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1 .  I n t r o d u c t i o n

T h e  t r a n s i t i v e  r e d u c t io n  p r o b l e m  f o r  s t ro n g ly  c o n n e c te d  d ig r a p h s  is :  g iv e n  a  s t r o n g ly  c o n 

n e c te d  d ig r a p h  G , f in d  a  m in im a l  s t ro n g ly  c o n n e c te d  s p a n n in g  s u b g r a p h  o f  i t ,  i .e . ,  a  s t r o n g ly  c o n 

n e c te d  s p a n n in g  s u b g r a p h  f o r  w h ic h  t h e  r e m o v a l  o f  a n y  a r c  d e s t r o y s  s t r o n g  c o n n e c t iv i ty .  W e  a r e  

lo o k in g  f o r  a  m in im a l  s u b g r a p h  b e c a u s e  t h e  p r o b le m  o f  f i n d in g  a  m in im u m  s u b g r a p h  w i th  th e  

s a m e  t r a n s i t i v e  c lo s u r e  is  N P  - h a rd  [G J ] .

T h e r e  is  a n  o b v io u s  s e q u e n t i a l  a lg o r i th m  f o r  s o lv in g  t h i s  p r o b le m :  s c a n  t h e  a r c s  o n e  b y  o n e ;  

a t  s t e p  i  t e s t  i f  t h e  i  - t h  a r c  c a n  b e  r e m o v e d  w i th o u t  d e s t r o y in g  s t r o n g  c o n n e c t iv i ty .  I f  s o ,  r e m o v e  

i t  a n d  u p d a te  t h e  d ig r a p h .  T h is  a lg o r i th m  h a s  c o m p le x i ty  O  ( ( « + m ) 2) ,  w h e r e  n  i s  t h e  n u m b e r  o f  

v e r t i c e s  o f  t h e  i n p u t  g r a p h  a n d  m  i s  t h e  n u m b e r  o f  a r c s .  A  s im p le  m o d if ic a t i o n  is  to  in i t i a l ly  

r e d u c e  t h e  n u m b e r  o f  a r c s  to  a t  m o s t  2 n - 2  b y  t a k in g  t h e  u n io n  o f  a  f o rw a rd  a n d  a n  in v e r s e  

b r a n c h in g  ( d e f in e d  b e lo w ) .  T h i s  r e d u c e s  t h e  ru n n in g  t im e  to  O (n 2).

T h e  p r o b l e m  s t u d i e d  h e r e  is  r e m in i s c e n t  o f  t h e  w e l l - s tu d ie d  p r o b le m  o f  f i n d in g  a  m a x im a l  

in d e p e n d e n t  s e t  o f  v e r t i c e s  i n  a  g r a p h ,  f o r  w h ic h  s e v e r a l  p a r a l l e l  a lg o r i th m s  h a v e  a p p e a re d  i n  th e  

l i t e r a tu r e  ( [ K W ] , [L u ] , [A B I ] , [G S ] ) .  T w o  c o m m o n  f e a tu re s  a r e  t h a t  th e r e  is  a  s im p le  s e q u e n t i a l  

a lg o r i th m  f o r  i t  t h a t  s e e m s  h a r d  to  p a r a l l e l i z e  a n d  t h a t  th e  r e l a t e d  o p t im iz a t io n  p r o b le m  

(m in im u m  v s .  m in im a l )  is  N P  - h a rd .

W e  c a n  d e f in e  t h e  fo l lo w in g  i n d e p e n d e n c e  r e l a t io n  o n  th e  a r c s  o f  a  s t ro n g ly  c o n n e c te d  

d ig ra p h ,  G : a  s e t  o f  a r c s  is  i n d e p e n d e n t  i f  i t  c a n  b e  r e m o v e d  w i th o u t  d e s t r o y in g  s t ro n g  c o n n e c 

t i v i ty  o f  G . U s in g  t h i s  d e f in i t i o n ,  f in d in g  a  t r a n s i t iv e  r e d u c t io n  o f  G  is  e q u iv a l e n t  t o  r e m o v in g  a  

m a x im a l  i n d e p e n d e n t  s e t s  o f  a r c s  f r o m  G . A  p r o p e r ty  t h a t  s e ts  o u r  p r o b le m  a p a r t  f r o m  th e  m a x i 

m a l  i n d e p e n d e n t  s e t  p r o b l e m  is  t h a t  i n  o u r  c a s e  i n d e p e n d e n c e  o f  a  s e t  i s  n o t  g u a r a n te e d  w h e n  

e v e ry  p a i r  o f  e le m e n t s  i n  i t  i s  i n d e p e n d e n t

O u r  p r o b l e m  c a n  b e  e x p r e s s e d  a s  th e  d e te r m in a t i o n  o f  a  m a x im a l  in d e p e n d e n t  s e t  in  a n  

in d e p e n d e n c e  s y s te m  a s  d e f in e d  b y  K a r p ,  U p f a l  a n d  W ig d e r s o n  ( [ K U W ]) .  T h e  p r o b le m  c o m 

p u te d  b y  a  " r a n k  o ra c le "  i n  th i s  c a s e  is  N P  -h a rd ,  b u t  a n  " in d e p e n d e n c e  o ra c le "  is  e a s y  t o  c o m p u te  

in  N C . F o l lo w in g  th e  m e th o d  d e s c r ib e d  i n  [K U W ]  th i s  a u to m a ti c a l l y  y ie ld s  a  ra n do m ized  p a r a l 

l e l  a lg o r i th m  t h a t  u s e s  a  p o ly n o m ia l  n u m b e r  o f  p r o c e s s o r s  a n d  ru n s  i n  t im e  O (^n  -log* n ) ( f o r  

s o m e  c o n s t a n t  c ) .

I n  t h i s  p a p e r  w e  p r e s e n t  p a r a l l e l  a n d  s e q u e n t i a l  a lg o r i th m s  f o r  t h i s  p ro b le m .  O u r  f i r s t  p a r a l 

l e l  a lg o r i th m  ru n s  i n  t im e  <9 G o g 5« )  a n d  u s e s  0 ( n 3) p ro c e s s o r s  o n  a  C R E W  P R A M . W e  th e n  

p r e s e n t  a n  im p r o v e d  im p le m e n ta t io n  o f  o n e  o f  th e  s te p s  i n  th e  a lg o r i th m  th a t  l e a d s  to  a  p a r a l l e l  

a lg o r i th m  t h a t  r u n s  i n  O  G o g 4« ) t im e  w it h  th e  s a m e  p r o c e s s o r  b o u n d . B o th  o f  t h e s e  a lg o r i th m s  

c a n  b e  s p e e d e d  u p  b y  a  lo g «  f a c to r  i f  w e  u s e  a  C R C W  P R A M ;  w e  a s s u m e  h e r e  th e  C O M M O N
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c o n c u r r e n t -w r i t e  m o d e l  i n  w h ic h  a l l  p r o c e s s o r s  p a r t i c ip a t in g  i n  a  c o n c u r r e n t  w r i t e  m u s t  w r i t e  th e  

s a m e  v a lu e  [K R ] .  T h e  p r o c e s s o r  b o u n d  o f  0 ( n 3) r e p re s e n t s  t h e  n u m b e r  o f  p r o c e s s o r s  n e e d e d  to  

m u l t i p ly  tw o  n  b y  n  m a t r i c e s  i n  O  ( l o g n )  t im e  o n  a  C R E W  P R A M  b y  th e  s t r a ig h t f o r w a r d  p a r a l 

l e l  m a t r i x  m u l t i p l i c a t i o n  a lg o r i th m . I t  i s  p o s s ib l e  t h a t  th e  p r o c e s s o r  b o u n d  c a n  b e  im p r o v e d  b y  

u s in g  s o p h i s t ic a te d  t e c h n iq u e s  f o r  m u l t i p ly in g  n  b y  n  m a t r i c e s  ( s e e  e .g . ,  [C W ]) ;  w e  d o  n o t  e l a 

b o r a te  o n  th i s .

T h e  m a j o r  to o l  t h a t  o u r  a lg o r i th m s  u s e  is  c o m p u t in g  a  m in im u m - w e ig h t  b r a n c h in g  w ith  

z e ro - o n e  w e ig h t s .  C e n t r a l  to  o u r  a lg o r i th m s  is  a  p r o o f  th a t  tw o  s u i t a b le  a p p l i c a t io n s  o f  t h i s  t o o l  

a re  g u a r a n te e d  to  r e d u c e  b y  h a l f  t h e  n u m b e r  o f  a r c s  s t i l l  to  b e  r e m o v e d . W e  a ls o  p r e s e n t  tw o  

s e q u e n t ia l  a lg o r i th m s  f o r  th e  p r o b l e m ,  e a c h  o f  w h ic h  ru n s  i n  t im e  O (m + n  l o g « ) .  T h i s  is  a n  

im p ro v e m e n t  o v e r  th e  s t r a ig h t f o r w a r d  a lg o r i th m  m e n t i o n e d  a b o v e .

T h e  t r a n s i t iv e  r e d u c t io n  p r o b l e m  is , i n  s o m e  s e n s e ,  a  d u a l  o f  th e  m in im u m  s t r o n g  a u g m e n 

t a t io n  p r o b le m  - a d d  a  m in im u m  s e t  o f  a r c s  t o  a  d ig r a p h  to  m a k e  i t  s t r o n g ly  c o n n e c te d .  A  l in e a r  

t im e  s e q u e n t i a l  a lg o r i th m  w a s  g iv e n  f o r  th i s  p r o b le m  b y  E s w a r a n  a n d  T a i j a n  ( [ E T ] ) ,  a n d  a  p a r a l 

l e l  a lg o r i th m  r u n n in g  i n  O  ( l o g « )  t im e  w i th  O  ( n 3)  p r o c e s s o r s  o n  a  C R C W  P R A M  w a s  g iv e n  b y  

S o ro k e r  ( [S o ] ) .

