not provide a full asymptotic description of u(xz|s) for the latter values of > as the nonlinear steepest

descent analysis becomes increasingly difficult. Instead we focus on the scale

2 In ((—z)2
(_x)zfo»vzvoi %27\/5_]03((72)7 f3€R7
3 (—x)i
which eventually motivates the term Stokes region: For fs € (—oo, §) the leading order behavior of u(z|s)
turns out to be unchanged from (1.30), however once we cross the Stokes lines

Sp: v= %ﬁ(—x)% - 6k; ! In ((—w)%), k € Z>o, (1.32)

once we go deeper into (1.31), additional (k + 1) terms will contribute to the leading behavior. This is in
sharp contrast to Theorems 1.10 and 1.12 where the fixed choices of f; € (0,00) and fo € R had no effect
on the leading orders. In the present paper, we shall prove the following estimation.

Theorem 1.13. Given f3 € (—o00, L) there exists positive constants xo = xo(f3),vo = vo(f3) and ¢ = c(f3)
such that

2 B T WENCRPIEL (1.33)

1+ £
uzls) = —ey/—= ( f) + Js(, 8),
V2

with
. 2 .
[a(a, )| < e(=a) "2 E=R W (—a) 220, v 2w, v ZVE(-D)E — foln((-2)?).
This rigorously clarifies the appearance of the first Stokes line S;: Fix f3 € (—oo, 1) in (1.33), then

6
p=0((=0)"2371) = o(1)
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and subsequently by geometric progression, as ¢ — —oo, |s1] T 1,

/ : 2 In ((—x)2
u(z|s) = —e Iio0 ((—x)_mm{%(%_h)’l}) . uniformly for » > V2 — ng.
2 3 (—x)§
1.2. Statement of results for singular transition. In this case we also work with the double scaling
parameter
= ﬁ €(0,00); O<v=-In|l1—|s1’|==In(]s1)>—1), 1< |s1] < V2
—z)5
but notice that opposed to (1.21), we have now
0<—In(|s1?—1) =v#—In(1-[s1]?).

Furthermore we choose an upper constraint 1 < |s;| < v/2 which is important to our analysis below, but
at the same time is also consistent with the anticipated transition asymptotics for |s;| | 1.> The module
k € (0,1) is again determined via (1.22) and we require V. = V(5) and 7 = 7(3) as in (1.23). However,
instead of the Jacobi elliptic function cd(z) in(1.24), we need

dc<22K(1+k)’1+k>_93(0,q)02(z,q)7 z € C\ 5 mod Z +TZ ¢ . (1.34)

The analogue of Theorem 1.10 for the singular transition is contained in the following Theorem.

Theorem 1.14. For any fized § € (0, V/2), there ezist positive constants xo = xo(8) and co = co(8) such

that
_ . i 1+ k() o)t 1—k(x)\ 1—k(5) o s
u(z|s) = 2\/mdc<2( ) K<1+k(%)>71+k(}f)>+J4( ,8) (1.35)
with
| Ja(@, s)| < co(—z) 710 V(=) > 30, 0<VE (~0)7 (§ﬁ6> (1.36)

provided (x, s1) is uniformly bounded away from the discrete set
Z, = {(:r, s1): 2(-2) V() =ne Z\{o}} . (1.37)

On the other hand, for any fized f1 € (0,00), there exist constants x1 = x1(f1),v1 = v1(f1) and c1 = c1(f1)
such that (1.35) holds true with

|J4(x, 5)| <

In(~x)

and no further constraint placed on (x,s1).

Nl

2Va ()t~ fi < v < 2VE(-a)

V(-l’)th UZUL 3

Here, Theorem 1.14 describes the transition to leading order between case (C) for fixed |s1] > 1 in (1.20)
and case (B) with |s1] =1 in (1.19). Indeed, through the limiting behavior of V' (5) and 7(3¢) as s | 0 and
»x 1 2v/2 in (1.35) we obtain

Corollary 1.15. Asxz — —o0,
‘\/_71' o 71170
sin (%(*w)%+§1n (8(71’)%)+s0) +O((71:)_%) +O(( z) )

u(z|s) = (1.38)

uniformly for 0 < s < (—x)fg and away from the zeros of the trigonometric function appearing in the

denominator of the leading order. The parameters (B, ) have appeared in (1.20). In addition, as x —
—0Q, |51| \l/ 1;

w(z|s) = —e —g +0 (ln(l—x)> : (1.39)
uniformly for %\f— (—x)_% <x< %\/5

3For fixed |s1| € [/2, ), the leading order behavior of u(z|s) as £ — —ooc is already known through (1.20).
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Our last result is the direct analogue of Theorem 1.12 to the singular transition.
Theorem 1.16. Given fo € R, there exist positive constants to = to(f2),v0 = vo(f2) and ¢ = ¢(f2) such

that .
T (1 e(3V2=)(-a)?

U\T) = —€4 ) — = 5
(@) 2 m(—z)i2%

+J5(x,s)>
with 5
|J5(x, s)| < c(f:n)*% V(—z) >z, v>v9, v> g\/ﬁ(fx)% — fo.

The regions captured by Theorems 1.14 and 1.16 are shown in Figure 3 and we use a similar terminology
as before, singular Boutroux and Hastings-McLeod.

w= 22

Hastings-McLeod region 9
Y (o
/
// Stokes region

e TN = %\/5 -4

singular
Boutroux region

Q

FIGURE 3. Depiction of singular transition asymptotics in the (¢,v) plane with ¢ = (—x)g
and v = —In(|s1]|?> — 1). The region captured by Theorems 1.14 is coined singular Boutroux
region since the asymptotics are described in terms of Jacobi elliptic functions. Above and
slightly below the separating line » = %\/5 we observe to leading order Hastings-McLeod
asymptotics, compare Theorem 1.16.

We do not address the Stokes region for the singular case, a full analysis for all Stokes lines (1.32) in both
regular and singular transition will be postponed to a forthcoming publication.

Remark 1.17. As mentioned before, the master RHP 1.4 is meromorphically (with respect to x) solvable,
provided the Stokes data s = (s1,82,s3) satisfies (1.11), c¢f. [6]. More is true, the poles of the associated
Painlevé transcendent u(x|s) correspond exactly to the values of x for which the solution to RHP 1.4 ceases to
exist. But we know from [27, 22] (see also Remarks 1.8 and 1.9) that u(x|s) has smooth power-like behavior
(as x — —o0) for |s1| = 1 and singular oscillatory behavior for |s1| > 1 in the same limit. Hence the natural
appearance of the exceptional set (1.37) in the description of the transition from (B) to (C); on one end it
degenerates exactly to the vanishing condition of the trigonometric function appearing in (1.38), on the other
end it becomes simply the empty set, see (1.39). In fact, (1.37) could be used to asymptotically localize the
poles of the Painlevé function u(x|s) on the negative real axis for |si| > 1 by an application of a Rouché type
argument.

Remark 1.18. For the special choice s = 0 (in this case u(x|s) is smooth and exponentially decaying as
x — 400) we can discuss the exceptional set Z,, also in terms of the Tracy- Widom identity (1.4). The simple
poles of the Painlevé function are in a one-to-one correspondence with the simple zeros of the determinant
det(I —vKai)|12(z,00) @5 a function of x. In case of fived Stokes data s = (51,0, s3) this connection was used
in [5] to derive a result on the pole distribution of the Ablowitz-Segur family in the complex x-plane. For, in
general, varying s our result (1.35) implies that the behavior of det(I — vYKai)|r2(z,00) a8 T — —00,7 | 1 is
modeled by quasi-periodic functions to leading order with zeros on the real line determined implicitly by Z,.
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Below we include another figure which displays the full transition side to side. The plot shows a vicinity
of the transition point |s;| = 1.

[ A
g n .
regular Boutroux J [ \ singular Boutroux
region S [ \ region
7 [ \
7 [
e )
R4 -0 “\
7/ f o g
. 1. 0
. KR tokes
.2 Stokes ;oo S p

N . .,
a : -0 - N region \
s region ,.' N g N
- KA ~ -
e e . N N 2
- LT v e ENGI

\
N\

Hastings-McLeod region

0 } R
s =1 Is]

FIGURE 4. Depiction of transition asymptotics in the (|s1|,¢) plane with ¢ = (—z)2. The
regions decribed in Theorems 1.10, 1.12 and 1.13 are located to the left of the vertical line
|si| = 1. The singular analogues, i.e. Theorems 1.14 and 1.16 are to the right of |s1| = 1.

1.3. Further applications and outline of paper. The transition asymptotics are derived through an
application of the nonlinear steepest descent method [13, 15] to the initial RHP 1.4. This analysis depends
crucially on the values of the double scaling parameter

—In(1—|s1]?), 0<|[s1] <1
—In(]s:]2—1), 1<|s1] < V2.

=

| e

€ (0, 00); t:(—x)%>0, 0<v=—ln’1—|31|2’:{

For instance, the proof of Theorem 1.10 consists of several steps.

(1) First, the master RHP 1.4 is analyzed with the constraint t=7 < v < t(3v/2 — §),n € (0,1) in
place. All details are worked out in Sections 3 and 4, which include a g-function transformation, the
construction of local model problems via Jacobi theta and Airy functions and iterative solutions of
singular integral equations. This part resembles in some of its aspects the approach carried out in
[8].

(2) Second, we analyze RHP 1.4 subject to the constraint ¢ > v**! > 0,¢ > to with k € Z>3. The
techniques used now are very different from (1), in fact they are close to the ones we would use in
the asymptotic analysis of RHP 1.4 for fixed |s1] < 1, i.e. no need for a g-function transformation but
different model problems involving parabolic cylinder functions. We work out the necessary details
in Section 5 and combining error estimations from (1) and (2), we obtain (1.25) with estimation
(1.26). In addition, expansion (1.28) follows as well.

(3) Third, estimations (1.27) and (1.29) are derived by applying modular transformations to the Jacobi
theta functions used in (1) and introducing a new model function in a vicinity of the origin. The
details are presented in Section 6.

After that, we address the regime ¢t > tg,v > vg,v > %\/Qt — fo in Theorem 1.12. Here the nonlinear steepest
techniques are again different from the ones used in the derivation of Theorem 1.10, we use a new g-function
and different model problems, compare Section 7. It is worth mentioning that these techniques resemble the
ones used in the derivation of (1.19) with |s1| = 1. Our final result for the regular transition is contained
in Theorem 1.13 which we derive in Section 8. The appearance of Stokes lines is already observed earlier in
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Section 6, see Remark 6.4, however we give a quantitative analysis of this phenomenon only subject to the

constraint
Int

t )
In [8], Theorem 1.12, the authors also discovered a Stokes region while analyzing P(s,v) as s — 0o,y T 1,
recall Remark 1.3. Starting from the known large s asymptotics of the eigenvalues of K, all Stokes lines
were classified by an application of Lidskii’s Theorem to the Fredholm determinant P(s,7). We will now
argue that we can reverse this approach and derive asymptotics of the eigenvalues {)\j(x)}‘;‘;o of Ka; via
Theorem 1.13 and identity (1.4). First, we state a slight improvement of Corollary 1.2.

2
tZto,UZUO,%Zg\/i*fB fz eR.

Corollary 1.19. Asx — —oo and v 1 1, with ¢y as in (1.8) and o = % 2 — x,

3
mS _1 1 eo’(—w)f — 3 min{2,3 -
e ] 0 (14 2 T ) (o (). o

det (I—’yKAi)

L2(z,00)

uniformly for
2 In ((—x)%) 7
> = N T _ _
%_3\[ f3 (—.’L‘)% ) f3€ ( Oov6>a
where b = b(7y) is positive, bounded in v, such that

b(’}/) — Co, Y T 1.

This result is a direct consequence of Theorem 1.13 and we state its proof in Section 8.2. Compared to
Corollary 1.2, an additional contribution to the leading order appears in (1.40) and the extra factor is in
general not close to unity. In other words, also the Fredholm determinant displays an asymptotic Stokes
phenomenon, and we have identified the first Stokes line,

- 2 s 1 .
S v= g\/i(—x)% — iln ((—[L’)%)
Now back to the spectrum of Ka;i, we let {\;(z) 720 denote the eigenvalues of the trace class operator
Ka; + L*((z,00);d\) O. These have been, for instance, analyzed in [32], were it was proven that the

spectrum of K a; is simple, we have 1 > Ao(z) > Ai(z) > ... and for fixed j € Z>,
Aj(z) ~1, z— —o0. (1.41)
In fact, Tracy and Widom in loc. cit. also gave an asymptotic formula,

1= () = YRkt the VR (14 o(1)), ¢ = (—a)}

‘ — 400, (1.42)
J]:

but the derivation is not fully rigorous. We will now outline a proof for the stated behavior, using Corollary
1.19. Choose t > tg,v > vy such that

Apply Lidskii’s Theorem,

det(I — yKa;) B . s ( o Aj(2) >
St — Al = det (I + e "Kai(I — Ka; =TT (1 rev—222)
det(T = Kai) |12 (g0 ( il A)7) L2(2,00) ]1;[0 1— ()
= <]. -+ ev)\()(m)) det (I -+ €7vK1(I — Kl)il) s (144)
1-— )\0(.’1)) L2(z,00)

with K7 = Ky, - Py; and P}, is the projection onto the eigenspace of K; with eigenvalues {); }321- This
allows us to compare (1.7), (1.40) to (1.44), i.e. as © — —o0,|s1| T 1 subject to (1.43),

(1 + e%) det (I +e "Ki(I — Ky)™') = <b2) + 21)(\/77%?“) (1 +0 (t, min{%%*fs})) .
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We multiply though with the second summand in the first factor in the right hand side of the last estimation,

9 1
9 FR 21/Tt3 \o(x) - —1 b(v) 9 S
21 /rtre "t + det (I+e "Ki(I - K = —~ (1+23ymtze ") (1.45
( v 3V (1 — Mo () ( : V™) co ( v ) (1.45)

x (1 +0 (t’ mi“{%v%*ﬁ}))
and here, both factors in the left hand side of (1.45) are positive. But for ¢ > ty,v > vy such that

2 2 Int 7 2 Int
g\/§>%25\[*f3n77 f3€<0,6) == O<U:§\/§*%§f3n7

all summands in the right hand side of (1.45) are bounded. Thus, by positivity, all summands in the left
hand side of (1.45) have to be bounded. So, using also (1.41),

[SE

t
i V(1 = ()
t2e " det (I + e K (I - K)™Y) = O(1). (1.46)

det (I +e Ky (I — K1)™')

|
a
=
-
=

Since det(I +e K (I — K1)~!) > 1, we deduce from the first estimation,

D=

t
e3V2H(1 — ()
which is consistent with (1.42) for j = 0. In fact, (1.45) allows us to deduce the inequality,

- O(l)a

1—Xo(z) > ctze 3V2 (14 0(1)), ¢>0 (1.47)

but in order to achieve equality our analysis in the Stokes region has to be extended; so far (1.46) only gives

Nl

4
V(1 \ ()
which is not sufficient yet to deduce equality in (1.47). Summarizing, provided Theorem 1.13 is extended

to the full Stokes region and simultaneously also Corollary 1.19, the results on the transition asymptotics of
u(x|s) would enable us to derive (1.42) rigorously.

= 0O(1),

The derivation of Theorem 1.14 follows largely its regular counterpart.

(4) The master RHP 1.4 is analyzed asymptotically subject to the constraint t!=7 < v < t(%ﬁf 0),n €
(0,1) in Sections 9 and 10. Opposed to the regular case (1) we require a different outer parametrix
which has the singular structure and corresponding exceptional set (1.37) encoded.

(5) After that, we address the scale t > v**1 > 0, > t, following [9]. The details are summarized in
Section 11.

(6) Again, by modular transformations, plus an additional argument related to the singular structure,
we complete the proof of Theorem 1.14 in Section 12 and in addition obtain Corollary 1.15.

Section 13 concludes the manuscript by deriving Theorem 1.16 and we list a few identities for complete
elliptic integrals and Jacobi theta functions in Appendices A and B.

2. PRELIMINARY STEPS FOR REGULAR AND SINGULAR TRANSITION ANALYSIS

We start with the scaling transformation X(\) =Y (Ay/=z) , A € C\ U? I';, and are lead from the initial
RHP 1.4 to a RHP for the function X (A). This problem is formulated on the same jump contour U? Iy, with
Jump

X (\) = X_(Ne WMo g etdNeos -\ ey

and jump exponent

I(N) =i <§>\3 - )\> . t=(-2)2.



TRANSITION ASYMPTOTICS FOR THE PAINLEVE II TRANSCENDENT

14

Next we deform the original jump contours, to obtain a RHP for a function Z(\) as shown in Figure 5 - at
this stage the endpoints A = £\* are yet to be determined. To be more more precise, this step amounts to

the following definition
—tﬁ()\ 03516t19()\)0'37 A c
—t9(A

€

&

eftﬁ()\ o3 Slséetﬁ()\)ag7 = )
e—tﬂ()\ o’gS?Tletﬂ(A)037 =

where the corresponding regions are shown in Figure 5 below. The RHP for Z(\) is as follows.

Riemann-Hilbert Problem 2.1. The function Z()\) has the following analytical properties:

o Z(A) is analytic for A € C\([-\*, \*] U U? Vi)

o We have the following jumps along the solid curves shown in Figure 5,
AEv, k=1,...,6;
A€ [7>‘*7 O]a

Z+ ()\) -7 (A)e_tﬁ(A)US Sketﬁ()\)og’
Z+()\) — Z_()\)eft'ﬂ(/\)o'g 55_154_153_161519()\)03,

)

)os t9(N)os A 2

e VSR 200 = X0y
)

—tﬂ()\)a';; 548“9()\)0-37

7“9()\)0’3 S5et’l9()\)0'3’

€

e*tﬂ()\)o'g S4Sset’t9()\)a37
e

e—tﬂ()\)o'3 Sgletﬂ(A)Ug7

I

9

Z+()\) = Z,()\)6_“90\)0302535455026t19(>\)03, A E [O, )\*],

where in fact

55_154_153_1 = 0'25354550'2, 09 — (O 1) .

o As \ — oo, the function Z(\) is normalized as
ZA) =1+0(A71).

FIGURE 5. Deformation of

original jump contours,
X(A\) — Z(N\). The three

xel5]
rel6]
xel7],
Ael8]

else

FIGURE 6. First opening of lens,
dots represent the points Z(\) = T(N).
A== 0,\".

The particular factorization appearing in (2.1) will be used in another contour deformation, our first

opening of lens: Referring to the domains €2;,7 = 1,...,4 shown in Figure 6, we set

6_“9(A)O-SS2_1€“9()\)03
6715’!9()\)0‘354—16#[9()\)0'3
T(/\) — Z(/\) e*tﬁ()\)agsgletﬂ()\)og
e_tﬂ(k)o-gsfletﬂ()\)oG
I

)

)
)
b
b

Aey
X e Q,
A e Q
A E §4
else.
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and are lead to a RHP for T'(\) with jumps (compare Figure 6 for the jump contours)
Tr(\) = T_(N)e ?WNosg ot Nos N\ ey b =1,3,4,6

Ty(N\) =T_(\)e N g et?Neos ) e 5, Ty (\) =T_(N)e WNosg et Nos ) ¢ 3
and
Ty(\) =T_(N)e ?Nosg g tetdNeos ) ¢ 3, Ty(\) =T_(Ne WNs5,6, 8 Lapet?Mos -\ e 75
T (A) = T_(A)e N3 51 Gt g et Nos; T (A) = T-(N)e " N35,8,955,09¢ "M

for A € [-A*,0] and A € [0, \*] in the last two cases. Notice that

el e 1—s183 s1+8s1(1—s183) 1—s18 —s
lo—lg—1 _ 153 Ss1+ 81 153 _ 153 3
Sy 855 = ( —s3 1— 555 ) , 0254538409 = (51 4s1(l—s1s5) 1— 5153) . (2.33)

The presence of the factors 1 — s;s3 = 1 — |s1|? on the diagonal motivates the use of a g-function in order
to address the transition asymptotics z — —oo, |s1| — 1. Subsequently we shall first work out the necessary
details in case of the regular transition.

