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Transmission Loss Allocation: A Comparison of
Different Practical Algorithms
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Abstract—A pool-operated electricity market based on hourly
auctions usually neglects network constraints and network losses
while applying its market-clearing mechanism. This mechanism
determines the accepted and nonaccepted energy bids as well as the
hourly market-clearing prices. As a result,ex postprocedures are
needed to resolve network congestions and to allocate transmission
losses to generators and demands. This paper focuses on transmis-
sion loss allocation procedures and provides a detailed comparison
of four alternative algorithms: 1) pro rata (PR); 2) marginal allo-
cation; 3) unsubsidized marginal allocation; and 4) proportional
sharing. A case study based on the IEEE RTS is provided. Different
load scenarios covering a whole year are analyzed. Finally, conclu-
sions and recommendations are stated.

Index Terms—Electricity market, loss allocation, transmission
losses.

I. INTRODUCTION

A N APPROPRIATE method to clear the market in
pool-based electricity markets is the use of hourly

auctions [1]. Generators submit hourly energy bids and their
corresponding prices to the power exchange (PX), while
consumers submit hourly energy demands and their respec-
tive maximum buying prices. The PX market operator, on
an hourly basis, builds the generator increasing stepwise
curve of bids and the consumer decreasing stepwise curve of
demands. The crossing of these two curves determines the
hourly market-clearing price and allows determining how much
energy each generator is allocated to produce. Hourly auctions
are usually performed one day ahead. That is, the 24 auctions
for tomorrow are usually performed today, so that enough time
is available to check the technical feasibility of the results. This
is, for instance, the case of the electricity market of mainland
Spain [2].

The above-mentioned market-clearing procedure does not
take into account the network and therefore losses are not
explicitly accounted for. However, in real-time operation,
consumer meters measure their actual consumptions, while
generator meters measure their actual productions, i.e., the
consumptions of customers plus the network losses. Naturally,
the problem of “who should pay for losses” arises, and those
payments constitute a substantial amount of money. In prin-
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ciple, both generators and consumers should pay for the losses
because both do use the network and therefore are responsible
for the losses incurred. Losses are, in fact, the result of the
energy transactions through the transmission network in which
generators and consumers are engaged.

Unfortunately, losses are nonlinear functions of line flows,
and nonlinear electrical laws do not allow determining the
amount of a line power flow which is the responsibility of
a given generator or demand. Furthermore, if linearization
techniques are used to allocate the flow of a given line to gen-
erators and demands, the cross terms associated with quadratic
functions [ versus and from ] do not allow
assigning directly losses to generators and consumers [3].

These facts preclude the existence of a unique transmission
loss allocation procedure. This paper focuses on the analysis
of three families of procedures that have been reported in the
technical literature: 1)pro rata (PR)procedures [4]; 2) mar-
ginal procedures [5]–[8]; and 3) proportional sharing proce-
dures [9]–[15]. They are briefly described below. Other relevant
approaches, such as circuit-based methods [16], and those de-
voted to bilateral transactions [17]–[20], are outside the scope
of this paper.

1) PR Procedures:First, losses are globally assigned to gen-
erators and consumers, for instance 50% of losses are allocated
to each category. Then, a proportional allocation rule is used: the
losses allocated to a generator (consumer) are proportional to its
corresponding level of energy generation (consumption). A PR
procedure is currently used in the electricity market of mainland
Spain where 100% of losses are allocated to consumers [2].

2) Marginal Procedures:Losses are assigned to generators
and demands through the so-called incremental transmission
loss (ITL) coefficients [5], [6]. A normalization is performed
after the assignment because this allocation procedure typically
results in over-recovery. Reference [7] provides analyses and re-
sults from a practical implementation of a marginal allocation
procedure in the Norwegian electric system. An integral method
has been recently presented in [8] where a distributed slack bus
is used.

