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INTRODUCTION 

The resu l t s der ived f rom the theore t ica l study of the p lasma serve 

to guide the development of the thermionic conver ter and form a founda-

tion for both conver te r diagnost ics and the evaluation of techniques which 

improve the pe r fo rmance To maintain continued p r o g r e s s in conver ter 

development, the re must be a continuous interchange between theory 

and the exper imenta l data obtained from IKP conver ter 

Most of the p re sen t p l a sma theor ies have considered the in ter-

e lec t rode space as being separab le into th ree reg ions : an emi t te r 

sheath, a neut ra l p lasma, and a col lector sheath By assigning differ-

ent physical phenomena to the sheath and p lasma regions, it has been 

poss ib le to der ive solutions which satisfy the emi t te r and col lector 

boundary conditions and which give such information as par t ic le con-

cent ra t ions , energy flux and e lec t ron t e m p e r a t u r e as a function of 

position in the in t e re l ec t rode space Compar isons of the predict ions 

of these ana lyses with exper imenta l r e su l t s have verified the c o r r e c t -

ness of some of the predic t ions Thus, the p re sence of a region of 

s trong ionization near the emi t te r , an inverse dependence of output 

voltage on s p a c i n g - p r e s s u r e product , and a near diffusion-dominated 

p lasma s e e m to c o r r e l a t e well at wider spacings However, neither 

the exis tence of an opt imum spacing nor the d iscrepancy between the 

m e a s u r e d col lec tor work function and th# apparent col lector work 

function under power conditions is consis tent with the p resen t under-

standing These phenomena a r e impor tan t for conver ter optimization. 

Extension of the p r e sen t approaches to the theory r equ i r e s a more 

careful look at the underlying assumpt ions In the plasma, b9th quasi-

neut ra l i ty (deviations f rom neutral i ty a r e smal l compared to the charged 
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par t ic le density) and quas i -equ i l ib r ium (each group of pa r t i c les is in 

local equil ibrium) a r e assumed. The sheathes a re a ssumed to be 

col l is ionless and a few Debye lengths in width, an assumption which 

has not been verified. F u r t h e r m o r e , the potential dis tr ibut ion in 

the sheaths can be monotonic or non-monotonic, with significantly 

different impac ts on the p lasma boundary conditions. There have 

not been any c r i t e r i a for the formation of a monotonic or non-

monotonic sheath. Since the p lasma theor ies can be made to fit 

exper imenta l data with ei ther monotonic or non-monotonic sheath 

assumpt ions , it i s not possible to determine which assumpt ion is 

c o r r e c t without a more fundamental approach to the sheath and 

p lasma prob lems . 

Fo r the in te re lec t rode spacings g rea te r than optimum values , 

the computer methods have furnished reasonable descr ip t ions of the 

par t ic le densi t ies and re la ted quanti t ies . However, when these 

methods a r e combined with r eac to r calculat ions, the costs in com-

puter t ime and p r o g r a m complexity become too great for p rac t i ca l 

use. In addition, because of the numer ic nature of the r e su l t s , it 

i s difficult to gain insight into the physical phenomena and the i r 

i n t e r re l a t ions . P a r t I of this r epor t p resen t s a technique which, 

while providing re la t ively s imple analytic forms for the solutions, 

p r e s e r v e s the fea tures observed in the computer ana lyses . The 

re su l t s provide a reasonably simple method for calculating dependence 

of the conver ter J -V cha rac t e r i s t i c s on var ious p a r a m e t e r s and with 

further development could be used for design calculat ions. 
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In the p lasma, as the p r e s s u r e spacing product is reduced and 

the var ious par t ic le mean- f ree paths approach the dimensions of 

the p lasma width, the quas i -equ i l ib r ium condition may no longer 

be valid In additive conver t e r s , which charac te r i s t i ca l ly operate 

at low ces ium p r e s s u r e s , such conditions can occur at spacings of 

p rac t i ca l in te res t The analysis must then include the t ransi t ion 

region between the sheath and the quas i -neu t ra l plasma. At sma l l e r 

spacings, there n-iay be no quas i -neu t ra l region at all Within the 

t rans i t ion region, the coll ision p r o c e s s e s must be added to the 

analysis and new boundary conditions de termined from the behavior 

of the pa r t i c l e s . These solutions may then be used to determine the 

extent of the validity of the quas i -equ i l ib r ium solutions. Pa r t II of 

this r epo r t is devoted to the analys is of the sheath and t rans i t ion 

regions of the conver te r . The simple col l is ionless sheath approxi-

mation is examined; it proved to be incapable of satisfying all the 

requ i red boundary conditions With coll is ions occurr ing within the 

sheath, the actual shape of the par t ic le and po:.enlial distr ibutions 

must be known to define the p lasma boundary conditions proper ly . 

This is pa r t i cu l a r ly t rue in the case of non-monotonic potential d i s -

t r ibut ions where the height of the b a r r i e r is de termined by the sheath 

phenomena. By using an integral inethod to find solutions for the 

Boltzmann equation, it was poss ib le to obtain rapid convergence with-

out encountering seve re instabi l i t ies The study, although only 

par t ia l ly completed, was able to show par t ic le and speed distr ibut ions 

through the sheath. The physical in te rpre ta t ion of the equations 

developed does give some insight into the sheath phenomena^ but 

the actual solutions must be obtained from numerica l integration. 
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The overa l l objective of the more complex p lasma theor ies must 

be to give insight into conver te r behavior and to allow its per formance 

to be extrapolated into the a r ea for which there a r e no empi r ica l data 

available This insight will permi t the development of more efficient 

and useful diagnostic techniques and the evaluation of the influence of 

design changes on the overal l conver ter per formance . It is difficult 

to gain insight from many of the mathemat ica l t r ea tmen t s of the 

conver ter , but any simplification necessa r i ly r equ i r e s neglecting 

at l eas t one pa r t i cu la r conver te r phenomenon An important applica-

tion of the complete analys is will be the evaluation of the significance 

of pa r t i cu la r phenomena in var ious port ions of the J -V cha rac t e r i s t i c 

and under differing conver te r conditions. 
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I. THEORY OF THE IGNITED MODE IN 
THERMIONIC ENERGY CONVERTERS 

A INTRODUCTION 

An approximate analytic technique for solving the t r anspor t 

equations descr ib ing the diffusion region of a thermionic energy 

conver te r has been developed. The method involves assuming a 

p a r a m e t r i c form for the e lec t ron production t e rm. The t r anspor t 

equations a r e then integrated and the p a r a m e t e r s adjusted to give 

the bes t fit to the equation. The method is considerably nnore 

accura te than previous analytic techniques and very much s impler 

and more flexible than numer ica l integrat ion of the equations. 

A p re l im ina ry descr ipt ion of the technique was repor ted in 

Reference 1, and is repeated in Section B. This analysis included 

a number of simplifying aseumptionp, the raoet impoi-talit of which 

we re : (1) The e lec t ron t e m p e r a t u r e gradient was constant a c r o s s 

the conver te r , and (2) The e lec t ronic heat conduction to the collector 

was negligible. While these assumpt ions can be justified for con-

v e r t e r s operat ing nea r the maximum power point, subsequent analysis 

has shown that they a r e r e s t r i c t e d to a ve ry nar row range along the 

I-V cha rac t e r i s t i c and that a more careful t r ea tment of the electron 

energy t r a n s p o r t is r equ i red . We have therefore developed an im-

proved t r ea tmen t which includes integrat ion of the e lec t ron energy 

equation. Although this compl ica tes the analysis somewhat, it leads 

to a substant ia l improvement in the r e su l t s and is sti l l ve ry much 

s imple r than the cu r ren t ly available numer ica l methods of integrating 

the full se t of t r a n s p o r t equations. Unfortunately, there has been 

insufficient t ime to complete this work under the cu r ren t contract ; 

however, a brief descr ip t ion ' of the p r o g r e s s to date is included in 

Section C 

I - l 



B. AN APPROXIMATE ANALYTIC TECHNIQUE FOR DETERMINING 
THE OPERATING CHARACTERISTICS OF THERMIONIC 
CONVERTERS IN THE IGNITED MODE 

1. Introduction 

The problem of determining the a r c drop in the p lasma of a 

thermionic energy converter operat ing in the ignited mode has been 
2 

t r ea t ed by many au thors . The bas ic equations governing the t r anspor t 

phenomena in the diffusion region of the p lasma have been der ived by 
3 

Wilkins and Gyftopoulos and appropr ia te boundary conditions which 
apply a c r o s s the sheaths have been set forth by Wilkins and McCandless. 

The solution of these equations has proved to be exceedingly diffi-
5 

cult, however. The analytic techniques which have been presented 

previously employ numerous simplifying approximations which in 

genera l l imit them to p r e s s u r e - s p a c i n g products pd considerably 

g rea t e r than those of p rac t ica l i n t e re s t for power conver t e r s . On the 

other hand, the numer ica l "shooting" techniques which have been 

developed a re subject to severe ins tabi l i t ies which make them e x -

ceedingly difficult and expensive to c a r r y out. Moreover , numer ica l 

solutions give ve ry l i t t le insight into the re la t ive impor tance of the 

var ious physical phenomena and p a r a m e t e r s which de termine converter 

per formance . Finally, none of the existing t r ea tmen t s , e i ther analytic 

or numer ica l , has predicted the exper imenta l ly observed optimum 

value of the pd product at which the a r c drop a c r o s s the p lasma for 

fixed cur ren t i s a minimum. 

In this sect ion we presen t an approximate analytic method for 

solving the conver ter p lasma equations which is ve ry much s impler 

than the numer ica l "shooting" techniques and considerably more 
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accurate than previous analytic treatments. It is based on assuming 

a puramettit form for the net electron production in the converter. 

The transport equations may then be integrated to obtain the electron 

concentration, temperature, and potential energy distributions. These 

may in turn be used to calculate the corresponding net electron production 

from the ionization equation. Finally, the parameters in the assumed 

fornn are adjusted to make the assumed and calculated production 

agree as closely as possible. The success of the technique is deter-

mined by accuracy of the fit obtained. Systematic improvement of 

the results can be made by introducing progressively more complicated 

functional forms for the assumed production. 

The basic equations and boundary conditions used in our analysis 

are presented in section 2, The method of solution and the mathematical 

results are given in section 3, The key element in the solution is a 

transcendental equation. A graphical method of solving this equation 

and some illustrative results are given in section 4. Finally section 5 

briefly summarizes our conclusions. 

2. Mathematical Model 

a. Transport Equations 

We shall consider a one dimensional three component plasma 

consisting of ion (i), electron ('e), and neutrals (n). We assume low 

degrees of ionization so that 

n = n. « n , (2. 1) 
e 1 n 

where n is the concentration of species a, and equality of ion and 
o 

neutral temperatures so that 

d. = e (2 .2 ) 
1 n 
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where 0 = kT . For such a plasma, the equation of state is 
a a 

p = n (9 + 9 ) + n 9 «̂  n 0 (2. 3) 
e e n n n n n 

3 
and the transport equations are 

dr dr. 

r dp ., 
e _ e d\̂  , 

UL dx e dx 

e 

I"! ^P, d* 

1 

5 dp 
Q = T { ^ e + ^ \ - Z n i j . 9 - r ^ (2.7) 

e e i 2 e ) e e e d x 

d9 
Q = - 2 n jx 9 - — ^ , (2.8) 

n n n n dx 

where F , Q ,p and u. are the particle flux, energy flux, pressure 
a a a a 

and mobility of species a, S is the net ionization rate, and ij; is the 

potential energy of an electron. The mobilities are related to the 

collision cross-sections a for species a and Q by 

ap 

u. = m c" (a n + a . n ), (2. 9) 
en e e en n ei e 

u,. = JZ ra c (T. n , (2 .10) 
m n n in n 

u, = JT m c" cr n , (2. 11) 
•^nn n n nn n 
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where m is the m a s s and 
a 

c = (8 e /-rrm ) ^ ^ ^ (2. 12) 
a a a 

is the mean the rmal speed of species a- Note that in the above 

equations we have omitted the the rmal diffusion t e r m s and the forces 

a r i s ing f rom the t rans fe r of d i rec ted momentuna f rom elect rons to 

ions . We have also a s sumed that the energy flux ca r r i ed by ions is 

negligible compared to that c a r r i e d by neu t ra l s . 

If we fur ther a s sume that radiat ion lo s ses and energy t ransfe r 

f rom e lec t rons to heavy pa r t i c l e s a r e small , then we have for neutra ls 

and for e lec t rons 

d Q^/dx = 0 (2. 13) 

d Q / d x = - V.S, (2. 14) 
e 1 

where V. is the ionization potential . 

F o r coll isional ionization and threebody recombination the net 

ionization ra te is 

S = e n (n^ - n ^) (2, 15) 
r e s e 

where 

0 (cm / s e c ) « 4 x lO ' ^ [9 (eV)]"^-^^ (2,16) 
r e 7 

is the threebody recombinat ion ra t e constant and 

1/2 
n = n 

s n 

m 9 , 3 / 4 -V. /29 
e e i ' e /-> T7X 

r - | e (2.17) 
ZTT ft 
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is the Saha e lec t ron concentra t ion. Over a reasonable range about 

fl, re ference t empe ra tu r e 9*, n can be well approximated by 

V*/9 

n w n* e 
s 

(2.18) 

where 

n* = n 
1/2 

/ 2. 72 m 9* 

2TT ft 

3/4 

(2,19) 

and 

1 3 
V* = - V. + - 9* 

2 1 4 

(2.20) 

b. Boundary Conditions 

We as sume a motive d iag ram of the type shown in F igure I - l . 
4 

Under these conditions the emi t te r boundary conditions a r e 

1 - V / 9 

r =r^-|R 4 r le ^ °̂ 
eo E I eo 2 eol 

(2.21) 

r . = -2 R. , 
lO lO 

Q = .r„ (29 + v^) - (r^ - r )(29 + v ^ ) , 
eo E E E E eo eo E 

(2.22) 

(2.23) 

and the col lector boundary conditions a r e 

^ ,^ 1^ , - V^ed 
^ed = ( ^ d + 2 ^ed) ^ 

^id = ^ ^ id ' 

Q , = r , (29 , + V_ + K ) , 
ed ed ed C d 

(2.24) 

(2.25) 

(2.26) 
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^_^03f' C O R P O R A T I O N 

7012-7 

Figure I - l , Schematic I l lus t ra t ion of Motive Diagram 
Assumed in the Analysis . 
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where r „ is the emi t te r sa tura t ion cur ren t and 
E 

R = n c / 4 (2. 27) 
n an 

is the random cu r r en t for species o . Note that we have assumed 

back ennission f rom the col lector is negligible 

The a rc drop obtained from inspection of F igure I - l is 

^ D ^ ^ o - ^ ^ ^ E - ^ C - ' ^ d (^'^^^ 

where 

^o = ^ E - ^ C ( ' - ' ^^ 

is the contact potential . 

3 . Method of Solution 

a Tempera tu re Distr ibution for Neutra ls 

We shall begin by consider ing the t e m p e r a t u r e s of the neut ra l s 

since this de te rmines both the ion t empe ra tu r e and the neutra l par t ic le 

density which will be needed l a te r . Substituting (2. 3), (2. 11), and 

(2. 12) into (2. 8) and integrating we find for constant a 

nn 

where 

r) = x / d (3.2) 

is a d imens ion less dis tance and 

is the ra t io of col lec tor and emi t t e r t e m p e r a t u r e s . 
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The c o r r e s p o n d i n g h e a t f lux c a r r i e d by the n e u t r a l s is 

Q = j 

6 / 2 » % n 

8 9 

•nrn 

1/2 

(1 
3/2, 

n 
CE 

(3.4) 

b . E l e c t r o n D e n s i t y D i s t r i b u t i o n 

To o b t a i n an a p p r o x i m a t e a n a l y t i c so lu t ion for the e l e c t r o n con -

c e n t r a t i o n , we a s s u m e t h a t t he ne t e l e c t r o n p r o d u c t i o n S g iven by 

(2. 15) c a n be a p p r o x i m a t e d by a func t ion of the f o r m 

S* = A t a n h 
' 7? + a i , 2 r T7 + a 1 

s e c h I' 

i 
b I 

( 3 .5 ) 

w h e r e A, a, and b a r e p a r a m e t e r s which wi l l be ad jus t ed l a t e r to 

g ive t h e b e s t fi t of S and S*, Obv ious ly , t h i s cho ice of S* is by no 

m e a n s un ique and m o r e c o m p l i c a t e d func t iona l f o r m s could be u s e d 

which m i g h t g ive b e t t e r r e s u l t s . The r e a s o n s for choos ing th is p a r t i c u -

l a r f o r m for o u r i n i t i a l i n v e s t i g a t i o n a r e 1) i t h a s a s h a p e which i s 

p h y s i c a l l y r e a s o n a b l e , 2) i t a p p r o x i m a t e s qui te we l l the f o r m s o b -

t a i n e d in p r e v i o u s n u m e r i c a l i n v e s t i g a t i o n s , and 3) i t is r e l a t i v e l y 

s i m p l e and c o n v e n i e n t to i n t e g r a t e . It shou ld be e m p h a s i z e d , ho 'wever , 

t h a t t h e s u c c e s s of t h i s o r a n y o t h e r f o r m for S* can only be d e t e r -

m i n e d a p o s t e r i o r by a s s e s s i n g the a c c u r a c y of the fit to S, 

Subs t i t u t i ng S* f o r S in ( 2 . 4 ) and i n t e g r a t i n g we ob ta in 

r. = r - r 
1 e 

r . , + TAbd [tanh^ ^ ^ 1 
id 2 ^ ° j 

- t a n h 
1 + a 

(3 .6 ) 
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where T = J / e is the conver ter cu r r en t divided by the e lectronic 

charge . Adding (2. 5) and (2. 6) and using (2. 9), (2. 10), (2. 12), (2. 25), 

(2.27) and (3,2) gives 

- ^ + d . P = -d. (r. + € .), (3.7) 
drj ei in 1 ei 

where 

P = n^ie^,e.)/n^^ (^d^^c^ ' ( ' •«) 

r. = r. /r . , , (3.9) 
1 1 i d 

8r , a . d9 
3 _ e d e i e 

ei ~ ire" (9 + 9.) ' 
e e 1 

4 a pd / 2 9 
in .( 

(3. 10) 

1/2 

ed C \ 1 

r , a le .9 ^ '^^^ 
ed en ed e , ,_ , _. 
ed m \ C 1 

and we used the approximation F sj^F ,. Note d . and d. a r e 
^ e ed ei m 

essent ia l ly the conver te r spgicing divided by the e lec t ron- ion and ion-

neut ra l mean free paths respec t ive ly while f . is the rat io of the ion-

neut ra l to e l ec t ron-neu t ra l mean free paths . 
Before attempting to in tegrate (3. 7) it is useful to es t imate the 

Q 

magnitude of the coefficients d ., d. and c ., Using the c ro s s - s ec t i ons 
ei in ei 

summar ized in Table I - l and the re ference conditions T ~ T , ~ 
eo ed 

1.5 T ~ 4 . 0 T _ ~ 2800 °K and r ~ R , we find 
E C ed 

I-IO 



723-13 

i 

TABLE I- l 

SUMMARY OF CROSS SECTIONS 

0". « 

i n 

cr « 
en 

0- « 
nn 

(T . = 
e i 

1200 p} 

400 A^ 

100 p} 

( l 6 ) ( k T ) 1 ^ ^ 
e 

~ 10^ A^ 
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d . R̂  Jd (mil a / c m )/700, 

d (̂  1. 1 p d (mil t o r r ) , 
in 

(3. 13) 

(3. 14) 

and 

€ . ^ 1/3 , 
e i 

(3. 15) 

where we have assumed 9. f^. ^/W~W~• 
1 E C 

/ 2 
It can be seen f rom (3. 13) that for Jd « 700 mil a / c m , which 

is the range of in te res t for most p rac t i ca l conver te r s , the t e r m 

propor t ional to d . in (3. 7) will be smal l . It can also be seen f rom 
e i 

(3. 15) that the dependence on f . is re la t ively weak. Thus, since 
e i 

the t empe ra tu r e dependence of (j. is also re la t ively weak, it is a 
m 

good f i rs t approximation to drop the t e r m propor t ional to d . and 
a s s u m e d. and e . a r e constant. (3. 7) can then easi ly be integrated 

in ei 
to give 

P = 1 + d + B sech 
2 i 'U a 

B 
1 + a 

tanh 
1 + a 

tan h 

1 - V 
1 + a_ 

71 + a 

where 

and 

(1 + a) (1 + e .) d. 
e i in 

B = A b d / 2 r . j (1 + e ). 
' id ei 

(3. 16) 

(3.17) 

(3.18) 

We can now obtain an express ion for the e lect ron production in 

t e r m s of P by substituting (3, 8) into (2. 15). This gives 
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S = (2r. ,/d) d P ( p / - P ) 
id r S 

(3.19) 

where 

P 3 = n^ (9^ . 9,)/n^^ (9^^ + 9^) (3,20) 

and 

r ed f ed C 1 
r " -c.^ 9 + 9 . 

id ^ e 1 

(3,21) 

Note d is essent ia l ly the conver te r spacing divided by the mean free 

path for ion recombinat ion at the col lector . 

To de termine the p a r a m e t e r s B, a, and b we requi re that S given 

by (3. 19) fit S* given by (3, 5) as closely as possible , A simple (but 

not neces sa r i l y the best) method of doing this is to match S and S* 

a t the extrapolated end point T7 = -a and at the point of maximum 

elec t ron production r7 = 77,* Matching at the extrapolated end point 

requ i res S(-a) = S* (-a) = 0 which gives 

1 + d [1 + B sech^ f ^ i r ^ l - B | T - ^ l t a n h 
•- I b I 1 +a 

1 +a 
= 0 . (3.22) 

Matching the posit ions of the maximum elect ron production requ i res 

(dS/d77) = (dS*/dT)) = 0 which gives 

<n--^i?-"s3^ = 0 

Jl 

and 

(T7^ + a ) /b = 6j = coth"-^ JJ 

(3.23) 

(3.24) 

where the subscr ip t 1 denotes quantit ies evaluated at r) = ft-,- Note 

that in differentiating (3, 19) we have neglected the t empera tu re 
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dependence of d in compar ison with that of P . Finally, matching the 
r o 

values of S and S* at the r) = V-, gives 

_ _ 2 _ 2 
2 B (1 + ^ ^ . ) / b 3 73"= d^^ P^ (Pgj - P ^ ) (3.25) 

where we have used (3. 18) and (3.24). 

