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T R A N S L A T IO N A L -R O T A T IO N A L  C O U PLIN G  IN  STR O N G LY A N H A R M O N IC  

M O LECULAR CRYSTALS W IT H  O R IE N T A T IO N A L  D ISO RDER

by W .J. B R IE L S ,  A.P.J. J A N S E N  and A . van d e r  A V O IR D

Institute of Theoretical Chemistry, University of Nijmegen, Toernootvetd, Nijmegen, The Netherlands

A BST RA CT

We have developed a new lat t ice dynam i cs sheme for  handl ing large am pl i t ude l lbrat ional  mot i ons or h indered rot at i ons, en 
harm oni c t ranslat ional  vibrat ions and t ranslat i on-rotat ion coupl i ng in molecular  cryst al s. This formal ism is based on expandi ng the 
i n t ermolecular  potent ial  in the molecular  di splacement s and including t he cubi c and higher terms, whi le retaining i ts exact  anisot ropy*  
Thi s pot ent i al  is f i rst  used to const ruct  mean f i eld states for  t he m ol ecu lar  t ranslat i ons and hindered rot at i ons, and next  t o solve the 
equat i ons of  mot i on for  t he crystal  in t he random phase approxi m at i on  (RPA) , whi ch takes Into account  t he cor relat i ons bet ween the 
molecular  mot i ons as wel l  as t ranslat ion-rotat ion coupl ing. It  Is I l l ust rated t hat  t his scheme gives very accurat e resul t s f o r  t he ordered 
ot and 7  phases of  sol id ni t rogen, whi le i t  also yi el ds, for  the f i r st  t ime, a quant um  dynam ical  descr ipt ion o f  the molecular  m ot i ons In the 
plast i c 0 phase and a fai r l y accurate a —0 t ransi t i on t emperat ure.

RESU M E

Nous proposons une nouvel le mét hode de dynamique de réseau pour  t rai t er  les mouvements de l ibrat ion de grande am pl i t ude ou 
les rot at i ons empêchées, les vibrat ions t ranslat i onnel les anharmoniques et  le couplage rotat ion-t ranslat ion dans les cr i st aux moléculai res, 
Ce form al i sm e est  fondé sur le développement  du potent iel  i n t ermoléculai re en t erme de déplacements moléculai res, et  I nclut  les t ermes 
cubi ques et  d 'ordre supér ieurs t out  en retenant  son anisot ropie exact e. Ce pot ent iel  ser t  d 'abord à const rui re des ét at s de cham p moyen 
pour  les t ranslat ions moléculai res et  les rot at i ons empêchées qui  sont  ut i l i sés ensui t e pour  résoudre les équat i ons du m ouvem en t  dans 
une approxi m at i on  de t ype phase aléatoi re (RPA)  t enant  com pt e des cor rélat i ons ent re mouvements moléculai res ainsi  que du couplage 
t ranslat i on-rot at i on. Ce schéma, appl i qué à l 'azot e sol ide donne de t rès bons résul t at s pour  les phases ordonnées oe et  7 et  donne ¿gaie
ment , pour  la première foi s, une descr ipt ion quant i que des m ouvem ent s moléculai res dans la phase plast i que (3 ainsi  qu 'un e assez bonne 
valeur  de la t empérat ure de t ransi t ion a —jS.

1. Introduction

in  m a n y  m olecular crystals, especially in those c o m 

posed o f  light molecules or in those in a th e rm o d y n a m ic  

state near to  a phase transition, th e  m olecules p erfo rm  

o s c illa to ry  m otions w ith  very large am plitudes , or, in th e  

case o f  plastic crystals, even hindered rotations. As 

opposed to the  pure harm onic m otions (1 ) the  oscilla 

to ry  m o tio n s  w ith  large am plitudes are re la tive ly  p o o rly  

u n ders tood . T h e  trad itional m ethod ( 1 ) o f  p e rtu rb a tio n  

expansion  around a harm onic a p p ro x im a tio n  very soon 

runs in to  calculational problems because large order  

p e rtu rb a t io n  term s are needed. M oreover, in view  o f th e  

fa c t th a t  the p ertu rba tion  series fo r  a q u a rt ic  anharm o-  

nic oscilla tor has vanishing range o f convergence (2 ), 

one should be very careful w ith  the in te rp re ta tio n  of th e  

results o f  p ertu rb a tio n  calculations.

In case the  molecules perform  hindered rotations, 

w ith  th e ir  centres o f mass fixed  to  a la tt ic e  po in t, fa ir ly  

good results have been o b ta in e d !3 “8 ). In  m any cases 

this m o d e l w il l  not be very realistic, how ever. M ost  

m o lecu la r crystals are rather closely packed , w hich urges 

the  m olecu les to  separate before large changes in th e ir  

o rien ta tio n s  can occur. This means th a t there  w ill be 

a considerable coupling between the translational and  

the  ro ta tio n a l m otions o f the molecules. I t  is just this  

coupling  w hich  has attracted a lot o f  a tte n tio n  t9 “15 ) 

during th e  last years, and w hich w ill  be th e  subject o f  

the present paper*

A  strik ing p ro p e rty  of almost all theories dealing  

w ith  ro ta tio n -tran s la tio n  coupling in m o lecu lar crystals  

is th a t  th e  translations and rotations are firs t trea ted  

separately, m ost o ften  in com ple te ly  d if fe re n t  w ays,

and th a t  th e  coupling  is in troduced a fte rw ard s , A lthough  

th is  seems physica lly  appealing, it brings w ith  it a lot 

o f  c o m p u ta t io n a l problems if one wishes to  perfo rm  

actual d yn am ics  calculations, ra ther than  to  give a m ore  

or less phenom enological d escrip tio n . O u r  fo rm alism  

(1 6 -1 8 ) avoids these problem s by in tro d u c in g  the  

ro ta tio n -tra n s la tio n  coupling s im ultaneously  w ith  the  

c o rre la t io n  betw een the translational and the  ro ta tiona l  

v ib ra tions  o f  the  individual m olecules, w h ile  using the  

fu ll space group  sym m etry o f th e  system,

W e have chosen to illustrate  the  results o f  this 

fo rm a lis m  b y  applying it to  solid n itro gen , fo r  tw o  

reasons. T h e  first reason is th a t  n itrogen occurs in 

d if fe re n t  m odifica tions , ordered as w ell as o r ie n ta tio n -  

a lly  d isordered , and that m a n y  e x p e r im e n ta l data are 

available (1 9 -2 0 ), Even in the  ordered  phases, especially  

in th e  ne ighbourhood  of the a — J3 o rd er-d iso rd er phase 

tra n s it io n , b u t  also at lower tem p eratu res , th e  a m p li 

tudes o f the  orientational oscillations o f th e  m olecules  

are ra th er  large and their m o tio n s  w ill be  strongly  

an h arm o n ic . T h e  second reason is th e  a v a ila b il ity  o f  an 

ab in it io  in term olecu lar p o te n tia l I 2 1 ) w h ic h  has been  

given im th e  desired analy tic  fo rm , and w h ic h  has 

already p roved  its quality  on several b u lk  properties  

<2 2 ' 2 4 ).

2. The Hamiltonian

In  o rd e r  to  m odel the crystal we associate a position  

vec to r w ith  each po in t P =  { /? , / }  o f  a la tt ic e . T h e  posi

t io n  vector o f  the po in t P is given by  R̂ p =  4* F/,

Journa l de ch im ie  phys ique , 1 985 , 82, n° 2/ 3
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un it cell to  w h ic h  P belongs, and th e  position vector

o f  P re la t ive  t o  th is  o rig in . T h e  m olecules are supposed  

to  l ib ra te  and  oscillate  in th e  n e ig h b o u r-h o o d  o f  th e  

p o in ts  th e y  are associated w ith .  T h e  pos ition  vec to r  o f  

th e  c e n tre  o f  mass o f  th e  m o le cu le  a t P relative to
^  _ y

R p w i l l  be d e n o te d  b y  u?r In  o rd e r  to describe th e

o r ie n ta t io n  o f  a given m o lecu le  we a ttach  a rectangular  

c o o rd in a te  f ra m e  to  it, and give the  E u ler angles cop =  

{a p » /3 p ,7 p }  o f  th is  f ra m e  relative to  a f ix e d  la tt ice  

fra m e .