3. REGULAR TRANSITION ANALYSIS FOR » € [§,2v/2 — 6| WITH 0 < § < £1/2 FIXED
We introduce the double scaling parameter

1n(1—‘81| ) 27T6 3 1

= _ 0. 00): t=(—x)2 =—In(1—|s]? 3.1
(—Q})% t ( 700), ( $> ’ 5 o7 Il( |51| ) ( )
and keep s € [4, %\f — 4] with 0 < § < %\/5 fixed throughout. Based on the cyclic constraints (1.11) the
parameter s allows us to derive expansions of the Stokes multipliers in terms of > which are used later on.

v
» = -
t

S2 ,—ot

3.1. Preliminary expansions. First observe from (1.11) and (3.1) the exact identity R(s;) = e
Second, by definition (3.1),

R(s1)

|s1]

1
ls1]=1- 56_’“ +0(e7®"), t—o0; arg(si) = earccos (

> , arccos: [—1,1] = [0, 7],
and we obtain for s; = |s;|e/8(s1)
Proposition 3.1. Ast — oo, |si| T 1 with €!2¢ =ie, e = sgn(%sl) € {1},
1
s = ie (1 - 5(1 +iesy)e ™ + O (eQ”t)> - = 1 —iesg)e 4O (62%t)> , (3.2)

and

1
s1+ s1(1 — s183) = ie (1 + 5(1 —iesy)e "+ O (8_2%t)) , (3.3)

uniformly for s € [9, %\f — 0] with 0 < § < %\/ﬁ fized.

Let us now move ahead and introduce one of the key ingredients in the nonlinear steepest descent analysis,
the g-function.

3.2. Introduction of g-function. Set J = (-1, —k) U (1,k) C R where k € (0,1) is determined implicitly

n (1.22),
2 [ 2 2k? 2
Sy K| =(—"
g 1+k2[ 1+ ] <1+k2>

The following Proposition addresses the bijective correspondence between s € (0, 2

Njw

/ VI =22 —K2) dp. (3.4)

,3V2) and k € (0,1).
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Proposition 3.2. The modulus k is uniquely determined via (3.4) in case € (0,%+/2). Moreover, as

»x ] 0,
w23 29 [3\3 9
k_1—2,/;+7—§(;) +0 (), (3.5)
and, as%T%x/i, wz’thaza(%)z% 2—x]0,
V20 In|lng| 2+ 7In2 In|lno|
k= 1 . .
|lna|( + 2Ino + 4lno +O< In?o )) (36)

Proof. Consider the function
F(k, ») = » - 1(k), ke]l0,1],

where

1K) = <1fk) / AP0 an.

With the help of standard expansions for the complete elliptic integrals ask | 0 and k 1 1 (compare Appendix
A), we get

2 3 3 39
I(k) = g\/i {1 - 5k2| k| — (1 + 41n2)k? + 1—6k4| Ink|+ O (k4)] , klo, (3.7)
11
I(k) = %(1 — k)2 [1 +(1 k) + 551 - k)>+ 0 ((1- k)?’)} , k11 (3.8)
Thus )
lim F(k, ) = » — =v2 <0, lim F(k, ) = » > 0,
k/0 3 k11
but F(k, 5) is real analytic in a neighborhood of (k € (0,1],s € [0,00)) with the first partial derivatives
equal to
2 : 3 ' (2 _ 12 P12
Fi(k = k 1- —-k?)d d 0
k(k, ) (1+k2> 1H{Q/k\/( 1) (p ) u+/k Pl
F,.(k») = 1.

Hence the implicit function theorem guarantees existence of a unique real analytic solution k = k(s¢) of the
equation F(k, ) = 0 near the point (k, »). We use (3.8) and (3.7) to derive (3.5) and (3.6). O

Besides the expansions (3.5) and (3.6) for k = k() itself, we will later on also require expansions of the
frequency V' = V(») and module 7 = 7(3) introduced in (1.23). These follow directly from (3.5) and (3.6)
and are summarized in the Corollary below.

Corollary 3.3. As |0,

2 » » 9 i » 171 5 3
V() = —g ﬁln%—&— ﬁ(l +In16m) + O (5%), 7(3) = —;ln (167) T +0(x2). (3.9)
Secondly, as o = %\/ﬁ —x]0,
o In|lng| 2+ 7In2 In® [ Ino|
= 1 — =2 1
V() [Ino| ( + Ino + 2lno +O< n?o ’ (3.10)
and in the same limit also
1 [Ino| In|lng| 7In2 In|lno] 1
= — = — 1-— — . 11
g T() 27 ( Ino 2Ino * In?o O In® o (3.11)

We now define the g-function,

o) =i [ (=3 ),z € C\-MLM] (3.12)
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where
k 1 1 1 1

1
- < <M=—— <
V2VI+ k2 2 V2VI+kE V2

and the contour of integration is chosen in the simply connected domain CP'\[—M, M]. Moreover, we fix
—7m <arg ((p* — M?)(p* —m?)) <7 such that +/(u2 — M2)(u2 —m?2) >0 for p> M,
and thus, g(z) is single-valued and analytic in CP*\[—M, M]. As z tends to infinity

0<m= (3.13)

i 1—k2 _
g(z) = 19()+€+8<1+k2> +O(z 3), Z — 00,

where
o0

{\/(/ﬂ “MDGE — ) — i+~ | dp (3.14)

€:—19(M)+4i/ :

M
Further steps in the analysis require certain analytical properties of g(z).
Proposition 3.4. For z € R introduce

2z) =i(9+(2) +9-(2)), and I(2) = g+(2) —g-(2),  with gs(2) = limg(z £ ie).

The functions (z) and I(z) are real-valued on the real line, in fact

Q(z) = 8/}; (n? = M?)(p2 —m?)dp, 2z € (M,+00), Q(z) =0, z¢€ (m,M),
Q(z) = -8 /m \/(M2 —p2)(m? — p2)dp, z € (—m,m),
Qz) = -8 /_m \/(M2 —p2)(m? — p?)dp =27V (%), z € (—M,—m),
m —M
Q(z) = —8/_ \/(M2—u2)(m2—u2)du+8/ \/(/.LQ—MQ)(/.LQ—mQ) dp, z € (—oo,—M).
Moreover
M
I(z) = 0, z€(—o0,—M)U (M,+00), —8/ \/ 2—p2)(p2 —m?)du, z € (m,M),

/ \/Mqu V(2 —m2)dp =5, z € (—m,m),

I(z) = %—8/ m\/(MQ—,tﬂ)(uQ—mz)du, z € (—=M,—m).

3.3. The g-function transformation. We first go back to the RHP for T'(\) as defined in (2.2) with jump
contour Y shown in Figure 6. Now fix the endpoint

L1 1
T V2VITR

and employ the following transformation,

6
S(\) = e Hop(\)etIN=INes - N e C\Bp, Tp= ([M, MU v UA2 U Ud2 U %) . (3.15)
k=1

with ¢ = g(z) as in (3.12) and £ in (3.14). Since all jumps in the T-RHP display the structure
Tr(\) = T-(Ne NG r(\)et?Mos -\ e C\Sy,
we are lead to the following RHP

Riemann-Hilbert Problem 3.5. Determine the 2 x 2 matriz valued function S(\) = S(A;x, s) such that
e S(A) is analytic for A € C\Xg where the jump contour Xg is identical to the contour X shown in
Figure 6.
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e The function S(\) satisfies the jump condition
Sp(A) = S_(\) e t9-NosGr(N)etd+Nos X e ng =Dy

=Gs(N)

o As \— oo,
S(A):I+O(A_1).

Recall at this point (2.3): for A € (m, M) we have thus

S.(0) = S_(\) (

with s from (3.1). But (compare Proposition 3.4)

o—t(e=TI()))

— 83
s1+s1(1—s183) (1— Sng)etH(/\)> ;A€ (m,M)

A
%—H(A):S/ \/(MQ—MQ)(M2—m2)du>O, A€ (m,M)

and II(\) > 0 in the right slit. Hence, using also the expansions (3.2),(3.3),

s -1
—eige 2 1
i()%e 602) I, x— —oo,|s1]11: %6{5,3\/5—5}, 0<5<§\/§ (3.16)

(&

Gs(A) (

uniformly in A chosen from any compact subset of the right slit (m, M). In the left slit (=M, —m) a similar
situation occurs,

5.0 = S_(V) (

—t(3e=TI(N)) _ itQ(N)
e (s1+s1(1 Sli?ﬁ_l)(e)\) ) , A€ (=M,—m).

— 557 itN) (1 —sys3)e
But here
—-m
%—H()\)—8/ \/(M2—u2)(u2—m2)du>0, A€ (—M,—m)
A
and also

Hence combined with (3.2),(3.3),

1z e+1tQ(A) ! 9 1
,ig&im(x) < 0 > =1, x— —oo,|s1]11: %6[573\/5—6},0<5<3\/§

(3.17)
uniformly in A chosen from any compact subset of the left slit (—M,—m). Next, we consider the jump
contours which extend to infinity, i.e.

250 =42 U%s UF2 UAs U -
Along these contours the jumps in the S-RHP are given by
S, (N) =8_(Ne N Gr(N)etINos N e ng

Gs(A) (

—e

Hence, by triangularity and the sign chart of ®(g(\)) (compare Figure 7), the jumps on the infinite contours
approach the identity matrix exponentially fast in the limit © — —oo, |s1]| T 1 with 3¢ € [4, %ﬂ —4],6 >0,
provided we stay away from the endpoints A = £+m,+M and the origin A = 0. In the remaining gap
(—m,m) C R two cases need to be distinguished: First for A € (0, m),

S\ _ 5.0 1 7536“9()\)
+( ) - —( ) <(81 + 81(1 _ 8183))67“9(/\) (1 _ 8183)2)

1 0 1 —gaeit2()
= 50 <(S1 + 51(1 — s153))e” 2N 1) <O 3 1 )
S_ (NSNS (N, A€ (0,m) 1)
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and secondly for A € (—m,0),

51+ s1(1 — 8183))eltN)
Se(A) = S-(\) <83611m(,\) (52 + (glisls;;g) )
51+ s1(1 — s183))eltN)
= 50 (Lt 1) (5 Gt
= S_(N)SL,(N)Su, (), A€ (—m,0). (3.19)

In (3.18) and (3.19) all off-diagonal entries are fast oscillating as © — —o0, see Proposition 3.4. We now
transform this behavior on (—m,m) to exponential decay with the help of contour deformations (opening of
lens) tailored to the factorizations written in (3.18) and (3.19). The key to this explicit transformation is
the following Proposition.

Proposition 3.6. Introduce for z € (—m,m) the functions
Hy(z) =iQ(z), Ha(z) =—i1Q(z2),

with Q = Q(z) as in Proposition 3.4. Then Hy(z) admits local analytical continuation into a neighborhood
of the gap (—m,m) into the upper half-plane such that

R(Hi(2)) <0, Sz >0, Rze (—m,m).

Similarly, the function Hy(z) admits local analytical continuation into a neighborhood of the gap (—m,m)
into the lower half-plane such that

R(H2(z)) <0, Sz <0, Rze (—m,m)

Proof. We follow the standard line of argument. First

—Si/zm \/(MZ—;LQ)(mQ—UQ) dp, z€(—m,m)

and thus (with z = z + iy, z = Rz, y = Sz2)

d
—H;(x +iy) = 78\/ —2?)(m? —2?) <0, x€(-m,m),
dy y=0
d
— Hy(x — iy) = —8\/ —22)(m? —2?) <0, z€(—m,m),
dy y=0
which implies the claim via the Cauchy-Riemann equations. (|

3.4. Opening of lens. Suppose E;-t,j = 1,2 denotes the lens shaped regions shown in Figure 7. With the
help of the analytical continuations of H;(z) and Ha(z) as discussed in Proposition 3.6, we set

SNSEIN), et
S(NSL, (N, AecLy
L) =< SNS(N), AeLld (3.20)
S(N)S, (), A€ Ly
S(N), otherwise

so that L(\) solves the following RHP

Riemann-Hilbert Problem 3.7. Determine the 2 X 2 piecewise analytic function L()\) such that
e L(X) is analytic for X € C\ ([=M, —m] U [m, M] U yEusfu Ss..)
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FIGURE 7. Opening of lens, the jump contours for L(\) consists of the solid black lines. In
addition, along the dotted lines R(g(\)) = 0.

o We have the following jump behavior, with orientation as indicated in Figure 7,

Gs()\), A€ (—M, —77”L)U(TI’L,]W)UESOC

SU1 (/\)7 AE 'Yfr
Ly(A) = L-(N) {50, (A), Ae
SUQ (A)a A€ 7;_
SLQ (>‘)7 A€ 75

o As \— oo,
LA =I+0(\").

After employing the explicit transformation (3.21), it is now time to focus on the local model problems
near the points A = +m, =M and A = 0 as well as on the slit segment J = (=M, —m) U (m, M).

3.5. The outer parametrix. The RHP associated to the outer parametrix is motivated by (3.16),(3.17)
and thus consists in

Riemann-Hilbert Problem 3.8. Find a 2 x 2 matriz-valued piecewise analytic function N(A) = N(\;t,€)
such that

e N()) is analytic for A € C\J
e Along the branch cuts, with orientation as in (7),

0 ei%s—&-itﬂ(k)
M) = V0 (st g ) A€M (3.21)
M = v (e ) Aeman (3.22)

e N()) is square integrable on J
o As \— oo,
NN =I+0(\")
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Observe that the function
N(\) = e 1193 N(N)el T8 X\ e C\J
solves a similar RHP as the one posed for N()\), but with jumps on J given by

_ - SN
B = B (L S Ty )o e (Mom),
Ny = N\ <_01 (1)> X € (m, M).

This is precisely the same jump behavior which appeared in [8], Section 3.1. The solution method is therefore
analogous, we only summarize the relevant steps and refer to [8] for further details.

The solution to RHP 3.8 is derived in terms of Jacobi theta functions defined on the elliptic curve
F:{(z,w): w2:p(z)}, p(z) = (22—m2) (ZQ—MQ)

of genus one. We view I' as two sheeted covering of the Riemann sphere, glued together in the standard way.

For definiteness, let \/p(z) ~ 2% as 2 — oo on the first sheet and y/p(z) ~ —2? in the similar limit on the
second sheet.

AO B1 Al

FIGURE 8. Standard homology basis for T"

We fix a homology basis for I' as indicated in Figure 8, and let
-1

cdz i| M du i M
w=—"), c=c(xn) == = —-—— 3.23
v . 2[/m VOE= & —m)| 2K (3:23)

be the unique holomorphic one form on I' with normalization

j{ w=1,
Ay
and B-period (compare (1.23))

m dz K .
T= w=2c =2i—, —it>0.
B —m /(M2 = 22)(M? - 22) K

Also, define the Abel (type) map

u: CP'\[-M, M] — C, z+—>u(z):/ w:u(oo)fngO(Z*S),Z%OO
M

and collect the following properties

Proposition 3.9. The Abelian integral u(z) is single-valued and analytic for z € CP'\[—M, M|, we have in
addition

_ )0, z € (00, —M) U (M, 0)
up(z) —u(z) = {—1, z € (—m,m)

and
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Remark 3.10. Fquation (3.24) is a simple identity between complete elliptic integrals,

Our construction requires furthermore the functions
1
(A m)(z - M)\* 1 —1 o1 —1
o) = (EEeT) o =5 (@ + ) ™), 6 = 5 (w0 - @i ™).
defined and analytic for z € CP'\[—M, M] such that w(z) > 0 for z > M. To complete the derivation, we
use the Jacobi theta function
0(z|T) = 03(z|7) = Zexp [irk*r + 2mikz], z € C,
keZ

and define

N&E (z) = <9(u(z) +tV £d) 0(—u(z) +tV £ d))

O(u(z) £d) 7 O(—u(z) £d) (Nl(i)(z)aNQ(i)(Z)),

where (see (1.23))

4 [m 1
V(%)EVZ—*/ V(M2 = p2) (m2 — p2)dp = 2—9(2), z € (=M, —m); d:—i (3.25)
T Jm ™
With this, a solution to RHP 3.8 is given in the next Proposition.

Proposition 3.11 (cf. [8], Section 3.1). The function

_ ey 000) [ NP6 NP (NN iz,
N = g0y (—NMW(A) N ) € (326)

is single-valued and analytic in C\J. Its jumps are stated in (3.21) and (3.22), furthermore, as A — oo,

0’ (tV) 0(0) O(u(oo)—tV—d) M—m ,iZe

_ 1 IG%) TAV)  Blu(co)—d) = €7 _9
NV =T+ 31 o00) otutoorstv—a) ar—m —i5e o) +O(A7).
9(tV) ~ 0(u(c0)—d) 21 ¢ vy

Our next move focuses on the construction of model functions near the branch points and the origin.

3.6. Parametrix near the origin. Near the origin, we first observe that
29(A) = 2 —iQ2(N), A€ Aq; 29(A) = =2 —iQ(N), A€ 7.

Thus the jumps on the quasi-vertical segments 45 U 75 displayed in Figure 7 approach the identity matrix
exponentially fast along the entire segment, more precisely

e_‘tg()‘)‘”SQLS’;letg()‘)‘73 = I+ (s1+ 82)6_t%€it9(>‘)0'+7 A€ Ao
e_tg(k)‘”025'25’4_1026@()‘)”3 = I—(s1+ sz)e_t”e_im(’\)a_, A€ As.
Using also (3.2) and (3.3) we shall consider the following RHP.
Riemann-Hilbert Problem 3.12. Find a 2 X 2 piecewise analytic function H(\) such that
e H()) is analytic for A € (C N D(0,7)\(v U~3) where D(0,7) = {A € C: |A| < r} and we fix

0<r<f.
2
e The boundary values are related via the equations (compare Figure 7 for orientation)

mo = w5 U) aeponn 6l us: (3.27)
H) = B0 (o 3)0 AEDOINGT U%) (3.25)

o H(X) is bounded at the origin A = 0.
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- 2 1
o Asx — —oo,|s1| 11 with s € [4, 5\/5— d],0 € (0,3V2) fized, we have

H(X) = (I+0(1))N(\)
uniformly for A € 9D(0,r).