O u r  p r o b le m  e x te n d s  n a tu r a l l y  to  g e n e r a l  d ig r a p h s :  g iv e n  a  d ig r a p h  G , f in d  a  m i n im a l  s p a n 

n in g  s u b g r a p h  o f  i t  w h o s e  t r a n s i t i v e  c lo s u r e  is  th e  s a m e  a s  t h a t  o f  G . A  s e q u e n t i a l  a lg o r i th m  f o r  

th is  p r o b le m  i n  th e  c a s e  t h a t  G  is  a c y c l ic  is  g iv e n  in  [A G U ]  a n d  c a n  b e  p a r a l l e l i z e d  in  a  s t r a ig h t 

f o rw a rd  m a n n e r .  C o m b in in g  i t  w i th  o u r  a lg o r i th m s  w e  o b t a in  p a r a l l e l  a lg o r i th m s  ( w it h  t h e  s a m e  

c o m p le x i t ie s  a s  s t a te d  a b o v e )  f o r  t h e  t r a n s i t iv e  r e d u c t io n  p r o b le m  o n  g e n e r a l  d ig r a p h s .  W e  p o in t  

o u t  t h a t  th e s e  p a r a l l e l  a lg o r i th m s  a r e  g o o d  w it h  r e s p e c t  to  th e  s t a te  o f  t h e  a r t ,  s in c e  t h e  p r o b le m  

s o lv e d  is  a t  l e a s t  a s  h a r d  a s  t e s t i n g  r e a c h a b i l i ty  f r o m  o n e  v e r t e x  to  a n o th e r  i n  a  d ig r a p h ,  a n d  th e  

b e s t  N C  a lg o r i th m  c u r r e n t ly  k n o w n  f o r  t h i s  r e q u i r e s  o n  t h e  o r d e r  o f  M ( n )  p ro c e s s o r s ,  w h e re  

M ( r t )  i s  th e  n u m b e r  o f  p r o c e s s o r s  n e e d e d  t o  m u l t i p ly  tw o  n  b y  n  B o o l e a n  m a t r i c e s  i n  O  ( lo g /z ) 

t im e .

W e  n o t e  t h a t  t h e  n a m e  " t r a n s i t iv e  r e d u c t io n "  w a s  g iv e n  to  a  d i f f e r e n t  p r o b l e m  b y  A h o , 

G a r e y  a n d  U ll m a n  ( [ A G U ]) ,  a n d  s h o u ld  n o t  b e  c o n fu s e d  w i th  o u r  d e f in i t i o n .  G iv e n  a  d ig r a p h  G , 

th e y  a s k  f o r  a  d ig r a p h  w i th  a  m in im u m  n u m b e r  o f  a r c s  ( n o t  n e c e s s a r i ly  a  s u b g r a p h  o f  G ) w h o s e  

t r a n s i t iv e  c lo s u r e  is  th e  s a m e  a s  t h a t  o f  G . T h i s  d e f in i t i o n  a g r e e s  w it h  o u r s  w h e n  G  is  a c y c l ic .

D e f i n i t i o n s

L e t  G  b e  a  s t ro n g ly  c o n n e c te d  d ig ra p h .  A  fo r w a r d  ( in v er se ) b ran ch ing  r o o te d  a t  x  i s  a  

s p a n n in g  t r e e  o f  G  i n  w h ic h  x  h a s  i n - d e g r e e  ( o u t- d e g re e )  z e ro  a n d  a l l  o th e r  v e r t i c e s  h a v e  i n 

d e g re e  (o u t- d e g re e )  o n e .  A  bran ch ing  i s  e i t h e r  a  fo rw a rd  o r  a n  in v e r s e  b r a n c h in g .  T h r o u g h o u t  

th is  p a p e r  t h e  ro o t ,  x , w i l l  b e  s o m e  ( a rb i t r a r i l y )  f ix e d  v e r t e x  o f  th e  i n p u t  d ig r a p h ,  a n d  t h e  s e t  o f  a l l
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b ra n c h in g s  w il l  b e  t a k e n  to  b e  o n ly  th o s e  ro o te d  a t  x .

A n  a r c ,  e , i s  G -r e d u n d a n t  ( o r  s im p ly  redu n da n t  w h e n  t h e  g r a p h  i s  c le a r )  i f  G - { e } is  

s t r o n g ly  c o n n e c te d .  A rc  e  i s  G -e s s e n tia l  ( o r  essen tia l  )  i f  i t  i s  n o t  r e d u n d a n t .  L e t  H  b e  a  s u b 

g r a p h  o f  G . L e t  r n ( H )  d e n o te  t h e  n u m b e r  o f  G  - r e d u n d a n t  a r c s  i n  H . W h e n  H = G  w e  w il l  u s e  

th e  s h o r th a n d  r ( G ) .

A n  H - p h i l ic  ( H - p h o b ic  )  b r a n c h in g  i n  G  is  o n e  t h a t  h a s  t h e  g r e a te s t  ( s m a l l e s t )  n u m b e r  o f  

a r c s  i n  c o m m o n  w ith  H  o v e r  a l l  b r a n c h in g s  ( r o o te d  a t * )  i n  G .

O u r  m o d e l  o f  p a r a l l e l  c o m p u ta t io n  is  t h e  P a r a l l e l  R a n d o m  A c c e s s  M a c h in e  (P R A M ) ,  w h ic h  

c o n s i s t s  o f  a  c o l l e c t i o n  o f  in d e p e n d e n t  p r o c e s s in g  e le m e n t s  c o m m u n ic a t i n g  t h r o u g h  a  s h a re d  

m e m o ry .  F o r  a  s u r v e y  o n  th e  P R A M  m o d e l  a n d  P R A M  a lg o r i th m s  s e e  [K R ] .

2 .  T h e  T r a n s i t i v e  R e d u c t i o n  A l g o r i t h m

O u r  b a s ic  a lg o r i th m  is  b a s e d  s o le ly  o n  c o m p u t in g  p h i l i c  a n d  p h o b ic  b r a n c h in g s .  T h e  f o l 

l o w in g  l e m m a  e x p la in s  h o w  t h e s e  b r a n c h in g s  a r e  c o m p u te d :

L e m m a  0 :  A n  / / - p h i l i c  ( / / - p h o b i c )  b r a n c h in g  c a n  b e  c o m p u te d  b y  a  m in im u m - w e ig h t  b r a n c h in g  

c o m p u ta t io n  w i th  z e ro - o n e  w e ig h t s .

P r o o f :  A s s ig n  w e ig h t  0  (1 )  to  e v e r y  a r c  in  H  a n d  w e ig h t  1 (0 )  t o  a l l  o th e r  a r c s .  []

S u c h  a  m in im u m - w e ig h t  b r a n c h in g  c a n  b e  c o m p u te d  i n  t im e  O  G o g 2« )  u s in g  O  ( n 3) p r o c e s 

s o rs  o n  a  C R C W  P R A M  b y  L o v a s z ’s  m e th o d  ( [L o ] ) .  O n  a  C R E W  P R A M , t h i s  a lg o r i th m  r u n s  in  

G G o g 3« )  t im e .

P r o p o s i t i o n  1 :  A n  a rc  o f  G  i s  e s s e n t i a l  i f  a n d  o n ly  i f  i t  i s  t h e  u n iq u e  a r c  c r o s s in g  s o m e  d ir e c t e d  

c u t  o f  G .

P r o p o s i t i o n  2 :  T h e  u n io n  o f  a  f o rw a rd  b ra n c h in g  a n d  a n  i n v e r s e  b r a n c h in g  o f  G  i s  a  s t ro n g ly  

c o n n e c te d  s p a n n in g  s u b g ra p h  o f  G .

P r o p o s i t i o n  3 :  L e t  G '  b e  a  s t ro n g ly  c o n n e c te d  s p a n n in g  s u b g r a p h  o f  G . T h e n  e i s  G '  - r e d u n d a n t  

o n ly  i f  i t  i s  G  - r e d u n d a n t .

L e m m a  1 :  L e t  F  b e  a  f o rw a rd  b ra n c h in g  i n  G  a n d  l e t  /  b e  a n  F  - p h i l i c  in v e r s e  b r a n c h in g  i n  G . 

L e t  G '  =F \ ^ j l . T h e n  t h e  a r c s  o f  I - F  a r e  a l l  G '  - e s s e n t ia l .
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P r o o f :  L e t  e  e / - F . A s s u m e  G ' - { e } c o n ta in s  s o m e  in v e r s e  b r a n c h in g ,  Y . T h e n  Y  h a s  o n e  m o r e  

a r c  i n  c o m m o n  w i th  F  t h a n  I  d o e s  ( s in c e  a l l  b r a n c h in g s  h a v e  t h e  s a m e  n u m b e r  o f  a r c s ) .  B u t  th i s  

c o n t r a d ic ts  t h e  f a c t  t h a t  I  i s  F - p h i l i c .  T h u s  G ' - { e } c o n ta in s  n o  i n v e r s e  b r a n c h in g  a n d  is  t h e r e 

f o r e  n o t  s t r o n g ly  c o n n e c te d .  []

A  cu t leav in e  S  i s  t h e  s e t  o f  a r c s  e x te n d in g  f ro m  S  t o  V (G  ) - S  i n  a  d ig r a p h ,  G , a n d  i ts  c a r 

d in a l i ty  is  d e n o te d  b y  5 n ( S ) .

T h e o r e m  1  ( E d m o n d s ’  B r a n c h i n g  T h e o r e m  ( [ E d ] ) ) :

L e t

k  = m i n  {5g0S) I x e S  , S * V ( G ) } .

T h e n  G  c o n t a in s  k  a r c - d is jo in t  f o rw a rd  b ra n c h in g s  ( r o o te d  a t * ) .

L e m m a  2 :  F o r  e v e r y  s t ro n g ly  c o n n e c te d  d ig ra p h ,  G , t h e r e  e x i s t s  a  f o r w a r d  b r a n c h in g ,  F , o f  G  

s u c h  t h a t  rG ( F  )<lA r  ( G ).

P r o o f :  L e t  G '  b e  o b ta in e d  f r o m  G  b y  d u p l ic a t i n g  a l l  e s s e n t i a l  a r c s .  L e t  S  b e  a  p r o p e r  s u b s e t  o f  

V ( G )  c o n ta in in g  x .  W e  c la im  t h a t  5G'(S )> 2 .  T h is  is  b e c a u s e  t h e  c u t  l e a v in g  S  m u s t  c o n ta in  a t  

l e a s t  o n e  d u p l i c a te d  e s s e n t i a l  a r c  o f  G  o r  a t  l e a s t  tw o  r e d u n d a n t  a r c s  ( b y  p r o p o s i t i o n  1 ). T h e r e 

f o r e ,  b y  th e o r e m  1, th e r e  a r e  tw o  a r c - d is jo in t  f o rw a rd  b ra n c h in g s  i n  G '  ( e a c h  c o r r e s p o n d in g  to  a  

b r a n c h in g  i n  G ) ,  o n e  o f  w h ic h  m u s t  c o n ta in  a t  m o s t  h a l f  o f  t h e  (u n d u p l i c a te d )  G - r e d u n d a n t  

a r c s .[ ]

T h e o r e m  2 :  L e t  R  b e  t h e  s e t  o f  r e d u n d a n t  a r c s  in  G . L e t  F  b e  a n  R  - p h o b ic  fo r w a r d  b ra n c h in g  

a n d  l e t  /  b e  a n  F  - p h i l i c  i n v e r s e  b r a n c h in g .  L e t  G '  = F  \ ^ j l . T h e n  r  ( G ' )<lA r  (G  ) .

