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Direct numerical simulations of the transition process from laminar to chaotic flow in converging-
diverging channels are presented. The chaotic flow regime is reached after a sequence of successive 
supercritical Hopf bifurcations to periodic, quasiperiodic, and chaotic self-sustained flow regimes. 
The numerical experiments reveal three distinct bifurcations as the Reynolds number is increased, 
each adding a new fundamental frequency to the velocity spectrum. In addition, frequency-locked 
periodic solutions with independent but synchronized periodic functions are obtained. A scenario 
similar to the Ruelle-Takens-Newhouse scenario of the onset of chaos is verified in this forced 
convective open system flow. The results are illustrated for different Reynolds numbers using 
time-velocity histories, Fourier power spectra, and phase space trajectories. The global structure of 
the self-sustained oscillatory flow for a periodic regime is also discussed. 

I. INTRODUCTION 

The process by which a laminar viscous flow undergoes 
transition to turbulence through diverse routes is of funda-
mental fluid-dynamical interest. In closed system flows like 
Rayleigh-Benard convectionl - 3 and Taylor-Couette flow,4,5 
a sequence of ordered transitions may be discerned. As the 
control parameter is varied, the flow may become chaotic 
after three incommensurate bifurcations (Ruelle-Takens-
Newhouse scenari06,7), after an infinite sequence of period-
doubling bifurcations (Feigenbaum scenari08), or after an in-
termittency regime (Manneville and Pomeau scenari09). The 
choice of the transition scenario seems to be dependent on 
geometry, initial conditions, and other specific flow features? 

The stability of an equilibrium state can change either 
when an eigenvalue of its linearized behavior passes through 
zero, or a pair of nonzero eigenvalues crosses the imaginary 
axis. lo The latter, called the Hopf bifurcation, involves a 
family of periodic orbits that grows from the equilibrium. 
The stability of periodic orbits can be studied by defining a 
Poincare map by successive intersections of trajectories with 
a cross section of the periodic orbit.1! Complex eigenvalues 
of modulus one are associated with the emergence of two-
dimensional invariant tori in a flow. The dynamics on these 
tori involve a complicated succession of quasiperiodic solu-
tions, whose power -spectra have two incommensurate fre-
quencies and phase-locked periodic solutions, which involve 
subharmonics of the original periodic solution. lO The most 
explicit predictions made by Ruelle and Takens involve the 
number of bifurcations a flow undergoes in the transition 
from steady to aperiodic flow. Ruelle and Takens6 investi-
gated the structural instability of a quasiperiodic flow on a 
torus of dimension equal or greater than 2 and demonstrated 
that a quasiperiodic flow should not be observed. Later, Ne-
whouse et at. 7 proved that a quasiperiodic flow on a three-
dimensional torus could be perturbed to a flow with a struc-
turally stable strange attractor. Then, according to the 
Ruelle-Takens-Newhouse theory,6,7 the power spectrum of 
a dynamical system evolves as a function of the control pa-
rameter and consists of one frequency, then two and some-

times three frequencies. As soon as the third frequency ar-
rives, the broadband noise characteristic of chaos should start 
to appear. 

The two closed systems that have been most extensively 
studied experimentally in the context of transition to chaos 
and turbulence are Taylor-Couette flow and Rayleigh-
Benard convection.ll The classical experiment of Gollub and 
Swinney,4 using spectral analysis of laser-Doppler velocim-
etry measurements on Taylor-Couette flow, provided a re-
markable verification of the Ruelle-Takens-Newhouse pre-
dictions. They clearly observed a transition between a 
quasiperiodic flow with two frequencies and a flow with a 
continuous power spectrum. An aspect of the Taylor-Couette 
flow observations related to the Ruelle-Takens-Newhouse 
theory is the number of independent frequencies present in 
quasiperiodic flows. Gorman et at. 5 observed quasiperiodic 
flows, with three independent frequencies in Taylor-Couette 
flow. Gollub and Benson l identified different routes to turbu-
lence in Rayleigh-Benard convective flows, depending on 
the aspect ratio, Prandtl number, and mean flow. They found 
flows with broad spectra preceded in Rayleigh number by 
quasiperiodic flows with two or three frequencies, as well as 
a succession of sub harmonic, periodic-doubling bifurcations 
preceding the onset of broad spectra. Walden et alY ob-
served quasiperiodic flows in Rayleigh-Benard convection 
with four and five independent frequencies. 

