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ABSTRACT 

A class of protruding rocket antennas of low silhouette is analyzed. The ap-
proximate equivalent circuit of these s t ruc tures is a shunt-driven transmission 
line terminated in reac to r s of a rb i t ra ry value at each end. Expressions derived 
for the cur rents in the circuit , as functions of the reactive terminations, are em-
ployed in calculating the radiation vectors of the antenna. The radiation res is tance 
is obtained by integrating the Poynting vector over the surface of a great sphere 
enclosing the s t ruc ture . The driving-point reactance of the antenna is determined 
from transmission-l ine formulas, which may be modified appropriately to include 
terminal zone effects. 
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TRANSMISSION-LINE MISSILE ANTENNAS 

Introduction 

As the Mach number of miss i les inc reases , it becomes necessary to lower 

the silhouette of externally car r ied telemetry antennas to reduce drag and not fur-

ther degrade the aerodynamical charac ter i s t ics of the miss i l e . 

An important c lass of externally carr ied missi le telemetry antennas of low 

silhouette may be analyzed in t e rms of a shunt-driven t ransmiss ion line terminated 

at each end in reac tors of a rb i t rary value. Several common rocket antennas of 

t ransmission-l ine type are shown in Figs . 1-4. Figure 1 i l lustrates a simple in-

verted L-antenna; its circuit is approximated by a section of radiating t ransmission 

line driven at one end and open-circuited at the other. Figures 2 and 3 portray 

shunt-driven inverted L-antennas, also of t ransmission-l ine type. The s tructure 

pictured in Fig, 3 has adjustable capacitive end loading that makes some reduction 

in size possible and also permits a satisfactory driving-point impedance over the 

required frequency band. Figure 4 shows an m-antenna, so designated because it 

resembles a lower case m. 

It is evident from the four t ransmission-l ine antennas that have been men-

tioned specifically that a general theory of a reactively terminated, shunt-driven 

t ransmission line will permit the calculation of the driving-point impedances of a 

large number of possible rocket-antenna types with low silhouettes. 

The theory of t ransmission-l ine antennas set forth in this paper applies 

str ict ly to relatively thin conductors located over an infinite perfectly conducting 

ground plane. The dimensions of the circuit , expressed in t e rms of the wavelength, 

must satisfy t ransmission-l ine c r i t e r ia . When the antennas are mounted on the 

body of a miss i le having a diameter that is not large compared to the wavelength, 

the computed impedances may be somewhat in e r r o r . However, such an e r r o r de-

c reases when the height of the s t ructure is reduced. In the event the height of the 

horizontal member above the ground plane greatly exceeds that permitted by 

t ransmission-l ine theory, more general methods of analysis are required. 
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Although the various drawings show antennas constructed of c i rcular wires , 

conductors of other c ross sections may be used. Methods are available for de ter -

mining the correct s izes of the "equivalent" c i rcu la r conductors. A conductor of 

tr iangular c ross section has the aerodynamical advantage of a sharp leading edge. 

It is to be emphasized that the radiation res is tance of a t ransmission line 

is small . However, if the line consists of low-loss conductors, terminated in r e -

active elements, such as capaci tors , conducting bridges, or open ends, the power 

radiated may greatly exceed the power dissipated in heat, provided the spacing be-

tween conductors is not much less than about a hundredth of a wavelength or so. 

The radiation res is tance of a two-wire line, driven at one end and terminated 

at the other, has been discussed by Storer and King , - ' With the exception of the 

inverted L-antenna with reactive end loading, the theory does not include the antenna 

types discussed in this paper. A more general circuit must be analyzed in order to 

permit the calculation of, for example, the impedance of a shunt-driven inverted 

L-antenna of t ransmission-l ine type. Antennas of this c lass , sometimes with ca-

pacitive end loading, are widely used as test vehicle antennas for te lemetry. 