3) Proportional Sharing Procedures:The use of the results
of a converged power flow plus a linear proportional sharing
principle [9]–[15] make it possible for the allocation of losses
to generators and consumers. This principle states that “the
power flow reaching a bus from any power line splits among
the lines evacuating power from the bus proportionally to their
corresponding power flows,” which is neither provable nor
disprovable.

Pro rataprocedures are simple to understand and implement.
However, they “ignore” the network. That is, two identical de-
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mands located respectively near generating buses and far away
from these buses are equally treated, and this is unfair for the
load located near the generating buses.

The standard marginal procedure based on ITL coefficients
depends on the selection of the slack bus because ITL coeffi-
cients do depend on the slack bus. The ITL coefficient of the
slack bus is zero by definition, thus the slack bus is allocated
no losses. This is a drastic limitation for this method that re-
quires that pool agents agree beforehand on the selection of the
slack bus. Furthermore, ITL coefficients can be either positive
or negative which may result in the allocation of negative losses
to certain buses. And this may be interpreted as cross subsidies.
This marginal procedure can be modified to avoid subsidies.
This modification will be referred to asunsubsidized marginal
allocation.

Proportional sharing procedures, on top of electrical laws,
require the assumption of the proportional sharing principle.
Using this principle, losses are allocated by linear procedures.
To allocate losses to demands, the method relies on a simple
principle: losses associated with every line whose flow enters a
given bus are transferred to the lines whose flows leave the bus
(or demands in that bus) proportionally to the flows of those
lines (the flows of which leave the bus). It should be noted
that a systematic application of this principle originates that all
losses are allocated to demands. Analogously, in order to allo-
cate losses to generators, the method relies on a simple principle:
losses associated with every line whose flow leaves a given bus
are transferred to the lines whose flows enter the bus (or gen-
erations in that bus) proportionally to the flows of those lines
(whose flows enter the bus). It should be noted that a systematic
application of this principle originates that all losses are allo-
cated to generators. The sole information required to apply this
method is the real power flow and the losses in every line, and
the power generated or consumed in every bus.

It should be emphasized that the purpose of a loss allocation
procedure is to assign the cost of losses to generators and de-
mands. It is therefore anex posteconomic mechanism that does
not interfere with the technical functioning of the transmission
network.

Due to the fact that no unique or ideal procedure exists, any
loss allocation algorithm should have most of the desirable prop-
erties stated below:

1) to be consistent with the results of a power flow;
2) to depend on the amount of energy either produced or

consumed;
3) to depend on the relative location in the transmission net-

work;
4) to avoid volatility;
5) to provide appropriate economic marginal signals;
6) to be easy to understand;
7) to be simple to implement.

The remaining of this paper is organized as follows. Section II
presents in detail four transmission loss allocation procedures.
Section III is a detailed case study based on the IEEE RTS [21]
in which the four algorithms are compared. Section IV provides
conclusions and recommendations.

II. TRANSMISSIONLOSSALLOCATION METHODS

First, note that the sum of all generations is equal to the sum
of all demands plus the losses. That is

(1)

where
total active power generated;
power output of generators of bus;
total active power demand;
active power demanded by consumers of bus;
transmission power losses;
number of generating buses;
number of demand buses.

For simplicity and without loss of generality, it is assumed that
in every bus there are at most one generator and one demand.
Therefore, no distinction will be made henceforth between gen-
erator , load , and bus .

The considered transmission loss allocation methods are de-
scribed in the four subsections below.

A. Pro Rata Allocation (PR)

The PR method proportionally allocates 50% of losses to the
demands and 50% to the generators, that is

(2)

where are the losses allocated to the generator, and
are the losses allocated to the demand.

Generation and demand loss allocation factors are computed,
respectively, as

(3)

(4)

It should be noted that generation loss allocation factors
are identical for all buses, and demand loss allocation factors

are also identical for all buses. Additionally, it should be
noted that losses allocated to generators and demands are always
positive.