The process that leads a predictable flow to an unpredict-
able, but deterministic, chaotic regime has also been studied 
by numerical approaches. Numerical simulations have been 
successfully performed in closed and open flow such as 
Rayleigh-Benard convection, plane, and modified channel 
flOWS?,13-16 McLaughlin and Orszag3 found periodic, quasi-
periodic, and chaotic behavior in their transitional study on 
thermal convection. Their results appear to be consistent 
with the Ruelle-Takens-Newhouse theory, in that simulated 
flows with three or more distinct frequencies also contain 
broadband frequency spectrum. Ghaddar et at. 15 have made a 
thorough study of flows in grooved channels by means of 
two-dimensional simulations using spectral domain-
decomposition methods. They determined that nonlinear ef-
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fects lead to self-sustained oscillatory flows beyond the criti-
cal Reynolds number. Amon and Patera16 performed three-
dimensional investigations on these grooved-channel flows, 
and found that the self-sustained oscillations admit a second-
ary instability. The flow in the grooved channel undergoes a 
supercritical regular Hopf bifurcation at a Reynolds number 
that is dramatically lower than the corresponding value for 
plane Poiseuille flow. For some range of Reynolds numbers, 
the secondary instability saturates in a steady-periodic three-
dimensional, low-order equilibrium. 16 This three-
dimensional equilibrium owes its stability and existence to 
the narrow band nature of the grooved-channel-flow second-
ary instability. 

Blondeaux and Vittori17 numerically studied the tninsi-
tion process, which leads the oscillatory flow over a wavy 
wall from a periodic behavior to chaos by a Feigenbaum 
scenario. They found that by increasing the Reynolds num-
ber, the flow experiences an infinite sequence of period dou-
bling (pitchfork bifurcations), which takes place at succes-
sive critical values. A chaotic behavior is obtained both for a 
fixed geometrical configuration, increasing the Reynolds 
number, and for fixed characteristi~ of the oscillatory flow, 
increasing the amplitude of the wall waviness. In both cases 
the flow experiences an infinite sequence of period doubling, 
either in a finite interval of the Reynolds number or in a 
finite range of the waviness height. Schatz et al. 18 demon-
strated, by a laboratory experiment and numerical simula-
tions on a spatially perturbed plane channel, that the primary 
instability t6 stable two-dimensional traveling waves occurs 
as a supercritical Hopf bifurcation. They also presented evi-
dence from laboratory experiments for a secondary transition 
leading to a stable-ordered state in the open flow through a 
spatially perturbed plane channel.19 Their results suggest that 
open flows can exhibit a sequence of bifurcations to stable 
non turbulent states. Batcho and Karniadakis20 found that 
successive supercritical states are established through a se-
ries of period doubling before a chaotic state is reached in 
flows past a heated cylinder. 

Numerical calculations and experimental studies have 
been performed in converging-diverging channels,21-26 and 
global flow patterns have been reported. These flows are 
characterized by a zone of separation for low Reynolds num-
bers, a vortex regime with a recirculation zone for larger 
Reynolds numbers, and a mixing region with the main-
stream. These previous studies have only considered peri:-
odic, fully developed steady flows and pulsating external 
flows. However, the basic mechanisms of unsteady oscilla-
tory motion, the transition process and the route to chaos 
have not been previously reported for open flows in 
converging-diverging channels. 