An extension of the work of Storer and King— permits the development of a 

formula for the radiation resis tance of a shunt-driven t ransmission line having r e -

active terminations. The ordinary t ransmission-l ine equations may be employed 

to calculate the reactance of the circuit . Accordingly, after expressions for the 

cur ren t s in the various wires comprising the generalized structure have been ob-

tained, the succeeding analysis will be outlined only briefly since the various steps 

are straightforward, although quite laborious. 

The Current Distribution 

Figure 5 represen ts the generalized equivalent circuit considered in this 

paper. Paral le l wires of radius a, length s, and spaced at a distance b between 

centers are terminated in impedances Z a t z = 0 , w = s - z = s, and Z at z = s, 
^ o ' ' s ' 

(w = 0), An impedanceless generator of voltage V is connected across the line at 
z = Sj (w = Sg). Ordinarily, s^ > s , , The cur rents in the generator and the t e r -
minations Z and Z are , respectively, 1 , 1 , and I . The currents in the line 

o s -̂  g o s 
are I , when 0 < z < s^, and I _ when 0 < w < s„, 

z i — — 1 z^ — — 2 

—'Storer, James E, , and King, Ronold, "Radiation Resistance of a Two Wire 
Line, " Proc , IRE, Vol, 39, No, 11, pp. 1408-1412, November 1951, 
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Fig. 5: Shunt-Driven Transmiss ion Line Terminated in Impedances 
of Arbi t rary Value 

Analytical expressions for the cur rents I - and I „ may be obtained from con-
2/ ^^ ^ 

ventional t ransmission-l ine theo ry , - ' These are 

V 
^l^'^) = D~^^o ^^"^ ^^ "*" ^ c '^°^^ ^^^ 

0 < z < s^ 

(1) 

V 
I „(w) = Y^—{Z sinh yw + Z cosh yvr) 
'Lit Uf^ S C 

0 <w <S2 

(2) 

where 

D, = Z sinh ys^ + Z Z cosh ys-
1 c ' \ C O ' 1 (3) 

,2 . 
D- = Z sinh ys„ + Z Z cosh ys„ 

^ C ^ C S ct 

(4) 

The complex propagation constant is y = a+ jjS. Z is the character is t ic impedance. 

An inspection of Fig. 5 reveals that 

^g = Iz2(^2) - ^ z l ( ^ ) (5) 

TIT. King, Ronold, Transmiss ion Line Theory, McGraw-Hill Book Co. , Inc, 
(1955), Chapter 2, Section 8, p. 83, 



This relation, with (1) and (2), makes it possible to express V as a function of I . 

When this has been done and the substitutions 

i>) ^o= Po + % = ^°*^ \ ^ i (^) 

e3=P3 + j$3 = COth- l (2^) (7) 

made, it is readily shown that 

I Az) = -I 
z r ' g 

!

cosh(ys2 + 6 )sinh(yz + 0 )) 

sinh(ys+ 9^+ ^^) ° | (^) 

0 < z < s 
1 

and 

fcosh(ys^ + 6 )sinh(yw + 6 ) ^)sinh(yw + d^n 

W""^ = y sinh(ys + 0^+ ĝ̂  ^ • (̂ ^ 

0 <w < Sg 

The currents in the terminating impedances Z and Z are 

i
cosh(ys2 + 6 )sinh 6 "i 

sinh(ys + 4 + ^s) 1 ^'°^ 

f
cosh(ys, + 6 )sinh $ ^ 

sinh(ys + g° + d^) j • ^̂ ^̂  

Missile antennas of the transmission-line variety are generally designed so 
that ohmic losses are minimized. To achieve this the line attenuation must be 
negligible and the terminations predominately reactive. Of course, zero and infin-
ite values of Z and Z are not excluded. Under these conditions 

o s 



y = a + j/S * j/3 

(9 = p + i $ * j$. \ (12) 
o 'o "• o '' 6 / ^ ' 