P r o o f :  F i r s t  n o t e  t h a t  b y  p r o p o s i t i o n  2 ,  G '  i s  s t r o n g ly  c o n n e c te d .  B y  l e m m a  2  a n d  p r o p o s i t i o n  3 ,  

rG>( F )<rG ( F )<x/ i r ( G ) .  B y  l e m m a  l , r ( G ' )=rG>( F ). T h e r e f o r e  r ( G ' ) < W ( G ). []

I t  i s  a n  im m e d ia te  c o n s e q u e n c e  o f  th e o re m  2  th a t  th e  fo l lo w in g  N C  a lg o r i th m  g iv e s  a  t r a n s i t iv e  

r e d u c t io n  o f  G :

R ep ea t

(1 )  R  <— s e t  o f  r e d u n d a n t  a r c s  i n  G

(2 )  F  R  - p h o b ic  fo rw a rd  b r a n c h in g  i n  G

( 3 )  1 < -  F  -p h i l i c  in v e r s e  b r a n c h in g  i n  G
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(4 )  G  i r - F ^ j I  

u n til R  =§

(5 )  o u tp u t  G  ( i t  i s  a  t r a n s i t i v e  r e d u c t io n  o f  th e  in p u t  d ig r a p h )

B y  T h e o r e m  2  th e  r e p e a t  lo o p  ru n s  O  ( l o g n ) t im e s ,  w h e re  n  i s  t h e  n u m b e r  o f  v e r t i c e s  in  G . S te p s

(2 )  a n d  (3 )  a r e  im p le m e n te d  w i th  L o v a s z ’s  m in im u m - w e ig h t  b r a n c h in g  a lg o r i th m  G e m m a  0 ) .  

T h e  s t r a ig h t f o r w a r d  im p le m e n ta t io n  o f  s t e p  (1 )  is  to  p e r f o r m  a  s t r o n g  c o n n e c t iv i ty  t e s t  ( t r a n s i t i v e  

c lo s u re )  w i th  e a c h  v e r t e x  o f  t h e  g r a p h  d e le te d  i n  tu r n ,  w h ic h  r e q u i r e s  n M ( n )  p ro c e s s o r s .  I n  th e  

n e x t  s e c t i o n  w e  s h a l l  s h o w  h o w  to  p e r f o r m  th i s  s te p  m o r e  e f f i c ie n t ly .

3 .  E f f i c i e n t  C l a s s i f i c a t i o n  o f  A r c s

I n  t h i s  s e c t i o n  w e  g iv e  p a r a l l e l  a lg o r i th m s  t o  c la s s i f y  th e  a r c s  o f  G  a s  e s s e n t i a l  o r  r e d u n d a n t  

i n  p o ly - lo g  t im e  u s in g  o n ly  0 ( n 3)  p ro c e s s o r s .  I n  s e c t i o n  3 .1  w e  p ro v id e  a  s im p le  p o ly lo g  t im e  

p a r a l l e l  a lg o r i th m  u s in g  O  ( n 3)  p ro c e s s o r s .  I n  s e c t i o n  3 .2  w e  p ro v id e  a  f a s t e r  a lg o r i th m  u s in g  t r e e  

c o n t r a c t io n  [M R ] .

3 .1 .  F i n d i n g  R e d u n d a n t  A r c s  U s in g  M i n i m u m  W e i g h t  B r a n c h i n g s

L e t  E f  ( E; ) b e  t h e  s e t  o f  e s s e n t i a l  a r c s  c o n ta in e d  i n  a l l  f o r w a r d  ( in v e r s e )  b r a n c h in g s .  I t  f o l 

l o w s  f r o m  p r o p o s i t i o n  2  th a t :

P r o p o s i t i o n  4 :  A n  a r c  i s  e s s e n t i a l  i f  i t  i s  e i t h e r  i n  E f  o r  i n  £ ;  ( o r  b o th ) .

L e m m a  3 :  L e t  H  b e  a  s e t  o f  a r c s  c o n ta in in g  E f  a n d  l e t  F  b e  a n  / / - p h o b i c  fo r w a r d  b r a n c h in g  in

G . T h e n  I ( F C \ H ) - E f  I <  Vi IH - E f  I .

P r o o f :  L e t  G '  b e  o b t a in e d  f r o m  G  b y  d u p l ic a t i n g  a l l  t h e  a r c s  i n  E f . A s  i n  l e m m a  2 ,  t h e r e  e x i s t  

tw o  a r c - d i s jo in t  f o rw a rd  b r a n c h in g s  i n  G ' ( c o r r e s p o n d in g  to  b r a n c h in g s  i n  G ) ,  o n e  o f  w h ic h  c o n 

ta in s  a t  m o s t  h a l f  t h e  a r c s  o f  H - E f . []

T h e r e f o r e  E f  ( a n d  s im i la r ly  £ ,  )  c a n  b e  c o m p u te d  b y  th e  f o l lo w in g  a lg o r i th m :

(1 ) H  <r-G
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r e p e a t  s t e p s  (2 )  a n d  (3 )  \ I g  m \ t im e s

(2 )  F  <r- H  - p h o b ic  f o rw a rd  b ra n c h in g  i n  G

( 3 )  H  < - / / p * F

(4 )  o u t p u t / /  ( th is  is  t h e  s e t £ / )

T h i s  a lg o r i th m  r e q u i r e s  lo g «  a p p l ic a t io n s  o f  L o v a s z ’s  m in im u m  w e ig h t  b r a n c h in g  a lg o 

r i th m , w h ic h  r u n s  in  O  G o g 2« ) p a r a l l e l  t im e  o n  a  C R C W  P R A M  w i th  O ( n 3) p r o c e s s o r s .  T h u s  w e  

c a n  u s e  t h i s  a lg o r i th m  to  f in d  a l l  r e d u n d a n t  a r c s  i n  O  ( l o g 3« ) p a r a l l e l  t im e  o n  a  C R C W  P R A M  

w ith  0 ( n 3)  p r o c e s s o r s .  T h is  i n  t u r n  l e a d s  t o  a  t r a n s i t i v e  r e d u c t io n  a lg o r i th m  t h a t  r u n s  in  

0  G o g 4« )  p a r a l l e l  t im e  o n  a  C R C W  P R A M  w it h  O  ( « 3)  p ro c e s s o r s .

3 2 .  F i n d i n g  R e d u n d a n t  A r c s  U s in g  T r e e  C o n t r a c t i o n

L e t  r  b e  a  f ix e d  ro o t  o f  a  d i r e c te d  g r a p h  G = (V J E ) .  W e  c a l l  a r c  ( v , w )  a n  o u t-b r id g e  i f  

(v  ,w )  i s  o n  e v e r y  p a th  f r o m  r  t o w ,  a n d  a n  in -bridge  i f  (v  ,w )  is  o n  e v e r y  p a th  f r o m  v  to  r . L e t  O 

b e  th e  s e t  o f  o u t - b r i d g e s  o f  G , a n d  /  t h e  s e t  o f  i n - b r id g e s  o f  G . T h e n  th e  s e t  o f  r e d u n d a n t  a r c s  is  

th e  s e t E

L e t  B  b e  a  f o rw a rd  b ra n c h in g  ro o te d  a t  r . T h e n  e v e r y  o u t - b r id g e  o f  G  l ie s  i n  B . W e  c a n  

v ie w  B  a s  a  r o o te d  d ir e c te d  t r e e  B  = (V  J ?  , r ) .  F o r  a  v e r t e x  v  i n  V  -  [ r ) ,  w e  d e n o te  b y  p a r e n t  ( v ) ,  

th e  p a r e n t  o f  v  in  B .  A  v e r te x  v  is  ac tive  i f  t h e r e  is  a  p a th  f r o m  r  to  v  t h a t  a v o id s  a r c  

{parent ( v ) , v ) .  S im i l a r l y ,  a  n o n - t r e e  a rc  (w  , v )  is  ac tive  i f  i t  l ie s  o n  a  p a th  f ro m  r  to  v  t h a t  a v o id s  

a r c  {paren t ( v ) , v ).

L e m m a  4 :  L e t  B = (V  J ?  ,r )  b e  a  f o rw a rd  b ra n c h in g  i n  a  d i r e c te d  g r a p h  G .  A  t r e e  a r c  

e =(p a r e n t  (v  ) ,v  ) i n B  i s  a n  o u t -b r i d g e  o f  G  i f  a n d  o n ly  i f  v is  n o t  a c t i v e .

P r o o f :  I f  e  i s  a n  o u t -b r i d g e  o f  G  th e n  e v e ry  p a th  f r o m  r  to  v  p a s s e s  th r o u g h  e . T h u s  v  c a n n o t  b e  

a c t iv e .  C o n v e r s e ly ,  i f  e  i s  n o t  a n  o u t -b r i d g e ,  th e n  th e r e  e x is ts  a  p a th  f r o m  r  t o  v  th a t  a v o id s  e 

a n d  h e n c e  v  m u s t  b e  a c t iv e .  []

W e  n o w  g iv e  a n  a lg o r i th m  to  id e n t i fy  a l l  a c t i v e  v e r t i c e s ,  a n d  h e n c e  a l l  o u t -b r i d g e s ,  u s in g  

tree co ntrac tion  [M R ] .  A n  a n a lo g o u s  c o m p u ta t i o n  o n  a n  in v e r s e  b r a n c h in g  ro o te d  a t  r  g iv e s  th e  

in - b r id g e s ,  f r o m  w h ic h  w e  c a n  c o m p u te  th e  r e d u n d a n t  a r c s  in  G .

W e  s h a l l  u s e  a  v a r i a n t  o f  t r e e  c o n t r a c t io n  p r o p o s e d  i n  [R a ]  in  w h ic h  th e  b a s i c  o p e r a t io n  is  

shrink , w h i c h  w e  n o w  d e f in e .  A  l e a f  cha in  i n  a  ro o te d  t r e e  T = (V J Z ,r )  i s  a  p a t h  < v i ,  • • • ,v / >  

s u c h  t h a t  e a c h  v,-,i > 1  h a s  e x a c t ly  o n e  in c o m in g  a r c  a n d  o n e  o u tg o in g  a r c  i n  T ,  v \  h a s  e i t h e r  n o
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in c o m in g  a r c  o r  m o r e  t h a n  o n e  o u tg o in g  a r c  i n  T , a n d  v / is  a  l e a f  i n  T .  W e  w i l l  c a l l  v  i t h e  root. 

a n d  v / t h e  le a f  o f  t h e  l e a f  c h a in .  N o te  t h a t  e v e r y  l e a f  i n  T  i s  p a r t  o f  a  l e a f  c h a in ,  p o s s ib ly  a  

d e g e n e ra te  o n e  ( i f  1 -2 ) .