In this paper we investigate the transition and onset of 
chaos in converging-diverging channel flows by direct nu-
merical simulation using the spectral element method. Our 
results indicate that the flow experiences a sequence of in-
stabilities, reaching a chaotic regime after a finite number of 
supercritical Hopf bifurcations. A transition process similar 
to that described by the Ruelle-Takens-Newhouse theory is 
reported for the first time in forced convective open system 
flows. 
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FIG. 1. Symmetric converging-diverging channel: nondimensionalized pe-
riodicity length L/h=9.33, spanwise length W/h=53.33, and maximum 
height H/h=6.66. 

In Sec. II we present the problem formulation. In Sec. III 
we introduce the m.imericaI procedure for the temporal and 
spatial discretization. In Sec. IV we report results of the nu-
merical simulations in terms of time-velocity histories, Fou-
rier power spectra, and phase space trajectories, for increas-
ing Reynolds numbers from subcritical to supercritical flow 
regimes. In Sec. V we summarize the results and discuss the 
Ruelle-Takens-Newhouse scenario to chaos. Last, in Sec. 
VI we present the conclusions of this work. 

II. PROBLEM FORMULATION 

We consider unsteady, incompressible flow in the peri~ 
odically converging-diverging channel with sinusoidal 
walls, as shown in Fig. 1. The flow is assumed to be fully 
developed in the streamwise direction x and homogeneous in 
the spanwise direction z. The governing equations are the 
Navier-Stokes, and continuity equations, given by 

av 
- =vxw-VII+Re- 1 V2v in D 
at " (1) 

V'V=o, in D, (2) 

where the computational domain D is defined by the period-
icity length between furrows, L. Here, v(x,t)=Uj+ VJ+ Wk 
is the velocity; x and t represents space and time, respec-
tively; II=p + (fjv·v is the dynamic pressure; w=Vxv is the 
vorticity, and Re=@Vh/v is the. Reynolds number, where v 

is the kinematic viscosity of the fluid and V is the time-mean 
cross-channel average velocity. All variables considered are 
nondimensionalized by the centerline velocity (~)V, half-
height of the channel h/2, and convective time. 

The fully developed boundary conditions for the velocity 
v(x,t) are 

v(x,t)=O, on aD" (3) 

v(x+nL,y,z,t)=v(x,y,z,t), on aDp, (4) 

corresponding to no slip on the rigid walls aDs and period-
icity on aD p of the fully developed flow in the x direction; n 

is an integer periodicity index whose value for the simula-
tions reported is unity. For the pressure, we require 

II(x,t)= - !(t)x+ fi(x,t), 

fi(x+ nL,y,z,t) = fi(x,y,z,t), 
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TABLE I. Fundamental frequencies for different Reynolds numbers Re and mesh resolutions. Here Sand C denote the number of macro elements in the 
streamwise and crosswise directions, respectively, and N 2 is the number of nodes per macroelement. 

Mesh Re=150 
Macroelements Nodes per 

SXC macroelement N 2 
(VI (error %) 

8X4 49 0.3216511 (-1.80) 
8X4 81 0.3183969 ( -2.79) 

16x4 49 0.3298404 (0.69) 
32x4 49 0.3298522 (0.70) 
16x8 81 0.325 5940 

where the driving pressure gradient f(t) is determined by 
imposing the flow rate condition, 

f
h 4 

Q= -h u(x=0,y,z,t)dY=3 . (7) 

The linear pressure term in Eq. (5) is consistent with 
periodicity of the velocity [Eq. (4)] since only the gradient of 
the pressure enters in Eq. (1). 