^s = ''s + % * J^s 

Subject to (12), and with the notation 

cos(/8s2 + $ )sin $ 

^ o " sin(|8s + $ ^ + $^) - jS ^^^^ 
o s ' 

cosOSs^ + $ )sin $ 

^ s = sin(/3s + $^ + $g) - j5 ' (^^) 

where the quantity 

S = (as + p + p )cos08s + $ + $ ) (15) 

may be neglected except when sin(y3s + $ + $ ) = 0, Equations (8) through (11) may 

be written as follows: 

/sin(/3z + $ Q ) \ 

A sin $ / ^zl(-) - H sin ^ i (1^) 

0 < z < s^ 

(
sin(/3w + $ ) \ 

• ^ 1 (17) 
sin $ / 

s ' 
0 < w < Sg 

I = -I K (18) 
o g o ^ ' 

I = I K . (19) 
s g s ^ ' 

It will be noticed that the cur rents 1 , 1 , and I are of constant value through 
o' g' s ^ 

the conductors of length b. This is a consequence of the fact that the implicit 
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assumption made in t ransmission-l ine analysis is that/3 b << 1, The "simplified' 

expressions for the cur ren ts , (16) through (19), are employed in calculating the 

radiation res is tance of the shunt-driven, reactively terminated t ransmiss ion line 

with negligible attenuation. 

The Vector Potential in the Fa r Zone of the Radiating Circuit 

Figure 6 i l lustrates the orientation of the shunt-driven antenna with respect 

to the coordinate systems employed in calculating the radiation vectors of the c i r -

cuit. In developing the theory of l inear radia tors it has been customary to employ 

z' as the source variable, with origin at the driving point. It is deemed desirable 

to continue this convention in the present paper. This is accomplished by writing 

z ' + s . for z. Then w = s„ - z ' . With this change (16) and (17) become 

I (z') = . ° sml(3{2.' + s j + $ 1 
ẑ  ' sin $ [/^ 1' oj 

(20) 

0 > z ' > - s 1 

I (z') = . ^^ sin|/3(s„ - z') + $ 1 
z^ ' sm $ [^^2 sj 

(21) 

^2 > ^ ' > *̂  

An inspection of Fig, 6 reveals that the various distances from the current 

elements to a point P(R, 6, 0) in the far zone of the radiating circuit are 

R = R - s„ cos 
s 2, 

R = R + Si cos 
o 1 

R = R - z' cos 
z (22) 

R , = R + -fr sin 6 cos 0 
z l z 2 

R „ = R - ^ sin e cos 6. 
z2 z 5̂  ^ 
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Fig. 6: Exposition of the Coordinate System Utilized in Calculating the 
Radiation Resistance of a Shunt-Driven Transmiss ion Line. 

13 



The two c o m p o n e n t s of the v e c t o r po ten t ia l A and A a r e to be d e t e r m i n e d 

at point P , It i s r e a d i l y ver i f ied that 

and 

.-i/3R 
A = — ( i -—- •+• i —— — i —-— 

X 47rv J R o R s R 
o( o s 

b e 
-J/3R 

47rv R 
o 

- j^s^ cos ^ j/3s„ cos ^ 
K e ^ - K e "̂  

o s 
(23) 

z 47rv I 

°-^-s. 

I , ( z ' ) 

-JiSR^^ -j;8R, 
2z 

R 
Iz 

R, 
2z 

dz ' 

./Sb s in g c o s 0 e - J ^ ^ f % (z ' )eJ^^ ' ^ ° ^ ^ dz-
TTV R I Z ^ ' 

(24) 

H e r e 

1 1 1 „7 m e t e r s 
V = — = :;— X 10 -i 
o M 47r h e n r y 

When the i n t e g r a t i o n of (24) with (20) and (21) has been effected and the v a l u e s of I 

and I in t e r m s of I i n t roduced , the following r e s u l t i s obtained: 
s g ' ® 

jbl .-J/3R g e •'^ cos9i> 
z 47rv R s i n ^ 

cos(^S2 + $g) |- -, - j / 3 s ^ c o s 0 
j cos 0 + • ,a—r-^—, ^ . cos $ - j c o s 6 s in $ e 

sin(/3s + $ „ + $_) L o oj 
o s 

cos(;8s^ + * o W 1 ^^^^2 ^ ° ^ "̂  
• ,/K——^—, , I. COS $ + j c o s 6 s in $ e 

s in (^s + $ + $ ) L s •' ^sj 
o s 

(25) 

