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ABSTRACT

Many animal taxa show frequent and rapid transitions between male heterogamety (XY) and female
heterogamety (ZW). We develop a model showing how these transitions can be driven by sex-antagonistic
selection. Sex-antagonistic selection acting on loci linked to a new sex-determination mutation can cause
it to invade, but when acting on loci linked to the ancestral sex-determination gene will inhibit an
invasion. The strengths of the consequent indirect selection on the old and new sex-determination loci
are mediated by the strengths of sex-antagonistic selection, linkage between the sex-antagonistic and sex-
determination genes, and the amount of genetic variation. Sex-antagonistic loci that are tightly linked to a
sex-determining gene have a vastly stronger influence on the balance of selection than more distant loci.
As a result, changes in linkage, caused, for example, by an inversion that captures a sex-determination
mutation and a gene under sex-antagonistic selection, can trigger transitions between XY and ZW systems.
Sex-antagonistic alleles can become more strongly associated with pleiotropically dominant sex-
determining factors, which may help to explain biases in the rates of transitions between male and
female heterogamety. Deleterious recessive mutations completely linked to the ancestral Y chromosome
can prevent invasion of a neo-W chromosome or result in a stable equilibrium at which XY and ZWsystems

segregate simultaneously at two linkage groups.

MONG species with genetic sex determination, sex

is determined in the vast majority by a single locus

or chromosome (BULL 1983). In taxa such as mammals,
males are heterogametic (XY) and females homoga-
metic (XX), while in groups such as birds, females are
heterogametic (ZW) and males homogametic (ZZ). In
contrast to the stability of the ancient sex-determination
systems of groups like mammals and birds, some animal
taxa show evidence of recent and rapid transitions
between male and female heterogamety (Ezaz et al.
2006). For example, a phylogenetic analysis of genetic
sex determination in teleost fishes found that 8 of 26
families include both species with XY and species with
ZW sex determination (MANK et al. 2006). A similar
survey in amphibians provides further examples of
switches between XY and ZW systems (HiLris and
GREEN 1990). Studies focused on several genera reveal
details on finer evolutionary scales. In the cichlid genus
Tilapia and its close relatives, sex is determined by two
pairs of chromosomes, one of which functions as an XY
system and the other as ZW. Sex is determined by the XY
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pair in some species and by the ZWpair in others, while
in at least two species both pairs contribute to sex
determination (CNAANTI et al. 2008). In the genus Oryzias
(the medaka and its relatives), there has been a
transition from an ancestral XY system to a ZW sex
system on a different pair of chromosomes (TAKEHANA
et al. 2008) and among the poeciliid fish (the guppy and
its relatives) are species with XY and ZW sex deter-
mination (VoLrr and SCHARTL 2001).

At the chromosomal level, changes between female
and male heterogamety can be grouped into two cases.
The first we refer to as a nonhomologous transition. This
occurs when the XY locus and the ZW locus are on
different linkage groups. In this case, a transition
between XY and ZW systems converts a linkage group
that was the ancestral pair of sex chromosomes into
autosomes and a linkage group that was autosomal into
the new sex chromosomes. This situation is exemplified
by Tilapia and Oryzias. The second case we term a
homologous transition. An example occurs when a linkage
group that already determines sex changes from an X
chromosome (whose sex-determining function is re-
cessive to that of the Y) to a W chromosome with a
dominant feminizing effect over Y. A transition between
male and female heterogamety then occurs as one
homologous chromosome displaces another, for exam-
ple, with the loss of the ancestral X and the establish-
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ment of the new W. An example of a homologous system
in which X, Y, and W chromosomes all segregate at the
same linkage group is known in the platyfish, Xiphopho-
rus maculatus (KALLMAN 1984).

The evolutionary forces responsible for transitions
between male and female heterogamety are not well
understood. Three types of hypotheses have been pre-
viously proposed. If there are no fitness differences
between the genotypes, there is a set of neutrally stable
equilibria (Scupo 1964, 1967). The equilibria fall along
a curve in the space of genotype frequencies that
connects the XY and ZW endpoints, and the sex ratio
at all points along the curve is 1:1. Drift along this
neutral curve can produce a switch between XYand ZW
(BurLL and CHARNOV 1977).

A second kind of mechanism operates if a new sex-
determining mutation enjoys a fitness advantage. It can
then spread as the result of simple natural selection,
resulting in a heterogamety transition when it is
established (KaLLMaN 1973; BurLL and CHARNOV
1977; LANDE et al. 2001). Alternatively, a stable poly-
morphism that maintains X, Y, and W chromosomes
results under some fitness conditions (ORZACK et al.
1980). Similarly, a transition can be driven by a novel
sex chromosome that has a meiotic drive advantage
(BurLL and CHARNOV 1977; WERREN and BEUKEBOOM
1998; JAENIKE 2001).

A third type of hypothesis to explain transitions
between male and female heterogamety depends on
the ability of some sex-determining mutations to alter
the sex ratio. Sex ratios deviating from 1:1 can be
favored under some circumstances, for example, when
siblings compete for resources or when there is inter-
demic selection (CHARNOV 1982; WEST et al. 2000).
Alternatively, forces such as meiotic drive can generate
skewed sex ratios in a situation where selection favors
equal numbers of males and females (JAENIKE 2001). A
new sex-determining mutation can respond to these
types of selection and cause a shift between male and
female heterogamety (WERREN and BEUKEBOOM 1998;
LANDE et al. 2001; KocHER 2004; VUILLEUMIER et al.
2007; KozIELSKA et al. 2010). This process is likely to
have occurred in several mammalian species with un-
usual sex-determining mechanisms: the wood lemming,
Myopus schisticolor (LAU et al. 1992); the Spanish mole,
Talpa occidentalis (MCVEAN and HURST 1996); and the
creeping vole, Microtus oregoni (CHARLESWORTH and
DemPsEY 2001).

This article proposes a fourth hypothesis. We develop
a model showing how evolutionary transitions between
XY and ZW sex-determination systems can be driven by
sexually antagonistic selection. This term refers to the
situation where alleles advantageous in one sex are
deleterious in the other sex (Rice 1984). We show
that a mutation that changes the sex-determining
properties of an existing sex chromosome will naturally
and automatically become associated with alleles at

sex-antagonistic loci nearby on the chromosome. For
example, a mutation that changes an X chromosome
(recessive to Y) to a W chromosome (dominant and
feminizing over Y) will become correlated with alleles
that enhance female fitness. Under some conditions,
this new type of sex chromosome will spread by
selection, causing a shift between XY and ZW sex
determination. This idea extends the classical theory
for the origin of sex chromosomes in a population
that originally lacks them (Burr 1983; Rice 1987;
CHARLESWORTH 1991) and our recent model showing
how sex-antagonistic selection can cause a new Y chro-
mosome to supplant sex determination by an ancestral Y
chromosome at a different linkage group (vaN DOORN
and KiRkPATRICK 2007).

Our hypothesis is motivated by a substantial body of
evidence that suggests that sex-antagonistic selection is
frequent (reviewed in vAN DooORN 2009). The obser-
vation that a large fraction (perhaps even the majority)
of the transcriptome is expressed differently in males
and females (OLIVER and Parist 2004; GNAD and
ParscH 2006; YANG et al. 2006) suggests ample oppor-
tunity for sex-specific selection. INNOCENTI and
Morrow (2010) recently estimated that 8% of genes
in Drosophila melanogaster are under sex-antagonistic
selection in a laboratory environment. Another line of
evidence thatis consistent with a role of sex-antagonistic
selection in sex chromosome evolution is the growing
number of examples of recently derived sex chromo-
somes that carry sexually selected loci. Cases are known
from several groups of fishes: sticklebacks (KiTaNo et al.
2009), medaka (WADA et al. 1998), poeciliids (KALLMAN
1973; LinpHorM and BREDEN 2002; FERNANDEZ and
Morris 2008), and cichlids (LANDE et al. 2001; STREELMAN
et al. 2003; ROBERTS et al. 2009).

This article develops models showing how and when
sex-antagonistic selection will drive transitions between
XY and ZW sex determination. We first consider the
nonhomologous case. The model allows for any number
of sex-antagonistic loci on the ancestral and new sex
chromosomes and either loose or tight linkage between
the sex-antagonistic genes and the sex-determining loci.
Analytic approximations are derived for conditions that
will cause invasion of a new sex chromosome that results
in a transition between male and female heterogamety.
We find that invasion will lead to a complete transition
in the absence of other factors. We go on to consider the
role of deleterious recessive mutations linked to the
ancestral sex chromosomes. These tend to stabilize the
ancestral sex-determination system, making it more
difficult for a transition to occur and more likely that a
stable polymorphic equilibrium will be attained if a new
sex chromosome does begin to invade. Finally, we
analyze the case of a homologous transition, in which
invasion of a new chromosome at the ancestral sex-
determining linkage group causes a transition between
XYand ZW systems.
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MODEL

The genetic model that we consider consists of two
sex-determination loci and a set of loci that segregate
for sexually antagonistic alleles. Sex-determining lo-
cus s, with alleles X and Y, carries the ancestral master
sex-determining gene. Locus s" represents the invad-
ing sex-determining system. This locus is initially fixed
for allele Z, and we are interested in conditions that
allow a dominant feminizing allele W to invade. As
reflected by our notation, we suppose that male
heterogamety is the ancestral state. By consistently
switching the roles of males and females, the results
can be made to apply to the case that the ancestral state
is female heterogamety.

Assumptions and notation: The sex-antagonistic loci,
denoted a, b, ¢, . .., are linked to one or the other of the
sex-determining loci (in the case of a nonhomologous
transition) or linked to both (if the sex-determining
loci are on the same linkage group). Each one segre-
gates for two alleles, denoted 0 and 1. These loci are
partially sex linked; because we are interested in the
evolution of evolutionarily young sex chromosomes that
have not yet become heteromorphic, we allow for
recombination between loci on the sex-determining
chromosomes. To emphasize this fact, we use x,y, z, orw
to refer to specific chromosomes, depending on the
allele at the relevant sex-determining locus; uppercase
X, Y, Z, and W are reserved for nonrecombining, well-
differentiated sex chromosomes as in mammals and
birds. The model allows for the polymorphism at sex-
antagonistic loci to be maintained by sex-antagonistic
selection, mutation, or a combination of the two. Mu-
tation between the two alleles at the sex-antagonistic loci
occurs at a rate . (The analysis in supporting in-
formation, File S1, and some of our simulations relax
the assumption that the rate be symmetric.)

Selection on the sex-antagonistic loci occurs in the
juvenile stage. We make no restrictions on the fitness
relations between the genotypes at a locus (that is, any
kind of dominance is allowed) or on the relative fitness
effects on males vs. females. The loci are assumed to
have independent (multiplicative) effects on viability or
fecundity, however, meaning that there is no epistasis
between them. We assume that mating is random. File
S1 shows how the relative fitnesses of the genotypes at a
sex-antagonistic locus can be used to calculate the
average filness effect of a sex-antagonistic locus. This
quantity, which governs the amount of indirect selection
that it generates on the sex-determining genes, is equal
to the average change in fitness that would result from
substituting a 1 allele for a 0 allele (see Table Al in the
APPENDIX for a definition). We use of to denote the
average fitness effect at locus « in females and o™ for
that in males.

If the fitness effects of the sex-antagonistic loci are
small, then their contributions to the evolution at the

sex-determining loci are additive to leading order in the
fitness effects. (This follows because departures from
additivity depend on three-way linkage disequilibria
between pairs of sex-antagonistic loci and either one of
the sex-determination factors, and these higher-order
associations do not exist under our assumption of no
epistasis.) This allows us to decompose our model into
submodels that each consider a single sex-antagonistic
locus in isolation. We then add together their effects to
find the collective impact on the sex-determination
loci.

Even with this decomposition, a full description of the
evolutionary dynamics would require us to keep track of
15 dynamic variables for each submodel (e.g., 2° — 1
gamete frequencies for each sex plus the sex ratio),
which change from one generation to the next in a
complex manner due to sex determination, sex-specific
selection, and Mendelian transmission. To deal with this
complexity, we use an approximation based on the
framework for multilocus systems developed by
BarTON and TureLLI (1991) and its generalization by
KIRKPATRICK et al. (2002) (details are provided in the
APPENDIX). This framework distinguishes between the
different positions that a gene at a given locus can occupy.
Agene can be carried by either a male or afemale, which
we call the gene’s sex-of-<carrier, and can have been
inherited from either a male (the father) or a female
(the mother), which we call the gene’s sex-of-origin. We
use subscripts m (for male) and f (for female) to denote
the sex-of-origin. For example, at the zygote stage, serefers
to a gene at locus s (the ancestral sex-determination
locus) inherited from a female (the zygote’s mother).
Since sex determination has not yet occurred, genes at
the zygote stage do not have a sex-of-carrier. Likewise,
positions in gametes can be distinguished only by a
subscript (fifitis in an egg, m if in a sperm), reflecting
the sex of the individual who produced the gamete or,
equivalently, the gene’s sex-of-origin in the next gener-
ation. At the juvenile and adult stages, however, we need
also to specify the gene’s sex-of-carrier, which we do with
asuperscript. For example, si" refers to the gene atlocus
sinherited from a female and carried by a male. The sex-
of-origin and sex-of-carrier (when present) are together
called the gene’s context. We denote a gene in a specific
context using a chalkboard letter; for example, we can
write s = s{'. The set of all positions that contribute to
sex determination in zygotes is written S = {s, s, ',
sm'}. Likewise, we write A™* = {a**, a¢*, b, .. .} for the
set of all positions affecting fitness in juveniles, where
sex equals m or f for male or female juveniles,
respectively.

The genetic state of the population can be completely
described in terms of the allele frequencies at each
position for all of the loci and the statistical associations
between the alleles at all sets of these positions (that is,
linkage and Hardy—Weinberg disequilibria). The ge-
netic association between alleles at the set of positions J,
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as defined by Equation Al in the APPENDIX, is denoted
as Dy. While the number of genetic associations grows
rapidly with the number of loci in the model, we show
that the large majority of them are either zero or
negligibly small, which leads to tremendous simplifica-
tions in the analysis.

The frequencies of the Yallele in zygotes are written j,
the frequencies of the Wallele are written w, and the
frequencies of allele 1 at the sex-antagonistic locus a are
written p,. These frequencies are subscripted to distin-
guish between the positions. Thus y,, is the frequency of
the Y allele in zygotes among genes inherited from a
male (the father), wr is the frequency of the Wallele
among genes inherited from a female (the mother),
and p, is the frequency of allele 1 at locus @ among
genes inherited from a male. We use an asterisk to
denote a frequency at the start of the following
generation, e.g., wi'.

RESULTS

We begin this section by developing general results
for the invasion of a new w chromosome. Next are four
sections that consider cases in which the ancestral and
novel sex-determination loci are loosely linked. These
apply to nonhomologous transitions and to homologous
transitions if the loci are sufficiently far apart on the
same chromosome. In the first case, the sex-antagonistic
locus is loosely linked to both sex-determination loci.
In the second, it is tightly linked to one of them (the
distinction between loose and tight linkage depends
on the magnitude of the rate of recombination relative
to that of the sex-antagonistic selection coefficients;
see below). In the third case, ZWsex determination is
near fixation, and we use its behavior there to de-
termine if a protected polymorphism can be estab-
lished with both XYand ZWsex-determination systems
segregating. The fourth case considers the effect of
deleterious recessive alleles that have accumulated on
the ancestral sex chromosomes. The final section of
results examines homologous transitions in which the
two sex-determining loci are tightly linked to each
other.

General results: As long as the W allele is rare, its
frequency changes at an exponential rate Az =
ln(w?‘/ wr) that is approximately independent of the
allele frequency wy (Figure 1). This rate predicts
whether the allele can increase in frequency when it is
rare (Wspreads only if A,y > 0). Accordingly, we refer
to N\ as the invasion fitness of the novel sex-determin-
ing allele, conforming to the usage of this term in the
adaptive dynamics literature (METZ et al. 1992); N v can
be interpreted as a net selection coefficient for the W
allele at the time of invasion. Working our way back
through the life cycle, and omitting associations that
evaluate to zero, we find

f
o
A = lim |5 (D = DY)
w TUfIIBO wa aE{llzr.:am} {a,st} a st
£ [ ODasty
8u)f

where of is the average fitness effect of an allele
substitution at the sex-antagonistic locus in females
(see Table Al in the AppeENDIX). The associations
appearing in the intermediate result in Equation 1 refer
to the juvenile stage. The strength of indirect selection
on the Wallele scales with the magnitude of its non-
random association (Di, ,, — DiDy) with maternally
(a = a) and paternally (a = a,,) derived alleles at the
sex-antagonistic locus @ in females. In the final result,
the associations are rewritten in terms of associations at
the zygote stage and linearized with respect to wg Here
we see that invasion of the new w chromosome is
affected by its association with allele 1 at sex-antagonistic
locus a in female gametes and by the association
between allele 1 at @ and the y chromosome in male
gametes. These two associations have opposite signs if
alleles at locus «a have sexually antagonistic fitness
effects. Female beneficial alleles naturally become
associated with the feminizing W allele, whereas male-
beneficial alleles automatically become associated with
the masculinizing factor Y. The first association pro-
motes invasion of the novel w chromosome, since it has
the same sign as o, but the second stabilizes the
ancestral sex-determination system (its sign is opposite
to that of of, leading to a negative contribution to the
fitness of W). Figure 1 shows an example with of <0;ie.,
allele 1 at the sex-antagonistic locus « is a male-
beneficial allele that is positively associated with the y
chromosome in sperm (Dy,, ,1>0) and negatively
associated with the Wallele in eggs (D, ¢y <0).

The associations that appear in Equation 1 are related
to sex-antagonistic allele-frequency differences between
different types of gametes. The precise relationships
(Table Al in the APPENDIX) can be derived from
definition (Al) in the ApPENDIX and substituted into
Equation 1 to produce an expression for the invasion
fitness with a simple interpretation:

Qo + 2D{a.msm} R (1)

wp=0

1
Azw = o (PW — Pz) + P (PY - l’X) . (2)

Here, pwand p, are the average frequencies of the sex-
antagonistic allele in eggs that carry a Wor a Zallele at
the novel sex-determination locus s'. Likewise, py and
px are the frequencies in sperm carrying a Y or an X
allele at the ancestral sex-determination locus s.