B. Marginal Allocation (ITL)

This method uses ITL coefficients to proportionally allocate
losses to generators and demands. ITLs are easily obtained from
a converged power flow [5], [6]. The ITL of a given bus provides
the change in total losses produced by an incremental change in
the power injected in that bus. Therefore

(5)

where is the ITL corresponding to bus. It should be noted
that the ITL of the slack bus is zero by definition.
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First computations of the losses allocated to generatorand
demand are, respectively,

(6)

(7)

However, and as a result of nonlinearities, the sum of these al-
located losses ( ) does not match total actual (measured) losses

, that is

(8)

Therefore, a normalization procedure is used to allocate the
exact amount of losses

(9)

where is the normalized ITL coefficient for
bus .

Finally, losses allocated to every generator and demand are,
respectively,

(10)

It should be noted that this marginal procedure may allocate neg-
ative losses to either generators or demands, and these negative
losses can be interpreted as cross subsidies.

C. Unsubsidized Marginal Allocation

The unsubsidized ITL (U-ITL) method modifies in a consis-
tent manner ITL coefficients so that negative losses are avoided.
As a result, a set of ITLs is defined for generators and a different
one for demands. It should be emphasized that the purpose of
this method is to allocate the cost of losses, not to explain phys-
ical facts.

ITL coefficients, computed for a given slack bus, can easily
be referred to a different slack bus by defining a translation co-
efficient [4]. This is used below.

Total losses can be computed as

(11)

where
number of buses;
normalized ITL coefficient of bus;
injected active power in bus( ).

Total losses can also be expressed as

(12)

Multiplying (11) by and (12) by , and
adding both, total losses can be expressed as

(13)

which results in

(14)

where constitutes a new ITL coefficient
.

In respect to the generation, a change of slack bus is per-
formed in such a way that the generator ITL coefficient with
smallest value becomes zero. This makes it impossible to as-
sign negative losses to generators. This is accomplished as stated
below.

Let be the normalized generation ITL coefficient with
the smallest value, the translation coefficient is then com-
puted as

(15)

and

New ITL coefficients for generators are therefore

(16)

Those coefficients are again normalized to allocate 50% of
losses to generators.

In respect to demands, the translation coefficientis com-
puted from

(17)

where is the demand ITL coefficient with the highest
value. Equation (17) guarantees that no demand gets allocated
negative losses. Therefore, demand ITL coefficients become all
negative.

From (17), .
Furthermore, new demand ITL coefficients become

(18)

Finally, those coefficients are again normalized to allocate 50%
of losses to demands.

D. Proportional Sharing Allocation

For the reader’s convenience, this subsection briefly summa-
rizes Bialek’s proportional sharing algorithm (PS) [9], [10].
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Losses are first allocated to demands and then to generators.
In respect to demands, a total gross demand including losses
is defined as

and (19)

where is the gross demand of bus.
The total gross demand must equal the total generation so that

. Using the proportional sharing principle, the power
balance in every bus of an equivalent lossless network becomes

(20)

with

(21)

where
gross power injected in bus;
generation in bus;
power flow reaching bus from lines con-
nected to it;
set of buses from which power flows toward
bus ;
gross power flow from to ;
actual power flow from to (measured in
);

actual power injection in bus.
Equation (20) constitutes a system of linear equations that is

solved easily for . Gross demands and losses
are then computed, respectively, as

and (22)

Analogously, losses are assigned to generators. Total gross
generation including losses is defined as

and (23)

where is the gross generation of bus(including losses).
This gross generation must equal total demand, so that
. Using the proportional sharing principle, the power balance

in bus , of an equivalent lossless network becomes

(24)

where
gross power injected in bus;
demand in bus;
power flow leaving bus;
set of buses drawing power from bus.