(In th is e x p r e s s i o n it has been a s s u m e d that 8 a s defined by (15) i s z e r o . ) 



r r 

A and A , as given by (23) and (25), are to be used in evaluating the radia-

tion res is tance of the shunt-driven, reactively terminated antenna. 

Radiation Resistance of the Shunt-Driven Antenna 

3 / The Poynting vector S is given by the expression—' 

2 

S 

r r 
Here <o = 2iTf and C, >* 120 TT ohms. A^ and A , are the spherical components of the 
vector potential at P(R, 6, <p). These are related to the Cartesian components A 

r 4 / ^ 
and A by the fo rmu la s -

It follows that 

A^ = A ' ' COS e COS oi - A'^ sin 6 (27) 

AJ = -A^ sin 0 . (28) 

A^"^ = A^A^ cos d cos^ 0 

+ A ^ A ' ^ * sin^ e - (A^A^* + A^A^*|sin d cos 6 cos 0 (29) 
" " \ Z X X z I ^ ^ ' z z 

and 

A^AJ* = A^A^* sin^ 0 . (30) 

37 
—'King, Ronold, Theory of Linear Antennas, Harvard University P r e s s (1956), 

Chapter 1, Section 10, p, 21, 
i^Schelkumoff, S. A. , "A General Radiation Formula, " P roc . IRE, Vol. 27, 

No. 10, October 1939, p. 662, Equation 8. 



With the shorthand notation 

a(0) = 1 + K^ + K^ - 2K cosOSs, cos d) - 2K cos(/3s„ cos 6) 
^ ' O S o ' ^ l ' s ^ 2 ' 

+ 2K K cos(/Ss cos d) (31) 

b(^) = -K cot $ sin(/Qsi cos 6) - ¥L cot $ sin(/Qs_ cos 0) 
o o l s S ^ 

+ K K (cot $ + cot $ )sin(/3s cos e) (32) 

c(e) = K cot^ $ + K cot $ - 2K K cot $ cot $ cos(j3s cos e) (33) 

and 

b l 

g = ?;Ff' (34) 

it is a straightforward but laborious process to show that 

2 

'̂  "" R'̂  

2 2 
A^A^* = i j £ ° £ ^ / a ( 0 ) c o s ^ 9 + 2b(0)cos (9 + c(d)\ (36) 

A^^r - A^ '̂* • ^ ^ f <«=-« - ^(«}- (") 
R 

When these expressions a re substituted in (29) and (30), and these then added, the 

result is 

2 

A ^ A J * + A^A^* = i^ | a (0 ) s in^ 0 + c(5)cos^ 0^ , (38) 



T h i s e x p r e s s i o n may be subs t i t u t ed in (2 6) to obtain the Poynt ing v e c t o r 

w b I 
cr ^ 2 2 ^ 

S = ,, |-T5-^a(0)sin 0 + c(0)cos 0> 
327r /" V R 

^o o 

(39) 

The r ad i a t i on r e s i s t a n c e of the c i r c u i t r e f e r r e d to the c u r r e n t I is— 
g 

