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Abstract—In this paper, we develop a transmit power adaptation
method that maximizes the total data rate of multiuser orthogonal
frequency division multiplexing (OFDM) systems in a downlink
transmission. We generally formulate the data rate maximization
problem by allowing that a subcarrier could be shared by multiple
users. The transmit power adaptation scheme is derived by solving
the maximization problem via two steps: subcarrier assignment for
users and power allocation for subcarriers. We have found that the
data rate of a multiuser OFDM system is maximized when each
subcarrier is assigned to only one user with the best channel gain
for that subcarrier and the transmit power is distributed over the
subcarriers by the water-filling policy. In order to reduce the com-
putational complexity in calculating water-filling level in the pro-
posed transmit power adaptation method, we also propose a simple
method where users with the best channel gain for each subcar-
rier are selected and then the transmit power is equally distributed
among the subcarriers. Results show that the total data rate for
the proposed transmit power adaptation methods significantly in-
creases with the number of users owing to the multiuser diversity
effects and is greater than that for the conventional frequency-
division multiple access (FDMA)-like transmit power adaptation
schemes. Furthermore, we have found that the total data rate of
the multiuser OFDM system with the proposed transmit power
adaptation methods becomes even higher than the capacity of the
AWGN channel when the number of users is large enough.

Index Terms—Channel capacity, downlink, multicarrier, or-
thogonal frequency division multiplexing (OFDM), power control,
water-filling.

I. INTRODUCTION

T HE GROWING demand for wireless multimedia services
requires reliable and high-rate data communications over a

wireless channel. However, high-rate data communications are
significantly limited by intersymbol interference (ISI) because
of the time dispersive nature of the wireless channel. Multicar-
rier systems have aroused great interest in recent years as a po-
tential solution to the problem of transmitting data over wire-
less channels with large delay spread [1]–[3]. An orthogonal
frequency division multiplexing (OFDM) system is one of the
widely used multicarrier systems. The principle of the OFDM
technique is to split a high-rate data stream into a number of
lower rate streams, which are then simultaneously transmitted
on a number of orthogonal subcarriers. As the symbol dura-
tion is increased for lower rate parallel streams, the relative
amount of dispersion in time caused by multipath delay spread
decreases. Moreover, the ISI can be almost completely elimi-
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nated by introducing a guard interval, which is a cyclic exten-
sion of the OFDM symbol.

In a single user OFDM system, when the channel state
information (CSI) is available at the transmitter, the transmit
power for each subcarrier can be adapted according to the CSI
in order to increase the data rate [4]–[6]. The data rate of the
single user OFDM system is shown to be maximized when
the transmit power is adapted with the water-filling policy in
frequency domain under the constraint of total transmit power
[4], [5], or in frequency-time domain under the constraint of
average transmit power [6]. The transmit power adaptation in
the frequency domain is beneficial to increase the data rate in
a channel whose transfer function is frequency dependent. In
a time-varying wireless channel, the frequency-time domain
transmit power adaptation yields greater data rate than the
transmit power adaptation in the frequency domain only,
because the time varying nature of the wireless channel can
be exploited. The increase of data rate by using the transmit
power adaptation in a single user OFDM system is owing to
the spectral diversity effects (in frequency domain) and/or
temporal diversity effects (in time domain).

In a multiuser OFDM system, each of the multiple users’ sig-
nals may undergo independent fading because users may not
be in the same locations. Therefore, the probability that all the
users’ signals on the same subcarrier are in deep fading is very
low. Hence, for a specific subcarrier, if a user’s signal is in deep
fading, the others may not be in deep fading and the user in a
good channel condition may be allowed to transmit data on that
subcarrier yielding multiuser diversity effects [7]. Therefore, in
a multiuser OFDM system, the multiuser diversity, as well as
the spectral diversity may be exploited, if the transmit power
for each user and for each subcarrier is appropriately adapted to
the channel condition.