T h e  s h r in k  o p e r a t io n  a p p l ie d  to  a  ro o te d  t r e e  T = (V J Z ,r )  r e m o v e s  a l l  v e r t i c e s  i n  e a c h  l e a f  

c h a in  in  T  e x c e p t  t h e  r o o t  o f  t h e  l e a f  c h a in .  I t  c a n  b e  s h o w n  th a t  0 ( l o g n )  a p p l i c a t io n s  o f  th e  

s h r in k  o p e r a t io n  s u f f i c e  to  r e d u c e  a n y  a-n o d e  t r e e  t o  a  s in g le  n o d e  [R a ] .

W e  n o w  d e v e lo p  a n  a lg o r i th m  Shrink (P )  f o r  id e n t i f y in g  o u t - b r id g e s  f o r  t h e  c a s e  w h e n  th e  

fo rw a rd  b r a n c h in g  i s  a  s i m p le  p a th .  W e  s h a l l  t h e n  u s e  th is  to  f in d  t h e  o u t - b r id g e s  i n  l e a f  c h a in s  

w h i le  i m p le m e n t in g  t h e  s h r i n k  o p e r a t io n  i n  a  t r e e  c o n t r a c t io n  a lg o r i th m  to  f in d  o u t - b r i d g e s  i n  G  

g iv e n  a n  a rb i t r a ry  fo r w a r d  b ra n c h in g .

T h e  i n p u t  t o  a lg o r i th m  S h r i n k ( P )  is  a  d i r e c te d  g r a p h  P = ( V ,E )  c o n s i s t in g  o f  a  d i r e c t e d  p a th  

p = < l , 2 , • • • , t> ,  t o g e th e r  w i t h  a  c o l l e c t i o n  o f  fo r w a r d  arcs  o f  t h e  fo rm  ( i , j ) , i  < j , a n d  a  c o l l e c 

t io n  o f  b a ck  arcs  o f  t h e  fo rm  (i J  ),z > j . T h e  a lg o r i th m  S h r i n k ( P )  w il l  i d e n t i f y  a l l  a c t i v e  v e r t i c e s ,  

t h e r e b y  g iv in g  t h e  o u t - b r id g e s  i n  p . N o te  t h a t  P  i s  a l l o w e d  to  h a v e  tw o  a r c s  o f  t h e  fo rm  (i , i+ 1), 

o n e  o f  w h ic h  is  a  f o r w a r d  a r c  a n d  t h e  o th e r  l i e s  in  p . W e  w il l  n e e d  t h i s  w h e n  w e  a p p ly  a lg o r i th m  

S h r in k ( P )  to  t h e  g e n e ra l  p r o b le m  o f  f i n d in g  o u t - b r id g e s  i n  a  g r a p h  w i th  a n  a r b i t r a r y  fo rw a rd  

b r a n c h in g .

W e  n o w  m a k e  a  s e r i e s  o f  o b s e r v a t io n s .

O b s e r v a t i o n  1 :  E v e r y  fo rw a rd  a r c  is  a c t iv e .

L e t  p  ( u )  b e  t h e  s u b g ra p h  o f  G  in d u c e d  b y  v e r t i c e s  u  t h r o u g h  t . F o r  e a c h  v e r t e x  v  i n  p  ( u ) , 

l e t  v  — i f  u  i s  r e a c h a b le  f r o m  v  i n  p ( u ) .  L e t  r e a c h (u )  b e  th e  s e t  o f  v e r t i c e s  v  i n  p ( u )  w i t h

V -» M .

O b s e r v a t i o n  2 :  R each  ( u )  i s  a  s i n g le  i n t e rv a l  o f  t h e  fo rm  [ « , « ' ] .  F u r t h e r  a  v e r t e x  v * u  i s  in  

reach  ( u )  i f  a n d  o n ly  i f  t h e r e  e x i s t s  a  s e q u e n c e  o f  b a c k  a r c s  b t ={ut ,v f- ) ,i = 1 , • • • ,k  s u c h  t h a t  v  \ - u , 

uk> v , a n d  M /^v l+ i , i = l ,  • • • , k - 1 .

L e m m a  5 :  A  v e r t e x  u  i s  a c t i v e  i f  a n d  o n ly  i f  t h e r e  is  a  f o rw a rd  a r c  ( £ , / )  w i th  k < u  a n d  /  in  

reach  ( u ).

P r o o f :  L e t  u  b e  a n  a c t i v e  v e r te x .  T h e n  t h e re  is  a  p a th  q  f r o m  th e  r o o t  to  u  t h a t  a v o id s  a r c  

(k-1,m). T h i s  i n  t u r n  im p li e s  t h a t  q  m u s t  c o n ta in  a  fo r w a r d  a r c /  = (k ,l )  w i th  k < u , l > u  a n d  w it h  

u  r e a c h a b le  f r o m  /  u s in g  o n ly  a r c s  i n  p  (u ). H e n c e  /  m u s t  b e  in  reach  ( u ).

C o n v e r s e ly  s u p p o s e  t h e re  is  a  f o rw a rd  a r c  / = ( / : , / )  w i t h  k < u  a n d  /  in  r e a c h (u ) .  H e n c e  

th e re  is  a  p a th  q  f r o m  /  to  u  u s in g  o n ly  a r c s  i n  p  (m). T h e n  th e  p a t h  c o n s i s t in g  o f  a r c s  i n  p  f r o m  

th e  r o o t  to  k , f o l lo w e d  b y  a r c /  a n d  th e n  th e  p a th  q  i s  a  p a th  f r o m  1 to  u  t h a t  a v o id s  a r c  ( u - l , u ). 

H e n c e  u  m u s t  b e  a n  a c t i v e  v e r te x .  []
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O b s e r v a t i o n s  1 a n d  2  a n d  L e m m a  5  t o g e th e r  g iv e  u s  t h e  fo l lo w in g  a lg o r i th m  to  f in d  a l l  o u t -  

b r i d g e s  w h e n  th e  f o rw a rd  b r a n c h in g  i s  a  s im p le  p a th .

Shrink(P );

1. F in d  reach  (u  )  f o r  e a c h  v e r t e x  u  a s  f o l lo w s :

a )  F o r  e a c h  b a c k  a r c  b  = ( i  J )  f in d  a  b a c k  a r c  n ex t  (b  ) = ( / ' / )  w i t h  /  i n  [ j ,i ] a n d  m a x im u m  i ' . 

I f  i' <i t h e n  s e t  n ex t (b  )=<J>.

b )  F o r m  a n  a u x i l i a r y  g r a p h  w it h  a  v e r t e x  f o r  e a c h  b a c k  a r c  b  a n d  a n  a r c  f r o m  b  t o  n ex t ( b ) , 

i f  n ext  (b )  e x i s t s .  T h is  a u x i l i a ry  g r a p h  is  a  f o r e s t  o f  t r e e s .

c )  F o r  e a c h  v e r t e x  u , p i c k  s o m e  b a c k  a r c  b = (v  ,u )  i n c id e n t  o n  u , a n d  f in d  t h e  r o o t  b '  o f  th e  

t r e e  i t  b e lo n g s  to .  L e t  bf b e  th e  b a c k  a r c  (x  , y ) .  S e t  reach  (u )=[u ,x  ].

I f  t h e r e  is  n o  b a c k  a r c  i n c id e n t  o n  u  s e t  reach  (u  )=[u ,u ] .

2 . F o r  e a c h  v e r t e x  u , f in d  a  fo rw a rd  a r c  /  = (k , / )  w i th  /  i n  reach  ( u )  a n d  w it h  m in im u m  k . I f  k  <u  

m a rk  u  a s  a c t iv e .

3 . F o r  e a c h  v e r t e x  u  t h a t  i s  n o t  a c t i v e ,  m a r k  (p (u ) ,u )  a s  a n  o u t -b r i d g e .

W e  n o w  s h o w  h o w  to  im p le m e n t  e a c h  o f  th e  s te p s  i n  th e  a lg o r i th m  e f f i c ie n t ly  in  p a r a l l e l .  

S te p  3  c a n  b e  im p le m e n te d  t r i v i a l l y  in  c o n s t a n t  t im e  w i th  t  p ro c e s s o r s .  T h e  fo l lo w in g  m e th o d  

im p le m e n ts  s t e p  2  i n  O  G o g t )  t im e  w i th  a  n u m b e r  o f  p r o c e s s o r s  l i n e a r  i n  t h e  s i z e  o f  P : I n i t i a l l y  

w e  d e t e r m in e ,  f o r  e a c h  v e r t e x  u , t h e  fo r w a r d  a r c  (v  , u )  w i t h  m in im u m  v  ( i f  s u c h  a n  a r c  e x i s t s ) .  I t  

i s  s t r a ig h t f o r w a r d  to  c o m p u te  t h i s  i n  O  G o g r )  t im e  w i th  a  l i n e a r  n u m b e r  o f  p r o c e s s o r s .  T h e n  b y  a  

d o u b l i n g  c o m p u ta t i o n  w e  c o m p u te ,  f o r  e a c h  i n t e r v a l  [u ,m +2 ^ ], 1 <7 <  T lo g r l  , l < u  < r - 2 ' ,  t h e  f o r 

w a rd  a r c  ( v ^ c )  w i th  m in im u m  v  s u c h  t h a t  x  i s  i n  th e  i n t e rv a l  [u ,u+ 2J]. T h i s  c o m p u ta t i o n  c a n  b e  

d o n e  i n  (9 G o g r )  t im e  w it h  a  l i n e a r  n u m b e r  o f  p r o c e s s o r s  o n  a  C R E W  P R A M . A n y  i n t e r v a l  

[ i , j ] , l< i  < j< t  c a n  b e  w r i t t e n  a s  t h e  o v e r l a p p in g  u n io n  o f  tw o  o f  t h e  p r e v io u s ly  c o m p u te d  i n t e r 

v a l s ,  a n d  h e n c e  e a c h  v e r t e x  c a n  n o w  f in d  a  f o rw a rd  a rc  a s  r e q u i r e d  i n  s te p  2  i n  c o n s t a n t  t im e .

S te p  1 c a n  b e  im p le m e n te d  i n  O  G o g r )  t im e  w i th  a  l i n e a r  n u m b e r  o f  p r o c e s s o r s  o n  a  C R E W  

P R A M  a s  fo l lo w s .  S te p  l a  c a n  b e  p e r f o r m e d  i n  a  m a n n e r  a n a lo g o u s  to  s t e p  2 .  S te p  l b  c a n  b e  

im p le m e n te d  i n  c o n s t a n t  t im e  w i th  a  l i n e a r  n u m b e r  o f  p ro c e s s o r s .  S te p  l c  c a n  b e  im p le m e n te d  b y  

p o in te r  j u m p i n g  in  <9 G o g r )  t im e  w it h  a  l i n e a r  n u m b e r  o f  p ro c e s s o r s .  T h u s  w e  h a v e  a  p a r a l l e l  

a lg o r i th m  f o r  S h r i n k ( P )  th a t  r u n s  i n  O  G o g r )  t im e  w i t h  a  l i n e a r  n u m b e r  o f  p r o c e s s o r s  o n  a  C R E W  

P R A M .