T h e  p o te n t ia l  energy o f  tw o  m olecules, a t P and P* 

resp ec tive ly , is e x p a n d e d  (25*30) jn a c o m p le te  set o f
A

fu n c t io n s  o f  th e  variables o)p, o>p' and U p p ^ w h e r e  

Upp> is th e  u n i t  vec to r  in th e  d ire c t io n  o f  Upp* =f

(Rp' +  £/p') — (R p 4- ¿/p) sa. Rpp/ +  6/p' — Up.  The

c o e ff ic ie n ts  o f  th e  expansion  then  depend on U p p '  

the  leng th  o f  U p p », As a basis fo r  th e  expansion w e

( f i i ) ( £ 2 ) (®3) *
use the  p ro d u c ts  (coP) D „ 2m2 (o )P0  0m3 (Upp*),

w h ere  th e  are W igner fu n c tio n s  an d  is

a R acah spherical h a rm o n ic . For these fu n c tio n s  as 

w ell as fo r  th e  E u le r  angles w e use th e  conventions o f  

E d m o n d s  (3 1 ) ,  T h e  expan s ion  can be g reatly  s im p lif ied  

b y  using th e  fu l l  s y m m e try  o f  the m o le c u la r  pair. F o r  

th is  pu rpose  w e  need th e  tra n s fo rm a t io n  p rop erties  o f  

th e  W ig n e r  fu n c t io n s , b o th  w ith  respect to  ro ta tio n s  

o f  th e  la tt ic e  (o r  sp ace-fixed ) fra m e  an d  w ith  respect to  

ro ta t io n s  o f  th e  m o le c u la r  (or b o d y - f ix e d )  fram es. I f  w e  

change f r o m  o n e  la tt ice  fra m e  to  a n o th e r , w h ic h  has 

E u ler angles co re la t iv e ly  to  th e  orig ina l fra m e , then  a 

scalar q u a n t i t y  w h ic h  was o rig ina lly  described  b y  a fu n c 

t io n  F w i l l  be described  in the n ew  fra m e  b y  R (£3) F ; 

th e  tw o  fu n c t io n s  are re la ted  b y  R ( 2 )  F (go) =  F (0/ ) ,  

w here co and gj* are the  Eu ler angles o f  a m olecu le  re la 

tive to  th e  n e w  and  the  o ld  la ttice  f ra m e , respective ly .  

S im ila r ly ,  if w e  change f r o m  one m o lecu la r  c o o rd in a te  

fra m e  to  a n o th e r ,  w h ic h  has E u ler angles ¿3 relative  

to  th e  o rig in a l o n e , F w il l  tra n s fo rm  into R ; (#5) F. 

W ith  th e  c o n v e n tio n s  th a t  we have ad o p ted  th e  trans 

fo rm e d  W ig n e r  fu n c t io n s  are given by ( 3 0 ) :

R  ( w ) M  =  I
m'

M  D (S)
m'm ( S ) ,  ( 2 . 1 )

R 'G S )  M  =  Y  (co) ( c o ) . (2 .2 )

n

Using the  second of these relations we construct

linear c o m b in a tio n s  M  =  A t f )
n

n

w hich tran s fo rm  according to the to ta l ly  sym m etric  

representation o f  th e  m olecu lar p o in t  group. O n ly  

these c o m b in a tio n s  w ill occur in the expansion of the  

p o ten tia l energy. Using the  first of th e  above relations  

w e can im pose th e  c o n d itio n  th a t the expansion should 

be invariant u n d er any ro ta tion  of th e  lattice fram e. 

T h e  fin a l result th e n  is

^  ( U p p* / co p r co p* ) i wpp¥ U ( U • > £ (  *

(Bh ) (C2)

m

* Gm 11 ' <C0P  ̂ Qm2 Cm3 (Üpp»)

/772 /7T3

(2 .3 )

Here the  f irs t  sym bol a fter th e  second sum m ation  

sign is a 3 —j c o e f f ic ie n t ;  th e  labels are d e fin e d  as
y  I.

£ =  {fy ,& 2 f % }  and m  =  {rr)>\ r m 2 / ni 3 } ,  In  case the

in term o lecu lar p o te n tia l is given in term s o f a tom -atom  

potentials, the  coeffic ien ts  y ^ ( U p p ' )  can be ana ly tica lly

evaluated ( 2 9 '3 0 )- W h en  the  p o te n tia l is num erica lly  

k n o w n , fo r  instance, fro m  ab in it io  ca lcu la tions, the 

coeffic ients  can be obta ined  (2 1  ) by  a nu m erica l inte 

g ration  fo r  several values o f U PP',  and th e n  f i t te d  to

analytical expressions.

In order to  o b ta in  the transla tiona l dependence of 

the p o te n tia l energy in a m ore trac ta b le  fo rm  w e  expand  

the tran s la tio n a lly  dependent p a rt  o f  eq. (2 .3 )  in a 

T a y lo r  series

Oi,

^ (U PP') C ^ 3  (U pp ')  =  X
a,,<*2 Û!') I Ota I

Y U Î R p p O c i ÿ  (Rpp-)
X *

(2 ,4)

T h e  sums over and a 2 m ust, in p r in c ip le , be 

extended to  in f in i ty ;  in practice th e y  w ill ru n  over all 

non-negative values fo r  w h ich  [a ]  =  4- a 2 S  ^m ax1

The d iffe re n tia tio n s  in eq. (2 .4 )  can be evaluated  

m ost e ff ic ie n tly  by means o f th e  grad ient fo rm u la  in 

spherical tensor f o r m i 18*3 1 ). Th is  fo rm u la  is very 

easy to  app ly  once an ana ly tica l expression for

VU  (UppO is given. F o r  the details w e refer to  ref. (18).
2

The fin a l expression fo r  the in te rm o le c u la r  po ten tia l  

energy then reads

<3?pp'  ( U p  , COp fUp1, C O p ' )  — $  ( U p p '  , COp , C J p ' )

2  (“ p i “ ’ c i ‘ , l W p ) < , l f e p l x A ( P .P ' I

A 1 ' A 2

Gm f  ( w p ' )  c lf22> W p ') (Up'>
mm

a 2
(2 .5 )

where A ;- =  {ty ,k f t n,-t 9.f tm j }  are co m po s ite  indices. 

A n  e x p lic it  expression fo r  X A l A 2  ( P , P') has been  given

in ref. (1®). (A lth o u g h  the  s itu a tio n  tre a te d  in the  

present paper is so m ew h at m ore general than in ref. (18), 

the  expression fo r  X A A (P 1 ,P2 ) is th e  same in both

cases).

F in a lly , w e  are in a position to  w r ite  d o w n  th e  crystal 
H am ilto n ian

H = S  { T  (wP) +  L ( c o P) }  +

P

_L J L V  V  A  / “*■
2 ^  ^  PP' p , C O p  ' UP'* (2 .6 )

P * P '

The translational k in e tic  energy is given b y  T  (up) =

-K2
2  t—̂

2 mT ^  p w ^ ere ^  ‘s roolecular mass and the

2
Laplacian V  is m ost co n ven ien tly  expressed in spherical 
coordinates ( u p , u p ) ; the  ro ta tio n a l k in e tic  energy

L (cop) in the m ost general case is given by  the asymme-

Journal d e  ch im ie  p h ys iq ue , 1 9 8 5 , 82 , n° 2 /3
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tr ica l to p  expression ( 3 2 ,3 3 ) .  T h e  double sum in eq. ( 2 .6 )  

respresents th e  potentia l energy o f the  w h o le  crystal. 