III. NUMERICAL APPROACH 

The numerical results are obtained by direct simulation 
of the time-dependent Navier-Stokes equations integrating 
in time, starting with a predicted steady flow and gradually 
increasing the Reynolds number until a steady, time-periodic. 
or transitional state is found. Increases in Reynolds numbers 
are made in relatively small steps, so that the dynamic flow 
evolution can be followed in detail. The initial conditions for 
subsequent simulations are those associated with the preced-
ing lower Reynolds number. However, to investigate the pos-
sibility of hysteresis effects, several cases were simulated 
using different initial conditions corresponding to flow fields 
at both lower and higher Reynolds numbers. These simula-
tions yielded the same time-asymptotic evolution of the flow 
pattern. This verifies that the solutions are independent on 
the initial conditions for Reynolds numbers up to 600. Simu-
lations are performed for an integration time long enough to 
yield statistically stationary frequencies to within 0.5%. This 
requires about 105 time steps for a Reynolds number of 400. 

A. Temporal and spatial discretization 

The governing equations [(1) and (2)]. subject to the 
boundary conditions [(3) and (4)], are solved numerically 
using a spectral element method.27•28 A three-step, time-
splitting scheme for the semidiscrete formulation of the time-
dependent term in the Navier-Stokes equations is employed. 
This time-stepping procedure consists of a first nonlinear 
step for the convective term using an explicit third-order. 
forward-in-time Adams-Bashforth scheme; a second pres-
sure step using an implicit Euler-backward scheme for the 
pressure term and enforcing the incompressibility constraint; 
and, finally, a third viscous step employing an implicit 
Crank-Nicolson scheme, which includes the viscous correc-
tions and imposes the boundary conditions. A complete de-
scription of this time-splitting scheme is given in Refs. 13 
and 27. 
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Re=400 

WI (error %) Wz (error %) 

0.2908880 ( -3.52) 0.4363320 (0.18) 
0.2908811 ( -3.52) 0.4402525 (1.09) 
0.3096835 (2.69) 0.4347480 (-0.17) 
0.310 885 7 (3.11) 0.439528 0 (0.92) 
0.301503 5 0.4355050 

For the spatial discretization in this spectral element 
method, the domain is first divided into quadrilateral macro-
elements, which are isoparametrically mapped from the 
physical space x=x(x,y,z) into the local coordinate system 
s=s(p,q,r). Then the geometry, velocity, and pressure in 
each macroelement is represented as a tensor product of 
high-order Lagrangian interpolants through Gauss-Lobatto-
Chebyshev collocation points, defined as 

N N N 

(x,v,II)~(s)= L L 2: (x,v,II):jkhi(p)h/q)hk(r), 
i=[) j=O k=O 

(8) 
where hr(P), h/q), and hkCr) are Nth-order Lagrangian in-
terpolants (truncated series of Chebyshev polynomials) that 
satisfy hi(~jk)= 0ijk at the local (p,q,r) coordinates. The 
nonlinear convective term is evaluated pseudospectrally, 
whereas the pressure and viscous terms, which correspond to 
modified Helmholtz equations, are solved by a variational 
approach.28 

This nondiffusive numerical methodology is well suited 
to investigate temporal transition in self·sustained oscillatory 
flows, since high-frequency flow oscillations are not damped 
by artificial numerical viscosity. Moreover, the predicted 
flows correspond to stable solutions that are physically real-
izable, as they are the result of evolution, not equilibrium, 
calculations. 

B. Mesh refinement studies 

The computations were performed with different mesh 
resolutions t6 investigate the adequacy of the spatial discreti-
zation as the governing parameter, Re, is increased. Table I 
summarizes the results for five meshes that differ in the num-
ber of macroelements as well as in the order of Chebyshev 
interpolants. This mesh refinement study shows that the first 
fundamental frequency, WI' calculated with the coarser mesh, 
differs from a mesh-independent result by a maximum of 
35%, in the range of Reynolds numbers investigated. As a 
compromise between computing resources and accuracy, the 
8X4X49 mesh is used for all the computations reported in 
this paper, unless otherwise stated. A typical computational 
spectral element mesh is shown in Fig. 2. 