TABLE I
DATA OF SCENARIOS

Equation (24) constitutes a system of linear equations that can
be solved easily for . New generations and
losses are then computed, respectively, as

and (25)

In order to assign 50% of losses to the generation and 50% to
the demand, the final generation and demand per bus are com-
puted as

and (26)

Final losses assigned to every generator and demand are, re-
spectively,

and (27)

Finally, generation and demand loss allocation factors are, re-
spectively, computed as

and (28)

III. CASE STUDY

The well-known IEEE RTS [21] is used to compare the four
transmission loss allocation procedures considered in this paper.
The IEEE RTS comprises 24 buses and 33 lines. The number
of scenarios considered is 24, corresponding to peak, shoulder,
and valley demands, of a weekday and a weekend day, for the
four seasons. Data of the scenarios is shown in Table I. Minor
modifications are introduced in the reactive power limits of the
generators. For every scenario, a power flow is solved using the
PowerWorld tool [22]. Power flow data and results provide the
input data for the four loss allocation algorithms. Results for the
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TABLE II
PERCENTAGE OFLOSSESALLOCATED TO EVERY LOAD USING

THE FOUR COMPARED LOSSALLOCATION PROCEDURES

TABLE III
LOSSESALLOCATED TO EVERY LOAD USING THE FOUR

COMPARED LOSSALLOCATION PROCEDURES

24 scenarios are aggregated weighted with their corresponding
time spans (see Table I) to provide results for the whole year.

Table II provides, for every load, the percentage of total yearly
losses allocated using the four compared procedures. Table III
provides the same information as Table II for actual losses in
megawatthours. Table IV provides for every generating bus the
percentage of total yearly losses allocated using the four com-
pared procedures. Table V provides the same information as
Table IV for actual losses in megawatthours.

From the above results, it is worth noting the following:

1) The demand is heavily subsidized by the generation when
using the ITL procedure.

2) The ITL procedure presents very high volatility (as it
is apparent when comparing results from different sce-
narios).

3) Bus 13 does not get allocated losses when using the ITL
procedure because it is the slack bus.

4) Demand bus 18 and generation bus 13 do not get allocated
losses when applying the U-ITL method because they are

TABLE IV
PERCENTAGE OFLOSSESALLOCATED TO EVERY GENERATING

BUS USING THE FOUR COMPARED PROCEDURES

TABLE V
LOSSESALLOCATED TO EVERY GENERATING BUS USING

THE FOUR COMPARED LOSSALLOCATION PROCEDURES

the demand and generation buses, respectively, used for
the slack bus translation.

5) The PR procedure generates allocation results signifi-
cantly different than those produced by other algorithms.

IV. CONCLUSIONS

From the different case studies analyzed, the following con-
clusions are drawn:

1) The ITL method presents high volatility and negative
losses. Furthermore, it may present a high loss allocation
imbalance between generation and demand, e.g., genera-
tors are allocated 146% of losses and demands46%.

2) The U-ITL method retains the marginality of the ITL
method while avoiding its volatility.

3) The allocation trend of the U-ITL is similar to the alloca-
tion trend of the ITL procedure after filtering subsidies.

4) Although the proportional sharing procedure takes into
account the network, its allocation trend is similar to the
allocation trend of the PR algorithm.

5) The PR method does not take into account the network
and produces substantially different results than other
methods.

Table VI provides a qualitative systematic comparison of the
methods analyzed.

Final recommendations are as follows.

1) Pro rata procedures are not advisable because they are
unfair for specific groups of generators and demands.
Generators close to load centers are unfairly treated
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TABLE VI
QUALITATIVE COMPARISON OF THEFOUR TRANSMISSION

LOSSALLOCATION PROCEDURES

with respect to generators far away from load centers.
Analogously, demands close to generating areas are
unfairly treated with respect to demands far away from
those areas.

2) If the slack bus is unique and volatility, negative losses
and allocation imbalance are acceptable, the ITL proce-
dure is advisable.

3) If volatility, negative losses and allocation imbalance are
not desired, the U-ITL and the proportional sharing algo-
rithms are recommended.
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