5/ 

R 
e 2R 

2 -27r .IT 

~FJo i 
S s in ddOdcf) (40) 

w h e r e S is given by (39), It i s an i n t e r e s t i n g and p l easan t s u r p r i s e that the i n t e g r a l s 

involved in eva lua t ing (40) a r e t r i v i a l for such a compl i ca t ed c i r c u i t i The r e s u l t of 

the i n t eg ra t i on i s 

R^ = 30/S^b^ i 
/ K \^ / K x^ 

Vsm $ y \ ^ s i n $ / 

s in /3s ^ s in /3s„ 
K —75 i + K —75 ^ 

o /Ss. s /Ss2 

- ( i i K ^ ) ( i i H % ) ^ ° ^ ( % + ^ s ^ ^ 
/Ss 

(41) 

w h e r e 

\^sin $^y 

cos(/gs2 + $3) 

sin(/Ss + i ^ + $^) 
(42) 

K \ cos(i3si + $ ) / Kg \ cos(/:JSj + ^ 

I s i n $ J ~ sin(y3s + $ + ¥7 
^s' 

(43) 

T h e r e r e l a t i o n s a r e l ike K and K in (13) and (14) wi th 5 = 0. 

o s 

Equa t ion (41) i s the final f o r m u l a for the r a d i a t i o n r e s i s t a n c e of a s h u n t - d r i v e n 

t r a n s m i s s i o n l ine wi th negl ig ib le ohmic a t t enua t ion when t e r m i n a t e d in pu re r e -

a c t a n c e s . 

"57 —' R e f e r e n c e 3 . 

17 



The Radiation Resistance of Several Specific Antennas 

The following radiation res i s tances are obtained directly from (41). 

I - ^ 2 

V 

Fig, 7a: End-Driven Open-End Section of Line 

a. End-Driven Open-End Section of Line - - For this s t ructure $ = 0, $ =0 , 
c O S 

s . = 0, and s = s„ . It follows that 

\s in $ 7 
cot /3s^, K = 0 

' ^ 2 ' o 

\sin $ / 
CSC /Ss_, K = 0 

' ^ 2 s 

so that 

sin j8; 3so ( 

„e 30i32b2 ( s in2^S2, 
(44) 

Fig. 7b: End-Driven Closed-End Section of Line 

18 



b, End-Driven Closed-End Section of Line - - For this circuit $ = 0, $ = 7r/2, 
o s ' 

s . = 0, and s = s„ . It follows that 

\s in $ / •tan i3s„, K = 0 
2 o 

\sin $ / sec/Ss„, K = sec/Ss_ 

so that 

R 
e 30/3^b^ 

2 - — 
cos ps „ 

'1 -
sin 2/8S2) 

2/es„ ( (45) 

This formula and (44) agree with the resul ts previously obtained by Storer and 

King. - ' 

Fig. 7c: Shunt-Driven Line with an Open and a Short-Circuited Termination 

c. Shunt-Driven Line with an Open and a Short-Circuited Termination - - For 

this configuration of wi res , $ = 7r/2 and $ = 0. It follows that 
* o ' s 

\sin * / 

K \ cos /3s„ cos /Ss„ 
£ j ^ ^_ 

, , cos /3s ' o cos /Ss 



so that 

R 
e _ 30/3^b^ )1 r 2 

cos /3s f i r 2 2 2 ~\ 

2 cos /3s + sin /3s^ + cos /^s^l 

cos ySs cos /8s 
sin /3s 

II 

(cos ^s 4 0) 

(46) 

If/Ss„ = 7r/2, (46) becomes 

R^ = 30y9^b^ (47) 

for all values of s- , Hence s , may be adjusted for the desired input reactance in-

dependently of the driving-point (radiation) res i s tance . 

S2-

0 

Fig. 7d: Shunt-Driven Line with Short-Circuited Terminations 

d. Shunt-Driven Line with Short-Circuited Terminations - - For this arrange-

ment of conductors, $ = $ = 7r/2. It follows that 
o s 

/ K̂  \_^^"^^2 ^ _!l;Lf!2 
ysin $ / sin fis ' o sin /3s 

K \ sin /3s 

\sin $ ^ / 

sin )Qs. 