IV. RESULTS 

We now present numerical results of two-dimensional 
flow simulations in the converging-diverging channel. The 
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FIG. 2. Computational domain and spectral element mesh. 

flow evolution corresponds to successive supercritical Hopf 
bifurcations obtained by increasing the Reynolds number and 
depicted in terms of time-velocity histories, power spectra, 
and phase space trajectories to identify periodic, quasiperi-
odic, and chaotic regimes. The U(t) and Vet) velocities time 
series, the Fourier power spectra, and the phase space trajec-
tories shown in this paper correspond to a point located at the 
central line of the channel [(x,y ,z) = (Ll2, 0, w 12) in Fig. 1]. 

A. Transition to unsteady flow 

For Reynolds number lower than 20, the flow stream-
lines the sinusoidal walls of the channel without reversing its 
direction. This is in good agreement with the experimental 
results reported by Nishimura et al. 26 in this geometry with 
same aspect ratios. Figure 3 shows a time-asymptotic result 
for the streamwise U velocity converging to its steady state 
at Re=l25. We observe that the least-stable mode is oscilla-
tory, with an exponential decay rate (J"= -0.000462 and an-
gular frequency w=0.313490, where the frequency is non-
dimension ali zed by the convective time. Notice that the 
decay rate and frequency of the least-stable Tollmien-
Schlichting (TS) mode for a plane channel flow of wave 
number, a=27rm/(L/h) * =0.738 069 is (J"Ts=-0.139409 
and ~=0.313 475, where m is the number of waves per 
periodicity and (Llh)*=8.513. The frequency of the sinu-
soidal channel decay mode, which is close to the frequency 

0.775 

u 

0.770 

0.765 

200 400 
Time 

600 

FIG. 3. Streamwise U velocity as a function of time at Re= 125. 
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of a plane channel mode with the same wave spatial struc-
ture, verifies that the instabilities are ToUmien-Schlichting in 
nature, while the decay rate indicates the destabilizing effect 
of the sinusoidal walls. 

The flow in this converging-diverging channel first be-
comes unstable and bifurcates to a periodic solution at a 
critical Reynolds number between 130 and 135. For slightly 
supercritical Reynolds numbers, a harmonic regime devel-
ops, where the flow oscillates with a fundamental frequency 
WI' Traveling waves are observed inducing self-sustained os-
cillatory flows that become more complex with larger ampli-
tudes and smaller frequencies as the Reynolqs number is 
increased. For larger supercritical Reynolds numbers, the 
flow evolves gradually from a periodic behavior to chaos via 
supercritical Hopf bifurcations. The investigation of the flow 
evolution enables us to establish the route of transition, and 
the knowledge of the combination the frequencies generated 
allow us to determine the evolutive pattern for the origin of 
chaos in converging-diverging channel flows. 

B. Periodic, quasiperiodic, and chaotic flow regimes 

Figure 4 depicts the sequence of transitions that are ob-
served reversibly as the Reynolds number is varied between 
Re= 150 and Re=750. Figure 4(a) shows the periodic behav-
ior for Re = 150, indicating that the flow has bifurcated to a 
limit cycle or periodic attractor. The time evolution of the U 

(streamwise) and V (crosswise) velocities for this Reynolds 
number represents a sinusoidal function corresponding to the 
self-sustained oscillatory flow. These signals have evolved, 
starting from a steady state to a periodic regime by a first 
bifurcation of the flow. The growth of the instabilities is 
saturated by nonlinearities and the flow settles into a time-
periodic, self-sustained oscillatory flow with one fundamen-
tal frequency, WI =0.321651, as it is shown by the Fourier 
power spectrum of the U velocity. The logarithmic power 
spectrum contains three strong peaks at the frequency WI and 
its harmonics 2wl and 3wl' The foregoing motion can also 
be described by its trajectory in a suitable phase space.29 The 
phase space trajectory of the V vs U velocities approaches a 
limit cycle. The ratio of the fundamental frequencies associ-
ated with the x- and y-flow directions is given by wxl wy=2 

at centerline points located symmetrically in the channel. 
Other points of the flow field exhibit a frequency ratio 
(l)x/ (l)y = 1. The stable nature of the periodic solution with 
respect to perturbations is strongly dependent on nonlinear 
flow effects, which allow the solution to change gradually 
from a laminar steady state to a time-periodic regime. 