A simple argument verifies that the right-hand side of
Equation 2 quantifies the fitness difference between a
mutant (ZW) and a wild-type (XX) female. A mutant
female has inherited a W allele from her mother instead
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FiGure 1.—A homologous transition from
male to female heterogamety. (A) A feminizing
allele segregating at a novel sex-determination lo-
421 cus on the ancestral sex chromosomes increases
in frequency (solid circles) if it is more tightly
linked to a sex-antagonistic locus than the ances-
tral master sex-determining gene (r = 0.1 and

allele frequency

0.01

frequency of W

r" = 0.05 in this simulation). The spread of the
novel Wallele is accompanied by an increase in
the frequency of the ancestral masculinizing Yal-
— lele in both male and female gametes (open and
solid squares, respectively) and slight changes in
the allele frequencies at the sex-antagonistic lo-

0.001

linkage disequilibrium

0 4000 8000
0.01- generation

cus (open and solid triangles/dashed lines).
(B) The homologous heterogamety transition
is driven by sex-antagonistic selection, which acts
indirectly on the sex-determination loci through
their nonrandom genetic association with sex-
antagonistic alleles. (C) Initially, the Wallele sp-
reads at a nearly constant exponential rate and
simulated frequencies (solid circles) fall along
a straight line when plotted on a logarithmic

T
20000

generation

scale. Analytical expressions for the invasion
fitness of the Wallele (dashed line, loose-linkage
result; solid line, tight-linkage result) predict the
slope of this line (i.e., the exponential rate of in-

40000

crease) during the initial phase of the simulations. Fitness values for the genotypes 00, 01, and 11 in females were given by 1,
1+ At v, and 1 + v, respectively, with vy = —0.03 and & = 0.6. Analogous expressions define fitness in males, with v,, = 0.04
and h,, = 0.8. Mutations between sex-antagonistic alleles occurred at rate p. = 1.0 X 107°.

of a Z allele. In addition, she may have inherited a ¥
allele from her father instead of an X. This occurs in half
of the cases, whereas wild-type females always inherit an
X allele from their father. Accordingly, the expected
difference in allele frequency at the sex-antagonistic
locus between a mutant and a wild-type female is
given by pw — p, for the maternally inherited half
of the genome plus (py — px) for the paternally
inherited part, which corresponds exactly to the term
between brackets in (2). The multiplication with o', the
average effect of an allele substitution, converts the sex-
antagonistic allele-frequency difference into a fitness
effect.

The next four sections apply these general results to
cases in which the ancestral sex-determination locus
and the new sex-determination loci are loosely linked
to one another, as occurs in nonhomologous transi-
tions. In a final section, we consider homologous
transitions in which the two sex-determining loci are
tightly linked.

Loose linkage: Consider the situation in which the
three loci (s, ', and «) are loosely linked to one another.
This is the case in nonhomologous transitions when the
strength of sex-antagonistic selection is weak relative to
the rates of recombination. Expressions for the allele
frequency differences py — pand py — px can be then
obtained by solving for the quasi-linkage-equilibrium
(QLE) values of the associations D, 4y and Dy, . that
appear in our earlier result (1) using the methods of
KiRKPATRICK et al. (2002) (see File S1 for details).

Substituting the QLE values into the expression for
the invasion fitness yields our final result for loose
linkage:

_ 1-27" 1-2r
~ fr f - m _
A ~ Va (OL a )( 9, o >

£ fi 1—27'_1727
-am (5 -0 @

~
~

N —

Here G! = 2V(a")” is the additive genetic variance for
fitness at locus « in females, Gflm =2Vafa™ is the
genetic covariance between fitness in females and
males, V = p(1 — p), and p is the mean allele frequency
atlocus ain zygotes. Finally, rand +’ are, respectively, the
recombination rates between a and s (the ancestral sex-
determination locus) and between a and s’ (the new
locus). These and later results based on the QLE
approximation are accurate to leading order in the
fitness effects (the a) when selection is weak relative to
recombination (o <€ % 7).

This expression verifies the intuition that a feminiz-
ing mutation can spread in a population with XY sex
determination under the influence of sexually antago-
nistic selection (Figure 1). Indirect selection on the
feminizing W allele results from G', the additive genetic
variance for fitness in females at locus a. That force
is diminished if Gi’“, the genetic covariance between
male and female fitness, is positive; on the other hand,
the force is augmented if the covariance is negative. The
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FiGure 2.—Validity of the analytical ap-
proximations. A homologous transition is
modeled with a fixed distance between the an-
cestral and novel sex-determining loci (the
rate of recombination between these loci is
0.08), while the position of the sex-antagonistic
locus (parameters: vy = 0.03, A = 0.6, v, =
—0.04, Ay, = 0.4, and p = 0) is varied (hori-
zontal axis). The vertical axis gives the invasion
fitness of the Wallele on the basis of numerical
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iterations of the exact population-genetic re-
cursions of the model (solid circles), the tight-
linkage approximation (solid curve), and the
loose-linkage approximation (dashed curve).
The latter performs well as long as recombina-
tion is a stronger force than selection
(r,r">|v¢], |um|), while the tightlinkage ap-
proximation is accurate over the entire range
of recombination rates (noticeable differences
with the simulation results appear only when

-020 -0.15 -010 -005 000 005 0.10
chromosomal position of sex-antagonistic locus (cM)

strength of indirect selection is modulated by the
relative strength of linkage between aand sand between
aand s'. The sex-antagonistic locus favors invasion of W
if it is more closely linked to the new sex-determination
locus s" than to the ancestral locus s (that is, r' < r;
Figure 2).

These models show that a transition in the sex-
determination system can occur under conditions that
are more general than those typically considered in
discussions of sex-antagonistic selection. It suffices for
the relative fitness effects of the selected locus to be
different in males and females; it is not necessary that
the allele favored in males is detrimental to females (or
vice versa). The latter condition is more strict; it implies
that G'™ has to be negative, whereas indirect selection
on the sex-determination locus is already generated if
G™ is positive but smaller than G. The stricter
condition is necessary for selection to maintain poly-
morphism at the sex-antagonistic locus, but our results
apply equally if the polymorphism is maintained by
other evolutionary forces or is transient.

In fact, Equation 3 holds irrespective of whether
selection, mutation, or a combination of both maintains
variation at the sex-antagonistic locus (since for this
case i < 7 1'). The loose-linkage result also applies to
homologous (e.g., Figure 1) as well as nonhomologous
transitions, provided that the sex-antagonistic locus is
not tightly linked to either one of the sex-determination
loci (Figure 2). Under this condition, the results match
with numerical solutions of the exact population
genetic recursions for our model, providing confidence
in the accuracy of the QLE approximation. The de-
viation between the loose-linkage prediction and the
exact simulations for tightly linked sex-antagonistic loci
is explained by the fact that, so far, our methods

linkage between the sex-determination loci is
very tight). We assumed HALDANE’s (1919)
mapping function.

0.15 0.20

overestimate the genetic variance at such loci. Alterna-
tive sex-antagonistic alleles tend to go to fixation on
different types of sex chromosomes if the rate of recom-
bination is low, reducing the average sex-antagonistic
genetic variation to less than one would expect on the
basis of the average allele frequency. Accounting for this
fact (see the results for tight linkage below) provides
analytical fitness estimates that match very closely to the
exact numerical results (Figures 1C and 2).

The effects of indirect selection generated by different
sex-antagonistic loci have additive effects on the evolu-
tion at the sex-determining loci (Table S1 and Table S2).
A general result for an arbitrary number of sex-antago-
nistic loci can therefore be obtained by calculating A\ 7y
for each locus in isolation and then adding together
those contributions to find the net exponential rate of
increase of the Wallele. Sex-antagonistic loci that are
linked equally to the old and new sex-determination loci
will have no effect (see Equation 3 with v" = r). At the
other extreme, sex-antagonistic loci that are tightly
linked to s or to s" have a very strong effect.

The biological implication is that the few sex-antagonistic
genes that are in the immediate vicinity of the sex-
determination loci have a deciding impact on the out-
come of evolution. Sexually antagonistic polymorphisms
tend to accumulate on the sex chromosomes and re-
combination between the sex chromosome homologs is
often reduced (CHARLESWORTH and CHARLESWORTH
1978; BurL 1983; Rice 1984, 1987; CHARLESWORTH
1991). Those factors will tend to stabilize the ancestral
sex-determination system. It is possible, however, that
a single sex-antagonistic gene linked to a novel sex-
determining locus will tip the balance in favor of invasion
of the new sex-determination system. Simulations for a
large number of random genetic systems with many
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sex-antagonistic loci do indeed show that only a small
subset of the sex-antagonistic genes effectively contribute
to heterogamety transitions (Figure 3). Each dot in
Figure 3 represents an invasion fitness estimate for a
nonhomologous transition with two linkage groups that
contain unequal fractions of the total number of sex-
antagonistic loci. At the start of each simulation, two-
thirds of the sex-antagonistic loci were randomly posi-
tioned on the ancestral sex chromosomes; the remaining
loci were randomly distributed over the other linkage
group with the novel W allele. Only positive invasion
fitness values (corresponding to successful invasion of
the W allele) are shown. The results for the loose-linkage
approximation (Figure 3, shaded dots) emphasize the
overwhelming effect of tight linkage on the invasion
fitness of the Wallele. When the results are corrected for
the reduced variance (within sex chromosomes) at sex-
antagonistic loci in the vicinity of sex-determination
genes (tightlinkage approximation; Figure 3, solid dots),
the tail of the distribution of fitness values is truncated at
amaximal value thatis of the same order of magnitude as
the sex-antagonistic selection coefficients. Nevertheless,
even with that correction taken into consideration, the
fitness contribution of tightly linked loci is orders of
magnitude larger than that of loosely linked ones. To
illustrate this point, we also calculated for each replicate
simulation the fitness contribution of the single sex-
antagonistic locus that is most closely linked to a sex-
determination gene (shown by solid lines in Figure 3).
The close match between the distributions of the total
invasion fitness (i.e., the net effect of all loci; Figure 3,
dots) and the fitness contribution of the most tightly
linked sex-antagonistic locus shows that this single locus
has a deciding impact on the evolutionary fate of the W
allele, even if the overall distribution of sex-antagonistic
fitness variation is concentrated on the ancestral sex
chromosomes. Tightly linked combinations of a novel
sex-determination factor and a sex-antagonistic gene
could, for example, arise when both are captured by an
inversion. Such an event would immediately increase
linkage between the two and could trigger a heterogam-
ety transition.

Tight linkage between a and one sex-determining
locus: This section considers the case in which a sex-
antagonistic locus a is tightly linked to one of the sex-
determination loci. Those loci, in turn, are again assumed
to be loosely linked (e.g, on different chromosomes, as in
a nonhomologous transition, or far apart on the same
chromosome). The starting point for the analysis is
Equation 2, which relates the invasion fitness of the W
allele to average differences in allele frequencies between
different types of gametes. Two separate cases need to be
considered, depending on whether the sex-antagonistic
allele is tightly linked to the ancestral or to the novel sex-
determination locus.

In the case of tight linkage with the novel sex-
determination locus s, there is no difference between

the sex-antagonistic allele frequencies in male gametes
that carry an x or a y chromosome. This follows from
the assumption that the sex-antagonistic locus is on a
different linkage group from the ancestral sex-determi-
nation factor. Simple population genetic recursions de-
scribe the per-generation change of the allele frequencies
on the ancestral autosome z, p; ~ p, and on the new w
chromosome, py: The recursions for the frequencies in
gametes are given by

Ap = % (OLf + ocm)‘_/ +w(l — 2[5)

4
Apw= ' Vi + (1 = 2pw) — ' (pw — p2). )

where Vy = pw(l — pw) is the genetic variation at
locus a in gametes that carry the Wallele and w is the
rate of mutations between sex-antagonistic alleles. (See
File S1, which also allows for biased mutation rates.) Itis
necessary to take mutation into explicit consideration
since its effect on gene frequency change can no longer
be ignored relative to that of recombination if linkage is
very tight.

Combining Equation 2 and the stable equilibrium
solutions of the recursions (4) provides the first of two
intermediate results for the invasion fitness for non-
homologous transitions:

VW(OLf —a™) — (V- VW)(OLf +a™)
2r" + 4w '

(5)

f\’7W = OLf

The second intermediate result applies to the case
that the sex-antagonistic allele is tightly linked to the
ancestral sex-determination locus s. This scenario is
slightly more complicated, because tight linkage with the
ancestral sex-determination locus can result in signifi-
cant differences in the frequencies of sex-antagonistic
alleles between the x and the y chromosome, which
already segregate at high frequencies in the ancestral
population. The population genetic recursions for the
sex-antagonistic allele frequencies on the x and the y
chromosome feature sex-chromosome-specific variances
(Vxand Vy) and effects of allele substitution (a'y and oy’
in males and o, in females; Table A1). The recursions are
best expressed in terms of the average allele frequency
p=1(3px +py) and the allele frequency difference
px — py in sperm at the sex-antagonistic locus:

Ap =LV (2o + ) + Vya] + p(1 — 2p)

A(px — pv) = V(20 + ) = 3Vyolp — 6p(px — py)
—4r(px — py)-

(6)

To obtain an expression for the invasion fitness, it is
necessary to relate these results to the allele frequencies
in eggs (pzand py) that appear in Equation 2. This is
relatively straightforward: mutant females can inherit a
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Frcure 3.—Heterogamety transitions are gov-
erned by a small subset of the sex-antagonistic
genes. The invasion fitness of the Wallele was
calculated for 300,000 random genetic sys-
tems, each with 200 sex-antagonistic loci. In
each simulation the sex-antagonistic loci were
distributed over two linkage groups; two-thirds
of the loci were randomly positioned on the an-
cestral sex chromosomes and the remaining
one-third of the loci were randomly posi-
tioned on an autosome pair with the novel
sex-determination gene. The size of both link-
age groups was 100 cM. Despite the twofold
bias favoring the ancestral sex-determination
system and the large number of loci, we observed
positive values of the invasion fitness in ~10%
of the cases. The right tail of the observed dis-
tribution of fitness values is shown, with dots
indicating invasion fitness estimates from indi-
vidual simulations (shaded dots, loose-linkage
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invasion fitness of W allele
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approximation; solid dots, tightlinkage approx-
imation). In both cases, the right-tail behavior
is well approximated by the fitness contribution
of the single sex-antagonistic locus that is most
tightly linked to the novel sex-determination

gene (thin solid lines), indicating that the sex-antagonistic variation responsible for transitions between sex-determination systems
may segregate at a very small subset of the sex-antagonistic loci. The selection coefficients for individual loci were drawn from a bivariate
normal distribution with mean (0, 0) and a covariance matrix with common variance 0.022 and correlation coefficient —0.8. The dom-
inance coefficients were also drawn from a bivariate normal distribution [mean (0.5, 0.5), common variance 0.2, and correlation co-

efficient 0.7] with the additional constraint 0 =< s < 1.

y chromosome from their father, which they may then
pass on to their female offspring. This occurs with a
probability of one-half. It follows that the marginal sex-
antagonistic allele frequency in W gametes is given by
pw = (px t py)/2. By contrast, female gametes that
carry a Z allele must always carry an x chromosome,
such that p, = px. These expressions for pyand p,are
substituted into Equation 2 together with the equilib-
rium solution of the recursion for px — py (Equation 6)
to give the second intermediate result,

Sy — _afvxag‘( — (1/2)(8Vya} — Vxa})
w 2r + 3 '

(7)

We can combine our results for loose and tight
linkage into a single expression. A comparison of
Equations 3, 5, and 7 suggests the following linear
combination as an expression for the invasion fitness:

)\ZVV = (1 — 27’)X2W + (1 - QT)XZW. (8)

Under loose linkage, the sex-chromosome-specific var-
iances Vy, Vy and Vi, approach the mean variance V.
Similarly, the effects of allele substitution o, a2, and
o} converge to ' and a™. With these substitutions and
for r, r" > p, it is easily verified that (8) does indeed con-
verge to the loose-linkage result. Equation 8 matches
closely with numerical calculations based on exact pop-
ulation genetic recursions for the full range of re-

combination rates rand »’ (Figure 2). The accuracy of
the predictions of Equation 8 extends to homologous
transitions (Figures 1C and 2), except in cases where all
three loci are tightly linked together. We separately
consider this scenario in the section on homologous
transitions below.

Fixation of ZW sex determination: A successful
invasion of the Wallele does not necessarily imply that
the ancestral XY sex-determination system will be
completely replaced by the novel ZW system. In princi-
ple, the w chromosome might spread until it reaches an
intermediate frequency, establishing a stable polymor-
phism of sex-determination factors. We can determine
if that is possible by asking whether the ancestral x
chromosome will increase when it is rare and so pro-
duce a protected polymorphism.

To calculate the invasion fitness of the ancestral sex-
determination system, it is necessary to specify the sex
of individuals that are homozygous for the ancestral Y.
We assume that W is epistatically dominant over YY
such that the genotype YYZWinduces female develop-
ment. In addition, we assume that YYZZ individuals
develop as males. The X allele can be thought of as a
feminizing allele that is recessive to W and the ances-
tral Y allele. These assumptions are motivated by the
dominance relations of x, y, and z chromosomes found
in fish (KALLMAN 1984; SER et al. 2010), amphibians
(OcATA et al. 2008), and house flies (RUBINT et al.
1972).
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We find that the invasion fitness of Xis

A\xy = %XV(uf —a™) E (af +a™) (71 ;fr) - otf(l ;jr )}
_lfl £ 1n1_277 £ N
—496 Q(Ga Ga) 27 (Ga Ga ) 271 ’

(9)
where G™ = 2V (a™)” is the additive genetic variance at
locus @ in males. A key difference between this and the
previous results is that here the rate of increase of Xis
proportional to its frequency. Consequently, the force of
indirect selection on X becomes vanishingly weak as its
frequency declines to zero. That is because Xis recessive
and so has only a phenotypic effect on sex determina-
tion when homozygotes are formed.

A comparison of this result with Equation 3 highlights
an asymmetry between the ancestral and the novel sex-
determination system. Sex-antagonistic genes linked to
sex-determination locus s' contribute to the loss of the
ancestral X allele to the same extent that such genes
favor invasion of the Wallele. However, sex-antagonistic
loci on the ancestral sex chromosomes do not have
exactly opposite effects on the invasion of Xand W. The
recessive X allele attains approximately equal frequen-
cies in males and females when it is rare. Consequently,
its invasion fitness depends on Xlinked genetic varia-
tion in fitness in both males and females. The invasion
of the Wallele, however, is opposed only by variation in
female fitness. This is an important asymmetry, since
one would expect the difference in genetic variation in
fitness between the sexes to be smaller (perhaps much
smaller) than genetic variation in female fitness alone.
Theory predicts that selection will nearly deplete
genetic variation at loci that are concordantly selected
between the two sexes (FISHER 1958), but considerable
genetic variance in female fitness can be maintained if
there is sex-antagonistic selection (CHIPPINDALE et al.
2001; FOERSTER et al. 2007). However, in that case the
genetic covariance in fitness between males and females
is negative and fitness variation among males is of a
comparable magnitude to variation among females,
implying that G', — G = 0.

