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1. Notations. Let G be an arbitrary, but fixed, locally compact abelian

group, and Γ its dual. The Fourier transform of a function / in L\G) is defined

by

(1.1) f(v) = ΪAocXx, -y> dx (y € Γ),

and the inverse Fourier transform of a function u in Lι(Γ) by

(1.2) u(x) = I u(y)<x, y> dy (xzG).
Jτ

We denote by AU(G) the space of those continuous functions in L\G) whose

Fourier transforms are also in L\Γ). It will be always assumed that the Haar

measures of G and Γ are so adjusted that the inversion formula holds:

(1. 3) fix) = f f(y)<x, y> dy (x <E G)

for every function / in AL\G). For each p with l ^ / > ^ 2 , TP(G) denotes
the space of all bounded linear operators from LV{G) into LP(G) that commute
with all translations. It is well-known ([3: p. 100]) that to every operator Φ in

TP(G) there corresponds a function in L°°(Γ), denoted by Φ, such that

We can easily show that any function in L°°(Γ) is Φ for some Φ in T2(G). It

is also known ([5: p. 73]) that a function on Γ is Φ for some Φ in TΊ(G) if

and only if it is the Fourier-Stieltjes transform of a bounded (regular) measure

on G. We denote by MP(Γ) the space of all Φ with Φ in TP(G). Finally, for
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any Φ in TP(G) and any / in LP(G), we shall often write f*Φ to denote Φ(/).
This paper is motivated by that of de Leeuw [5], where some characterizations

of ZΛmultipliers on the real line and the circle group are obtained. We shall
here give some generalizations of his results.

2. Some remarks and lemmas. Throughout the remainder part of this
paper, let us fix p arbitrarily so that l^p^2, and put q = p/(p—1). We
shall assume that every function whose definition may be changed on a locally
null set to make it continuous is always so redefined on such a set to be
continuous. Recall that the spectrum of a function φ in L°°(Γ) is the closed
subset of G defined by

where the intersection is taken over all functions u in Lι(Γ) such that u*φ=0.
Let now Φ be any operator in TP(G), and put φ = Φ. Then the spectrum

of φ is called the support of Φ and denoted by supp Φ. For any closed subset
K of G such that suppΦcK, we say that Φ is concentrated on K. We also
define ||^|| = ||<p|U,/r) to be the operator norm of Φ. Then for every function u
in L\Γ) it is well-known that φ*u is in MP(Γ), that \\φ*u\\ ̂  M β I M I i , and
that S(φ*u)(lS(<p) Πsupp(ώ). We shall write Φύ to denote the operator in TP(G)
defined by (Φύy = φ*u. Finally, observe that if / is in AL\G), then f*Φ
is continuous since we have

Φ)(x) = f dy

LEMMA 2.1. Let Φ be any operator in TP(G) concentrated on a closed
subgroup H of G, and let f and g be any functions in ALι(G) such that
f= g on H. Then we have f* Φ — g *- Φ on H.

PROOF. It suffices to prove that if h is in AL\G) and if A = 0 on /ί,
then h*Φ=0 on H. But this follows from the fact that every closed subgroup
of G is an 5-set for the algebra L\T) (see [6 p. 170]).

We shall now denote by AL\(G) the space of all functions in AU(G)
having compact-support, and observe then that there exists a net sn in ALι

c(G)
satisfying the following conditions:

(2. A) P n l l i ^ l for all n;
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(2. B) If φ is a function in L°°(Γ), then the net φ*sn converges to φ in the
weak-star topology of L°°{Γ). If, in addition, φ is continuous, then the net
φ*sn converges to φ uniformly on each compact subset of Γ.

LEMMA 2.2. Let Φ be any operator in TV(G) and let sn be a net in
AL\(G) satisfying (2. A) and (2. B). Then we have \\Φsn\\ ^ ||Φ|| and
supp Φsn C supp Φ Π supp sn for all n. Furthermore, the net Φsn in TV(G)
converges to Φ in the topology of weak convergence of operators.

PROOF. Trivial from the above observations.

3. Operators concentrated on a closed subgroup. In this section, we
shall characterize the operators in TV{G) concentrated on a closed subgroup.