As the Reynolds number is increased, a second time-
dependent instability occurs and a new characteristic fre-
quency, (1)2' appears. Figure 4(b) shows the time evolution of 
the U and V velocities at Re=200, which represents a qua-
siperiodic flow regime with two characteristic fundamental 
frequencies and their linear combinations. The ratio wl/W2 is 
an irrational number, as indicated in the corresponding Fou-
rier power spectrum [Fig. 4(b)]. The phase space trajectory 
also depicts the quasiperiodic behavior, where the solution 
has experienced a permanent translational motion around the 
periodic solution obtained for Re= 150. 
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Similar quasiperiodic behaviors are obtained for Rey-
nolds numbers 250, 300, and 350, as shown in Figs. 4(c)-
4(e). In all these cases, both fundamental frequencies are 
incommensurate and close to those obtained for Re=200. 
The first fundamental frequency, WI, closely matches the 
least-stable Tollmien-Schlichting frequency for plane chan-
nel flow. The sub harmonics and superharmonics in the power 

spectra are linear combinations of the fundamental frequen-
cies related by (m I WI + m 2 (2), with m 1 and m 2 integers. 
The ratios wl!W2 decrease and the velocity amplitudes in-
crease in these quasiperiodic flows as the Reynolds number 
is increased. The phase space trajectories indicate that the 
flow solution experiences a continuous translation around the 
periodic solution at Re= 150, and the mirror pattern of the 
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FIG. 4. Streamwise U and crosswise V velocities as a function of time, Fourier power spectra of the U velocity, and phase space trajectories of V vs U for 
the converging-diverging channel flow: (a) Re=150; (b) Re=200; (c) Re=250; (d) Re=300; (e) Re=350; (f) Re=400; (g) Re=500; and (h) Re=750. 
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trajectories with respect to V = 0 tends to disappear at these 
Reynolds numbers. 

locity histories, phase space trajectory, and power spectrum 
all have a more regular appearance [Fig. 4(f) J. In fact, the 
closed phase space trajectory indicates that the periodic be-
havior has been restored, and the power spectrum has regu-
larly occurring peaks corresponding to pure harmonics of 

The complexity of the system dynamics is affected by a 
frequency-locking phenomenon as the Reynolds number is 
further increased. This is shown for Re=400, where the ve-
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FIG. 5. Instantaneous streamlines plot in a sequence of six time frames within one flow cycle (O<;;;t<;;;rj at Re=400. 

(WZ-Wl)' This is due to the synchronization of the two os-
cillators in the system and the frequency-locking-a phe-
nomenon that has also been found in other dynamical 
systems.z9 The distance between any two consecutive har-
monics is given by 21Th, with a non dimensional period 
7=43.04. The phase space trajectory of V vs U for 32 com-
plete periods of oscillations T shows that the velocity trajec-
tories are moving along a limit cycle and periodic attractor, 
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corresponding to its frequency-locked periodic solution. The 
mirror pattern for the trajectories observed at lower Reynolds 
numbers is not obtained in this flow regime, and the ratio 
between the frequencies associated to the x and y directions 
of the flow is wxl Wy == 1. 

In Fig. 5, the global flow structure is shown through a 
sequence of six time frames of the instantaneous streamlines 
during one period of self-sustained oscillatory flow at Re 
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=400. The traveling wave structure of this supercritical flow 
confirms that the flow has undergone a bifurcation from a 
steady, time-independent state to a time-periodic flow. The 
viscous forces are not strong enough to keep the vortices 
confined in the sinusoidal furrows of the converging-
diverging channel. These vortices are moving alternately in 
the upper and lower furrow, inducing mixing with the bulk 
flow. The wave crest travels a periodicity length L while two 
vortices are ejected from the furrows during one period of 
oscillation 'T. Therefore, the vortex dynamics are synchro-
nized with the traveling wave structure of the flow. 