The solution to this problem is very elementary: assemble

€icos, arg( € (=4, %) U (3 %ﬂ)

) 1 iGGitQ(O)
€i<os ( : arg ¢ € (., %)

H(C) = 0o 1

1€

o 1 0 v o
icos <_. e—it(0) 1) , arg( € (_377_1)

with Q(0) = 7V (see Proposition 3.4) and observe that H°(¢) solves a “bare” RHP

e H°(() is analytic for ¢ € C\{¢ : arg( = :I:%,:I:?ﬂf}
e Along the four rays oriented from zero to infinity,

o ) 1 e eitﬂ(o) ™ ° ° 1 —ie eitQ(O) 3T
mo=m©(y ) mee=5 mo=m©(y ) me=
o o 1 0 s o o 1 0 3
H+(C) = Hf(g) (ieeitQ(O) 1) ) argC = _17 H+(<) = Hf(c) (—ie efitSZ(O) 1) ) arg( — _Z'
e H°(() is bounded as ¢ — 0.
e As ( — oo, we have
H(() = (I+0(¢)) s (3.29)
uniformly in a full neighborhood of { = oc.
Referring to the locally analytic change of variables,
) = % () — 9(0)) = 4MmA (1+0 (32)), A€ D), 0<r< (3.30)
the origin parametrix is then given by
H\) = NOAH®(¢(N)e Mo X e D(0,r), (3.31)

with N(A) as in (3.26). Since N(A) is analytic in the disk D(0,7), compare Proposition 3.11, we check
directly that the jumps of H(X) are indeed as in (3.27) and (3.28) with the orientation of the contours near
the origin like in Figure 7. Note also that the four rays in the bare RHP can always be locally deformed
to match the contours 'y;—L. Furthermore with (3.29) and (3.30) we obtain from (3.31) the desired matching

betwe

en the model functions: as t = (—x)% — 400, |s1] 1 1 such that s € |6, 2V2 — 4] is fixed,
HA) =(1+0(t"))N\) (3.32)

uniformly for 0 < r; < [A] <ry < . This completes the construction of the origin parametrix.

3.7. Parametrices near the inner branch points. Our construction for the model function near the
right inner branch point A\ = m is motivated by the local expansions

where

i) = co()\—m)%—i—(’)(()\—m)g), A€~ nD(m,r)

i00) = —CO(A—m)%+O((A—m)%), X €47 N D(m,r)

M) = 2= -m)?i+0((A=m?i), A€ (m,M)nDim,r)
00:1—6 2m(M? — m?) > 0,

3
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(1 ie et

0 1)\

e t-TIO) g
ie 0

/

(et 3)

argC:%‘ jeeit2) g
FIGURE 9. Jump FIGURE 10. Jumps of the
contour for the bare model function U(A) near A =
parametrix AR ((). m.

we fix 0 < 7 < min{Z, 2(M — m)} and the function (A — m)? is defined for A € C\[m, o) with the branch
fixed by the requirement arg (A —m) = 7 for A < m. This motivates the use of Airy functions and our
construction follows from now on [8], Section 3.2. with minor modifications. We define

I, arg( € (0, )
1 -1
, arg( € (2&, 4x
AFH(C) = Ao(¢) <0 1) gee (%) (3.33)
1 -1\ ({1 0 .
T R—
where Ag(¢) denotes the unimodular entire function
T S Ai (e—i%”g) AiQ)) .
Ao(C) = iy/me i <e ’ iﬂ> . / efo: cecC 3.34
o) 0 e ) \ e 1Al (e*‘ﬂ) Ai'(¢) 330

which is constructed with the help of the Airy function w = Ai(z), the unique solution to the boundary
value problem

1
1" z 4

- 3 .
w” = zw; Ai(z) = e 322 (1—z 3—1—(’)(2_3)), z =00, —m<argz <T.

23/
Through the standard properties of w = Ai(z) (cf. [30]), the model function A (¢) in (3.33) has jumps on
the contour shown in Figure 9, more precisely

o ARH(() is analytic for ¢ € C\{arg¢ =0, 2, 4¢

e The boundary values are related via the equations
RH _ 4RH 11 _2m
AR = amq) (g 7). wnec= %
1 0 4
Aoy = amio) (2 7). ame=,

Az = amio) (L) f). amc=o
e As ( — oo, we have in a full neighborhood of infinity,
RH o gl (1 —i 1 (-1 6 5] zcdo
ARH(() = ¢73 32<1 i) [I+48C3 (61 L) TOCT?) e, (3.35)
With the (locally conformal) change of variables

¢(\) = [Gt eig/ (M? = p?) (m? - MQ))% du} ~ (4t\/2m(M2 - mQ))% (A=m), |A—=m|<r, (3.36)

m
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we define 5
U(A) = By, WA (¢(N))e 562 Nasemiteos |\ | < r (3.37)
which involves the (locally) analytic function

By (3) = N(A\)eiTers (11 1) SO (g(x) A~ M) ) = (i:;’;) Y

A—m

Remark 3.13. Analyticity of By, (\) near A = m follows from the simple observation that for A € (m, m+r),

B, =30 (5 T ) () et (cuﬁ_]n\f)m
— (B.,)_

thus By, () can only have an isolated singularity at X = m. But this singularity is at worst of square root
type, hence has to be removable.

[VE]

As we are allowed to locally deform the jump contours in (3.33) and match those in the initial L-RHP,
the local parametrix U(A) has jumps in D(m,r) as shown in Figure 10. Moreover, with the help of (3.35),

U = NQ)e'der {H 482 (611 6;) +0 (g—3)] e licos
= v {5 (5 ) roen o ve (3.39)
48¢z \6e 1
so that (as t — +oo, |s1| 11 with s € [0, 2¢/2 — 4] fixed)
UN=(I+0(t"))NW), (3.39)
uniformly for 0 <7y < |A—m| < ry < min{%, 2(M —m)}.
The parametrix near the remaining inner branch point A = —m is constructed similarly: introduce
I, arg¢ € (—m,—%)
1 0
AR(0) = Ao(0) (ei’f“” 1) | e CE D) (3.40)

1 0) (1 €= .
(_e_iﬂ.(l_,y) 1) (O 1 > ’ arg( € (Evﬂ-)

where g [m
y=14 2 [ OE R ) dn = 1= 2V (),
T J—m
with
~ - o iz —ir(1—7) emAY (e7¢)  —eF AT (e ()
A — iZ(1—v)os ,—i5o3 e e S ) N
o(¢) = 1v/me “ ( 0 B )\ —Ai(em¢)  Ai(F()

x 578" 13(1=Mos ¢ ¢ C, (3.41)
and collect the following properties
o AH(() is analytic for ¢ € C\{arg( = —Z, T, 7}
e The jumps are as follows, compare Figure 11 for orientation,
~ ~ 1 0 T
Q) = A (_way ). wmc=-]

1 (=)

wro = Ao () ) =g

1 eim(1—7)

Q) = A (Lo g )e amC=n
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arg¢ =% 1 e e“”(*)>

(0 1
/
e~ t(n=TIO)) ¢ (it
i€ e—it2O) 0

N 1
— 7% (iee—itfl(/\) 1>
FiGure 11. Jump FIGURE 12. Jumps
contour f.OT ﬂé(;l bare of the model function
parametrix A ((). V(A) near A = —m.

e As ( — oo, valid in a full neighborhood of infinity,

T 15 i —in(1— 1 _ieiﬂ—(l_ﬂ{)
ARH(C) = <4 356 (1 ’Y) (_1 _ieiﬂ'(l—fy)> |:I+

3

48¢3
+0(¢7?) ] e3ic3as (3.42)

REICEOES (é 611) e—i5(1-7)0s
.

With the change of variables
2
3

A 1
¢ = [Gt/ (M2 = p?) (m® = p?))” du] ~ <4t 2m(M2—m2)) A+m), A+m|<r,

wln

we move ahead and define the parametrix near A = —m,
~ .3 -
V(A) = By, \)AH (¢(N))e 312 Naseifeos |\ L] <, (3.43)
where 1
o x Cieim(1=7)  jpim (- ~ N+ M\ 2%
_ iZTeos 1€ 1e —o3
B () = et (7] L) ()

1

with §(A) = (3E2) 7 — 1, A — 0.
Remark 3.14. Again, the multiplier B, () is analytic at A = —m, since

0 elset2mitV T eo 7i6i7r(17'y) ieiw(lf'y) ~ oy
(BZ1 ()‘))+ = N—()‘) (_ —ife—2mitV 0 ) e4ers ( 1 1 ) (6_(/\))

>4 ’ = (Bgl()\))_, AE (—m—r,—m).

€

A+ M
A4+m

x e 1308 (((A)

Moreover, we check that V(\) (after employing a local contour deformation) has jumps inside D(—m,r)
as shown in Figure 12 and through (3.42),

V() = N\eies [I + 482%&3“—7"’3 (611 _611> e BT+ O (C‘?’)] e
= v { o (e 5 ) FO ) o o,
48¢% \bee -1
Thus for t — +00,[s1| T 1 such that s € [5, 2v/2 — 6],6 € (0, £/2),
VIN)=T+0({t))NOW) (3.44)

uniformly for 0 < r1 < [A+m| < ry < min{%,%

parametrices at the inner branch points A = +m.

(M — m)}. This completes the construction of the
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3.8. Parametrices near the outer branch points. Once more Airy functions are used in the construc-
tions, first near A = M: Define the bare parametrix,

(1 (1)) ) argC € (77(-7 723?—)

(3.45)

with
LB . s . i
~ ~ . n -5 0 Ai (e‘s C) Ai (e”TC) Cn
A _ A — iTos [ € ) o > ' ) 1,037 e C.
o) = 7240(¢) 7;102 tvmes ( 0 e_‘4> (e‘3Ai/ (elég) el Af (e”rC) ¢ ¢
This model function has the properties listed below

o ARH(() is analytic for ¢ € C\{arg( = -z Z 7}

e We have the following jump behavior on the contour shown in Figure 13,
TRH _ ARH 1 0 _ 2nw
e = a2 ). mee=- 3
~ -~ 1 1 T
e = Ao (y ). awc=-3

Ay = AR (_01 (1)) arg( =

arg( =5

\
A=M
- ™~ (1 ise*ﬂg(”>
arg( =~ arg( = —1 _ oo
()
FiGure 13. Jump
contour for the bare FIGURE 14. Jumps of the model
parametrix ATH((). function P(A\) near A = M.
e As ( — o,
~RH . _1031 —1 1 l —1 —61 -3 _314%03
AT = 2(1 1) [I+48C3 (—61 ) TOE)]e (3.46)

This time, we use the change of variables,

¥

2
3

<<A>=l6t |6 =) (MQ—mz))%du] ~ (4B =) (A= M), - M| <r

M
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and the local parametrix is defined as
—~ 3 .
P(\) = By, (N ARH (¢(N))eB1* Wase=ifeos |\ 0| <., (3.47)

Here,

ifeos 1 -1\~ o3 A—m %03 ~ _ AN—M %

is once more analytic near A = M. The relevant jump properties of P(\) are displayed in Figure 14 and
with (3.46),

P(N) = N(A)ede {IJF 482; (_611 _161) +0 (C‘?’)} emiEer
= [I+N()\) {482 <__616 6;) +0 (43)} (N(A))l} N(A).
Hence for t — +00,[s1]| 11 such that s € [5, 2v/2 - 6],6 € (0, $v/2),
PA)=T+0(t )N (3.48)

uniformly for 0 <7y < A= M| < ry < 2(M —m).

We are left with the parametrix near the left most branch point A = —M: assemble
1 elm(1=7) .
(0 1 ) arg( € (Oa §)
1 arg¢ € (5, %)
2r 4 (3.49)

where
Ap(¢) = ei%(1—7)0302AO(OUze—i%(l—'y)og
iT ! o —i2m A —i2E
— i/ReiE o F 1= (e 2 O-w) (Al A O) e BT BTN, (e,

0 e'v
and, as before, v =1 — 2tV (5¢). We have

o ARH(() is analytic for ¢ € C\{arg( =0,%,%r 4%

e Fixing orientations as shown in Figure 15 below, the relevant boundary values are related as follows
ARH _  ARH 1 —elm(=) _m4n
e = ammo (o 7)) =15
- = 1 0 2m
A @) = ARH(Q) (6i7r(17) 1> » o argl = 3

0 elm(1—7)

a8 = A (R Ty ) amc=0

e As ( — o0,

TRH( _  rosl iz(i—yes (1 1) —iz(1-y)os 1 1 6ie™™
AT = (F 5¢ (i 1) ¢ I+48€g 6iel™  —1

1o (¢ } e ictos (3.50)
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o 2 —
arg( = o arg( =% 1 —ice—2t9N)

1 0 ( —lee )
(—ie £2t9(N) 1) ~ - 0 1

0 iee'

tQ(A)
/ (is et 0 )

e

arg( = 477" (1 7i6672"9(”>
- 1

Ficure 15. Jump
contour for the bare
parametrix AR ().

FIGURE 16. Jumps of the model
function Q(A) near A = —M.

and with the change of variables

¢(A) = lﬁteig /A (42 = M?) (i —m?))? du]

-M

Wl

2
<4t\/2M —m2)3>\+M A+ M| <7,

the required local parametrix is given by

3
2

Q(N) = By, W ARH (C(N))ei¢? MasemiFers |\ 4 M| < r, (3.51)
where )
iZeosz 1Z(1—~)o 1 -1 —iT(1—~)oa ¥ . )\er T4
Bi,(\) = N(\)elTe0s i (1-1)o <_i _i) 1 E(-as5(3) 0 (cmA - M) ,
and §(\) = (i\i—%)% — 1 as A = oo. Since By, ()) is analytic at A = —M, the model function Q(X) has the

jumps shown in Figure 16 and with (3.50),

1 1 Gie™'™ _ iTeo
QL) = N [I+48< (Gieim ) >+O(C 3)}6 i

R P B LU RO

This implies for ¢ — 400, [s1| 1 1 such that » € [5, 2v/2 — 4], € (0, $V2),
QW) =(I+0(t7)) N (3.52)
uniformly for 0 <7y < A+ M| < ry < 2(M —m).

3.9. Final transformation - ratio problem. In this final step, we use the explicit model functions H (\)
n (3.31), U(A) in (3.37), V(A) in (3.43), P(A) in (3.47), Q(A) in (3.51) and N(A) in (3.26). We transform
the previous RHP 3.7 for L(\) by setting

()™ A<
) A—m| <7
B (V)™ A4m|<F
R(\) = L(\) PO Ir < 7 (3.53)
QM) N+M| <7
(N A >rmAFm| > 8 AT M| > 7

where 0 < 7 < 3,0 < 7 < min{7%, 2(M m)} and 0 < 7 < (M — m) remain fixed. Definition (3.53)
implies that the RHP for L(\) shown in Figure 7 is transformed to the RHP for R(\) posed on the contour

Y. g shown in Figure 17.
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FIGURE 17. The jump contour X of the ratio function R(\) defined in (3.53).

Riemann-Hilbert Problem 3.15. The ratio function R(\) = R(\;t,|s1]) has the following properties.

e R(\) is analytic for A € C\Sg where X = [~M, —m] U [m, M]U~F Urg UCyUC,, UC,, UCy, U
Cr, UXg

o For the oriented contour X g shown in Figure 17, the jumps read as
Ri(N) =R_(NGr(At,|s1]), N€Xgr

and we state Gr(\;t,|s1|) explicitly after the next condition.
e As A — oo,

RN =I+0 ()\71) .
Returning now to the jump matrix G g, we have, first, inside the five circles C},
Re(N) = R-(NGrOit|s1),  GrVE-(N) = E-(NC()
where
cor-non, e = {28 BIE s (T o

and (inside the far most left circle Cy,),

1 (ie—s;)e 29N )
(0 ( 1)1 ’ A€ (J2Uva) N D(—=M,7)
= : ; A €45 D(=M,7
W= (s5 +ie)e?td™ 1)’ € y3 N D(—M,7)
—ie s (1 + e i€ etV g—t(3e=TI(N)) i
(ic e~ i) g—t(>+1I(X)) ic 55 , AE(=M,—M +7)
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followed by (inside the left circle Cp,),

) 1 EERRTSIeY,
( (s1+s1(1 — s183) —ie)e , A € 94 N D(=m,#)
0 1
o) — 1 0 X €75y ND(—m,?
V=1 #igeom 1) € NP
—ies (14 e ) (s1+ s1(1 — s183) — ie)eitﬂ(/\)e—t(u—H(A)) NE (—m —F,—m)
ie e—itQ()\)e—t(%—'rH()\)) i€ 55 + e~ 2t ’ ;

as well as for the corresponding circles on the right,

<(1) —(s3+ if)e“”@)) | Nt (Dl
‘= <(31 +s1(1 - 5123) — i€)e N (1)> ’ A€y N D(m,7)
<_1€e_if<f§+m>) . 81—(116 i_;(_;l;fl_%%) . A€ (mym+7)
and
<(Sl_i€1)62tg()\) (1)> ’ A€ (y1UAs) N D(M,7)
C\) = <(1) —(s3+ ii)thg(A)> | Nt DL
<le ejf(iirn(/\)) _ii;;l—(;(:_:(jj)> , AeM—-7,M).

Inside the remaining circle centered at the origin,

1 — et LitQ(N)
( (‘91+82) ¢ , X € 42N D(0,7)

51+82 1

1 1tQ()\)
(0 ~(sa Fic)e : A€ ri N DO,r)

0 -
st g—itQ(N) ) ) A €75 N D(0,7)

A€ ND(0,7)

1 (s1 4 s1e™ % —ie)elN)
0 1 ’

1

0 _
(55 4 ie)e 0 ) , A€y, ND(0,r)

A€y ND(O,r).

0
((81 + 8167%t _ le)efitﬂ()\) 1) ’

Recalling our previous expansions for s; = 83 in (3.2),(3.3), we see that for A € ¥y inside the circles with
radii 7,7 and 7, we have

2
C(A):I+(9(efut)7 t— +oo,|s1|T1: € {5,3\/55},



TRANSITION ASYMPTOTICS FOR THE PAINLEVE II TRANSCENDENT 32

which is uniform with respect to the chosen radii. But since Z_(\) is bounded on the same contours, we
obtain the estimation

IGR( 5t [s1]) = Il 2L (spnpy) < die™™,  dy >0 (3.54)
where D; denotes any of the five open disks centered at A = 0 or A = £m,£M. Secondly we estimate the
jumps on the remaining finite branches of ¥ p: for the horizontal line segments, first for A € (=M +7, —m—7),
followed then by A € (m + 7, M — 7),

—iesi(1+ efzt —ie eitﬂ()\)eft(%fﬂ()\)) 1
Ri(A) = R-(N)N-(N) <_~ e—it(%(()\)eft(iﬂrl'%(/\)) i€ 85 (N-(N)

ie
ie 53 —je e tlx—1L(A)

Ry(N) =R_(AN)N_()) (ie et e g (1 4 em)> (Nf(A))‘l.