This argument leads to the conclusion that a success-
ful invasion of a dominant feminizing allele must even-
tually lead to the loss of the ancestral sex-determination
system. A rearrangement of the terms in Equation 9
illustrates formally that the W allele will spread to its
maximum frequency% in female gametes, if it is able to
invade. Using Equation 3, we obtain

1_ 1_ me(1—2r
Ny = =5 % Aaw +§v(ar -« )2< 5, )} (10)
which is negative if Az > 0. Thus if Winvades, it will fully
replace the ancestral sex-determination system. A pro-
tected polymorphism is not possible with loose linkage.

We can also exclude the possibility of a protected
polymorphism when linkage is tight, and the argument
is similar: the sex-antagonistic component of fitness var-
iation does not contribute to selection on the X allele
when it has become rare, since the allele then spends
equal amounts of time in males and females. As a con-
sequence, selection on the ancestral sex-determination
system is governed by a small component of additive
fitness variation that is not shared between the two
sexes.

The conditions for protected polymorphism are less
restrictive for sex-determination systems with partial
dominance, e.g., male heterogamety with incomplete
dominance of the Yallele over X (results not shown),
but we are not aware of any biological examples that
would motivate a detailed analysis for such cases. The
analysis in File S1 could, however, be extended to
examine arbitrary types of sex determination. Inter-
estingly, there are conditions in which Wcannotinvade
when rare (Azw <0), but it will spread if it becomes
sufficiently common (Ayy <0). This situation (Figure
S1) could lead to the maintenance of different evolu-
tionarily stable sex-determination systems in differ-
ent populations depending on their evolutionary
history, as could result from drift during population
bottlenecks.

Deleterious alleles on the ancestral y: One of the
striking general patterns of sex chromosome evolution is
that the nonrecombining region of the Y degenerates in
species with male heterogamety and well-differentiated
sex chromosomes (CHARLESWORTH and CHARLESWORTH
2000). The degeneration of Y chromosomes is thought to
result from an accumulation of deleterious recessive
mutations in the vicinity of the sex-determining region.
We anticipate that these will interfere with heterogamety
transitions because females carrying a W allele will pro-
duce YY offspring that suffer the deleterious effects of
these mutations.

Half of the offspring produced by a W female receive
a y chromosome from the father. Under weak sex-
antagonistic selection, the ancestral y chromosome will
therefore quickly attain a frequency of approximately
one-half within the mutant population, such that close
to one-quarter of the ZW females will be homozygous
for the y chromosome when W first invades. This frac-
tion grows as the Wallele increases in frequency. The
fitness reduction in the mutant population due to the
expression of recessive deleterious alleles is directly pro-
portional to the frequency of YYZW females if the dele-
terious alleles have become fixed on the y chromosome.
This is particularly likely to be the case for deleterious
alleles that are expressed only in the homogametic sex.
Such alleles can easily become fixed by drift at loci that
do not recombine with the ancestral sex-determination
locus, since the associated deleterious effects are shel-
tered from expression in the ancestral population
(MuLLER 1918). In addition, alleles with deleterious
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FIGURE 4.—Protected polymorphism of two
sex-determination factors on different linkage
groups. Recessive deleterious alleles on the an-
cestral y chromosome can prevent the W allele
from spreading to fixation, leading to a perma-
nent state of multifactorial sex determination
(equilibrium frequencies indicated by the dashed
lines) if the deleterious alleles have fixed on they
chromosome and recombination with the x has
been fully repressed. Even a tiny amount of re-
combination (r = 107!2 here), however, introdu-
ces genetic variation on the y chromosome and
purges its deleterious alleles. When this happens,
W ultimately fixes and the ancestral XY system
is lost. In this simulation, a locus segregating
for deleterious alleles (parameters: vy = —0.01,
hy =0, v, =0, and deleterious mutation rate
g = 1.0 X 10~*; allele frequencies in male and fe-
male gametes are shown by dotted lines with
open and solid triangles, respectively) is linked
to Y and an autosomal sex-antagonistic locus
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effects in the heterogametic sex can accumulate on the
nonrecombining region of the y chromosome, under the
influence of Muller’s ratchet, background selection, and
other processes (CHARLESWORTH and CHARLESWORTH
2000). When the novel sex-determination system arises,
spread of the W allele causes YY individuals to be gene-
rated and these individuals are homozygous for the dele-
terious recessives. As W becomes more common, the
force opposing spread of the W allele increases in
proportion to the frequency of YY individuals. By
contrast, the strength of sex-antagonistic selection pro-
moting spread of the novel sex-determination locus
remains fairly constant. If the two components of selec-
tion are of comparable magnitudes, a stable equilibrium
between them can be reached at intermediate frequen-
cies of the W and X alleles, such that a protected
polymorphism of XY and ZW sex determination is
maintained (Figure 4). The polymorphism is lost when
genetic variation at the y chromosome is restored. The
introduction of a wild-type allele (by mutation or a rare
recombination event with the x) allows the y chromo-
some to be purged from its deleterious alleles as it is being
exposed to purifying selection in ZW individuals. Once
the y chromosome has lost its deleterious alleles, W
can continue to spread, until genetic variation at the
ancestral sex-determination locus is lost (Figure 4).
Most of the processes thought to be responsible for Y
chromosome degeneration rely on a lack of recombi-
nation between the sex chromosomes, but some can
also operate in young sex chromosomes that still
recombine. Specifically, partially sex-linked alleles with
deleterious effects predominantly in the homogametic
sex can reach high frequencies on a recombining y
chromosome where they are partially sheltered from
expression (MULLER 1918). The frequencies of delete-

(parameters: r" =0.02, vy = —0.05, & = 0.4,
Uy = 0.05, hy, = 0.6, and p = 1.0 X 1075 ; allele
frequencies are not shown) is linked to W.

rious alleles on recombining sex chromosomes depend
on a balance of mutation, recombination, and selection
in the homo- and heterogametic sex (see File S1). A
recessive deleterious allele that is expressed only in
females can reach frequency py = w/(p + r) on the y
chromosome, under the assumption that the rate
of deleterious mutations, w is small relative to v the
fitness reduction in homozygous females caused by
the deleterious alleles. Under the same condition, the
inhibitory effect on the spread of ZWsex determination
is given by

xzwz—iv< " )2. (11)

wt+r

This expression matches our earlier verbal argument:
one-quarter of the mutant females are homozygous for
Yand a fraction p3, of these females are homozygous for
the recessive deleterious mutations. These females,
finally, suffer a fitness reduction of magnitude v Equa-
tion 11 represents a maximum estimate of the negative
effect on the spread of Wof recessive y-linked alleles on
recombining sex chromosomes. The frequency of
deleterious alleles on the y chromosome is <p./(p + 7)
if these alleles are also expressed in males, leading to a
much weaker force opposing the spread of W (see
Figure S2).

In short, deleterious recessive mutations with pre-
dominant fitness effects in the homogametic sex can
reach higher frequencies on the ancestral y chromo-
some where they are partially sheltered from expres-
sion. A consequence is that they inhibit invasion of a
new w chromosome because females that carry it will
produce homozygous YY offspring that express the
deleterious effects. If the y chromosome carries delete-
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rious recessives at several loci, their effects are (approx-
imately) additive, and together they could generate
strong selection favoring the ancestral sex-determining
system. This effect can entirely prevent a new w chro-
mosome from invading, or it may slow down the spread
of W as the y chromosome increases in frequency.
Depending on the relative strengths of selection at
work, the W may not be able to increase beyond an
intermediate frequency, resulting in a stable polymor-
phic equilibrium at which the old XYsystem and the new
ZW system are both segregating. Such a polymorphism
will, however, typically be vulnerable to the introduction
of genetic variation on the y (Figure 4). As the y chro-
mosome is exposed to selection in females, it is purged
from the deleterious recessives that have not reached
fixation, eventually eroding the force that prevents
further spread of the W allele.

Homologous transitions: Several results for homolo-
gous transitions have already been introduced in pre-
vious sections. Specifically, if the ancestral and novel sex-
determination factors segregate at two recombining loci
on the same linkage group, then Equation 8 provides an
expression for the invasion fitness of the novel sex-
determination allele. This result makes no assumptions
on the rates of recombination between sex-antagonistic
loci and the ancestral or novel sex-determination locus,
but it does assume loose linkage between the two sex-
determination loci. A result that allows for tight linkage
between the sex-determination loci can be obtained
using the techniques presented in File S1, but the
expressions are complicated and difficult to interpret
in detail. Rather than presenting general results for this
scenario, we therefore concentrate on a limiting case
that is biologically relevant to homologous transitions
involving a mutation at the ancestral sex-determination
locus. To examine such transitions we set the rate of
recombination between s and s’equal to zero and then
compute the frequency of sex-antagonistic alleles in
gametes with an x, a'y, or a w chromosome.

For feminizing mutations at the ancestral sex-
determination locus, invasion fitness is given by

Aaw =y (pw = ) + gl oy = px). (12

An intuitive explanation of this result is again obtained
by comparing mutant females with wild-type XXfemales.
The first difference between the two is that the mutant
female may have inherited a y chromosome from her
father. This leads to an expected fitness difference of
sol(py — px), since transmission of the paternal y
chromosome occurs in only half of the cases. The
second difference is that the mutant female carries a w
chromosome, instead of an x chromosome. This results
in a fitness effect of magnitude o, (pw — px), where o',
is the additive effect of allele substitution for sex-
antagonistic alleles on the w chromosome. This co-

efficient differs slightly from ocg( due to the dissimilarity
between mutant and wild-type females in the paternally
inherited part of the genome (Table Al in the
APPENDIX).

As before, a final result is obtained by solving for the
sex-antagonistic allele frequencies on the different types
of sex chromosomes. The recursions for these frequen-
cies are similar to Equations 6 and 4 (see File SI1). If
mutation is weak relative to selection and recombina-
tion, we find

1-2r f : f f 1 m m
Ngw = o 2V | oy | —a | Vxax— §<3Vyay fVX(xX) .

(13)

This result is identical to our general result for non-
homologous transitions (Equation 8) in the limit of small
mutation rate if '}, is replaced by of, suggesting that the
only effect of linkage between the sex-determination
factors is that it subtly affects the sex-antagonistic allele
frequency on the homolog of the w chromosome.

If linkage between the sex-determination factor and
the sex-antagonistic locus is weak, Vy, Vy and Vi
approach the mean variance V, of and of, converge
to af, and o and oY converge to a™. The right-hand
side of (13) then evaluates to zero, in accordance with
our general result for loose linkage (Equation 3), which
also predicts A = 0 for mutations at the ancestral sex-
determination locus (this can be seen by substituting
r" = r). The conclusion is that a novel feminizing allele
at the ancestral sex-determining locus is affected by sex-
antagonistic selection only if tightly linked sexually
antagonistic variation is available. Whether such varia-
tion favors the novel sex-determining allele over the
ancestral one depends on the combination of selection
and dominance coefficients at nearby sex-antagonistic
loci. The Wallele can become more strongly associated
than the Y allele with sex-antagonistic alleles that are
dominant and beneficial to females or recessive and
beneficial to males. Such alleles therefore favor the
invasion of W, whereas alleles with the other combina-
tions of selection and dominance coefficients oppose its
spread (see Figure S3). As for nonhomologous tran-
sitions, a protected polymorphism of sex-determination
alleles cannot be supported by sex-antagonistic selec-
tion alone, although X, ¥, and Wcan be maintained at
the ancestral sex-determination locus if the Y carries
deleterious alleles.

DISCUSSION

Genetic sex determination in some groups of animals
appears to make frequent shifts between male hetero-
gamety (XY) and female heterogamety (ZW) systems
(EzAz et al. 2006). Several mechanisms can cause these
transitions, including selection on pleiotropic effects of
the sex-determination genes, selection on sex ratio, and
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meiotic drive. Our results add to this list of possibilities.
We find that sexually antagonistic selection on loci
linked to the sex-determination genes can trigger a
heterogamety transition. Sex-antagonistic selection is
thought to be key to the evolution of other aspects of sex
chromosomes (CHARLESWORTH 1991), and so it seems
plausible that it may commonly be involved in these
transitions as well.

The way that sex-antagonistic selection drives a
transition can be understood in simple terms. Selec-
tion naturally and automatically builds up positive
associations (linkage disequilibria) between sex-deter-
mination genes that make individuals become male
and genes that increase male fitness. Symmetrically,
genes that make individuals develop into females
become correlated with genes that enhance female
fitness. These associations generate indirect fitness
effects on the sex-determination genes. The effects
increase with the strength of sex-antagonistic selection,
the amount of genetic variation at the sex-antagonistic
loci, and the strength of linkage between the sex-
antagonistic and sex-determination genes. When the
combined effects of indirect selection on a new
feminizing Wallele outweigh that experienced by the
Yallele at the ancestral sex-determination locus, the W
will invade. This process can operate in two modes:
with the invading sex-determining locus on the same
linkage group as the ancestral sex chromosomes (a
homologous transition, as in X. maculatus) and with it on
a different linkage group (a nonhomologous transition,
as in cichlids).

The presence of sexually antagonistic genetic varia-
tion is a prerequisite for heterogamety transitions in our
model. Polymorphism at sex-antagonistic loci can be
maintained by constant selection pressures, but only
for a restricted range of parameters. The conditions are
more stringent for autosomal loci than for sex-linked
loci (Rice 1984), and one would therefore predict
sexually antagonistic variation to be concentrated on
the sex chromosomes (GIBSON ef al. 2002; MANK 2009;
VAN Doorn 2009). Nevertheless, changes in sex de-
termination do not rely on constant selection to
maintain sex-antagonistic variation. Frequency depen-
dence, migration, and mutation can provide variation at
autosomal loci and transient polymorphisms are also
capable of triggering heterogamety switches. Once a
sexually antagonistic allele has become associated with a
novel sex-determining allele, even a considerable over-
all bias in the genomic distribution of sexually antago-
nistic variation may not be able to prevent a change in
sex determination. This is because linkage strongly
mediates the strength of indirect selection on a sex-
determination locus that results from selection on a sex-
antagonistic locus. In quantitative terms, the strength
grows as the inverse of the rate of recombination
between the two loci, up to a maximum that is set by
the strength of sex-antagonistic selection.

As aresult, sex-antagonistic loci that are tightly linked
to a sex-determination locus can have a vastly stronger
influence on the outcome than more distant loci. There
are two implications. First, this effect can introduce a
strong stochastic component into the determination of
which chromosomes decide sex (even if, on average,
sex-antagonistic variation is concentrated on the ances-
tral sex chromosomes). When reduced recombination
has not yet evolved at the ancestral sex chromosomes,
invasion of a new system can be triggered when a sex-
determination mutant happens by chance to arise at
locus that is tightly linked to another locus that is under
sex-antagonistic selection. Conversely, the effect of tight
linkage can stabilize an ancestral sex-determination
system. If the ancestral sex chromosomes evolve reduced
recombination (CHARLESWORTH and CHARLESWORTH
1978; Rice 1987; CHARLESWORTH 1991), then they can
bind sex-antagonistic alleles to the sex-determining
region (Rick 1984). That will greatly stabilize the system
against the invasion of a new sex-determining region.

This latter effect is one factor that can explain why the
sex chromosomes are conserved over long periods of
evolutionary time in some taxa, such as mammals. A
second one is the accumulation of deleterious recessive
mutations on the ancestral y chromosome. Our results
show that the deleterious effects are expressed in the
offspring of females carrying a new w chromosome,
which can inhibit it from invading. A third factor that
can stabilize the ancestral sex-determination chromo-
somes is when they carry genes essential for the de-
velopment of one sex. For example, if x chromosomes
carry a gene essential for female development, thena W
allele cannot invade unless that gene is simultaneously
duplicated in tight linkage to the new sex-determining
region.

Sex-determination alleles at different loci typically
show epistatic dominance, in which an allele at one locus
determines the phenotype regardless of the genotype ata
second (epistatically recessive) locus (e.g., RUBINI et al.
1972; KALLMAN 1984; OGATA et al. 2008; SER et al. 2010).
Our results show that sex-antagonistic selection can cause
an epistatically dominant allele to invade, but not an
epistatically recessive allele. Thus when W trumps Y, sex
antagonism can cause a transition from an XY to a ZW
sex-determination system, but not the reverse. The
explanation for this asymmetry is simple: if an epistati-
cally recessive Yallele is introduced to a population with
ZW sex determination, it will initially appear in XY/ZZ
and in XY/ZW genotypes. The first genotype develops
as male even without the ¥, while the second develops
as female despite its ¥. Consequently, ¥ has no pheno-
typic effect and so cannot build up the associations with
sex-antagonistic loci needed to drive a heterogamety
transition.

This asymmetry leads to the prediction that the novel
sex-determination system is dominant over the ancestral
one in taxa that underwent a heterogametic transition
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(a similar bias would not necessarily be expected if
mechanisms other than sex-antagonistic selection would
drive the change in sex determination). The appropri-
ate experiments to establish the dominance relation-
ships between sex-determination alleles have been done
in fish (KALLMAN 1984; SER et al. 2010), house flies
(RUBINI et al. 1972), and amphibians (OGATA et al.
2008). In all of these cases Wis epistatically dominant
over Yand the ancestral state is either male heterogam-
ety or unknown. We were unable to find studies that
report the dominance relationship between Y and W
in species that recently underwent a transition from ZW
to XYsex determination. This leaves open the possibility
that W sex-determination alleles are dominant over Y
alleles irrespective of the ancestral state. If such a bias
were indeed present, we would expectit to strongly favor
transitions from XY to ZW sex determination over the
reverse.

Interestingly, amphibians, the only group for which
data are now available, show no evidence of this pattern:
Hirvris and GrReEeN (1990) estimated there have been
seven independent shifts from ZWto XY and only one
from XY to ZW. They propose a two-locus model of sex
determination that makes the origin of a novel XY
system more likely than that of a novel ZW system and
suggest that it may bias amphibians toward transitions
from ZW to XY. As they note, however, since female
heterogamety seems to be the ancestral condition in
amphibians, the larger number of transitions from ZW
to XY could be a simple consequence of more evolu-
tionary opportunity for shifts in that direction. In any
event, the overall pattern of transitions in amphibians
and other taxa is expected to result from the jointaction
of biases in the rates of origin of male and female
heterogamety and biases in the rates of their fixation
caused by sex antagonism.

While species that have XYand ZWsex-determination
systems segregating simultaneously are rare, examples
are known [e.g,, in cichlids (CNAANI et al. 2008) and
platyfish (KaLLmaN 1984)]. These might be transient
states in which a new system is replacing an ancestral
one. Multilocus sex determination can also be stabilized
by deleterious recessive alleles linked to the ancestral
locus. Consider a species that has XY sex determination
and suppose that the Y chromosome has started to
degenerate (CHARLESWORTH and CHARLESWORTH
2000). If now a W invades on an autosome, YY/ZW
females will be produced, causing a fitness loss from the
expression of the deleterious alleles. This can halt the
invasion of the W and result in a stable equilibrium with
two pairs of sex chromosomes. This outcome occurs only
when linkage between the ancestral sex-determination
locus and the loci with deleterious alleles is complete.
That situation is quite common, however, since re-
combination between X and Y chromosomes is often
reduced or entirely shut down (Rice 1987; CHARLES-
wORTH 1991). OrzAcK et al. (1980) found the condi-

tions for maintenance of X, ¥, and Wat a single group
when there is no recombination. Our results comple-
ment theirs and show how they extend to the non-
homologous transitions in which the XY and ZW sex-
determination systems are segregating at different
linkage groups.