When we compute the flow at Re=500 [Fig. 4(g)], the 
asymptotically converged time signals of the velocity com-
ponents and their Fourier power spectra show that the flow 
has undergone another bifurcation. This bifurcation leads to a 
quasiperiodic behavior and attractor, with three fundamental 
frequencies, WI' w2, and W3' and their linear combinations. 
We notice that the first two frequencies, WI and W2, are close 
to those obtained for previous flow regimes. According to 
Eckmann 30 when a system undergoes three Hopf bifurca-
tions star'ting from a stationary solution as a parameter is 
varied (e.g., the Reynolds number), then it is likely that the 
system possesses a strange attractor with sensitivity to initial 
conditions after the third bifurcation. The power spectrum of 
such a system will exhibit one, then two, and possibly three 
independent fundamental frequencies. When the third fre-
quency is about to appear, a broadband spectrum will appear 
simultaneously if there is a strange attractor. This can be 
interpreted as chaotic evolution of the system. 

As the Reynolds number is further increased, an aperi-
odic behavior, associated with a strange attractor, is observed 
for Re=750, where the time evolution of the velocity com-
ponents clearly depicts its chaotic behavior [Fig. 4(h)]. The 
Fourier power spectrum shows that the sharp peaks at the 
previous fundamental frequencies decrease in amplitude and 
tend to disappear in the background of a broadband continu-
ous spectrum. However, there are still prevailing frequencies, 
WI, w2, and W3, on the continuous spectrum, where WI cor-
responds to the least-stable Tollmien-Schlichting mode. Ac-
cording to Ruelle's theory, this evolution is governed by a 
strange attractor, since a continuous frequency spectrum so-
lution comes after a quasiperiodic behavior insensitive to 
initial conditions?1 

v. DISCUSSION: RUELLE-TAKENS-NEWHOUSE 
SCENARIO 

The results presented in previous sections indicate that 
the converging-diverging channel flow experiences three 
successive supercritical Hopf bifurcations from a laminar 
steady state to an aperiodic flow regime, and each bifurcation 
adds a new fundamental frequency. In addition, there are 
intermediate states of periodicity with one fundamental fre-
quency, quasiperiodicity with two incommensurate funda-
mental frequencies, frequency-locked periodicity, and quasi-
periodicity with three fundamental frequencies along with 
linear combinations of these frequencies. 

The first fundamental frequency of the oscillatory flow, 
wI, is related to the traveling Tollmien-Schlichting wa;e 
frequency associated with the least-stable channel mode tor 
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TABLE II. Tollmien-Schlichting (w,-s) and Fourier spectrum frequencies 
(Wfs) for different Reynolds numbers. 

Re "J.rs 

125 0.313 475 
140 0.306207 
150 0.302015 
200 0.284748 
250 0.273059 
300 0.264214 
350 O.25p 918 
400 0.250880 
500 0.241522 

First 

0.313 490 
0.321651 
0.321651 
0.319680 
0.313 937 
0.306280 
0.298712 
0.290888 
0.281396 