Notice that for A € (m + 7, M —7),
A A
=T =8 [ OF = ) (i~ )y = 820 ) [ /O = )= m)
> cv/k(1 —Xk) 72, ¢>0 universal,

with a similar estimate also holding for A € (=M + 7,—m — 7). As the outer parametrix N_(\) remains
bounded on the line segments for fixed radii, we have with universal d; > 0 (using again (3.2),(3.3)),

3

IGR(-5t, |51]) = Il L2noe (- Mtr,—m—#)o(metr M —ry) < dope”datmintzayVkQ=0r2), (3.55)

Remark 3.16. Although we have chosen fized radii in (3.53) we shall always indicate the dependency of
the estimations of Gr(-;t,|s1]) — I on the latter. This will be useful later on when we partially drop the
constraint on > € [5,2/2 — 6).
Next, on the lens boundaries, for j = 1,2,
-1 R
Ri(N) = R_()\)N(/\)SUj(/\)(N()\)) , AE v;f N{AFm| > 7},
-1 _ .
RN = R-(ONWSL, (VW)™ Aeny n{Asml >},
and therefore, with fixed radii which ensures the boundedness of N(\),

S d4e—d5t\/k(1—k)’f%. (3.56)

IGRr(5t,[s1]) — I||L2ﬂL<>°('yjir‘]{|)\q:m|>f})
The pieces of Xz now left are all infinite branches and circle boundaries, more precisely

Ri(A) = R-(NQW(NW) ™, AeCh; RN =R_-(WVO)(NW) ™, Aedy,

Ri(A) = R-(WUN (NN, AeC; Ry(\) =R-(WN)PW(NWN) ™, AeC,

and

Ry(\) = R_-(NHW(NN) ™, ey

We conclude with (3.39),(3.44),(3.48),(3.52) and (3.32), (fixed radii so that N(\) is bounded)
IG5t 1) — Tlzsezm ey < 22 (1~ 1)~ F max {71, vEr1} (3.57)
Also, for the infinite branches,
Ri(\) = R_(A\)N(\)e N7 Gr(N)edMos (N (X)) 7L,
where Gr(A) depends only on the Stokes multipliers and G () are piecewise constant triangular matrices.
Due to this triangularity and the sign chart of 8‘%(9()\))7 compare Figure 7, we have that

) 3
IGR(-3t, |51]) = I|| L2n Lo infinite) < dre~ @t mn{VIZETZVirk g5 g (3.58)

All together, the RHP for R() can be solved iteratively as ¢ — 400, |s1| 1 1 provided s € [6, 2v/2 — §].
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3.10. Iterative solution. We collect estimations (3.54)-(3.58), so that

d 2 1
||GR(';t7|51D7I||L2F‘IL°°(ZR) S ;, t‘)+OO,|Sl|T1: A |:6,3fdj| 5 0<5< g\/é (359)

Here we used that for the values of s € [4, %\f — 6] we only work with fixed radii in (3.53). Since the RHP
at hand is equivalent to the singular integral equation

R =14 50 [ R )(Gati) ~ 1) 25

, ANEXR,
2mi - A R

estimation (3.59) guarantees (cf. [13]) the unique existence of an asymptotic solution of the RHP in L?(Xg),
this solution satisfies moreover

d 2 1
||R7(';t7‘81|)_—[”L2(2R) S;, t—>+OO, |81|T1: » € [6,3\/5_5] 3 0<5< g\/i (360)

3.11. Transition asymptotics. We now extract the asymptotics through (1.16), i.e. we apply
u(z|s) = 2)\lim [)\(Y()\;x, 5))12}

— 00

and for this have to trace back the sequence of transformations
YA = XA) = ZAN) =T\ — SA)— LA\ — R(N).
First, we get that
u(zx|s) = 2)\1LH010 [)\(Y()\))m} =2v—x Zlirgo [2X (2)] 1o =2V—x Zhﬁngo [2T(2)] 12

=2v/—z lim [zetz‘”S(z)e_t(g(z)_ﬁ(z))"‘“"} =2y/—z lim [ze’%‘”L(z:)e_t(g(z)_19(2))‘73
12

Z—00 zZ—00 12
=2y/—z lim [zem’?’N(z)R(z)e*t(g(z)*ﬁ(z))as}
Z—r00 12
But since
(2) = 9(z) = £+ - il +O(z7%), 2—
g(z z) = el e 277), z— o0,
we have
it (1-k2\? )
— 2)—9(z2))os __ _—tlo _
et(g() ())3—6 3 ISZ(H—kQ) U3+O(Z ) .
Also, as z — oo,
R(z )—I—i-L R_(w)(GR(w)—I) dw I—l—L R_(w)(Gr(w) — I)dw + O (27?)
27i w—z 21z Iy,

and
N(z)z[—l—%—f—(’)(z”), z— 00
with (compare Proposition 3.11)
_ 0(0) B(u(oo) —tV —d) M —m _ 03(0]7) 62(tV|7) ei”tVM_me

(N2 = 0(tV)  0(u(o0) — d) 2% 02(0[7) 05 (tV|7) 2%
where we used (3.24) and (3.25), i.e.

i

[N

€

-
u(oco) —d = —,

(c0) ~d =7
and the well known transformation identities between Jacobi theta functions, compare Appendix B. So far,
we have thus the exact identity,

u(z) = v=z | — (M —m) 2228:3 Zzgg:g ™V + E(x)], (3.61)
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with
i 2
S(%):i/ (R_(w)(GR(w)fI)) dw=0 ("), t—+oo,|s1|T1: x€ [5,\@5}
T Jyp 12 3
In order to further simplify expansion (3.61), we note that

Proposition 3.17.
Q2LEHIEV) _

Proof. Let us treat

FO) =GV = ~0(00) + 4 [ | GE G -+ g d
—o [ VOE A B m= (M) =[5 - 0

as a function of one variable M € [3, %] It is not hard to verify that

d — %M (m?2 — M2 - dp _ " dp
ang /M) = AM( M) [2/M V(= M?)(1% — m?) /_m V(2 —/ﬁ)(m?—;ﬂ)] '

But from the identity u(oco) = 7, compare (3.24), we see that the last difference of integrals vanishes, hence
f(M) is in fact M independent. Letting M | %, we have

FOM) = 5 +o(1) — 2 =of1), ML

and thus the stated identity follows. O

Summarizing our previous simplifications and noting that ¢ € iR, we have

B5(01m) o(tVIT) o,
B2(0f7) By (e ]y T 1= )

(M)

u(z|s) = —ev/—x (M —m) (3.62)

and

1

Proposition 3.18. For any given 6 € (0, 3

¢ = c(d) such that

2) there exist positive constants tog = to(d),v0 = vo(d) and

5 2
|Ji(z,8)| < ct™5, Vt>1(6), v>wo(d), t5§v§t<3\f—5>.

The leading term in (3.62), although currently expressed in terms of ratios of Jacobi theta functions, can
be rewritten with the help of the Jacobi elliptic function (1.24) using Appendix B,

: irT K
9j(Z|T)E@j(Z,q), j:2a37 q=c = exXp |:—27'l'},<1:|7
and the identity (see (3.13))
1 1-k
M-m=——.
V2 V14K
Hence,
z 1-k 3 1-k 1-k
=t cd(2-a) VK [ ), .
u(z[s) = —e 2\/1+7k20d(( z)2V (1+k)’ 1+k)+J1(x,s) (3.63)

and the error term Ji(z,s) is estimated in Proposition 3.18. We have already control over the error in the
domain

{(t,u): t>t0, 0> t5<v<t<§\/§—5>},

but in order to complete the proof of Theorem 1.10 this domain will be extended in the following sections.
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4. EXTENSION AT THE LOWER END FOR REGULAR TRANSITION - x € [t™7,2y/2 —§],n € (0,1)
Assume that both t = (—z)2 >ty and v = —In(1 — |s1]2) > vo are sufficiently large such that
2
0<t*”§%§§\/§—5, with 0<n<1 fixed. (4.1)

From (3.5) and (3.13), we see that

1 ¢ 1

=———=4+0@t" M=-
m=g- g+ ), 5+
as t > to for some ¢ > 0. Hence, in the definition of the ratio problem (3.53) for R(\), we cannot keep the
radii 7 and 7 fixed since M —m | 0. This issue can be resolved by scaling both radii with ¢, in fact we shall

choose in (3.53)

ﬁ+0@”)

F=cit™2, F=cyt 3, 0<ci,eo: c1+ca <é. (4.2)
In order to estimate the jumps in the ratio problem with the latter choice in place, we need to derive
estimations for the outer parametrix N(A) and N_(\) on the jump contours. First with Corollary 3.3,
expansion (3.9),
03(2|7(%) =1+ 0O(»), »10

uniformly for z chosen from compact subsets of C. Next, with the contracting choice of radii,
2
w(z) =0(1), w™'(z) = O(1), 0<t" << V26

uniformly for z € Cy, U Cy, U Cyy U Cyy. The same estimations for w®!(z) are also valid on the infinite
branches s as well as on all remaining finite branches outside the five disks D; centered at A = 0 and

A =+m,£M. Together
1

N_(A\)=0(1)=(N_-(\) *, 10
uniformly on the circle boundaries and all other finite or infinite branches outside | J D;. We can now simply
go back to (3.54)-(3.57) and substitute (4.1),(4.2) and (3.5) into the estimations. We obtain immediately

d
IGR(it, |s11) = Tll2nze (m) € 72

2
<o VEZte, v 0<t_"§%§§f—6, ne(0,1), (4.3)

and thus, repeating the steps in the previous section (with adjusted error terms),

u(z|s) = —e\/z\/lwikk2 cd (2(—1:)S’VK (LD , Li) +0 ((—x)*H%n) , (4.4)

uniformly as  — —oo, [s1| 1 1 such that 0 < t=7 < 3 < 2y/2 — § for any 0 < 5 < 2. In estimation (4.4), we
obtained control over the error term through the a-priori knowledge

d
|R-(-5t,]81]) = I|lL2nree(mp) < 10

<o (4.5

and a direct estimation of
3
VEEE() = O ((—2) 1)
We can get a better error estimation by explicitly computing the first terms in
2

w54

s
k=1

@ﬁw—UHM%ﬁ @Mw—me>

+ 1/2 ((Gr(w) = 1)(R-(w) = 1)) duw.

™

Two of the four contour integrals along the circles Cy, U C,, have been explicitly computed in [8], Section
4.2, namely the integrals along Cy, and C,,. It was shown in loc. cit that these two contour integrals are in
fact O (t‘l) even with contracting radii. The same result also applies to the contour integrals over Cy, and
C;, and without reproducing the lengthy computations of [8], we simply conclude

i

e:(%)zf/E (@rtw) = D (R-(w) = 1)) dw+0 (). (4.6)

™
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Remark 4.1. Even without referring to the explicit computations in [8] we see directly from, say (3.36) and
(3.38), that the evaluation of the contour integral

7{ (Gr(w) —I)dw
c

1
by the residue theorem leads to an asymptotic series in reciprocal nonnegative integer powers of t.
For further improvement, we use that we have slightly better L?-estimations than (4.3),

dy1

1G Rt [s1) = Tllzoen) < =2y

which follows from the scaling invariance of the differential % on any circle boundary in the complex plane.
Hence, by general small norm theory of [13],

d12

[R-(st,Is1]) = Illp2(zg) < e

Back to (4.6), for any € (0, 1),
E(x)=0 (t—2+%’7) +0 (7Y
and we have therefore derived (3.63) with an error term Ji(x, s) such that

Proposition 4.2. For any given 6 € (O,% 2),n € (0,1) there exist positive constants to = to(d,n),vo =
vo(8,m) and ¢ = ¢(8,n) such that

. 2
| Ti(w,8)] < et MBS0 v >, w0, T < <t (gf— 6) :
Notice that for ¢ > to such that 0 < > < t~5 we obtain from (3.5) and (3.9),

/-2 \/lHika od (2(_x)%v1( (“‘) 1= k) = —c(~2)"} /728 cos(mtV () + O ((~)"

A
N———

1+k) 1+k
with
8= %ln (1 — |51|2) .
Also from (3.9), as 0 < 3 < t7°5,
7tV () = —%(—x)% ~ Bl (8(—x)%) + B |In(1 - [s1*)| = B(1 +In27) + O ((—x)—%) . (4.7)
But from Stirling’s approximation,
arg (i) = arg’ (—;ﬂ_%t> =—B(1+mn2r)+ Bn|In(l —|s1*)| + % +0 ()71, (4.8)
since st = O(t3) — +oo. Using in addition (3.2),
arg(s1) = 5+ O (), (4.9)
expansion (4.9),(4.8) combined in (4.7) gives therefore
TtV (5) = — B(—x)i — A (3(-2)¥) + 4 ~S+ag+0 ((=)~), (4.10)

where (compare (1.18))

o= f% —arg'(iB) — arg s1.

Substituting (4.10) back into the expansion of the Jacobi elliptic function, we use the addition theorem for
cos z and the identity

—ecos (z + g(l +¢€)) =cosz, z€C,
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so that finally
1-k 3 1-k 1-k 1 2 3 3
—€ _g \/ﬁ cd (2(—1')2‘/.[{ <1—|—k> s 1—|—k) :(_"IJ)_Z\/ —Qﬂ COS (3(_1;)2 + 511’1 (8(_x)§> + ¢>
+0 <(—x)_%) , T — —00, (4.11)

uniformly for 0 < » < ¢t=5. This short computation shows that the Jacobi elliptic function leading term in
(3.63) reproduces the known oscillatory leading behavior of (1.18) for the values of (¢,v) such that ¢ > ¢
and 0 < » < t~5. However in the same region of the double scaling diagram we do not yet have control over
the error Jy(z,s), compare Proposition 4.2. This will be achieved below using different nonlinear steepest
descent techniques applied to the RHP 1.4.

5. FURTHER EXTENSION AT THE LOWER END FOR REGULAR TRANSITION - » € (O,t*"],n € (%, 1)

Suppose throughout that ¢ = (fx)% >ty is sufficiently large such that
t>o" T >0, t>tg, k€ Zso. (5.1)

With this constraint in place we employ a different approach to the nonlinear steepest descent analysis of
RHP 1.4. In fact we now choose steps which are close in certain points to the ones used in the derivation of
(1.18) for fixed |s1] < 1, see [20], chapter 9, §4.

Start from the Riemann-Hilbert problem for Z(\) with its jump contour shown in Figure 5 or Figure 18
below and where we fix

A=

DN | =

The jump matrix on the full segment [—A*, A*], compare (2.1), is factorized

_ st
S51Sy 1St = 0253548500 = (1 5153 o1 > = <811;¢t ?) e s <(1) 81? ) = S.5pSu

S1 1— 5183 e

and we observe that with (5.1),

0 < e < exp (tﬁ), t>ty, t>ovhtl >0, (5.2)

FIGURE 18. Opening of lens subject to the scale (5.1), the jump contours for ®(\) are the
solid black lines. In addition, along the dotted lines R(J())) = 0.
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Next define (compare Figure 18),
ZNS;, AeQp
SN =<¢Z(N)SL, XeQy
Z(N), otherwise
and obtain the following RHP

e O()) is analytic for A € C\ (2 UAs U U? Vi)
e The boundary values are related via the following jump conditions

D (N) = B_(N)e PWNog, I Nos ANeEve, k=1,3,4,6
Dy (N D_(N)e NG, gt NTs N €

DN\ = D_(N)e WNTG N3 A€ Fy

B (\) = D_(Ne? AﬁfssssLeWW%, A€ s

D, (\) = B_(N)e WNosg LetdNes ) € 4y

. (A) ®_(\)Sp, A e [=A% N

e The function ®(\) is normalized,
PN =I+0(1""), A> .

Notice that the jumps on the infinite branches 4 for k = 1, 3,4, 6 are exponentially close to the unit matrix
in the double scaling limit (5.1) as long as we stay away from A = £A*. On the remaining infinite branches
we have for A € 9D(\*,r) UdD(—\*,r),r > 0 with our choice \* = 1

L
Go(\)=1+0 (e%te*ét“)

with a universal constant ¢ > 0. Thus recalling (5.2), we could choose a contracting radius r = r(t), compare
Section 5.3 below, and obtain again sufficiently fast decay for the jumps on the latter infinite branches. We
will work out all necessary details after the following two subsections.

5.1. The outer parametrix. The required outer parametrix is given by
A4+ AR\ 77 »t
TP\ = A € C\[-2*, \*]; =_— 5.3
W=(30x) - AeCNNT v=t (53)
and appeared in [20], chapter 9, §4. Its relevant analytical properties are summarized below
e UP(}\) is analytic for A € C\[-\*, \¥]
e The boundary values are related via the equation

TR = T2 (N)e ™75, X e (=A%, \)

e UP()\) is square integrable on the closed interval [—\*, \*]
e As A — oo, we have

VPO =1+ 20 (N7,

5.2. The edge point parametrices. Near the end points A\ = +A* the required parametrices are con-
structed in terms of parabolic cylinder functions, see again [20], chapter 9, §4. We briefly summarize the
results:

Let D, (¢) denote the unique solution to Weber’s equation

2
w//+( +;_i>w20, w:w(C)

subject to the boundary condition

R (=

+0 (C4)) , 7?% <arg( < ?%T
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Observe that w = D, (¢) is entire in ¢ € C. We define for ¢ € C the Wronskian type matrix

-1 (8 B Y

and assemble

L arg ¢ € (=3,0)
Hy, arg¢ € (0, %)
ZR(¢) = Zo(C) { HoH, arg € (5,m)
HoH1H>, arg( € (m, 2F)
HoH H,Hj, arg(e€ (3F,1T)
where
1 0 1 h TN
H0<h0 1)7 Hl(o 11>, Hyio=ce (v+3) sH,e (v+3) 5 =0,1,2
and . .
W27 o . .
h - — h — 1TV 1 h h — 27\'11/.
= TTarn MTTp© o T

Using standard properties of parabolic cylinder functions, cf. [30] this setup leads to the following RHP for
the bare parametrix Z%H (()

o ZRH(() is analytic for ¢ € C\{arg( =0, %, 2%, &

e The jumps along the contours shown in Figure 19 are as follows
k
Z{(Q) = ZEM(QH, erg¢ =7, k=0,1,2,3
- 7
ZfH (C) — ZI}H (C)eQTrwag7 argC — Zﬂ—
e As ( — oo, valid in a full neighborhood of infinity,

11, (1 1 — (v)as (=) ((=»)
2 ~ 5 (1 —1> I+;<(V+1)25_(V)2s ((—)S

2
(—v—1)s 5128

V2

% (St

(- 1)2s)> 4281

where we used the full asymptotic series

2 —V)as a4 3 3
D)~ e TSy B e e, BT g < BT
= s!
involving Pochhammer’s symbol (a)s = a(a+1)(a+2)-... - (a+ s — 1), combined with the identity
¢
D, (¢) = §DV(C) —Dyya(¢), ¢reC.

Next, we employ the locally conformal change of variables

CA) = 2vVE(I(\*) — 19()\))% = 2V2t T (A — \¥) (1 + %()\ - A*)) ;A=A <,

and define the edge point parametrix near A = \* as

Nl=

B (N) = BO)ZRHA (¢(A))e HE Mo td(h)es (_hl>

53

where

o A + A* vos E _%US —tﬁ()\*)g;; —%0'3 C(A) 1 *
B = (i) (2) T ememetn (V) <

is analytic at A = A*. After a local contour deformation we check that the jumps of U"(\) near A = \* are
identical to the ones in the initial ®-RHP, i.e. (compare Figure 20)
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H,

Hy Hy

e2rivas

H;

Ficure 19. Jump
contour for the bare FIGURE 20. Jump contour of the

parametrix ZF7((). model function ¥"(\) near A = \*.

)67“9()\)035161519()\)037 A€ Yips \Ij:-()‘) =" ()\)eftﬁ()\)og 525516“9(/\)03, € Yo
()\)e—tﬁ()\)aa 5«662519()\)037 = Yor; \I;:
)

TN =T (A) = U7 (A)e N7 g 1N X € 5,
UL(A) =V (N)Sp, Ae (X —r %),

where v, = v; N D(X*,r). Moreover, with the previous asymptotic expansion of Z RH €),

W) ~ (B0) (—’“)_503&“3 (%) I+§;ozs<u>¢%]<%”3 (h) (5w (N

S3 5128 53
— o= SRS v = o 2(_38
T 0 () S v+ (500 ()
x Z(—l)’”((—u)zm—(—u_1)2,,L)C(X!_2:+ +§; <<”2)2m (—1)m(()—u)2m) ﬁ!);mm}wu),

as t — +oo (and thus |{| — c0). Here we used the abbreviations

m)(c(x)“”) O o = (80), oo = (99)

A—A*
Expansion (5.4) establishes the matching relation between the model functions ¥”()\) and WP (\) valid as
t—)oofor0<r1§|)\—)\*|§r2<i.