The t h r e e equations (3,22), (3,23), and (3.25) a r e sufficient 

to de te rmine the unknown p a r a m e t e r s B, a, and b . An additional 

equation which can be used to de te rmine P can be obtained by 

substituting the boundary conditions (2. 22) and (2.25) into (3.6) 

and using (2. 12), (2,27), (3,8), (3.9), and (3. 18). This gives 

r. = - p (9 ^ + e)/{e + e^ JiZZ 
io o ed C ' eo E CE 

= l + B ( l + c^.) tanh^ ( | ) - tanh^ | ^ | | • (3. 26) 

To solve this se t of equations, it is convenient to introduce the 

var iab le 

(r, + a ) /b = 6 . (3.27) 

We then obtain frort\ (3. 16) and (3. 22) 

B = ( 1 + 1 ) 6 , coth 6 , / d (1-C) (3.28) 
d u 

and 

where 

P = (d/6^) (B tanh 6 -D6), (3. 29) 

6 ^ = ( l + a ) / b , (3.30) 

C = 2 6 , / s i n h 2 6 , (3.31) 
d d 
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and 

D = 1 + B s e c h 6 

= (d + C ) / d ( l - C) (3.32) 

Combin ing (3 .29) wi th (3, 17) and (3 .25) and us ing (3 .28) and 

(3. 30) - (3 .32) we ob ta in 

= 1 + 
2 E 

€ d (d + 1) 
r 

(3.33) 

w h e r e 

E = 

(1 - C) 6̂  

co th 6 , 
1 - 1. 14 

D 

B 

1-3/2 
(3.34) 

and 

f = d / d . (1 + ( .f . 
r r l in e i 

2 1 / 2 1 / 2 
^ 6 1 n ^ (9 ^ + 9 ^ ) (9 9,) ^'"- m ' 

r l ed ed C ed i 

AjTo. c , p 9 (1 + f .) 
in ed C e i 

n 
m 

I e ' 

ed C 

9 , + 9 . . 
e l i l i 

(3.35) 

Note f is e s s e n t i a l l y the r a t i o of the ion n e u t r a l m e a n f r e e pa th 

to the ion r e c o m b i n a t i c n l e n g t h a t the c o l l e c t o r . F o r the r e f e r e n c e 

cond i t i ons T ~ T , ~ 1 . 5 T ~ 4 . 0 T _ ~ 2 8 0 0 °K and r ~ (n c / 4 ) , 
eo ed E C e e ' d 

- 7 2 2 4 
f Pa 3 X 10 J (a / c m ) /p ( t o r r ) 

r 
(3. 36) 

so t h a t for t y p i c a l o p e r a t i n g cond i t i ons f i s v e r y s m a l l . Subs t i tu t ing 
r 

(3. 33) into (3 .23 ) g i v e s 
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AX=-(d ln Ps/dT))j 

E^ - f d^ (d + 1)^ ^ 
r 

2 1 —? — 2 
E + 7 e d ' ' ( d + l ) / 

2 r ' 

(3.37) 

where 
F = - (d In P/drj)j 

6̂  - 3 (d + C)/2 (d + 1) coth 6^ 
d d 

^/J (1 + a) (1 - 1.14 D/B) 
(3.38) 

To obtain the extrapolated end point a, we f i r s t observe that for 

17 = 0, (3.28) gives 

P = (d/6j) (B tanh 6 - D 6 ) 
o d o o 

(3.39) 

where f rom (3. 27) 

a = b6 = 6 /(fi^ - 6 ). 
o o d o 

(3.40) 

We next anticipate that for most conditions of i n t e r e s t 6 coth 
o 

6 - 1 « 6 j coth 6j - 1 so that 
d d 

P ^ (d/6^) (B - D) tanh 6 
o d o 

(3.41) 

Substituting (3.41) into (3.26) and using (3.30) and (3.40) we obtain 

B(l + c .) tanh 6 + G tanh 6 - H = 0 
ei o o 

(3.42) 

which may be solved to give 

'̂ "̂  K = l i l ̂ . h 
4B (l + e .) H 

e i 

1/2 

- I I (3.43) 
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eo E 

d (B - D) 

^ C E * d 
(3.44) 

and 
H = B( l + f .) tanh 6^ - 1 . (3.45) 

ei a 
2 -

F o r G » 4B (1 + c ,) H, which cor responds to 6 , « ( d + l ) /2 
ei d 

^ C E ^̂  + ^ i ^ ' 

6 ^ « H/G (3,46) 

and 

^ o - - ^ C E ^ ^ o + V ' e d + ̂ C)^' ^'•^') 

2 — 
while for G « 4B (1 + c .)H, corresponding to 6 , » (d + l ) / 2 7 f _T-

el d CE 

6 K | - l n ( 4 H / G ) (3.48) 

and 

P^ft, d + 1 . (3.49) 

Using (3. 28), (3. 31) and (3. 32) it can be seen f rom (3. 46) and 

(3. 48) that for d > 1 the approximation 6 coth 6 - 1 « 6 , coth 
o o d 

6 , - 1 used to obtain (3.42) is valid for all 6 ,• 
d d 

This completes the determinat ion of the p a r a m e t e r s n e c e s s a r y to 

specify the e lec t ron concentrat ion and we may now use our resu l t s to 

calculate the e lec t ron potential energy and electron t empera tu re d i s -

t r ibut ions . 
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c. E l e c t r o n P o t e n t i a l E n e r g y 

To o b t a i n an equa t i on for the e l e c t r o n p o t e n t i a l e n e r g y we u s e 

(2. 5) and the e q u a t i o n p. = p QJQ to e l i m i n a t e dp / d x f r o m (2 6) 
1 e 1 e I 

T h e n u s i n g (2 .9 ) , ( 2 .10 ) , ( 2 . 1 2 ) , (2 .25 ) , (2 .27 ) , (3 .2 ) , (3 8). ( 3 . 9 ) , 

(3. 11), a n d (3. 12) and the a p p r o x i m a t i o n |j,. « |ji we find 

dj[_ _ in 

dT7 " p 1 e ex 1 
+ 9 

e dr? 
In 1 + (3.50) 

We then s u b s t i t u t e (3. 27), (3. 30) and (3, 45) into (3. 6) to o b t a i n 

r . = -H + B(l + e ,) tanh 6 . (3.51) 

Using (3, 51) and (3 ,29 ) , (3 . 50) m a y now b e f o r m a l l y i n t e g r a t e d 

to g ive 

^d= t i + 1'2 + *3 

'. = 1 ' e 
d r 7 « 9 ^ - 9 ^ 

(3.52) 

(3.53) 

^^d (9 I - f . 9 . ) t anh^ 6 d6 
I _ \ e ex 1 
'''2 J . (1 + c .) (B 

0 ex 
o 

t anh 6 - D6) 
(3 ,54 ) 

and 
^d (9 H + f . 9 ) s e c h ^ 6 d6 

ex X C 1±L 
J . (1 + f )(B t anh 6 - D6) 

e i 

(3.55) 

v^^here 

1 :̂  B (1 + f ) s e c h 6, -i- 1. 
ex d 

(3. 56) 
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To evaluate \|( we observe that the integrand is a rapidly increasing 

function of 6 so that the major contribution to the in tegral comes from 

the vicinity of the end point 6,- Thus, it is a good approximation to 
d 

s e t tanh 6is=i tanh 6, and 9 I - f . 9. fti9 I - e . 9 and using (3. 28) we 
d e ex X ed ex C " 

obtain 

t PW 

^ed^ ' ^ e i ^ C l ., v , 2 ^ . . | d + 1 

(1 + f .)D I ('̂ "̂  V ^ M n ^ 
ex 

(3.57) 

where v^e have assumed 6 « 6 , 

o d 

To evaluate \|( we proceed in a s imi l a r manner and observe f i rs t 

the important contribution to the integral in this case comes from the 

vicinity of the end point 6 where it is a good approxinnation to set 
tanh 6 = 6 and 9 H + f . e . "^e H + e . e ^ 

e ex X eo ex E We thus obtain 

^ ^ 

9 H + c . e „ eo ex E 
(1 + f^.) (B - D) 

In 

/ t a n h 6j 
I d 

tanh 6 
o/ 

(3.58) 

d. Elec t ron Tempera tu re 

The e lec t ron t empe ra tu r e may now be determined from. (2. 7) 

which using (2. 9), (2. 10), (2.12)-, (2.25), (2. 27), (3. 2), (3.8), (3.10), 

(3. 11), and (3. 12) can be wri t ten 

de , / e. 
e _ 1_ I 1 • 

dr) " 2 "^9 ' 
\ e 

'f . d. \ / , Q \ 
ex in , J 1 P „ , , e (3.59) 

In pr inciple this equation can be integrated using the same techniques 

employed in the preceding section. Since this is somewhat complicated, 

however, we shall not a t tempt it in the p re sen t analysis and instead 

we shall a s s u m e that to a f i r s t approximat ion: 
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d 9 /dr) = - A 9 
e e 

(3, 60) 

w h e r e A9 c^ 9 
e eo 

9 J i s a c o n s t a n t . Then u s ing (3. 59), (3. 60) and 
ed 

the b o u n d a r y cond i t ion (2, 26) we find 

1 I ed 11 1 

ed 

2A 9 

-, + 9^)(i , d, + d .) 
ed C ex in ex 

(3 .61 ) 

F r o m (3. 12) we s e e tha t e . con t a i n s the f a c t o r T , / R , so t h a t (3 61) 
ex ed ed 

i s an innpl ic i t r a t h e r than e x p l i c i t equa t ion for R , / r , . H o w e v e r , for 
ed ed 

2 A9 « (9 , + 9_) ( f . d. + d ), i t i s an e x c e l l e n t a p p r o x i m a t i o n to 
ed C ex in ei 

e v a l u a t e f . d, + d ), it i s an e x c e l l e n t a p p r o x i m a t i o n to e v a l u a t e 
e i in e i 

f . at R / r J = exp 
e i ed ed 

= 1 .15, 

At th i s po in t we note tha t s i n c e P^ is a funct ion of 9 we have 
S e 

in effect t h r e e u n k n o w n s : 9 , A^ . and 6 , and two e q u a t i o n s (3. 33) 
eo e d 

and (3. 37) w h i c h r e l a t e to t h e m To ob ta in a t h i r d equa t i on wh ich wi l l 

p e r m i t u s to so lve the s e t we s u b t r a c t (2 26) f r o m (2. 23) wh ich g i v e s 

Q - Q , = 2 r (e^ 
eo ed E E 

9 ) + (r - r , ) ( 2 9 +v_,) 
eo eo ed eo E 

^ ^ e d ^ ^ ^ ^ - ^ ^ E - ^ C - V - (3 62) 

I n t e g r a t i n g (2 4) and (2. 14) we find 

r , - r = r., - r 
ed eo xd xo 

(3.63) 

and 

Q 
eo 

Q , = V. ( r , - r . ). 
ed X xd xo 

(3.64) 
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Subs t i t u t i ng (3 .63 ) and (3 .64 ) in to ( 3 . 6 2 ) and u s ing ( 2 . 2 8 ) , ( 3 . 6 ) , and 

(3 . 9), t hen g ives 

(V. +29 + V J € (1 - r . ) = 2 ( r / r ,)(e^-e ) 
X eo E m xo E ed E eo 

+ 2 ^ « e + ^ E - ^ C - •d • 
(3 .65 ) 

w h e r e f r o m (2. 25) , (2, 27) , and (2. 12) 

id ed e C 

^m"̂  r , " r , m 9 , 
ed \ ed / \ n ed 

1/2 

500 
(3- 66) 

F r o m (2 21) and (2. 24) we find 

V ^ = 9 ^ In , „ 
C ed 1 r 

ed I 
2 

ed / 
and 

_ R 
V^ = 9 In ' 

E eo \ T 

-1 
eo 1 

eo / eo 

(3.67) 

(3, 68) 

w h e r e f r o m (2. 12), ( 2 . 2 5 ) , (2 .27 ) , ( 3 . 6 ) , ( 3 . 9 ) , (3, 63) and (3, 66) we 

we h a v e 
1/2 

eo 
19 

eo 
^ lo ^ C E 

eo 

\ ed 

ed I ed 

r r 
ed / \ eo , 

(3 69) 

and 

eo 

ed 

= 1 e (1 - r. ). 
m lo 

(3.70) 
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F i n a l l y , f r o m (2. 18), (2 .19 ) , (3 .24 ) , ( 3 .28 ) , (3 29), ( 3 .33 ) , 

( 3 . 24 ) . (3. 37) and (3. 60) we find 

9 = 9 + A9 = 9 . + v, A9 
eo ed e e l 1 e 

A9 = 9 , A y / y , (3 
e e l 1 

^rvvy, (3 

1. 

(3 

w h e r e r , /_ -jZ — , 2 
' d ( D \^ /2 ( ^ ^ (̂  + ^M 

:_ d • " I \ 2 E 

^ "^ , 3 f , ^ / ' n>M9 , + 9 . J 
TVT 1 r e l xl 

^ N ~ n , (9 .+ 9̂ ) 
^ ' ed ed C 
,2 72 m 9*1 3 /2 , m 9 ^ , 1/2 

1 , e S ' n ed 
= — In i — • x 

2 ! 2 : m 9 . 
TT ;̂ ex ' 

3TT e (9 , + 9 )^ 
r l ed C 

32 ff. c ^ (1 + c ) 9^(9 + 9..) 
xn ed ex C e l xl 

F o r o u r r e f e r e n c e c o n d i t i o n s , O'^^ ^ d , ~ 9 , ~ 1. 5 9 ^ ~ 4 9 ^ ~ 2 8 0 0 °K. 
el ed E C 

N'*' 7, 8 . (3 

We now o b s e r v e t h a t by m e a n s of the e q u a t i o n s d e v e l o p e d in t h i s s e c t i o n 

al l q u a n t i t i e s in (3. 65) c a n b e found a s func t ions of T—/T and 6,- Thus 
E eo d 

g iven T^/T we c a n s o l v e (3. 65) e i t h e r g r a p h i c a l l y o r n u m e r i c a l l y to 
E eo 

ob ta in 6 , wh ich in t u r n d e t e r m i n e s a l l o t h e r v a r i a b l e s 
d 

(3 
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e. C u r r e n t - V o l t a g e C h a r a c t e r i s t i c s 

Us ing (3 .6 ) , (3. 66) and (3 70), the r a t i o of the to ta l c u r r e n t to the 

e m i t t e r e l e c t r o n c u r r e n t i s found to be 

r / r = (1 - € )/[i - c (1 - r . )] 
•̂  ' or> m m in eo na m xo 

The a r c d r o p m a y b e d e t e r m i n e d f r o m (2. 28) and (3. 65) and is g iven 

by 

V = V - V - \lr, 
D E C ^d 

= 2 ( r „ / r „ ) ( e ^- 9j - 2^9 
E eo eo E e 

(3 77) 

(3.7a) 

+ (V. + 29 + V J € (1 - r . ). 
X eo E m xo 

4 . G r a p h i c a l Solut ion and I l l u s t r a t i o n R e s u l t s 

To o b t a i n a g r a p h i c a l so lu t i on for the equa t ions of the p r e v i o u s 

s e c t i o n , we s u b s t i t u t e (3 .67) - (3. 73) into (3 .65) and so lve for t \ . 

Th i s g i v e s 

A x = yj [ Q - ( x / ^ ) P ] / ( l + R - rjj Q) (3.79) 

w h e r e 

Q=--^+iln 
r 2 

eo 

v-1, 

1 1 + 
ed 

eo 
2R 

1 - eo 

ed 
2 R 

1 - ~ 

eo/ 
Bl 

, , e . - I s e c h 6, 
1 I ex d 

D (1 + . ^ . ) 

\_ ex 
2 (B - D) (1 + e .) 

e i 

In 
d + 1 I 
1 - C 

(3. 80) 

In 

/ co th 6 
o 

coth 6 , 

1-23 



P = ' ^ E / ^ e o ' - ' ' E ' m <' 

/f . t anh 6 . \ f j , , 
ex d ' d + 1 

In 
• ' " i o ^ ' ^ C E i D (1 + f .) 

ex \ 

ex 
(B - D) (1 + e^.) 

In 

1 - c. 

co th 6 \ 
o \ 

co th 6 
(3 .81) 

R 1 (^j_!,„(±±i', 
2 ' 1 + f 

n 1 
, 1 - C 

(3. 82) 

and 

'E 
V * / 9 (3. 83) 

In d e r i v i n g (3. 79) - (3. 82) we have u s e d (3. 26), (3. 28) and (3 .41 ) to 

e l i m i n a t e T. in c e r t a i n t e r m s . We have a l s o a s s u m e d A9 « 0 « V 
xo e eo I 

and d r o p p e d s e v e r a l t e r m s w h i c h a r e s m a l l a s a c o n s e q u e n c e . 

E q u a t i o n (3 . 79) m a y now be so lved s i m u l t a n e o u s wi th (3. 3 7) by 

p lo t t ing t h e m both a s a funct ion of 6.. Th i s i s i l l u s t r a t e d in F i g u r e 1-2 
d _ 

for t h e c a s e J / j = 2. T h e c u r v e s xdentified by the p a r a m e t e r s J^ d 

(d + 1) w e r e o b t a i n e d f r o m (3 . 3 7) wh i l e t h o s e iden t i f i ed by (d + 1) w e r e 

o b t a i n e d f r o m (3. 79). F o r g iven f and d, the v a l u e of 6 , i s d e t e r m i n e d 

° r d 

b y the i n t e r s e c t i o n of the c o r r e s p o n d i n g p a i r of c u r v e s . The r o o t of 

i n t e r e s t is the l a r g e s t o n e . The o t h e r r o o t s c o r r e s p o n d to a p o s s i b l e 

r e l a t i v e m i n i m u m in the e l e c t r o n p r o d u c t i o n in the c e n t e r of the c o n -

v e r t e r and a s e c o n d m a x i m u m in the p r o d u c t i o n n e a r the c o l l e c t o r . Due 

to the f o r m of the p r o d u c t i o n t e r m a s s u m e d , the p r e s e n t a n a l y s i s i s 

l i m i t e d to c a s e s w h e r e the s u b s i d i a r y m a x i n i u m and min imunn a r e un -

i m p o r t a n t . T h i s i s the c a s e for a wide r a n g e of c o n d i t i o n s . Once 6 . 

is d e t e r m i n e d , a l l o t h e r v a r i a b l e s m a y be o b t a i n e d f r o m the equa t ions 

of the p r e c e d i n g s e c t i o n . 
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Figure 1-3a shows curves for the Saha e lec t ron concentrat ion n , 
o 

the actual e lec t ron concentrat ion n , the ion c u r r e n t J. as a function of 
e X 

posit ion in the conver te r for typical operating conditions. All these 

quantit ies exhibit the cha rac t e r i s t i c shapes found in previous num.erical 

solutions of the problem. The two express ions S and S* for the net 

e lec t ron production a r e compared in F igure I-3b and it can be seen that 

the fit is ve ry sat is factory. 

F igu re 1-4 shows the e lec t ron and ion t empera tu re s as a function 

of position in the conver ter for the same conditions as F igure 1-3. Note 

that the e lect ron t empe ra tu r e is a l inear function of x /d because the 

gradient was assunaed constant in the analys is . The ion t empera tu re , 

however, w^as obtained by integrat ion of the neutral heat flux equation 

and is not l inear due to var ia t ions in the the rmal conductivity and 

t e m p e r a t u r e . The e lec t r ic field is essent ia l ly the product of the ion 

cu r r en t densi ty and the e lec t r i ca l res i s t iv i ty . It r i s e s rapidly in the 

vicinity of the col lector because the low e lec t ron density in this region 

re su l t s in a high effective res i s t iv i ty . A s imi la r effect of opposite sign 

occurs at the emi t t e r . 

The emi t t e r and col lector e lect ron t empera tu re s a re shown in 

F igure I-5a as a function of the pd product for J /J = 2. It can be seen 
E 

that the emi t t e r e lec t ron t e m p e r a t u r e has a mininaum in the neighbor-

hood of pd = 20 and r i s e s for both sma l l e r and l a r g e r pd. The physical 

r eason for this is that for smal l pd e lec t ron loss by ambipolar diffusion 

to the walls' is l a rge and consequently the t empe ra tu r e naust r i s e to 

maintain the ionization requi red to c a r r y the p r e s c r i b e d cu r ren t . On 

the other hand, for l a rge pd a higher e lec t ron t empera tu re is requi red 

at the emi t t e r to provide the e lec t ron concentrat ion gradient n e c e s s a r y 
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to dr ive the c u r r e n t through a l a r g e r effective r e s i s t ance . For the 

same reasons the col lector t e m p e r a t u r e s exhibit a maximum. 

The calculated a r c drop V is compared with exper imental 
9 

r e su l t s in F igu re I-5b for the same conditions as those in F igure I-5a 

A value of 0. 5 ev was assumed for the contact potential in the exper i -

ments . Both the calculated and exper imenta l curves c lea r ly show the 

exis tence of an opt imum pd at which the a r c drop in the conver ter 

p l a sma is a minimum. The calculated value of this minimum based 

on the c r o s s - s e c t i o n s given in Table I - l is 0. 27 ev which agrees well 

with recen t exper imenta l e s t ima te s . The slopes of the calculated 

and exper imenta l curves at l a rge pd a r e also in good agreement . This 

confirms the value of the ion-neutra l c r o s s - s e c t i o n which is the most 

impor tant p a r a m e t e r for determining the slope. This is a r e su l t of 

the fact that the diffusion is ambipolar . Thus, the e lec t ron and ions 

mus t move together and since the ion-neut ra l mean free path is 

sma l l e r than e i ther the e l ec t ron-neu t ra l or e lec t ron- ion mean free 

paths most of the r e s i s t ance is due to the ions. As a consequence, 

accura te values of the ion-neut ra l mean free path a r e of considerable 

impor tance in deternnining conver te r per formance . 