So far, several papers have dealt with the problem of transmit
power adaptation for the multiuser OFDM system in a down-
link transmission. In [8], the authors attempted to minimize the
total transmit power under a fixed performance requirement and
a given set of user data rates. They focused on the practical
algorithms that can support real-time multimedia data whose
data rates are generally fixed. However, in the formulation of
transmit power minimization problem in [8], they did not allow
more than one user to share a subcarrier without any mathemat-
ical reasoning. In [9], dynamic subchannel and power allocation
was performed to maximize the minimum capacity of all the
users under the total transmit power constraint and zero delay
constraint. The authors of [9] also restricted their focus on ex-
clusive assignment of each subcarrier to only one user in order
to avoid the error propagation and the complexity of successive
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Fig. 1. Block diagram of a downlink multiuser OFDM system with transmit power adaptation.

decoding in the multiuser detection. The system model for the
problems of transmit power minimization in [8] and minimum
capacity maximization in [9] is viewed as a special case of the
multiuser OFDM system. When the constraint that a subcarrier
should be exclusively occupied by only one user is given, the
multiuser OFDM system can be simplified as a frequency divi-
sion multiple access (FDMA) system with dynamic subcarrier
allocation. In this case, users transmit data through a number of
orthogonal subcarriers assigned to their own independently and
the interference from other users’ signals does not exist.

In this paper, we focus on the development of practical
transmit power adaptation method that maximizes the total
data rate of the multiuser OFDM system in a downlink
transmission under the constraint of total transmit power and
bit-error rate (BER). We generally formulate the problem of
data rate maximization by allowing that a subcarrier could be
shared by multiple users. Without the constraint of exclusive
assignment of each subcarrier for users, we should consider the
interference from other users’ signals on the same subcarrier.
When multiple users are allowed to share a specific subcarrier,
if a user’s transmit power for the subcarrier is increased, the
interference to other users using the same subcarrier may
be increased also. Thus, the transmit power adaptation to
maximize the total data rate becomes a complex problem to be
solved analytically. Therefore, in this paper, the transmit power
adaptation scheme is derived by solving the maximization
problem via two steps: subcarrier assignment for users and
power allocation for subcarriers. In the subcarrier assignment
for users, we determine a set of users who should transmit
data on a specific subcarrier to maximize the data rate for that
subcarrier. In the step of power allocation for subcarriers, the
amount of transmit power to be allocated for each subcarrier is
determined to maximize the overall data rate.

The remainder of this paper is organized as follows. In
Section II, a system model considered in this paper is given
and the problem of data rate maximization in the multiuser
OFDM system is formulated. In Section III, the transmit power
adaptation scheme that maximizes the total data rate of the
multiuser OFDM system is derived and a simple method to

be implemented is also proposed. Numerical results for the
proposed transmit power adaptation methods are shown in
Section IV and conclusions are given in Section V.

II. SYSTEM MODEL

In a downlink transmission of the multiuser OFDM system
considered in this paper, the modulated signals on a number
of subcarriers for multiple users are all summed together and
are transmitted through the fading channel. A block diagram
of the downlink multiuser OFDM system is depicted in Fig. 1.
In the figure, denotes a set of data symbols for theth
user and represents the transmit power allocated to theth
user’s th subcarrier. The modulation and demodulation with a
number of orthogonal subcarriers are performed by inverse fast
Fourier transform (IFFT) and fast Fourier transform (FFT) pro-
cesses, respectively. Since the transmit power adaptation needs
the knowledge of the CSI for all the users’ subcarriers, we as-
sume that the fading channel states are perfectly known by both
the receiver and the transmitter.

When the CSI is available at the transmitter, the transmitter
can adapt its transmit power for each user’s subcarrier signal in
a symbol-by-symbol manner to increase the data rate, assuming
that the fading characteristics of the channel are constant over
one OFDM symbol duration, but vary from symbol-to-symbol.
We consider a wideband multipath fading channel in this paper.
However, each subband is assumed to be narrow enough and
the subband signals modulated on each subcarrier are assumed
to undergo flat fading. Also, we assume that neither a channel
coding scheme nor a multiuser detection with successive de-
coding is used.