This te rm  is sometimes w ritte n  (3 ) as a sum of one- 

partic le  co n tr ib u tio n s  plus a sum o f tw o -p artic le  c o n tr i 
bu tions, o r one (9 -1 1 )  has distinguished betw een pure  

trans la tiona l, pure ro tational and coupled translational-  

ro ta tional term s. A lthough such partition ings m igh t  

c o n tr ib u te  to  an understanding o f  the  physical contents  

o f  the th e o ry , w e shall n o t in troduce them  here, because 

th e y  are n o t essential fo r  the  application o f  th e  m ethod  

described in the  n ex t section. A  second re m a rk :  it  is 

n atu ra l ( 3 4 ) ,  especially in a mean fie ld  tre a tm e n t o f th e  

H a m ilto n ia n  (2 .6 ), to  use the basis fun ctions  o f th e  

representations o f  the site group o f  the p o in t P, instead  

o f  the spherical harmonics (Up). We shall n o t fo l lo w  

th is  co n ven tio n , because we fin d  it easier to  w rite  th e  

fo rm u la s  (and im p lem en t then in a c o m p u te r  program )  

in  terms o f  spherical harmonics. O f  course, th e  results 

c a n  always be re-expressed in terms o f basis functions  

a d a p te d  to  the  site group.

3 . Lattice dynamics

T h e  essential aspect o f  ou r lattice dynam ics  calcula 

t i o n  is th a t  w e first trea t the  com ple te  h am ilto n ian  

( 2 .6 ) in a mean fie ld  a p p ro x im a tio n , and th e n  use th e  

res u ltin g  m ean fie ld  states in an R P A  tre a tm e n t, again 

o f  the com p le te  ham ilton ian  (2 .6 ) .  A n  im p o rta n t p ro 

p e r t y  o f  ou r m eth od  is th a t it yields the e x a c t results 

f o r  a h arm o n ic  ham ilton ian , including the transla tion-  

r o t a t io n  coupling  w hich is present at the  harm on ic  

le v e l.  M oreover, in the general case, it gives good results 

f o r  pure ro ta tio n a l as well as fo r  pure translational sys

t e m s .

A. The mean field approximation

T h e  m ean f ie ld  a p p ro x im a tio n  is based on th e  th e r 
m o d y n a m ic  varia tion  princip le  (35 ,36 )

0
+  < H - H 0  > 0 > A , (3 .1 )

w h e r e  H 0  can be any h am ilto n ian , and ( X  ) 0  is th e  

th e r m o d y n a m ic  average o f  an o p era to r X  over th e  states 

o f  H 0 , i.e. < X  ) 0  — Z q 1 T r  X  exp  (— 0 H O) w ith  Z 0  =  

T r  exp  (— |3Hq) and (3 =  (k% T ) “ 1 . T h e  H e lm h o ltz  free  

e n e r g y  corresponding w ith  H 0  is A 0  =  T  ^ 0  anc* 

A  is th e  free  energy corresponding w ith  th e  e x a c t h a m il 

t o n i a n  H . T h e  m ean fie ld  a p p ro x im a tio n  consists in 

c h o o s in g  H 0  as a sum of one-partic le  operators

(3 .2 )

s u c h  th a t  A var is stable against all f irs t order variations

o f  H p  F . As is w ell know n , this leads to  a set o f  coupled

e q u a t io n s
4

H p l F (i?’p ,C Jp) =  T  (up) +  L (cop)

■I- ^  ( ^ p p ^ i i /p , cop \Up*, WpO )p» (3-3)

P ' * P

w h i c h  have to  be solved fo r  H ^ F , Here < X  > P> denotes

t h e  th e rm o d y n a m ic  average o f  X  over the states o f  

H p » F ,coP') .  Once the  Hp 1F are k n o w n , the  a p p ro x i 

m a t e  th e rm o d y n a m ic  properties o f  the  system are 

g iv e n  by

- -  I  >p , (3.4)
P 2 p

A  =  - A - B T  I l n Z ^ F

S =
d A

9 T

■ \

=  * d I  In Z d F +  TB

E =  A  +  T S

Here Zd F =  "r ------- ' /iuM Fl

1

y  
2  *p

< ^ F > p .  (3 .6 )

T r  exp (— |3Hp ).

Regarding the  so lution  o f  the  system o f  equations  

(3 .3 )  let us m ake tw o  rem arks, F irst, in o rder to  calcu 

late the th e rm o d y n a m ic  averages w e diagonalize H p F , 

i.e. w e construct e igenfunctions o f  H p IF , and then per 

fo rm  the  averaging in the  obvious w a y . T h e  mean fie ld  

eigenstates can be constructed  as linear com binations

o f  the  products  (up) (o jp ) ,  w here  th e  transia-

t io n a l basisfunctions (¿tp ) =  F^f*^ (u p) C j ^  (Op) are 

3-d im ensional harm onic  oscilla tor fu n c tio n s  expressed

in spherical coordinates ; the  radial fu n c tio n s  F j ^  U/p ) 
are essentially Laguerre fu n c tio n s  {18 ,37 ). T h e  p ro 

b lem  w ith  th is  approach, how ever, is th a t  th e  size o f th e  

p ro d u c t basis required to  approach th e  m ean-fie ld  states 

w ill  be very large. T h e re fo re , w e  choose to  fu r th e r  sepa

rate  th e  m ean-fie ld  h a m ilto n ia n  (3 .2 ) in to  a translational  

and a ro ta tio n a l p a r t :

H o (3 .7 )”  ! L  { H p  (tfp) +  Hp (cop)},
P

T h e  m ean f ie ld  fo rm alism  given above th e n  remains  

essentially th e  same, th e  m ain change being th a t  P m ust  

be replaced b y  the  pair { P , K }  w here  K =  T ,  L d is tin 

guishes th e  trans la tiona l f ro m  th e  ro ta t io n a l degrees o f  

free d o m . O n e  can envisage th e  crysta l now  as consisting  

o f  tw o  “ p a rtic le s "  at every la tt ic e  p o in t  P, one librating  

and one oscilla ting  partic le . T h e  m ean f ie ld  eigenstates

of H i  (Up)  w il l  be linear c o m b in a tio n s  o f  (Up), and

those o f H p (cop )w i(l be linear c o m b in a tio n s  o f (top). 

M a tr ix  e lem ents  over such basis fu n c tio n s  w ith  th e  

p o te n tia l (2 ,5 )  are n o t  d i f f ic u l t  to  evaluate ; th e

angular integrals over D ^  (to ) and c { ^  functions

reduce to  p rod ucts  o f 3-j sym bols  (31 »33) and the radial 

integrals can be calcu lated  f r o m  the fo rm u las  given in 

ref, (1 8 ,3 8 ) .  T h e  m ean-fie ld  equations  fo r  Hp (¿7^) and
I  *

H p (c o p )  are coupled , b u t  this coup ling  can be treated

along w ith  th e  coupling co n ta in e d  in the  translational  

and lib ra tio n a l m ean-fie ld  eq ua tion s  themselves b y  

fo l lo w in g  the  usual iterative p rocedure  to  f in d  th e  self- 

consistent solutions.

As a second rem ark  w e  m e n t io n  th a t ,  in o rder to  sol

ve th e  m ean f ie ld  equations w e  m u st im pose sym m etry  

re lations on  th e  H p .  W e m o s tly  use th e  e x p e rim en ta lly

observed s y m m e try . In  some cases (see section 4 ), we  

f in d  th a t  th e  m ean fie ld  so lu tio n  w ith  th e  exp erim enta l  

s y m m e try  is n o t  stable, h o w ever, (see section 3 ,C ) and 

w e lo o k  fo r  solutions o f  low er s y m m e try . As a result o f  

the  tran s la tio n a l s y m m e try , i t  fo llo w s  th a t  Hp =  H p ,

w hen  Rpp> Is-equal to  a p r im it iv e  la ttice  vector. M o re o 

ver, as a result o f  the p o in t  g ro u p  s y m m e try , o n ly  th e  

H p o f  the m olecules in the  a s y m m e tr ic  part o f  the  u n it  

cell are independent. F o r  the  o th e r  m olecu les in the  

u n it cell, genericalfy  labeled b y  P *, th e re  ex is t E u ler

angles cop » such th a t  the  tra n s fo rm e d  m ean  f ie ld  R (w p O  

^■¡5k (see section 2 ) is equal to  $ p [ f ,  w h e re  P labels

the  m olecu le  to  w h ich  th e  m o le cu le  a t  P r is connected  

by a s y m m e try  o p era tio n . Using eq. (2 .1 )  and th e  defi-

n it io n  o f  th e  w e th e n  derive

<G^ > P ' L = S < G $ > P L
D ÿ m

(3 .8 )

m '
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128 W .J . Briels, A.P.J. Jansen and A . van der A voird

and s im ila r ly

<C
( k )

n ®n’n (3 .9 )

n

In th e  la tte r  equation  we have used th e  fac t th a t  

spherical harm onics transform  in th e  same w ay  as the  

W igner fun c tio ns , i.e. as given by eq. ( 2 . 1 ). In troducing  

these results in to  the  m ean fie ld  eq ua tion  (3 .3 )  we f in d  

th a t  these equations involve on ly  th e  molecules in the  

asym m etric  p a r t  o f  the  u n it  cell.