Calculations of the cur ren t -vo l tage c ha ra c t e r i s t i c s can be made 

in the same manner . However, due to a tendency for posit ive and 

negative t e r m s to cancel for l a rge and smal l values of T /T they 
* ^ E eo ' 

a r e somewhat more difficult to c a r r y out graphical ly and a r e cur ren t ly 

being p r o g r a m m e d for a numer ica l computer . In this connection we 

may note that all the resu l t s p resen ted in this paper were obtained 

by hand computation using a slide ru le . 
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5. Concluding Remarks 

On the basis of the analys is p resen ted in this paper we conclude 

that the approximate analytic technique descr ibed can be a very useful 

tool for the investigation of thermionic energy conver te rs operating in 

the ignited mode. The method is ve ry much s impler and more efficient 

than numer ica l integrat ion and more genera l and accura te than previous 

analytic t r e a t m e n t s . It gives considerable qualitative insight into the 

impor tance and effect of the var ious physical p a r a m e t e r s which de te r -

mine conver te r per formance and provides the f i r s t detailed explanation 

of an opt imum pd product at which the a r c drop in the p lasma is a mini-

nnum. The quantitative compar i sons which have been made show 

reasonable ag reement with exper iments and with further refinement 

the naethod should give r e su l t s at l ea s t as re l iable as the input data. 

The mos t questionable approximation made in the p resen t t r e a t -

ment is the assumpt ion of a constant e lec t ron t empera tu re gradient . 

Although this is reasonable for smal l gradients , its effect is difficult 

to es t imate for la rge g rad ien t s . The approximation can be removed 

by integrat ing the energy equation and while this would complicate the 

analysis somewhat, it should inc rease the rel iabi l i ty of the resu l t s 

considerably. This is an impor tant improvement which should be 

made before se r ious quantitative applications of the method a re made. 

In addition, the p resen t analysis is l imited to the case of mono-

tonic emi t t e r and col lector sheaths of the type i l lus t ra ted in F igure I - l , 

and the possibi l i ty of work function changes due to the Schottky effect 

at l a rge negative voltages has not been considered. Finally, we have 

neglected radiat ion l o s s e s and diffusion of excited species in the cascade 

ionization p r o c e s s . Although the effect of these la t te r approximations 

1-31 



xs thought to be s m a l l in the r a n g e of i n t e r e s t for p r a c t x c a l c o n v e r t e r s , 

t hey a l s o need f u r t h e r s tudy. 

C IMPROVED TREATMENT OF ELECTRON ENERGY EQUATION 

In the a n a l y s i s p r e s e n t e d in the p r e c e d i n g s e c t i o n it w a s a s s u m e d 

e x p l i c i t l y tha t the e l e c t r o n t e m p e r a t u r e g radxent cou ld be a p p r o x x m a t e d 

a s a c o n s t a n t in o r d e r to avoxd the n e c e s s i t y for i n t e g r a t i n g the e l e c t r o n 

e n e r g y equa t i on . It w a s a l s o a s s u m e d t h a t e l e c t r o n i c h e a t conduc t ion to 

t h e c o l l e c t o r w a s neg l i g ib l e in t h a t the t e r m p r o p o r t i o n a l to dT / d x 

in the c o l l e c t o r b o u n d a r y cond i t ion could be d r o p p e d . S u b s e q u e n t 

a n a l y s i s h a s shown, h o w e v e r , t h a t whi le t h e s e a s s u i n p t i o n s a r e r e a s o n -

a b l e n e a r the m a x i m u m p o w e r po in t on the I -V c h a r a c t e r i s t i c , t h e y can 

be s e r i o u s l y in e r r o r a t o t h e r p o i n t s . We h a v e t h e r e f o r e i m p r o v e d the 

t r e a t m e n t by inc lud ing an app rox inna t e but s t i l l r e a s o n a b l y a c c u r a t e 

i n t e g r a t i o n of e n e r g y equa t i on (3 59). To do th is we f i r s t r e w r i t e (3. 59) 

in the f o r m : 

d^ r; 1 / Q ^ 
e b 1 e 1 

\ e 

•where 

/ e. \ / f . d \ 
(4 2) 

•l 

i s the e f fec t ive t h e r m a l r e s i s t a n c e due to e l e c t r o n n e u t r a l and e l e c t r o n 

ion c o l l i s i o n s . E q u a t i o n (4. 1) nnay now be f o r m a l l y i n t e g r a t e d to give 

f? e " ^ / ^ ^ - 0 = . i p e L l - ^ ^ p d r i ' (4 .3 ) 
e eo 2 J T r o 
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w h e r e 

K 

nV 

= ] pdT7' . (4.4) 

If we a s s u m e Q /T - ip is a p p r o x i m a t e l y c o n s t a n t a c r o s s the c o n -
e e 

v e r t e r , t hen we o b t a i n f r o m (4. 3) the r e s u l t : 

/ - 5 / 4 (K -K) 

9 = 9 ^ + (9 -9 j l l - e 
e ed eo ed 

•5 /4 K 

1 - e (4.5) 

If we f u r t h e r a s s u m e t h a t (1 H- 9./9 ) f . d. and (1 + 9./d ) d . can be 
1 e ei xn x e ex 

a p p r o x i m a t e d a s c o n s t a n t s , then (4 .4 ) can be e v a l u a t e d us ing the s a m e 

t e c h n i q u e e m p l o y e d to e v a l u a t e (3 50) . T h i s g i v e s 

\a. 
K = In 

tanh 6 r i / B tanh 6 , - D6 \ V 
d o 

t anh 6 B t a n 5 , - D6 
d 

9 

1 
9 

e d 

6 - fi 
c 

d o^ e i 

w h e r e 

a n d 

a j = | l + 

9 \ 
c 

€ . 
e i 

e d 
(1 + f ) (B-D) 

ei 

a^= | l + 
9 \ C . t a n h " 6 , 

c I e i d 
, , (1 + € .) D 

ed / e i 

(4.6) 

(4.7) 

(4.8) 

Subs t i tu t ing (4. 5) into (3 . 59) and i m p o s i n g the b o u n d a r y condi t ion (2. 26), 

w ê o b t a i n 

•5/4 K^ 
^ = i ^ ̂  + I 1̂  - ^ A 

c 2 ed 2 eo ed 

1 - e (4.9) 
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This equation, together with (4. 5). provides the re la t ions necessa ry 

to rep lace equations (3.60) and (3.61), which contain the questionable 

assumpt ions in analys is of section B. To obtain an improved solution, 

these two new equations mus t now be solved s imultaneously with (3, 33), 

(3.37), and (3.65). Since this involves the s imultaneous solution of 

two t ranscendenta l equations, it is most efficient to use a numer ica l 

computer . Unfortunately, the p r o g r a m which has been wri t ten to solve 

the n e c e s s a r y equations has yet not been fully "debugged", so it is not 

possible to include definitive numer ica l r e s u l t s . Some p re l imina ry 

r e su l t s for the a r c drop as a function of pd product a r e shown in 

F igure 1-6; however, the resu l t s a r e good and a r e in accord with 

expectations In par t i cu la r , the minimum in the neighborhood of 

pd = 20 is c lea r ly shown. 
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II. THEORY OF THE TRANSITION REGIONS OF 
THERMIONIC ENERGY CONVERTERS 

A. SUMMARY 

This work is a s ea rch for a good method of t reat ing the regions 

near the e lec t rodes of a thermionic energy conver ter theoret ical ly. 

The p rob l em is s imple in pr inc ip le ; Po i s son ' s equation is used to 

re la te the potential or e l ec t r i c intensity to the difference in e lectron 

and ion dens i t ies in the space between the e lec t rodes of the thermionic 

energy conver te r . Two Bollzmiann equations, one for xons and one for 

e lec t rons , may be used to re la te the re levant pa r t i c le densi t ies to the 

patent ial exist ing. Then, one mere ly has to solve the three equations 

s imul taneously together with re levant boundary conditions. 

It seemed reasonable to s t a r t our s e a r c h for a method with the 

s imples t avai lable : that of Wang, Lieb, and Pigford, This method 

is based on the col l i s ionless , one-dimensional Boltzmann equation. 

We had only to satisfy the boundary conditions of ze ro e lec t r ic intensity, 

and continuity of the potential and dens i t ies at the interface with a plasma, 

Not all boundary conditions could be satisfied s imultaneously; it is 

necessarry to cons ider the an iso t ropies of the dis t r ibut ion functions in 

the regions near the e l ec t rodes . Next, we considered var ious improve-

ments based on the magnetohydrodynamic approximation of the Boltz-

mann equation to the diffusion equations While the lowest o rder aniso-

t rop ies , due to the t r a n s p o r t of ma te r i a l , could be encompassed by 

this method, the resul t ing equations were nonlinear and requi red the 

applicat ion of boundary conditions at both ends of the region of in tegra-

tion to achieve a unique, s table solution. The numer ica l difficulties 

seemed ve ry difficult to c i rcumvent . 
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The S method was investigated next because it has been ve ry 
n 

successfully and extensively applied to neut ra l par t ic le t r anspo r t and 

because it had a reputat ion for being accura te and unconditionally 

stable - a fact never proved r igorous ly . The S method consis ts in 
n 

quantizing the var ious independent var iables in phase space and in 

approximating the dis t r ibut ion functions by continuous s t ra ight line 

segnnents between the var ious subdivisions of each independent var iab le . 

Unfortunately, the par t ic le densi t ies computed by this method, especial ly 

the e lec t ron dens i t ies , osci l la ted, becoming negative in the p r o c e s s . In 

connection with the investigation of this mat te r , a proof (the r igor of 

which has not been investigated) was found that the S method applied 

to p rob lems involving charged pa r t i c l e s in an e lec t r i c field a r e un-

conditionally unstable . It was also found that the pa r t i cu la r osci l lat ions 

observed had nothing to do with instabi l i t ies , con t ra ry to our init ial 

suspicion, and that conditions could be found to suppress the par t icu la r 

osci l la t ions observed. Because of the predict ion of ins tabi l i t ies , we 

looked into other methods. 
During the course of the work on the diffusion method and the 

S methods, it was success ive ly found that the solution for the 
n ' 

potential f rom Pois son ' s equation could be cas t in in tegra l f o rm 

and la ter that an in tegra l method could be developed for solving the 

Boltzmann equations. The in tegral method for the Boltzmann equations 

is based on the observat ion that there a r e two constants of motion in 

the p rob lem and that, if these constants of motion a r e used as inde-

pendent va r i ab le s , the densi ty can be a function of only the one 

independent var iable that is not a constant of motion. Also, the 

resul t ing, one-dimensional , f i r s t o rde r integro-different ial equation 
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cas t in t e r m s of these var iab les can be solved by Green ' s functions 

technique. A physical in te rpre ta t ion of the integral equations resul t ing 

enables us to c i rcumvent any p rob lem ar i s ing from a branch point of 

o rde r 1/2 of the ke rne l . One can eas i ly see that the densi t ies computed 

f rom such a formulat ion a r e always posit ive definite. The integral 

method is ve ry accura te in view of the extensive averaging over e r r o r s , 

and s table . Convergence of this method was ideal in many cases and 

ex t remely good in the other ca ses when coupled with low-pass filtering. 

The low-pass f i l tering suppressed the need to follow ad infinitum the 

p lasma osci l la t ions induced by e r r o r s of the numer ica l nnethod (trunca-

tion and round-off) and expedited convergence enormously without 

suppress ing the s tat ic phenomena in which we a r e in teres ted . Low-pass 

f i l tering was done in the i tera t ion domain itself, instead of the much 

m o r e usual conjugate domain, by exploiting the Faltung concept. Much 

machine t ime was saved as a resu l t . 

The in tegra l method was p rog rammed and coded for a computer . 

Despite the mos t inelegant, but easy to debug, way in which the integral 

method was coded, the p r o g r a m executed with amazing speed and con-

verged extrenaely well . We had not succeeded in removing all e r r o r s 

f rom the p r o g r a m by the t ime the work was te rminated: the cu r r en t 

of each species was not as constant as we would like; the potential 

at the p l a s m a did not have zero slope as it must . Otherwise, there 

a r e no known e r r o r s in the p r o g r a m . Recoding it somewhat more 

elegantly to exploit calculat ions a l ready made would grea t ly speed 

the execution, probably making each cycle as fast to compute as with 

a differencing scheme . In view of the paucity of cycles needed by the 

integral method to converge, It v/ould thus converge much faster indeed 

than a differential method. 
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During the course of the work on the S method, a method was found 
n 

that would provide a stable differencing^ of the Vlasov t e r m s in the Boltz-

mann equation and that could be extended to seve ra l d imensions . While 

the p rob lem was completely formulated and some of the coding com-

pleted, the integral method looked so a t t ract ive that the work on the 

differential method was never completed, 

B. INTRODUCTION 

F o r the purposes of this study, a thermionic energy conver te r 

is cons idered to consis t of two plane pa ra l l e l e lec t rodes of infinite 

extent separa ted f rom each other with e lec t rons , ces ium atoms and 

ions inhabiting the intervening space . One of the e lec t rodes , i. e. , 

the cathode,is hot ter than the other, i. e . , the anode. In p rac t i ce , 

the degree of ionization is very smal l . The geomet ry is one-dimensional . 

The p rob lem is to compute the e lec t ron and ion dens i t ies , the 

potential , the cu r r en t or drift veloci ty of the ions and e lec t rons , and 

the t e m p e r a t u r e s of the ions and e lec t rons as a function of posit ion 

in the in te re lec t rode space . Knowledge of the di rect ional densi t ies of 

the e lec t rons and ions, and of the potential in pr inciple enables us to 

compute any other quantity. The p r i m a r y goal then is to compute 

these three quanti t ies . The e lec t rons and ions will have different 

drift veloci t ies in general , and different t e m p e r a t u r e s ; further , these 

quantities will be functions of posit ion. Ionization and recombinat ion 

take place in the region between the e lec t rodes . Radiation l o s se s will 

be neglected. 

The space between the e lec t rodes can be divided into three reg ions : 

a cathode sheath adjacent to the cathode, an anode sheath adjacent to 
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the anode, and a p l a sma between the two sheaths . The p lasma is char -

ac te r ized by par t i c le dis t r ibut ions that a r e near ly isotropic , t h e r m o -

dynamic equi l ibr ium among pa r t i c l e s of the same species , and zero 

e lec t r i c field. The sheath regions a r e t rans i t ion zones between the 

p l a sma and the r e spec t ive e l ec t rodes . In these regions , the par t ic le 

dis t r ibut ions a r e not i so t ropic , nor a re pa r t i c l e s , even of one species , 

in thermodynamic equi l ibr ium. Fu r the r , an e lec t r ic field exists in 

each of these reg ions . The s t rength of the field is such that recombina-

tion and ionization a r e of secondary impor tance . 

The p rob lem is readi ly formulated: Po i s son ' s equation is used 

to re la te the e lec t r i c field or potential to the difference in total ion 

and total e lec t ron dens i t i es . The Boltzmann equation re la tes the 

pa r t i c l e densi ty of one species of par t ic le to the e lec t r ic field or 

potential . There will be a Boltznaann equation for ions and another 

on* for e l ec t rons . Because the m a s s e s of ces ium atoms and ions 

a r e nea r ly equal, the energy dis t r ibut ions of the ces ium atoms and 

ions will be near ly the same where equi l ibr ium exis t s ; i. e, , their 

t e m p e r a t u r e dis t r ibut ions will be nea r ly the same. Because of the 

g rea t d i spar i ty in the m a s s e s of the e lec t rons and ces ium atoms or 

ions, the e lec t rons will in genera l have dis t r ibut ion functions r a the r 

different f rom those of the ces ium atoms and ions. In other words , 

where equilibriunn ex i s t s , at any point, the t empera tu re of the e lect rons 

will be different fronn that of the ions and a toms . 

2 3 4, 5 
The p la sma region has been t rea ted by a number of au thors . ' 

Diffusion theory has been used in a d i rec t manner despite the ins tabi l i -

t i es in the method. Boundary conditions, vi tal to these calculations, 

a r e provided by conservat ion of pa r t i c l e s , momentum, and energy 
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a c r o s s the sheath regions near each e lect rode. The near isotropy of 

the distr ibution functions in the p lasma region makes the diffusion 

theory r e su l t s meaningful. The absence of an e lec t r i c field in these 

regions simplifies the t r ea tmen t considerably, because the resu l t s 

of Po i sson ' s equation may be incorporated in the s ta tement that the 

e lec t ron and ion densi t ies a r e equal; in other words, p lasma osc i l la -

tions, which a r e of ve ry high frequency, a re neglected. 

The sheath regions between the e lec t rodes and the p lasma a r e 

much niore difficult to t r e a t because of the e lec t r ic field that ex is t s . 

In pr inciple , Sockol's 13 moment method could be applied to this 

problem. With this method it is possible to get cu r r en t s , s t r e s s e s , 

and heat fluxes. Sockol cons iders the deviation from an equi l ibr ium 

distr ibution, so the method can go far ther than the Chapman-Enskog 

method. Fur the r , the method pe rmi t s each component of a mixture 

to have i ts own t e m p e r a t u r e . The Coulomb interact ion is cut off at 

a Debye length and a r igid sphere model is used for all other in te r -

act ions . The method does not, however, take collective phenomena 

into account and is ve ry complicated. Wang, Lieb, and Pigford 

have t rea ted the sheath regions by the coUisionless Boltzmann 

equation (Vlasov equation) and have r e s t r i c t ed their charges to move 

only along the perpendicular to the plane e lec t rodes . Thus, the effect 

of the e lec t r i c field in changing the angular distr ibution was neglected 

by these au thors . They had prob lems in s imultaneously satisfying the 

conditions of charge neutra l i ty and zero e lec t r i c field at some point 

which could then be taken to be the plasnua-sheath interface and in 
. . 4 
joining the i r solutions to those of Lieb and Bornhors t for the p lasma . 

7 
In their t r ea tmen t of the sheath, Rush and Wilkins also used a Vlasov 

equation like Wang, Lieb, and Pigford, and also neglected the t e r m 
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in t he Vlasov equation descr ib ing the change in the angular d is t r ibu-

tion caused by the e lec t r i c field. The th ree lowest moments in velocity 

a r e used to get conservat ion equations, half maxwellians being used 

for the dis t r ibut ion functions. Thus, this theory is equivalent to 
g 

Yvon's lowest o rde r hal f - range method. Hansen and Warner t rea ted 

the p la sma and based their work on Nighan's formulation ' ' which 

is based on smal l depa r tu re s f rom equil ibr ium. Only the lowest o rder 

moments of the dis t r ibut ion were used, thereby making their approach 

equivalent to diffusion theory. They used the so-cal led shooting tech-

nique. Since nei ther Rush and Wilkins nor Hansen and Warner have 

actually integrated the dens i t ies through the t ransi t ion region, troubles 

with the boundary conditions r ema in unknown. 

Reasons for the approximate t r ea tments a re easy to find. It is 

difficult to t r ea t anisotropic t r anspo r t problenns; it is even ha rde r to 

t r e a t those in which an e l ec t r i c field is p resen t . Nonlineari t ies of 

the p rob lem preclude the application of most analytical methods and 

even some numer ica l methods, as we shall see . The intercoupling of 

the charged pa r t i c l e s and e lec t r i c field lead to instabil i t ies of the 

coupled (nonlinear) equations absent in the individual equations. 

Despite these difficulties, it behooves us to t r y to get a theore t ica l 

t r e a tmen t of the sheath reg ions . A successful t r ea tment would very 

probably lead to a much simplified mathemat ica l represen ta t ion of 

the region, which is one of seve ra l ways of general izing the resu l t s 

of computer calculat ions . It could set t le the question of whether or 

not the potential energy of an e lec t ron is a monotonic function or is a 

function having a maximum in the sheath regions . If a maximum exis ts , 

i t could tell us the height of this maximum. The theory should provide 
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an explanation of the reason that ignition mode theory d i sagrees with 

ignition c u r r e n t m e a s u r e m e n t s . Such a theory should explain phenomena 

taking place at the col lector of a thermionic energy conver ter that a re 

not now explained. The theory would be of a s s i s t ance in diagnost ics : 

There is now a wealth of information that cannot be assoc ia ted with 

ei ther one e lec t rode or the other . A theory would enable us to meaning-

fully interpolate between data points . Finally, since most of the voltage 

drop in a thernnionic conver te r is in the sheath regions, it ^vould behoove 

us to unders tand these regions be t te r and to have an adequate method of 

t rea t ing them theore t ica l ly to de te rmine the effects of var ious changes 

in design p a r a m e t e r s . 

Essent ia l ly , in the p r e sen t work we at tempt to take anisot ropics , 

differences in the speed dis t r ibut ions of the e lec t rons and ions, and col-

l i s ions in the sheath regions into account, thereby getting a method 

applicable in pr inciple to al l th ree regions of the diode. 

Several methods were investigated for t rea t ing the sheath region 

in a thermionic energy conver te r between ei ther e lect rode and the 

p lasma . The method of Wang, Lieb, and Pigford, which is based on 

the one-dimensional , coUisionless, Boltzmann equation, was extended 

slightly to provide a unique, not over - nor under -de te rmined solution 

by the provis ion of a boundary condition. The r e su l t of this very 

s imple approach indicated that the t rans i t ion region is decidedly wider 

than a Debye length computed in the p lasma and that the anisotropic d i s -

t r ibut ions inherent in this region must be t rea ted in o rde r to get c o r r e c t 

r e s u l t s . 

The second method consis ted in extending the diffusion equation 

essent ia l ly by considering the next higher o rde r r e su l t s of hydromagnetic 
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theory so that the next lowest o rde r in the anisotropics could be taken 

into account. The next lowest o rde r of anisot ropics comprised mass 

flow t e r m s in the momentum and energy conservat ion equations. 

Numer ica l p r o g r e s s with this method was severe ly l imited by the 

inherent r e q u i r e m e n t of any diffusion equation. In o rde r that the 

solution of the p rob l em exist, be unique, not over -de te rmined , stable, 

nontr ivial , Dir ichle t or Neumann boundary conditions must be applied 

at both ends of the region of integrat ion. If the p rob lem had been 

l inear , it would have been poss ible to effect the numer ica l integration. 