W e  n o w  in c o r p o r a te  th e  S h r in k  a lg o r i th m  i n  t h e  f o l lo w in g  t r e e  c o n t r a c t io n  a lg o r i th m  t h a t  

f in d s  th e  o u t - b r i d g e s  i n  a n  a rb i t r a ry  f o rw a rd  b r a n c h in g  o f  a  d i r e c te d  g r a p h  G  r o o te d  a t  r . T h e  

a lg o r i th m  c o n s t r u c ts  a  s e q u e n c e  o f  p a i r s  (G * , 7 * ) ,  w h e re  G *  is  a  d ig r a p h  a n d  7 *  i s  a  f o rw a rd
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b r a n c h in g ;  G  i i s  t h e  i n p u t  d ig r a p h  a n d  T \  i s  a  f o rw a rd  b r a n c h in g  o f  G  r o o te d  a t  a  f ix e d  v e r t e x  r . 

I t e r a t i o n  k  i d e n t i f i e s  t h e  l e a f  c h a in s  o f  7 * ,  d e te rm in e s  t h e  o u t - b r i d g e s  o f  G *  w i th in  t h o s e  l e a f  

c h a in s ,  d e l e t e s  a l l  t h e  v e r t i c e s  o f  t h e  l e a f  c h a in s  e x c e p t  t h e i r  r o o ts ,  a n d  t h e n  p e r f o r m s  a  t r a n s i t iv e  

c lo s u re  c o m p u ta t i o n  a n d  a d d s  a p p ro p r i a t e  a r c s  t o  e n s u r e  t h a t  th e  o u t - b r i d g e s  i n  G * + i a r e  p r e c i s e ly  

th e  o u t - b r i d g e s  o f  G  n o t  y e t  id e n t i f ie d .

O u tb rid g e s(G -(V M ,r),T );

Inpu t:  A  d ir e c te d  g r a p h  G  =(V JL )  w i th  a  fo r w a r d  b ra n c h in g  T  r o o te d  a t  r ; I V  I - n .

R ep ea t

1. F in d  o u t-b ridges in  the  le a f  cha ins o f T  :

F o r  e a c h  l e a f  c h a in  /  i n  T  p a r d o

L e t  t  b e  th e  r o o t  o f  /  a n d  f  t h e  l e a f  o f  / .  L e t  L '  b e  t h e  s u b g r a p h  o f  G  in d u c e d  b y  v e r t i c e s  in

/ .

a )  F o r m  L  f r o m  L '  b y  in t r o d u c in g  a  f o rw a rd  a r c  ( t , y )  f o r  e a c h  n o n - t r e e  a r c  (x , y )  i n  G  w i th  

y  i n V ( l ) ~  { f } a n d *  n o t i n g / ) .

b )  A p p ly  Shrink !L )  to  f in d  t h e  o u t -b r i d g e s  in  L  a n d  l a b e l  th e s e  a s  o u t - b r id g e s  o f  G .

2 .  R em ove  le a f  cha ins  fr o m  T :

a )  F o r m  th e  g r a p h  H  w i th  v e r t e x  s e t  V  a n d  a r c  s e t  t h e  a r c s  i n  a l l  l e a f  c h a in s  a n d  a l l  n o n - t r e e  

a r c s  o f  G .

. b )  F o r m  M , t h e  a d ja c e n c y  m a t r i x  o f  H , a n d  fo rm  th e  t r a n s i t i v e  c lo s u r e  M *  o f  M .

c )  F o r  e a c h  v e r t e x  v , d e te rm in e ,  u s in g  M * , th e  s e t  o f  v e r t i c e s  f r o m  w h ic h  v  i s  r e a c h a b le  i n

H . F o r  e a c h  s u c h  v e r t e x  w , in t r o d u c e  a n  a r c  (w  , v ) i n  G .

d )  F o r  e a c h  v e r t e x  t  t h a t  i s  t h e  h e a d  o f  s o m e  l e a f  c h a in ,  d e le te  a l l  i n c o m in g  n o n - t r e e  a r c s  to  

p r o p e r  d e s c e n d a n ts  o f  t . C o l l a p s e  a ll  o f  th e s e  p r o p e r  d e s c e n d a n ts  i n to  t . D e le te  a n y  s e l f 

l o o p s  i n  t h i s  g r a p h .

until T  =<j>

G e n e r a l i z in g  o u r  e a r l i e r  n o t a t i o n  f o r  t h e  c a s e  w h e n  t h e  f o rw a rd  b ra n c h in g  is  a  s im p le  p a th ,  

w e  n o w  l e t  p ( u )  b e  t h e  s u b g r a p h  o f  G  in d u c e d  b y  t h o s e  v e r t i c e s  th a t  l i e  i n  th e  s u b t r e e  o f  T  

ro o te d  a t  u . F o r  e a c h  v e r t e x  v  in  p  ( u ) ,  l e t  v  — i f  u  i s  r e a c h a b le  f r o m  v i n  p  ( u ) . L e t  reach  ( u ) 

b e  t h e  s e t  o f  v e r t i c e s  v  i n  p  ( u )  w i t h  v  - > u .
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T h e  fo l lo w in g  l e m m a  is  a  s t r a ig h t f o r w a r d  g e n e r a l i z a t i o n  o f  O b s e r v a t i o n  2  a n d  L e m m a  5  

(h e re  a  v e r t e x  v  is  a  d escen d a n t o f  a  v e r t e x  u  i f  u = v  o r  i f  t h e r e  is  a  d i r e c te d  p a th  f r o m  u  t o  v  in  

T ; o th e rw is e  v  i s  a  n on -d escen da n t o f  u ) .

L e m m a  6 : A  v e r t e x  u  i n  G  is  a c t i v e  i f  a n d  o n ly  i f  t h e r e  is  a n  a r c  (x  ,y )  w i t h  x  a  n o n - d e s c e n d a n t  

o f  u  a n d  w i th  y  i n  reach  ( u ) .

L e t  G  b e  a  d i r e c t e d  g r a p h  w i th  a  f o rw a rd  b r a n c h in g  T  r o o te d  a t  r ,  a n d  l e t  v  b e  a  v e r t e x  in  

G . A n  ac tive  p a th  t o  v  is  a  p a t h  p  f r o m  r  to  v  c o n s i s t in g  o f  a n  in i t ia l  p a th  p '  u s in g  t r e e  a r c s  

f ro m  r  to  a  n o n - d e s c e n d a n t  x  o f  v  f o l lo w e d  b y  a n  i n t e rm e d ia te  p a t h  c o n s i s t in g  o f  a  s i n g le  n o n 

t r e e  a r c  a  f r o m  x  to  a  d e s c e n d a n t  y  o f  v  fo l lo w e d  b y  a  f in a l  p a th  p "  f r o m  y  t o  v  u s in g  o n ly  a r c s  

c o n n e c t in g  d e s c e n d a n t s  o f  v .

O b s e r v a t i o n  3 :  V e r te x  v  is  a c t i v e  i f  a n d  o n ly  i f  t h e r e  is  a n  a c t i v e  p a t h  t o  v .

W e  n o w  p r o v e  s o m e  l e m m a s  t h a t  w i l l  a l l o w  u s  t o  e s t a b l i s h  th e  c o r r e c tn e s s  o f  a lg o r i th m  

O u tb r id g e s .  A s  b e f o r e  l e t  G , a n d  Tt b e  th e  g r a p h  a n d  fo rw a rd  b ra n c h in g  p r e s e n t  a t  t h e  s t a r t  o f  th e  

i t h  i te r a t io n  o f  th e  r e p e a t  l o o p  i n  t h e  a lg o r i th m ; h e n c e  G  i a n d  T \  a r e  t h e  i n p u t  g r a p h  t o g e th e r  

w i th  i ts  f o rw a rd  b r a n c h in g ,  a n d  G k a n d  Tk a r e  th e  c u r r e n t  g r a p h  a n d  fo r w a r d  b ra n c h in g  a t  th e  

s ta r t  o f  th e  k \h  i te r a t io n .  S im i la r l y  l e t  / / ,  b e  th e  g r a p h  H  o f  s t e p  2 a  o f  a lg o r i th m  O u tb r id g e s  c o n 

s t r u c te d  in  t h e  i  t h  i t e r a t i o n  o f  th e  r e p e a t  lo o p .

W e  f i r s t  n o t e  t h a t  O b s e r v a t i o n  2  r e m a in s  v a l id  i n  e a c h  G k w h e n  u  i s  a  v e r t e x  in  a  l e a f  c h a in  

o f  Tk . W e  s t a te  t h i s  i n  th e  fo l lo w in g  o b s e rv a t io n .

O b s e r v a t i o n  4 :  L e t  u  b e  a  v e r te x  i n  a  l e a f  c h a in  l  o f  f o rw a rd  b r a n c h in g  T ,  w h e r e  f o r  c o n v e n i 

e n c e  w e  a s s u m e  t h a t  t h e  v e r t i c e s  i n  t h e  l e a f  c h a in  a r e  n u m b e re d  f r o m  1 t o  s , w i t h  1 t h e  ro o t  o f  th e  

l e a f  c h a in  a n d  s  t h e  l e a f  o f  th e  l e a f  c h a in .  T h e n  reach ( u )  i s  a  s i n g le  in t e r v a l  o f  t h e  fo rm  [u ,u ' ]. 

F u r t h e r ,  a  v e r t e x  v * u  i s  i n  r e a c h (u )  i f  a n d  o n ly  i f  t h e r e  e x i s t s  a  s e q u e n c e  o f  b a c k  a r c s  

¿> i= < M i,V j),i= l, • • • ,k  i n  L  (w h e r e  L  i s  t h e  s u b g ra p h  o f  G  in d u c e d  b y  v e r t i c e s  i n  / )  s u c h  th a t  

v  i=m , « * > v , a n d  k,>v,+i,i=1, • • •  J k - 1 .

L e m m a  7 ;  F o r  e a c h  k >  1 , a lg o r i th m  O u tb r id g e s  c o r r e c t l y  f in d s  th e  o u t - b r id g e s  i n  th e  l e a f  c h a in s  

o f  G jk.

P roof:  B y  O b s e r v a t i o n  4 ,  f o r  a  v e r t e x  u  in  a  l e a f  c h a in  /  o f  Tk , reach  ( u )  i n  G k i s  t h e  s a m e  a s  

reach  (u )  i n  th e  s u b g r a p h  o f  G k i n d u c e d  b y  / .  H e n c e  t h e  r e a c h  v a lu e  o f  e a c h  v e r t e x  i n  t h e  l e a f  

c h a in  i s  c o r r e c t l y  c o m p u te d  i n  th e  S h r in k  c o m p u ta t io n  o f  s t e p  l b  i n  a lg o r i th m  O u tb r id g e s .