Near the other edge point A = —A* we can use the symmetry of the problem and define the required local
parametrix as

TN = 000" (=N)og, A+ X <7 (5.5)
which replaces the matchup (5.4) by

WEN) ~ [I ’ C(UjA) (B(-=x)"" (hl) mi;f” - 1)2'”% +0-(B(=N) <fslj>

< Y (e~ (v = D) T 3 (T 0 S we o,
(5.6)

m=1 m=1

Collecting the model functions WP (), ¥"(\) and ¥¥()\) we move on to the final transformation.
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5.3. Ratio problem. Assemble
(W) A=A <
X =3 (T, A+ < (5.7)
(WPO)) Y, AN >

with 0 < r < i which we will choose more specifically below. This leads to the RHP formulated on the

contours as shown in Figure 21

FIGURE 21. Jump contour for the ratio problem as introduced in (5.7).

o x(A) is analytic for A € C\(C, U C, U {infinite branches?,})
e The following jumps are valid:

X+ () = x-NTPWS(FP ) Aedy, j=1,....8

along the infinite branches 5 with piecewise constant matrices Sj which are given in the ®-RHP.
There are no jumps inside the circles and along the line segment [—A*, \*| since we constructed
“exact” local parametrices U2 ()\), U"()\) and U¥()\). However on the circle boundaries,

) = - MT N (TPA) T AEC xe () = x-VTN)(IP) T Ae

e As A — oo, we have that
xA\)=I+0 ()\71) .
For the jumps on the infinite branches ¥;,j = 1,...,8 we obtain immediately

Gy\)=1+0 (edlmfdmz)

with universal constants dy,ds > 0. If we choose a (in general) contracting radius r such that

1 1 _1
- >r=—-2>t %1 >0,
4 v

then by (5.1) for t > v*+1 > 0,t > ¢,
diset — dotr? < dit P — dot b1 < —dat i1, dy >0, k> 3;
hence all contributions from the infinite branches are approaching the identity matrix exponentially fast, i.e.
k=1

G (5t 1s1]) = Tl 2azoeus,) < dae” 7 k€ Zxg (5.8)

for t > v**1 > 0,t > to. For the circle boundaries we use (5.4) and (5.6), for instance for A € C, we use
k—1
IC(A\)] > 421270 as well as
hi=0 ((%t)%e%”t>
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which follows from Stirling’s approximation. Thus for A € C.,

st)? 0 e~ 1rter(n) .
!GX(A;MSlI)—f!SC{(m/z (e ) HEGet )

A+
A= A*

o(r) = —arg | ¢(N) = §%t —o(r)] < il arctan(r) = itr (1+0(r?) = 1 (1+40(1)).
s 4 s s s

Bounds for the error term & (A;t,]s1]) follow from known error-term estimates of the parabolic cylinder
function, see for instance [30], section 12.9: there exists to = ¢o(k) > 0 and constants d; = d;(to) such that
k—1

IENs ¢, [s1])]| < doer=BVE < dgem Y e > bt S0, ¢ >4, k€ Zss.
For the latter estimation to hold for k£ = 3, we have to adjust the radius r — ¢ with a sufficiently large, but
k,t,|s1| independent, constant ¢ > 0. Notice that with (5.5) completely similar estimations will also hold for
Gy (X;t,|s1]) when A € Cp. Thus, summarizing

k-2

Gy (-5, 181]) = Il p2npe (0,00, < diot” T80, V> 0" >0, t >ty k€ Zss. (5.9)
The latter estimation combined with (5.8), we obtain from general theory [13] the unique solvability of the
ratio problem for the values of (¢,v) satisfying (5.1). Moreover its unique solution satisfies

= (5t [s1]) = Tl < diat” 20050, V> 0b Tl >0, >, k€ Zss. (5.10)

5.4. Derivation of leading order asymptotics subject to (5.1). We need to trace back the transfor-
mations

Y(A) = X(A) = Z(X) = ®(\) = x(N)
in order to obtain with (1.16),

u(als) =2 lim [A(Y(N),,] =2v=2 lim [20(2)],, = 2v=2 lim [297(=)x(2)],

A—00 zZ—00 z2—00

W

e (Gx w)—1)12dw+0((—33)_22(2ﬂ)), k€Z>q
CrUC, -

2 N

vos + x x—(w)(Gy(w) = T) dw]
12

where we already neglected all exponentially small contributions from the infinite branches, compare (5.8).
Also the latter error estimation follows from (5.10) and the following computation: observe that by the
residue theorem and (5.4) as well as (5.6),

(G =1t S (o= (v = ) (5] P+

:V( 2?)( 27i)e _2“9()‘)(2\/76 )21’7 —i—(’)(f%);

fg@ (Clw) = 1)y~ Z vt1) m112m <h1) %C[ B2 (—w)((—w) 7" dw
:( h1)< 2mi)e zw(,\)(z\/»te 4)7 _

S3

3k—2
+O@Wmﬁ)
Recalling the definition of h; and applying standard symmetrization techniques, we obtain with k = 4,

u(z|s) = (—2)~*/~2B cos (g(x)i + B (8(*%)%) + ¢> +O ((fx)’%) : (5.11)



TRANSITION ASYMPTOTICS FOR THE PAINLEVE II TRANSCENDENT 43

uniformly as x — —oo subject to the scale (5.1) with & = 4. Estimation (5.11) appears in Corollary 1.11,
expansion (1.28). Moreover, with (4.11), we have now shown that

~-of=5 et (v (155) 155 e

Proposition 5.1. There exists positive constants ty and ¢ such that

where

|Ji(z,s)| Set™T5, Vi>tg, 0<v<is

Propositions 5.1 and 4.2 combined together (for n = % in the latter) form the content of Theorem 1.10,
estimation (1.26). In order to complete the proof of Theorem 1.10 we have to derive the outstanding
estimation (1.27) by extending the region

{(t,v): t>tg: 0<v§t<§f§)}

at the upper end. This will be achieved in the next section.

6. EXTENSION AT THE UPPER END FOR REGULAR TRANSITION - » € [2v/2 — &1, 2V/2) f; > 0
In the analysis of the lower end extension presented in Section 4 we used the crucial fact that for » | 0,
we have —iT — 400, compare (3.9). Thus at the lower end, the oscillations in the Jacobi theta functions

become strictly periodic and their amplitudes vanish exponentially fast. In turn we obtained
-1
N_(A)=0(1), (N-(\)) =0(1), »10, xeLp\|JD;

which lead us to the central estimation (4.3). At the upper end the oscillations in the theta functions still
vanish, however this time not through vanishing amplitudes but increasing periods: as s 1 %\/ﬁ we get with

(3.10),
ir = 21 +O(1H|1HO’|)O(1)’ U:%\/ﬁ*%io

[Inol Ino
This implies the necessity of using modular transformations for the Jacobi theta functions appearing in the
construction of the outer parametrix (3.26), i.e. we use (cf. [30])

1 . .2 i B 7.2 1
O5(z|7) = \/293(27"|7")6”” 2 0a(z|r) = \/394(z7"|7")e”” =, zeC, 7= -

Going back to (3.26) the transformation identities imply for A € C\J,

) N(+) ()‘)QZ)(/\)> 27riT/tVu(>\)03€—i§ea'3
¢

N = eifers _IO0T)  omicvucooras [ N Pe(n) N
N< "o NI (Ne(N)

O(r'tV|r")
where
~(4) ~(+) (7' (u(z) +tV £ d)|7") 0(7'(—u(z) +tV £ d)|7")
N N. = .
( (), Nz (Z)) ( O(r"(u(z) £d)|7) 7 (' (—u(z) £ d)|7)
Notice that from (3.10), for A € CP*\[—M, M] chosen from compact subsets,
2
eE2miT tVu(n) exp [:th <1 +0 <1nl|2h“7|)> u()\>] , 0l0 (6.1)
n“o

and for the same values of A we have at the same time

u(\) =0 <m10> , u(oo) =0 (1n10> (6.2)

B i In|Ilno| 1
)= o] (H Ino +O<lm>)’ 7L

since with (3.23),
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Along the line segment [—M, M], by direct computation
1 1
u_(A\) =0 (1) , 010, xe(-M,—-m—-rjUm+r,M), 0<r< 3 fixed,
no

and hence all together

2TV — 0(1), 010, AeCPN\D(0,7),
for any fixed 7 : m < 7 < M, provided we ensure that
ot

3
2

We shall in fact impose a stronger condition on s than implied by (6.3): suppose subsequently that t = (—x)

and v = —In (1 — |s;|?) are sufficiently large such that
2 2
3 2—%§%<§\/§ & O<0§%, f1>0. (6.4)

Subject to this constraint we obtain directly with (3.10),

>, N§i>(A):1+o<

NFE Q) = 1+0<

> , (6.5)

[Ino] [Ino
uniformly for A € CP'\.J. Moreover

Proposition 6.1. As z — —oo,|s1| T 1 subject to (6.4) we have

N(\) = (l +0 ( 7 )) e~ 2T tVu(oo)as p( )y 2T tVu(Neos <I +0 <1i>) T(A)  (6.6)

|Ino|

uniformly for A chosen from OD(0,#) for any 7 :m < # < M. Here, T(\) equals

aN) +a 1) —i(a()) —at(N) Ciren,
(a(>\) — a*l()\)) a()\) + (171()\) ) (& s (67)

AL\
a()) = V2 -1, A=
A+ s

- cx 1 =
T()\) — elzegga()\)O‘Qe—lzeag — 5elzeo'g (i

where

is defined and analytic on C\[f %, %}

At this point let us get back to the nonlinear steepest descent analysis. We start from the initial RHP
1.4 and use the transformation sequence
YA = XA) = Z(A) =T\ — S\

just like it occurred in Section 2 and parts of Section 3 in the analysis for s € [4, %\@ — 4]. However, instead
of using the “opening of lens” transformation (3.21) we will not split the jump contours near (—m,m) but
instead introduce a new model problem on the (contracting) line segment (—,7) C (=M, M) with

d
f:m+F, d> 0. (6.8)
3
In more detail

Riemann-Hilbert Problem 6.2. Find a 2 X 2 matriz-valued piecewise analytic function J(X) = J(A; »)
such that
e J()) is analytic for A € C\(—7,7)
e The limiting values of J(\) are related via the jump condition
e~ t(—TI(N))

ie A

J+(A) = J—(A) ( ie 0) ) A € (77"’71)

where 3 — II(\) € CY(—=M, M) has been explicitly computed in Proposition 3.4. Also, Ji()\) are
7,

S
bounded on (—7,7).
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o Asx — —oo,|s1| 11 subject to (6.4),
IO = (I +o(1)T(N)
uniformly for X € 0D(0,7) and Y(X) has been introduced in (6.7).

We choose a solution to this model problem in the following form,

- 1M —t(Ge—TI(p)) di
J(N) = B (N Fes (3 et Jar e T w>

-1 0
1

emifeos, A€ D(0,7): SA<0,

1 (o
0 et19s . X e D(0,7): SA>0
(6.9)

where B, () is locally analytic,

1 0
e~iicos, A€ D(0,7): SA<O.

Let us quickly verify that (6.9) indeed satisfies the properties of RHP 6.2. First, analyticity of the multiplier
B, (\) follows from the jump of T(A),

TL(A) = T_(\)eiFeos (_01 é) e TOs N e (<f,) C (-%\2)

Thus the jump behavior of J(\) is a consequence of the Plemelj-Sokhotskii formula,

o (1 e O (0 1\ e e tGeTO) g
iTeos iTeos __ _aa
e'1 <0 ] 1 ol = - 0) A€ (=7, 7).

Secondly, as x — —o0, [s1| 1 1 with (6.4),

/M e~ tCe=1m) qy i : N—m +/M e~te=Tw) qyy +/7m e~ tGe=T() gy
w A—n 2m 2 "\ m T a—u 2m )y A—p 2m
1
i A—m Ins ¢ 1 Ins ¢
——m(Z—")+0 —o(——)+0
(5 (ﬁ) (rar)* (5)

uniformly for A € 9D(0, 7). Here we used a Laplace-type argument for the two remaining integrals based on
the behavior

0 -1\ _i= )
Bu()) = T(A)eiTeos ( )e_ AeDO,7): SA>0

w—TI(\) ~ ?sﬂm(MQ—mz)(/\—m)%, Alm
16

1O ~ 2m(M2 —m?) (—A—m)?, AT —-m

as well as the expansions

c In|Ino| ( 1 )) 1 ( o (aln|lna|)>
= 1+ +0(—)), M=—(1-——4+0(——-));: 0.
" V2| Ino| ( 2no Ino V2 V2| Ino| In?o ot
Thus

1
tsInz ¢
as t — 400, |s1| T 1 subject to (6.4) uniformly for A € 9D(0,7) with # as in (6.8).
Instead of the ratio transformation (3.53), introduce for (7.1),
1

(JN) ., <7
B (PO, =M<
Ru(N) = 5(\) i ) (6.11)
Q)7 rml<r
(N()\)) , A >FANFM|>T

where 0 < # = m +dt~3 < £ and 0 < 7 < § remains fixed. The model functions N(X), P(A) and Q()) are
(as before) given in (3.26), (3.47) and (3.51).
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V3 T

Ce, — Cra

V4 Y6

Vs

V5
FIGURE 22. The jump contour g, of the ratio function R, ()) defined in (6.11). The two

vertical lines represent the branch points A = +m.

The RHP for R, (\) is formulated on the contour shown in Figure 22. Compared to the ratio problem for
R(\) the only difference in the jump behavior occurs inside the circle Cy centered at the origin,

. i) _ 1 —HeTI) (je — g561200)) o
B i€ sze e ie — s3e
(Ru(A))J’_ - (Ru()\))_ |:I + J—()\) <—i€ e—t(%+H()\)) —iGSl(l + e—%t)e—itﬂ()\) — 14+ e—Qt%) ( 7()\)) :| )
for A € (—7,7) as well as
1 (81 + s9)e el -1 . .
(ra0), = ()0 (o ()% A5 D.7)

1 0

(R, = R I (L 4 e 1) GO) ™ A€ 50 DO.1)

81+ 82

and on the circle boundary 0D(0, ),

Notice that (since # = O(t~3) — 0)
ot 1
tQ(N) = = — -7, 7
(N O<|1na|) O(lnt)’ A€ [—7, 7]

1
medt ™S
NE(m+dt s, M—7): t(x—TI(N) > 8t/ V(M2 = p2) (2 —m?2) dp > ev'mt — +oo0.

m

subject to (6.4) as well as

The latter combined with (6.6),(6.8),(6.10), using also the boundedness of N_(\) away from the three disks
D; centered at A = 0 and A = £M and recalling at the same time our estimations for the jumps given in
Section 3.9, we obtain

d 2 2
|G, (it |s1]) = Ll (n,) < pogo £ 400, |sa| 712 ZV2— % << VR (6.12)
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Opposed to this L>-estimate we can obtain better L2-estimations through

/_: (1 = cos(t(N)))dA = O <112>

tsIn“t

m

2d
1- ‘m()‘)‘ dx = I (1= cos(2mtV)) + /

—m

cr 1
u(N) P )] < (9( )
?gD(o,f) WIFIA < In®t t3 In%t

The last estimation is required for the L?-estimation of the jump on D(0,7):
. 1 —
TN 2 (140 () ) Ty (ve)
. 1 - _ - 1
(6:6) <[+ O < - . )) T(}\>e—2m7— tVu(X)os (T()\)) 1627”7— tVu(oo)os <I+ O ( - . ))
tsInz ¢t tzIn2t

t61n2 ¢
I —2mir tVu(\) T (Vo3 (T(N) "+ 0 (|u(>\)|2)) e2mi tVu(0)os (I + 0 ( - ! ; )) :

and

-1

I
/

We summarize,

d 2 2

IGR, (it Is1]) = Illz2(op,) € 1= t—> 400, [s1]11: ZvV2- ﬁ <x<ZV2, fi>0  (6.13)
t5lnz¢ 3 3

and combining (6.12), (6.13) this implies from general theory [13] the unique solvability of the R,-RHP in

L?*(Xg, ), moreover its unique solution satisfies

d
I(Ru)-Citsls1]) = TlL2(mp,) € 57

t6Inzt
In the same way as we derived (3.61), we obtain

_ 2t 050I7) O2(tV|7) irs
u(z|s) = =z et {—e(M —m) 9Z(O|T) W@ Vit Su(%)}

ool ]

However, by direct computation,

r 1 1
Gk, —1I), ,dw=0|— , 7{ Gk, —-1I),.d :(’)( : )
/_f( Ru(w) )12 w (t3 lnt> 8D(0,f)( Ru(w) )12 w t51nt

—e\/i\/%cd(( )VK(HD ;DJFL(:E s), (6.14)

Proposition 6.3. For any given fi; > 0 there exist positive constants to = to(f1),vo = vo(f1) and ¢ = ¢(f1)
such that

(Gr.(w) = 1), dw+(9( ! )

t5Int

and thus

with

2 2
’J1($a8)|ﬁﬁ, Vi > to, v> g gx/it—fl §v<§\/§t.

Together with Propositions 4.2 and 5.1, Proposition 6.3 completes the proof of Theorem 1.10. In order to
derive (1.29) in Corollary 1.11, we choose t > tg,v > vo such that 0 < o < % Since
03(07) O2(tVIT)  03(0|7") Ou(tVT'|T’)
O3(tV[r) 02(0[7) — O3(tVr'[r')  04(0|7)

03(0]7") ( o ) ( 1 >
04(0]7") |Ino| t31n? ¢

(6.15)

we get with (3.10) at once
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Similarly,

1 1

tz1nZz ¢

1
O3tV |r) =140 ( ) , L,V TIT)=1+0 ( — ) .

tz1lnzt
Moving ahead (recall (3.6)),

x 1—k 63(0|7) Gg(tV\T)__E oz 1
"V v e @ eaom V2O ((I)iln% |z|> (6:16)

uniformly as  — —o0,|s;| T 1 such that 0 < ¢ < 1. In view of Proposition 6.3, the latter estimation

t
completes the proof of Corollary 1.11.

Remark 6.4. The introduction of J(\) in (6.9) together with bounds on N_()\) in (6.5),(6.6) allowed us to
control the error Ji(x,s) in the region (6.4). The analysis of Ji(x, s) inside the region

1
{(t,v): t>tg, v>g: %<0§5, f1>0,0<5<3\/§}

which is not covered by Propositions 4.2, 5.1 and 6.3 is much more difficult. In this case (6.3) is violated in
general and thus N_(\) may become unbounded. For instance, if we were to choose
1 Int

<o<x

t>t V>V —
= lo, = U0 n = t

<d, x>0,

then from (3.6) and (3.10), using again (6.15),

T - 03(0|7) 05 T T =1\ _ T 3(y—1
32 \/11-1—71{1{2 93321(50V||T)) 92%/”7)) = eﬁ(l 1o (7)) = E\/j“g ((my20m).

Hence we only restore the leading Hastings-McLeod asymptotics for x < %. For the values of x > % more
terms will contribute to the leading order, or equivalently, the leading asymptotics changes once the Stokes
line

2 1
= V2t ——Int
v 3\/7 6n

is crossed. We provide further detail on this interesting feature in Section 8 below.