However, it is nonl inear and brief numer ica l examination of the r e -

sulting equations with the methods available for nonlinear problems 

indicated that we would not be so lucky as to escape instabi l i t ies , 

so the method was abandoned after only a l i t t le numer ica l work. 

The S method has been widely applied to problenns involving 

neutron and gamma r ay t r anspor t , where it has always exhibited 

s tabi l i ty and g rea t uti l i ty. The S method was extended to apply to 

the Boltzmann equation with an e lec t r ic field and to apply to all 

d imensions involved in veloci ty space and configuration space, instead 

of jus t one-d imens ion in velocity space. The numer ica l analysis was 

bese t with osci l la t ions of the e lec t ron density, thereby giving negative 

values for this quantity which is inherent ly posit ive definite. While 

the pa r t i cu la r osci l la t ions observed probably could have been eliminated 

by appropr ia te choice of integrat ion inc rements , the investigation of 

these osci l la t ions led to an examination of the stabili ty of the S method. 
n 

No tinne was spent in de termining the r igo r of the method used for 

this s tabi l i ty invest igat ion. To our g rea t su rp r i s e , the investigation 

indicated that the S nnethod would be unconditionally unstable when 
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applied to p rob lems having an e lec t r i c field p resen t , while it would 

be unconditionally stable if applied to problems having no e lec t r ic 

field p resen t , providing one in tegra tes according to the well-known 

rules for this method. Because at this point the in tegral method had 

been developed to the point where it looked v e r y much more promis ing, 

we did not t ry to improve the r igor of our stabili ty investigation or the 

differencing scheme itself. 

In connection with the investigation of the stabi l i ty of the S 
n 

nnethod, other differencing schemes for the Boltzmann equation were 

investigated and another was found that is conditionally stable and 

had been used by others for p rob lems involving p lasmas in magnetic 

fields (but neglecting e lec t ros ta t i c effects that a re so impor tant to 

us in t he p re sen t problenn). However, the in tegra l nnethod remained 

the nnost promis ing , and all work was concentrated on it. 

Fronn the inception of this work, it was rea l ized that instabi l i t ies 

of differencing schennes for solving various equations could cause a 

grea t amount of t rouble . While trying to get the diffusion theory 

method to work, it was rea l i zed that the solution to Po i s son ' s equation 

could be cas t in in tegra l form, and that such a fornn would be nnuch 

more accura te and stable than the difference equation schenne then 

being used. It was also rea l ized that the in tegral formulat ion would 

contain its own boundary conditions, so that an i te ra t ive scheme to 

find the c o r r e c t potential could be avoided. Consequently, when soon 

tl-e-.;c."fter the anticipated instabi l i t ies in the fornn of negative densi t ies 

were experienced, the in tegra l method for determining the potential 

was incorpora ted into the S method. 
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During the course of the developnnent of the S method, it was 

observed that the re were cer ta in constants of nnotion associa ted with 

the t r a n s p o r t of the charged pa r t i c l e s through the sheath region. (The 

w^riter had found constants of motion many years ago for s impler p rob-

lems involving the Boltznnann equation. ) These constants of motion 

could g rea t ly simplify the fornn of the Boltzmann equation because, 

if the independent var iab les were expres sed in ternns of the constants 

of nnotion, the re could be no change of a par t i c le density with r e spec t 

to some quantity that did not change during the course of motion. Since 

the re a r e only three independent va r i ab les and since two constants of 

motion had been found, it was evident that the Boltznnann equation must 

reduce to r ea l ly only one independent var iab le . The resul t ing sinnplicity 

would be so g rea t that the Boltzmann equation could be "solved" by 

cast ing it into the fo rm of an integt-la.! equation by exploiting famil iar 

Green ' s functions methods . The in tegral form would then have severa l 

advantages : stabili ty, accuracy (because of the extensive averaging 

over e r r o r s ) , and inherent posi t ive defini teness of the par t ic le density 

computed. It was fur ther rea l i zed that the integral equation had a very 

s imple physical in terpre ta t ion , i. e. , der ivat ion (as all integral formu-

lat ions s e e m to),and that this in te rpre ta t ion would enable us to cope with 

t roubles expected f rom the s ingular i ty (comprised of a branch point of 

o rde r l / 2 in the denominator) of the kerne l of the integral equations. 

All of the anticipated advantages of the integral nnethod have been 

borne out in p rac t i ce . 

Convergence of the p rob lem as a whole, in cont ras t to convergence 

of jus t the individual equations, was induced by introduction of low-pass 

f i l ter ing in the rea l domain. This type of fi l tering is fas ter than fil tering 
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in the conjugate domain, as is usual ly done, because there is no need 

for the double integral transfornnation requi red by the Fou r i e r integral 

theorenn. The convergence was v e r y rapid and often ideal. The low-

pass f i l tering suppressed the (plasnna) oscil lat ions of the plasnna and 

field, resul t ing fronn these two quantit ies continually trying to r e -

adjust to each other . 

At the t ime of ternnination of the project , the integral method had 

been coded and la rge ly debugged. Annong the faults noted was the 

inconstancy of the e lec t ron and ion cu r ren t s , i. e. , lack of par t ic le 

conservation, to the to lerance des i red . Also, the potential function 

did not develop a ze ro gradient nnany nnean-free paths away fronn the 

nea re s t e lect rode and thereby exhibit the p resence of a p lasma, as it 

should have. However, this defect nnay be re la ted to the lack of 

cu r r en t constancy. 

Total e lec t ron and total ion densi t ies were computed, spec t ra l 

and angular dis tr ibut ions were presented , and e lect ron and ion t empera 

tu res were calculated. The p r e sen t problenn was coded so that all 

quantit ies a r e recomputed for each point calculated. Despite this fact, 

the speed of the nnethod is quite amazing. The integral nnethod could 

be easi ly coded as to use al l previously calculated infornnation. Very 

l i t t le calculation per i t e ra te would then be involved and the method 

would then run very fast indeed. 

The in tegral method is d i scussed throughout all of pa r t C. Some 

minor improvements in the coUisionless sheath method of Wang, Lieb, 

and Pigford a r e d i scussed in the f i r s t section of p a r t C; a diffusion 

theory approach is developed in the second section of p a r t C; the S 

method is applied to our problenn in the third section of p a r t C; a 
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stable method of differencing the Boltzmann equation is elaborated 

in the fourth section of p a r t C, 

C. INTEGRAL METHOD 

The integral method mere ly consis ts of casting the Poisson and 

Boltznnann equations into integral form and solving these integral 

forms numer ica l ly . There a r e , of course , two Boltzmann equations, 

one for e lec t rons and one for ions. The integral form of Po isson ' s 

equation resu l t s innmediately from straightforward integration thereof. 

The Integral formulation of the Boltzmann equations der ives fronn 

rep lacement of two of the th ree or iginal independent var iables by 

two constants of the motion. Since there is then only one independent 

var iab le left that actual ly changes during the course of motion of a 

par t i c le , the one-dinnensional equation is "solved" by Green 's function 

nnethods (or o therwise , as by integrating factors) , thereby casting 

the Boltzmann equation into in tegral form. Low-pass filtering in 

rea l space, r a the r than the conjugate space, is introduced to suppress 

very high frequency osci l la t ions and, thus, expedite convergence of 

the i te ra t ive p rocedure . Low-pass f i l tering in rea l space is re lated 

to that in the conjugate space by means of the Faltung theorem in 

the theory of Four i e r t r a n s f o r m s . Alternatively, one may r ega rd 

the fi l tering as a l inear superposi t ion of the impulse response of the 

fi l ter with the pas t values of the function being fi l tered. In other words, 

this too may be regarded as a superposit ion, in the sp i r i t of the Green ' 

function, of the response of the f i l ter to a unit s t imulus weighted with 

pas t values of this s t imulus , sumnned over these weighted products . 

Macroscopic quantit ies a r e then expressed mere ly as velocity moments 

over the distr ibution functions found. 
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There a r e ve ry few assumpt ions made in this approach. The prob-

lenn t r ea ted has p lanar synnmetry, which nnakes finding the constants 

of the motion easy; yet, this nnatter is not regarded as in t r ins ic to the 

nnethod. Fur the r , the Boltzmann equation is regarded as a sufficient 

approximation and is used with all the assumptions ennbedded there in: 

Collisions a r e regarded as shor t - r ange and involving jus t two bodies; 

long-range effects a r e separa ted out into the e lec t r ic field. Collisions 

a r e assumed to occur instantaneously. Quantunn effects a r e neglected. 

So is gravity, although this is not necessa ry . The fornnulation is 

believed to be quite genera l otherwise , so long as the constants of the 

nnotion can be found. In mul t i -d imensional p roblems , the superposit ion 

of products of eigenfunctions, one having as an argunnent the source 

point, the other having as an argument the field point, nnight be used 

to expres s the Green ' s function, although ŵ e do not l e s o r t to this 

device he re . It is disadvantageous when the Green ' s function can be 

found,, as here , essent ia l ly as the product of the solutions of the 

differential equation that a r e , respect ively , regular and i r r egu la r 

at the origin and contain the conditions of causali ty, all as needed. 

1. The Poisson Equation 

Po i s son ' s equation re la tes the e lec t r ic potential 0(z) to the net 
12 

charge densi ty at a point: 

_ d _ ^ ^ ^ r^^^ - n (z)] , (C. I) 
o ^ d 1 e 

dz 

where n.(z) is the total densi ty of ions at z, n (z) is the total densi ty 
1 e 

of e lect rons at the point z, e is the charge of a posi tron, and c is 

the permi t t iv i ty of a vacuum. 
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If it i s p r e s u m e d tha t the to t a l ne t c h a r g e d e n s i t y is known, t h e r e 

a r e m a n y ways of so lv ing the above equa t i on . F o r e x a m p l e , the po t en t i a l 
12 

i s r e l a t e d to the n e t c h a r g e d e n s i t y by: 

e [ n ( r ' ) - n ( r ' ) ] 

0(£) - T ^ ^ L ' [77^1 • (C.2) 
o i _ _ I 

Since o u r p r e s e n t p r o b l e m is o n e - d i m e n s i o n a l , we m a y i n t e g r a t e 

once to d e t e r m i n e the e l e c t r i c i n t e n s i t y and a s e c o n d t i m e to d e t e r m i n e 

the p o t e n t i a l . We find i t nnore c o n v e n i e n t to w o r k in t e r m s of the 

p o t e n t i a l than in t e r m s of the e l e c t r i c i n t e n s i t y . A double i n t e g r a l 

o v e r the ne t c h a r g e d e n s i t y r e s u l t s . It is c o n v e n i e n t to i n t e g r a t e th i s 

double i n t e g r a l by p a r t s , s o t h a t on ly s i n g l e i n t e g r a l s r e s u l t . The 

p o t e n t i a l s <p{z ) and 0(z ) a t t he end p o i n t s , z , z , a r e t a k e n to be 

the b o u n d a r y c o n d i t i o n s , and the two c o n s t a n t s of i n t e g r a t i o n a r e 

s e l e c t e d to s a t i s f y t h e s e b o u n d a r y c o n d i t i o n s , of c o u r s e . B e c a u s e 

a l l the o p e r a t i o n s a r e r u d i m e n t a r y , we m e r e l y c i t e the r e s u l t s . The 

e l e c t r i c i n t e n s i t y £(z) is g iven by e i t h e r of two e x p r e s s i o n s , wh ich 

can be e a s i l y shown to be equa l to e a c h o t h e r : 

z 
0(z ) - 0 (z 

= - z.) . - - , , . ^ 
r t T I o z 

<t>[z ) - cp(z ) p r 
e (z) = --^ r - ^ + 1 ^ \ d z ' [ z ' - 2 ] [ n . ( z ' ) - n (z')] 

(z - z ) (z - z ) f J r^^ i ' e 
I 

+ - \ dz^ [ n . ( z ' ) - n ( z ' ) ] , (C. 3) 

z 
I 
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0(z ) - 0 (Z ) 

e(z) = —^ r^ + 
(z - z . ) (z - z.) € ^„ 

r -t r ^ o z 

I ""dz' [ z ' - z ^ ] [ n . ( z ' ) - n ^ ( z ' ) ] 

^ 

^ r dz ' [n.(z')-n (z')] 
f J_ 1 e 

(C.4) 

L i k e w i s e , t he e l e c t r i c p o t e n t i a l can be d e t e r m i n e d fronn e i t h e r of two 

e x p r e s s i o n s , w h i c h can be e a s i l y shown to be equa l to e a c h o t h e r : 

0(z) 

z - z \ ( z - z \ 

-̂ U(z )- ^̂  
r z - z z - z 

r -t 

pZ 
0 ( z ) + - \ d z ' [ z ' - z ] [ n . ( z ' ) - n (z*)] 

•u c «J 1 e 

I Z - Z \ pZ 

- ^ 1 " "dz ' [ z ' - z ] [ n . ( z V n ( z ' ) ] . 
e ' z - z ( J \ r H z 

r 1 
(C.5) 

0(Z) = 

Z - z \ 

i z - z 
\ r ^ / 

0 ( z ) 
' z - z \ 

r 

r I z - z 
r ^ / 

0(z ) + - r dz ' [z ' -z ] [n . (z ' ) -n (z')] 

z - z \ ^ z 
e I r 

r -t-/ z 

r ""dz 'Cz'-zJ[n.(z ' )-n (z')]-
J .?, 1 e 

(C.6) 

In s u m m a r y , both the e l e c t r i c i n t e n s i t y and the p o t e n t i a l can be 

d e t e r m i n e d f r o m i n t e g r a l s o v e r the ion and e l e c t r o n d e n s i t y d i f f e r e n c e 

and in t e r m s of the p o t e n t i a l s at the b o u n d a r i e s . 

2 . D e r i v a t i o n of I n t e g r a l F o r m of B o l t z m a n n ' s E q u a t i o n f r o m P h y s i c a l 

P r i n c i p l e s 

The i n t e g r a l f o r m of B o l t z m a n n ' s e q u a t i o n c a n be d e r i v e d f r o m the 

d i f f e r e n t i a l f o r m of t h i s equa t ion , and we s h a l l do t h i s l a t e r . H o w e v e r , 

t he i n t e g r a l f o r m of Bol tzmann" 's equa t i on can a l s o be d e r i v e d f r o m f i r s t 
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pr inc ip les ab initio. This method gives a much c l ea r e r physical 

p ic ture and, for this reason, will be done first . The number of 

pa r t i c les , N(z), moving with the di rect ion of cosine fj. with 

r e spec t to the z-axis that gets from z ' to z and exper iences no 

collision between the two points is given by 

the solution of which is 

N(z) = N(0) exp - J dz" - p ^ ^ . (C. 8) 

Here T is the probabil i ty a par t i c le exper iences a collision in going 

a unit d is tance . 

The t ime taken for a par t i c le t ravel l ing with the velocity component 

v,| ' z ' , E, I'x) para l le l to the z-axis to c r o s s the element dz'/v.. (z', E, K^). 

This t ime nnultiplied by the number of pa r t i c l e s nnade per unit t ime 

fronn one par t i c le is jus t the number of pa r t i c l e s c rea ted at z ' 

m the e lement d z ' . This nunnber tinnes the probabil i ty N(z)/N(z') 

of getting from z ' to z with no collision between the two points is jus t 

the number of pa r t i c l e s that a r r i v e at z d i rec t ly from dz ' at z ' The 

total number N(z) of pa r t i c les at z a r i s ing from par t ic les that originate 

from a source S(z ' , E, K ) somewhere between z and a bounding su r -

face, which, say, is at 0 is given by: 

I 
z , d z ' S ( z ' , E, K )^ 

0 , v., (z ' , E, K ) i 

X 

• P (z, z ' ) . (C. 9) 
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We observe that the total energy and the contribution to the kinetic 

energy a r i s ing from the motion of the part ic le perpendicular to the 

z-axls will not change for these par t i c les between their l as t collision 

at z ' and the point of observat ion at z; these par t i c les have a l ready 

experienced their las t coll ision. Thus, the var iables E and K a re 
X 

constants of the motion and will not change for these par t i c les . The 

value of these quantities under the sunnmation (integral) sign will be 

the sanne as outside; they se rve as suitable labels for the pa r t i c l e s . 

We must also rennennber that it is possible for a par t ic le to a r r i v e 

at z d i rec t ly from the bounding surface at 0 with no collision in between. 

Thus, the nunnber of pa r t i c les at z originating at the boundary at 0 

which a r r i v e at z with no coll isions between the two points is : 

g(0, E. K_̂ , L) P(0, z), 

w^here L denotes the sense of the direct ion in which the par t ic les move. 

Thus, the total number g(z, E, K , L) of pa r t i c les with coordinates z, 

E, K, , and L is given by: 

p z S(z', E, K^, L) 
g(z, E, K , , L) = g(0, E, K L) P(0, z) + \ d z ' , / ^ „ , P ( z ' z), 

•̂  -̂  J Q V[ , (Z , E , KJ_) 

We observe that this equation is rea l ly an integral equation for the 

par t i c le density, for the source S(z', E, K , L) is real ly a function 

of the par t ic le density at z ' . Second, we should be able to de termine 

the density outside the in tegral to a much higher accuracy than the 

density inside the integral because of the summation and averaging 

over the densi ty within the integral . Third, as with all in tegral 

equations, we observe that the boundary conditions a r e a l ready 

incorporated in the equation, and no subs id iary conditions a re needed 

to supplement the equation to impose the condition of par t ic le conserva-

tion in phase space at the boundaries . 
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The nnatter is not yet finished, however It may be that the 

denonninator V|| (z", E, K^) vanishes at some point or that the 

denominator |j.(z", E, K_L) vanishes at some point. Physically, these 

points cor respond to points at which a par t ic le runs out of kinetic 

energy; all its energy being potential, it turns around and moves in 

the opposite d i rect ion. This point can be seen more c lear ly by r e -

ferr ing to Equation C. 40 or to Equation C.40 and C. 41, from which 

it is seen that VM = V|j. and |ji vanishes if and only if the total kinetic 

energy equals the total energy nninus the potential energy As is 

physical ly obvious, cer ta in regions a re access ib le and others a re 

not. 

This ma t t e r is important , for it enables us to avoid divergences 

in the numer ica l analys is , and it leads to an understanding of the 

var ious cases , i l lus t ra ted in F igure I I -1 , that can occur. For par t ic les 

that a r e reflected, we must in tegrate from the boundary to the point of 

reflection and back to the field point for ce r ta in direct ions of a r r i v a l 

of pa r t i c l e s at the field point, Again, cer ta in par t ic les a re trapped; 

they never escape from the potential energy wells in which they find 

themse lves . 

For pa r t i c l e s that a r e trapped, it is imprac t ica l to integrate 

backwards infinitely far through infinitely nnany reflect ions. It is , 

however, st i l l poss ible to consider these pa r t i c l e s quite exactly as 

follows: Recall that we a r e in te res ted only in those par t i c les that have 

experienced their l as t coll ision. The perpendicular component of the 

velocity of these pa r t i c l e s will not be a l te red by the reflection p r o c e s s . 

The potential is s ta t ic , so the para l le l component of the velocity mere ly 

r e v e r s e s its t empora l h is tory; its path is t raced backwards in t ime. 
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In o t h e r w o r d s , t h e r e i s a k ind of g e n e r a l i z e d S n e l l ' s law^ a t w o r k . 

We can h a n d l e the c a s e of m u l t i p l e r e f l e c t i o n s by i n t e g r a t i n g 

n u m e r i c a l l y o v e r on ly one c y c l e . The r e m a i n i n g r e f l e c t i o n c y c l e s 

c a n be h a n d l e d a n a l y t i c a l l y : C o n s i d e r t h e s i t u a t i o n shown in F i g u r e 

I I - 2 . If we a r e i n t e g r a t i n g f r o m z to z, then the c o n t r i b u t i o n to the 

d e n s i t y a t z f r o m the p r e v i o u s cyc l e wi l l be equa l to the above i n t e g r a l 

t i m e s 

z 
S ( z " ) P = exp - 2 fdz" 

| f x ( z " ) | ' 
(C. 12) 

b e c a u s e the t r a j e c t o r i e s a r e i d e n t i c a l f r o m one r e f l e c t i o n to the next , 

Thus , the t o t a l c o n t r i b u t i o n f r o m a l l r e f l e c t i o n s is a g e o m e t r i c s e r i e s : 

2 3 
I H - P + P + P + . . . , (C. 13) 

the s u m of w h i c h i s 

1 - exp -2 \ dz r . E(z") 

H^(z")| 
(C. 14) 

We a r e now in a p o s i t i o n to i t e m i z e t h e v a r i o u s c a s e s t ha t a r i s e : 

a. No r e f l e c t i o n a t a l l . P a r t i c l e s a r r i v e a t the field po in t f r o m the 

lef t and m o v e to the r i g h t . 
U(z) 

g(z , E, Kj_, +) = g(z^ , E, K^, +) P ( z ^ , z) + r - ^ ) P ( z \ z) . 

V| | ( z ) 
(C. 15) 

b. No r e f l e c t i o n a t a l l P a r t i c l e s a r r i v e a t the f ie ld po in t f r o m the 

r i g h t and m o v e to the lef t . 
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U(z) 

g(z 
P ^ S(z') P (z z') f 

. E, K^, -) = g(z^, E, K^, -) P (z , z^) + J d z ' ^TT^y 
z Z 

(C. 16) 

c. One reflection. Left-hand boundary. Pa r t i c l e s a r r ive at 

the field point from the left and move to the right. 

r Sfz') P (z z ') ' 

d z ' ^ ^^,^ ' s -
2 II Z 

I _ 
zl— 

I 

d. One reflection. Left-hand boundary. Pa r t i c l e s a r r i ve at 
the field point from the right and move to the left. 

z 
p ^ S(z') P (z z') 

g(z, E, K^, -) = g(z^, E, Kj_, +) P (z, z^) P (z^, z^), + \ dz ' ^ ^^f) 

d z ' S (z ' ) P (z, z ) P (z , z ' ) . 
r r 

U(z) 

g(z 

e. One reflection. Right-hand boundary. Pa r t i c l e s a r r ive at 

the field point from the left and move to the right. 

r>^ , S(z ' )P(z ,z ' ) 
, E, K +) = g(z , E, K - )P (z , z ) P (z z ) + \ d z ' \ ' , \ 

z " 
I 

P^^ , S(z') P , \ 4U(z) 
' } "^ M ^ (z. z ^ ) P ( z ^ . z ' ) . 

f- One reflection. Right-hand boundary. Pa r t i c l e s a r r i ve at 

the field point from the right and move to the left. 

y ^ Sfz') P (z z') 
dz ' ' ^' ^^,j ' 

:C.17) 

(C. 18) 

(C. 19) 

U(z) 

(C.20) 
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g. Multiple reflections at both left-hand and right-hand boundaries. 