Second Third 

0.398164 
0.417307 
0.428792 
0.432750 
0.436332 
0.428 794 0.683391 

all Reynolds numbers investigated. To obtain the least-stable 
plane channel mode compatible with the converging-
diverging channel, we calculate the Tollmien-Schlichting 
frequency, Wrs, for a plane channel, solving the Orr-
Sommerfeld equation.32 Table II compares Wrs with wFS as a 
function of the Reynolds number, where WFS is the funda-
mental frequency for the converging-diverging channel flow 
obtained from the Fourier spectrum analysis of the direct 
numerical simulations. In the vicinity of the first flow bifur-
cation, there is very good agreement between the first funda-
mental frequency of the converging-diverging channel flow, 
and the ToUmien-Schlichting frequency predicted by linear 
stability analysis. Near this first bifurcation, the flow either 
decays toward a steady state or oscillates with infinitesimally 
small amplitudes. This suggests that the amplified instabili-
ties are Tollmien-Schlichting in nature. However, for 
strongly supercritical flows, the large-amplitude oscillations 
exhibit a fundamental frequency shifted from Wrs. This is 
due to nonlinear effects that are significant for finite-
amplitude oscillations. Therefore, the traveling wave struc-
ture and the characteristics for small-amplitude instabilities 
support the assertion that the converging-diverging channel 
instabilities are triggered by Tollmien-Schlichting instabili-
ties. 

In summary, the converging-diverging channel flow fol-
lows a route to chaos with successive supercritical Hopf bi-
furcations as the Reynolds number is increased. This transi-
tion scenario, reported here for the first time in open flow 
systems, is similar to the Ruelle-Takens-Newhouse scenario 
to chaos in dissipative dynamical systems,7 which has been 
found in closed flow systems such as Taylor-Couette flow4,5 

and in Rayleigh-Benard thermal convection. 1,3,12 The pres-

Fixed Limit 
T2 Torus T3 Torus SA point cycle 

~ Reynolds number 
S P QP z p' 

8 3 
QP 3 Chaos 

8 1 Bz 

FIG. 6. Schematic representation of the successive bifurcations 8 1 , 8 2 , and 
B3 leading to chaos as the Reynolds number is increased: S=steady state; 
P=periodic state; QP2=quasiperiodic regime with two incommensurate fun-
damental frequencies; P* = frequency-locked periodic state; QP, 
=quasiperiodic regime with three incommensurate fundamental frequen-
cies; SA=strange attractor. 
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ence of the third fundamental frequency at the onset of chaos 
and the chaotic behavior observed for the higher Reynolds 
number (750), suggests the existence of a strange attractor. 
The following states and bifurcations are identified for the 
evolution of the forced convective flow in converging-
diverging channels, as shown in Fig. 6: (i) laminar steady­

state flow; first bifurcation, B 1; (ii) periodic flow with one 
fundamental frequency; second bifurcation, B2 ; (iii) quasi­

periodic flow with two incommensurate fundamental fre-
quencies and their linear combinations; (iv) frequency-locked 

periodic state; third bifurcation, B 3 ; (v) quasiperiodic flow 

with three incommensurate fundamental frequencies and 
their linear combinations; and (vi) aperiodic chaotic state. 

VI. CONCLUSION 

Self-sustained oscillatory flows are investigated by the 
direct numerical simulation of incompressible flows in 
converging-diverging channels. The numerical results reveal 
that the transition process from laminar to chaotic flow fol-
lows a scenario similar to that described by the Ruelle-
Takens-Newhouse theory, characterized by a finite number 
of successive supercritical Hopf bifurcations. These flows 
exhibit a sequence of periodic, quasiperiodic, and aperiodic 
regimes, as the Reynolds number is increased beyond the 
first flow bifurcation at 130<Re<135. Quasiperiodic flow 
regimes with two and three incommensurate fundamental 
frequencies, as well as a frequency-locked periodic regime, 
are also obtained as intermediate states. Previous to the onset 
of the chaotic flow regime, the velocity power spectrum con-
tains three fundamental frequencies along with their linear 
combinations. An aperiodic behavior, associated with a 
strange attractor, is observed for Re=750. The chaotic be-
havior for this regime is indicated by a broadband Fourier 
power spectrum. The first fundamental frequency for all 
Reynolds numbers is related to the least-stable channel mode 
and corresponds to the traveling Tollmien-Schlichting wave 
mode. 
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