B. The random phase approximation

W e shall restrict ourselves in this subsection to  the  

case T  =  0 K ; a tre a tm e n t fo r  nonzero  tem perature  can 

be given along th e  same lines and w ith  exactly  the same 

results in the l im it  o f  zero te m p e ra tu re , b y  using the  

t im e-d ep en d e n t H artree  a p p ro x im atio n .

The  mean fie ld  tre a tm e n t o f th e  preceding sub 

section has p rov ided  a set o f  s ingle-partic le  states

and F ro m  these we co n s tru c t a crystal

state

(3 .1 0 )

n case all th e  a p and j8P are equal to  zero, eq. (3 ,1 0 )  

represents the  m ean fie ld  ground sta te  of th e  crystal. 

W e o b ta in  the  exc ited  states b y  use o f  the exc ita tion

operators (E p K ) + , w h ich  replace b y  I '^ p ^ X

when applied  t o  the  m ean fie ld  g round  state. T h e  

random  phase form alism  consists o f  tw o  a p p ro x im a 

tions. F irs t, w e  w r ite  th e  H a m ilto n ia n  eq, (2 .6 ) as a

quadratic  fo rm  in the excita tion  operators  (E p K )^ 

and th e ir  h e rm it ia n  conjugates E p K :

H Z [  2  f A ? K ; T K '  ^E P K ^  E P 'K '
P, K ,P  , K  or,/J

+  ( ^ p k )1* ( E p ' K ' ^  +  h e rm it ia n  c o n ju g a te ]

(3 .1 1 )

H ere, the  p r im e  on the  first su m m a tio n  sign indicates  

th a t  P =  P' to g e th er  w ith  K =  K ' should  be excluded. 

Linear term s are absent ¡n eq. (3 .1 1 )  because o f th e

w here  N is th e  n u m b e r o f u n it cells in the  c rysta l and q 

is th e  wave vector. I t  is well k n o w n  th a t th e  boson 

c o m m u ta tio n  rules are preserved under such a tran sfo r 

m ation . T h e  n ex t step is to  d e fine  operators  aK (q)^

w hich  represent th e  exact e x c ita t io n  o p erators  o f  the 

crystal and to  express these operators as

a* ( Q)

a iK

+
l _ 1  C i i K  ®  E IK I “ « ' ]

<3.13)

These operators  m ust satisfy th e  equations o f  m o tio n

[H .,a J  (<7)] =  (q) a £  (q),

^  ___ y  ^

[H  ,a .  (q)]  =  — co. (g) a . (q ).

(3 .1 4 )

<3.15)

which leads to  th e  R P A  eigenvalue p ro b le m  fo r  the

coeffic ients (± )c *

$ ï q )

$l q)

-  $  (q)

X  +  $  (q)

( + ) C (q)

( - )
C(ijr)

(+)

( - )

C(q)

C(q)

c o f q) (3 .1 6 )

T h e  elem ents o f the diagonal m a tr ix  X a n d  those of  

the m a tr ix  $  are d e fin e d  as

XaiK,c«'l'K' ~  Saa> § n ' 5 K|<( (e k  eQ K )

(3 .1 7 )

w ith  e „ — en v being the  m ean-fie ld  e x c ita t io n
0 ,1s

energies and

n

H" Ô $ c W  ^ a P K  '^P P " ' PKC  ̂ (3 .1 8 )
n /

K K

B rillo u in  th e o re m . The  coeffic ients  A ^ ^ k '  and w ith  P -  { 0 , / } ,  P'  =  ( n P" =  { n , i n },  K  =  T  or

can be ca lcu la ted  b y  equating th e  nonzero m atrix  

elem ents o f  eq, (3 .1 1 )  in the basis g iven by eq. (3 .1 0 )  

to  the  corresponding m a tr ix  elem ents of eq. (2 .6 ) in 

the  same basis. T h e  translational s y m m e try  o f  the mean  

f ie ld  states can be used to  show t h a t  the A  and B 

coeffic ien ts  d o  n o t depend on th e  position labels

P =  {n )i}  and P* =  { / ? ' , / }  bu t only  o n  the sublattice  

labels /  and i l . T h e  second step in th e  R PA  form alism  

is th a t  w e  assume boson c o m m u ta tio n  rules for th e  

e x c ita t io n  and d e -e x c ita t io n  operators. I t  is n o t  d if f ic u lt  

to  see th a t  th is  is o n ly  a p p ro x im a te ly  t r u e (39 ,40).

Once w e  have m ade these ap p ro x im atio n s , it is easy 

to  d iagonalize th e  h am ilton ian  eq. (3 .1 1 ) .  A  partial 

d iago na liza tion  is o f course obtained by adapting the  

prob lem  to  th e  translational s y m m e try  of th e  crystal, 

i.e. by  using operators

1
(3 .1 2 )

e “k  (q) y /W

n c ®
E {n, ì}  K

n

L, Kc =  L o r T ,  and <$>pp, being th e  p o te n t ia l  (2 .5 ) ,

T h e  m ean-fie ld  states are given by  eq.

( 3 .1 0 ) ;  th ey  correspond to  exc ita tions  (o:p >  0 ) o f  one

translational, K =  T ,  or lib ra tiona l, K =  L, " p a r t ic le " .  

A ccord ing ly , each m a tr ix  $ ( ^ )  occurring  in eq, (3 .1 6 )

has diagonal subm atrices, $ T T , corre la ting  th e  trans 

lational m otions o f  the m olecules in the  la tt ic e , and

correlating th e ir  lib ra tional m otions , and o ff-

diagonal submatrices $ T L  and $ L T , w h ic h  account  

fo r  th e  tran s la tiona l-ro ta tiona l coup ling . T h e  eigen 

vectors o f th e  R P A  equations (3 .1 6 )  m a y  be conceived  

as generalized norm al modes o f  th e  system, one for  

each \  and i f , w ith  fu n d am en ta l frequencies  (<f).

In general, these m odes w ill be m ix e d  translational-  

ro ta tiona l, th e ir  translational c o m p o n e n ts  can be 

strongly anharm onic , and th e ir  ro ta tio n a l com ponents  

may describe (anharm o n ic ) lib ra tio n s  as w e ll as 

(hindered) rotations.
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C. Stability conditions

T h e  mean fie ld  equations (3 .3 ) have been o b ta in ed  

by m ak ing  th e  free energy A var, eq. (3 .1 ) ,  s tationary  

w ith  respect to  variations o f  the  mean fie ld  h am il-
!\/l F

or variations o f  the corresponding density  

p exp ( — /3H p1̂ ) . This am ounts to

ton ian  H r  

op erato r d p *  =  2

setting the  f irs t order varia tion  equal to zero .

The  resulting solution, i.e. the mean fie ld  so lu tion ,  

only corresponds to a m in im u m  o f  A var, how ever, 

if the second order varia tion , A ® ,  is positive fo r  all

variations o f  d*f ^ . This q u a n tity  A ^  can be w r it te n

4. Application to  solid nitrogen

As m en tio n e d  in the in tro d u c t io n , solid nitrogen is 

an interesting system to  illus tra te  th e  possibilities o f o u r  

fo rm a lism . W e have not y e t  studied  the very high pres

sure phases, w h ich  have rec en tly  been discovered (42,43), 

b u t we have restricted ourselves to  th e  ordered  a  and 7  

phases and th e  o r ie n ta t io n a lly  d isordered j3 phase, since 

m ost o f  the  exp erim en ta l data  re fe r to  these phases. 