Particles arrive at the field point from the left and move to the right, 

z z 

;(z, E, K ,̂ +) 

0 . S ( z ' ) P , P ^ , S ( z ' ^ P 

1 - P (z^, z^) 

U(z) 

(C 21 

->- z 

h. Multiple reflections at both left-hand and right hand boundaries. 

Particles arrive at the field point from the right and move to 

the left. 

\ dz —7- (z, z ' + \ dz rr, 
J „ v „ (z ) J v „ (z , 

:(z, E, K^, 

^ ,z, z ) P ( z , z ' ) 
II \^ ) r r 

1 - P (z z ) 
-6 r 

*- z (C.22) 

At this point it is interesting and important to observe that 

g(z, E, Kj_, L) is constant in the absence of scattering, in agreement 

with the result (C 45) (differential equation for g in the first place). Thus, we 

might expect better numerical accuracy as a result of using g than 

some other function, such as n(z, E, K , L) Indeed, we can formulate 

all of our integral equations in terms of this last quantity through the 

use of the Jacobian J ZxiL 
E.K^ 

It will then be observed that a number of 

singularities (a simple pole and a branch point of order 1/2, which is an 

essential singularity) appear. The singularities are nnore apparent than 

real, and, indeed, it can be shown that they do not lead to any real -

See Q5, for a definition of n(z, E, Kj., L), esp. , (C 43) and (C. 44). 
The issue is one of normalization 
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divergences . Never the less , a connputer does not know this ; presumably, 

if our numer ica l differencing were to be c a r r i e d out sufficiently finely 

and enough digits were c a r r i e d in each word, a computer would have 

no t rouble with al l these apparen t d ivergences . In prac t ice , both the 

word length and the amount of machine t ime available a r e ser ious ly 

bounded. It has been found that under p rac t i ca l conditions things get 

big near apparent s ingular i t ies and re su l t s a re much smoother and 

wel l -behaved if the whole subject is avoided and manifestly convergent 

p rocedure s a r e used. Fo r this reason, v^herever possible Jacobians 

a r e avoided, g(z, E, K , L)is used and n(z, E, K , L) is avoided, even 
X X 

though from the theore t ica l point of view the p rac t i ca l p rocedure is 

sonnewhat l e s s elegant. 

Simpson 's ru le was used to integrate the argunnent of the exponential 

in the optical depth re la t ion and the space integral in the density calcu-

lation, except poss ibly for the end interval . The end interval is com-

puted by the t rapezoida l rule if the number of intervals is even. 

3. Boundary Conditions 

The p l a sma forms one ot the two boundaries of the sheath region. 

The e lec t rons and ions in the plasnna a r e dis tr ibuted isotropical ly and 

have a Maxwell-Boltzmann speed dis t r ibut ion at any point. The t empera -

tu res and, therefore , the speed dis t r ibut ions of the e lectrons and ions 

will be different f rom each other , in genera l . Provis ion for this differ-

ence in t empe ra tu r e has been made in the p rogram. 

In a Maxwell-Boltznnann distr ibut ion, the number n(v) of pa r t i c l e s 
13 

moving between speed v and v + dv is : 

3/2 
/ \ A 2 / nn 

n(v) = 4iTv 
2TTkT 

exp - (mv ' ' /2kT) , ( C 23) 
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where m is the nnass of the pa r t i c l e s , k is Boltzmann's constant, 

and T is the t e m p e r a t u r e . The nunnber of pa r t i c les moving between 

speed V and v + dv and with a direct ion cosine between (j, and |x + d|a. i s : 

7 . 1^/2 o 

2 I m ' , 2 ,_ , _, 
n(v, |JL) = 2 TT v \——^ exp - (mv / 2 k T ) . 

(C.24) 

The par t ic le cur ren t J(z) at z is defined in t e r m s of the direct ional 

density by: 

C"^ C^ 2 
J (z) = \ dv \ d|j, 4TT V V n (z, v, 

|x). 

0̂ -1 

This c u r r e n t is given by Richardson ' s equation: 

J(z) = ±LJaJhll exp - (0/kT), 

(C. 25) 

(C.26) 

where h is P lanck ' s constant and 0 is the work function of the ma te r i a l 

from which the e lec t rons a r e ennitted. Thus, we nnay de termine the 

distr ibution function for the e lec t rons emit ted from the hot e lect rode 

by nnultiplying the dis tr ibut ion function by a constant C and determining 

this constant C from the re la t ion: 

3/2 
2 "" 1 , , " ' ~ 2 

4Trm(kT) , , /, ^^ I f , 3 0 ^ ^ m ( mv 
'z - ——3 ^^P - (^/^T) = - ^ dv V \ d^ ^C\j~^^ exp - I - ^ 

h o -1 ' ' 
(C. 27 

By solving the above express ion for C and introducing the express ion for 

C into the Boltzmann distr ibution, we find that 
r2 

n ( z , V, |ji) = 4iT V m 
h 

0 + mv-

exp 
kT 

^ Km ip + K 
2u - 3 - exp - - ^ ^ : ^ 

h 

(C.28 
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The cu r r en t of ions emitted fronn a hot e lectrode is governed by 

the Saha-Langmuir equation: 

Pg 
—' ^ , (C. 29) 

y 2TT m k T ^ {1 + 2 exp [e (V. - 0 ) /kT] } 
S g ^ 

where p is the p r e s s u r e of the ces ium atom gas, m is the mass of 
g g 

the gas molecules , T is the t empera tu re of the gas, V. is the ioniza-
g I 

tion potential of ces ium, and 0 is the work function of the mate r ia l 

Again, the ion densi ty corresponding to this cur ren t density may be 

found exactly as it was for the e lec t rons The ion density is : 
— ^ 2 ' 2 m v 
m mp V exp -

^^^' ^' ^^ = J i 7 ¥ F (kT)̂ ^ {1 +2exp[e"(V - 0)/kTl } ' <̂  ^°^ 
g 1 " 

P„ K / 2m ^ Pg exp - (K/kT) 

V r r k T (kT)^ {l + 2 exp [e (V. - 0 ) /kT] } 

4 Derivation of Integral F o r m of Bol tzmann's Equation from 
Differential F o r m 

We turn now to a der ivat ion of the integral equation for the 

par t i c le density from the differential form of the Boltznnann equation. 

We believe the re will be enough mathemat ics to convince one that the 

above resu l t derived on the basis of common sense is in fact co r rec t . 

The Boltznnann equation is m e r e l y a s ta tement of par t ic le conserva-

tion in phase space . The net number of p a r t i c l e s c ross ing the boundaries 

of an e lement of volume in configuration and velocity space must equal 

the nunnber sca t t e red into or c rea ted in that volume element minus the 

nunnber s ca t t e r ed out or absorbed in that volunne element. Thus, the 

P r iva te communicat ion from V Weisskopf 
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Boltzmann equation may be wri t ten as follows in the s t eady-s ta te : 

V Sf 
V • V n r, V + a . V " (^' ^ ) = T 7 i ^.i 
— r — — — V — — et Icoll. 

( 0 . 3 2 ) 

Here n (r_,v) is the density of pa r t i c l e s per unit volume in configuration 

space and per unit volume in veloci ty space, £ is the position in con-

figuration space of the field point at which the par t ic le population is 

examined, v is the posit ion in velocity space of the field point at which 

these pa r t i c l e s a r e examined, a is the acce lera t ion of the par t ic le 

cloud, and — ,, is the ra te of change of the distr ibution due to 
St I coll ^ 

col l i s ions . 

The e lec t rons w^ill be assumed to be isotropical ly sca t te red by 

the ces ium a toms . Scattering by the ions and by other e lec t rons is 

neglected because of the low degree of ionization, i, e. , g rea t p r e -

ponderance of neut ra l pa r t i c l e s The e lect rons will lose very, very 

l i t t le energy in their coll isions with the neu t ra l s . The ions a re a lso 

assumed to be isot ropical ly sca t te red . Because the m a s s e s of ces ium 

atoms and ions a re so near ly the same, the atoms and ions will come 

into equi l ibr ium with each other ve ry rapidly. Thus, we a s sume that 

the ions have the s ame t empera tu re as the atonas. Any depa r tu re of 

the ions from an equi l ibr ium dis t r ibut ion will s t rongly urge this d i s -

tr ibution toward the equi l ibr ium distr ibut ion. 

We can wri te the Boltzmann equation as applied to our p r e sen t 

p rob lem: 

v\i 
Sn 
Sz V, fj. 

e|jL 

m 
50 
Sz Sv 

e 
m 

5 0 | 1 - M- Sn_ 
5z J V csp. 

z . V 

.Ml 
St 'coll. ' 

where 0 is the potential, z is the coordinate of the field point 

(C .33 ) 
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perpendicu la r to the plane of the e lec t rodes , v is the speed of the 

pa r t i c l e s , and |x is the di rect ion cosine of the velocity with respec t 

to the z -ax i s , 

5. Transformat ion of Independent Variables 

Consider now the following: The left-hand side of the conserva-

tion equation must be the same whether or not there is scat ter ing in 

the problem, r e g a r d l e s s of the t ransformat ion used to t r ans fo rm the 

independent va r i ab l e s . Let us consider the special case in which 

the re is no collision in the problem. In this case, the total energy E 

of the pa r t i c l e s and the contribution K to the kinetic energy ar is ing 

f rom the component of the motion of the par t ic le para l le l to the 

e lec t rodes and perpendicular to the z-axis a re constants of the motion. 

The contribution K, to the kinetic energy will be r e fe r red to as the 

perpendicular kinetic energy, for reasons of convenience, even 

though the t e r m is somewhat inapt. 

In the col l i s ionless case , and, therefore , the case with coll isions 

also, the left-hand side of the Boltzmann equation must reduce to one 

t e r m when the independent var iab les z, v, and |j. a re r e - e x p r e s s e d in 

t e r m s of z, E, K and L as the new independent var iab les , for the 

reason that a function of something that does not change, e . g . , a 

constant of the motion, is not r ea l ly a function at all of that some-

thing. It is a function of whatever independent var iab les st i l l remain 

in the problem, the values of which change as the par t ic les move about. 

Be this as it may, one is usual ly much more convinced by a grea t 
t 

amount of a lgebra , r a t h e r than m e r e abs t r ac t argument . The old 

and new var iab les a r e re la ted by the following express ions : 

t 
Weisskopf, V. , P r iva te Communication. 

11-29 



E = K 4- V(z), 

K ^ = K ( l -fjL^), 

L = sense of par t i c le direct ion. 

where 

K mv /Z: 

It is n e c e s s a r y to introduce a var iable , he re called L, descr ibing the 

sense in which the par t ic le moves, i. e. , whether it moves r ight or 

left, because this information is not ca r r i ed by the new independent 

var iab les z, E, Kj^, but is c a r r i e d by the original independent 

var iab le |i.. This information is lost because of the squaring p r o c e s s , 

as can be most eas i ly seen f rom the inverse t ransformat ions , which 

a r e : 

z = z 

= ^2 [ E - V ( z ) ] / m , 

K 
V- = ± \ / i 

E - V(z) 

The Jacobian of the transfornaation will be of future use to us ; 

1 

J 
E, K^ 

= - y. /2m [ E - V(z) - K j]{E-Vi.))\ 

Before proceeding further, we need to consider another point of 

mathemat ics relat ing to the d i rec t ional density. Originally, the 

d i rec t ional densi ty is some function n of z, v, and \i. These var iab les 

a r e rep laced by z, E, Kj_, and L: 

(C. 34) 

(C.35) 

(C.36) 

(C.37) 

(C.38) 

(C.39) 

(C.40) 

(C.41) 

(C. 42) 
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g(z , E, K^, L) = n(z, V, |jt). ( C 43) 

The original d i rect ional density n is normal ized per unit volume, per 

unit speed v, and per unit \s.; i. e. , this direct ional densi ty is the 

number of pa r t i c l e s pe r unit volume near z, per unit speed near v, 

pe r unit |j. near |j,. The normal iza t ion of the g function is exactly the 

same, even though it is a function of the var iab les z, E, K^, and L. 

Since it is convenient to denote the normal iza t ion of a function with the 

a rguments of that function, we introduce the new function n (z, E, Kj_, L) 

of th* new^ va r i ab le s , w^hich will turn out to be more useful conceptually 

than prac t ica l ly . 

n(z, E, Kj_, L) 
V , JL 

6. Transformat ion of Boltzmann Equation 

n (z, V, fi). (C.44) 

If, now, the old var iab les a r e replaced by the new ones and the 

par t ia l der iva t ives c a r r i e d out, a glorious amount of e lementary 

mathemat ics r e su l t s that ought to convince anyone that the Boltzmann 

equation reduces to: 

i coll 
(C.45) 

^ dg (z, E. K^, L) 

^ [E - V(z) - K J = f^ 

m ••• dz St 

Note that 

V„ = M^ [E- V(z) - K J (C.46) 

is me re ly the component of the velocity para l le l to the z-axis . No c ross 

section en t e r s into the derivat ion of the above resul t ; no mention was 

made of the p r e s e n c e or absence of coll is ions in this derivat ion The re -

fore, it mus t hold whether or not the re a r e coll isions in the problem 
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7. Collision T e r m s in Boltzmann Equation 

We now consider the coll ision t e r m s . These t e r m s may be 
14 15 

wri t ten in many ways . ' One way is as follows: 

- r dv" E (r, V, v") I V - v" I n (r, V) + 

+ y d v ' J dv" ^ ^Z'Y'^^ C(V') r (r,v', v") |v'-v"| n(£.zV 

Here, E ( r , y , v") is the macroscopic c ros s section, i . e . , the proba-

bility that a collision will take place at r_ with a par t ic le of velocity 

v " when a par t i c le of velocity v moves a unit dis tance, f(v' -• v, Q) 

is the probabil i ty that in a collision a par t ic le of velocity v ' d i sappears 

and is replaced by a par t ic le of speed v and direct ion Q, and c(v') is 

the probable number of pa r t i c l e s emerging from a collision induced 

by a par t i c le of speed v ' . The f i rs t t e r m r e p r e s e n t s the number of 

pa r t i c l e s leaving the phase volume of in te res t as a resu l t of col l is ions; 

the second t e r m r e p r e s e n t s the number of pa r t i c l e s enter ing the phase 

volume of in te res t as a resu l t of col l is ions . Unfortunately, these t e r m s 

a r e ve ry complicated; among other things, they a r e nonlinear; some 

approximations a r e requi red . 

The approximat ions ŵ e make a r e as follows: 

(1) Elec t rons exper ience only scat ter ing coll is ions with neut ra l 

ces ium a toms . 

(2) In these sca t te r ing col l is ions , the e lec t rons a re sca t t e red 

isotropical ly and lose no energy. The energy change is 

negligible because of the g rea t d i spar i ty in naasses of the 

e lec t rons and ces ium a toms . 
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(3) Ions exper ience only sca t te r ing coll isions with neutral 

ces ium a toms . 

(4) The neut ra l ces ium atonas a re in thermodynamic equilibrium, 

i. e. , in a Maxwell-Boltzmann distribution, which is cha rac -

te r ized by some t e m p e r a t u r e . 

(5) In a collision, the ions will on the average tend to the 

equi l ibr ium dis t r ibut ion of the neut ra l a toms, because 

of the substant ial equality of the m a s s e s of cesiunn ions 

and cesiuna a toms . The collision integrals for the ions 

will then be r ep resen ted in the Krook approximation by the 

collision frequency t imes the difference between the equili-

b r ium distr ibution function and the actual distr ibution function. 

The coll ision frequency is mere ly the macroscopic c ros s 

section t imes the speed of the pa r t i c l e s . 

Thus, the pr inc ipa l difference between electrons and ions is that 

the e lec t rons do not and the ions do exchange energy with the neut ra ls , 

with the resu l t that the ions do and the e lec t rons do not tend to the 

distr ibution function of the neu t ra l s . The interact ion of e lect rons and 

ions with each other is neglected. 

Ionization and recombinat ion a r e not incorporated into the theory 

at this point, although they could ve ry easi ly be, since we a r e p r ima r i l y 

in te res ted in sheath phenomena and since the probabili ty of ionization 

or recombinat ion is smal l over the short d is tances involved and com-

pared with sca t te r ing coll isions with neu t r a l s . 

The collision in tegra ls a r e then r ep resen ted in the Boltzmann 

equation for the e lec t rons by: 
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- r (z) V n (z, V, fi) + S (z, v), (C.48) 

e 

where 

S^ (z, V) = Y^ y d^ ' n (z, V, ii'), (C.49) 

and in the Boltzmann equation for ces ium ions by 

- E (z) V n (z, V, |JL) + S. (z, v), (C. 50) 

where 

S. (z, V) = Z(z) v n (z, V, p.) (C. 51) 

and 

n (z, V, |jL) = 2Trv [m/2Ty kT(z)]^^^ exp - [m v^/2 kT(z)] ( C 52) 

is the equi l ibr ium distr ibution at t empera tu re T. 

8. Reduction of Boltzmann Equation to Integral Equation 

We a re now ready to solve the Boltzmann equation. We have an 

equation for ei ther e lec t rons or ions of the form: 

V E - V(z) - K / - ^ + E (z) vn = S ( C . 53) 
•̂  d z 

to solve, where S is a source function repre,senting the collision 

in tegra l in which pa r t i c l e s a r e made in the phase e lement of in te res t . 

Solution proceeds by finding the Green ' s function G(x, x') for the 

problem, i. e . , the solution for the following equation: 

^ ^ - ^ - ^ + g(x) G (X, x') = 6(x - x ' ) . (C.54) 

The Green ' s function i s : 

G (x, x ' ) = P (x, x') U ( x - x ' ) , (C. 55) 
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w^here 
X 

P (x,xO = exp - f dx"^(x"), (C. 56) 

and U is ze ro if i ts a rgument is negative and I if it is posit ive. 

We wish, then, to solve an equation of the form: 

-^f-^ + g(x) f(x) = h{x) . (C.57) 
dx 

The solution of this equation i s : 

f(x) = f^ (^) + r ^^' <̂  (^' ^ ' ) ^ (^') + ^li^"^^ ' (^- ^^) 

v^here f^Cx) is a solution of the homogeneous par t of the original 
H 

equation. Thus, the s o l u t i o n i s : 

f(x ) = C^P ( -» ,x) + r dx 'h(x ' ) P (x',x), (C. 59) 

where C is chosen so that the solution sat isf ies the boundary 

conditions. Let us apply these techniques to the p resen t problem. 

The Boltzmann equation then has the solution: 

g(z, E, K , , L) = g(0. E, Kj_, L) P(0, z) + C dz S ( Z ; E , K X ) p^^ , ^^^ ^ ^ ^^^ 

where 

P (.' , .) . exp - /^ | , y . E , l ' ) | • '̂ •̂ " 

9. Drift Velocity, Current , and Tempera tu re 

The drift velocity can be readi ly computed from the direct ional 
— 13 

density. The drift velocity v (z) is defined to be : 
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i 

V (z) = \ dv \ d|jL v n (z, v, \i)/n (z). 

As a p p l i e d to the p r e s e n t p r o b l e m , the dr i f t v e l o c i t y is c o m p u t e d 

(C .62 ) 
i 

from: 

1 
> ) = j l ^ r dvC djx y^K|,(z, E, Kj.)' {g[z, E(z, V), Kj_(z, V, M-n +] + 

0 -1 

- g [z, E{z, v), K^ (z, V, [JL), - ] ) / n ( z ) . 

w h e r e 

K,, (z, E, K J = E - U(z) - Kj_ 

(C .63) 

(C .64) 

The i n t e g r a l s a r e c a r r i e d ou t n u m e r i c a l l y , a s fo l lows: 

N L , ( I L + l ) / 2 

V (J) = -
z m 2 

W K (J, N, I)' 
[g(J, N, I + ) - g ( J , N, I, - ) ] + 

N=2 1=2 

J K (J, N, I - l ) ' 
+ _ ! [g(J, N, I - l , + ) - g ( J , N, I - l , - ) ] ) | [ i ( J , N, I)-|ji(J, N, I - l ) | + 

+ 

+ 

'JK|| (J, N - 1 , I ) ' 

[g(J . N - 1 , I , + ) - g ( J , N - 1 , I , - ) ] + 

JKjjij; N - 1 , I - 1 ) 
[ g ( J , N - 1 , I - 1 , +) - g ( J , N - 1 , I - 1 , - ) ] ) |fx(J, N-1 ) , I) 

-HI (J, N - 1 , I-1)1 +^K | | (J, N, ( I L + l ) / 2 ) [ g ( J , N, ( I L + l ) / 2 , +) + 

- g ( J , N, ( I L + l ) / 2 , - ) ] | H L ( J , N, ( I L / 2 ) + 1 ) - HL{J, N, ( I L + 1 ) / 2 ) | + 

+ / K | | (J, N - 1 , ( I L + l ) / 2 ) [ g ( J , N - l , ( I L + 1 ) / 2 , +) -g ( J , N - 1 , ( I L + l ) / 2 , - ) ] 

* I HI (J, N - l , ( IL/2)+l) -HL (J, N - l , ( I L + l ) / 2 ) 

^K (J.N)'-^K (J, N-l) I /n(J) 
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kT(z) = 

Here J r ep re sen t s the quantized var iab le cor re la ted to z, N to energy, 

I to perpendicular kinetic energy; NL is the l imit of N, IL is the limit 

of I, + r e fe r s to di rect ions in the posit ive sense, - r e fe r s to direct ions 

in the negative sense, and KM is the contribution to the kinetic energy 

result ing f rom the p a r a l l e l component of the velocity (parallel kinetic 

energy for short) The quantized var iab les a re integer constants and 

a r e p roces sed according to the ru les of integer a r i thmet ic . For ex-

ample , 1/2 = 0, 3. 9999999/2 = 1, 4. 000001/2 = 2, 2/2 = 1, 3/2 = 1, 

4/2 = 2, and so on. The resu l t is always the g rea tes t integer l ess 

than or equal to the actual resu l t . 