Let H be any closed subgroup of G, and Λ its annihilator. For each element
x of G, x denotes the coset of H containing x. Similarly, for each element y
of Γ, Ί denotes the coset of Λ containing γ. We shall fix the Haar measures
of G, H, and the quotient group G/H so that

(3.1) [fdx = f Γ f(x+t)dtdx (/e

Then we have

(3.2) [ udy= ί [ u{y+λ) d\ dΎ (u € L\T)).

(Note that the Haar measures of a locally compact abelian group and its dual
are always assumed to be so adjusted that the inversion formula holds. Since
we have fixed the Haar measures of G, H, and G/H, it follows that those of
Γ, Γ/Λ, and Λ are automatically determined by this requirement.) For a function
f on G and an element x of G, the function fx is defined by fx(y) — f(y—x)
(y £ G). It is then easy to see that

(3. 3) Γ f-x(t)<t,
JH

dt=

for all / in AL\(G) and all x in G, where the integral in the right side exists
for almost all Ύ in Γ/Λ, and the equality holds for almost all Ύ in Γ/Λ.

LEMMA 3.1. Let Ψ be any operator in TV(H). Then there exists a

unique operator Φ in TP(G) such that Φ = Ψ © τtA where τtA denotes the

quotient mapping from V to Γ/Λ. In this case we have also | |Φ|| =
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PROOF. For any function / on G, let f\ H be the restriction of / to H.
It is readily seen that the restrictions to H of the functions in AUC(G)
coincides with ALι

c(H).
Let now / be any fixed function in ALι

c(G). It then follows from (3.3) that

(3.1.1) (f-ΛπYiy) = [ (/-x)A(Ύ+λ)^λ (xs G)

for almost all Ύ in Γ/Λ, and so

(3.1. 2) CΨCΛx I *))*(?) = Ψ(?) f ( / . J A ( λ + λ ) ^λ (x € G)

for almost all 7 in Γ/Λ. Integrating both sides of (3.1.2), we have by (3. 2)

(3.1. 3) Ψ ( / . x U)(0) = f Φ(7) Γ (/_*)*(γ+λ) ^λc/7
•/Γ/Λ •'A

= Γ (Ψ o ̂ Δ)(γ) /(γ)<αr, γ > rfy (x € G).
JT

This shows that the function defined by

(3.1. 4) Φ(f)(x) = Ψ(/_ x I a)(0) (x e G)

is continuous. We have also by (3.1) and (3.1. 4)

Γ IΦ{f){x)\»dx = [ [ IΦ(/_,Iβ)(ί)I'dtdx

= s l W [ ί \f(x+t)\"dtdx
*G/H J H

= \\np ί \A*)\
 vdχ,

*G

which shows that Φ(/) is in LP(G) and

(3.1.5) HΦ(/)llp^llΨ|| 11/11,.
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It also follows from (3.1. 3) and (3.1. 4) that

(3.1. 6) ( Φ ( / ) ) A ω = (Ψ o τrΛ)(7)/(7) (7 € Γ).

Since (3.1. 5) and (3.1. 6) are valid for every function / in ALι

c(G), and

since ALι

c(G) is dense in LP(G), Φ can be uniquely extended to an operator in

TP(G), which we also denote by Φ, so that

(3.1.7) 1|Φ||^| |Ψ| |, and Φ = ψ o , r Δ .

It remains only to show that ||Φ|| = ||Ψ||. If we note that suppΦcsuppΨcH,

which follows at once from (3.1. 4), this equality will follows from the following:

LEMMA 3. 2. Let Φ be any operator in TP{G) concentrated on H. Then

there exists a unique operator Ψ in TP(H) such that Ψ o 7ΓΛ=Φ. In this case

we have ||Ψ|| = ||Φ||.

PROOF. Let F be any function in AUC{H). Then there exists a function

/ in ALι

c(G) such that F=f\H. We put

(3.2.1) W ( ί ) = Φ(/)(f) (t*H),

which is well-defined by Lemma 2.1. We then claim that Ψ can be extended to

an operator in TP(H) having the required properties.