Figure 1 shows the structures o f  these m odifications,

C
A

as a q u ad ra tic  to rm  w ith  the m atr ix

$ ( q )  - X $ ( ? )

N ( ? )  =

$(q)

(3 .19)

/ n \

as Hessian. A ^ .  w ill be positive d e fin ite  o n ly  if th e  

(h e rm itia n ) m a tr ix  HCq ) is positive d e fin ite . T h is  m a tr ix  

N  (¿7) is closely related to  the  m a tr ix

X - f ( o ) - $ ( ? )

-  X  +  $ 0 )

0

0

(3 .20)

occurring  in the  R P A  prob lem , eq. (3 .1 6 ) ,  and it can be  

d e m o n stra ted  (17 »41) th a t  the R P A  eigenvalues cô  (q)

are indicators fo r  the s tab ility  o f the original mean f ie ld  

so lu tio n , w h ich  was used to  construct the  R P A  matrices, 

via  eqs. (3 .1 7 )  and (3 .1 8 ) .  T h e  eigenvalues ( i f ta re  

p u re ly  real o r  pure ly  im aginary ; if one or m ore  o f these  

eigenvalues is im aginary, then the m ean fie ld  so lution  

is no t stable, i.e. it does n o t correspond to  a m in im u m  

o f  A var. Searching in the d irection  o f  the  eigenvector (s) 

corresponding to  the im aginary e igenvalue(s), can he lp  

us in f in d in g  a new , stable m ean fie ld  solution*

P - N 2 , P 6 3 / m m c  ( Z  = 2 )  

a = 4 .0 5 Û Â ,  0  = 6 .6 0 4  Â

a - N 2 , P a 3 ( Z = 4 )

a = 5.644 Â

Y - N 2 , P 4 2 / m m m  ( Z  = 2 )  

a  = 3 . 9 5 7 Â ,  c = 5.109 Â

F19, 1. — C rys ta l s tru c tu re s  o f  a, (3 and 7  n it ro g e n ,  a cc o rd in g  to  re f, [1 9 ]
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The, pairwise additive , interm olecular potentia l w hich  

we have adopted  is the ab in itio  po ten tia l o f  Berns and 

Van der A v o ird  (21 ). Th is  potentia l has been given in the  

appropria te  fo rm , eq. (2 .3 ) ,  b u t  since the nitrogen m o le 

cule is linear w e need o n ly  tw o  Euler angles, coP = { 0 p  f 

¥?P}, to  define  its o rien ta tion . T h e  sym m etry  adapted  

functions  G ®  (o ;p ) in the  potential (2 .3 ) and (2 .5 ) can 

be replaced b y  Racah spherical harmonics ( to p), 

w ith  even 12 o n ly  ( if  w e disregard the occurrence o f  

m ixed  isotrope 14N l 5 N molecules, the natural abu n 

dance o f 15 INI being on ly  0 ,3 7  %). T h e  rotational k inetic  

energy in the  H a m ilto n ia n  (2 .6 ) becomes simply

L{ojp)  =  B J
f 2 (4 .1 )

w ith  th e  ro ta tio n a l constant B =  2 .0 1 3  cm “ " 1 fo r  

14N 1 4 N. T h e  W igner (coP) functions in the o r ie n 

ta tion a l mean f ie ld  basis can also be replaced by spheri 

cal harm onics c j ^  (toP ), w ith even JE fo r  ortho-n itrogen  

(I =  0 ,2 )  and odd £ fo r  para-nitrogen (I =  1). We have 

noticed th a t  th e  results o f ou r calculations are m ostly  

very s im ilar fo r  the o r th o  and para species, due to  the  

quenching o f  th e  N 2 rotations, i.e. the orientational 

localization , caused by th e  anisotropic potentia l.

In o rder to  check th e  accuracy o f  our calculations, 

we have tested fo r  the various truncation  errors. T h e  

lattice sum m ations over the  potentia l w ere f in a lly  

taken over all neighbouring molecules w ith in  a range 

of a p p ro x im a te ly  1 0  A, i.e. about 8 6  molecules in Qtt 

¡3 and 7  n itrogen. T h e  expansion o f  the potentia l in 

terms o f  the  m o lecu lar displacements, eqs* (2 .4 ) and  

(2 .5 ) ,  was tru n c a te d  a fter =  4 (taking =  2

w ou ld  make th e  p o ten tia l harm onic  in the translatio 

nal v ib ra tion s ). Th is  value a rnax — 4 corresponds to  

1 % accuracy o f  th e  expanded potentia l fo r  displace 

ments as large as 0 .3  A  ; the actual root mean square 

displacements emerging from  the calculations are on ly  

about 0 . 1  A (see b e lo w ). The orientational dependence  

o f the ab in it io  p o ten tia l i 21 )* w hich contains term s up  

to  £m a x =  6 , was fu l ly  retained in th e  dynam ics calcu- 

ations. T h e  basis fo r  the translational vibrations con ta i 

ned all 3-d  harm o n ic  oscillator functions  up to  A7max =  5

inclusive, and th e  basis fo r  the orientational m otions all 

spherical harm onics  up to  £max =  1 0  fo r  a  and J3 n it ro 

gen and £rnax =  12 fo r  7  nitrogen. F o r  convenience, th e

latter basis was actu a lly  used in the fo rm  o f real tesseral 

harm onics. ■

A. The ordered a.-and y-phases
1

T h e  a - and 7 -phases are both  stable at lo w  te m p e 

rature. T h e  a-phase exists in equ ilib r ium  w ith  nitrogen  

vapour o f  very low  pressure (practically  p  =  0 ). T h e  

7 -phase is stable above p  =  4 kbar. W hile  studying the  

dynam ics  o f th e  crystal we also o p tim ized  the cell 

param eters, as fo llow s. Fo r the ft-phase we calculated  

the  m in im u m  o f  the  free  energy A  in the mean fie ld  

a p p ro x im a tio n , eq. (3 .4 ) ,  as a fu n c tio n  o f the cubic  

cell p a ram eter a. This yielded the o p tim u m  cell para 

m eter a =  5 .6 9 9 .A (exp erim en ta lly  ( I 9 ) a =  5 ,6 4 4  A) 
and the mean f ie ld  la ttice  cohesion energy at T  =  O K  

o f  A E  =  5 .9 2  k J /m o l (experim enta lly  A E  =  6 > 9 2 k J /m o l) .  

For the  7 -phase w e  calculated the free  energy A  fo r  

several values o f  the  tetragonal cell param eters a and c, 

and f i t te d  A  (a ,c )  by  a quadratic fu n c tio n . On each 

curve o f  constan t m olar volum e i / = N a 2  c/2  w e d e te r 

m ined th e  o p t im u m  a and c b y  m in im iz in g  A . Using 

the  o p t im u m  p o in ts  and th e  corresponding free  energies

3 A
w e  calculated th e  pressure as p = -------- . Thus we fo u nd

9 v

at p =  4 kbar th a t  a =  3 .96 1  A  and c =  5 . 1 0 4  A  in very 

good agreem ent w ith  the e x p e r im e n ta l values ( I 9 ) 

a =  3 .9 5 7  A  and c =  5 .1 0 9  A .