The e lec t r i c cu r r en t then follows immediate ly and i s : 

2 (z ) = qn(z ) V (z) , (C. 66) 

where q is the charge of the par t ic les and n(z) is their total density. 

The t empera tu re can also be readi ly computed from the direct ional 

density. It is defined by: 

\ dv \_ j d|j. Y (v - v ) n(z, v, \x) 
| k T = ^̂ ^̂  ^^-^ —• , (C.67) 
2 n (z) 

and applied to the p resen t p rob lem a s : 

1 _^^ 
[g(z, E (z, v), KJ_ (Z,V, H-), +) +g(z, E(z, V), KJ_(Z, V, ii), - )] lo ^"I-i ^^ 

n(z) 

m y v(z) . (C. 68) 
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The in tegra ls a r e c a r r i e d out numerical ly , as follows: 
" N L + 1 2 (IL+l)/2 

' K (J, N)[g(J, N , I, L)+g(J, N, I - l , L ) ] * kT(J) V 9m n(z) E I I I i{' 
N=2 L = r 1=2 

* |HL(J , N , I, L) - HL(J, N , I - l , L) I + K (J, N- l ) [g ( J , N - 1 , I, L)+g(J, N - 1 , I - l , L)] * 

* | H I ( J , N-1 , I , L)-H.(J, N - 1 , I - 1 , L ) | | + K (J, N)g(J , N , ^^Y^ ' ^^''' 

* |HI(J , N, (IL/2) + l . L ) - Hi(J, N, ( IL+l) /2, L)I + K (J, N-l )g(J , N-1 . " ^ ^ y ^ , L) 

* |HL(J, N - 1 , (IL/2) + l, L)-Hi(J, N - 1 , ( IL+l) /2, L ) | ' 

2 (IL+l)/2 
\ 

'^K (J, N) - V K (J, N-1) 

.= 1 1=2 ^ ^ 

+ K (J, . ^ ' ^ J Z I I ^ + K (J,NLll) Cg(J>NL+l,I, L)+g(J,NL+l,,I-l,L)] 

-HL (J, NL+1, I-l,-L) ^ (VK (J, N L + 2 ) ' - ^ K (J, N L + 1 

1} 

HL(J, NL+1, I, L ) + 

2 
m V(Z) 

3 
(C.6< 

It is n e c e s s a r y to compute the spec t ra l distr ibution of e lec t rons 

for the source t e r m in the integral equation that de te rmines the e lectron 

density. This can be easi ly done by noting from Equations C. 39 through 

C.41 that the speed v is fixed if the indices N and J a r e fixed. Thus, if 

we sum over I and L, all values of [i will be spanned, and both the 

position and the speed will be constant, which is the meaning of integration 

over \i to de te rmine the density for a pa r t i cu la r position and speed: 

n(z, v) = \ dp, g [z, E(z, v), K_L(Z, V, H.), L(H.) ] , . (C. 7{ 

^-1 
2 (IL/2) + l 

= E E AH^ {g[z, E(z, v ) , K ^ l ( z , V), L ] } . (C.7] 
L=l 1=1 
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L i k e w i s e , the to t a l d e n s i t y m a y a l s o be found a s ; 

N L + l ( I L + 1 ) / 2 2 

i(z) = \ dv \ dHL g [ z , E(z , v), K^(z, V, HL), L(HL)] = l^ )_^ }_^ 

'̂ O -1 N=2 1=2 L=l 

^N, I, 1-2 ^N, I, L ' ^ N , I - l , L ' " ^ ^ N - 1 , I, L | ' ^ N - l , I, L ' ^ N - 1 , I - l , L ' ^ 

^N, I - l , L | ' ^ N , I, L ' ' ^ N , I - l , L ' ^ ^ N - 1 , I - l , L | ' ^ N - 1 , I, L " ^ ^ N - 1 , I - l , L ' 

2 V N ' ^ N - i r ^N, ( I L + l ) / 2 , L ' ^ N . ( I L / 2 ) + 1, L ' ^ N , ( I L + l ) / 2 , L ' ^ ^ N - 1 , ( I L + 1 ) / 2 , L * 

' ^ N - l , ( IL/2) + l , L " ^ N - 1 , ( I L + 1 ) / 2 , L ' 2 ^ ^ N ' ^ N - I ^ • (C-72) 

However. , the a n g u l a r d i s t r i b u t i o n a t a f ixed po in t canno t be d e t e r m i n e d 

in t h i s m a n n e r , for one m u s t s u m o v e r s p e e d v, and if we v a r y N to 

a c c o m p l i s h t h i s , H- wi l l a l s o v a r y . T h e r e f o r e , the a n g u l a r d i s t r i b u t i o n 

m u s t s t i l l be found t h r o u g h the u s e of the J a c o b i a n and by i n t e g r a t i n g 

o v e r the v a r i a b l e s Kj_and L. See Append ix A for the d e t a i l s . 

10. Convergence Procedures 

To s u m m a r i z e the p r e v i o u s s e c t i o n s , we d e t e r m i n e the p o t e n t i a l 

in t e r m s of the d e n s i t y d i f f e r e n c e b e t w e e n ions and e l e c t r o n s , and we 

d e t e r m i n e the d e n s i t i e s of ions and e l e c t r o n s in t e r m s of the p o t e n t i a l . 

Thus , an i t e r a t i v e p r o c e d u r e is r e q u i r e d a c c o r d i n g to wh ich we g u e s s 

i n i t i a l l y one of the q u a n t i t i e s and c o m p u t e the o t h e r , and then i t e r a t e . 

Al though p l a s m a p r o b l e m s , s u c h a s t h i s one , a r e n o t o r i o u s for t h e i r 

i n s t a b i l i t i e s , t he i n t e g r a l f o r m u l a t i o n for a l l q u a n t i t i e s to be d e t e r -

m i n e d does m u c h to t a m e t h e s e p r o b l e m s . 
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Never the less , the mathemat ics , if cor rec t , must reflect all of 

the physics inherent in the problem. Usually, the mathemat ics in t ro-

duces additional special p rob lems all of its own. We would expect then 

to see p lasma osci l la t ions, which involve the interplay of e lec t ros ta t ic 

fields and charged pa r t i c l es , if t ime dependence of the density dis t r ibu-

tions had been included in the problem, which it has not. Be this as it 

may, the i tera t ive p roces s introduces a kind of pseudo t ime dependence 

not involving the m a s s e s of the pa r t i c l e s . Thus, as a resu l t of the 

i te ra t ive p r o c e s s we might expect to see osci l lat ions in the i tera t ions 

corresponding to plasnna osci l la t ions . Now, these osci l lat ions occur 

at ve ry high frequencies and with ve ry short wavelengths. If we -were 

to follow them with the computer , we would have to choose distance 

inc rements shor t compared with these wavelengths, and we would have 

to labor iously follow, again with shor t increments , these osci l la t ions 

up and do'wn in t ime. An enormous amount of computer t i r re would be 

involved; further, these osci l lat ions a r e of no par t i cu la r in teres t . We 

a r e in te res ted only in the stat ic behavior of the sys tem. 

To s ide - s t ep the p rob lem of following all these osci l la t ions , low-

pass fil tering is introduced. In fact, the resu l t s of both the Poisson 

and Boltzmann equations a r e so fi l tered. Now, filtering in the normal 

sense would consume a grea t amount of computer t ime, which we a r e 

hoping to economize. For this reason, we introduce the concept of 

fi l tering in the rea l domain instead of the conjugate domain. Let us 

say we have a quantity f(s), where s is the i tera t ion index that we 

wish to low-pass filter. This implies normal ly that the F o u r i e r t r a n s -

form F(co) of f(s) is computed: 
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F(a") = V = f ^ J ds e"' ' ' '^ f(s), (C 

and then the resu l t F(aO is multiplied by a function G(a)) corresponding 

to a low-pass filter, as shown in Figure II-3 . The output f'(s) of the 

low-pass filter in the rea l domain will then be: 

f'(s)= 7 ~ - r do! e"*̂ ^ F(a)) G(aj) (C 

by the Fou r i e r invers ion theorem. 

The same resu l t can be achieved by operat ion in the rea l domain; 

there is no need to t r a n s f o r m to the conjugate domain and t r ans fo rm 

back again to the r ea l domain. This r e su l t follows from the Faltung 

theo rem for Four i e r t r a n s f o r m s : 
GO jC 

F(a!) G(w) = - 4 = i V d s " e ' ' ^ ^ " 0 d s ' f ( s ' ) g ( s - s ' ) . 

0 

By the inversion t heo rem (C. 74) for Four i e r t r ans forms ; 

fMs) = ^ d s ' f(s ' ) g ( s - s ' ) , 

"0 

(C 

(C 

This r e su l t s ta tes that the low-pass fi l tered vers ion f (s) of f(s) is 

given by a kind of weighted average of past values f(s ') of f(s) (acting 

as a source function), multiplied by the Green ' s function g ( s - s ' ) (or 

impulse response , as it is called by some) of the low-pass filter. The 

Green ' s function can also be found from the Four i e r inversion theorem 

(C.74): 
00 

g(s) =^^7^ \ dtoe '̂̂ '̂  G(C0). (C 

-(» 

The t r ick then is to so choose G(a>) or g(s) that the high frequency 

p lasma osci l lat ions a re re jected by the fil tering p roces s , yet such 
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that the low-frequency phenomena of in te res t a r e passed . Fortunately, 

ŵ e a re only in te res ted in t ru ly stat ic phenomena, so there is no rea l 

p rob lem of choosing the f i l ter . 

A s imple filtering scheme has proven ve ry sa t is factory for the 

p r e s e n t problem. For the potential <p{z), the following scheme was 

used: 
N s-1 

^(z, N) = y" ^-— 0 (z, s) , 
s = l ^N 

(C. 78) 

where N 

S N = E B 
s -1 

s = l 

(1-B^) 
(1-3) 

(C. 79) 

(We a r e using the equality sign he re in the sense In which it is always 

used with computers of " r e p l a c e s , " not "equals.") 

Thus, the coefficients a r e a m e a s u r e of the fraction to which a past 

i terat ion contr ibutes to the p r e sen t resul t . This scheme works very 

well indeed for N = 4 and ^ = -7 5. 

For the filtering of the di rect ional densi t ies of the pa r t i c l es , a 

further development of the fi l tering p rocess was used since it was 

imprac t i ca l to s to re much past h i s tory of these densi t ies in view of 

the huge amount of s torage r equ i red to s tore these a r r a y s for even 

the p resen t values . With r ega rd to the sums in Equation C. 78 we 

note the following; 
N+l 

' 1 - B I \^ 
3 " n(z, E, Kj_, L, s) 

U - 8 

/ 1-8 

1-8 
N+l 

N 
P n(z, E, K^, L,N+1) + 

.N 

M,.e^+i) 1-B 
N 

N 

E 
s = l 

s-1 
3 n(z, E, K^, L, s) (C.80) 
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In words , the new weighted average , which is in brackets on the left-

hand side of the equation, can be computed from a suitable fractional 

multiple of the new density plus a suitable fractional multiple of the 

old weighted average, which the new weighted average upon calculation 

rep laces , and, in turn, becomes the old weighted average for the next 

cycle. This method of weighting proved ve ry effective. Here 8 = . 75 and 

N, of course , kept going up with i tera t ions , being, in fact, the i terat ion 

counter or index Thus, with this scheme one uses all pas t i terat ions 

m con t ras t to the previous one where one used only the past N i te ra t ions . 

As a r esu l t of this filtering or averaging, convergence was never 

a p rob lem Convergence Is ve ry rapid, usually occurr ing in jus t 

a few cycles , even with tight convergence cr i te r ion . Repeated i teration, 

after convergence has occur red , does not cause the solutions to change 

or move (In other words, the convergence is more than jus t apparent ; 

it is real , ) 

The w^eighting coefficients for a few^ s imple a r e l i s ted in Table II-1 

11 Resul ts 

The re su l t s may be briefly summar ized before getting into the 

de ta i l s . Plots of the potential and densi t ies ve r sus position will be 

p resen ted momentar i ly . F r o m these plots we find the following: 

(1) The dens i t ies of e lec t rons and ions a r e smal le r near the 

col lector than in the p lasma . 

(2) The dens i t ies of ions at the p l a sma- t r ans i t i on - r eg ion 

interface is approximately one-half that of the e lec t rons , 

in keeping with the approximate resu l t found by diffusion 

theory. 

11-44 



TABLE II-1 

s -1 
WEIGHTING COEFFICIENTS ^ /& 

N 

n 

1 

2 

3 

4 

n 

1 

2 

3 

4 

n 

1 

2 

3 

4 

3 = .25_ 

^Vs 

1.000000 . . . 

0.800000 . . . 

0.76190476 

0.75294118 

3 = .50 

BVS 

1.000000 . . . 

.666666 .. . 

.57142857 

.533333 . . . 

fVs 

1.000000 . . . 

0.57142857 

0.432432 . . . 

0.36571428 

3/S 

0.200000 . . . 

0. 19047619 

0.1882353 

^/S 

.333333 . . . 

.28571428 

,266666 . . . 

3/s 

.42857143 

.324324 . . . 

.2742857 

eVs 

.047619048 

.04705882 

BVS 

.14285714 

, 133333 . , . 

PVS 

.243243 . . . 

.20571428 

^Vs 

.01176471 

3Vs 

.066666 ... 

PVS 

. 1542857 
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(3) Reflection of pa r t i c l e s (electrons in the p resen t case) at 

a potential b a r r i e r leads to discontinuit ies in the par t ic le 

dens i t ies . 

(4) These discontinuit ies a r e the smal le r , the l a r g e r the number 

of speed groups used. 

(5) Convergence was rapid with filtering. In a number of cases 

the convergence was ideal in that convergence could have not 

occur red with fewer i terat ions i r r e spec t ive of the perfection 

of the naethod. 

(6) The cu r ren t for each species was not constant; i. e. , par t ic les 

were not conserved to the accuracy des i red . This mat te r was 

not co r rec ted by the t ime the projec t was te rminated . 

(7) In the case where the regions of integrat ion were severa l 

sca t ter ing mean free paths thick, the p re sence of the p lasma 

should have made itself manifest by the potential having zero 

slope. This phenomenon was not observed and the p rob lem 

was not f e r re ted out by the t ime the pro jec t was te rminated . 

It is believed that cor rec t ion of the cu r ren t inconstancy may 

very l ikely el iminate the p rob lem with the potential . 

(8) Convergence was more rapid with potential fil tering than 

without. 

(9) The inner loop would converge without any fil tering. The 

outer loop would jus t osci l la te , even with potential filtering, 

in the absence of pa r t i c l e fil tering. (Only a few outer loop 

i terat ions were ever followed, of course , since with filtering 

the convergence was so rapid. ) 
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(10) Convergence of the inner loop is faster, the c loser the 

outer loop is to convergence. 

(11) More i terat ions a re requi red with problems having sca t t e r -

ing than without sca t te r ing . 

(12) The heavier the sca t te r ing , the more i terat ions required. 

In connection with checking out the p rog ram and correc t ing the 

e r r o r s , a g rea t many runs were made of a p r o g r a m under more or 

l ess s tandard conditions. The s tandard conditions a re i l lustrated by 

the example of the input data presented in connection with the program. 

With four speed groups, the e lec t ron and ion densit ies with filtering 

turned on a r e displayed on Figure II-4. The discontinuit ies in the 

e lec t ron densi t ies correspond to points at which electrons belonging 

to a pa r t i cu la r speed group were reflected by the potential b a r r i e r 

and re tu rned to the p lasma. These discontinuit ies can be seen even 

more c lear ly by observat ion of F igure 11-5, which is a plot of the 

e lect ron and ion densi t ies with filtering turned off. There is a one- to-

one cor respondence between these discontinuit ies and the reflection 

points of e lec t rons in respect ive speed groups, as can be proved by 

examining the di rect ional density a r r a y s for the e lect rons , not 

p resen ted h e r e . Ions a r e not reflected, and their density exper iences 

no discontinuit ies as a resu l t . The resu l t of using eight speed groups, 

instead of four, is shown in F igures II-6 and II-7 for the filtered and 

unfiltered e lect ron and ion dens i t ies . In each case, the problenn was 

i te ra ted to convergence, as shown in F igures II-8 and II-9, for four 

and eight speed groups, and then i tera ted once more with the filtering 

turned off. This had the effect of removing past h is tory from the 

direct ional density a r r a y s , thereby making it nnuch eas i e r to observe 
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the constancy of the direct ional density in these col l is ionless 

c a s e s . 

F igures 11-8 and II-9 a re plots of the potential as a function 

of posit ion. Since all printing was suppressed until the t ime for 

the run was near ly up, we can presen t only the resu l t s pr inted out. 

Rates of convergence for the inner and outer loops a r e displayed in 

Table II-2. (The upper l imi t had been set at 20 i terat ions of the 

inner loop. ) Convergence of the inner loop was achieved in each 

case . These r e su l t s a r e quite r ep resen ta t ive . Convergence in 

ei ther loop is fast, and is fas ter in the inner loop, the c loser the 

outer loop is to convergence. The convergence c r i t e r ion was that 

the potential differ f rom its previous value by l e s s than 0, 02 volt 

at all points . F igure II-8 is a plot of the potential as a function of 

position for the f irst , second, and third i t e ra tes of the outer loop 

for four speed groups . F igure II-9 is a plot of the potential as a function 

of position for the f irs t , second and third i t e ra t e s of the outer loop 

for eight speed groups. The third i tera te is an extra one with the 

filtering turned off. One can hardly expect any p rob lem or method 

to converge fas ter than in the two i terat ions displayed in each case 

in Table II-2. The 0th i tera t ion is the u s e r ' s guess , which consisted 

of a l inear function for the e lec t ron and ion direct ional densi t ies be -

tween their respec t ive values at the p l a sma- shea th interface and the 

corresponding values at the col lector and which implies that the 

potential changes l inear ly between its value at the p l a sma- shea th 

interface and its value at the col lector; the f i r s t i te ra te is the com-

pu te r ' s calculat ion f rom the u s e r ' s guess ; the second i te ra te is needed 

to confirm the accuracy and validity of the f i r s t i t e ra te . 
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TABLE II-2 

RATES OF CONVERGENCE UNDER VARIOUS CONDITIONS 

Number of 
Speed 

Groups 

4 

8 

Outer Loop 
I tera te 

0 
1 
2 
3 

0 
1 
2 
3 

Number of 
I terat ions of 
Inner Loop 

4 
2 
1 
1 

4 
2 
1 
1 

Number of 
I terat ions of 
Outer Loop 

2 

2 

Comment 

Extra i teration 
after convergence 
with filtering 
turned off 

Ext ra i terat ion 
after convergence 
with filtering 
turned off 
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Figu re s 11-10 and 11-11 a r e plots of the e lectron and ion cur ren t s 

as a function of posit ion for the 4 and 8 speed group case , respect ively . 

These r e su l t s a r e dis turbing: each cur ren t should be constant in the 

absence of any net production or absorption of pa r t i c l es , as must be 
17 

the case in the absence of col l is ions . If the cu r ren t is not constant 

in the col l i s ionless case , then par t i c les a r e not being conserved. Since 

our cu r r en t is changing by a factor of about 2, e i ther there must be 

some mis take in the cu r r en t calculation or pa r t i c l e s a r e not being 

conserved. Because the direct ional density is r igorous ly constant in 

the col l is ionless case (w îth the filtering turned off, of course , since 

the fi l tering averages over past history), we believe that pa r t i c l e s 

a r e conserved, but that the calculation of the cu r ren t is somehow in 

e r r o r . We did not have t ime to check into this question at the t ime 

the projec t was te rmina ted . It is seen that the cu r r en t jumps upon 

turning off the fi l tering, whereas the potential, which is an ex t remely 

sensi t ive function of the net difference between posit ive and negative 

charges , changes hard ly at all, again providing further evidence that 

there is something pecul ia r in the calculation of the cu r ren t . Of 

cou r se , the c u r r e n t will be somewhat sensi t ive to changes in the 

direct ional density in that it involves the difference in the direct ional 

densi ty in different d i rec t ions . 

We have run a l a rge number of other cases before the p r o g r a m 

got to its p r e sen t s ta tus , and we now briefly s u m m a r i z e our exper ience 

w îth these other c a s e s : More i terat ions were requ i red with problems 

involving scat ter ing, especia l ly heavy sca t te r ing . Turning off potential 

fi l tering slowed convergence. Turning off pa r t i c l e filtering caused 

the potential to osc i l la te ; at the end of six i tera t ions of the outer loop, 

no convergence was in sight, even with potential filtering p resen t . 
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With a mixture of integrat ion methods, i. e. , with some integrals 

done using the va r i ab le s z, v, and jj,, and no Jacoblan, the inner loop 

would converge by itself, but the outer loop would jus t osci l la te using 

no fi l tering of any sor t . Even with all in tegrals done using the 

va r i ab les , z, E, Kj_, and L, and the Jacobian, convergence for the 

outer loop of the so r t shown in F igure 11-12 was obtained. Because of 

the nonmanifest convergence of the integrals involved (the Jacobian 

has both a s imple pole and a branch point of o rde r l / 2 for s ingular i t ies) , 

the pa r t i c l e dens i t ies behaved poor ly: At each point of reflection, the 

densi ty would have a sharp maximum because of the s ingular i t ies 

in the Jacobian, which define the points of reflection. However, in 

this case the inner loops converged poorly, requir ing many more 

i te ra t ions for convergence than was found above with the method that 

did all in tegra ls in t e r m s of the va r iab les z, v and |JL. Never the less , 

convergence was obtained With all the in tegrals done in ternns of 

the va r i ab les , z, E, K., and L, convergence could not be obtained 

without f i l tering. The s ingular i t ies of the Jacobian seemed to be 

jus t too much; filtering provided a means for smoothing out these 

s ingular i t ies so that the p rob lem had a chance to converge. The p rob -

l e m with no filtering is that a pa r t i c le of given energy is ei ther 

reflected or it is not. If it is reflected, then the density of pa r t i c les 

of this energy suddenly goes to zero in the inaccess ible region. While 

this c i r cums tance is t rue In real i ty , It is also t rue in rea l i ty that 

t h e r e a r e many more energy groups of pa r t i c l e s than jus t the four 

usual ly in most of our runs for r ea sons of machine t ime and m e m o r y 

r e q u i r e m e n t s . Actually, the par t i c le densi t ies change continuously 

with energy, instead of being bunched into energy groups, so that there 

is a continuous dis t r ibut ion of re jec ted pa r t i c l e s and consequently a 
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continuous density change with distance, instead of the discontinuous 

changes modeled he r e . Fi l ter ing helped to smooth out these d i s t r ibu-

tion functions by introducing enough his tory into the par t ic le density 

that the potential and par t ic le density no longer osci l la te from i terat ion 

to i tera t ion in a futile at tempt to adjust to each other . 