Under the assumptions above, if the transmitted signal from
the base station is detected by theth user’s receiver, the deci-
sion statistic for the th user’s th subcarrier data symbol
may be written as

(1)
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where is a data symbol on theth user’s th subcarrier,
denotes the number of users and is a random vari-

able representing the fading for theth subchannel between
the base station and theth user’s receiver. Note that the fading
effects of all the users’ signals on the same subcarrier are iden-
tical at the desired user’s receiver in downlink channels, al-
though the fading for each user in a different location is inde-
pendent. denotes the additive white Gaussian noise (AWGN)
with mean zero and variance . In OFDM systems, since the
total bandwidth is equally divided into orthogonal sub-
bands and the subband signals are transmitted in parallel, the
bandwidth of the subcarrier signal becomes for
all and, therefore, the noise variance can be rewritten as

, where is the noise power spectral
density.

The first term in the right-hand side of (1) is a desired signal
and the second term is the interference from other users’ sig-
nals on the same subcarrier. Note that we have no restrictions
on for all and and the interference term arises from
sharing a subcarrier by multiple users. The interference term
may be treated as Gaussian noise by the central limit theorem
[10] under the assumption that the number of users,is large
enough. Consequently, the received signal-to-interference-plus
noise ratio (SINR) for the th user’s th subcarrier signal can
be written as

(2)

where denotes the expectation operation conditioned on
and the data symbols, for all and are assumed to be

independent random variables with zero mean and unit variance.
In order to formulate the data rate maximization problem, we

first represent the data rate of the multiuser OFDM system using
the SINR expression (2). Assuming that QAM modulation and
ideal phase detection are used as in [11], the BER for theth
user’s th subcarrier signal is bounded by

BER (3)

where is the number of bits in each data symbol. Note that
we replace the average signal-to-noise ratio (SNR)in the [11,
eq. (17)] with the SINR (2) in this paper, because we treat the
interference as Gaussian noise. Also note that the BER bound
(3) is valid for and 30 dB. For a given
BER, rearranging (3) yields the maximum number of bits in a
symbol to be transmitted for theth user’s th subcarrier as

(4)

where BER . Note that , which is a function of
the required BER, has a positive value larger than 1 in the range
of BER . Since in the multiuser

OFDM system, the total data rate is viewed as the sum of all the
users’ subcarriers’ data rate, the total data rate of the multiuser
OFDM system may be represented by

(5)

where is the OFDM symbol duration which is given as
. From the representation above, the total data

rate of the multiuser OFDM system can be maximized, if the
transmit power for all and , is appropriately adjusted by
the transmit power adaptation method described in Section III.

III. T RANSMIT POWER ADAPTATION

In this section, we maximize the total data rate of the mul-
tiuser OFDM system by adapting the transmit power for each
user and each subcarrier. Considering a downlink transmission,
the constraint of total transmit power is written as

(6)

where denotes the total transmit power. Note that the maxi-
mization of the total data rate (5) under the constraint (6) is a
complex problem because a subcarrier may be shared by mul-
tiple users in our formulation. When several users are allowed
to share a subcarrier simultaneously, if the transmit power for a
specific user’s signal on that subcarrier is increased, the inter-
ference to other users’ signals on the same subcarrier may be in-
creased also. Thus, the SINRs of other users’ signals on the same
subcarrier is decreased as seen from (2) while SINR of the spe-
cific user’s signal is increased. Therefore, in this paper, to make
the maximization problem be tractable, we divide the problem
into two steps: subcarrier assignment for users and power allo-
cation for subcarriers. In the subcarrier assignment for users, we
determine which users should transmit data on each subcarrier
to maximize the data rate for that subcarrier. After a set of users
to transmit data on each subcarrier is selected, the amount of
transmit power to be allocated to each subcarrier is determined
to maximize the overall data rate in the step of power alloca-
tion for subcarriers. By the two step approach, we may simplify
the data rate maximization problem considered in this paper and
may solve the problem analytically.

For the first step, we assign a subcarrier to a set of users to
maximize the feasible data rate for that subcarrier and the sub-
carrier assignment strategy is found from the following theorem.

Theorem 1: The subcarrier assignment strategy for multiple
users to maximize the data rate of a specific subcarrier in a
downlink multiuser OFDM system is that the subcarrier should
be assigned to only one user who has the best channel gain for
that subcarrier. Therefore, a subcarrier should not be allowed to
be shared by multiple users and only one user should transmit
data on a subcarrier at a specific time.