A p a r t  f ro m  th e  free  energy, th e  m ean  f ie ld  app rox i 

m ation  yields a good p icture  o f  th e  single m o le cu le  mo 

tions. W e have p lo tte d  the p ro b a b il ity  d e n s ity  fo r  the 

librations in Figures 2a and b. W e c learly  observe that 

the orientations o f  the  m olecules in th e  a-phase are 

localized around th e  [ 1 , 1 , 1 ] axes w h ic h  is in  agreement 

w ith  the experim en ta l findings. In  th e  7 -phase the 

molecules are fo u n d  to  be localized a ro u n d  th e  [ 1 , 1 , 0 ]

y

X

a -  N 2 g ro u n d s ta te  ÿ

T= OK

y

X

Y - N 2 g ro u n d s ta te

T = 0 K

Fig. 2 . — O rie n ta tio n a l p ro b a b i l i ty  d is t r ib u t io n s  o f  th e  m o le cu la r 
axes in a. (F ig . 2a) and  7 (F ig . 2b ) n itro g e n . C o n to u rs  o f  cons 
ta n t  p ro b a b il i ty  fo r  th e  m o le cu le  in the  o r ig in ,  c a lc u la te d  in the 
mean f ie ld  m o d e l, are p lo t te d  as fu n c t io n s  o f  th e  p o la r  angles 
{ $ , $ )  w i th  respect to  th e  crys ta l axes (F )g . 1). T h e  angle 0 
increases lin e a r ly  w ith  the  radius o f  the  p lo ts  f r o m  0  (in  the 

cen te r) to  7 t/2  (a t the  b o u n d a ry ) ,  0  is the  phase ang le .
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T A B L E  I

Translational and Ubrational amplitudes from mean field  calculations

a - N2 T = O K  p -  0

< u * > *  =  0 . 1 1 2  X

< u | > *  = 0 . 1 07  X

< u M » 0 . 1 89  X

2 A
a r c c o s ( <c o s  0> ) = 16. 1°

y - N2 T -  0 K p -  4 k b a r

u >/ = u t i , i , o ]

ul a b  = U[ 1 , - 1 , 0]  

u l c  = U[ 0 , 0 , 1]

< u M = 0.100  X 

<u Z L>* = 0 . 0 86  X
J_ab

<u ?  >* =  0 . 0 8 7  X
1c

< u M  » 0 , 1 59  X

2 A
a r ccos  ( <c os  fl> ) = 12. 9°

a s ymme t r y  p a r a me t e r  ( r o t a t i o n  ou t  o f  a b - p l a n e  -  r o t a t i o n

. 2  . 2  2 
. -1 . <s i n  6 ( s i n  i p- cos  ( p) > 

m  a b - p l a ne ) :  ? - - - - - - - -  * 0 . 0 5
i  JK

. . . . . .  <S1R Q> .  _ . _

T A B L E  II

a max dependence o f  some BP A lattice frequencies fo r 0L-N2  (a *= 5 ,6 4 4  A , T  =  O K)
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T A B L E  (II

Lattice frequencies in u-N2  (in T  =  O K, p  =  O

e x p e r i me n t  s e mi - e mp i r i c a l

[ 47]  h a r mo n i c  [ 20]

SCP

[ 24]

RP k  

( t hi s  wo r k )

a ( &) 5 . 644 5 . 6 4 4 5 . 7 9 6 5 . 6 9 9

r(o,o,o)
/

E 32 . 3 37 . 5 3 9 . 5 31 . 0
g

l i b r a t i o n s T 3 6 . 3 4 7 . 7 4 8 . 5 41 . 0
g

T 5 9 . 7 75 . 2 " 0 . 3 6 8 . 0
> g
A

u
4 6 . 8 45 . 9 4 8 . 8 4 7 . 2

V I

T 48 . 4 47 . 7 4 8 . 4 4 8 . 8
t r a n s l a t i o n a l u

v i b r a t i o n s E 5 4 . 0 54 . 0 5 3 . 5 55 . 6
u

T 69 . 4 69 . 5 7 2 . 0 73. 1
 ̂ u

M( - " , 0 )
a a

r M12
27 . 8 29 . 6 3 2 . 5 27 , 6

M12
3 7 . 9 40 . 6 4 3 . 3 39 . 1

mi x e d
1

M
12

46 . 8 51 . 8 5 4 . 0 5 0 , 2
1

M
12

54 . 9 5 9 . 0 5 8 . 5 59. 1

w M
12

6 2 . 5 66 . 4 6 4 . 9 66 . 5

R(
ïï ÏÏ IT ^  

> > *

a a a

•

f  —  

R1
3 3 . 9 34 . 4 3 4 . 2 3 4 . 4

t r a n s l a t i o n a l
w 1 1 1 \  M  a , 3 4 . 7 35 . 7 3 5 . 9 3 5 . 8

v i b r a t i o n s 23

R23
n.

6 8 . 6 68 . 3 71 . 0 72 . 3

l i b r a t i o n s R1 4 3 . 6
*

50 . 7 5 2 . 7 4 7 . 9
* r

R23
1

4 7 . 2 57 . 8 5 5 . 7 5 0 . 8

.............. .  ■ ................. ... .......  ' ............. ..................... . . . . . . . . . . . . . . . . . ..

r . m. s .  d e v i a t i o n  o f  l i b r a t i o n a l  f r e q u e n c i e s 10 . 6 9 . 7 5 . 0

r . m. s .  d e v i a t i o n  o f  t r a n s l a t i o n a l  f r e q u e n c i e s
1

0 . 6 1 . 6 2. 1

r . m. s .  d e v i a t i o n  o f  a l l  l a t t
1

i c e  f r e q u e n c i e s 6. 1 6 . 0 3 . 4

T A B L E  IV

Lattice frequencies in y —N 2  (in c m T  =  O K, p  =  4  kbar

e x p a r i me n t  

[ 48 , 49]

s e mi - e mp i r i c a l  

h a r mo n i c  [ 20]

SCP

[ 24]

RPA 

( t h i s  wo r k )

a CÂ) 3 . 957 3 . 9 4 0 4 . 1 0 0 3 . 961

c ( Â) 5 . 109 5 . 0 8 6 5 . 1 8 8 5 . 1 0 4

l

r(o,o,o)
»

S

E 55 . 0 5 0 . 5 5 6 . 5 67 . 6
g

1 i b r a t i o n s 1 B.
1 g

98. 1 7 4 . 8 8 5 . 2 103 . 3
1 O

A2g
105. 1 107 . 1 124 . 4

t r a n s l a t i o n a l
1

E 65 . 0 5 8 . 3 69 . 3 6 5 . 2
u

v i b r a t i o n s
[ B 1U

103. 1 107 . 4 1 14. 9

r . m. s .  d e v i a t  i on
...............................................................................

14 . 2 7 . 9 7. 9
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axes, again in agreem ent w ith  experim enta l data. A n a 

logous figures fo r  tem peratures up to  4 0  K are q u a lita 

t iv e ly  s im ilar. T h e  a m o u n t o f de localization  is measured  

by th e  order param eter S =  <P2  (cos Q)) w here  Q is now  

d e fin e d  relative to  the equ ilib r ium  axis. A t  T  =  0 K  we 

f in d  S =  0 .8 8 5  and S =  0 ,9 2 5  fo r  the a  and y phase 

respectively. E x p e rim e n ta lly  one finds S =  0 .8 6 3  fo r  the  

a-phase. T h e  agreem ent is f a i r ; as usual th e  mean fie ld  

calcu lations slightly  overestim ate th e  order parameters. 

S im ila r  param eters are given in Tab le  I fo r  the transla 

t iona l v ibrations, As indicated already by th e  librational 

o rder p a ram eter S, we observe th a t the  m olecu lar m o 

tions in th e  7 -phase are slightly m ore restricted th an  in 

th e a -p h a s e .

H aving  calculated the ground and exc ited  mean fie ld  

states o f  a -  and 7 -n itrogen, we included the  correlations  

b e tw een  th e  m olecu lar m otions  as well as th e  translatio 

n a l-ro ta tio n a l coupling by  determ in ing  the  eigenvalues 

of th e  R P A  m a tr ix  M(q) ,  Eq. (3 .1 6 ) .  B oth  calculations  

(m ean f ie ld  and R P A ) were perfo rm ed  fo r  a max =  2  

(i.e. h a rm o n ic  translational v ibrations), a max =  3  and 

4. L o o k in g  at Tab le  II w e observe th a t  the  size o f  the  

a n h a rm o n ic  corrections to  the translational frequencies  

is co m p arab le  to  the  self-consistent phonon (SCP) 

co rrec tio n s  (2 4 ), Th is  is a favourable  result since the  

SCP m e th o d  appears to w o rk  very w ell fo r  the  transla 

t io n a l la tt ic e  modes in solid nitrogen. T h e re  is an im p o r 

ta n t  d if fe re n c e , how ever, betw een our fo rm alism  and 

th e  S C P  m e t h o d ) 4 4 ). T h e  la tte r neglects those term s  

in th e  p o te n tia l th a t depend on odd  powers o f  the  m o le 

c u la r  displacem ents. T h e  cubic term s are sometimes  

ad d ed  p e rtu rb a tio n a lly  (45*4 6 ). Q ur fo rm a lism  includes  

th e  c u b ic  term s d irectly . In the  pure translational modes  

o f  T a b le  II th e y  have no e ffe c t, how ever, because o f  the  

invers ion  s y m m e try  in a -n itrogen.