B y  L e m m a  6 , a  v e r t e x  u  i n  a  l e a f  c h a in  is  a c t i v e  i f  a n d  o n ly  i f  t h e r e  i s  a n  a r c  e= (x  , y )  i n  G k 

w ith  x  a  n o n - d e s c e n d a n t  o f  u  a n d  w ith  y  i n  reach  ( u ) . S u c h  a n  a r c  e i s  e i t h e r  a  f o rw a rd  a r c  i n  th e  

l e a f  c h a in  o r  is  a n  a r c  w i th  x  n o t  in  th e  l e a f  c h a in  a n d  y  in  th e  l e a f  c h a in .  T h e  f o r m e r  c a s e  is  th e  

s a m e  a s  th a t  u s e d  in  t h e  S h r i n k  a lg o r i th m . In  th e  l a t t e r  c a s e ,  (x  , y )  w i l l  c a u s e  a n y  v e r t e x  u  i n  th e
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l e a f  c h a in  w i th  y  i n  r e a c h (u )  t o  b e  a c t iv e .  H e n c e  f o r  th e  p u r p o s e  o f  th e  S h r in k  a lg o r i th m  th i s  is  

e q u iv a le n t  to  h a v in g  a n  a r c  f r o m  th e  ro o t ,  t ,  o f  th e  l e a f  c h a in  to  y . T h u s  t h e  c o m p u ta t i o n  i n  s te p s  

l a  a n d  l b  o f  a lg o r i th m  O u tb r id g e s  c o r r e c t l y  f in d s  t h e  o u tb r i d g e s  i n  t h e  l e a f  c h a in s  o f  G * .[ ]

L e m m a  8  L e t  e =(u  , v )  b e  a n  o u t - b r i d g e  i n  G k X  >  1. T h e n  e i s  a n  o u t -b r i d g e  i n  G k- \ .

P roof:  F i r s t  n o t e  t h a t  i f  e  i s  a n  o u t - b r i d g e  in  G * , t h e n  e  l i e s  in  Tk . H e n c e  e  l i e s  i n  Tk- i ,  s i n c e  

e v e r y  t r e e  a r c  i n  Tk i s  p r e s e n t  a s  a  t r e e  a r c  i n  Tk- \ .

S u p p o s e  e  i s  n o t  a n  o u t - b r id g e  i n  G k- \ .  H e n c e  v  is  a n  a c t iv e  v e r te x  i n  G * _ i.  L e t  p  b e  a n  

a c t i v e  p a th  to  v  in  G k- 1, a n d  l e t  p  c o n s i s t  o f  a n  i n i t ia l  t r e e  p a th  p '  to  a  v e r t e x  x  t h a t  i s  a  n o n 

d e s c e n d a n t  o f  v , f o l lo w e d  b y  a  n o n - t r e e  a r c  a = (x  , y ) ,  w h e re  y  i s  a  d e s c e n d a n t  o f  v , f o l lo w e d  b y  a  

f in a l  p a t h  p "  f r o m  y  t o  v  u s in g  o n ly  a r c s  c o n n e c t in g  v e r t i c e s  th a t  a r e  d e s c e n d a n ts  o f  v . W e  n o w  

e s ta b l is h  t h a t  t h e r e  m u s t  b e  a n  a c t i v e  p a t h  t o  v  i n  G k , c o n t r a d ic t i n g  t h e  a s s u m p ti o n  t h a t  e i s  a n  

o u t -b r i d g e  o f  G k , a n d  t h e re b y  e s t a b l i s h in g  t h e  l e m m a .

I f  p  c o n t a in s  n o  v e r te x  i n  G * _ i- G *  t h e n  p  i s  a n  a c t iv e  p a th  t o  v  i n  G *  a s  w e l l .  I f  p  c o n ta in s  

s o m e  v e r t i c e s  i n  G * _ i - G *  th e n  c o n s id e r  th e  l a s t  v e r t e x  z o n  p  s u c h  th a t  z is  i n  G k- \ - G k .

Case 1: z  i s  a  n o n - d e s c e n d a n t  o f  v .  T h e n  z  m u s t  b e  x  a n d  a l l  v e r t i c e s  in  p "  l i e  i n  G * . L e t  t  b e  

th e  r o o t  o f  th e  l e a f  c h a in  o f  G * _ i t o  w h ic h  z  b e lo n g s .  T h e n  b y  s te p  2 d  o f  a lg o r i th m  O u tb r id g e s ,  z 

is  c o l l a p s e d  i n to  t  a n d  h e n c e  t h e  p a th  i n  G k c o n s i s t in g  o f  th e  t r e e  p a th  to  t , f o l lo w e d  b y  n o n - t r e e  

a r c  0  , y ) ,  f o l lo w e d  b y  p a th  p "  i s  a n  a c t i v e  p a th  t o  v  i n  G k .

Case 2 : z  i s  a  d e s c e n d a n t  o f  v . L e t  ¿>=(z , a )  b e  th e  o u tg o in g  a r c  f r o m  z  i n / ? , a n d  l e t  f  b e  t h e  ro o t  

o f  t h e  l e a f  c h a in  i n  G * _ i  to  w h ic h  z b e l o n g s .  H e n c e  r ' i s  a  d e s c e n d a n t  o f  a  a n d  z is  a  p r o p e r  d e s 

c e n d a n t  o f  f . L e t  / ? '"  b e  th e  p o r t i o n  o f  p "  f r o m  a  t o  v . T h e  p a th  p '"  i s  a  p a th  i n  G k a s  w e l l .

Case 2a :  T h e  v e r te x  z  is  r e a c h a b le  f r o m  s o m e  n o n - d e s c e n d a n t  w  o f  v  i n  H k . T h e n  a n  a r c  (w  , z )  i s  

in t ro d u c e d  i n  s te p  2 c  o f  t h e  a lg o r i th m . I f  w  i s  i n  G k t h e n  th e  p a th  f r o m  r  to  w  f o l lo w e d  b y  a r c  

(w  ,a )  f o l lo w e d  b y  p a t h  p '"  i s  a n  a c t i v e  p a t h  to  v  i n  G k . I f  w  i s  i n  G * _ i- G *  t h e n  t h e  a n a ly s is  o f  

C a s e  1 g iv e s  a n  a c t iv e  p a th  to  v  i n  G k .

C ase 2b:  T h e  v e r t e x  z is  n o t  r e a c h a b le  f r o m  a n y  n o n -d e s c e n d a n t  o f  v  i n  H k . N o w  c o n s i d e r p " . 

T h is  is  a  p a th  o f  th e  fo rm  <ku , • • • ,u  i ^ . v  i ti ,  • • • . v j ^ ,  • • • ,mc>1, • • • tucJCe,vCth • • • ,vc j > ,  w h e re  

th e  u i j  a r e  i n  G k- \ - G k a n d  t h e  v , j  a r e  i n  G k , a n d  i f  y  i s  i n  G k t h e  i n i t ia l  s e q u e n c e  o f  u \ j ’s  is  

e m p ty .  A l l  o f  t h e  U ij a n d  v , j  a r e  d e s c e n d a n ts  o f  v . E a c h  v,-ti i s  r e a c h a b le  f r o m  v i - i j .  J >  1 i n  H k . 

H e n c e  b y  s t e p  2 c  o f  a lg o r i th m  O u tb r id g e s ,  t h e r e  is  a n  a r c  f ro m  V j - y . , to  v , j , i  > 1  i n  G k . T h e  v e r 

te x  v  i fi h a s  a n  in c o m in g  a r c  f r o m  x  i n  G k . T h e  r e m a in in g  a r c s  i n  p "  r e m a in  in  G k . H e n c e  th e r e  

is  a  p a th  f r o m  x  to  v  i n  G k t h a t  c o n ta in s  o n ly  v e r t i c e s  t h a t  a r e  d e s c e n d a n ts  o f  v  i n  G k . H e n c e  v  is  

a n  a c t i v e  v e r t e x  i n  G k .[]
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L e m m a  9 :  L e t  e = (u , v )  b e  a  t r e e  a r c  i n  G k ,k > \  t h a t  i s  n o t  a n  o u t - b r i d g e  i n  G * . T h e n  e i s  n o t  a n  

o u t -b r i d g e  in  G * - i .

P roof:  S in c e  e  i s  n o t  a n  o u t - b r id g e  i n  G *  th e re  is  a n  a c t i v e  p a th  p  to  v  in  G * . C o n s i d e r  a n y  a r c  

f = ( x , y )  i n  p  t h a t  i s  n o t  p r e s e n t  i n  G * _ i.  I f f  w a s  i n t r o d u c e d  i n  s t e p  2 c  o f  a lg o r i th m  O u tb r id g e s  

th e n  th e r e  is  a  p a th  f r o m  x  to  y  i n  G * _ i  t h a t  a v o id s  a l l  t r e e  a r c s  in  G *  a n d  h e n c e  a r c  e . I f  /  w a s  

in t ro d u c e d  i n  s t e p  2 d  t h e n  t h e re  is  a  p a th  f r o m  a  d e s c e n d a n t  o f  x  to  y  i n  G * _ i  t h a t  a v o id s  a l l  t r e e  

a r c s  i n  G * . H e n c e  t h e r e  is  a  p a th  f r o m  x  t o  y  i n  G * _ i  t h a t  a v o id s  a r c  e . H e n c e  f r o m  p  w e  c a n  

o b ta in  a n  a c t i v e  p a t h p '  to  v  i n  G * _ i.  T h u s  e  i s  n o t  a n  o u t - b r i d g e  in  G * _ i.[ ]

L e m m a  1 0 :  A lg o r i t h m  O u tb r id g e s  c o r r e c t l y  f in d s  t h e  o u t - b r id g e s  o f  G .

P roof:  W e  s h o w  t h a t  a t  t h e  s t a r t  o f  e a c h  i t e r a t i o n  o f  t h e  r e p e a t  lo o p ,

1) T h e  o u t - b r i d g e s  id e n t i f ie d  s o  f a r  a r e  e x a c t ly  t h e  o u t - b r id g e s  i n  t h e  p o r t i o n  o f  t h e  in p u t  g r a p h  G  

th a t  h a s  b e e n  c o l l a p s e d  b y  th e  a lg o r i th m .

2 )  A n  a r c  e  i n  t h e  c u r r e n t  g r a p h  G  is  a n  o u t - b r id g e  i n  t h i s  g r a p h  i f  a n d  o n ly  i f  i t  i s  a n  o u t - b r i d g e  

in  t h e  o r i g in a l  in p u t  g r a p h .

T h e  p r o o f  is  b y  i n d u c t io n  o n  k , t h e  n u m b e r  o f  i te r a t io n s  o f  th e  r e p e a t  lo o p .