We noted in the Introduction that several recently
derived sex chromosomes are known with genes that ap-
pear to be targets of sex-antagonistic selection (KALLMAN
1973; WADA et al. 1998; LANDE et al. 2001; LINDHOLM and
BREDEN 2002; STREELMAN et al. 2003; FERNANDEZ and
Mogrris 2008; KitaNo et al. 2009; ROBERTS et al. 2009).
These observations are certainly consistent with the
hypothesis that sex-antagonistic selection was responsible
for the establishment of a new sex-determining system,
but a proper test of our hypothesis would require data to
rule out the plausible alternative that the sex-antagonistic
alleles accumulated secondarily, after the new sex chro-
mosomes invaded. Indeed, linkage to sex chromosomes
is favorable to the maintenance of sex-antagonistic var-
iation (Rice 1987). The required data may soon become
available through comparative genomic studies on spe-
cies that recently underwent a heterogamety transition
and their close relatives. The presence of sex-antagonistic
variation at the same genomic location in closely related
species that have the ancestral sex-determining system
would support the view that sex-antagonistic variation
predated the origin of the derived sex chromosomes and
caused the invasion of a new sex-determination system.

G.S.v.D. was supported by Schweizerische Nationalfonds grant
3100A0-122511 to Michael Taborksy.
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APPENDIX

This appENDIX develops the recursions for the changes in allele frequencies and associations (linkage
disequilibria). Our approach is based on the framework developed by BarTOoN and TurerLLI (1991) and its
generalization by KIRKPATRICK ¢t al. (2002). In the following, we use conventions based on the latter and write “KJB

(7)” to refer to equation (z) in that article.

To describe the associations between positions, we introduce the indicator variable /. It takes the value 1 for the Y
allele at sex-determination locus s, the Wallele at sex-determination locus s’, and the 1 allele at the sex-antagonistic
locus a. We then define the associations between a set of positions J in zygotes as
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Dy :E{H(lﬁ—pj)], (A1)

i€

where the expectation is taken over the distribution of genotype frequencies [see K]B (3) |. The p; thatappearin (Al)
are reference values that can be chosen arbitrarily, but once chosen, the same values must be used to express associations
at later points of the life cycle. To calculate such associations, the expectation in (Al) has to be taken over genotype
frequencies at the life history stage under consideration, but the reference values must still be the same as for
associations in zygotes.

We choose the reference values equal to the allele frequencies in gametes at the start of the generation (i.e., p,, = yr,
Ps. = Yms Psp = W, Psy, = Wm, Pa, = Pae» and finally p, = p,.), such that the associations in zygotes represent
central moments of the distribution of genotype frequencies. Accordingly, D; = 0 for all positions i at the zygote stage.
This leads to another useful fact about associations involving only a single position: at any stage in the life cycle, D
equals the change in the frequency of allele 1 at position i from the start of the generation to that stage.

As the genotype distribution changes in response to the evolutionary forces that act on it, so will the allele
frequencies and associations. KIRKPATRICK et al. (2002) provide expressions for these changes. Using those results, we
now step through the life cycle to detail how the associations are affected by sex determination, viability selection, and
sexual reproduction. Results for the individual steps in the life cycle can then be combined, yielding recurrence
relations for the change of associations from one generation to the next.

Sex determination: At the start of the life cycle, zygotes develop into male or female juveniles. Zygotes with genotype
XXZZ develop as females, and those with genotype XYZZ develop as males. A mutant zygote that carries the dominant
sex-determination allele W at locus s’ develops as a female, regardless of her genotype at the ancestral sex-
determination locus s. (The complete epistatic dominance of Wover Yassumed here follows the pattern found in the
majority of systems that have been studied. The model could be generalized to allow for other schemes, for example,
partial penetrance of the sex-determining genes, at the expense of additional parameters.)

Following sex determination, the genetic associations between positions in set J are denoted by D! and DP,
respectively, for male and female juveniles. Associations for female juveniles are

Dg =Dy + Z O'K(DJUK — DJDK) (AQ)

KeS

[see KJB (9)], where J U K denotes the union of the sets J and K [if some positions appear more than once in J UK,
then we apply simplification rules for associations with repeated positions; see KJB (5) ]. Associations for male juveniles
are given by replacing the + by a —. The summation is over all subsets of S, the set of positions that determine sex. The
o are sex-determination coefficients that describe how the set of positions K affects the sex of a zygote. These coefficients
are uniquely determined by the effects of the sex-determination alleles and their frequencies in gametes. Their values
are calculated in File S1 and their values are shown in Table Al.

Selection: The sex-antagonistic loci affect the probability that a juvenile survives and mates. The relative fitnesses of
genotypes at sex-antagonistic locus ¢ are written 1::1 + Afvf::1 + of, for females with the genotypes 00, 01, and 11,
respectively. The corresponding parameters for male viabilities substitute m for f. Throughout, we assume that
selection is weak, i.e., that the maximum of the absolute values of vis <1.

Selection acts at the transition between the juvenile and the adult stages. The associations in male and female adults,
denoted as D} and D™, respectively, are given by

D = D+ 37 o (DI — DD, (A3)
KSA
where sex equals m or f [see KJB (9)]. The summation is over all subsets of A, the set of positions that affect fitness in
juveniles. The ai* are fitness effects that quantify the impact of selection on the set of positions K in the given sex. Their
values are determined by the coefficients vand % as well as by the allele frequencies. Table Al shows the values of the
coefficients o™ as calculated in File S1.

Meiosis: Gametes result from meiosis, which causes allele frequencies and associations in the gametes to be
admixtures of those quantities in the adults. The mixing of genes from different positions complicates the expressions
for associations in gametes somewhat, since associations are defined with respect to the allele frequencies at the
positions concerned. Accounting for these factors gives an expression for the association in gametes

DY = > mex Y, DES]] (- 5], (A4)

K:K=J USK icU
where sex equals m or f, and Js is a set of positions with a single sex-of-origin sex. The first summation is over all
positions K from which genes in set J., can be inherited by meiosis (the notation K : K = J means that K and J., must
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TABLE Al

List of definitions

Symbol Definition
Sex-determination coefficients
o, -1
O, ;O-{S,‘xm‘x;}70-{x,~,xm, S } -2
O a5} 20 {5 51120 {5, sin} 2
0550550 {55030 {s¢,50 ) 1
Transmission coefficients”
Tip—igs Tig—in %
Tar, s} {ar, sc}> Tar, s} {am, s} %(1 77)
T{Q,Sx}‘*{ﬂx-sm}’ﬂr{(lhSx}‘*{amasl} %T
Tar, sty {ar. st Tar, st} {am, s} 5(1—7")
Tar. sty {ar, si}> Tlar, st} {am. o} 3"
Tar, e, sty {ar, s, st} Tar, se, st} {am, sm, s} %(1 =)l -7
Tac, se, sty {ac, sm> st}> Tar, se, st} {am, se, s} %7(1 —7')
Tac, se, sty —{ac, se, s }> Tar, s, st} {am, sm, 5t} %(1 —r)r'
Tac, se, st} {ac, sm> sin}> T{ar, se, st} —{am, sc, st} %T r'
Genetic associations 1-9r
Do s i PP
D ¢ = — 27 r)— r
far i) we(1 = we)(pw — pz) = we V(' —a™) 8rr
Average fitness effects
afh velhe + po, (1 — 20¢))
o, plhe + pa (1 — 2hy))]
0“(;: vm[hm + Pa,,, (1 - 2hm)}
g, Ul + P (1 — 2h)]
a?“f‘flm} Uf(l — 2hf)
S v (1 — ghm)
af ve[hy + p(} — 2h)]
a™ vm[hm + p(l - th)]
oy velhe + px(1 — 2hy)]
al U [hm + py (1 — 2hp)]
ar; vm[hm + pX(l - th)}
Otﬁ}V 'Uf[h]‘ + l)/(l - 2hf)]
Additive (co)variance for fitness
Gsex 2 Y (asex ) 2
Gfm QVOLfOLm

“Transmission coefficients depend on the order of the genes on the chromosome; these values assume that
the sex-antagonistic locus is located between the sex-determination loci. Transmission coefficients in males (not
shown) have the same values as those in females.

be equal when the context information is stripped from them; that is, K and Jsx must contain the same loci). The
Ty —x are transmission coefficients, defined as the probability that genes in positions J,., were inherited from genes in
positions K. Table Al gives the values for these coefficients. The second summation adjusts the association D"} for
the mixing of genes from different positions [see KJB (16)]. The set K\U represents those positions in K that are
not found in U, and the allele frequency f, is the frequency in zygotes at the position in set J, that corresponds to i in
set U.

Mutation and completion of the life cycle: The next generation begins with the fusion of gametes to produce
zygotes. The allele frequencies in zygotes, before mutation, are given by

pi'=p + D). (Ab)

At the start of the new generation, after mutation has occurred, the allele frequencies are given by
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pi= (= pi) + (1= i)pl”, (A6)

where [£; is the mutation rate at position i from allele 0 to 1, and p; is the reverse mutation rate. Expressions for the
associations in the new generation are complicated by the fact that they are defined relative to allele frequencies of the
new generation, while the expressions we have derived up to this point are defined with respect to those in the previous
generation. The association among a set of positions J. that have only the single sex-of-origin sex is

v =1] (1 — W — ﬁj) x > {D«ﬂex\w 11 (Pi - Pi’")} (A7)

1 ex USTex i€U

[see KJB (15) and KJB (28)]. The resulting associations are defined relative to the postmutation allele frequencies in
zygotes.

We assume that mating is random. Consequently, associations in zygotes that involve positions with both sexes-of-
origin are equal to a product of associations that involve only positions with a single sex-of-origin. Writing a set of
positions in zygotes as J = Jp U J,,,, where J¢is the subset of J with the positions that were maternally inherited and J,,, is
the subset that was paternally inherited,

Df = D3.D5,. (A8)

These equations give an exact set of recursions for how the genetic state of the population changes over the course
of a single generation. The analysis presented in File SI uses these recursions to find when a new w chromosome will
invade a population and develops various approximations to the exact solutions.
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frequency of W allele

generation

FIGURE S1. — Simultaneous stability of male and female heterogamety. Eight simulations with identical parameters values
but different initial conditions provide an example of bi-stability. In this case, the sex-determination loci are on different
linkage groups and each is linked to a single sex-antagonistic locus (parameters are given in Table S2). Both X7 and W
sex-determination are stable against small fluctuations in the allele frequency. Solid curves: a I/ allele is introduced into a
population with X7" sex determination; dashed curves: an X allele is introduced into a population with W sex
determination. The two scenarios (solid vs. dashed curves) differ with respect to the equilibrium sex-antagonistic allele

frequencies in the ancestral population.
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FIGURE S2. — Deleterious alleles on the ancestral y-chromosome oppose the invasion of IW. One quarter of the mutant

population is homozygous for 1" when the I allele is rare. Within that subpopulation, recessive deleterious alleles on the

ancestral y-chromosome are expressed, reducing the fitness of the W allele. The figure shows the magnitude of the fitness

reduction as a function of the rate of recombination between the locus with deleterious alleles and the ancestral sex-

determination locus, for three different values of sex-specific deleterious fitness effects (symbols indicate invasion-fitness

values calculated by iterating the exact population-genetic recursions). The curves show analytical predictions (for tight

linkage (solid), loose linkage (dashed), and the explicit solution assuming mutation-selection balance (equation 11 in the

main text; dot-dashed)). Other parameters are: +'=0.5, h,=h =00, i=10-10", 1=0.0.
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selection coefficient in females
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FIGURE S3. — Homologous transitions depend on the details of sex-antagonistic selection. The two panels show analytical
invasion-fitness estimates for homologous transitions (solid curves) and numerical results based on the exact population
genetic recursions (symbols) across a range of sex-antagonistic selection coefficients and for different combinations of
dominance parameters. Overall, higher male-beneficial allele frequencies (right on the horizontal axes) favor homologous
transitions to £ sex-determination, since female heterogamety allows rare female-beneficial alleles to accumulate on the
w-chromosome without being exposed to selection in males. (A) A feminizing mutation at the ancestral sex-determination
locus is more likely to spread, if male-beneficial alleles at nearby loci are recessive and female-beneficial alleles are
dominant, since this increases the expression of favorable effects in both the homogametic and heterogametic sex. (B) Sex-
specific differences in the dominance coefficients influence the scope for the maintenance of variation at sex-antagonistic
loci. Stronger support of sex-antagonistic variation by sex-specific dominance (4, > £, ) allows for heterogamety transitions
over a wider range of selection coefficients, but is also associated with a smaller changes in sex-antagonistic allele
frequencies during a heterogamety transition, reducing the maximal strength of indirect selection on the W allele. Other
parameters: r=r"=0.01, g=a=10-10".
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TABLE S1

Additive interactions between sex-antagonistic loci

58I

loci linked to the ancestral

loci linked to the novel

fitness estimate sex-determination system sex-determination system all loci
a b ¢ a, band ¢ d e dand e
exact -1.09-10+  -3.04-10>  -5.69-10- 1.38-10-4 1.32-10-4
population sum (¢ + b +¢) =-1.96-10-¢  -1.97-10-* sum (d +¢) = 2.69-10-¢  2.69-10*
genetic
) sum ((a, b and ¢) + (d and ¢)) = 7.28-10-5  7.28-10-
recursions
analytical —
-1.11-10+  -2.95-105  -1.35-10-* 1.42-10-4 1.44-10-4 sum = 1.08-10-5
loose linkage
analytical —
-1.08-10+  -3.00-10  -5.75-10- 1.37-10-4 1.31-10-4 sum = 7.29-10-5
tight linkage

We ran a simulation of our model with five sex-antagonistic loci (parameters listed in Table S2). Three loci were linked to the

ancestral sex-determination locus (loci 4, b and ¢), the other two were autosomal and linked to the novel sex-determination locus

(loci d and ¢). The numerical estimate of the invasion fitness based on the exact population genetic recursions for the full model

(column ‘all loci’) was then compared with the results of additional simulations where we calculated the contributions of single loci

in isolation (column a, b, ... ¢), or the combined fitness effects of all loci on a single linkage group (columns ‘e, b and ¢’ and ‘d and

¢). The results in the first row show that the fitness contributions from different sex-antagonistic loci are additive between and

within linkage groups (even if linkage between sex-antagonistic loci is tight, e.g., recombination between locus a and b was 1%),

allowing us to consider individual sex-antagonistic loci in isolation in our analytical treatment. The analytical estimates for the

fitness contributions of individual loci are shown in the second and third row of the Table. The loose linkage result is reasonably

accurate except for locus ¢, which is very tightly linked to the ancestral sex determining gene.
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TABLE S2

Parameter values used in the simulations of Figure S1 and Table S1

Locus Parameters2

r r Vv, v, hy h, i i

Table S1 a 0.05 0.5 0.012 -0.016 05 0.3 0.0 0.0

b 0.04 0.5 -0.01 0.008 0.2 0.3 0.0 0.0

¢ 1.0-10-4 0.5 -0.01 0.0 0.0 0.0 1.0-10° 0.0

d 0.5 0.1 0.02 -0.018 0.6 0.5 0.0 0.0

¢ 0.5 0.08 -0.03 0.015 03 0.8 0.0 0.0
Fig. S1 a 0.1 0.5 -0.04 0.03 05 0.7 1.0-10> 1.0-10-
b 0.5 0.04 0.03 -0.02 06 04 1.0-10> 1.0-10

2 Fitness values for the genotypes 00, 01 and 11 in females are given by 1, 1 + Ay and 1 + o,
respectively. Similar expressions for fitness in males substitute the subscript { for m. The
parameter [i represents the rate of mutation from allele O to 1; i1 is the reverse mutation rate.
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Supplementary Methods

Derivation of analytical approximations for the invasion fitness of a W allele

1. INTRODUCTION

In this supplementary material we derive population genectic recursions for the change of allele frequencies and genetical associa-
tions under the influence of sex determination, sexually antagonistic selection, Mendelian segregation and mutation. The exact
recursions are simplified by means of a Quasi-Linkage Equilibrium (QLE) approximation, following Barton & Turelli (1991) and
Kirkpatrick et al. (2002), to estimate the fitness of a dominant feminizing J# allele that invades into a population with X1" sex
determination. Since the indirect fitness effects of sexually antagonistic loci on the sex determining alleles are approximately
additive if the individual sex-antagonistic loci have multiplicative effects on viability (this assumes the absence of epistasis between
sex-antagonistic loci), we analyze a model consisting of three loci:

o Locus s is the original sex-determination locus. This locus carries two alleles, ¥, a masculinizing factor, and X. The frequency
of the allele ¥'is denoted as y

o Locus sy carries a rare novel sex-determination modifier allele, /. The frequency of this allele is denoted as w
o Locus ais a locus with sexually antagonistic alleles 0 and /. The frequency of allele 7 is denoted as p .

To keep track of the genetic state of the population we derive equations that describe the change of genetical associations D[K]
from one generation to the next. Genetical associations are defined as moments of the distribution of genotype frequencies.
Details and results for the change of associations under selection, transmission and mutation can be found in Kirkpatrick et al.
(2002). The following notation is used to denote the associations at different stages in the life cycle

zygotes sex determination  juveniles selection adults random mating
D, K] - DF, [K] and Dmy[K] - Df5 [K] and Dms [K] -
mating pairs  Mendelian segregation zygotes change of reference values zygotes mutation zygotes
Df 5 [K] x Dmg [K] - D, [K] - D5 (K] - D) [K] (next generation)

Outline of the analysis

The next section of this document (Section 2, "The Toolbox') contains definitions for procedures that implement the change of
associations in different stages of the life cycle. We also define procedures to simplify and linearize expressions, and we calculate
the selection coefficients that quantify the effect of sex-determination and viability selection on individual alleles and statistical
associations between alleles.  After the preparatory work in the Section 2, we proceed to calculate the invasion fitness of the
mutant sex-determination allele for the case that linkage between the sex-antagonistic locus and the sex-determination loci is
weak. Section 4 then concentrates on a number of alternative scenarios. We analyze the effects of tight linkage between the
sex-antagonistic locus and the novel sex-determination factor, tight linkage between the sex-antagonistic locus and the ancestral
sex-determination factor, and we consider a homologous sex-determination mutation. The final section considers a population
that has nearly fixated for ZW sex determination and derives the fitness of the X allele when it is rare to examine the scope for
bistability or a protected polymorphism of sex determining genes.