First assume that Φ has compact support. It is then easy to see that Φ

maps ALι

c(G) into ALι

c(G). Let us now fix any function / in ALι

c(G). The

inequality | | Φ ( / ) | | P ^ ||Φ|| ||/IU is equivalent to

f \Φ{f){x)\>dx^\\Φ\\* ί \f(x)\pdx,
JG JG

and this can be rewritten in the form

(3.2.2) f if \Φ(f)(x+t)\*dt\dx^\\Φ\\» f If \f{x+t)\pdt\dx.
JG/Π\JH ) JG/H\JH J

Take now any compact neighborhood K of 0 in G/H, and any open neighborhood

U of K. Denote by nH the quotient mapping from G to G/H. We can find

a function g on G, which is the Fourier-Stieltjes transform of a bounded measure

concentrated on Λ, so that
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(3.2. 3) supp g c τt,Γ\U) g = 1 o n πB-\K) ;\g\^lonG.

Replacing / by gf in (3.2. 2), we have

(3.2.4) f If \Φ(gf)(x+t)\"dt\dx^\\Φ\\" f \f \{gf){x+t)\"dt\dx.

But, the integral in the bracket in the right side, as a function on G/H, vanishes

outside U by (3. 2. 3). Thus (3. 2. 4) together with (3.2. 3) yields

(3.2.5) Γ j Γ IΦ^/X r + O I ^ } ^ ^ ||Φ||" Γ I f \f(x + t)\>dt\dZ.

One more application of (3.2.3) also shows that (gf)(x+t) = f(x+t) for all x

in 7tH~\K) and all t in H. It follows from Lemma 2.1 that Φ(gf)(x+t)

= Φ(f)(x+t) for all such α: and ί, since gf is in ALX(G). Thus (3.2.5) can

be written as

f ( f \Φ(f)(x+t)\°dt\dx^\\Φ\\* f l f \f(x+t)\*dt\dx.

Since U was an arbitrary neighborhood of K, this yields

(3.2.6) f (f \Φ(f)(x+t)\Pdt\dx^\\Φ\\» ( \[ \f(x+t)\>dt\dZ.

Observe now that the integrals in the brackets in both sides of (3.2.6), as

functions of x, are continuous. Since (3. 2. 6) holds for all compact neighborhoods

K of 0 in G/H, this assures that

f \Φ(f){t)\*dt^\\Φ\\> [\M\*dt9

which combined with (3. 2.1) yields

Thus Ψ can be uniquely extended to an operator in TP(H), which we also denote

by Ψ, with ||Ψ|| ^ | |Φ||. ^ ^

In order to show that ΛϊΓo7rΛ = Φ, it suffices to note that (3.2.1) implies

(3.1. 4). In fact, then (3.1. 6) shows Ψ ° τrΔ=Φ.
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Let now Φ be any operator in TP(G) concentrated on H whose support is

not necessarily compact. Take a net sn in ALι

c(G) satisfying (2. A) and (2. B).

It then follows from Lemma 2.2 that every operator Φsn has a compact support

contained in H and norm 5g ||Φ||. By what has already been proved, we can

find a net Ψn in TP(H) so that

(3.2.7) HΨnll ^ IIΦII, and Ψnoπ^=Φ*sn

for all n. Then we have for any function u in L\T)

(3.2.8) I Φ-udy = \im I (Φ*sn) udy
Jr n Jr

= lim I (ΨnoπA)'udy
n Jγ

= lim f Ψn(Ύ) [ u{y + X)d\dy.
71 Jr/A ^A

Since

for all n, and since the mapping

u >u\Ύ)= I u(y+X)d\

carries L\Γ) onto L^Γ/Λ), (3. 2. 8) shows that the net Ψn converges to some

of L"(Γ/Λ) in the weak-star topology of L°°(Γ/Λ) such that

l*'udy=L
which clearly implies that Φ=ψ°π\ locally almost everywhere.

To show that ψ is in MP(Γ/A) and | | ^ | | ̂  | |φ | | , let / and g be any functions

in AL\H). Since the net ^ n converges to ψ in the weak-star topology of

L°°(Γ/Λ), and since | |Ψn | | ^ | |Φ|| for all n, it follows that

Γ g-f-ψdy =lim Γ $ f Ψndy
Jr/A n Jr/A
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Thus we conclude that ψ is in MP(Γ/A) and ||ψ || ^ | |Φ||. Summarizing up, we
have found an operator Ψ in TP(H) such that

(3.2.9) | | Ψ | | ^ | | Φ | | , and $ o ^ Λ = φ .