B ase: k = 1. T h e  c la im  is  v a c u o u s ly  t r u e  s i n c e  n o  o u t - b r id g e s  h a v e  b e e n  id e n t i f ie d  a n d  t h e  in p u t  

g r a p h  is  t h e  s a m e  a s  th e  c u r r e n t  g r a p h .

Induc tion  s tep :  A s s u m e  th a t  th e  tw o  c la im s  a r e  t r u e  u n t i l  t h e  s t a r t  o f  i te r a t i o n  k - 1 a n d  n o w  c o n 

s i d e r  t h e  s t a r t  o f  i t e r a t i o n  k .  C la im  1 ) f o l lo w s  b y  th e  i n d u c t i o n  h y p o th e s is  a n d  L e m m a  7 .  C la im  

2 )  fo l lo w s  b y  t h e  in d u c t i o n  h y p o th e s is  a n d  L e m m a s  8  a n d  9 .[ ]

F in a l l y  w e  n o te  t h a t  a lg o r i th m  O u tb r id g e s  ru n s  i n  O  ( l o g 2« )  w i th  0 ( « 3)  p r o c e s s o r s  o n  a  

C R C W  P R A M . T o  s e e  t h e  p r o c e s s o r  a n d  t im e  b o u n d s  l e t  u s  a n a ly z e  t h e  t im e  c o m p le x i t y  o f  e a c h  

i te r a t io n  o f  t h e  r e p e a t  lo o p .  B y  t h e  p r e v io u s  a n a ly s is  f o r  t h e  t im e  c o m p le x i ty  o f  a lg o r i th m  S h r in k ,  

s te p  1 ru n s  i n  O G o g « )  t im e  w i th  O ( n 2) p r o c e s s o r s  o n  a  C R E W  P R A M . S te p s  2 a ,  2 c ,  a n d  2 d  ru n  

in  O  G o g « )  t im e  w it h  O (n 2) p r o c e s s o r s  o n  a  C R E W  P R A M . S te p  2 b  ru n s  i n  O  ( l o g « ) t im e  w it h  

O  ( « 3)  p r o c e s s o r s  o n  a  C R C W  P R A M , a n d  is  th e  m o s t  e x p e n s iv e  s t e p  i n  th e  r e p e a t  lo o p .  S in c e  

th e  r e p e a t  lo o p  is  e x e c u te d  0  ( l o g n )  t im e ’s  w e  o b t a in  t h e  s t a te d  t im e  a n d  p r o c e s s o r  b o u n d s  fo r  

a lg o r i th m  O u tb r id g e s .  O n  a  C R E W  P R A M  th i s  a lg o r i th m  ru n s  i n  O  G o g 3« )  t im e  w i t h  M ( « )  p r o 

c e s s o r s .

W h e th e r  w e  u s e  a  C R E W  m o d e l  o r  a  C R C W  m o d e l  th e  t im e  a n d  p r o c e s s o r  b o u n d s  f o r  

f in d in g  a  m in im u m  w e ig h t  b r a n c h in g  u s in g  th e  a lg o r i th m  in  [L o ]  d o m in a te  th e  t im e  a n d  p r o c e s 

s o r  b o u n d s  o f  a lg o r i th m  O u tb r id g e s .  H e n c e  w e  c a n  f in d  r e d u n d a n t  a r c s  w i th in  th e  t im e  a n d  p r o 

c e s s o r  b o u n d s  f o r  m in im u m  w e ig h t  b r a n c h in g s ,  a n d  th u s  t h e  p a r a l l e l  t r a n s i t iv e  r e d u c t io n  a lg o 

r i th m  ru n s  in  O  G o g 3« ) p a r a l le l  t im e  w i th  O ( n 3) p r o c e s s o r s  o n  a  C R C W  P R A M  a n d  i n  O  G o g 4« )
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p a r a l l e l  t im e  w i t h  th e  s a m e  p r o c e s s o r  b o u n d  o n  a  C R E W  P R A M .

4 . S e q u e n t i a l  A l g o r i t h m s  f o r  T r a n s i t i v e  R e d u c t i o n

A s  i n  s e c t i o n  3 .2 ,  l e t  r  b e  a  f ix e d  r o o t  o f  a  d i r e c te d  g r a p h  G = (V J Z ),  w h e r e  \V  \ =n  a n d  

\E  l = m .  A n  a lg o r i th m  f o r  f in d in g  th e  in -  a n d  o u t - b r id g e s  is  g iv e n  i n  [T a 2 ] .  T h i s  a lg o r i th m  a c tu 

a l ly  d o e s  m o r e :  I t  c o m p u te s  tw o  f o rw a rd  b r a n c h in g s  T \  a n d  T 2  h a v in g  o n ly  th e  o u t - b r id g e s  in  

c o m m o n ,  a n d  tw o  in v e r s e  b r a n c h in g s ,  7 3 a n d  r 4, h a v in g  o n ly  t h e  in - b r id g e s  i n  c o m m o n . T h is  

a lg o r i th m  c a n  b e  im p le m e n te d  to  r u n  i n  l in e a r  t im e  b y  u s in g  l in e a r - t im e  a lg o r i th m s  f o r  c o m p u t 

in g  n e a r e s t  c o m m o n  a n c e s to r s  [H T ] a n d  m a in ta in in g  d i s j o in t  s e ts  [G T ].

L e t  R  b e  t h e  s e t  o f  r e d u n d a n t  a r c s ,  /  th e  s e t  o f  in - b r id g e s  a n d  O  t h e  s e t  o f  o u t -b r i d g e s .  

H e n c e  R = E  -  ( I \ j O ) .  T h e  fo l lo w in g  a lg o r i th m  f in d s  a  t r a n s i t i v e  r e d u c t io n  o f  G .

1. P i c k  a  r o o t  v e r t e x  r  i n  G . F in d  a  fo rw a rd  b r a n c h in g  B  a n d  a n  in v e r s e  b r a n c h in g  B '  i n  G  a n d  

r e p la c e  G  b y  B  \^ jB ' .

2 .  R e p ea t

a )  C o n s t r u c t  tw o  f o rw a rd  b r a n c h in g s  T  \ a n d  7 2 h a v in g  o n ly  th e  o u t - b r id g e s  i n  c o m m o n ;  

i d e n t i f y  t h e  s e t  o f  o u t - b r id g e s  a s  O .

b )  C o n s t r u c t  tw o  in v e r s e  b r a n c h in g s  r 3 a n d  r 4 h a v in g  o n ly  t h e  in - b r id g e s  i n  c o m m o n ;  i d e n 

t i f y  t h e  s e t  o f  i n - b r id g e s  a s  / .

c )  F o r m  t h e  s e t  o f  r e d u n d a n t  a r c s  R  a s  R  =E - { O  \ j l ) .

d )  F o r  i  = 1 ,2 ,3 ,4  fo rm  5 ,  = 7 ,  f ^ R .

e )  C h o o s e  7,- a n d  7 y s u c h  t h a t  l < / < 2 ,  3< j< 4  a n d  S , { j S j  h a s  m in im u m  c a r d in a l i ty  a m o n g

S  3>S 2 { j S  3>S 1V J 5  4 ^  2 ^ 5  4*

f)  R e p l a c e  G  b y  7 ,  y j T j . 

until R  =<j).

T h e  f o l lo w in g  c la im  e s t a b l is h e s  t h a t  th e  r e p e a t  lo o p  is  e x e c u te d  o n ly  O  ( l o g n )  t im e s .  

L e m m a  1 1 :  I n  s t e p  2 e  o f  th e  a lg o r i th m  th e  c h o s e n  5,- a n d  S j  s a t is f y  IS,- { j S j  I < ( 3 / 4 ) - 1R  I .

P r o o f :  F o r  ¿ = 1 ,2 ,3 ,4 ,  l e t  F t b e  t h e  s e t  o f  th o s e  a r c s  i n  7,- t h a t  a r e  n o t  p r e s e n t  i n  a n y  o th e r  7 y , a n d  

l e t  P \ ,y < S i o S3)u f i, p 2 ,4 = (S i n ? 2 J 32 $ < S 2 C \ S 3 a n d  / >i , 4 = ( 5 i p j S 4) ^ j F 4. 

N o te  t h a t  P  1 3 ^ 2,4 ^ 2 3  a n d  P  1.4 a r e  d is jo in t .  L e t  o n e ,  s a y  P  i f3 b e  th e  o n e  o f  m a x im u m  c a r d in a l 

i ty .  T h e n  w e  m u s t  h a v e  l / >2t4 l +  l / >2^ l  +  I F i f4 l^ ( 3 /4 ) -  \R  I . B u t  S 2K j S 4e P 2.4^ ^ 2.3K jP  1,4,
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w h ich  im p lie s  IS  2{ j S  4 1 < (3 /4 ) - I I . S in c e  w e  a lso  h a v e  S  i ^ j S 3& P  1,4 ^ ) ^  2 ,3 . 

S i ^ j S 4 1  ¿ K j P \A K jP 2, 4 a n d  S 2^ j S 3 ^ 2 $ U P 2 ,4KJP W* w e  h a v e  1 s  1U 5 3 1 ^ (3 /4 > I /?  I i f  

P 2, 4 i s  o f  m ax im um  c a rd in a l i ty , 15 4 1 <(3/4)*  IR  I i f  P 2j  is  o f  m ax im um  c a rd in a l i ty  an d  

IS  2 U S  3 1 <(3/4)* IR  I i f  P 1 4  is  o f  m ax im um  c a rd in a l ity . H e n c e  th e  c h o s e n  S f a n d  S;  in  s te p  2 e  o f  

th e  a lg o r ithm  sa tis fy  I Si { j S j  I < (3 /4 ) - 1R  I .[]

S te p  1 o f  th e  a lg o r i th m  t a k e s  0 ( n + m )  t im e  a n d  r e n d e r s  G  s p a r s e  ( O ( n )  a r c s ) .  A s  m e n 

t i o n e d  a b o v e ,  s t e p s  2 a  a n d  2 b  c a n  b e  im p le m e n te d  to  ru n  i n  O  ( n )  t im e  u s in g  t h e  a lg o r i th m  in  

[T a 2 ] ,  i n  c o n ju n c t i o n  w i th  th e  a lg o r i th m s  i n  [H T ]  a n d  [G T ] .  E a c h  o f  s t e p s  2 c  t h r o u g h  f  ta k e s  

0 ( n )  t im e . H e n c e  e a c h  e x e c u t i o n  o f  t h e  r e p e a t  lo o p  t a k e s  l i n e a r  t im e .  S in c e  b y  L e m m a  11 th e  

r e p e a t  lo o p  i s  e x e c u te d  0 ( l o g n )  t im e s ,  t h e  e n t i r e  t r a n s i t iv e  r e d u c t io n  a lg o r i th m  ru n s  i n  

O (m + n lo g n )  t im e .