The problems involving heavy scat ter ing did not show evidence 

of a p l a sma being established, i. e. , of the potential having zero 

slope at the p lasma end of the region of integration. We believe 

this difficulty may very well be connected with the p rob lem involving 

nonconservation of pa r t i c l e s mentioned above. 

12. Fu tu re Work 

Fu tu re work could extend the r ea lm of applicability of the p re sen t 

method substant ial ly: 

(1) Ionization and recombination might be introduced into the 

p r o g r a m so that the ent i re in tere lect rode space could be 

t rea ted by the method, instead of mere ly the t rans i t ion 

region near the collector . 

(2) Actual sca t te r ing laws could be introduced, thereby removing 

the assumption of isotropy. It is known, for example, that 
4 

Rutherford sca t te r ing var ies as esc (e/2), where 6 is the 

sca t te r ing angle. This phenomenon would be of p r i m a r y 

importance in the t ransi t ion region. 

Several var ian ts of the mathematical method might also be 

examined more closely: 
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(1) The use of higher o rde r (Adams) integration formulas than 

t rapezoida l or Simpson's ru les should be studied to de te rmine 

if any advantages resu l t from their use . One may gain more 

accuracy for a given number of nnesh points in E or Kj^. If so, 

one could reduce the s ize of the direct ional density a r r a y s 

n(z, E, Kj_, L), w^hich now consume la rge amounts of fast 

memory , even with only a few speed groups and direct ional 

groups, 

(2) The densi t ies and /o r potential could be approximated by 

functions having a r b i t r a r y p a r a m e t e r s in them. These 

functions could then be inser ted into the integral re la t ions 

for the densi t ies and /o r potent ials . The p a r a m e t e r s could 

then be adjusted numer ica l ly until the e r r o r of the solution was 

minimized. The e r r o r of a solution might be taken as the 

magnitude of the difference between the r ight- and left-hand 

sides of an equation. The functions could be taken of such a 

form, for example, that they sat isf ied all the physical r e q u i r e -

ments that one knows ahead of t ime have to be satisfied by 

the solution. The function represent ing the potential might 

be of such a form that at the p l a sma- shea th Interface it alw^ays 

has zero slope in p rob lems where scat ter ing is present , for 

example. Again, the densi t ies might be r ep resen ted with a 

reasonably s imple functional form in the sheath region, r a the r 

than m e r e l y with a graph or se t of numbers . The method has 

the disadvantage that the accuracy of the resu l t s is l imited, 

but g rea t accuracy in p rob lems of this so r t is of l i t t le value 

anyway. Fu r the r , by choosing functions with more and more 
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p a r a m e t e r s in them, it would be possible to fit the solution as accura te ly 

as des i red . Of course , the goal is to achieve the des i red accuracy 

with as few p a r a m e t e r s as poss ible , 

D. OTHER METHODS 

1. General 

The analyses descr ibed below consider the sheath region with 

increas ing levels of complexity. Starting with the usual col l is ionless 

sheath approxinaation, integrat ion of this assumption through the 

sheath show^s the re is no solution which sat isf ies all the boundary 

conditions. The next step of working from the physical phenomena 

likely in the sheath p r e s e r v e s a good understanding of the relat ive 

impor tance of the p r o c e s s e s involved in the different port ions of the 

sheath. The resul t ing analys is r e s e m b l e s diffusion theory. However, 

when numer ica l integrat ion is at tempted, the analysis becomes un-

reasonable due to the instabi l i t ies encountered. The more d i rec t 

approach of the S method, which t r ea t s the sheath as a whole, l ike-
n 

wise has ins tabi l i t ies . A study of these instabil i t ies sliowed that they 

a r e in t r ins ic to the differencing scheme used in the S method when 
n 

applied to charged pa r t i c l e s moving in an e lec t r ic field. Investigation 

of other differencing a r r a n g e m e n t s developed a method likely to con-

verge under the sheath conditions. This method was not pursued 

numer ica l ly because of the p r o g r e s s made with the integral method 

descr ibed e a r l i e r in this r epor t . 

2. Coll is ionless Sheath 

Wang, Lieb, and Pigford have t rea ted the p rob lem of the col l is ion-

l e s s sheath in which the e lec t rons and ions a r e constrained to move 
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along the z - a x i s . Space charge effects were taken into account by 

use of Po i s son ' s equation; e lec t rons and ions a r e introduced at the 

emi t t e r and the p lasma boundaries of the sheath as half maxwellian 

d is t r ibut ions . Vlasov's equation for one dimension with par t i c les 

const ra ined to move along the z-axis was used to descr ibe the con-

servat ion of pa r t i c l e s in phase space . 

The dis t r ibut ion function is as follows for the var ious cases 

l i s ted: 

a. Retarding field: See F igure 11-13. 

(1) Forward-going par t i c les 

n(z, v) = n^ exp - [ | e(0-0^) | / k T ] exp - (mv /2kT) . (D. 1) 

n(z, v) = 

(2) Backward-going pa r t i c l e s 

2 

0, if m v 
2 -̂  ^(•^-^0^ ^ " ^max 

n(z, v) = ( 
UQ exp - [ | e ( 0 - 0 Q ) | / k T ] e x p - ( m v V 2 k T ) , ^ ^ ^ ^ + ^ ( 0 - 0 0 X 6 0 ^ ^ ^ . 

b. Accelera t ing field: See F igure 11-14 

(1) Forward-going par t i c les 

2 
/ r. -r rnV , 

' 0, if — < e(0-0Q), 

n^ exp [ | e ( 0 - 0 Q ) | / k T ] exp - (mv /2 kT), if-^^1^ > e(0-0^). 

(D. Z) 

(D. 3) 

(D. 4) 

(D. 5) 
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The resu l t s of Wang, Lieb, and Pigford may then be found from the 

definitions 

e = -A^. 

ilj = e 0 / k T 
E 

CO 

n^ ^ \ dv f"*" 4> v ) /N (0), 
n J a e 

(D. 6) 

(D. 7) 

(D. 8̂  

where X„ is the Debye length calculated at the electron density at 

the e lec t rode of t e m p e r a t u r e T , and from the revised form of the 

reduced Poisson equation: 

(+) 
,2 
d ip 1/2 

dC 

n • (0) - n^^^ (ip) + n^'^ (tp) - n^"^ {ip) 
I e I (D. 9) 

Here , n (ip) is the density of pa r t i c l e s of type a moving in the positive 

direct ion at point ip(z), and n (0) is the density of par t ic les of type a 

moving in the negative direct ion at point ip{z). The definitions 

L(^) = expiip) erf Jip - Zjxpf^, 

M(0) = exp((//) ( l - e r f J^) + 2 JiiJ^ , 

N(̂ )̂ = exp(^^) (1 + erf ^ ) - 2 Jip/l '), 

(D. 10) 

(D. 11) 

(D. 12) 

were used by these au thors , and thei r last equation (Eq. D. 4) is 

co r r ec t ly given by 
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N.(o) 
N(^^ -ip) 1 ^ 1 = exp (̂ ^ . ) M(;^-^^ . ) - l U - p — . exp -(0 ) {j 

i d^ j mm L ^ min i N (o) ^ ^ p \ 

\ 1 N (p) 
- N(0 -ijj . )) + 2 L(-0 . ) U - ^ — exp [ c , (0 . -0 )! 

p n i in / "^mm N (o) C_ ^ 1 1 "^min p J 
' - " e l 

N / C , (0 -0 . )) -1 
\ 1 m i n ' 

I <i p min 

N.(p) 

N (p) C_ 
e <i 

. 0 ^ 0 (D. 13) 

The s u b s c r i p t p o r a r g u m e n t p d e n o t e s t ha t the a s s o c i a t e d quan t i ty 

i s e v a l u a t e d in the p l a s m a . 

C, = T / T 
1 E ' pe 

(D. 14) 

T / T . 
E ' p i 

(D. 15) 

1 
In the m e t h o d of Wang, L i e b , and P ig fo rd , t he c h a r g e d p a r t i c l e s 

f r o m the e m i t t e r a r e a s s u m e d to i s o t r o p i c a l l y d i s t r i b u t e d o v e r a 

h e m i s p h e r e and to have a Maxwel l s p e e d d i s t r i b u t i o n . An e x a c t f o r m 

of the s o l u t i o n s of the B o l t z m a n n e q u a t i o n s is e a s i l y found, and a f i r s t 

i n t e g r a l can be found a n a l y t i c a l l y for P o i s s o n ' s equa t ion . The s e c o n d 

i n t e g r a l m u s t be found by n u m e r i c a l i n t e g r a t i o n . The i n t e g r a t i o n 

c o n s t a n t t ha t r e s u l t s can b e d e t e r m i n e d on ly by a b o u n d a r y cond i t ion . 

2 -5 
The p l a s m a r e g i o n h a s b e e n t r e a t e d by n u m e r o u s a u t h o r s by 

the diffusion e q u a t i o n s for e l e c t r o n s and i o n s . The n e a r l y i s o t r o p i c 

d i s t r i b u t i o n of the p l a s m a r e g i o n m u s t t hen s o m e h o w be j o ined to 
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the anisot ropic distr ibution of the sheath region. The problem here 

IS that If one requ i res continuity of the charge density, the potential, 

and the e lec t r ic intensity, no solution at all can be found. If only one 

or two of these quantit ies a re continuous, then a multitude of solutions 

exist, and the solution is nonunique. 

Now, a p lasma is general ly positive with respec t to the electrodes 

Consequently, e lec t rons in the p lasma a r e reflected for the most par t 

by the posit ive sheath potential back into the plasma, whereas ions 

a r e expedited out of the p l a s m a by the posit ive sheath potential. If n 

Is the densi ty of e lec t rons or :ons in the plasma, n/2 of the ions a re 

headed out of the plasina and .lever come back. This is the number 

of ions Injected into the p r o g r a m at the Interface. The emiss ion of 

ions fronn the emi t te r is neglected. In contras t , of the n/2 e lect rons 

headed into the sheath (and injected into the program) , near ly all 

come back Thus, near the interface between the sheath and tVie 

p lasma, the densi ty of e lec t rons is near ly n, half going one way and 

half going the other way; the density of io?is is only n/2 because none 

of those leaving re turn . There is, therefore , a net charge of n/2 

at this interface and a concomitant s o u r c e of e lec t r ica l fields. 

Next, let us consider the boundary condition on the potential. We 

know the col l i s ionless solution mus t be valid up to the o rde r of at 

leas t >. away from the emi t te r . Indeed, we can think of the solutions 
in 

for the col l i s ionless region extrapolat ing to a distance beyond X. 
in 

before the col l is ionless solution meets the plasma potential. The 

posi t ive and negative charge densi t ies and the potential energy of 

e lec t rons as a function of d is tance for a typical case a re shown in 

Figure 11-15, where it has been a s sumed that there is zero e lec t r ic 
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field at the emi t t e r . The p l a sma conditions were adapted from resu l t s 
2 

of Wilkins and McCandless for one of the i r ca ses . Under our p resen t 

c r i te r ion , a solution is valid if and only if the computed potential equals 

the p lasma potential at a dis tance X̂  away from the emi t te r . In the 

p r e sen t case , the solution is not valid because the potential energy of 

an e lect ron in the col l is ionless region becomes equal to that of an 
e lec t ron in ihe p lasma at a dis tance c lose r to the emi t te r than X, 

^ in 

At such short d i s tances , charges , on the average, will not have ex-

per ienced a collision, and diffusion p r o c e s s e s , which a r e c h a r a c t e r -

istic of a p lasma, cannot be said to have begun. A more negative 

slope near the emi t te r of the potential energy would have put the 

equality point even c lose r to the emi t te r , A more positive slope 

would imply a maximum of the potential energy of the e lect rons in 

the CO l is lonless region, as shown in F igure 11-16, This figure 

displays the positive and negative charge densi t ies , and the potential 

ene/gy of e lec t rons as a function of dis tance. The solution obtained 

is valid under the p re sen t c r i t e r i a , for the potential energy of an 

e lec t ron becomes equal to that of an e lec t ron in the p lasma at the 

distance > away from the emi t t e r . It is observed that the slope 
m 

of the potential energy is posi t ive at the emi t te r and that a maximum 

of the potential energy function occu r s . 

Despite the assumpt ion by Wilkins and McCandless of monotonlc 

sheaths for all the cases they t rea ted. It is possible to apply thei r 

r e su l t s to si tuations where sheaths p o s s e s s a potential min imum by 

imagining a vir tual emi t t e r with thfc p rope r t i e s of their emi t te r for 

the corresponding case . The potential of the p lasma was found 

by requir ing that our e lec t ron cu r r en t density, the random elect ron 
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cur ren t density, and the sa tura t ion cu r ren t density be the same as 

those of a corresponding case of the i rs at the p lasma-shea th interface. 

Thus, the saturat ion cu r r en t s a r e re la ted by 

J ^ . = J . . • exp + |0 . /kT\ . 
e E s a t e sat, monotonic ' '^mm' E 

Their values for the Schottky cor rec t ion and the work function were 

used also The work function and the potential of the p lasma used 

in our calculation was then re la ted to the corresponding quantities 

used by them, as shown in Figure 11-17. 

It is impossible to avoid a min imum of the potential for this case . 

If a longer coll is ion distance is assumed, then the minimum potential 

requi red for a solution w^ill be even deeper . Therefore, if a minimum 

of the potential is to be avoided, the distance at which coll isions occur 

must be made shor t e r . But •we have a l ready picked the shor tes t 

collision distance that occurs in the p rob lem as the point at which 

the potential of an electron is to equal the potential of an electron 

in the p lasma . For the e lec t rons ŵ e probably should have picked 

X as the dis tance at w^hich the potential of the e lectrons in the 
en 

col l is ionless region equals the potential in the p lasma. Again, the 

t rue solution will smoothly joint the potential function of the plasma, 

a mat te r that will somewhat round the corne r in the p resen t very 

approximate theory. To the f i rs t o rder , the effect of such snaoothing 

is r ep resen ted by the extrapolated boundary. It is readi ly seen that 

the extrapolated boundary is further from the emit ter than the boundar 

chosen; therefore , rounding will not diminish the distance at which 

the col l is ionless theory stops and diffusion theory begins. In the jus t 

l imiting case for the p re sen t problem, where a potential minimum 

jus t fails to occur, the c ross ing occurs at 2, 2 |a, whereas X. = 2 . 8 |JL, 
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It is obvious that a negative charge density is a necessa ry but 

insufficient condition for the existence of a minimum of the potential. 

A sufficient condition for the exis tence of a minimum of the potential 

r equ i r e s that the n e c e s s a r y condition be supplemented by some other 

conditions, such as the dis tance from the ennitter at which the solutions 

for the col l is ionless and p lasma regions join. 

The exis tence of a min imum in the potential implies that not all 

e lec t rons originating frorn the emi t t e r will get to the p lasma. Since 

it is n e c e s s a r y to know the fraction of e lect rons getting to the p lasma 

in o rde r to p e r f o r m plasnna calculat ions, it appears neces sa ry to 

compute the potential function in the col l is ionless and t ransi t ion regions . 

Again, the e lec t r ic intensity computed from the potential a c r o s s 

the col l is ionless region and the Debye length in the p lasma is 11,400 

vo l t s / cm , and from the Debye length at the emi t te r is 7, 400 vo l t s / cm. 

The e lec t r i c field computed from the col l is ionless theory is 1, 540 

vo l t s / cm. Thus, because the col l is ionless region appears to be sub-

stant ial ly wider than a Debye length, the e lec t r ic intensity at the 

emi t t e r is lower than that computed from ei ther Debye length. 

F igure 11-18 displays the density of positive and negative charges , 

and the potential for a higher t empera tu re case , A solution can 'be 

obtained in which the potential of an e lect ron in the col l is ionless 

region is equal to that in the p lasma without using a minimum in the 

potential . The r e v e r s a l of the sign of the net charge density is 

in teres t ing . The e lec t r i c intensity computed from the potential a c r o s s 

the col l is ionless region and the Debye length in the plasnna is 47, 000 

vo l t s / cm, and from the Debye length at the emi t te r is 12, 000 vo l t s / cm. 
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The e lec t r ic intensity computed from the col l is ionless theory is 4, 100 

vo l t s / cm . Again, because the col l is ionless region appears to be sub-

stant ial ly wider than the Debye length, the e lec t r ic intensity at the 

emi t te r is r a the r lower than that computed from the Debye length. 

Thus, even In the case of the monotonic accelera t ing sheath, the 

p resen t resu l t reduces the magnitude of the cor rec t ion to the work 

function resul t ing from the Schottky effect and will, thus, reduce 

the sa tura t ion cu r r en t somewhat. 

It is ve ry in teres t ing to note the decidedly constant behavior of 

the ion density as a function of distance away from the electrode in all 

the cases p resen ted he re , as well as many others computed, but not 

p resen ted . 

3, Diffusion Theory Approach to a Thermionic Energy Converter 

In a thermionic diode, the in te re lec t rode gas is only slightly 

ionized. The t empe ra tu r e and density of the neutral cesiuna atoms 

a r e determined quite independently of the t empera tu re s and densit ies 

of the ions and e lec t rons . 

The m a s s e s of the ions and neutra l a toms a re ve ry nearly equal. 

For this reason, severa l consequences follow: F i r s t , the t empera tu re 

of the ions will be near ly equal to that of the neutral a toms . Second, 

the ion dis t r ibut ions can become max:wellian isotropic by collisions 

with neut ra l s or with themse lves . 

Several conclusions follow from the fact that the e lectrons a r e 

v e r y much l e s s mass ive than the neutra ls or ions. F i r s t , the t empera -

ture dis t r ibut ion of the e lec t rons will be ent i re ly independent of that 

of the ions or neut ra l a toms. Second, the e lec t rons may exchange 
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momentum with the ions or neu t ra l s , but not energy. The e lec t ron 

distr ibut ions can become isot ropic by collisions with neutra ls or ions, 

or with themse lves . Third, the e lec t ron dis tr ibut ions nnay become 

maxwellian by coll isions with themse lves . 

The e lec t r i c fields crea ted by a very slight inequality of e lect ron 

and ion densi t ies a r e very Intense, For this reason, the densi t ies 

of e lec t rons and ions will be equal to a very good approximation 

everywhere outside a Debye sphere around these ions. 

The e lec t rons or ions emit ted frona an e lec t rode a r e Isotropical ly 

dis t r ibuted over a hennisphere in a maxwellian dis tr ibut ion over the 

hemisphere . The e lect ron dis tr ibut ions can become maxwellian by 

momentum-only-changing coll isions with ions or neu t ra l s . The 

tennperature of the maxwellian dis tr ibut ion will be the same as the 

t empera tu re p a r a m e t e r charac te r iz ing the half maxwellian. 

There a r e a number of cha rac t e r i s t i c lengths associa ted with 

this p rob lem. The Debye length is always much shor te r than any 

mean free path for p a r a m e t e r s of in te res t in thermionic diodes. 

The Debye length X Is given by 

2 * 

If the e lect ron and ion t e m p e r a t u r e s a r e equal, then the mean free 

path for e l ec t ron -e l ec t ron coll is ions equals the mean free path for 

ion-ion col l is ions, and the mean free path for e l ec t ron -e l ec t ron 

coll isions equals to a good approximation the mean free path for 

e lec t ron- ion col l is ions. The ion-neut ra l mean free path is shor te r 

than the e l ec t ron-neu t ra l mean free path. The mean free paths for 
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the e lec t ron-e lec t ron , ion-ion, and the e lec t ron- ion collisions a r e as 

follows: 

103. f̂  (kT )^ 
X = —^ ^— (D. 17) 
ee 4 

e n In A 
e 

2 2 
103- c (kT.) 

X.. = , (D. IS) 
e n In A 

1 

103- f̂  (kT )^ 
X . = T^ . (D. 19) 

ei 4 ., 
e n. In A 

I 

Here X is the mean free path for the Interaction denoted by the sub-

sc r ip t s , e being for an e lec t ron and i for an ion, e is the permit t ivi ty 

of the vacuum, e is the charge of an electron, n is the density of 

pa r t i c l e s denoted by the subscr ip t , k is Boltzmann's constant, T is 

the t empe ra tu r e of the pa r t i c l e s , and 

12TT (f kT /e^ ) ^ /^ 
A= ^ - T (D-20) 

n * 
e 

Except within a Debye dis tance (where applicable). 

n = n (D, 21) 
e I 

to a very good approximation. If T = T., then we observe that 
e I 

X . = X.. = .805 X . (D. 22) 
ei 11 el 

For our d iscuss ion of the diffusion approximation, we take the 

e lec t ron-e lec t ron , e lect ron-Ion, and ion-ion mean free paths 

all equal. Three cases of in te res t occur as shown in Figure 11-19, 

and the p rope r t i e s of the pa r t i c l e s a r e summar i zed in Tables II-3, 

II-4 and II -5 , 
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T A B L E II-3 

Case A X = X f > i \ < X < \ 
ee 11 e i m en 

X =X 
ee 11 

i n e n 

E l e c t r o n s 

C l a s s 

Ions 

C l a s s 

««' 
e i 

Klaxwel l ian 
4- i s o t r o p i c 
No c o l l i s i o n s 

1 
F r e e m o l e c u 
l a r flow 

M a x w e l l i a n 
^ i s o t r o p i c 
No c o l l i s i o n s 

I 

F r e e m o l e c u 

l a r flow 

M a x w e l l i a n 
I s o t r o p i c 
ee e i col l is ions 

Diffusion 

M a x w e l l i a n 

I s o t r o p i c 

II, le c o l l i s i o n s 

I n e r t i a l 

flow 

M a x w e l l i a n 
I s o t r o p i c 
ee , e I, in 
c o l l i s i o n s 

3 
Diffusion 

Maxwel l i an 

I s o t r o p i c 

II, le, in 
coUis ions 

3 -
Diffusion 

Maxwel l i an 
I s o t r o p i c 
All coUis ions 

Diffusion 

Maxwel l i an 

I s o t r o p i c 

All c o l l i s i o n s 

Diffusion 
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TABLE II-4 

Case B. X. < X = X.. f» K . < X 
in ee ii ei en 

X. 