sin /3s ' "̂̂ s sin j8s , K 

so that 



-,2, 2 
„ e 30/3 b l / . 2 „ . 2 „ , . 2 r, \ 
R = —^i K- (sin /9s + s m ySs^ + s in ps^) 

s in /3s 

(
2 2v 

^1 + ^1^2 + ^ 2 ^ 
TT \ s in /3s s in /3s, s in /3s„ 
/3ss^S2 / ^ ^ 1 2 

(48) 

(sin ^s 4 0) 

In the event that r e a c t i v e t e r m i n a t i o n s o t h e r than open or s h o r t c i r c u i t s a r e 

employed , $ and $ m a y be eva lua ted f rom (6) and (7) wi th (12), D e t a i l s a r e given 
o ^ ,s 

in the literature,—' 

The Driving-Point Impedance of Missile Antennas 
of Transmiss ion-Line Type 

The equivalent lumped circuit of a shunt-driven antenna of t ransmission-l ine 

type is shown by Fig. 8. The driving-point impedance is 

e ^ 1 ^ 2 
Z. = R*" + ^ ^ 4 (49) 

m X. + X„ ^ ' 

where X, is the input reactance of the line of length s , terminated in X ; X„ is the 1 1 o ^ 

input reactance of the line of length s„ terminated in X , X, and X„ may be com-

puted from the formulas 

X^ = -jZ^ cot(|3s^ +$^) (50) 

Xg = -jZ^ cot(/3s2 T$^) , (51) 

respectively. The character is t ic impedance of a loss less line (in the ohmic sense) 

is real . It is given by the relation 



0 

Re 

AAA 

X. 

Fig. 8: Equivalent Lumped Circuit of a Shunt-Driven Antenna-Transmission 
Line of Negligible Ohmic Losses Terminated in Pure Reactors 

Example: Compute the input impedance of the shunt-driven, inverted L-antenna 

t ransmission line pictured in Fig, 2. 

Refer to Fig. 7c $ = 7r/2 and $ = 0, so that (50) and (51) become X^ = 

jZ tan /3s, and X„ = -jZ cot /3s„, respectively. R may be calculated using (46), 
C 1 ^ c ^ 

and (49) is then employed to determine Z. . The input impedance of the s t ructure 

portrayed by Fig. 2 is one-half the impedance of the circuit shown in Fig. 7c. 

Conclusions 

A class of protruding rocket antennas of low silhouette has been analyzed, 

using t ransmission-l ine concepts. Although in the interest of simplicity the theory 

was developed specifically for nondissipative terminations and line sections, the 

formulas are readily generalized to include ohmic losses in the lines and te rmina-

tions by retaining (6) and (7) without imposing (12). 

If the antennas a re constructed of conductors of other than c i rcular c ross 
8/ 

section, the equivalent cylindrical radius may be computed.—' When thick wires 

are employed, the physical dimensions of a given s t ructure may differ considerably 

from the e lec t r ica l dimensions. This uncertainty is brought about by the fact that 

the cur rents tend to bypass the co rne r s . It is to be noted that X^ and X^ as defined 

in (50) and (51) are the apparent input impedances that include terminal-zone co r -

• ^ 9 / rect ions where required. — 

87 
—' Flammer , Carson, "Equivalent Radii of Thin Cylindrical Antennas with 

Arbi t ra ry Cross Sections, " Technical Report No. 4, SRI Project No. 188, March 
15, 1950. 

9/ 
- 'Re fe rence 2, Section 20, Chapter 2. 



Quite accurate resul ts may be expected from the formulas developed in this 

paper when b < 0, lA, For grea te r spacings the accuracy diminishes and a more 

general attack on the problem is required since the conditions of t ransmiss ion- l ine 

theory and the assumption that currents in shunt members have uniform amplitudes 

cease to be valid. 

The present theory may be used to analyze other missi le antennas. For 

example, by use of the principle of superposition, the impedance of a bent folded 

unipole (hairpin antenna) may be expressed in t e rms of the impedance of an inverted 

L-antenna with image (Fig. 7a) and the impedance of a section of open-wire t r ans -

mission line. 
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