7. REGULAR TRANSITION ANALYSIS NEAR AND ABOVE THE SEPARATING LINE - x € [2/2— %, 00), f2 €ER

In this section we assume that both t = (—2)% and v = —In(1 — |s1|?) are sufficiently large such that
2
%2§ﬁ—%,ﬁeR (7.1)

Again, we use the transformation sequence
Y(A) = X(A) = Z(A) = T(\)

but subsequently the nonlinear steepest descent analysis of the T-RHP in (2.2) is very different from the
one used in Sections 3 and 5. In fact, the steps carried out below are a modification of the ones used in the
analysis for |s1| = 1, see [20], chapter 11, §4. The details are as follows.

7.1. g-function transformation. We fix
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This transforms the 7-RHP to a RHP with jumps on [—A*,0] U [0, A*] such that

1—s183)eTN g 4+ 51(1— 518 B
w (V) = @ (V) (( 1 53 o 81123)6_53) A e[-A%0] (7.3)
B (1 — s183)etT) —s3 .
w-‘r(/\) - w—(A) (81 +81(1 _ 8183) (1 _ 8183)6_tn(’\) ) AE [0,/\ } (7'4)

where

3
1 2 1 1
(2 ) \/5 2

For the (11)-entries in (7.3) and (7.4) we use (3.1) and observe that

x—1TAN) >0 & )\|>)\QE\}§<1—<23\J/%>3> .

Hence the strict inequality for » — II(\) will fail on the (shrinking) interval [—Xg, A\g]. We thus face the
necessity to consider an additional model problem at the origin. Besides this new feature, we however still
expect (and will prove) that the outer model problem is given by a problem in which we neglect the diagonal
entries in (7.3),(7.4) and apply estimations (3.2) and (3.3) for the off-diagonal, i.e. on the full line segment
[—A*, A*] we require a function Y(\) such that
Ti(A)="T_(})) (O i€) A€ (—1 1) ;o e=sgn(¥sy) € {£1} (7.5)
+ - ie 0/’ V2'V2) ' ’

Furthermore, along the remaining infinite branches, i.e. along
S =42 U4 UF2 Uds U, (7.6)
the jumps in the w-RHP are once more of the form
wi(A) = w_ (Ve NBGrA)etd N e |

Hence by triangularity and the sign of R(g(\)) these jumps are asymptotically close to the unit matrix away
from the endpoints A = +A*. We proceed now with the analysis of the relevant model problems.

7.2. The outer parametrix. The outer problem consists in finding a 2 X 2 piecewise analytic function
T (M) = T(A;¢€) such that

e T()) is analytic for A € C\[—%, %]
o If the cut is oriented from —% to %, the boundary values of T(\) are related via

T () =T () (.0 106) e (—\22) (7.7)

1 1 ]

e T()) is square integrable on the closed interval [_ﬁ’ 7

e As A — oo,
TN =I+0(\")

A solution to this quasi-permutation RHP appeared already in Proposition 6.1, formula (6.7). Note also that

TN =1- [—ieal +O0 (A%, A— o0 (7.8)



TRANSITION ASYMPTOTICS FOR THE PAINLEVE II TRANSCENDENT 50

7.3. Origin parametrix. Our construction is motived by the local expansion
2 A
=TI\ =3 — V2 +2V2)0 = —=+ O (\%), A —0, 7.9
)= 575 O ) (7.9

and solves the following problem.

Riemann-Hilbert Problem 7.1. Determine a 2 x 2 piecewise analytic function F(\) such that

o F'(N) is analytic inside the disk D(0,7)\(—r,r) for some fized 0 < r < %

e Orienting the segment (—r,r) from left to right, we have the jump condition

—t(3c—II(N)) ie

3
Fe(V) = F_(\) (6 ) 0) SN (enr): T = g (; - A2> ’ (7.10)
o Asx — —oo,|s1| 11 subject to (7.1) we have
FA) =T +0(1))T(A)
uniformly for |\| =r > 0. Here, T(\) is the outer model function introduced in Section 7.2.

The difference between this problem and RHP 6.2 is only marginal: Recall that o = %\f — 2 and set

0 1 )
. et e_“2 —iZTeos IC>0
FRI(() = ¢'ieos ((1) 27 lec—u d“) <—1 O) e, 8¢ (7.11)
e~igeos, ¢ <O.
We require the following Lemma.
Lemma 7.2. As ( — oo, we have
1 e 1 _2\7@ 1+0(¢c), (¢R
i) = / dp = 2 |1, SC>0
i — — YT (140 () +e , CeR
T NIRRT R NGRS ON:
Proof. Assume first that ¢ ¢ R, hence
2
1 e H 1 2 N
IQ) =—n— | —d¢=~ o d =~ 1 -1 .
() 27716/]1@1—’; =5 URe nt+0(¢ )} gme 1TO (), (oo
Secondly for ¢ € R we apply Plemelj formula
2
1 _ 2 1 e H
Zi(¢) =%z + =— v.p. dp.
+(¢) =*5¢ +27rin/Ru—< 1

The principal value integral can be simplified as follows: let vg s denote the contour shown in Figure 23 with
0 < § < R. From Cauchy’s theorem

2

e#
YVR>§>0: % dp = 0.
YR,§ _C

On the other hand

2

/ e_ug_d,u = —i/ e (CHoe)? g 248 —i71'e_<27
Cs M — 0

as well as

C+R+i (—R — 2 1 1
/ +/ <’ dp = i/ e’(CJFRJrit)Qi. + i/ o~ (C—R+it)? dt. R—o 0,
¢+R ¢—R+i) H—C 0 R+it ' J, R_uw

¢c—6 C+R e—ﬂz 6_#2
lim / +/ dp = v.p. / du.
Rooo \ Je_p C+6 H—C rRH—C

510

and
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A—R+i - A+ R+i

FIGURE 23. Integration contour g s for a possible choice A > 0.

Thus
2
1 e M 2|1, C>0 ﬁ _ 2|1, >0
Z:(¢) = — dp+e <37 =-Y— (14+0(Y))+e 7
:E(C) 27 /]R-q—i /J'_C HTe {07 (\\SC <0 27T1< ( (C )) € 0’ SC <0
which completes the proof. (Il
The solution to the model problem is now given by
1 A2 11
F() = BoWF™ (W), Al <75 ¢) = V(o + 22 = TI(N)* = (2v20) A (1 ~ T M O (AG))

where we introduce the (locally analytic) multiplier

0 -1 -
- a3 AeD0,r): SA>0 1 —i
Bo()\> — ’I‘(A)elzso';g (1 0 ) e 4 ( 7') ) : Bo(O) _ ﬁ (_116 116) .
e iicos AeD(0,r): SA<O0
More detail on the local behavior of By(A) near A = 0 will be needed later on, first

_ men 1 (1 -1\ i1 1 V2 (1 =1\, 3i/1 1\ .3
B = o7 s (e e 6 ) s

V2 (1 =1\ 4 3li/1 1) 5 6y | —imeos
+64(1 1))\ +64<_1 1))\ +O()\) e 4 , A—0,

followed by

1 mef L (1 1) i(1 -1 V2 (1 1\ ., 3i[/1 -1\ .3
11v2 1i — -
i \[(_11 1))\4+31<1 11) )\5—|—O(>\6) }61460‘3’ A0,

64 1 64 \1
and thus
11/ 1 V2 i V2 3i 3v/2
Bo(No+ (Bo(V) = 5 (116 ie) — 5 oA+ geosh = SS0a) + TeosA! = =200 + O ().

We directly verify the required jump condition (7.10), and as ¢t — oo (subject to (7.1)),

F(A) = (T —iee” Z(CN) BoNo+ (Bo(N) ™) T(N)

- (1 + ;ré_e(a;)Bo(/\)mngl(/\) +0 (t‘l)) TO) = (I—i— 0 (t—%)) TN, o4 = (g (1)) (7.12)



TRANSITION ASYMPTOTICS FOR THE PAINLEVE II TRANSCENDENT 52

uniformly for 0 <y < [A] <1y < Z5 with r; > 0 fixed.

7.4. Edge point parametrices near A\ = +\*. The construction is almost identical to the one presented
in Section 3.8. More precisely for the right edge point we take

AT(A) = By (A)ATH (¢(N)) e3¢ Nose=ifeos |\ _\*| <, (7.13)

where ARH (¢) was introduced in (3.45) and we have

. _ AL\
By =1 (1 T ey (cw 72 ) PN <r

—i -1

with the locally conformal change of variables

C(N) = (3’;@—139@)) V(203 ()\ - \2) S A=A <

The reader easily checks that A"(A) defined in (7.13) has the same jump behavior as shown in Figure 14
with M replaced by A* and g()) as in (7.2). Moreover

A”(A){IJrT(A){ i (_‘616 616)+0(g2)}(r(x))1} T(N), ¢ - o0

48(¢3
so that for t — +o00,|s1] 1T 1 such that s > % f%,
AT(N) = (I+0 ()TN (7.14)

uniformly for 0 <7 < | A=A <ry < %

Near the remaining edge point, we choose

AY(N) = By, (\)ARH (C(A))‘ B2 WNase—ifers |\ 4\ <y (7.15)

y=1

with ARH () as in (3.49) and

. _ AL\
Bi,(\) = T(A\)eiFeos (1. ?) (V)7 <<(>\) ﬁ) AN <7

where we use the change of variable

2

o= (Fa) ~vaent (x4

1
5 ), A+ X" <7

V2
The jump behavior of (7.15) is depicted in Figure 16 with —M replaced by —A* and the g-function as in
(7.2). We note that

) _ 1 1 6e -8 -1
AL\ = [HT(A) {48< (-(ae _1> +0(¢ )} (T(V) ] T(N), ¢— o0,
hence, as t — +o00, |s1]| T 1 such that s > % — %7

AN =T+0 )T (7.16)

uniformly for 0 < r;y < | A4+ X <ry < % This completes the parametrix construction and we can move

ahead with the ratio transformation.
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7.5. Final transformation - ratio problem. Define

(Ar(\)~ 1, A— Ll <7

AN A | <
£ =w(N) (ar0) 1 At pl<r (7.17)
(F(N) A <
v _

(T(N) ™~ At Sl >7, A >
where 0 < 7 < % and 0 < r < i remain fixed throughout. This leads to the RHP shown in the Figure
below.

gp

FIGURE 24. The jump contour ¢ of the ratio function £(\) defined in (7.17).

Riemann-Hilbert Problem 7.3. The ratio function £(\) = £(\;t,|s1|) € C2*2 has the following properties
o £(A) is analytic for A € C\X¢ where Xe = [-A*, MU CoUC,, UCy, UX_, compare (7.6).
o The jump matriz Ge(\) = (E_ (X)) 714 (N), X € B¢ is described as follows: Inside the two circles Cy,
resp. Cp, we simply copy the corresponding expressions from Section 3.9, namely the jumps inside
Cy, resp. Cy, with the proper identification of the g-function (7.2) and the replacement Q(\) = 0.
The same applies to the infinite branches Y2 U 75 outside Cy as well as for v1 Uy3 U y4 U yg, with
the replacement N(X\) — Y(\) as determined through (7.7). On the line segments (—\* + 7, —r) U
(r, \* — ), observe that

—iesi(1+e ) —i e’t("*n()‘)) -1 .
e =61 (ZCEe) T o)™ ae e,
: _ (3e—TII(X\
B i€ 83 iee” . -
&) ==, Smon o em)) N (rA )

and inside Cy, first for X € (—r,0), secondly for X\ € (0,1),

s — ot — ot —t(% II(N)) _
e = r ) (TG EG ) e D ST oy

i€ s- —ie — ga)e—t(x—II(X)) _
£ = WP (g i i T ) (2O

Notice that for A € (=X* + 7, —r) U (r, \* — 7),
3

t(se —II(N)) > t(3e = I(%r)) > —fo + 1t <§\/§— 3 ( —r2)> > —fy +dst, dg >0
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and for X\ € (—r,r),
(—ie — s3)e "t IO | < dge3V2t, (51(1 + e77) —ie)e 1~V < dige 3V

But since T_(\) is bounded on the full segment [—X*, \*] and F_(X) inside (—r,r), we obtain that

—diat
)

2
HGﬁ(';ta |51|) — IHLzﬂLoo([,)\*))\*]) <dje t — oo, |81| T1: x> g\/ﬁ— — fg c R. (718)

t )
The jumps along Y2 U 75 inside Cy are again exponentially close to the unit matriz, hence we now
list the contributions on the circle boundaries C..,, Cy, and Co,

) = MATW(TA) T A€ Cr;  £1(0) =& (WNAT)(T(N) ™, A ey

and
1

() =ENFN)(T(M) -, A€o
From (7.14),(7.16) with fized radius T,

ANEC,UCy,: Ge(\)=I+0(t7"), t—oo,lsi|t1l: x> %\/5—% f2 R (7.19)
On the other hand with (7.12) and again fized radius r,
AeCy: Gf(A)=I+O(t—%), t oo, |siT1: x> %\/ﬁ—% f2 €R. (7.20)
o As A — oo we have that () — I.
We solve the RHP for £(\) iteratively.

7.6. Iterative solution. The following estimation is obtained as in Section 3.9, we only have to keep in
mind (7.18),(7.19) and (7.20),

1Ge(st,|s1]) = Illn2nrse(se S dE7%, t— oo, [s1|T1: 2> \/57 = heER
Thus the ratio problem has a unique asymptotic solution in L2(E§) which satlsﬁes
|‘£*(';t7|81|)_IHL2(25) Sdt—iu d > 0.

7.7. Extraction of asymptotics - proof of Theorem 1.12. Through the transformation sequence

YA = XA) = ZA) =T\ = w(A) = &)

we obtain
u(z|s) = 2)\li_>1r1;o AY(X2)) ) = 2\/—7mzli_>nolo {zg(z)T(z)e_t(g(z)_19(2))”3} b
Since
g(z)—ﬁ(z):é—i—@(z_?’), T()_I—ﬁal—i—(’)( ?), z—= o0
we deduce from the integral equation for £(\) the exact identity
u@b)J:r[Qé+swﬂ,

where (as t — 0o, |s1| 1 1 such that s > 2/2 — %7]‘2 €R),

i i € et

00 = 1 [, (E@Cew) = D)gdu =24 (@clw)=Dyydu+0(7) = S

and the last contour integral was computed by the residue theorem, compare (7.12). Hence, as x — —o0, |s1] 1
1

+0(t),

)

u(zls) = —e —g (1 217r (:;)1 + Jo(z, s)) o= 2\/5— x, t= (—x)% (7.21)

with
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Proposition 7.4. For any given fo € R there exist positive to = to(f2),vo = vo(f2) and ¢ = ¢(f2) such that
2
[ Fa(,8)] S et™ Wt 2to, v g, v V2L fo.

This completes the proof of Theorem 1.12 and at the same time allows us to derive Corollary 1.2.

7.8. Proof of Corollary 1.2. Suppose both ¢ and v are sufficiently large such that

B In(1—|[s1]?) _ 2
o T

In this case o < 0 is bounded away from zero and hence (7.20) can be improved to
Ge) =T+0 (4™ ) =1+0 (=), AeCo,

compare (7.12). Therefore,

d
1Ge(+5t, 1s1]) = Il L2npoe(se) < e

2
t— 4oo,ls1|T1: > §\/§

and (7.7) gets replaced by
Uy U2 us —4
E()=—++=+0((t77).
with = and v independent coefficients u;. These could in principle be computed by the residue theorem
in (7.7) using (7.14) and (7.16), but it is easier to work with the differential equation (1.10) itself: As

x — —o0,ls1] 11,
u(zls) = —ey/ ,g <1 + % +0 (x6)> , (7.22)

uniformly for » > %\/5 and the asymptotic expansion can be differentiated with respect to x.

Remark 7.5. The modulus |s1| will appear explicitly in (7.22), but only contained in exponentially small
error terms. All power like terms are |s1|-independent and in fact identical to the ones derived in [14],
Theorem 1.28.

We go back to the Fredholm determinant and note that for fixed v < 1,

0
7 Indet (I — 'yKAi)

oo
2
: =/ urs(yiNdy = (uis(237))” — 2uls(37) —ups(a:y), @ €R.

L2(z,00
Hence with Remark 1.6 and (7.22) after integration,

3 1
— — g Injz[+c(y) +r(z,7); (7.23)

In det (I — ’yKAi) T = 53

where ¢(7) is « independent and there exist universal ¢y, vo > 0 and d > 0 such that
2
r(z,y)| < —3 Vi=(—2)% >ty, —In(1 —7) > vy, »> g\/i
Now keep t >t fixed and let v 1 1 in (7.23), so that with (1.7),
1
13%6(7) =Inc¢y = 7 In2+¢'(-1).

This, together with (7.23), completes the proof of Corollary 1.2.
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8. APPEARANCE OF STOKES LINES - € [2v/2 — f32% 00), f3 € R. PROOF OF THEOREM 1.13

We assume that ¢ = (—z)2 and v = —In(1 — |s1|2) are sufficiently large such that
2 Int
%zgﬁ—fgnT, fs €R. (8.1)

Working with this scale, several steps in the nonlinear steepest descent analysis of Section 7 can still be
applied. In fact, the only difference appears in the matching relation (7.12). Subject to (8.1), we have that

et < max{l,tf3}

and thus the two model functions F'(A) and T()\) are in general no longer asymptotically close to each other
on OD(0,r). In order to deal with this feature, we choose f3 € I; = (—o0, 2(¢ + 1)) C R with ¢ € Z>( and
notice that for ¢ ¢ R,

1 q que*lf
= — n 12 S
7 27Ti/u ¢ du 27r1§z:C /ue d'u+27r1/R ,u—Cd
L4+

_ 1 —2n g qu—;f
= 2 ¢ F( >+2m/R a—c W

which implies with Lemma 7.2, as t — oo subject to (8.1),

ot I-qT_lj

€ —an— 1 max RS N 1 2 P S K £
"I (¢(N) =5 2 I(A)r(2+n) +o(t (fs—3-|2tt)),~1- % J})’
n=0

and the last term is small because of our assumption f3 € I,. We now factorize (7.12),

FO\) = (I —iee™Z(¢(N) Bo(N)ot (BO()‘))71> TR)
.l 1
— By (14 %eat Z <—2n71(>\) T ( + n> fo (Bo()\)),

n=0

X Bo() (f—atc 0 [ s )d/w+> (Bo) T = (BQ) x FQ)T()  (82)

and go back to Section 7. After the explicit transformations
Y(A) = X(A) = T\ = w(A) — &N
we use another: With (7.17) and Figure 24, let
00 = {emm), A<
£, Al >
so that by definition, the function O(\) solves the following (singular) RHP.

Riemann-Hilbert Problem 8.1. Determine a 2 x 2 matriz valued function ©(\) such that
e O()) is analytic for A € C\(X¢ U{0})
e Along ¥¢ we have jumps, ©4(\) = O_(X)Ge(N), with

F), A=

Go()) =
o() {Gg()\), A€ Cy, UC, US,

where F(X\) appeared in (8.2) and Ge(\) denotes the jump matriz in the E-ratio RHP 7.3.
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e O(A) has a pole of order 2Lq;—1j +1 at A\ =0 provided ¢ € Z>1. In order to be more precise about
the singular structure, notice that for ¢ € Z>,

n(q) n(q)—1

_ e_ (n(q)+0)

e =0m(EW) " = |35+ Y (v@er)
k=1 =0

2\ —1
oo | EV)

with n(q) = 2[’1;—1j + 1, is analytic at A = 0. Thus with (8.2) and comparison, we can express the
full singular part {©_x} in terms of the first n(q) terms of the regular part of O(X). This is done
explicitly for q € {1,2},

01 = res O()) = —(xew)’

1/ie 1 P e 1 eot
~ . —_— = — — - 8.4
)\:()2 <1 —16) —%7 p o1 2 (t\/é)%, ( )

but becomes much more involved in case q € Z>3; we shall postpone the general case q € Z>3 to a
forthcoming publication.
e As A — oo, we have O(\) — 1.