Proof: See the Appendix.
Note that Theorem 1 provides a proof of the fundamental as-

sumption in [8] and [9] that a subcarrier is exclusively assigned
to only one user. Therefore, the derivation of Theorem 1 may be
viewed as one of the main contributions of this paper. It should
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be pointed out that although the subcarrier assignment strategy
for users has been found to be the same as the inherent assump-
tion in [8] and [9], we have derived the results from the general
formulation including interference from other users’ signals on
the same subcarrier by allowing multiple users to share a sub-
carrier. From Theorem 1, we may notice that since data symbols
are transmitted through subcarriers with the best channel gains
among multiple users’, the data rate may be increased with the
number of users owing to the multiuser diversity effects [7]. Un-
fortunately however, a user may not be assigned any subcarrier
if the user has no best subcarrier, since we have no constraint on
each user’s data rate in this paper.

For the second step, we determine the amount of transmit
power to be allocated to the subcarriers in order to maximize
the overall data rate. When the subcarrier assignment for users is
done by Theorem 1, the multiuser OFDM system can be viewed
as a FDMA system with dynamic subcarrier allocation, where
users transmit data through a number of subcarriers assigned
to their own independently. Therefore, in the second step of
power allocation, we may treat the multiuser OFDM system as
a single user OFDM system virtually and need to consider only
the transmit power allocation for subcarriers. Then, the total
data rate (5) and the total transmit power constraint (6) may be
rewritten as

(7)

where for
and

(8)

The method of transmit power allocation for subcarriers that
maximizes the total data rate can be found by using the standard
Lagrange multiplier technique. If we define the Lagrangian as

(9)

where is a Lagrange multiplier, then the solution for can
be obtained by solving . Consequently, to max-
imize the total data rate of the multiuser OFDM system, the
transmit power should be allocated as

for

for
(10)

where and is a threshold to be deter-
mined from the total transmit power constraint (8). Note that
the transmit power adaptation method (10) is water-filling [12]
over the subcarriers with the best channel gains among mul-
tiple users’. In other words, a user who has the best channel
gain for a speccific subcarrier transmits data on that subcarrier
with the amount of transmit power which is determined by the
water-filling rule, i.e., more power when the channel gain is high

and less power when the channel gain is low. Therefore, the
transmit power adaptation scheme (10) may yield the spectral
diversity effects, as well as the multiuser diversity effects.

It should be noted that the transmit power adaptation scheme
(10) achieves the maximum data rate of the multiuser OFDM
system provided that the (1), (2), and (3) are valid. Since The-
orem 1 holds for arbitrary amount of transmit power, allo-
cated to the th subcarrier, the data rate for each subcarrier is
maximized by the exclusive assignment of the subcarrier to the
only one user who has the best channel gain for that subcarrier.
In addition, the overall data rate for entire bandwidth is maxi-
mized by the water-filling power allocation over the subcarriers.
Therefore, the two step approach with the subcarrier assignment
for the first step and the power allocation for the second step
achieves the maximum total data rate of the multiuser OFDM
system under the formulations and corresponding assumptions
in this paper.

Unfortunately however, since there is no explicit method to
calculate the water-filling level, , which should be determined
for every symbol period to water-fill over the subcarriers, we
have to resort to a numerical search method. It may be a compu-
tational burden to calculate using a numerical search method
for every symbol transmission. Therefore, to avoid the computa-
tional burden in the water-filling transmit power adaptation (10),
we may adopt a simple equal power allocation method from the
statements in [13] that the water-filling power allocation and the
equal power allocation may yield marginal performance differ-
ence. In our equal power allocation, the total transmit power is
equally distributed among the subcarriers after the subcarrier
assignment for users in Theorem 1 is performed. The proposed
equal power allocation strategy may be represented by

for
for

(11)

Note that since only one user who has the best channel gain for
each subcarrier transmits data by Theorem 1, the multiuser di-
versity may also be achieved in the proposed equal power allo-
cation scheme (11) as in the water-filling transmit power adapta-
tion method (10). However, since the transmit power is equally
distributed over all the subcarriers regardless of the amount of
channel gain, the spectral diversity effects in the equal power
allocation may be smaller than in the water-filling-power allo-
cation. The effects of multiuser diversity and spectral diversity
on the total data rate of the multiuser OFDM system using the
transmit power adaptation methods (10) and (11) will be shown
in next section.