This document has been generated using Mathematica 5.2 (Wolfram 2003). The original file is available from the authors on
request and can be used to verify the calculations.
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2. THE TOOLBOX

Preliminaries

This is to control Mathematica's message output.

Off[General::"spelll”]

Positions and reference values

The set S contains the positions influencing sex determination
S = {slf, sl,, s2¢, s2,};
The set A contains the positions that affect survival from the juvenile to the adult stage
A ={as, ag};
The set W contains all the positions
W = Join[S, A];
The reference values g; are set equal to the allele frequencies at the zygote stage, such that first-order associations at the zygote
stage vanish. Distinct reference values are used for positions with male or female sex-of-origin.

subsReferenceValues =
{D_[{}] =1, Ps1;, > Vi, Ps2, Wi, Pa, = Pi, Di[K_/; Length[K] = 1] :» 0};

General procedures

Genetical associations are defined as expectations over the distribution of genotypes of the moments k ,
where g« =[], K (£; = 9i). The following procedures are used to calculate {x

GetIndex[position_, L_List] := First[Flatten[Position[L, position]]]

GetMoment [K_List, Genotype_ List, L_List] :=

Module[{& = 1, i},
Do[f += (Genotype[[GetIndex[K[[i]], L]1] -®x(ri1)s {i, 1, Length[K]}];
Return[Z]]

Associations with repeated positions are simplified by the procedure RemoveRepeatedPositions

RemoveRepeatedPositions[D_[K1l_List], D_[K2_List]] :=
Module[{K, k, i},
K = Sort[Join[K1l, K2]];
If[Length[K] >0,
If[k = Do[If[Count[K, K[[i]]] > 1, Return[K[[i]]],], {i, 1, Length[K]}];
MemberQ[K, k], Return[g, (1 - y,) RemoveRepeatedPositions]|
D[DeleteCases[K1l, k]], D[DeleteCases[K2, k]]] +
(1 - 2, ) RemoveRepeatedPositions[D[K1l], D[DeleteCases[K2, k]]]1],
Return[D[K]]],
Return[D[{}]1]]

For example, the association D [{s1,, s1,, $9,, }] is reduced to
RemoveRepeatedPositions[D; [{sls}], D;[{sls, s2,}]] /. subsReferenceValues
(1-2y¢) Di[{sls, s24}]

If mating is random, then associations involving positions with different sex-of-origin can be decomposed into products of
lower-order associations that involve only positions with a single sex-of-origin. The following procedure implements this
decomposition.
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ExpandIntersexualAssociations =
D; [K_List] :» Module[{Kf = Sort[DeleteCases[K, _,]],
Km = Sort[DeleteCases[K, _(]]}, D; [Kf] D; [Km]];

For example:

D;[{sl¢, s2,}] /. ExpandIntersexualAssociations
Di[{sle}] D1[{s2n}]

As long as the modifier allele is rare, its frequency changes at a geometric rate that is approximately constant (i.e., independent of
the frequency of the modifier). The invasion of the modifier can thus be studied by linearizing the associations at the zygote stage
with respect to the frequency of the modifier. The frequency of the modifier is written as €, @ = (ws +w,) /2, where €, < 1 will
be used as an order-of-magnitude parameter for the purpose of the linearization

Apart from the linearization in the frequency of the modifier allele, we also linearize the associations with respect to €,, an
order-of-magnitude parameter that scales the strength of selection. Accordingly, we expand D, [K] as

D1 [K] = Dy [K] + € D, [K] + €& Dq [K] + € €, Do [K] + (€7, + €5) €.

For some associations, the lowest-order term D, vanishes. For other associations, specific higher-order terms can be omitted
since they do not appear in the equations derived below. The procedure Linearize gencrates expansions exactly up to the
order needed. The higher-order coefficients €k are included as a means to check the results for errors.

Linearize = {Dl[]K_List] B3
Module[{n = Count[K, s2¢;], k= Count[K, sl;] + Count[K, s2,]},
If[And[n == 0, k == 0] ’
Do [K] + €q Do [K] + €y (1 +€y) €k,
If[n=1, €, W (D, [K] + €, Doy [K]) +€2 (1 +€,) €k, €2 (1 +€,) €]]

1
],yfaeweyf,ym->;+eweym, wWes > 2€, W, w,..-»O};

In this analysis, we focus on the invasion of a dominant feminizing allele at the novel sex-determination locus. Hence, the W
allele will appear only in females. At invasion, the allele frequencies at the ancestral sex determination locus are close to 0 in
females and close to % in males. Accordingly, Linearize also substitutes yr = wy, =0 and y, = %

Sex-determination procedures

The change of associations due to sex determination is determined by sex-determination coeflicients ox. The values of these
coefficients are related to the fraction females among juveniles with genotype G. We use the following procedure to specify the
mapping from genotype to phenotype, which then implicitly defines the sex-determination coeflicients ok

GetEquationS[Genotype_List, fractionFemale_] :=
Module[{K = Subsets[S], lhs =1, i},
Do[lhs += oOk[[i;; (GetMoment[K[[i]], Genotype, S] - Dy [K[[i]]]),
{i, 1, Length[K]}];
(lhs /. ExpandIntersexualAssociations /. subsReferenceValues /. Linearize /.
{€, >0, €, »0}) == fractionFemale / Q]

For example, the following equation accounts for the fact that X7’Z< individuals develop as males:
GetEquationS[{0, 1, O, 0}, O]
1+ —0{521‘“} =0

Similar equations for the other genotypes constrain the values of the sex-determination coefficients and the sex ratio Q. The
solutions for the o that involve only ancestral sex-determination positions are calculated as
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(subsResCoeffS = Solve|
{GetEquations[{0O, O, O, 0}, 1],
GetEquations[{1, 0, O, O}, O],
GetEquations[{O, 1, O, O}, O],
GetEquationsS[{1, 1, 0, 0}, 0]},
Join[DeleteCases[Table[Osubsets(si(ix1] » {Xs 2, Length[Subsets[S]]}],
ox_ /; Count[K, s2 ] 2 1], {Q}]] // First) // ColumnForm

o{slf} - -1
O(sls,sln) = 2
O(slpy} — -2

1
Q97

The sex-determination coeflicients for the mutant allele are solved as follows:

(subsMutCoeffS = Solve|
{GetEquations[{0, O, 1, 0}, 17,
GetEquations[{1, 0, 1, 0}, 1],
GetEquationsS[{O0, 1, 1, 0}, 1],
GetEquations[{1, 1, 1, 0}, 1],
GetEquationsS[{0, 0, O, 1}, 1],
GetEquationsS[{1, O, O, 1}, 1],
GetEquations[{O0, 1, 0, 1}, 1],
GetEquations[{1, 1, 0, 1}, 1]} /. subsResCoeffs,
Cases[Table[Osubsets(si[(x]] » {X,s 2, Length[Subsets[S]]}],
ox_/; Count[K, s2 ] == 1], {Q}] // First) // ColumnForm

Ors2;y > 1

O(s2,y = 1
O(s1s,s2¢) > 1
O(sis,s2q) > 1
O(slp,s2¢) = 2
O(slp,s2n} = 2
O(slg,sly,s2¢) -2

O(sls,sln,s20) = —2

We do not need to make assumptions on the sex of individuals that are homozygous for W if I#is dominant, such individuals are

never created. As a result, some sex-determination coeflicients remain unresolved (e.g., 02, ,s2,,)), but these do not appear in our

m

final results.

The procedure SexDetermination expresses associations in male and female juveniles after sex-determination in terms of
associations at the zygote stage.
SexDetermination = {
Of, [K_List] =
Module[{L = Subsets[S], sum = D; [K], i},
Do[sum += op[[i;; (RemoveRepeatedPositions[D; [K] , Dy [L[[i]]]] -
Di[K] Dy [L[[i]]1), {i, 1, Length[L]}];
sum /. ExpandIntersexualAssociations /. subsReferenceValues /.
subsResCoeffS /. subsMutCoeffS],
Dm, [K_List] =
Module[{L = Subsets[S], sum = D, [K], i},
Do[sum -= op[[i;; (RemoveRepeatedPositions[D; [K] , Dy [L[[i]]]] -
Di[K]Di[L[[i]]1), {i, 1, Length[L]}];
sum /. ExpandIntersexualAssociations /. subsReferenceValues /.
subsResCoeffS /. subsMutCoeffS]};

The resulting expressions are already quite complicated. The following example shows the change of the frequency of allele 1"in
males due to sex determination:
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Dmy [{sly}] /. SexDetermination

2 (l_Ym) Ym+2 (l_Ym) Yle[{Slfr szf}J _Dl[{S]-mr szm}} -
2 (1-2Yn) D1 [{sln, S24}] ~ O(s1¢,s2¢,520) D1 [{8Sle, 826} ] Dy [{Sln, 82,1} -
(1 -2¥Yn) Ogsig,s1n,s2¢,820) D1 [{Sle, 825} ] D1 [{Sln, S2n}]

The result simplifies after linearization, and we find the expected result of a value that is close to % (in the absence of the 1/ allele,
the frequency of 1"at the sex chromosome that is inherited from the father changes by %, from % in zygotes before sex determina-
tion to 1 in male juveniles):

Series[Dm;, [{sl,}] /. SexDetermination /. Linearize /. {e, » 0}, {€,, O, 1}]

1 1
5 * 5 WDy [{sly, S2¢}] €y +0[ey]?

Viability selection procedures

These two procedures relate the viability of a male or female juvenile to its genotype. The relationship is expressed in terms of
viability-selection coefficients @k, which measure the strength of selection on the positions in K. Throughout, we assume that
selection is weak, allowing us to truncate these expressions at first order in €, .

GetEquationAfemale[Genotype_List, selectionCoeff ] :=
Module[{]K = Subsets[A], lhs =1, i},

Do[lhs = €4 a{]K[[i]]/.{]k_sxo_asxo},f}
(GetMoment[K[[i]], Genotype, A] - Df,[K[[i]]]), {i, 1, Length[K] }] ;
0 == Series[lhs - (1 + €, selectionCoeff) / (1 + €,V¢) /.
subsReferencevValues , {e,, 0, 1}] // Normal]
GetEquationAmale [Genotype_ List, selectionCoeff_ ] :=

Module[{]K = Subsets[A], lhs =1, i},

DO[th += €4 a{]K[[i]]/.{]k_sxo_asxo},m}
(GetMoment [K[[i]], Genotype, A] - Dm, [K[[1]]]), {i, 1, Length[K] }] ;
0 == Series[lhs - (1 +e¢€, selectionCoeff) / (1 + €, Vn) /.

subsReferencevValues , {e,, 0, 1}] // Normal]
For example, to specify that heterozygote females have fitness 1 + & v¢ , we write
GetEquationAfemale[{0, 1}, hf v¢]

0 == €q (-he Ve - Pr Qriey, £} + Qim},£) — Pn Ogimy, £} — P O((£,m),£) + Pg Pm Olgg,my, 83 +
Ve - Oy, ey Ofy [{@s}] = Ogmy, ey Dfy [{@n}] — Qe,my, ey OFy [{@g, @nl}])

The values of the selection coefficients ax and the mean fitness in males and females are defined by additional equations for the
other genotypes. The solution of the resulting system of linear equations is given by
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subsCoeffA = First[Solve[
{
GetEquationAfemale[{O, 0}, O],
GetEquationAfemale[{0, 1}, hf v¢],
GetEquationAfemale[{1l, 0}, hf v¢],
GetEquationAfemale[{1, 1}, v:],
GetEquationAmale[{O, 0}, O],
GetEquationAmale[{0, 1}, hy v,],
GetEquationAmale[{1l, 0}, h, v,],
GetEquationAmale[{1l, 1}, v4]},
{agiey, 537 Agqmy, e ¢ Qe my v Qgqmy,my 7 QAgie,my, £} 7 Qg(e,mp,myr Ve, Vn}]15
DeleteCases[subsCoeffA, v - _] // ColumnForm

Q(£},£) = he Ve + Pn Ve — 2 he P Ve

O((m}, £} = DNf Ve + Pr V& — 2 he pPr Vs

Qge,my,£) = Ve — 2 he ve

Qfigy,m) = hn Vo + Pn Vi = 2 Dy P Vi

Oim},m} = Nn Vo + Ps Vn — 2 hy Pe Vp

Oit,m},m} = Vm — 2 hy vy
The procedure ViabilitySelection expresses associations in adults after viability selection in terms of associations at the
juvenile stage.

ViabilitySelection = {

Of; [K_List]
Module[{]L = Subsets[A], sum = Df, [K], i},

Do[ sum += €q A(r((i37/.0a - sxo}, £} (RemoveRepeatedPositions [Df, [K] ,

Df [L[[i]1]1]] - Df, [K] Df, [L[[i]1]1]), {i, 1, Length[L]}];
sum /. subsReferenceValues] ’
Dm; [K_List] :»
Module[{]L = Subsets[A], sum = Dm; [K], i},

Do[sum += €q Ariri]y/. {1 - sxo} ,m} (RemoveRepeatedPositions[

Dm; [K] , Dmy [L[[i]1]] - Dmy [K] Dmg [L[[4]1]);
, {i, 1, Length[L]}];

sum /. subsReferenceValues] };

Transmission and the change of reference values

The procedure getTransmissionCoefficient calculates the probability that a set of positions K ends up in a single
gamete. These probabilities are dependent on the order of the genes on the chromosome, and below, we will consider different
cases

getTransmissionCoefficient[K_List] := Module[
{i=1,j,t=1/2,r =0, L},
If[Length[K] == 0, Return [1]];
While[! MemberQ[K, geneOrder[[i]] ], i++];

j=41i+1;
While[j < Length[geneOrder],
r = (1-r) recombinationRate[[j -1]] + r (1 - recombinationRate[[]j -1]]);

L = Cases[K, geneOrder[[i]] | geneOrder[[j]] ];
If[Length[L] == 2,
t *= If[Count[L, (] =1, r, 1-r];

i=73;
r=20;];
j++;17

Return[Simplify[t]]];
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Since the reference values are not equal for all positions at a single locus, the associations have to be adjusted to the reference
values after the transmission event. This is done by the procedure getAdjustedAssociation.

getAdjustedAssociation[K_List, isFemale_] := Module[
{L = Subsets[K], M, Mc, i, j, sum = 0, product},
Do[
M=L[[i]];
Mc = Sort[Complement[K, M]];
product = 1;

Do[product *= (WM[[J']] _pr[isFemale,M[[j]]/.{]k__—»]kf},M[[j]]/.{]k__—»]km}])I
{j, 1, Length[M]}];

sum += product If[isFemale, Df; [Mc], Dm3 [Mc]] ,

{i, 1, Length[L]}];

sum /. subsReferenceValues]

The procedure Transmission expresses the association in the new generation of zygotes after transmission in terms of the
associations in the adults of the parental generation.

Transmission = D, [K_List] =»
Module[{]Kf = DeleteCases[K, _n.],
Km = DeleteCases[K, _¢], Lf, Lm, sumFemale = 0, sumMale = 0},
Lf = Tuples []Kf /. {locus_ - {locusg, locusm}}];

Lm = Tuples []Km /. {locus__ - {locusg, locusm}}] ;

Do[sumFemale += getTransmissionCoefficient[Lf[[i]]]
getAdjustedAssociation[Lf[[i]], True], {i, 1, Length[L£f]}];
Do[sumMale += getTransmissionCoefficient[Lm[[i]]]
getAdjustedAssociation[Lm[[i]], False], {i, 1, Length[Lm]}];
sumFemale * sum.Male];

The reference values have to be updated at the end of the generation. A change of reference values changes the associations. The
procedure ChangeReferenceValues expresses the associations in zygotes after the change of reference values in terms of
associations before the change.

ChangeReferenceValues = Ds [K_List] »
Module[{L = Subsets[K], M, Mc, i, j, sum = O, product},

Do [

M=L[[i]];

Mc = Sort[Complement[K, M]];

product = 1;

Do[product *= -Ds[{M[[j]1]1}], {j, 1, Length[M]}];
sum += product D, [Mc],

{i, 1, Length[L]}];
sum /. subsReferenceValues];

Complete lifecycle including mutation

By concatenating the procedures for transmission, viability selection and sex determination, we map the associations at the zygote
stage from one generation to the next.

LifeCycle =
D_ = (D /. ChangeReferenceValues /. Transmission /. ViabilitySelection /.
SexDetermination);

In the final step of our preparatory work, we include mutation to the processes that affect the change of allele frequencies and
associations. Mutation occurs only at the sex-antagonistic locus. The rate of mutation is scaled by €, €, , where €, is again an
order-of-magnitude parameter that will be used later on to linearize the results for small mutation rates.
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GetFrequencyChange[]k_i /; k = a, orderA_List, orderW_List] :=
Module[{f = pi, +Ds[{k:i}], Af},
Af=f (1 - €e,€, 1) + (1-1£) €x€, o -px; /. subsReferenceValues;

Series[Af /. LifeCycle /. Linearize, orderW, orderA] //
FullSimplify // Normal]

GetFrequencyChange[]k_ /; Or[k ==sl, k == s2], orderA_List, orderW_List] s=

Series[D,[{k;}] /. LifeCycle /. Linearize, orderW, orderA] // FullSimplify //
Normal

GetAssociationChange[K_List, orderA List, orderW_List] :=
Series[Ds [K] (1 - €, €, Uy - €4 €, Hp) "E%2] _p, [K] /. LifeCycle /. Linearize,
orderW, orderA] // FullSimplify // Normal

3. QLE APPROXIMATION - RESULTS FOR LOOSE LINKAGE

Parameters

In this section, we consider a sex-antagonistic locus that is located between the two sex-determination loci. The results for this
scenario are general if there are no epistatic interactions between the sex factors. In that case, the recombination rate between the
sex-factors does not enter in any of equations, implying that the precise order of the genes on the chromosome is irrelevant.

geneOrder = {sl, a, s2}
{sl, a, s2}
recombinationRate = {r(s;,a} s Yia,s2}}

{T(s1,a)r Tia,s2)}

Sex-ratio selection
We start with a number of consistency checks. In the absence of the modifier allele, the ancestral sex-determination alleles should
be at their equilibrium frequencies.

GetFrequencyChange[sl:, {€., 0, 0}, {€x, O, 0}]
GetFrequencyChange[sl,, {€., 0, 0}, {€x., O, 0}]

0
0

In the absence of sex-antagonistic selection (€, = 0), the novel sex-determination allele is neutral. Its frequency should then
neither increase nor decrease.