The jump matrices in RHP 8.1 are asymptotically close to the unit matrix, however ©(\) has a pole at
the origin. Such type of problems have been analyzed in nonlinear steepest descent literature, see e.g. [9, 10],
at least for the case of a first order pole. Following loc. cit., we first note that (8.4) is equivalently stated as

~ 1 —&\ 1 1 —ie p
o =6 (o F)7 Wen T (L ) ket

V2

where (:)()\) is analytic at A = 0. Hence, ©()) is indeed characterized uniquely by the properties stated
in RHP 8.1. Secondly we can resolve the singular structure for ¢ € Z>; via another transformation, the
dressing transformation,

o)) = (AQL%IJ“I + 2T By o o AB BO> =()) A€ C\¢ (8.5)

g—1
where {B; }fLOTJ are A-independent. The function Z()) is characterized as follows.

Riemann-Hilbert Problem 8.2. Determine a 2 X 2 matriz valued function Z(X) subject to the following
conditions

e =()) is analytic for X € C\X¢
o We have that 24 (\) = E_(XA)Ge(N) for A € ¢, with Ge(N) given in (8.3).
e As \— oo,

EN)=I+0(A1).

Notice that the unknowns B; are algebraically determined from the singular structure in the ©-RHP and
(8.5), i.e. for ¢ € {1,2} we have

By =~ =(0) (116 _116) (E(o) +520) (116 —1ie>)1

or for more general ¢ € Z>3 equations for the remaining unknowns in term of =(0) and higher derivatives
thereof. Observe that all jumps in the Z=-RHP are close to the identity since

(1]

1Go(t, |s1]) = Il 2npee(se) < ctmax{f:s—%—L%Jv—%—Lq;zrlJy—lh c>0

uniformly for ¢ — oo, |s1] 1 1 such that s > %\/i — fglnTt and —oo < f3 < %(q +1).
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8.1. Extraction of asymptotics. The RHP 8.2 is iteratively solvable and we have for its solution
12 (5t |s1]) = Tl p2mg < et™to— -1 -3 - 145
Notice that from a direct computation, by tracing back the transformations
we get

13,
Y(A) = X(A) = Z(A) = T(\)

w(A) —
u(els) = V=2 [

E(N) = O(N)
7 +2Bltq L+ 1

= E(A),
= (w
m e
We will now continue with the special case ¢ € {1,2}, i.e. we compute

/ ( ( )(G@(w)I))udw} , g€ Z>g B 5,=0
b

€ 3p €
u(z|s) = V= |——= + 2BL? — +
(=ls) [\/i TN TR NTE
Notice that (using here the integral representation for Z(0) and

2(0) = 140 (pmextiomion)

and thus

=(0))

(tmlx{Qfs 3,f3— 3})}

(8.6)

~/(0) O (tmax{f37%,71}> ;
i 1
B= -t Klle _i€> Lo (tmax{fg—g,_l})] , (8.7)
From this it follows in (8.6) that
1+ £p 1 ot 2
/ \f €p T e
u(z|s) = —ey/—= + Js(z, s — = \/> , o=
and

Proposition 8.3. For any given f3
such that

€ (_007%
| J5(x, 8)| < et min{G =S8}

) there exist positive to = to(f3),v0 = vo(f3) and ¢ = ¢(f3)
) Vit > to, v > vo,

If we were to choose f3 € (

McLeod asymptotics

2
v > gﬂtf fslnt.
), then p = O(t/272) = o(1) and we restore the leading order Hastings-
[ x
u(zls) = —e —5 + J5(z, s)
In other words,

| J5(z, 8)| < et~ min{G—fo.5
81 :

2 1
=—-vV2t— =1Int
v=73 V2 s
forms the first Stokes line and we have completed the proof of Theorem 1.13
than the one given in Theorem 1.13, as x — —o0, |s1| T 1,

u(z|s) =

x
—€
where, uniformly for s > 21/2 — fy1nt f;

2

8.2. Proof of Corollary 1.19. Observe that (8.6) and (8.7) allow us to derive a slightly better expansion

14+ 2
( - f) +813+f(fc,v)]
V2
(—007%)7

(8.8)
max{t72620't’ t73}7 1]
T <c .
@] < {max{t_ge"t,t_?’}
Next, we use identity (1.4) and combine it with (8.8)
2

W Indet (I — ’YKA1>

L2(z,00)

1+2\* 4
T 2
= ups(737) = =3 <1f> "

(z,7)

58
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and from (8.9), noting that e” = e~?e% V2 with v fixed,

) 2 1
// ’Rl(x,’y)’d% -0 (t—mm{%v%—fs}) , T — —00, |s1|T1, x> g\/i—f3nTt7 f3 € (—oo, g) . (8.10)

However, by straightforward computation,

o\ 2
02 ( ep) z 1+7% T
Y SR ) N e I )
0x2 V2 2 —7”2 2

and Ra(x,y) satisfies also (8.10). Hence, we have shown that for z — —oo,|s1| 1 1,

a3 1

_r =z _2 ~min{3.3 - })
Leee) 1D 8ln|x|+ax+b+ln(l \@>+O<t 5.5 fa})

uniformly for s > 2v/2 — f3!it fs € (oo, I) with some z-independent constants a = a(7),b = b(y). These
can be computed as in the proof of Corollary 1.2, i.e. we use

In det (I — ’yKAi)

0
2 Indet (I — ’yKAi)

= 2
L2 (a,00) / s (Ui My = (us(w;7)” — 2uis(2:7) — uis(237), 2 €R.
together with (8.8) to conclude a(y) = 0 and the limit v 1 1, with ¢ > ¢, fixed, yields

1
1. = = — / —1).
lim b(y) =1Inco 51 In2+{'(-1)

9. SINGULAR TRANSITION ANALYSIS FOR 5 € [§, 2¢/2 — 6] WITH 0 < § < $V/2 FIXED

Several steps of the analysis carried out below have their natural counterpart in the regular analysis. One
major difference however lies in the construction of a new outer parametrix which naturally involves the
exceptional set Z,, as defined in (9.7) below. First we let

= % € (0,00); t= (—x)% >0, 0<v=—In(|s1*-1) = —2rB, 1< lsi] < V2
and keep s € [4, %\[ — 4] with0<é < %ﬂ fixed. Also here, the following expansions will prove useful.

9.1. Preliminary expansions. Note that

1
R(s1) = —%e‘”ﬂ |s1] =1+ 56_%t +0 (e7*)
and
iarg(s1) 1 — st — 23t = iarg(s1) 1 — et —25¢t
s1=¢e 1 1+§e +(’)(e ) =33, s1+s1(l—s183)=¢ 1 1—56 +(’)(e ) .
Moreover,
arg(sl) — ﬂ (]_ + 8726*741‘/ + O (672%1‘/))
2 s
so that

Proposition 9.1. Ast — oo, [s1| | 1 with €3¢ = ie,

1 1
51 = ie (1 + 3 (1+iesg)e ™ +0O (6_2%t)) , S3 = —le <1 + 3 (1 —iesp)e ™ + O (6_2’”)> ,

1
s1+ s1(1 — s183) = ie (1 ~3 (1 —iesy)e ™ 40 (62%t)) .

uniformly for » € [4, %\f — 6l with0<§ < %\/i fized.
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9.2. g-function transformation. The bijective correspondence between s € (0,2v/2) and k € (0,1) has
already been established in Proposition 3.2, and all local expansions in Corollary 3.3 can directly be applied

to the singular transition analysis. With this in mind we define (formally just as in (3.12)),

o) =i [ (= M~ m)F g,z €\, )

where
k 1 1 1 1

1
=< o< M= — < —,

V2VI+k 2 V2VI+ER? V2
and k = k() is determined through (1.22). The relevant analytical properties of g(z) are summarized in
Proposition 3.4 and we choose in the T-RHP (2.2) (as before),

0<m

A= M.
After that, introduce,
S(A) = e~ (N)et NI Nes -\ e C\Dp

where we shall use the same notation S(\) for the transformed function as in the regular transition analysis.
Observe that, for A € (m, M),

_e—t=TIN) s —
510 =5-0) ([ oy e iotnon )+ %~ 100 =8 [ VA= @GR au > o0,
so that (as before)
0 —eize\ ! 2
Gs()N) (Gigé 0 ) —=I, z— —o0, |s1|}1: x€ [5,3\/—5}, 0> 0.

Similarly, for A € (=M, —m),

_eft(%fn()\)) 81(]. _ efzt)eitﬂ()\)

St(A) =5-(N) ( —itQ(N) —t(3e+II(N)) ) ;o —1II(A) = 8/\m \/(M2 — p2)(p? —m?)du > 0,

—s3e —e
hence (as before)
i Ze4itQ(A)\ ~ 1 2
Gs()\)( —i,i(e)—im(/\) ¢ > =1, ©— —o0, |s1|]l1: x€ [5,\65} , 6>0.

—e 2 0 3

The only difference occurs in the gap, first for A € (0, m),
B -1 7536itQ()\)
S—i—(/\) = S—()\) ((81 + 81(1 _ 8183))64&2()\) —(8183 _ 1)2

B 1 0y /(-1 0 1 sgeitN)
= S-0 ((51 + 51(1 — s183))e N 1> ( 0 1) (0 1
S_(N)e'2738 (N)e 27285 (\)el27 Sy, (Ve 2% X € (0,m),

and secondly for A € (—m,0),

_ -1 (51 + 51(1 — 5153))elt N
Se(A) = S-(N) <—83eim(’\) —(s183 —1)?

B 1 0\ (-1 O 1 —(s1+s1(1 — s153))el*N)
= 50O <sgeitQ<A> 1) ( 0 1) (0 1
= S_(NeZS,(\)e 298 Sp(M\)e' 272 Sy, (N\)e 2% X € (—m,0).
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Here, Sz, ()\) and Sy, (A) have appeared in (3.18), (3.19) and Sp(\) = —I. Hence, we can use Proposition
3.6 in the given context as well and open lens: Compare Figure 7 and define

S()\)ei%(’SSEll()\)e*‘i‘TS, Ne Lt
S(\)elzosS (Ne 1393 e L]
L\ = S(\)e' 27255 (A)e 272 N e LT
S(N\)elzo3Sp, (Ne 1293 N e L
S(N), otherwise.

This leads to the following RHP

Riemann-Hilbert Problem 9.2. Determine a 2 x 2 matriz valued function L(\) such that

e L(}) is analytic for A € C\([—M, —m] U [-m, m] U [m, M] U yEU~NT U Ss.)
o The jumps are as follows, see Figure 7 for orientations,

Gs(A), A€ (—=M,—m)U (m,M)UXgs_
€278y, (Ve 129, A e

L) =L )4 oS Wein, ey (01)
€273 Sy, (N)e 278, A €3
e'2938,(\)e 1293 A€y
Sp(A), A€ (—m,m)

with Sp(\) = —1.
e As A — oo,

L) =I+0(\").

The jumps in this problem along the lens boundaries fyji and along the infinite contours are exponentially
close to the unit matrix in the (singular) double scaling limit as long as we stay away from the branch points
A=2m,+M and A\ = 0. Compared to the L-RHP in the regular transition analysis, the outer parametrix
will now also have a jump in the gap (—m,m).

9.3. New outer parametrix. In case of the singular transition analysis the outer model problem is posed
on the full segment (—M, M) and reads as follows

Riemann-Hilbert Problem 9.3. Determine a 2 X 2 matriz-valued piecewise analytic function N(\) =
N(A;t,€) such that

o N()) is analytic for A € C\[-M, M]
o We have jumps

RESRTIIEN
Mo = N (st © g )o A€M -m) (9.2
Ne(\) = N_(\)em™=, AG(.—mJn) (9.3)
m = v (e TG A (9.4

e N()) has L? boundary values on [M, M|
o As \— oo,

NN =I+0(1
Notice that the function

~

N(\) = e T3 N(\)eli: )\ e C\[-M, M]
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has jumps on (—M, M) described as follows

~ N I\

N (A) = N_()) (_e?mu) 0 )a A€ (=M,-m)
Ni(\) = N_(Ne™, e (—m,m)

M) = N (_01 (1)) X e (m, M).

Up to the presence of the diagonal jump in the gap (—m, m), the jumps are thus identical to the ones which
we generated in Proposition 3.11. To compensate for the diagonal part, we slightly modify our construction
of Section 3.5: Let u(z) denote again the Abel (type) map
z : M
w: CP'\[-M,M] = C, zw— u(z) :/ w:u(oo)—g—i—(’)(z_g), z—00; c=c(x)= %F
M z

for which we summarized certain properties in Proposition 3.9. We require

- O(u(z) +tV+Z+d) 6(—u(z) +tV + I £d) ~(1 ~(a
N(:t) _ 2 2 = N( ) N( ) 9.5
) ( 0(u(z) + d) ’ O(—u(z) £ d) ( 1 (2) Ny (Z)) ’ (9:5)
where (formally as before, see also (1.23)),
V(%)Evz—é/ \/(MQ—/,LQ)(mQ—,uQ)d,uEiQ(z), z € (=M, —m); d=-
T ) 21 4
and
0(z|T) = 03(= Z exp [irk®r + 27ikz], 2€C

keZ
is the third Jacobi theta function. With this, we have the following analogue to Proposition 3.11 for the
current situation (9.2)-(9.4).

Proposition 9.4. The function

B 6%603&6*1““(“)“3 N{“(A)(ﬁ(}\) NH_)()‘)(Z)()‘) eimu(N)os o—ifeos
N = ey (ﬁf”mém Ao o
2),

is single-valued and analytic in CP'\[—M, M]. Its jumps are stated in (9.2),(9.3) and (9.4), furthermore, as

A — 00,

O (F+tV) . 0(0) 0(w(0)—F—tV—d) M—m ,—2ri iZe
NV :I+l —CoE ) AT TAG V) 8(u(co)—d) gte 2mu(els

A 0(0) O(u(o0)+5+tV—d) M—m 27r1u(oo)e—126 Ce( +tV) +ime
ATHV) Gu(o)—d) 2 (% +tv)
+0 (A7),
provided (x,s1) are uniformly bounded away from the discrete set
Z, = {(x, s1): 2AV(x)=ne Z\{o}}. (9.7)

Proof. The stated jump behavior follows from a direct computation using Proposition 3.9 and the properties
of Jacobi theta functions. For the normalization, we take into account the shift by the half period appearing
in the numerators in (9.5), hence we have to guarantee that

0(5+1V)#0
which is ensured for the values (x, s1) away from the set Z,, given in (9.7) as the simple roots of 8(z) = 5(z|7)

are located at 2 = 1 + 2 mod Z + 7Z. O

Remark 9.5. The latter Proposition is in sharp contrast to Proposition 3.11. There we do not require the
half-period shift and thus we always have that O(tV') # 0 since tV (sc) € R, i.e. there is no exceptional set.
From now on we shall always assume that (x, s1) is bounded away from the set Z,.
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9.4. Local parametrices. The required model functions near A = 0 and A\ = +m slightly differ from the
ones used in the case of the regular transition. Near A = 0 we analyze
Riemann-Hilbert Problem 9.6. Determine a 2 X 2 piecewise analytic function H(X) such that

e H(X) is analytic for X € (CN D(0, 1”))\('yfE Ung U (=, 7)) with 0 <r < 2.
e For the boundary values,

1 ie itQ()\) n "
H) = H <A>( L) AeDonnGE U
m0) = H0 (L e 1) A€DONNGT U

Hi(A) = —-H-(A), Ae(-nr)
[6, 2v/2 — 8], uniformly for A\ € 0D(0,r),
H(X) = (I +0(1))N(N).

o Ast — o0,|s1| ) 1 such that » €

A solution to the latter problem is derived in two steps. First define

eiCc‘;g7 aI‘gCG (0,%)U(%,'IT)
_eidos, arg¢ € (~5,0)U (m, %)
) 1 —ie eitQ(O)
HO(C) = elc”3 (0 1 ) argc € (%7 %Tﬂ-)
io 1 0 8w T
_¢iCos (ie L it(0) 1) , argC € (=5, —7)

with ©(0) = 7V (5¢) from (1.23) and where we orient all six rays from zero to infinity. Second, the required
parametrix itself: With N(X) from (9.6),

HA) = NN)PNH(C\)e Nos X e D(0,r); PN = {j zi Z 8 (9.8)

where

) = %(Q()\) —Q(0)) = 8tMmA (1+ 0 (A2)), Ae D(0,r).

The required jump behavior follows from a direct computation using a local contour deformation, moreover
we have

HA)=(I+0(t))NMN)
as t — +00,|s1| | 1 such that s € [§, 24/2 — 6] uniformly for 0 <7y < [\ <7y < 2.

Near A = m we have to modify (3.33). Consider

I, arg( € (0, )
1 1
(0 1>, arg( € (5, )
RH _ ,iZo3 iZos
ARI(Q) = 6575 Ag(()e™ _((1) D argC € (, 42)
(2 et

with Ap(¢) as in (3.34). This leads to the following bare RHP

o ARH(() is analytic for ¢ € C\{arg( =0, 23”,7r, 4?”
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arg( =&
1 ieeit?™
(0 16@1 >\
arg( =1 -\ arg( =0 et e
gL =T + 86T (—1 0> < ie 0)
. . VAN ~
+/ A=m
1 0
argC:%W (ieeiim(ﬂ 1)
FiGure  25. Jump FIGURE 26. Jumps of the model
contour for the bare function U(A) near A = m.
parametrix AR (().
e We have jumps on the contours sketched in Figure 25,
1 -1 0
Q) =t (o 1) anwe=
RH RH -1 0
AR = AZF(Q) 0 —1)° arg( =7
RH RH Lo
A+ (C) = A* (C) 1 1 ) argC:i
RH RH -1 1
ABQ) = 4t (T) o). anec—
e As ( — oo,
RE Cig i1 1 (-1 —6i o] 2cka,
anig =pocies (1 4) [+ (Ge 1) ro)]d
Now define
3 o
U(X) = By, (N A (¢(N))e= 3¢ Nase=iFeos -\ e D(m,r) (9.9)

where (as before)

wlo

TA=m), [A=—m|<r

(0= [ [ () 0 ) |~ (2

m

and
i

el iy L G = R =)

is analytic near A = m. This leads to the jump behavior of U()) as indicated in Figure 26, moreover we
have the matching relation,

U(\) = [I+N(>\) {482 <_‘61€ 6f> +0 (g—3)} (N()\))l} N(Y)

and thus, as t — 400, |s1| | 1 such that » € [4, %f— §] with 0 < § < %\/5 fixed,
UN={T+0({t")NQ

uniformly for 0 <7 < [A—m| < ry < min{Z, 1(M —m)}.
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arg( =%
1 iee®
+ ~~ <0 1 >
e tE=TIN) ¢ oitRN)
arg( =m N N arg( =0 (ieefimu) 0 ) o
_ _ N S < 0 71>
A=-m
\*
argC = —3 ™ (et )
FiGure  27. Jump FiGURE 28. Jumps of the model
contour for the bare function V() near A = —m.
parametrix AR (¢).
For the remaining endpoint A = —m, we put
_I7 argCE (_Wv_g)
1 0 .
(e_iﬂ.(l_,y) 1) ) arg( € (_Ev O)
AU = TR A(Qe E R (1 0 .
e_iﬂ.(l_,y) 1 ) arg( € (03 g)
1 0\ (1 —em(=7) -
(e_iﬂ'(l—'Y) 1> (0 1 , arg C € (§7 7T)

with Ag(¢) as in (3.41). We obtain that

o ARH(() is analytic for ¢ € C\{arg¢ = -%,0,%,7}
e Along the curves shown in Figure 27,

ARH(¢) = ARH(¢)

(

e = Ao (0, -
(
(

e As ( — oo,
AVRH =P %03 i —im(1—7) 1 ieiﬂ(li’” I i 1 —6i ei"(lf')’)
(C) - (C)C ie 1 716177(177) —6i efifr(lf'y) -1
0(c¥) et

For the parametrix itself, we put

2

V(A) = By, (WARH (C(N))e™ 516 Wose=ifeos A ¢ D(—m, 1) (9.10)
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with

@l
w(vo

A 1
C(A) = [Gt/ (M? = p®)(m? — p?))? du} ~ <4t 2m(M? — m2)) A+m), |A+m|<r

—m

and the locally analytic multiplier

B, (\) = N()P(A)el (WM) iem(u)) 5N~ (cm At M)

-1 1 A+m

V(Y = [I—%N(A) {482 ( booini 6”?”) +0 (g—3)} (N()\))_l} NV

so that as t — oo, |s1| | 1 such that s € [§, 2v/2 — 4],
V) =(I+0(t™ )N

uniformly for 0 < 7 < |A+m| < ry < min{%Z, (M —m)}. This completes the construction of the relevant
local model functions. For A close to =M, we can simply work with the same functions P(\) and Q()) as
in (3.47) and (3.51).