Combining (3.2.9) and (3.1.7), we have also | |ψ| | = | |Φ||. This completes the
proof.

THEOREM 3.3. There exists an isometrical isomorphism a from the
Banach algebra TP(H) to the Banach algebra TP(G) such that

(a(Ψ)Y = ΨoπA (Ψ*TP(H)).

The range of cί is precisely the space of all operators in TP(G) concentrated
on H.

PROOF. This is trivial from Lemma 3.1 and Lemma 3.2.

LEMMA 3.4. Let φ be a function in L°°(Γ). Then the spectrum of φ is
contained in H if and only if φ may be redefined on a locally null set to
be constant on each coset of Λ.

PROOF. Let u be any function in L\Γ). Then for all λ in Γ and all x
in G, we have ύλ(x) = <x, λ > u(x). Therefore, if λ is in Λ, we have ύλ = u
on H.

Suppose now that the spectrum of φ is contained in H. Since H is an *S-set
for the algebra Lι{V), it follows from the above observation that for all X in Λ

φλ * u — φ * uλ = φ * u (u e LX(Γ)) .

This clearly implies that for every λ in Λ, φλ — φ locally almost everywhere,
from which we can easily deduce that φ may be redefined on a locally null set
to be constant on each coset of Λ.

Conversely assume that φ is constant on each coset of Λ. Let ψ be the
function on Γ/Λ defined by ty°πχ=φ. We have then by (3.2)

(3.4.1) !φ-fdy=[

for all / in AL\(G). Substituting (3.1.1) to (3. 4.1), we see that

(3.4.2) f φ fdy= [
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for all / in ALι

c(G). Thus we have

φ-fdy = 0

for all / in ALλ

c(G) such that / = 0 on H. In other words, the spectrum of ψ
is contained in H. This completes the proof.

COROLLARY 3.5. Let ψ be any function on Γ/Λ. Set φ=ψ°πAL. Then
φ is in MP{Γ) if and only if ψ is in MP(T/A). In this case, we have

Ml =

PROOF. If f is in M/Γ/Λ), then φ is in MP(Γ) and \\<p\\ = \\ψ\\ by
Theorem 3.3. Conversely, if φ is in MP(Γ), then the operator in TP{G) cor-
responding to φ is concentrated on H by Lemma 3.4 since φ is constant on each
coset of Λ. Applying Theorem 3.3, we see that ψ is in M/Γ/Λ) and ||ψΊI= ||9>||.
This completes the proof.

4. Restrictions of ZΛmultipliers to a subgroup. We shall denote by
G the Bohr compactification of G. Thus the dual group of G is Γd, the group
Γ endowed with the discrete topology. Let R be the group of real numbers, Z
the group of integers, and T the circle group.

LEMMA 4.1. Let φ be in L°°(Γ), and u in L\Γ). If φ is in Mp(Yd\ then

so is φ*u, and \φ*u\M,<τd)^ M|jr,<rd) M i

LEMMA 4.2. Let ψ be any continuous function on the group T' = RNxD>
where N is a non-negative integer and D a discrete abelian group. Then ψ
is in M/Γ') if and only if ψ is in Mp(Γd). In this case we have

The first lemma is due to de Leeuw [5], and the second one is also due to
him in case Γ' = RN. The modifications needed in the proofs are obvious.

THEOREM 4.3. Let φ be any continuous function on Γ. Then φ is in
Λfp(Γ) if and only if φ is in Mp(Γd). In this case we have ||^||jf,(D= ||^||jf,(rd).

PROOF. We shall prove this in three steps.

Step 1. Suppose here that G has the form G = Rm X ZnxK for some non-
negative integers m and n and some compact abelian group K. Then Γ is of
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the form Γ=RmxTnxD, where D is the discrete dual of K. Let now Γ
= RmxRnxD. Then we can construct a continuous homomorphism n from Γ'
onto Γ so that Γ=Γ'/Λ, where Λ is the kernel of n. Let φ be the function
on Γ' defined by φ=φoτt. Applying Corollary 3.5, we see that φ is in MP(Γ')
if and only if φ is in MP(Γ), and that then ||<p'|Up(r') = ll<plUp(r). The same is
true even if Γ and Γ' are replaced by Γd and Γ̂  respectively. It also follows
from Lemma 4.2 that φ is in MP(Γ') if and only if φ is in Mp(Γ'd) and that
then ||̂ >ΊUp(r')— IÎ ΊUfp(r̂ ). Combining these facts, we have the desired conclusion.