Aw¢ = GetFrequencyChange[s2;, {e,, 0, 0}, {e,, O, 1}]
0
We proceed by calculating the change of the genetical association between the sex-determination loci in females.
ADwy, = GetAssociationChange[{sl:, s2¢}, {€s, O, 0}, {€y, O, 1}]
W (-Tis1,a) + Yia,s2) (-1 +2T¥s1,a1)) Ew (-1 +Dy[{sle, S2¢}])
An equilibrium that maintains an equal sex ratio is attained for the following value of the association:

solutionDwy = Solve [ADwy; == 0, D, [{sls, s2¢}]] // Flatten // FullSimplify
{Dwl{sle, s2¢}] » 1}



G. S. van Doorn and M. Kirkpatrick 15 SI

Sex-antagonistic selection

o Frequencies of sex-antagonistic alleles and associations with the ancestral sex determination locus

Recurrence relations for the sex-antagonistic allele frequencies are given by

Ap, = GetFrequencyChange[a;, {€,, 0, 1}, {€w, O, 0}]

1
> (=Pt +Pn-2D¢ [{@n, S1n}]) +

1
7601 (2€, tlo - (€u (Mo + 1) +Q(m), £}y (-1 +Pn-2D0[{@n, SIn}]))

(Pn—2Dg [{an, s1n}1) - PF (Oey, ey — 2 %ge,my,e5 Do [{@ns S1n}]) +
Pt (a{{f),f) - €y (/10 +/-11) _za{{fym},f) Do [{amr Slm]ﬂ) _ZDa[{amr Slm]ﬂ)
Ap, = GetFrequencyChangela,, {€«, 0, 1}, {€uw, O, 0}]

1 1
) (Pt = Pm) +Do [{an, sIn}] + 35 €a (—Pi (Qigy,m) + 2 Qg,my,m) Do [{@ns SIn}]) +
P (O((ey,mp —€u (Mo +H1) + 2 0pig,my,my Do[{@ns SIn}]) = (Pm+2 Do [{8n, Sln}])
(€u (Ko +H1) +Ogmy,m) (-1 +Pn+2D0[{@n, SIn}])) +2 (€y o + Do [{@m, SIn}]))

The only genetical association that appears in these recurrences is that between the sex-antagonistic allele and the Y-allele in male
gametes. This association changes from one generation to the next as given by the recurrence

ADyp, = GetAssociationChange[{a,, sl,}, {€«, O, 1}, {€,, O, 0}]

1
7T ((Pt —Pm) (-1+2TFs1,a)) ~2 (1 +2X(s1,ay) Do[{@n, Sln}]) +

1
z €u (—Pi (-1+2r1,a) (Agey,m +2%g,my,m Dol{@ns S1n}]) +

Pr (-1 +27Tg1,ay) (Ager,my — € (Ho + H1) + 2 Q¢gg,my,m Dol[{@ns SIn}]) +
(-1+2r1,a3) (Pn+2D0[{a@n, sln}])
(eu (Mo + H1) + O {{m},m} (=1 +Pn+2D [{an, S1n}])) -2 (l+2r{sl,a)) Do[{ans 8ln}])
If recombination between a and s; occurs frequently then the difference between allele frequencies in male and female gametes

will be small. Accordingly, pr and pm can be expressed in terms of an average allele frequency 7 and a sex-specific deviation
from the mean that is related to the association between sex-of-origin and the sex-antagonistic allele.

(varSubs = {ps > P+ 2€,D,[{a, sex}], Pn 2 P- 2€, D, [{a, sex}]}) // ColumnForm
Pr >P+2¢€y Du[{a, sex}]
Pn>DP-2€,Dy[{a, sex}]

If the difference between pr and py, is small, then also the association between « and s5; will be small. Indeed, the leading order
term in the expansion of this association is of order €, :

Solve[0 == ADyp, /. varSubs /. {€; >0}, Do[{an, sln}]] // First

{DO [{amr Slm}J - 0}
To simplify the equations, it is useful to define the genetic variance, V, and the average effects of allele substitution in females (@)
and males (@) (these quantities are denoted as @ and @™ in the main text)

definitionCoeffSimple =
{
V-p (1-p),
as » ve (hg +Pp (1-2h¢)),
Qp = Vp (hy +Pp (1 -2hy,))
}i

Up to leading order in €, the selection coefficients reduce to the average effects of allele substitution.
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subsCoeffSimple =
Join|[

{

Do [{an, s1n}] - O,
(£}, £} = Qg
Agim},£} > Af,
Ari£},m} > Omy
Af{m},m} > Om

iy

varSubs];
The simplified recurrence equations are given by
simpleAp, =
Series[Collect[Ap, /. subsCoeffSimple, p] /. {pz > p-V}, {€, 0, 1}] // Normal //
FullSimplify
€ (Vag -€, ((-1+P) o +PH1) -2Ds[{a, sex}] -Dy[{an, Sln}])

simpleAp =
Series[Collect[Ap, /. subsCoeffSimple, p] /. {f:z > p-V}, {€s, 0, 1}] // Normal //
FullSimplify
€a (Vo +€, (Ho —PHUo ~PH1) +2Dy [{a, sex}] + Dy [{@ns S1n}])
simpleADyp, =
Series[Collect [ADyp, /. subsCoeffSimple, p], {€., O, 1}] // Normal //
FullSimplify
1
7 €a ((‘2 + 4r{sl,a}) Da [{ar sex}} - (1 + zr{sl,a}) Da [{amr Slm}})

simpleApAvg = simpleAp, + simpleAp, // FullSimplify
€a (V (g +an) —2€, ((-1+P) o +PH1))
The equilibrium solution for the associations is

(solutionDyp = Solve[{simpleADyp, == 0, simpleAp, - simpleAp == 0},
{Dy[{an, sln}], Du[{a, sex}]}] // Flatten // FullSimplify) // ColumnForm

D a s1 V (-1+2r(s1,a}) (Of ~Om)
[{ }} 8(‘r<151')a)

V (l+2r ) (af —om)
Dc [ {a, SeX} J x4 (351:a)1 ) £ om

o Associations with the novel determination locus

In the final step of the analysis for weak linkage, we need to calculate the associations between the sex-antagonistic locus and the
novel sex-determination factor. The equation is complicated and difficult to interpret without simplification.
ADwp, = GetAssociationChange[{as, s2¢}, {€s, 0, 1}, {€w, O, 1}];
All associations involving s; and a are of the order €, when linkage is weak, and the lowest order terms in the expansion of these
associations vanish.
solutionDwp = Solve [ADwp; == 0 /. subsCoeffSimple /. {€, » 0}, Dy [{as, s2¢}]1]1[[1]]
(Du[{a, 52¢1] > 0)
Previous results are used to simplify the expressions.

subsCoeffSimple = Join[subsCoeffSimple, solutionDwp];
subsPreviousResults :=
eq_:» (eq /. subsCoeffSimple /. solutionDyp /. solutionDwy)
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(solutionDwp = Join[solutionDwp,
Solve[0 == Series [ADwp; /. subsPreviousResults, {e,, 0, 1}],
Daw [{Qg, 82¢3]1[[1]]] // FullSimplify) // ColumnForm

Dyl[{as, 82¢}]1 >0

V (X(a,s2)*2 (-1+X(a,s2)) T(s1,a)) (% ~COm)
2ra,s2} Tisl,a)

Daw[{afr szf}} - -

Indirect selection on the modifier
Using the previous QLE solutions for the associations, the geometric rate of increase of the modifier allele frequency is calculated
as

finalResultWeakLinkage =
GetFrequencyChange[s2¢, {e€,, 0, 2}, {€w, O, 1}]

/. subsPreviousResults /.
2€e, W

solutionDwp // FullSimplify

V (Tia,s2) ~ Tis1,a)) Qs (A = On) el
2 Xia,s2) Lisi,a)

This expression is identical to equation (3) in the main text.

4. APPROXIMATIONS FOR TIGHT LINKAGE

If linkage between loci is tight, the allele-frequency differences between males and females can become large, as can the associa-
tions between sex-antagonistic alleles and the sex-determination factors. For tight linkage we can therefore no longer use the
linearization and simplification techniques that we used for the loose-linkage case. Instead, we develop population-genetic
recursions for the allele frequencies of the sex-antagonistic allele in the different types of gametes that contain a mutant allele.
The recursions are then applied to calculate the fitness of a I/ allele (1) with a sex-antagonistic locus tightly linked to the new
sex-determining gene, (2) with a sex-antagonistic locus tightly linked to the ancestral sex-determining gene, and (3) during a
homologous transition.

Transition matrices and population-genetic recursions

The state variables of our model are the frequencies of the different types of gametes that contain a mutant allele. Mutant alleles
can occur in gametes together with a x- or y-chromosome and they can occur with either one of the sex-antagonistic alleles.
Mutant alleles are always maternally inherited. Accordingly, four variables are required to keep track of the genetic state of the
mutant population. Let g, be the state vector of the mutant population at time ¢#. Our aim is to derive a linear recurrence
equation g, , =T g, that describes the growth of the mutant population when the mutant allele is rare. We write the vector g, of
mutant gamete frequencies as
y(WX0)
(WXl
& Tlywro)
Y(Wwrl)

where ¢ (W X 0) is the frequency in generation ¢ of female gametes carrying the mutant allele 1/, an x-chromosome, and allele 0
at the sex-antagonistic locus a. The frequencies of other gamete types follows similarly. To construct the matrix T, we proceed in
steps through the life cycle: fusion of gametes to produce female juveniles, viability selection on juveniles to produce adults,
melosis to produce unmutated haploid gametes, and finally mutation at the sex antagonistic locus to give mutated gametes.

o Fusion of gametes

In the first step, we map the frequencies of genotypes in gametes to those in zygotes. The zygote genotypes are divided into two
classes, depending on whether or not the gamete from the resident parent contained a y-chromosome or not. The vector of
frequencies for zygotes that inherited an x-chromosome from their nonmutant parent is written
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Y(ZX0/ W X0)
Y(IX1/ WXO0)
Y(ZX0/ WX
Y(IX1/ WX
Y(ZX0/ WT0)
Y(ZX 1/ WT0)
Y(ZX0/ WD)
Y(IX1/ WD)

Zy =

where ¢ (X0 / W XO0)is the frequency of zygotes that inherited the haplotype < X 0 from one parent and W X 0 from the
other; the other zygote frequencies are denoted similarly. Then

Zy = G X gt
where the matrix Gyis defined as

(Gx = {{l'mel ol ol 0]'! {mel ol ol o}l {OI l_mel ol 0]‘! {ol mel ol 0]‘! {OI ol
1-px, 0}, {0,0, pg,, 0}, {O0,0,0, 1-py}, {O, 0,0, pg,}}) // MatrixForm

l-py, O 0 0

Px, 0 0 0

0 l-px, O 0

0 Px, 0 0

0 0 l-px, O

0 0 Px, 0

0 0 0 1 -px,
0 0 0 Pxn

The second class of zygotes are those that inherited a y-chromosome from their resident parent. The vector of their frequencies is:

Y(LYo/ wixo
YY1/ wxo
Y(Lro/wxl
YRLri/wxln
Y(IYo/ wro
YY1/ wro
Y(Iro/wri
YY1/ wrin

where matrix Gyis given by

(GY = {{l_PYI ol ol 0]‘! {le ol ol o}l {OI 1_PYI ol 0]‘! {ol Py, ol 0]‘!
{0, 0, 1 -py, O}, {0, O, py, O}, {O,0,0, 1-py}, {O,0,0, pv}}) // MatrixForm

l-py O 0 0
Py 0 0 0
0 l-py O 0
0 Py 0 0
0 0 l-py O
0 0 Py 0
0 0 0 1-py
0 0 0 Py

o Viability selection

Viability selection acts on juveniles to produce surviving adults. The vectors of genotype frequencies for adult females that carry
an x- or y-chromosome from the nonmutant parent are

a;X = Af Zy, afl = Af Zzy
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where A is a diagonal matrix with the viabilities of female genotypes:

(Af = DiagonalMatrix[{1, 1+hsvse,, L+hsveie,, 1+vV:eE,,
1, 1+hsveie,, 1+hsvee,, 1+viea}]/ (1+€,V¢)) // MatrixForm

o Formation of gametes

= 0 0 0 0 0

+Eq V§

0 Libevece 0 0 0

+€y Vg
0 0 Lbeveca 0 0
+E€q VE
0 0 0 l¥eca 0 0
+€y Vg
0 0 0 0 —t— 0
+E€q VE
0 0 0 0 0 Lo
+€q Vg

0 0 0 0 0 0

0 0 0 0 0 0

0
0
0
0
0
0

l+hf ve €4

0

l+ey Ve

0

o o o o o

1+vse €4

l+ey Ve
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The next step is meiosis, which produces unmutated haploid gametes. The vector of gamete frequencies produced by females is

written hy, with elements corresponding to the first four elements of the vector g, defined earlier:

hf = RX {le

The matrices Ry and Ry account for recombination, and are calculated by the following procedures

+ Ry ag,

indexY[i_Integer] := Mod[Quotient[i , 4], 2];
recombinationCoeff[i_Integer,
YfromResidentGamete_Integer, j_Integer] := Module][{
YfromMutantGamete = indexY[i],
AfromMutantGamete = Mod [Quotient[i , 2], 2],
AfromResidentGamete = Mod[i, 2],
Yoffspring = Quotient[j, 2],
Aoffspring = Mod[j, 2], I},
I[parentAllele_, offspringAllele_] :=

parentAllele offspringAllele + (1 - parentAllele) (1 - offspringAllele);

getTransmissionCoefficient[{as, sl¢, s2¢}]

Ry = Table[recombinationCoeff[i, O, j]1, {j, O, 3}, {i, O, 7}]1;
Ry = Table[recombinationCoeff[i, 1, j]1, {j, O, 3}, {i, O, 7}];

o Mutation

I[YfromMutantGamete, Yoffspring] I [AfromMutantGamete, Aoffspring] +

getTransmissionCoefficient[{a,, slg, S2¢}]

I[YfromMutantGamete, Yoffspring] I [AfromResidentGamete, Roffspring] +

getTransmissionCoefficient[{as, sln, S2¢}]

I[YfromResidentGamete, Yoffspring] I[AfromMutantGamete, Roffspring] +
getTransmissionCoefficient[{a,, sln, s2¢}] I[YfromResidentGamete,
Yoffspring] I[AfromResidentGamete, Aoffspring] // FullSimplify]

The final step to complete the life cycle is mutation at the sex-antagonistic locus, which then gives us the gamete frequencies in

generation (+1:
gt+1 = Uhf

where the matrix U is
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(U= {{1-poeq €ur U1 €Eq €y 0, 0}, {uo €a €uy 1-pu; g €uy 0, 0},
{0,0,1-pypes€,, H1E5€,}, {0,0, po€s€,, 1 -4y, €,€,}}) // MatrixForm

l-e,€, by €a€ulha 0 0

€a €4 Ho l-e,e, i O 0

0 0 l-€e,€,l0 €a€ya

0 0 €a €4 Ho l-e,€, 1

Putting these results together gives us a linear recursion equation for the vector of gamete frequencies:

gH—l = Tgt
where the transition matrix T is:

T = U. (Rx.Af .Gx + Ry.A¢ .G’y);

Scenario 1: tight linkage between the sex-antagonistic locus and the novel sex-determination gene
The linkage between the ancestral sex-antagonistic locus and the novel sex-determination locus is tight if the recombination rate
between sy and a is of the same order of magnitude as the selection coefficients.

tightLinkagel = {r(.,s2} = €4 F(a,s2} }

{Tia,s21 = €a Ta,s2) }

In that case, the frequencies of the sex-antagonistic alleles will not differ much between x- and y-chromosomes, but there could be
large difference in allele frequencies between the haplotypes with the modifier allele and those without. The frequency of
sex-antagonistic alleles in the haplotypes that feature the mutant sex-determination allele 1/ will be denoted as pyy .

(varSubsl = {px, » P+ €3 €x,, Px, ® P+€a€x,, Pv > P+€4€y}) // ColumnForm
Px; > P+ €x; €Eqa

Px, > P +€x, €a

Py > P + €y €4

The association between the sex-antagonistic locus and the novel sex-determination locus depends on the difference between the
allele frequencies 7 and py-. The exact relationship can be found from the definition for the association. For example,

Dlar, sop 3] = wr pw (1 —wp) (1 = pr) + (1 —wp) pr(=wr) (1 = pr) +
we (1= pw) (L —we) (= pe) + (1 —20r) (1 = pr) (we) (= pe) = we(1 —wr) (pw — pr) = 2 @ (pw — D)

where pyy is the frequency of allele 4 among haplotypes with a 47 allele. The approximation in the final step follows after the
substitution of previous results:

subsDwpl = {Dw [{as, s2¢}] »

Normal[Series[( Py - Px, ) W¢ (1 -w¢) /. Linearize, {e,, O, 1}]]} /.

€, W
solutionDwy /. varSubsl /. {€, » 0} // FullSimplify

{Dy[{as, s2¢}] > -2p+2pu}
The following substitutions help to simplify the equations

subsCoeffSimple =
Join|[

{

Dol[{an, sln}] >0,
Ay, £3 > Asy
A({m}, £} > Asg,
Aig£y,mp > Ay
A{m},m} > On

1

varSubs];

The invasion fitness is calculated as
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ATightLinkagel =

GetFrequencyChange[s2¢, {e€,, 0, 1}, {€yw, O, 1}] .
/. solutionDwy /.

2€e, W
subsCoeffSimple /. subsDwpl // FullSimplify

-(P-Pu) U €

We now proceed to derive an expression for py . The value of py, can be derived from the stable genotype distribution in the
mutant population.

pr =

0,1,0, 1}.T.{1- 1-
Series[ {9, 1,0, 1} { Pus Pur Prs Pr} - py /. varSubsl /. tightLinkagel,

{11 11 ll 1}'T'{1'PWI Pu ., l'PWI PW]’
{€a, 0, 1}] // Normal // FullSimplify

€a (Euto+Pu ((-P+ (-1+2p) he) (-1+pu) Ve-€y (Lo +H1)) + (P-Pu) Ea,s2))
The recurrence relation can be written more concisely as
simpleAp, =€, as Vi + €4 €, (Mo (1 -Pu) - U1 Pu) - (Pw - P) Tia,s2)
- (-P+Pw) Tia,s2) +Vu & € + € €y ((1-Pw) Uo — Pu H1)
check = Ap, - simpleAp, /. definitionCoeffSimple /. Vy » py (1-py) /.
tightLinkagel // Simplify
0
The equilibrium solution for py is substituted into the expression for the invasion fitness, yielding
ATightLinkagel = ATightLinkagel /. {py » A+pP} /.
Flatten[Solve[O == simpleAp, /. {py » A+ P}, A]l] // FullSimplify

as €2 (Vyoas +€, (- (=1+P) o -P 1))
Tia,s2) + €a €, (Mo + H1)

The average allele frequency 7 is set by selection and mutation. The balance between these evolutionary forces is reflected in the
recursion for 7 that was derived earlier

simpleApAvg
€a (V (g +0an) —2€, ((-1+P) Lo +PH1))

We use the equilibrium condition for this recursion to eliminate the mutation term in the numerator of the invasion fitness. The
end result (equation 5 in the main text) is given by

(Vg (ag - 0n) + (Vy - V) (ag +a,)) ag

finalResultTightLinkagel = €2
2 (Yia,s2) + €a €4 (Mo + H1))

s (Vi (0 —Om) + (-V+Vy) (0 +0n)) €2
2 (Yia,s2y +€x €y (Mo +H1))
check = finalResultTightLinkagel - ATightLinkagel /.
Flatten[Solve[simpleApAvg == 0, p]] // FullSimplify

Scenario 2: a sex-antagonistic locus that is closely linked to the ancestral sex-determination gene
The linkage between the ancestral sex-antagonistic locus and the ancestral sex-determination locus is tight if the recombination
rate between sy and a is of the same order of magnitude as the selection coefficients.

tightLinkage2 = {r(s1,a} 2 €4 E(s1,a) }

{Ts1,a) = €a Esr,a )

Tight linkage with the ancestral sex-determination locus can result in significant differences in the frequencies of sex-antagonistic
alleles between the x- and the y-chromosome. Within the haplotypes that contain an X allele and within those that contain an 1"
allele, the allele frequencies will be roughly equal, irrespective of the presence or absence of an ¥ allele. This leads us to define a
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change of variables that approximates all allele frequencies in terms of the average allele frequencies on the x- and y- chromo-
some, py and py.