9.5. Ratio transformation. We work with the ratio function R(A) defined in (3.53) but with H(\) from
(9.8), U(A) from (9.9), V(A) from (9.10) and N(A) as in (9.6). By construction, R(\) is characterized by the
following properties.

e R()) is analytic for A\ € C\Xp where the contour X is shown in Figure 17. This follows directly
from our construction of N(\) and H(A) as both functions precisely match the jump behavior of
L(\) in the gap (—m,m), compare (9.1).

e The jumps of R()\) are only slightly different from the ones listed in Section 3.9. We choose not to
list all expressions explicitly, instead only collect the important estimation

c
Ri(A) = R-(NGr(At, [s1]), IGRCsE [s1]) = Illr2npe=(sn) < 3, ¢>0 (9.11)

as t — +o0,[s1| J 1 such that s € [§, 2v/2 — §] for 0 < § < 11/2 fixed, provided we stay away from
the singular points (z,s1) € Z,,.
e As A — oo, we have that R(\) — 1.
With the help of estimation (9.11) the RHP for R()) can be solved asymptotically in L?(Xg) and we have
for its unique solution

IR- Gt lsil) = Tl zaon < 7
9.6. Singular transition asymptotics. Just as in the regular case, we have the exact identity
u(zls) = 2v/=z lim [zetwsN(z)R(z)e*“g(Z)*“9<Z>>03} L= 2v/—x et [(Nl)12 + ;é(%)}
where

~ i

E(s¢) = */g (R-@)(Grlw) - ) dw=0(").

m
Notice that with (3.24) and (B.1),
(M), =— 0(0) B(u(0) -3 —tV-d)M—m —2miu(o0) yife _ 05(0[7) O3(tV|T) impyy M — ™ iz
V2T g V) f(u(oo) — d) 2i 05(0[7) 6tV |7) 2

and hence we obtain

€

03(017) Os(tVIT) imev | &
65(0[7) 02(tV|7) +5(%)}' (9.12)

Now using Proposition 3.17, combining it with (1.34) and the identities

1 1-k (02(0|T)>2 1-k
M-m=— ) = ;
V2V1+ k2 63(0|7) 1+k

u(els) = VT [—e<M —m)
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z 1+k k 1-k
u(z|s) i ( tV (1+k> 1+k) + Ja(z, ),

one deduces

and

1

Proposition 9.7. For any given 0 € (0,3v2) there exist positive constants to = to(d),vo = vo(d) and

¢ = ¢(0) such that
2
[ Ja(w,s)| et Vi>to, v t6<u<t<3\f—5>

provided (x, s1) are uniformly bounded away from the exceptional set Z,, introduced in (9.7).

10. EXTENSION AT THE LOWER END OF SINGULAR TRANSITION - x € [t™",2y/2 —§],n € (0,1)

The relaxation of the lower bound for ¢ is handled via the same approach as in Section 4, i.e. for t = (—z)?

and v = —In(|s;|? — 1) sufficiently large such that
2
0<t "< %< g\[—& with fixed 0<7n <1,

we obtain with the help of contracting radii the following analogue of (4.4)

u(z|s) = _Z \/11171; (( z)? VK<1;E> ;Djto(( z)” 1+%") (10.1)

uniformly as © — —o0, |s1]| J 1 such that 0 < t7" < 3¢ < %\/5—6 forany 0 < n < % away from the exceptional
set (9.7). After that we would use the analogue of (4.6), respectively Remark 4.1, for the singular analysis
and this combined with improved L? estimations gives

E() =0 (t—2+%") +O (Y.
We summarize,

Proposition 10.1. For any given 6 € (0, %ﬂ),n € (0,1) there exist positive constants to = to(d,n), vy =
vo(d,n) and ¢ = ¢(d,n) such that

. 2
| a(w, 8)] < et mmE573 e > gy, 0> v tl_”§v§t<3\f—5),

provided (x,s1) are bounded away from the exceptional set (9.7).

In order to obtain estimation (1.38) in Corollary 1.15, we would choose ¢ > t( such that 0 < 3¢ < t5 and
again (x, s1) stay away from (9.7). Then, by Corollary 3.3 we have

-5 v (v (55) 55) ~ Gy O (C0F)- 02
Next, for 0 < 2 < t~5 with (3.10), (compare (4.7)),
RtV () = ~2 (~2)% ~ Bl (8(-2)F) + Fln|In (jsaf? = 1)] ~ B0+ Im2m) + 0 (+7F)

and from Stirling’s formula

argF<1+1B>—argF<—2%t> 51n‘ln(\31|2—1)|— 1+1n27r)—|—(’)( %>

as xt = (’)( %) — +o00. Together

mV(%)z—g(—x)%—Bln(s(— )%) @—?—FO( %) (10.3)

where (compare Theorem 1.20),

p=—argl ( 16) —arg si.
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We substitute (10.3) into (10.2), use the addition theorem for cosine as well as the identity
em )
cos(z—i—;)z—esmz7 zeC

to obtain, as x — —o0,

7 14k : 1-k) 1-k\ _ =z
6\/>\/1+7k2dc (2(1) VK(1+k>’1+k> sin (%(—x)%+ﬁln (8(—x)%)+<p>+(9((—x)_%)

+0 ((~a)7 1), (10.4)

uniformly for 0 < » < t=5 and away from the zeros of the trigonometric function appearing in the last
denominator. Hence, the Jacobi elliptic function leading term reproduces also here the known singular
oscillatory leading order of (1.20) for (£,v) such that ¢ > ty and 0 < 3¢ < ¢t~5. Next we will also obtain
control over the error J4(z, s) in the same region.

11. FURTHER EXTENSION AT THE LOWER END FOR SINGULAR TRANSITION - 3 € (O,t*’7 ],n € (%, 1)
We go back to Section 5.3 and assume throughout that both ¢ and v = — In(|s1|? — 1) are sufficiently large
such that
t>o" T >0, t>ty, k€ Zss. (11.1)
The difference between regular and singular transition asymptotics can be read off from (5.3),

1 1 1 1
v=—-=--In(l-|s1)=—-—In(|s11>-1) — = =1y — =.

a0 lsf) = —g s (s = 1) =5 =w =3

Hence we can still use most of the nonlinear steepest analysis worked out in Section 5, however a crucial
differences occurs in the matching relations (5.4) and (5.6), compare [9] where the same approach was first

used in the derivation of (1.20) for fixed |s1| > 1. We shall factorize (5.4),

(11.2)

UT(A) ~ Ep() {I +o_(B(N) (—}ll) i (v + D)om — (y)Qm)%QW1 +o (BN <_53>

S3 - 12m hi
S (1)m N S~ (V)2 0 SOV
X mzzl(f]-) ((71/)2m - (71/ — 1)2m) m!om + mzﬂ 0 (—1)m(—y _ 1)2m mlom g ()\)
with
1 0
E-N=|_ms2n ]
s3 C(A)
This factorization is necessary since with (11.2)
B0 AEAN T AN e
= = 1
(i) (55 @ = o,
i.e. the multiplier E,.()) is not close to the unit matrix. Similarly,
—2h1 ¢(=A)—2mt 25
V) ~ B |40 (H0) P S (0 Dm0 m)% Fo (B0
=1 : 1
S (7)™ G i v =1am 0\ NP
)™ ((=1)gm — (v —1 Ay

with
Ez()\) = O—QET(_A)UQ.
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This means that the ratio problem (5.7) for x(A) cannot be solved iteratively at this point and we have to
use further transformations. First, compare [9], equation (38), we let

XNE-(N), [A=X|<r
PU(A) = ¢ X(NE(N), A+ X[ <r

X(A), AFA>r
where we use (this is in fact the only difference to [9]) a shrinking radius
1 >r = 1 > t_ﬁl,
4 v

The Riemann-Hilbert problem for ®*(\) was analyzed in [9], its jump contour is identically ¥, as shown
in Figure 21 but with additional first order pole singularities at A = £A*. We choose not to reproduce the
analysis here, compare equations (40) — (42) in [9]. Subsequently the singular structure was resolved by
another transformation

BU(\) = (AT + B)dI(\) <(A3*)1 (ML(;*)I), A EC\3,

where the X\ independent matrix B is determined algebraically as in equation (46) in [9]. It is well defined
for all values (z, s1) bounded away from the discrete set

2
gt—l—ﬂln(St) + ¢ = nm, (11.3)

compare again [9], shortly before Remark 3. If we agree to stay away from the latter exceptional points, the
jumps for ®?(\) have the following structure

st =afon (AT LS ) ersieran T (MY D) v o
and
oty = oty (U007 L) e eeron T (Y 0L aea
sty = et (AT S ) Erew o) (YN, L) A

Hence we have
2
Gpi(\) =1+ 0 (edwf—dﬁ’" ) L AEq, j=1,...,8

so that (just as before in (5.8)),

>
[

[Gaa(t,ls1]) = Illp2nreus,) < dze™ @t ke Z>3 (11.4)
For )\ € C,. we estimate
() 1 e P (Gat) "3 | &
; 1< . ) .
|Gpa(Ait, [s1]) = 1] < c{ rt \edrte2) (o)t ) e Ar)

with
- 2t A4 AT
= — AN—— |-
o) = Zans (03 )
Thus, using again bounds for the error term £ from [30], we obtain that with the contracting radius
1Gou (it 1)) = Tl 2n=(croey < dst™ %51, Vi > okt >0, ¢ >ty ke Zss. (11.5)

Combining estimations (11.4) and (11.5) we can thus solve the ®-RHP asymptotically subject to the scale
(11.1) as long as we stay away from the discrete set of points (x, s1) defined via (11.3). The derivation of the
leading order follows now as in [9], we only have to adjust the error terms according to (11.5): from equation
(51) in [9],

u(z|s) =2v—x B12+ O ((—x)_‘jzﬂ)) , k€ Zsy,
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where we used (11.5) and the a-priori estimation for the unique solution of the ®?-RHP. The matrix entry
B2 is then computed explicitly in [9] and we only have to adjust the error terms. Hence,
— k—
u(els) = — = ey + O ((—a) 72
sin (2(-2) + Bin (3(-2)2) + ¢) + O ((—2) 205
as ¢ — —oo subject to the scale (11.1) for k € Z>4 provided we stay away from the points (z, s1) defined im-
plicitly via (11.3). The latter estimation, with k = 4, appears in Corollary 1.15, expansion (1.38). Moreover,

with (10.4), we have now shown that
xr 14k 3 1-k\ 1-k
(2(—"”0)2”{ <1+k> 1+k> + Ja(@,5),

u(zls) = —€y /| —= ——=dc
(zls) = —€\ /=5 T

and
Proposition 11.1. There exist positive constants to and ¢ such that

|Ju(z,8)| <t 15, VE>ty, 0<v<ts

provided (x, s1) are uniformly bounded away from the set (9.7).
This concludes the proof of estimation (1.36) in Theorem 1.14, we just have to combine Propositions 10.1

(with n = %) and 11.1.
- %7 %\/Q)vfl > O

12. EXTENSION AT THE UPPER END FOR SINGULAR TRANSITION - 3 € [2V/2

(12.1)

We choose t > tg and v = —In(|s1]? — 1) sufficiently large such that
h fi>0.

2 f1 2
-V2-——=< V2 =-V2—x< —
3\[ t_%<3\[ & O<o 3\[ %_t,

This implies with (3.10),
cla ¢ > 0 universal.

0 2tV <
< ‘ (%)’ ~ Int’
In other words, we can always guarantee that for sufficiently large ¢ and — In(|s1]|? — 1) subject to (12.1) the
exceptional set Z,, is empty, and thus u(z|s) is asymptotically pole-free. This is important as we can now
go back to Section 6 and simply repeat our line of reasoning, modulo minor adjustments. First, from (9.6),
607 v 0e(n
N()\) _ ei%eo‘g T e—QWiTlu(OO)tVJ;; EAR ) i )( )QZS( ) eQwiT/u(A)tVUge—i%eog
(T / ~(— ~ ~(— 5
0(7'(3 +1V)|7") NN Ny "(Mo(N)
valid for any A € C\[-M, M] and where
)+ tV+ZEd)|7) 07 (—u(z) +tV + T £d)|7)
' ’ (7' (—u(z) £ d)|) '

(8705570 - (G(Tl(zgi (w(z) = d)]7)

=1 2

But
0 (7” (u(z) +tV + % + d) \T’) =04(7" (u(2) +tV £d)|7'), ze€ CP'\[-M,M],

and thus with (6.1) and (6.2), subject to (12.1),
o2 ~ (%) o
Ny, (\)=1 — .
) & =1ro (/i)

= (£)
N, " AN)=1+0
Ny * ( [Ino|
Summarizing, Proposition 6.1 also applies to the singular transition z — —oo, |s1| | 1 subject to (12.1). Now

following the logic of Section 6, we would employ the sequence of transformations
YA = XA) = Z(A\) =T\ — S\
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but not open lenses, compare (9.1). Instead, just as in Section 6, a new parametrix T (M) is introduced on

the contracting segment (—#,7) C (—M, M) with # as in (6.8). The difference between J(A) and J(\) as
considered in RHP 6.2 is minor, we would simply enforce

~ ~ _e_t(%_H(A)) ie A
Jr(AN) = J_(N) ” 0)° A€ (=7, 7).

This difference amounts to an additional sign in the (12)-entry of (6.9) which contains the Cauchy transform.
However, subsequently all steps are identical to Section 6 and we obtain

r 14k s 1-k\ 1-k
= — Rt e— 2— ‘/R _— _—
ulzls) = —ey/ =3 1+k2dc< (—2) (1+k> ’ 1+k) + Jalw,5)

with

Proposition 12.1. For any given f1 > 0 there exist positive constants to = to(f1),vo = vo(f1) and ¢ = ¢(f1)
such that

2 2
| Ta(z,8)| < ——,  Vi>to, v >0 g\/it—f4§u<§\/§t.

Int

This completes the proof of Theorem 1.14 and expansion (1.39) in Corollary 1.15 is derived as in the
regular transition case.

13. SINGULAR TRANSITION ANALYSIS NEAR AND ABOVE THE SEPARATING LINE -
2
n€[2V2—£,00), R

In order to derive Theorem 1.16 we would choose identical steps as those in Section 7: We work with
the same outer parametrix YT ()) as in (7.7) and the same endpoint parametrices A™()) in (7.13) and A*(\)
in (7.15). The only (minor) difference occurs in the definition of F()), i.e. in the definition of the origin
parametrix. For the singular transition we require the jump behavior

3
= = —e~tm ) e 8 /1 ,\2
F+(>\) = F_(A) < ie 0/’ A € (—7"7 7"), H()\) = g 5 - A
instead of (7.10). This difference is resolved by an additional sign in the (12)-entry containing the Cauchy
transform in (7.11). After that we have to replace the matching (7.12) through

F(\) = (1 ¢ Bo(NoByt(\) + O (t‘1)> T(\)

2wy
and then simply copy all subsequent steps carried out in Section 7. This leads us to
x 1 et 2 R
u(zls) = —e D) <1 + %W + J5(£L‘,S)> , 0= 3 2—3, t=(—x)2

with

Proposition 13.1. For any given fo € R there exist positive to = to(f2),v0 = vo(f2) and ¢ = ¢(f2) such
that

2
[Js(@s)| <™ Wity vz, v V2L

and thus completes the proof of Theorem 1.16.

APPENDIX A. EXPANSIONS OF COMPLETE ELLIPTIC INTEGRALS

We frequently use the elliptic integrals F(k) and K (k) defined as

L1 k22 1 dt
B0 = [ K= [ e ke O
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For k | 0 or k 1 1, the expansions of E(k), K (k) are well known, compare for instance [30]:

Kk) = i Ma — k3™ <;1n(1 ) +d(m)) , 0<V1I-K <1

= m!m!
1 « (%)m(%)m ma1 1 1
Ek) = 1+5m§::07(2)mm! (1 —Kk*)m+ (—2ln(1—k2)+d(m)—(2m+1)(2m+2)>,
with ) I )
= m) — —+m =2In2; a :ﬂ a -1,-2,...
d(m) =¢(1+m) w(2+ ) d(0)=2In2; (a), Ta) #£0,-1, -2,

and v (z) denoting the digamma function. Furthermore,

K(k) =< f: @mlghm o, B(k) = 3 i CDmEmyom, K| < 1.

2 m!m! m!m!
m=0 m=0

APPENDIX B. JACOBI THETA AND ELLIPTIC FUNCTIONS USED IN THE TEXT

The Jacobi theta functions 02(z),05(2),04(z) used in the text are defined by the formulae (see e.g. [30])
where &7 > 0,

O3(z|7) = 0(zn)=1+ 226”’“27 cos(2mkz),
k=1
1 ad .
O4(z|T) = 63 (z + 3 T> =1+ 22(71)1“6””‘3% cos (2mkz),
k=1
: : T > . 1\2
Oo(z|7) = e'iTHITEg, (z + B 7') =2 Zem(l”?) 7 cos ((2k 4+ 1)7z). (B.1)
k=0

The zeros of the theta functions are located at

T 1 1 7
0:(5) =0, 6 (2)0, 03(2+2)0,

up to shifts by vectors of the lattice A = Z + 7Z; all zeros are simple. Now set ¢ = €™ and denote
0;(z|T) = 0;(2,q). With

q = exp [—le(k)] , k= (92(0"1))2 €(0,1), K'(k)=K(X), k¥=+v1-k2

K(k) 05(0, q)
the Jacobi elliptic functions cd(z,k) and dec(z, k) are given by the formulee
1
Cd(Z,k) _ 93(an) HQ(CaQ) _ . C: <

B 92(03 q) 03((3 q) B dC(Z, k) ’ QK(k)
for all values z € C away from the zeros of 3, resp. 65 appearing in the denominators. Finally we note that
by an application of a Landen transformation,

Kk KN | 1-k ., ——
T~ wy NI Y oVIEA
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