IV. NUMERICAL RESULTS

In this section, we evaluate the proposed transmit power adap-
tation methods (10) and (11) in terms of the average data rate
normalized by the total bandwidth by computer simulations. In
the computer simulations, we assume that each user’s subcarrier
signal undergoes identical Rayleigh fading independently and
the average channel power gain, for all and , is
assumed to be one. The average SNR is defined as
with the fixed total bandwidth and the required BER is set to
be BER 10 . To obtain the average data rate, we have sim-
ulated 10 000 independent trials.
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Fig. 2. Average data rate normalized by total bandwidth versus average SNR,
when the number of usersK = 16 and the number of subcarriersM = 256.

In Figs. 2–4, the average data rate normalized by the total
bandwidth is depicted for various scenarios. In the figures, the
proposed transmit power adaptation methods (10) and (11)
(marked proposed-WFand proposed-EQ, respectively) are
compared with the conventional FDMA-like schemes as in [8].
In the FDMA-like schemes, the number of subcarriers assigned
to each user is equal and the assignment of the subcarriers is
fixed. We consider two FDMA-like schemes in this paper: one
is a scheme where the total bandwidth is equally divided for all
the users and the total transmit power is distributed over all the
subcarriers with the water-filling policy (markedFDMA-WF,
which is similar to OFDM-FDMA with Optimal Bit Allocation
in [8]); the other is a scheme where the total bandwidth is
equally divided for all the users and the total transmit power is
equally distributed over all the subcarriers (markedFDMA-EQ,
which is similar to OFDM-FDMA with equal bit allocation
in [8]). For a benchmark, the capacity of the AWGN channel,
which is given as , is included also
(markedAWGN capacity) in the figures.

Fig. 2 depicts the average data rate versus average SNR for
various transmit power adaptation methods for the case of

and . This figure shows that the average data
rate for all the methods increases with the average SNR and
the two proposed methods outperform the FDMA-like schemes
for all the values of the average SNR. The difference between
the average data rate for the proposed methods and that for the
FDMA-like schemes increases as the average SNR increases.
Both of the proposed methods have almost the same perfor-
mance although the transmit power allocation strategies are dif-
ferent for the two methods. This result shows that the effects
of the spectral diversity achieved by the water-filling power al-
location for subcarriers are not significant. Similar results have
been shown in [13], where the channel capacity with CSI at the
transmitter and receiver (i.e., water-filling power allocation) is
just marginally larger than that with CSI only at the receiver
(i.e., equal power allocation).

Fig. 3 depicts the average data rate versus the number of sub-
carriers, , when the number of users, and SNR
10 dB. This figure shows that the average data rates for all the

Fig. 3. Average data rate normalized by total bandwidth versus number of
subcarriersM , when the number of usersK = 16 and SNR= 10 dB.

Fig. 4. Average data rate normalized by total bandwidth versus number of
usersK, when the number of subcarriersM = 256 and SNR= 10 dB.

methods are constant regardless of the number of subcarriers.
Although the data rate is a function of the number of subcarriers
as seen from (5) and (7), the effects of the number of subcarriers
on the data rate are negligible in the simulated environment.

InFig.4, theaveragedata rate versus the numberof users,, is
depicted for the case of and SNR 10 dB. This figure
shows that the average data rate for the proposed methods in-
creases significantly with the number of users, while the average
data rate for the FDMA-like methods remains constant. Further-
more, the average data rate for the proposed methods becomes
higher than the capacity of the AWGN channel, when the number
of users, is equal to or larger than 22. In the proposed schemes,
since only one user who has the best channel gain transmits data
on each subcarrier, the received average SNR for each subcarrier
signal increases as the number of users increases and the total
data rate increases as a result. The increase of the data rate with
the number of users for the proposed schemes is mainly due to
the effects of multiuser diversity. The multiuser diversity effects
on the achievable data rate of the single-carrier multiuser system
in a fading channel have been investigated in [7]. The authors of
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[7] have shown similar results that the capacity of the multiuser
system with the optimal power allocation among users increases
as the number of users increases and the capacity of the multiuser
system in a fading channel may be larger than the capacity of
the AWGN channel when the number of users is large enough.