(varSusz = Join[{pxw - Px + € €py s Pww = Py + €a € }y

Px, + Py
Flatten[Solve[{p: == Pz, , Pu = — 5+ 3Px = 2Px +Pxs

2
€« Da[{a, sex}, X] = — (px, -Px ) }s {Pxes Pxos Pty p...}]]]) // ColumnForm

Pxw = Px + Epyy €a
Pww = Py + Epyy €a
Px, > 3 (2px +3 €, Dy [{a, sex}, X])
Px, > Px -3 €4 Dy [{a, sex}, X]
P: > 5 (2px +3€u Dul{a, sex}, X])
Pn~ 5 (Px +Pr - 3 €a Do [{a, sex}, X])
The coeflicient D, [{a, sex}, X] is the association between a and sex-of-carrier (coded as 1 for females and 0 for males) on the
x-chromosome. This association is calculated as
D.[{a, sex}, X]
T, (U= A=p0)+ 5 A= px )= ) po)+ 5 px, )= pr)+ 5 (L= px, ) (=) (= px)
2 (px; = px,)

To simplify the expressions later on, we define genetic variances and selection effects specific for the x- and y-chromosome

(definitionCoeffSimple = {
Vx> Px (1-Px), Vy > Py (1-pPy), 0x, &> Ve (he +Px (1-2h¢)),
as > Ve (hg +P(1-2h¢)), an > Vo (hn+p (1 -2hy)), oz, » Vp (hg +py (1-2hy)),
ay » Vp (hy +pPx (1-2hy,)), P> (3px +pPy) /4}) // ColumnForm

Vx - (1 -px) Px

Vy > (1 -py) Py

ox, > (hg + (1-2hg) px) Ve

o > (P (1-2h¢) +he) ve

Om = (P (1-2hy) +hy) vy

Ox, & (hg + (1 -2hg) py) Vo

oy » (hpy + (1 -2hy) px) Vn

p- % (3pPx +Py)

The selection coeflicients a are related to the sex-chromosome specific effects of allele substitution.
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subsCoeffSimple =
. ayx, + Oy
J°1n[{°‘<{f),f} 20 - g,y Agqmy, £y > Az 7 Xggsy,my - A({m},m} > Ay
s — Oy, Ay - Oy,
Q(if,m}, £} @ ————,; O((f,m},m} = —}, varSubSZ] // ColumnForm
3 px +Py Pz - P
—4 _px X Y

Opggy,£) = 2 Qg — Ot

QAm), £} = Oxe

1
Aiey,my = 5 (O +0x, )
Af{m},m} = Ay
Of ~Ox¢

(o8 -
({E,m}, £} *Px*% (3 px+py)

oy —0xp
Px ~Py

Pxw = Px + €pyy €a
Pyw = Py + €pyy €a

Px. > 3 (2px + 3 €, Da[{a, sex}, X])

A{f,m},m} =

Px, > Px - 3 €4 Dy [{a, sex}, X]
pPs > + (2px +3 €. Dy [{a, sex}, X])
Pn— 5 (Px +Py - 3 €, Dy [{a, sex}, X])

check = ({Qey, 6y 7 Agier,my 7 Xy, €) 7 Rimy,my s O(i£,m}, £} 7 Aie,m),m } /. SubsCoeffSimple /.
definitionCoeffSimple) -
({ageey, £ 7 Ageer,my 7 Agmy, £} 7 A(gm),m) s Og(£,m), £} r A((£,m},m}} /. SubsCoeffh) /.
{P> (3px+Py) /4, Pu—> (Px+Py) /2, Ps >Px} // Simplify
{0,0,0,0,0,0}

If the allele-frequency difference between x- and y-chromosome is large, then it is no longer true that the lowest order term in the

expansion for D[{a,, 51, }] vanishes. The association between the sex-antagonistic locus and the ancestral sex-determination

factor is now calculated as
solutionDyp = Solve[{0 == ADyp, //. subsCoeffSimple /. tightLinkage2,
0 == D[ ADyp, //. subsCoeffSimple /. tightLinkage2, €,]} /. {€s » 0},
{Do[{a@n, S1n}], Doa[{@n, S1n}]}] // Flatten // FullSimplify

{Dal{an, sla}] >

1 o -
5 (-p% ay +Py (0ty — €, (Ho + 1) —2F(s1,a)) +Px ((-1+Pxg) ax, +€u (Lo +H1) +2 Fis1,ay) -

3D [{a, sex}, X]), Do [{an, 81a}] > 3 (-Px +Pv) )

The association between the sex-antagonistic locus and the novel sex-determination factor is again derived from the definition of
these associations.

subsDwp2 =

. Di[{sls, s2¢}] ws - D1 [{slg, s25}]
Normal [Serles[ Pww +
We Wg

{Dw[{afl s2¢}] »

Pxw —pr] we (1 -we¢) /. Linearize, {e,, O, 1}]]} /.
solutionDwy /. varSubs2 /. {€, » 0} // FullSimplify
{Du[{as, 82¢}] » -pPx + Py }

With this result, we can now derive an expression for the invasion fitness of the modifier allele.
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ATightLinkage2 =
GetFrequencyChange[s2¢, {e€,, 0, 1}, {€yw, O, 1}] .
/. solutionDwy /.

2€e, W
solutionDyp /. subsDwp2 /. subsCoeffSimple // FullSimplify

- (Px —Py) Ot €4
The invasion fitness is proportional to the allele-frequency difference between x- and y-chromosomes. In order to solve for this
allele-frequency difference, we derive two recurrence relations, one for the average allele frequency of sex-antagonistic alleles, one
for the allele-frequency difference between the sex chromosomes.

simpleApAvg =

Collect[Series[Ap, + Ap, /. subsCoeffSimple /. solutionDyp /. tightLinkage2,
{€ar 0, 1}1, {Px, Px}] //. {Pi > Pz -PxVx, Px @ Px - Vx, Py > Pxr - Vx} /.
{py » 4Pp-3px} // Normal // FullSimplify

1
5 €ao (Vyay +2Vxoxg, - (-1 +Px) Px Oz, —4€, ((-1+DP) o +PL1))

simpleApDiff =
Collect[Simplify[Series[Ap, - Ap, /. subsCoeffSimple /. solutionDyp /.

tightLinkage2, {€,, 0, 1}]], {Px, Px}]1 //.
{p; > P: -Px Vx, P; » Px - Vx, P; > Py - Vy} // Normal // FullSimplify

1 o
5 Ea (=3Vyay +Vx (20x, +0x,) - (Px ~Py) (3 €, (Mo +11) +4 ¥ (s1,a)))

The latter recursion yields a solution for the difference px — pr
Flatten[Solve[O == simpleApDiff /. {px » Py +A}, Al] /. {A>pPx -Py} //
FullSimplify

~3Vyay +Vx (20x, +0x,)
— - =
{Px - pr > — €u (Ho + 1) +4 F(e1,a )

Substituting this result in the expression for the invasion fitness yields a final result for this scenario (equation 7 in the main text)

ATightLinkage2 = ATightLinkage2 /. {px » py + A} /.
Flatten[Solve[O0 == simpleApDiff /. {px » py + A}, A]] // FullSimplify

as (3Vyay -Vx (20x; +0x,)) €a
3e€, (Mo + 1) +4 Fie1,a

as (3Vyay -Vy (2ax, +0x,)) e?

finalResultTightLinkage2 =
3eqa€, (Mo +H1) +4 X(s1,a)

of (3Vyay -Vx (20x, +0x,)) €2
4 r{sl,a} +3 €a eu (UO +/»11)

In the final part of this section, we examine the effect of deleterious alleles that may have accumulated on the y-chromosome. We
consider a worst case scenario for the invasion of the modifier allele: the deleterious alleles are recessive and expressed only in
females. The rate of deleterious mutations is o, and the reverse mutation rate is assumed to be negligibly small.

(deleteriousAllele = {ay, » -VPpPxg, Az > -VP, 0y >0, agx, -0, ay -0, u; »0}) //

ColumnForm

Axe = —V Px

o > -VDP

Om = 0

Oy, = 0

oy - 0

Uy >0

Under these conditions, an explicit solution can be found for the recursions for py and py
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(mutationSelectionBalance =
Solve[{0 == simpleApAvg, O == simpleApDiff, py # 1} /. deleteriousAllele /.
definitionCoeffSimple, {px, Pyv}]1[[2]] // FullSimplify) // ColumnForm

VeEpu Vo ¥is1,a} \/3 €y Ho+4 E(s1,a}

€u Ho

- - + —
Py €u HotT(sl,a) V2 Vv (e po+E(s1,a)) 2
e » & Vi ~[3¢€u 0 +4E(s1,a)
X

Vv \/2 €u Mo +2 E(s1,a)
Substituting this result into the expression for the invasion fitness yields:

Series[ATightLinkage2 /. deleteriousAllele /. definitionCoeffSimple /.
mutationSelectionBalance /. ¥(s1,a) = €, Fis1,a /-
€, »€2, {€g, 0, 0}] // FullSimplify

2
- Tl sole)t

4 (o + Fis1,a))’

which is equation (11) in the main text.

Scenario 3: a homologous mutant
This section concentrates on homologous sex-determination mutations. The evolutionary consequences of such mutations can be
analyzed in our model by choosing the order of the genes on the chromosomes as

geneOrder = {sl, s2, a}

{sl, s2, a}

The sex-determination factors s; and sy are no longer distinct loci. Accordingly the recombination rate between s; and sy 1s set to
zero.

recombinationRate = {0, r(, oy}
{0, Tis,ar}

The loose-linkage results are independent of the recombination rate between the sex-determination loci. Loose-linkage results for
homologous mutations can therefore be easily derived from the earlier loose-linkage approximation

finalResultWeakLinkage /. {Y(a,s2} = ¥(s,a}s Lisi,a} = Yy(s,a} } // Simplify
0
A nonzero invasion fitness is realized only if the sex-antagonistic locus is tightly linked to the sex determination locus.
tightLinkage3 = {r(s,.; - €4 F(s,a} }
{Tis,a) > €a Tis,ay}

Since the order of the genes on the chromosome is different from what is was before, the recombination matrices have to be
recalculated.

(Rx = Table[recombinationCoeff[i, O, j], {j, O, 3}, {i, O, 7}]) // MatrixForm
(Ry = Table[recombinationCoeff[i, 1, j], {j, O, 3}, {i, O, 7}]) // MatrixForm

+ 5 (1-Ta) 5 Tsa 0 0 O 0 0
0 %rwla} % (1-re,ay) % 0 0 0 0
0 0 0 0 % % (1-rs,a) %r{s,a} 0
0 0 0 0 0 %rwla) % (1 -rs,ay) %
% % (1-ris,a) %r{s,a} 0 0 0 0 0
R 5 (1-Tsa) 5 0 0 0 0
0 0 0 0 % % (1-ris,a) %r{s,a} 0
0 0 0 0 0 %rw,a) % (1 -rs,ay) %

Also the expression for the transition matrix T has to be re-evaluated.
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T = U. (Rx.Af .Gx + Ry .Af .G'y);

The variable substitution for this scenario expresses all frequencies in terms of the average frequencies on the x- and the y-chromo-
some, exactly as in scenario #2 above.

1
varSubs3 = {pr - ; (2px +3€,D,[{a, sex}, X]), Px, » Px -3 €, D, [{a, sex}, X],

1 1
Pt = ? (2px +3 €a Do [{a, sex}, X]), Pu ~ E (Px +Py -3 €4 Dy [{a, sex}, X])};

The invasion fitness of the mutant allele (i.e., its geometric rate of increase while it is rare) can be calculated from the dominant
eigenvalue of the matrix T. For weak selection, this eigenvalue can be approximated as (H. Caswell (2001). Matrix Population
Models. Sinauer Associates, Sunderland MA, USA.)

dT

R = uTyv+e
ulop oW

_ dT
v = l+enuden v,

such that the invasion fitness is approximately

v

A=log[R] =€ u

dT
deq
In these expressions, Ty =lim¢, 0 T, w and v are the dominant eigenvectors of T( normalized such that wv = 1. The matrix

. . 4T - .
derivative — is evaluated at €, = 0. Ty is:
»

To =T /. varSubs3 /. tightLinkage3 /. {€, » 0} // Simplify
{{, o, 0,0}, {O,1,0,0}, {O,0,1,0}, {O,0, 0, 1}}
A dominant right eigenvector of Ty is given by
rightEv = {x (1-pu), KXPu, (1-x) (1-py), (L-K) Pu};
Likewise, a left eigenvector of T is:
leftEv={1,1,1, 1};
Check that rightEv and leftEv are truly the right and left eigenvectors of Ty and confirm that the vectors are properly
normalized

leftEv.T, - leftEv // Simplify
To.rightEv - rightEv // Simplify
rightEv.leftEv // Simplify

{0, 0, 0,0}
{0, 0, 0, 0}
1

We now verify that these are the leading eigenvectors. We know that the leading eigenvalue of T is unity, which agrees with our
eigenvectors:

ro = leftEv.T, .rightEv // Simplify

1
As a preparatory step to calculating the fitness gradient, we first determine the mean fitness of males and females. To do this, we
recalculate the association between the sex-determination locus and the sex-antagonistic locus

ADyp, = GetAssociationChange[{a,, sln}, {€a, 0, 1}, {€w, O, 0}]

1
I ((pf _pm) (_1+2r{s,a}) -2 (l+2r{s,a)) DO[{amr Slm}}> +
1
7 Eo (-P? (-1 +2T(s,a)) (Ciey,my +20((g,m),m Do[{@n, Sln}]) +
Pr (-1+2r5,a)) (Qgey,my — € (Mo +H1) +20((g,m),m} Do[{a@n, SIn}]) +
(_1+2r{s,a)) (pm+2D0[{amr Slm}})
(eu (o + H1) + X (m},m} (=1 +Pn+2D [{anm, S1n}])) -2 (l"'zr{s,a}) Do[{a@m, sln}])
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solutionDyp = Solve[{0 == ADyp, //. subsCoeffSimple /. tightLinkage3,
0 == D[ADyp, //. subsCoeffSimple /. tightLinkage3, €,]} /. {€s » 0},
{Do[{a@n, S1n}], Da[{@n, S1n}]}] // Flatten // FullSimplify

{Dal{an, sla}] >

1 o ~
5 (-p% ay +Py (0y — €, (Ho + 1) —2F(s,a3) +Px ((-Ll+px) ax, +€u (Ho + 1) +2 Fg,ay) -

1
3Dq[{a, sex}, X]), Do[{an, sla}] > 5 (-Px +Pv) }

Before proceeding, we must now calculate the mean fitness, which, so far, appears in the matrix Ag as an unspecified
coeflicient 7.

meanFitnessSubs =
Simplify[{Vs » V¢, Vu > Vn} /. (subsCoeffA /. SexDetermination /. Linearize /.
{€,>0})] /. {€4 » 0} /. solutionDyp /.
(varSubs3 /. €, »0) /. {V¥s » Vg, ¥y » ¥,} // FullSimplify

{ve > -(2he (-1 +Px) ~Px) Px Ves Yn >~ (-Px Py + hn (-Py +Px (-1+2Py))) Vn}
To calculate the fitness gradient, we take the derivative of T with respect to €,

T, =€, (D[T /. varSubs3 /. meanFitnessSubs /. tightLinkage3, €,] /. {€, > 0});
and then multiply on the right and left side with the eigenvectors.

ATightLinkage3Tmp = leftEv.T; .rightEv // FullSimplify
1
) (—2P>2( +Pw (Px +Py) +he (Px (-3 +4px) +Py - 2Py (-1 +Px +Py))) Vs €

The resulting expression is simplified to
1
ATightLinkage3 = (? oz, (Py -Px) + (Pw - Px) Qw; | €a

1
(Pw — Px) Owg + 5 (-Px +Py) Ox; | €a

where aw, =v (b + pz (1 —24k)) is the effect of allele substitution for sex-antagonistic alleles on the w-chromosome. The
homologue of the w-chromosome in mutant females is a x- or y-chromosome, and each occur with probability one half. Accord-
ingly, the frequency of sex-antagonistic alleles on the homologue is given by p> = % (px + pr)-
check = ATightLinkage3Tmp - ATightLinkage3 //. { ay, > Ve (he +pz (1-2h¢)),
Px + Py s . . :
Pz - T} //. definitionCoeffSimple // FullSimplify

0

As before, a final result is obtained by solving for the allele-frequency differences between different types of sex chromosomes.
The variable py, that appears in the expressions for the fitness represents the frequency of the sex-antagonistic allele 1 on the
mutant sex chromosome. An equilibrium solution for py can be obtained from the recursion

{0, 1, 0, 1}.T.rightEv

Ap, = Series -pu /. varSubs3 /. tightLinkage3
Pu [ (1,1, 1, 1}.T.rightEv " !