T h e  frequencies fro m  the  R P A  calculations are given  

in T a b le s  I I I  and IV  fo r  d if fe re n t  wave vectors q. T h e  

a g re e m e n t w ith  the experim en ta l d a t a ( 4 7 -4 9 ) is very  

s a tis fa c to ry , especially if w e  rem em ber th a t  th e  ab in it io  

p o te n t ia l  has n o t  been adjusted to  im prove this agree 

m e n t  ( in  contrast w ith  m ost sem i-em pirical ca lcu lations).  

P a rt ic u la r ly  the  pure libron frequencies are substantia lly  

im p ro v e d  w ith  respect to  earlier h arm o n ic  and SCP  

c a lc u la tio n s  (2 4 ) using the same ab in it io  p o te n tia l,  and  

also w i th  respect to  sem i-em pirical harm onic  calculations  

( 2 0 ). A lso  the  m ixed  p h o n o n -lib ro n  m odes, w h ic h  

describe  e x p lic it ly  the tran s la tio n a l-ro ta tio n a l coupling , 

are represented very accurately  by o u r fo rm a lism . A ll  

p o in ts  in the  B rillou in  zone, except some points  of high  

s y m m e try ,  ac tu a lly  yield such m ixed  modes and, th e re 

fo re ,  th e  trans la tiona l-ro ta tiona! coupling  can have 

im p o r ta n t  effects on the properties o f the crystal. We  

in te n d  to  s tudy such effects in the near fu tu re ,

B. The plastic $-phase

T h e  ff-phase is stable above T  =  3 5 ,6  K . W e started  

o u r  ca lcu la tio n s  on this phase by assuming the  ex p eri 

m e n ta l ly  observed sym m etry . Thus, the tw o  molecules  

in  th e  hexagonal u n it cell w ere given trans la tio na lly  

e q u iv a le n t  m ean fie ld  solutions. The  p ro b a b ility  density  

o f  th e  g rou nd  state wave fu n c tio n  th a t  resulted fo r th e  

o rth o -sp ec ies  is shown in Figure 3a. (T h e  ground state  

o f  th e  para-species is tw o fo ld  degenerate. T h e  average
1

p r o b a b i l i t y  density  ^  ( |  \jj<\ |2  +  | ip2 I2 ) is sim ilar to

F ig . 3 a ) .  W e observe th a t the  orien ta tions  o f  th e  m o le 

c u la r  axes are delocalized. T h e  m otions can be described  

as precessions around the crystal c-axis w h ich  are h in d e 

r e d  b y  small s ix fo ld  barriers. In accordance w ith  th e  

p ic tu re  o f  Press and H u l le r f 5 0 ) the  angle 6 betw een th e

m olecu lar axes and the c-axis shows a ra ther broad dis 

t r ib u t io n , T h e  m a x im u m  o f  this d is tr ib u tio n  lies at the  

" e x p e r im e n t a l" 0 9 ) precession angle : about 5 6 ° ,

S tarting  fro m  this g rou nd  state and a num ber o f  

excited  states we w anted  to  calculate th e  libron f re 

quencies. T h e  re levant fo rm u la s  are ob ta ined  by restric 

ting Eqs. (3 ,1 6 )  to  (3 .1 8 )  to  the librational_^'par|.icles"  

only  : K =  L. Som e o f th e  frequencies fo r  u came  

o u t im aginary . A ccord ing  to  section 2 .C  this implies

y

X

( 3 - N 2 g r o u n d s t a t e

T = 0 K

y

x

P - N 2 g r o u n d s t a t e  ^

T= O K

F ig . 3. — O r ie n ta t io n a l p ro b a b i l i t y  d is t r ib u t io n  o f  th e  m o le c u la r 
axes fo r  the  d e lo ca lize d  (F ig . 3a ) and lo c a liz e d  (F ig . 3b ) m ean 
f ie ld  states in  /3-nitrogen. F igu re  3 a  ap p lies  to  b o th  m o lecu les 
in  th e  u n it  ce ll. F igu re  3 b  Is d ra w n  fo r  o n e  m o le c u le  in th e  u n it  
c e l l ;  the  o th e r  m o le cu le  in the  ce li is ro ta te d  o ve r 0  =  18 0°. 
T h e  d is t r ib u t io n  does n o t  change q u a l i ta t iv e ly  u p  to  (a t least) 
T  =  70  K ; i t  ju s t  becom es s l ig h t ly  w id e r  w i th  increas ing  te m p e 

ra tu re . R ead ing o f  the  c o n to u r  p lo t  as in F ig u re  2,
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th a t  the de loca lized  mean fie ld  states do n o t correspond  

w ith  a (local) m in im u m  of the free  energy. Inspecting  

th e  eigenvectors o f  th e  R PA  prob lem  belonging to  the  

im aginary  frequencies taught us th a t  the  free energy  

cou ld  be low ered  b y  out-of-phase m otions o f th e  tw o  

neighbouring m olecules In the  u n it cell.

Indeed, w e fo u n d  th a t there exists a mean fie ld  solu

t io n  w h ich  is lo w er in free energy than th e  delocalized  

so lu tion  by  0 .8 7  k J /m o l a t zero tem perature . In  this 

new  so lu tion  the  orienta tions  o f the  m olecular axes are 

c learly  localized (see Fig. 3 b ). T h e  states fo r  the tw o  

neighbouring  m olecules in th e  u n it  cell are equivalent^ 

b u t ro ta ted  over 1 8 0 °  around th e  c-axis. This 180  

ro ta t io n  avoids th e  hindrance w h ic h  occurs betw een  

neighbouring m olecules when th e y  process f re e ly  (51). 

The angle Q ** 5 2 °  betw een the m olecu lar axes and the  

crystal c-axis is s lightly  smaller th a n  fo r  the  delocalized  

case.
T h e  m ost rem arkab le  feature o f  the  localized state is 

th a t  the  e x p e r im e n ta lly  observed hexagonal sym m etry  is 

lost. This s y m m e try  w ill  be restored if w e assume th a t  

fo r  each m olecu le  six equivalent m ean fie ld  solutions are 

available, w h ic h  are related to  each o ther b y  rotations  

o f 6 0 °  a ro u n d  the  c-axis, and th a t  the molecules can 

ju m p  fro m  one localized  so lu tion  to  another w ith in  

the t im e  th a t  is characteristic  fo r  th e  observation pro 

cess, i.e. the  inverse N M R  o r  N Q R  frequency ( 19 ), fo r  

exam ple . W e shall digress on this hypothesis in th e  next 

section.

W e calcu lated  th e  libron frequencies by the R P A  

m e th o d  w ith  tw o  excited  localized mean field states 

on each m olecu le . A ll  frequencies came o u t  real now, 

as th e y  should be f o r  a stable m ean field solution (see 

T ab le  V ) .  T h e  exp erim en ta l spectra ( 47*52) show tw o  

very broad peaks o f  w hich the higher one around  

50  c m “ *1 (depend ing  on the tem perature  and pressure) 

has been In te rp re ted  as a libron band and th e  low er one 

around 2 5  c m " 1 as a translational phonon band, The  

higher lib ron  fre q u e n c y  agrees reasonably w ell w ith  our 

results, bu t accord ing  to  our calculated frequencies, the  

libron modes m ig h t cause some absorption in the lower  

band as well (a p art f ro m  sym m etry  and intensity  consi

derations w h ic h  w e have n o t looked at). O ur results 

ind icate  th a t  th e  broadening o f  the  observed libron band  

is caused by co u p lin g  o f  localized lib rational modes w ith

m ore o r less random  jum ps in the  orientations o f  the 

m olecules by m ultip les  o f  6 0 °  a ro und  the crystal c axis.