T h e  a lg o r i th m  o f  s e c t i o n  2  c a n  a ls o  b e  im p le m e n te d  to  r u n  in  0 ( m + n \o g n )  t im e .  T h i s  is  

b e c a u s e  th e  m in im u m - w e ig h t  b r a n c h in g  a lg o r i th m  o f  E d m o n d s  [E d 2 ]  c a n  b e  im p le m e n te d  to  ru n  

in  l i n e a r  t im e  f o r  0 -1  e d g e  w e ig h t s  b y  u s in g  th e  a lg o r i th m  in  [G G S T ] ,  w i t h  t h e  h e a p s  r e p la c e d  b y  

tw o  b u c k e t s .  A s  b e f o r e ,  t h e  r e d u n d a n t  a r c s  c a n  b e  f o u n d  i n  l i n e a r  t im e  a n d  h e n c e  e a c h  e x e c u t i o n  

o f  th e  r e p e a t  l o o p  t a k e s  l i n e a r  t im e ,  l e a d in g  to  a n  0 ( m + n \o g n )  t im e  s e q u e n t i a l  a lg o r i th m  f o r  

t r a n s i t i v e  r e d u c t io n .

W e  h a v e  o b t a in e d  s e q u e n t i a l  a n d  p a r a l l e l  a lg o r i th m s  w i th  s i m i l a r  c o m p le x i t ie s  f o r  a n a lo 

g o u s  p r o b le m s  o n  u n d i r e c t e d  g r a p h s ,  i .e . ,  f o r  f in d in g  a  m in im a l  b r i d g e - c o n n e c t e d  s p a n n in g  s u b 

g r a p h  a n d  a  m in im a l  b ic o n n e c t e d  s p a n n in g  s u b g r a p h  in  a n  u n d i r e c te d  g ra p h ,  i f  s u c h  s u b g ra p h s  

e x is t .  T h e s e  r e s u l ts  w i l l  a p p e a r  in  a  c o m p a n io n  p a p e r .

W e  c o n c lu d e  b y  n o t i n g  t h a t  i t  i s  c o n c e iv a b le  t h a t  o n e  ( o r  b o th )  o f  o u r  s e q u e n t i a l  a lg o r i th m s  

ru n s  i n  l i n e a r  t im e ,  s i n c e  i t  i s  p o s s ib l e  t h a t  th e  r e p e a t  lo o p  n e e d s  to  b e  e x e c u te d  o n ly  a  c o n s ta n t  

n u m b e r  o f  t im e s .  W e  l e a v e  t h i s  q u e s t i o n  f o r  f u r t h e r  i n v e s t i g a t i o a  F o r  th e  s a m e  r e a s o n  i t  i s  p o s s i 

b le  t h a t  o u r  p a r a l l e l  a lg o r i th m s  r u n  f a s t e r  t h a n  t h e  s ta te d  t im e  b o u n d s  b y  a n  O  ( io g n ) f a c to r .

R e f e r e n c e s

[A B I]  A lo n ,  N .,  B a b a i ,  L .  a n d  I ta i ,  A . , " A  F a s t  a n d  S im p le  R a n d o m iz e d  P a r a l l e l  A lg o r i t h m  fo r  

th e  M a x im a l  In d e p e n d e n t  S e t  P r o b le m " ,  J . o f  A lgorithm s, 7 ,  p p .  5 6 7 - 5 8 3 ,1 9 8 6 .

[A G U ]  A h o , A .V .,  G a r e y ,  M .R . a n d  U llm a n , J .D . , " T h e  T r a n s i t i v e  R e d u c t i o n  o f  a  D ir e c te d  

G ra p h " ,  S IA M  J. C om put., 1 , p p .  1 3 1 - 1 3 7 ,1 9 7 2 .

[C W ] C o p p e r s m i th ,  D . a n d  W in o g ra d ,  S . ,  " M a tr ix  m u l t i p l i c a t i o n  v ia  a r i th m e t i c  p ro g r e s s io n s ,"  

P roc. 19 th  A nn . A C M  Sym p. on T heory o f  C om puting , p p .  1 - 6 ,1 9 8 7 .



- 1 6 -

[E d ] E d m o n d s ,  J . , " E d g e -D is jo in t  B ra n c h in g s " ,  i n  C om bina toria l A lg o rithm s, A lg o r i t h m ic  

P r e s s ,  p p .  9 1 - 9 6 ,1 9 7 3 .

[E d 2 ]  E d m o n d s ,  J . ,  " O p t im u m  b r a n c h in g s ,"  J. o f  R es. o f  the N at. B u rea u  o f  S ta nd ard s, 7 1 B , 

1 9 6 7 , p p .  2 3 3 -2 4 0 .

[E T ] E s w a r a n ,  K .P .  a n d  T a i j a n ,  R .E .  , " A u g m e n ta t io n  P r o b l e m s " ,  S IA M  J . C om put., 5 ,  p p .  6 5 3 -  

6 6 5 , 1 9 7 6 .

[G G S T ]  G a b o w ,  H .N . ,  G a l i l ,  Z . ,  S p e n c e r  T .  a n d  T a i j a n ,  R .E .,  " E f f i c i e n t  a lg o r i th m s  f o r  f in d in g  

m in im u m  s p a n n in g  t r e e s  i n  u n d i r e c te d  a n d  d ir e c te d  g r a p h s ,"  C om bina torica , 6 ,  p p .  1 0 6 -  

1 2 2 ,1 9 8 6 .

[G J] G a r e y ,  M .R . a n d  J o h n s o n , D .S . ,  C om puters a n d  In tractab ility: A  G u ide  to  the T heory  o f  

N P -C o m p le ten ess , F r e e m a n ,  S a n  F r a n s i s c o ,  C A , 1 9 7 9 .

[G T ] G a b o w ,  H .N . a n d  T a i j a n ,  R .E .,  " A  l in e a r - t im e  a lg o r i th m  f o r  a  s p e c i a l  c a s e  o f  d i s j o in t  s e t  

u n io n ,"  Jo u rn a l o f  C om put. Sys. S e i., 3 0 ,  p p .  2 0 9 - 2 2 1 ,1 9 8 5 .

[G S ] G o ld b e r g ,  M .  a n d  S p e n c e r ,  T . ,  " A  N e w  P a r a l l e l  A lg o r i t h m  f o r  th e  M a x im a l  In d e p e n d e n t  

S e t  P r o b le m " ,  P roc. 28 th  IE E E  Sym p. on  F ou n da tio ns  o f  C om pu ter  S c ien ce , p p .  1 6 1 -1 6 5 , 

1 9 8 7 .

[H T ] H a r e l ,  D . a n d  T a i j a n ,  R .E .,  " F a s t  a lg o r i th m s  f o r  f in d in g  n e a r e s t  c o m m o n  a n c e s to r s ,"  S IA M  

J . C om put., 1 3 , p p .  3 3 8 - 3 5 5 ,1 9 8 4 .

[K R ] K a r p ,  R .M . a n d  R a m a c h a n d r a n ,  V . " P a ra l l e l  a lg o r i th m s  f o r  s h a re d  m e m o r y  m a c h in e s ,"  

H a n d b o o k  o f  T heoretica l C om pu ter S cience, J . v a n  L e e u w e n ,  e d . ,  N o r th  H o l la n d ,  to  a p p e a r ,  

a ls o  R e p o r t  N o .  U C B /C S D  8 8 /4 0 8 , C o m p u te r  S c ie n c e  D iv . ,  U n iv .  o f  C a l i f o r n ia ,  B e rk e le y ,  

C A ,  1 9 8 8 .

[K U W ]  K a r p ,  R . M . , U p fa l ,  E .  a n d  W ig d e r s o n ,  A . , " A r e  S e a r c h  a n d  D e c i s io n  P r o b l e m s  C o m p u 

t a t i o n a l l y  E q u iv a le n t? " ,  P ro c. 17th  A C M  Sym p. on  T heory o f  C om puting , p p .  4 6 4 - 4 7 5 ,  

1 9 8 5 .

[K W ] K a r p ,  R .M . a n d  W ig d e r s o n ,  A . , " A  F a s t  P a r a l l e l  A lg o r i t h m  f o r  th e  M a x im a l  In d e p e n d e n t  

S e t  P r o b le m " ,  JA C M , p p .  7 6 2 - 7 7 3 ,1 9 8 5 .

[L o ] L o v a s z ,  L .  " C o m p u t in g  E a r s  a n d  B r a n c h in g s  i n  P a r a l l e l " ,  P roc. 26 th  IE E E  Sym p. on  F o u n 

d a tion s o f  C om pu ter  Science, p p .  4 6 4 - 4 6 7 ,  1 9 8 5 .

[L u ] L u b y ,  M . " A  S im p le  P a r a l l e l  A lg o r i t h m  f o r  th e  M a x im a l  In d e p e n d e n t  S e t  P r o b l e m " ,  P roc. 

17th A C M  Sym p. on  T heory o f  C om puting , p p .  1 - 1 0 ,1 9 8 5 .

[M R ]  M il l e r ,  G .L . a n d  R e if ,  J .H .,  " P a ra l l e l  t r e e  c o n t r a c t io n  a n d  i ts  a p p l ic a t io n s ,"  P roc. 2 6 th  A nn. 

Sym p. on  F ou n da tio ns  o f  C om p. Sei., p p .  4 7 8 - 4 8 9 ,1 9 8 5 .



- 1 7 -

[R a ] R a m a c h a n d r a n ,  V . " F a s t  p a r a l l e l  a lg o r i th m s  f o r  r e d u c ib le  f lo w  g ra p h s ,"  C o n cu rren t C om pu 

ta tions: A lg orith m s, A rch itec tu re  a n d  T echno logy, S .K .T ew k s b u r y ,  B .W .D ic k in s o n  a n d

S .C .S c h w a r tz ,  e d . ,  P le n u m  P r e s s ,  N e w  Y o rk ,  N Y ,  1 9 8 8 , i n  p r e s s .

[S o ]  S o ro k e r ,  D . , " F a s t  P a r a l l e l  S tr o n g  O r ie n ta t io n  o f  M ix e d  G r a p h s  a n d  R e la t e d  A u g m e n ta t io n  

P r o b l e m s " ,  J . o f  A lg o rithm s, 9 ,  p p .  2 0 5 - 2 2 3 ,1 9 8 8 .

[T a ]  T a i j a n ,  R . E . , " F in d in g  O p t im u m  B ra n c h in g s " ,  N etw o rks , 7 ,  p p .  2 5 - 3 5 , 1 9 7 7 .

[T a 2 ]  T a i j a n ,  R .E .,  " E d g e - d i s jo in t  s p a n n in g  t r e e s  a n d  d e p th - f i r s t  s e a r c h ,"  A c ta  In fo rm a tica , 7 ,  p p .  

1 7 1 - 1 8 5 ,1 9 7 6 .