{€as 0, 1}, {€x, O, 1}] // Normal // FullSimplify

1
5 €a (2€u Ho +
Pw ((-1+pw) (-px ~ Py +2he (-1 +pPx+Py)) Ve -2¢€, (o +H1)) - (2Pw —Px —Py) E(s,a))
Rewriting this recursion yields a simpler expression

simpleAp, = €q (Vu &w, = (Pw - Pz) ¥(s,a) + €x ((1-Pu) Ho - Pu H1))

€o (Vwow; +€4 ((1-pPw) to —Pw M1) — (Pw —Pz) ¥is,a})
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check =
. Px + Py
Ap, - simpleap, //. {Vu » Pu (L-pw), Pz > ———— , o, > V¢ (he +Pz (1-2he))} //.
definitionCoeffSimple // FullSimplify
0
The equilibrium solution for the difference py- — pz is obtained from the recursion for py
eqAW =

Px

+
Pw - Px /. Flatten[Solve[simpleAp, == 0, py]] /. {pz - TPY} // FullSimplify

2Vy oy, +2€, o+ (Px +Py) Tis,ay
2 (e, (Mo + U1) + Es,ay)

-Px t

An expression for the allele-frequency difference between the ancestral sex chromosomes can be derived from the recursion
simpleApDiff =
Collect[Simplify[Series[Ap, - Ap, /. subsCoeffSimple /. solutionDyp /.
tightLinkage3, {€., 0, 1}, {€,, O, 1}11, {Px, Px}] /.
{p? > px -Vx, P2 > py - Vy} // Normal // FullSimplify
1
5 €a (=3Vyoy +Vy (20x, +0x, ) - (Px ~Py) (3 €, (Ho +11) +4¥(s,a)))

which has as an equilibrium solution for py — py :

subsAgy = Flatten[Solve[0 == simpleApDiff /. {px & Pv + Axv}, Axy]]

-3 Vy oy + 2Vy Ox, + Vy Ox, }

Axy = =
{20 3, o +3€, 1 +4Fs,a

This solution is substituted into the expression for the invasion fitness

ATightLinkage3 =

ATightLinkage3 /. {py -» px +€qAW} /. {Py » Px - Axy} /. subsAyy // FullSimplify
1 c Ow, (3Vy oy +2Vyay, —Vyx (20x, +0x,) —2€, ((-1+Px) Ho +Px 1)) N

2 €u (Ho + H1) + ETis,ay

(30w, —Oxe) (=3 Vy oy +Vx (204, + g, ) )
3€u (to + H1) +4f{s,a}

and the resulting expression is slightly rewritten. This following solution (equation (13) in the main text) is for small mutation rate
(64 = 0), but can be extended, if desired.

3Vy ay -Vx (2 axg +axy )
4

Vi aj, + as

finalResultTightLinkageHomologous = €2 (1 -2 r(g,qa))

~e

Tis,a}
check =
Series[ finalResultTightLinkageHomologous - ATightLinkage3 /. tightLinkage3,
{€a, 0, 1}, {€4, 0, 0}] //. {au, » Ve (he+pz (1-2h¢)), Pz > M} /7.
definitionCoeffSimple // Simplify
Ole,]" €n +0[e,]?

A consistency check for this result is obtained by a comparison with the weak-linkage approximation. If linkage is weak @) and
ay,

m

converge to @,, and ax, converges to @,. Similarly, the chromosome specific variances approach the average variance.

Under these circumstances, the invasion fitness should reduces to zero, as predicted by the weak-linkage results

finalResultTightLinkageHomologous /.
{ay > O, Ox, = O, Ox, >0z, Qu, >0z, Vy >V, Vxy >V, Vy >V} // Simplify
V(-1+2r(s,a) s (05 +0n) €2
2T s,q)

At equilibrium and for small mutation rate, net selection on the sex-antagonistic locus vanishes (i.e., as + n — 0), such that this
result indeed conforms to the weak-linkage prediction.
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5. FIXATION OF THE MODIFIER

Successful invasion of the modifier allele does not necessarily imply that the ancestral sex determination system will eventually be
lost. In some cases, a protected polymorphism of sex-determination factors could be established. This occurs if the rare ancestral
sex-determination allele can increase in frequency when the novel W-allele has nearly reached its maximal frequency. If Wis
dominant over 7, such that XY’ZWW individuals and YV individuals develop as females, then a completed heterogamety switch
would lead to a population with /W sex determination and a loss of the ancestral x-chromosome. The following analysis
therefore considers the fitness of the X allele in a population where female heterogamety is the predominant mode of sex determi-
nation. If the invasion fitness of the X is negative, then we expect the heterogamety transition to continue, leading to a complete
loss of the X. Ifits fitness is positive, a stable polymorphism of sex-determination factors will be established.

The analysis is complicated somewhat by the fact that the X is recessive in the context of a population with epistatically dominant
female heterogamety. X has a feminizing effect only if it occurs in a homozygous state, and only in individuals that are homozy-
gous for the { allele at the novel sex - determination locus. We can deal with this problem by expanding the expressions for the
associations up to second order in the frequency of the X allele. The allele frequencies in gametes are close to one for the 1 allele,
and close to one half for the 1/ allele in female gametes. The frequency of IWin sperm is zero.

Linearize = {Dl[]K_List] B3
Module[{n = Count[K, sl¢{] + Count[K, sl,], k = Count[K, s2,]},
If[k=0, If[n=0, Dy [K] + €4 Dy [K] + €2 (Dy [K] + €4 Doy [K]) + €3 (1 +e,) €k,
€ (Dx[K] + € Dox [K]) + €7 (1+€qx) €], €3 (1+€a) €1,

1
Wa > 0, wfag—eiewf, yfal—exi—e,z‘éx,y,..-»l—ex:':+e,2‘6x};

It is necessary to recalculate the sex-determination coeflicients ok for the new population.

GetEquationS[Genotype_List, fractionFemale_] :=
Module[{K = Subsets[S], lhs =1, i},
Do[lhs += ok[[ij; (GetMoment [K[[i]], Genotype, S] - D; [K[[i]]]),
{i, 1, Length[K]}];
(Normal [Series[lhs /. ExpandIntersexualAssociations /. subsReferenceValues /.
Linearize /. {€y » 0}, {€x, 0, 1}]]) = fractionFemale / Q]
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tayl[a_-b_] :=a - Series[b, {€x, 0, 1}] // Normal
(subsResCoeffS = tayl /@First[Solve[
{GetEquationsS[{1, 1, 0, O}, O],

GetEquations[{1, 1, 0, 1}, 1],
GetEquations[{1, 1, 1, 0}, 1],
GetEquations[{1, 0, 0, 0}, O],
GetEquations[{1, 0, 0, 1}, 1],
GetEquationS[{1, 0, 1, 0}, 1],
GetEquationS[{0, 1, 0, 0}, O],
GetEquations[{0, 1, 0, 1}, 1],
GetEquations[{0, 1, 1, 0}, 1],
GetEquationS[{0, O, 0, 0}, 1],
GetEquationS[{0, O, O, 1}, 1],

GetEquationS[{0, O, 1, 0}, 1]},
Join[Cases[Table[Osupsets(si(x]]» {Xs 2, Length[Subsets[S]]}],
ox_/; Count[K, s2_] < 1], {Q}]]]) // ColumnForm

O(s2p) ™ 2+ % O(s2¢,82q}

O{sl¢,slp,s2n} -2+ % Of(sl¢,slp,s2¢,52n}
O(sls,s2q} > 2R Ex + % Of(slf,s2¢,52n}
O(slp,s2n} = 2 R Ex + % O(sln,s2¢,52n}
O(s2;) = 2

O(s1g,sly) 1

O(slg,sly,s2¢) -2

O(s1¢} ™ -X €x

O(slp} — -X Ex

O(sif,s2;) = 2 X €y

O(sly,s2;} = 2 X €x

1
Q97

As before, we proceed in three steps. First we calculate the associations between the sex determination alleles, then the associa-
tions with the sex-antagonistic alleles, and finally we substitute the QLE values for the associations into an expression for the
invasion fitness of the X allele. In what follows we present only the main derivation, omitting some of the explanatory intermedi-
ary steps from the previous analysis.

The parameters are changed back to the default values.
geneOrder = {sl, a, s2}
{sl, a, s2}
recombinationRate = {rs;,a} s Yia,s2}}

{Tis1,a)r Tia,s2) )

Sex-ratio selection
Two recursions specify the distribution of the X allele in male and female gametes in the absence of sex-antagonistic selection
(€2 = 0). In that case the novel sex-determination allele is neutral. Its total frequency neither increases nor decreases.

Ay, = GetFrequencyChange[sls, {€,, O, 0}, {€,, O, 2}]
Ay, = GetFrequencyChange[sl,, {€«, O, 0}, {€x, O, 2}]

€ (%% + 6, + Dy [{8ls, 82¢}])
€: (X% -6y - Dy [{s1le, 82¢1}])
Ay, + Ay, // Simplify

0

An additional recursion gives the change of the genetical association between the sex-determination loci in females.
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ADwy, = GetAssociationChange[{sl:, s2¢}, {€a, O, 0}, {&x, O, 2}]
- (-1+2r(a,s2y) (-1+27r(s1,a)) Ox +

2
_ex(

e
(-1-2rs1,a) +Tia,s2) (-2+4Fs1,a))) Dx[{sSle, 82¢}])
Equilibrium 1is attained for the following value of the association and the difference between the frequency of the X allele in

female and male gametes, 6, €2 = xr — xp,
solutionDwy =
Solve[{ADwy, == 0, Ay, - Ay, == 0}, {Dy[{sle, s2¢}], 6x}] // Flatten // FullSimplify

22 22
{Dx[{S]-fr S2¢}] vy 5x97}

Sex-antagonistic selection

Recurrence relations for the sex-antagonistic allele frequencies are given by
Ap, = GetFrequencyChange[as, {€,, O, 1}, {€x, O, 1}]

(-P% A((5),6) = (=1 +Pn) Pn Omy, 1) ~Pn €x (Ho + 1) -

1 1
5 (=Pt +Pn) +Do[{as, s2¢}] + 5 €a
2 (-0gy,ey + (=1 +Pn) Pn Ogge,my, ey +€u (Mo + 1)) Do[{as, s2¢}] -
4 aiisy,5y Do [{ag, Szf}}z -Ps (€, (Mo +H1) +Oggey,ey (-1 +4Dg[{ag, s2¢}])) +

2 (€, Mo + Dy [{as, 82¢}11]))
Ap, = GetFrequencyChange[a,, {€., 0, 1}, {&x, O, 1}]

1

5 (Pt ~Pm —2D¢[{ar, s2¢}]) +

€u (—Pi Oey,my — (=1 +Pn) Pn Ogmi,my +2 €L Ho — P €y (o + 1) +
2 (-0igp,my + (=1 +Pn) P Oig,my,my +€u (Ko + 1)) Do[{as, 82¢}] -

L
2
40((s),m Dol{ar, s2¢}]% +
Pr (-€u (Mo +H1) +Qgey,my (L+4Do[{ag, s2¢}1])) -2 Do [{as, s2¢}])
Again only one genetical association appears in these recurrences. This time it is the association between the sex-antagonistic
allele and the W-allele in female gametes. This association changes from one generation to the next as given by the recurrence
ADwp, = GetAssociationChange[{as, s2¢}, {€«, O, 1}, {&x, O, 1}]
1
7T (= (Pt =Pn) (-1 +2ra,s23) —2 (1 +2Cas2y) Dol{ae, s2¢}]) +
1
€o (P7 (-1+2T(a,s2)) Uiy, 6y + (-1 +2F(a,s2)) (-Pn ((~1+Pn) Xpimy,e) +€u (o + 1)) +
2 (—oggey,e) — (-1 +Pn) Pm Oqg,my,£) + € (Mo +11)) Do[{as, 82¢}] +

4
40sy,ey Do[{ag, 52¢}]%) +Pe (-1+2T(a,02))
(€u (Mo + 1) +0gey,ey (-1 +4Dg[{as, 82¢}])) -2 (L +2ra,s2y) Do [{as, s2¢}1])

If the difference between pr and py, is small, then also the association between « and sy will be small. Indeed, the leading order

term in the expansion of this association is of order €, :
Solve[0 == ADwp, /. varSubs /. {€; » 0}, Do[{as, 52¢}]]

{({Do[{ar, 82¢}] > 0}}

To simplify the expressions, we use the same notation as before
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subsCoeffSimple =
Join|[

{

Do[{as, s2¢}] » O,
QAyg£y, £} > Qg y
A({m}, £} > Asgy
A(£),m} > CAmy
A{m},m} > On

Y,

varSubs];
Simplified recurrence equations for the mean allele frequency 7, the allele frequency difference pr — p , and the association
Do [{as, s2¢}] are given by
simpleApAvg =
Series [Collect[Apf +Ap, /. subsCoeffSimple, p] /. {f)z > p —\7}, {€a, O, 1}] //
Normal // FullSimplify
€a (V(0f +0om) -2€, ((-1+P) Lo +Pt1))
simpleApDiff =
Series [Collect[Apf - Ap, /. subsCoeffSimple, p] /. {f)z > p —\7}, {€a, O, 1}] //
Normal // FullSimplify
€q (V(ag-0om) —4D,[{a, sex}] +2D,[{as, s2¢}])

simpleADwp, =
Series[Collect [ADwp, /. subsCoeffSimple, p], {€,, O, 1}] // Normal //
FullSimplify
1

5 €a ((-2+4T,s2)) Dal{a, sex}] + (1 +2T,s) Dal{ar, 82¢}])

The equilibrium solution for the associations is
(solutionDwp =
Solve[{simpleADwp, == 0, simpleApDiff == 0}, {D.[{as, s2:}], Da[{a, sex}]}] //
Flatten // FullSimplify) // ColumnForm

_ ¥V (-1+42r(a,s2)) (af-0m)
Da[{afl Szf}J d 8 ria,s2)

V (1+2T(a,s2}) (0f ~Om)
Da[{al sex}} d lérkaysz,

For the associations between the sex-antagonistic locus and the ancestral sex-determination factor, we have to solve for three
different associations: the pairwise associations between the sex-antagonistic allele and the ancestral sex-determination allele in
male and female gametes, Dx[{as, sleg}] and Dx[{@m, Slan}], as well as the three-way association
Dx [{ar, slg, s2¢}]. The latter appears because the 11 allele is dominant such that the phenotypic effect of the X allele
depends on the genotype at the novel sex-determination locus.

ADyp, = GetAssociationChange[{as, sl¢}, {€«, O, 1}, {ex, O, 2}];

ADyp, = GetAssociationChange[{a,, sl,}, {€«, O, 1}, {€x, O, 2}];

ADwyp, = GetAssociationChange[{as, sl¢, s2¢}, {€s, O, 1}, {ex, O, 2}];
All associations involving s, and « are of the order €, when linkage is weak, and the lowest order terms in the expansion of these
assoclations vanish.

(solutionDypO =

Solve[ {ADyp, == 0, ADyp, == 0, ADwyp, = 0} /. subsCoeffSimple /. {€, » 0},
{Dx[{as, sle}], Dx[{an, slu}], Dx[{as, sle, s2¢}13}1[[1]]) // ColumnForm

Dx[{af, sle}] -0

Dx[{am, sln}] =0

Dx[{af, slg, 82¢}] >0

Previous results are used to simplify the expressions.
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subsCoeffSimple = Join[subsCoeffSimple, solutionDypO];
subsPreviousResults :=
eq_:» (eq /. subsCoeffSimple /. Flatten[Solve[simpleADwp, == 0, D [{a, sex}]]] /.
solutionDwy)
solutionDyp = Solve[{0 == Series [ADyp, /. subsPreviousResults, {€., 0, 1}],
0 == Series [ADyp, /. subsPreviousResults, {e,, 0, 1}],
0 == Series [ADwyp, /. subsPreviousResults, {€,, 0, 1}]},
{Dux [{afl 51f]’] 4 Dax[{aml 51m]’] ’ Dox [{afl 51fl szf]’] }] [[1]] // FullSimplify
{Dax [{ag, sle}] >
-(2 %? (2 Xia,s2y (1 -3Ts1,a1) Tisr,a; = (-3 + Tis1,ay) r%sl,a) +4 r%a,sz} (-1 +Tree1,ay)
(l + (_1 + r{sl,a)) r{sl,a} ) ) Da [{af 4 szf}} ) / ( (_1 +2 r{a,sz} ) r{sl,a}
(2¥(a,s2) (-2 +T(s1,a)) (-l +Tis1,a) — (-3 +Tis1,a)) Tist,a)) ) r Dox [{@nyr S1n}] >

2
8 X% ria,s2) (Yra,s2y (-1+Tis1,a)) ~Tis1,a)) (-1 +2X51,a)) Dal[{as, S2¢1}]
(-1+2C,62)) Tis1,a) (2F(a,s2) (-2 +Fis1,a1) (1 +Tis1,a3) = (=3 + Fe1,a)) Lisi,ay) !

2% riae0 (-1+Ta1,a) (-1+2T51,a) Dal{as, S2¢}]
2 Xia,52) (=2 +TCis1,a3) ("l +Tis1,a)) = (=3 +Ts1,a)) Lisi,ay

Dax[{afr Slfr szf}J -

The three-way linkage disequilibrium vanishes in the case of a non-homologous transition. In that case, the solution simplifies to

(solutionDypNonHomologous =
Solve[{0 == Series [ADyp; /. subsPreviousResults, {e,, 0, 1}],
0 == Series [ADyp, /. subsPreviousResults, {e,, 0, 1}],

0 == Dy [{ar, sle, 52£}]}, {Dax[{@s, S1£}]/ Dox [{@ns S1n}],
Dax [{@f, slg, $2¢}]1}]1[[1]] // FullSimplify) // ColumnForm

2%% (-r(e1,a) *T(a,s2) (1+¥(s1,a) (-1+2T(s1,a)))) Do [{af,525}]
D a sl N (sl,a) *¥(a,s2) (sl,a} (s1,a}
ex[{ar, Sle}] (-1+2T(a,s2)) T(sl,a)
2%% r(a,s2) (-1+T(s1,a) +27%51,a)) Do [{3f,52¢)]

Dox [{@ns 81ln}] = - (-1+2T(a,s2}) T(sl,a)

Dox [{@gs slg, 82¢}] >0

Invasion Fitness

During a non-homologous transition, the mean frequency of the X allele changes from one generation to the next according to
the recursion

AX =
1
- ; (GetFrequencyChange[sl:, {e,, O, 2}, {ex, O, 2}] + GetFrequencyChange[sl,,

{€a, 0, 2}, {€x, O, 2}]) /. subsPreviousResults /.
solutionDypNonHomologous /. solutionDwp // FullSimplify

VR (0f —0m) (-2F(s1,a) O + Ta,e2) ((1+2F(s1,0y) s + (1-2F(51,ay) Om)) €2 €2

8 ria,s2) Y(si,a}

Rewriting this expression yields the following result for the invasion fitness of the X allele (equation 9 in the main text):

finalResultFixationWeakLinkage =

1 - 2 V (as - an) On + Of
— € X€gE —mMm ('r{sl,a} (1 -2re,s2) O + Tia,s2y (1 -2C(s1,a3) —)
2 2 Xia,s2) Yis1,a} 2
o 1
Vg (af -0m) (-(1-2Tp,s2)) Fisi,a) O + 5 Tra,s2) (1-2F(61,a)) (A + Q) ) Ex el
4 Yia,s2) Yis1,a)
Ax

check = finalResultFixationWeakLinkage -

// Simplify

€x X