T h e  localized mean fie ld  so lu tion  poses ye t another  

p rob lem . A lth o u g h  w e exp ect th a t  th e  experim enta lly  

observed lattice sym m e try  can be restored by allowing  

rapid jum ps betw een  the six localized librational solu

t ions, the  low er s y m m e try  o f th e  actual solution makes 

it impossible to  use our lib ro n -p h o n o n  form alism  as 

such. Indeed, w e  fo u n d  th a t  in th e  m ean field o f the 

“ b ro ken  s y m m e try ' '  librations th e  eq u ilib r iu m  positions 

of the  molecules tend  to  sh ift aw ay  fro m  the  hexagonal 

la ttice  sites. In o rd e r to  solve this p rob lem  one would  

have to  ex ten d  o u r form alism  w ith  a dynam ical model 

fo r  the  sym m etry -restoring  jum ps.

C. The a-0 phase transition

In Figure 4  w e have p lo tte d  th e  free  energy A  calcu 

lated fo r  the d if fe re n t  mean f ie ld  solutions o f a- and 

0-n itrogen, The  c o n tr ib u tio n  fro m  the translational 

vibrations is not included in th is  p ic tu re , fo r  the reason 

m en tio ned  in th e  previous section. H ow ever, we do not 

exp ect a great d iffe rence  in th is  c o n tr ib u tio n  between  

the a - and j3-phase. The  curve fo r  the  delocalized mean 

f ie ld  solution o f 0-n itrogen declines m uch steeper, with  

increasing tem p eratu re , than the  localized /3-N2 curve

and the a - N 2 curve* This is caused b y  the considerably  

low er exc ita tio n  energies fo r  th e  delocalized states, 

w hich  look  like hindered ro to r  states rather than libra 

t iona l oscillators. I t  is characteristic  th a t  a free rotor  

m odel produces alm ost the  same free  energy curve as 

the delocalized m odel. H ow ever, the  free energy a t zero 

tem p era tu re  fo r  th e  delocalized m odel is to o  high to 

m ake its curve cross the a - N 2 curve at any reasonable 

tem p eratu re . So this m odel fa ils  to  expla in  the a-0 

phase transition .
F o r  the localized j3-N2 m odel the  energy is substan

t ia lly  low ered due to  a m ore favorab le  packing o f nea

rest neighbours. B u t its free energy curve runs almost 

parallel to  th e  a - N 2 curve, because o f  th e  similar size 

o f th e  mean fie ld  exc ita tion  energies. So w e still find  

no crossing betw een the a- and j3-curve.

L e t us consider, however, the  ju m p  m odel o f the pre 

vious section. Because o f im p o r ta n t  energy effects, 

the o rien ta tio n s  o f th e  m olecules w il l  n o t be com pletely

TABLE  V

Optical fq  =  (5) frequencies in 0 -nitrogen (in cm ~^ )

c a l c u l a t e d ( l i br on) e xpe r i me n t

RPA RPA r e f . [ 52 ] Kj  ems and Do l 1 i nga ^

t e mp e r a t u r e  ( K) 0 55 55 55 55 55 36

3 — t 
mo l a r  v o l ume  ( cm . r aol  ) 28. 26 28. 26 26 . 87 25 . 90 25 . 05 23. 59

f r e qu e n c i e s 25± 3 28± 3 31± 3 36± 3 25
. . . .  "  . . . .  ""

t r a ns l a t i ona l  phonon
64

34 . 9 33 . 9

56 . 7 40. 8

l i br on
65 . 7 55 . 8 50± 3 54+3 58± 3 68± 3

73 . 3 58 . 8
-

a)
a s  q u o t e d  i n r e f . [ 5 2 ]
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T (K)

F ig . 4 , — Free energy (a t zero  pressure) fo r  a -n itro gen  and  

/3 -n itro g en , in  d i f fe re n t  mean f ie ld  models (c losed lines). The  

d a shed  free  ro to r  curve has been ca lcu la ted  f ro m  the  is o tro p ic  

( f i-p  22 , 83) =  (0» 0) te rm  o f  the  ab in i t io  p o te n t ia l (21) b y  

a d d in g  th e  free  ro to r  expression fo r  the free  energy , as In re f, 

(5 3 ) .  T h e  dashed ju m p  m ode l curve has been ob ta in ed  f r o m  

th e  lo ca lized  mean f ie ld  s o lu t io n  (w ith  th e  fu l l  a n iso tro p ic  

p o te n t ia l )  b y  add ing  an e n tro p y  te rm  — kB T  In 6 (see te x t ) .

r a n d o m ly  d is tribu ted  over th e  six possible localized  

l ib ra t io n a l  solutions. O n the  co n tra ry , th e y  w ill show  

a strong short range corre la tion . T h e  e ffe c t  of th is  

c o r r e la t io n  is to  low er the energy of the  crystal and  

m a k e  it a p p ro x im a te ly  equal to  the  energy o f  the  lo ca 

l iz e d  m od e l. T h e  en tro p y  o f  the  crystal can be assu

m e d  to  be th e  sum of tw o  co n tr ibu tio n s . T h e  first p a r t  

o r ig in a te s  fro m  the librations o f the m olecules around  

t h e i r  e q u il ib r iu m  orien ta tions, and this is a p p ro x im a 

t e l y  th e  e n tro p y  o f  the localized m odel. T h e  second  

p a r t  is due to  the d is tr ib u tio n  o f the  m olecules over  

t h e  six positions. A lth o ug h  there is a strong short  

ra n g e  c o rre la tio n , it is in the sp irit o f  the  present m ean  

f i e l d  approach  to  set the corresponding e n tro p y  equal 

t o  - /rB T  Jn 6 . This yields the dashed curve in Figure 4  

m a r k e d  " /M \l2  ju m p " . This curve crosses the free energy

c u rv e  o f  a - N 2  a t T  — 3 4  K , in close agreem ent w ith  th e  

e x p e r im e n ta l  a -0  phase transition  tem p era tu re , T  =  

3 5 . 6  K . Th is  m odel still needs a sound theoretica l f o r 

m a l is m  f o r  the  dynam ics o f the  ju m p  process, however.

5 . Conclusions

T h e  results w h ich  we have obta ined fo r  solid nitrogen  

d e m o n s tra te  th a t the form alism  w hich w e have develop 

e d  y ie lds  a realistic description o f  the  anharm on ic  

t ra n s la t io n a l  vibrations, the large am plitude  librations, 

w h ic h  are m uch m ore strongly anharm onic , and th e  

t ra n s la t io n -ro ta t io n  coupling in m olecu lar crystals, 

U s in g  an ab in it io  in term olecu lar potentia l, th e  results 

f o r  th e  o rdered  a  and 7  phases are q u a n tita t iv e ly  very  

a c c u ra te .  F o r  the  plastic j3 phase we pred ic t tha t th e  

e x p e r im e n ta l ly  observed orienta tional disorder is caused 

b y  rap id  6 0 °  jum ps o f the  molecules around th e  crystal

c-axis, betw een localized lib ra tio n a l states. T h e  tw o  

neighbouring molecules in th e  hexagonal u n it cell tend  

to  rem ain 1 8 0 °  out o f phase, in o rd e r to  obta in  a consi 

derab ly  low er packing energy o f the  crystal than fo r  

th e  free precession m odel, w h ic h  has also been invoked  

to  exp la in  the  o rien ta tio na l d isorder. A lth o u g h  w e  have 

n o t y e t  developed a d yn am ica l m odel fo r  the  correlated  

jum ps o f  th e  molecules, w e  fin d  th a t  th e  jum p m odel 

fo r  the j3-phase can yie ld  a fa ir ly  accurate transition  

tem p era tu re  fo r  the a-(3 order-d isorder phase transition.
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