V. CONCLUSION

In this paper, we develop a transmit power adaptation method
to maximize the data rate of multiuser OFDM systems in a
downlink transmission. In a multiuser OFDM system, since
multiple users’ data symbols are transmitted in parallel through
a number of orthogonal subcarriers simultaneously, both the
multiuser diversity and the spectral diversity may be exploited
using the transmit power adaptation scheme. In formulating
the data rate maximization problem in the multiuser OFDM
system, we allow that a subcarrier could be shared by multiple
users simultaneously and the transmit power adaptation scheme
is derived via two steps: subcarrier assignment for users and
power allocation for subcarriers.

The transmit power adaptation method that maximizes the
total data rate of the multiuser OFDM system is found that
each subcarrier should be assigned to only one user who has
the best channel gain for that subcarrier and the transmit power
should be distributed over the subcarriers with the water-filling
policy. To avoid the computational burden in calculating the
water-filling level in the proposed transmit power adaptation
method, we also propose an equal power allocation scheme. In
our equal power allocation scheme, users with the best channel
gain for each subcarrier are selected and then transmit power
is equally distributed among the subcarriers. Results show
that the total data rate for the two proposed transmit power
adaptation schemes significantly increases with the number
of users and is much greater than that for the conventional
FDMA-like transmit power adaptation methods. Moreover,
when the number of users is large enough, the total data rate of
the multiuser OFDM system with the proposed transmit power
adaptation methods is found to be even higher than the capacity
of the AWGN channel.

APPENDIX

Proof of Theorem 1

Following from the discussions in Section III, in order to find
out the transmit power adaptation rule that maximizes the total
data rate of a multiuser OFDM system, we solve the subcarrier
assignment problem first. Theorem 1 states that the data rate for
a specific subcarrier can be maximized when the subcarrier is
assigned to only one user who has the best channel gain for that
subcarrier. Theorem 1 is proved by the Principle of Mathemat-
ical Induction.

Basis: When the number of users , the data rate for
the th subcarrier is written as

(A.1)

where . Assuming that is the arbitrary amount
of transmit power allocated to theth subcarrier, we may ex-
press the total transmit power constraint as and

. Also, assuming that the channel power gains
for the two users for the th subcarrier have the relationship as

, when the th subcarrier is assigned to
the 1st user only such that and , the data
rate for the th subcarrier is rewritten as

(A.2)

If we define

(A.3)

then can be represented by (A.4), shown at the
bottom of the page. If we subtract the denominator from the
numerator of the operand in the log function in (A.4) and set it
as , then becomes a quadratic function with
respect to the variable . Also, we may observe that the
second derivative of with respect to is negative,
i.e., ,
because in the range of the required BER,
BER . In addition, the value of

at is zero and the value of at
is positive, i.e., and

because we assume that . Thus,
always has positive value in the range of

and, consequently, ,
i.e., is held.

Induction Hypothesis:Suppose Theorem 1 is held when
, then

(A.5)

where

(A.6)

(A.4)
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and

(A.7)

under the condition of and
.

Induction Step:For the case of , we want to show
that the relationship is held, where

(A.8)

and

(A.9)

under the condition of and
. Note that

for denotes the transmit power allocated
to the th user’s th subcarrier in case of the number of users,

. After rewriting (A.9) and using the relationship of
, we may find out that

in (A.9) is bounded by

(A.10)

Moreover, from (A.5) we may notice that the first term of the
right-hand side of the inequality in (A.10) is also bounded by

(A.11)

and consequently we may rewrite (A.10) again as

(A.12)

If we define

(A.13)

then, can be represented by (A.14), shown at the
bottom of the page. When we subtract the denominator from the
numerator of the operand in the log function in (A.14) and set it
as , then becomes a quadratic function
with respect to the variable . Also, we may observe that
the second derivative of with respect to is
negative, i.e.,

because in the range of BER
. In addition, the value of at is

zero and the value of at is positive,
i.e., and

because we assume that . There-
fore, always has positive value in the range of

and, consequently, , i.e.,
is held.

Therefore, by the principle of mathematical induction, for all
the values of , the relationship of is
held and, thus, Theorem 1 is proved.

(A.14)
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