Step 2. Suppose here that the spectrum of φ is compact. Let H be any
compactly generated open subgroup of G containing the spectrum of φ. Then H
has the form H= Rm xZnxK for some non-negative integers m and n and some
compact abelian group K (see [2: Theorem 9.8, p. 90]). Let Λ be the annihilator
of H, then we see from Lemma 3.4 that φ is constant on each coset of Λ. Let
ψ be the function on Γ/Λ defined by φ—ψo τrΛ. It follows from Corollary 3.5
that φ is in MP(Γ) if and only if ψ is in MP(Γ/A) and that in this case ||?Hk(r)
— H'ψΊljfpd/A)- The same is true even if Γ and Γ/Λ are replaced by Γd and
(Γ/Λ)d. By Step 1, we have also that ψ is in MP(Γ/A) if and only if ψ is in
Mp(Γd/Ad). From these facts we have the desired conclusion.

Step 3. Let sn be a net in ALι

c(G) satisfying (2. A) and (2. B). Suppose
that φ is in MP(Γ). Then we see from Lemma 2.2 that every φ**sn has norm
:g||<ρ|| and its spectrum is compact. It follows from Step 2 that every φ*sn

is in Mp(Γd) and has norm ^ II^IU^Γ). Since the net φ*sn converges to φ
pointwise, it is easy to see that φ is in Mp(Γd) and \\<p\\Mp(rd)^Ξ II^IUP(D

Conversely, assume that φ is in Mp(Γd). We then see from Lemma 4.1 that
φ*sn is in Mp(Γd) and has norm t==:\\<p\\Mp(rd). Thus the proof proceeds as before,
and we conclude that ψ is in MP(V) and H^IU^Π^Ξ \\φ\\Mp(rd)> This establishes
our theorem.

COROLLARY 4.4. Let φ be any measurable function on Γ. If φ is in
Mp(Γd), then φ is in Λfp(Γ) and

PROOF. Take a net sn in AL\(G) satisfying (2. A) and (2. B). If φ is in
Mp(Td), then by Lemma 4.1 so is every φ*sn and \φ*sn\\Mp rd)^Mjrp(rd) Since
every φ*sn is continuous, Theorem 4.3 applies, and we see that φ**sn is in MP(Y)
and

Therefore, we have at once the desired conclusion.
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We say that a bounded measurable function φ is regulated, if there exists a
net un in U(Γ) satisfying the following conditions:

(a) K U i ^ l for all n;
(b) φ*un converges to φ in the weak-star topology of L°°(Γ) and also

pointwisely.

We shall now state two corollaries without proof. These two results are

immediate from Theorem 4.3, etc.

COROLLARY 4.5. Let φ be a bounded measurable function on Γ which

is regulated. Then φ is in MP(Γ) if and only if φ is in Mp(Γd). In this

case we have

COROLLARY 4.6. Let φ be as in Corollary 4.5, and A an algebraic

subgroup of Y. If φ is in MP(Γ), and if ψ is the restriction of φ to Λ, we

have:

(a) ψ is in Mp(Ad), and \\ψ\\Mp(xd)^\\φ\\Mp(T)

( b ) If A is closed, and ifψ is measurable with respect to the Haar

measure of A, then ψ is in MP(A) and \\ψ\\Mp(\)^ MUP(Γ).

REMARKS, (a) In some special cases, we can weaken the assumption in the

"if" part of Theorem 4.3. See [4].

(b) Let Λ be a closed subgroup of Γ, and for any topological space X, let

C(X) be thes pace of all continuous functions. Part (b) of Corollary 4.6 shows

that the restrictions to Λ of the functions in MP(Γ) Π C(Γ) belong to MP(A)Π C(Λ).

Conversely, is it true that every function in MΌ(A)θC(A) is the restriction of

a function in M,(Γ)ΠC(Γ)? This is the case if p = 1 or 2. The author

conjectures that this is also true for all p with 1 < p < 2.

ADDED IN PROOF, (C) The Answer to the question in (b) is Yes if Λ is

a closed discrete subgroup of Γ (see [1]).
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