X = X.. 
ee 11 

E lec t rons 

Class 

Ions 

Class 

in en 

Maxwellian 
^ isotropic 
No coll is ions 

1 
F r e e molecu-
l a r flow 

Maxwelliaii 
^ isotropic 
No coll is ions 

F r e e molecu-
l a r flow 

Maxwellian 
^ isotropic 
No coll isions 

1 
F r e e molecu-
l a r flow 

Maxwellian 
Isotropic 
in coll isions 

Diffusion 

ei 

Maxwellian 
Isotropic 
ee, ei 
coll isions 

3 
Diffusion 

Maxwellian 
Isotropic 
ii. ie, in 
coll isions 

3 
Diffusion 

Maxwellian 
Isotropic 
All coll isions 

Diffusion 

Maxwellian 
Isotropic 
All coll isions 

Diffusion 
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TABLE II-5 

\. <x <-x 
m e n e e 

A . . . >^ X . 
II e i 

m en 
ee u 

« X 

Maxwellian 
^ isot ropic 
No coll is ions 

1 
F r e e molecu-
la r flow 

Maxwellikn 
^ isotropic 
No collisions 

1 
F r e e molecu-
la r flow 

Maxwellian 
^ isotropic 
No coll isions 

1 
F r e e molecu-
lar flow 

Maxwellian 
Isotropic 
in coll isions 

Diffusion 

Maxwellian 
Isotropic 
elacolUsions 

3 
Diffusion 

Maxwellian 
Isotropic 
in collisions 

3 
Diffusion 

e i 

Maxwellian 
Isotropic 
All collisions 

3 
Diffusion 

Maxwellian 
Isotropic 
All coll isions 

3 
Diffusion 
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Three c l a s se s of par t ic le t r an spo r t may be identified: 

a. F r e e Molecular Flow 

There a r e no coll is ions of charged pa r t i c l e s . P a r t i c l e s a r e 

acce le ra ted by the e lec t r ic field p resen t . The charged par t ic le 

dis tr ibut ion is half i so t ropic , 

b . Iner t ia l Flow 

The ra t e of change of kinetic energy (or inert ia) dominates grea t ly 

any coll isional drag. There is no energy exchange amiong the pa r t i c l e s . 

c. Diffusion 

Collisional drag dorainates the ra te of change of kinetic energy 

(or inert ia) 

In formulating the p rob lem we would like to find the e lect ron density 

n (z, v), the ion densi ty n. (z, v), the average drift speed v (z) of the 
e 1 e 

e lec t rons , the average drift speed v. (z) of the ions, the e lec t r ic 

c u r r e n t j (z) c rea ted by the e lec t rons , the e lec t r i c cu r r en t j . (z) 

c rea ted by the ions, the t empera tu re T (z) of the e lec t rons , the 
e 

t e m p e r a t u r e T.(z) of the ions, and the potential energy U(z) all as a function 

of position. The equations involved will be l is ted by c lass and the 

equations must be selected from the c lass appropr ia te to the type 

of charged par t ic le being descr ibed . In general , the c lass of 

equations for e lec t rons is different from that for ions. Po i s son ' s 

equation is always used in the diffusion approximat ion: 

2 2 

- ^ - ^ = -^- r dv [n.(z,v) - n^(z,v)] . (D. 23) 
dz o 
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Case A occurs quite infrequently because a high degree of ioniza-

tion is requi red . Cases B and C occur m o r e frequently. In case C, 

which is probably the most frequently occurr ing case, an ion s tar t ing 

f rom the emi t t e r will, on the average , make its first collision at the 

dis tance X'. • Collisions of the charged and neutral pa r t i c les among 
in 

t hemse lves will make the dis t r ibut ion functions i so t ropic ; coll is ions 

of the e lec t rons with the ions or neu t ra l s will have essent ia l ly no 

influence on the r e spec t ive speed dis t r ibut ions . Thus, in this case, 

ions become isot ropic n e a r e r the emi t t e r than the e lec t rons , and 

we can think of t rea t ing the ions by diffusion theory in the t rans i t ion 

region and the e lec t rons by the col l i s ionless Boltzmann equation for 

pa r t of the t rans i t ion region. 

The equations for pa r t i c l e conservat ion in each of the three cases 

a r e as follows: 

a F r e e Molecular Flow 

Case 1 Conservat ion of pa r t i c l e s in phase in which the pa r t i c l e s 

a r e r e s t r i c t e d to move only along the z - ax i s : 

V ^ " ( ^ ' " ) - -1 l ^ \ ^ -(-•-)-_ 0 . (D.24) 
5z m ! dx I dv 

b, Iner t ia l Flow 

Case 2. 

(a). Conservat ion of p a r t i c l e s : Cur ren t defined: Fo r each species 

of pa r t i c l e s 

r = n(z) V (z) = const. (D. 25) 
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(b) C o n s e r v a t i o n of m o m e n t u m : F o r e a c h s p e c i e s of p a r t i c l e s 

n(z) 
d z 

rn — 2, , + U(z) -f — rn(z) kT(z)l = 0, (D. 26) 

(c) C o n s e r v a t i o n of e n e r g y : F o r e a c h s p e c i e s of p a r t i c l e s 

^ { ' 
5 m - 2, , 

J kT(z) + Y V (z) 
/ V d T ( z ) , T- ••' r> (D.27) 

c. Diffusion 

C a s e 3. 

(a) C o n s e r v a t i o n of p a r t i c l e s ; 

dr 
e 

dz 

eS = efi n 
e " r e 

n n. - n 
eS is e 

0 , (D. 28) 

dr. 
- ;— = eS. = efi n 
dz 1 r e 

n n - n 
es is e 

o=i 0 . 

1 

^ i 

f 1 

t^ie 

1 
+ 

^̂ en 

1 
-f 

^ n 

r = 
e 

r. = -
1 

- 2 
( m V 

e ., „ d e e 
+ e n e - f R . - fn —- — 

dz e le e dz 2 

d p 

dp. d 
—— - en. e - R. -f n. -r— 
dz 1 le 1 dz 

- 2 -, 
/ m V. 

I 1 

(D. 29) 

(D. 30) 

(D. 3 n 

(b) C o n s e r v a t i o n of e n e r g y : 

w h e r e 

% = Je I -

dz 

k T 

e e 

d T 1 - 2 
K 3 — -(- — m V 

e dz 2 e e 

(D. 32) 

(D. 33) 
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Here , T is the pa r t i c l e cu r r en t of the subscr ipted par t ic le (not 

e l ec t r i c c u r r e n t c rea ted by the par t ic les ) , n(z, v) is the nunnber of 

pa r t i c l e s pe r unit volume and per unit speed, of mass m and charge q, 

T(z) is their t empe ra tu re , h(z) is the the rma l conductivity of the 

subscr ip ted par t ic le , Q is the ra te of energy t ransfer from one species 

of par t ic les to the other, R. is the ra te of t ransfe r of momentum, 
l e 

i. e. , force, to ions from e lec t rons as a resu l t of coll isions between 

these two spec ies . S is the e lec t r i c intensity and <p is the e lec t r ic 

potential, S is the number of pa r t i c l e s c rea ted per unit volume, n 
es 

and n. a r e the e lec t ron and ion equi l ibr ium par t ic le densi t ies , ^ is 
IS r 

the recombinat ion coefficient, (JL is the mobility of the first subscr ipted 

pa r t i c l e as a resu l t of col l is ions with the second subscr ipted par t ic le , 

p is the p r e s s u r e of the subscr ip ted par t i c le , q is the kinetic energy 

flux of the subscr ip ted pa r t i c l e , e as a subscr ip t r e fe r s to e lect rons , 

and i as a subscr ip t r e f e r s to ions. 

The var ious equations in the above theory a r e readi ly derived in 

s eve ra l different w^ays. One method consis ts in noting that they a r e 

physical ly obvious, which is one of the pleasant things about this 

theory . Pe rhaps it should be mentioned that the effects of the drift 

velocity of e i ther species a r e taken into account by the mv /2 t e rm, 

which r e p r e s e n t s the kinetic energy of macroscopic motion of the 

re levant spec ies . The t e r m s involving the mobility descr ibe the 

effects of drag on the movement of the re la ted spec ies . The enthalpy 

of a perfect gas is (5/2) kT and is the energy t ranspor ted a c r o s s a 
22 

surface by a unit m a s s . The equations for iner t ia l flow desc r ibe 

the anisot ropic dis t r ibut ion in the t ransi t ion region only to the lowest 

o r d e r . It is to be hoped that this accuracy is sufficient. The hope of 
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the theory is that it will successfully join the answer from the Vlasov 

equation for the col l is ionless region to the answer from diffusion 

theory for the plasma region. 

The various equations in the above theory can also be readily 

derived by taking corresponding velocity moments of the Boltzmann 
5 / 

equation. The resulting equations are really those of magnetohydro-

dynamics. The col l is ionless equation D. 24 for the sheath region is 

just the col l is ionless Boltzmann equation where the charges are 

constrained to move along the z-axis in an electric field of intensity 
th 

- 70 . The particle conservation equation is really just the zero 
5 

velocity moment of the tinne-independent Boltzmann equation: 

p 3 f(r,v) 
7^ • Cn(r) V (r) ] = \ dv — — — -

coll 

the right-hand side of which is the case of no net production or 

absorption reduces immediately to Eq. D. 25. The momentum con-

servation equation (D. 26) is almost as immediate and follows by 

taking the first velocity moment of the time-independent Boltzmann 
5 

equation in an electrostatic force field: 

mn(r) y(£) • 7 v ( r ) = - n ( £ ) 7 [e0(r)+7- P_ (r)l + 

- mv(r) \ dv •— - + \ ^v mv r- .n. 

^ ~ St L n l / St coll 

P (£) = m \ d v V V f (£, V ] 

The above equation is sinnplified by approximating the kinetic s tress 

tensor with an isotropic velocity Maxwell-Boltzmann distribution 
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functions and by neglecting any col l is ions . The energy conservat ion 

equation (D. 27) is found by computing the second velocity monnents 

of the t ime-independent Boltzmann equation. After some a lgebra ic 
5 

reduction one finds that 

1/2 m V 7 • (nv) -h 1 / 2 n mv • 7 v -1-5/2 v - 7 p - f 5 / 2 p 7 - v 

^^4"^ mv 
- i • 70 -H • 

dt 
(D. 37) 

coll 

To apply this r e su l t to the p r e sen t problem, we use the resu l t f rom 

Eq. D. 25, and approximate the integral involving the coll isions 

solely by a heat conduction t e r m : 

2 

r^M^it = K ( Z ) - 1 T ( Z ) . (D. 38V 
11 d z 

coll 
The resu l t (Eq. D. 27) immedia te ly follows. 

The derivat ion of the source and sink t e r m s describing ionization 

and recombinat ion follows from the law of detailed balance: The ra te 

of i nc rease of a population of e lec t rons is given by 

dn _ 
—^ = a n n - Rn.n , (D. 39) 
dt n e '̂  1 e 

where a is the propor t ional i ty factor for the ionization p r o c e s s 

C8° + e~ ^ Ca^+ e'+e', (D. 40) 

and p is the propor t ional i ty factor for the recombination p r o c e s s 

Cs"*" -I- e~+e~ - Cs° -f e ' . (D. 41) 
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At equi l ibr ium dn / d t = 0, so that 
e 

a n ' 
\ n / s 

the subscr ip t s denoting the equi l ibr ium condition. Thus, 

dn dn 
i_ _ e 

dt ~ dt 
= 6 n | n n. - n 

e L es is i 

r 2 2 1 
= g n n - n 

e L es e J 

{D.4Z) 

(D.43) 

The equations valid for the diffusion reg ime can be derived in a 

var ie ty of ways. We refrain from repeating these derivat ions which 
23, 24 

a r e readi ly available e l sewhere . ' Again, one s t a r t s from the 

Boltzmann equation, defines the cu r r en t as a first velocity monnent 

of the dis t r ibut ion function, approximates the actual dis tr ibut ion 

function by the Maxwell-Boltzmann distr ibution that is isotropic plus 

a smal l per turba t ion that is not, in general , isotropic, defines the 

mobili ty as the propor t ional i ty factor betw^een the par t ic le c u r r e n t 

per unit pa r t i c le density and the e lec t r ic intensity, and defines the 

diffusion coefficient as the second velocity moment over the dis t r ibut ion 

function divided by 3 t imes the collision frequency. 

The mobil i t ies , coll ision frequency, and the rma l conductivity a r e 

taken from the l i t e r a t u r e . ' ' The mobility \x of e lec t rons is 

98 e 521 e 

e en "J m kT N cr 
T e e o en 

(D. 44) 
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and 11. of ions is 

0 . 9 0 e ^ -677 e 
u., = = ——~~ . (D. 45) 

i in ym. kT. N cr. 
» 1 1 o in 

The coll ision frequency v of e lec t rons against neutra ls is 
en 

3 r^'^ 
' = T l / - ; — ^ N a , (D.46) 
en 2 V 2 m o en 

e 
and V. of ions agains t neu t ra l s is 

in 

3 r^'^-
V. = T V ~ S r - ^ N a. . (D.47) 

in 4 V m. o in 

The t he rma l conductivity of the p la sma ia 

2 
n |j. k T 

H = 1 . 9 2 -^—2 . (D. 48) 
e e 

The vapor p r e s s u r e P of Cs is given by 
cs 

exp - 8910/T 
P = 3 . 2 7 x 1 0 newtons /m . (D. 49) 

The e lec t ron ces ium recombinat ion coefficient ^ is given by: 

P = 5.6 X 10"^^ (kT )"^"^ . (D. 50) 
e 

The e lec t ron- ion mobili ty [i . is given by 
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2 3/2 
93.0 • c (kTe) ' 

^^•^- - VF. • (°-^i^ e i •? 1 
e m. In 

e 
12TT kT 

f 

The following p r o c e d u r e w a s u s e d to so lve t h e s e e q u a t i o n s n u m e r i -

c a l l y : In the a b s e n c e of any ion i za t ion and r e c o m b i n a t i o n , t he c u r r e n t 

of e l e c t r o n s and the c u r r e n t of ions a r e c o n s t a n t . T h e s e fac ts m a y be 

u s e d to e l i m i n a t e the a v e r a g e d r i f t s p e e d s of ions and e l e c t r o n s f r o m 

t h e i r r e s p e c t i v e e q u a t i o n s in t e r m s of the e l e c t r o n and ion d e n s i t i e s 

and the c o n s t a n t e l e c t r o n and ion c u r r e n t s . The p e r f e c t g a s l a w is u s e d 

to e l i m i n a t e the e l e c t r o n and ion p a r t i a l p r e s s u r e s f r o m t h e i r r e s p e c t i v e 

e q u a t i o n s . The ion t e m p e r a t u r e is t a k e n to be c o n s t a n t , equa l to the 

a r i t h m e t i c a v e r a g e of the e m i t t e r and c o l l e c t o r t e m p e r a t u r e s . The 

ion t e m p e r a t u r e i s , t h e r e f o r e , c o n s t a n t . P o i s s o n ' s equa t i on D. 23 , 

the di f fusion equa t i on (D. 31) for the ion d e n s i t y , and the dif fusion 

e q u a t i o n for the e l e c t r o n d e n s i t y (D. 30) a r e d i f f e r e n c e d . The e l e c t r i c 

i n t e n s i t y is d e t e r m i n e d f r o m 

Z . . = e . , + - ^ ^ - ^ (n,. - n . ) ; (D. 52) 
3+1 J -1 C„ tj ej 

the ion d e n s i t y is d e t e r m i n e d f r o m 

(D. 53) 

and t h e e l e c t r o n d e n s i t y and t e m p e r a t u r e a r e d e t e r m i n e d by the s i m u l -

t a n e o u s so lu t ion of 
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^ 1 V l ^ "l2 "eJ + 1 = ' l ' 

^21 "^ej + l ^ ^ 2 2 % j + l - ""z 

w h e r e 

11 

'12 

21 

2 ^ z 

2 ( K 

r - k r -t-
2 e 

hi 
- 3H.) -I 

2Az 

_ 3 -m r 
e e 

2 Az n . 

•k n 

IL 
2Aj 

1 [m r 
! e e 

22 2Az 
L " 

- k T . 

e j 

" l = e r e.-Q . r-— 
' e J ej 2/fiiZ 

2 e A z e j - 1 

2 H 

( A Z ) 

2 T 
2 ej 

m r n . , 
e e eJ - i 

2 A z n . 

*̂ 2 2Az 

_ 2 m r 
e e 

k T 

n 
ej 

ej 

n . -f 
e j - 1 

k T 

e e. - ^ 

j 2 A z J ej n 

- -I-
1 

e r 

(D. 54) 

(D. 55) 

(D. 56) 

(D. 57) 

(D. 58) 

(D. 59) 

(D. 60) 

(D, 61) 

enj eij 

In the p r a c t i c a l c a s e t r i e d by t h i s m e t h o d , the i n t e g r a t i o n p r o -

c e e d e d o u t w a r d f r o m the p l a s m a , s t a r t i n g a t a po in t in the p l a s m a 

w h e r e the e l e c t r i c field w a s z e r o , and the e l e c t r o n and ion d e n s i t i e s 

w e r e equa l to e a c h o t h e r and to the p l a s m a p a r t i c l e d e n s i t y . The r e g i o n 
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of in te res t was taken near the col lector so the source could be taken 

to be zero , at l eas t for our initial a t t empts . 

A flow d i ag ram of the p r o g r a m is presented in Fig. 11-20. In 

view of the ve ry e l emen ta ry c h a r a c t e r of the logic, it is believed that 

the flow d iag ram is self explanatory. 

The method was abandoned, despi te its s implic i ty and intuitive 

physical nature , because it appeared to be afflicted with instabi l i t ies , 

i. e. , we found negative e lec t ron or ion densi t ies on occasion. If this 

diffusion type of equation were l inear , then the re is a s imple method 

of getting around the instabi l i t ies using r e c u r r e n c e re la t ions . Unfor-

tunately, the p r e s e n t p rob lem is nonlinear, and the method is not 

applicable to nonlinear p r o b l e m s . No method is known by the wr i t e r 

for suppress ing the undesi red , divergent, second solution for the 

nonlinear problem. P r o b l e m s of this sor t inherently involve the 

application of a boundary condition at both ends of the region of 

i n t e r e s t The p rob lem is e i ther undetermined or unstable by the 

application of boundary conditions at only one end of the region of 
27 

in te res t . For this reason , the method was abandoned in favor 

of the S method, which appeared to and had the reputat ion for 

avoiding all these difficulties. Fur the r , the S method is in t r ins ical ly 
n 

more accura te 

4. S Method 
n 

The S method has been widely applied to the t r ea tmen t of p rob-

lems involving neutron t r an spo r t in reac t ive a s s e m b l i e s . Although no 

proof of the s tabi l i ty of the S difference method s e e m s to have been 

found, many exper iments s e e m to indicate that it is s table . The 
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Figure 11-20, Flow Diagram of P r o g r a m to Compute 
Pa r t i c l e Densit ies and Electron Tempera ture 
by Modified Diffusion Theory 
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method in essence consis ts in subdividing jx-space usually in equal 

subdivisions, and then approximating the direct ional density at in te r -

naediate points in |j. space by s t ra ight l ines drawn between the d i sc re te 
18 

points . We extended the method he re to approximate the speed 

dependence in a s imi la r manner in o rde r to get nnore accuracy in 

the speed dependeiTc* than is provided by the usual multigroup s tep. 

Likewise, the spat ial dependence is s imi la r ly approximated. We 

must also extend the S method to incorporate the acce lera t ion t e r m s 
n 

in the Boltzmann equation in o rde r to descr ibe the c ross ing of bounding 

surfaces in velocity space; in par t i cu la r , the effects of the e lec t r i c 

field mus t be incorpora ted into the S method. All this is quite easy 
n 

to do and ve ry s t ra ightforward. The detai ls a r e given in Appendix C. 
The essen t ia l t rouble with the S method was that we obtained 

n 

negative e lec t ron densi t ies frequently and occasionally even negative 

ion dens i t ies . Since this was thought to be caused by instabi l i t ies , 

we investigated this problem. It was decided that the phenomena 

which had been observed were not instabi l i t ies , but were r a the r the 

consequence of choosing speed or increments too la rge , compared 

with the increments in z, so that the densi t ies osci l la ted. Be this as 

it may, we seemed to find from the instabil i ty investigation that the 
S method was unconditionally unstable . This investigation was, 

n 
however, more cha rac te r i zed by its vigor than r igor . F o r this 

reason, further work on the S method was abandoned in favor of the 
n 

much more promis ing integral technique d iscussed elsew^here. 

It is to be hoped that a mathemat ic ian will r igorous ly investigate 

the stabil i ty of the S method with an e lec t r i c field presen t . Our 
n 

vigorous, nonrigorous t r ea tmen t of this point follows: As is the cus tom 
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in the s tudy of c o m p l i c a t e d e q u a t i o n s involv ing a n u m b e r of independen t 

v a r i a b l e s , we s t a r t w i th an equa t i on involving j u s t two i ndependen t 

v a r i a b l e s t h a t h a s the f o r m of s e v e r a l t e r m s of the o r i g i n a l equa t ion . 

F u r t h e r , we r e g a r d t h e e q u a t i o n to have c o n s t a n t coe f f i c i en t s . T h i r d , 

we o b s e r v e t h a t the t i m e i n d e p e n d e n t B o l t z m a n n equa t ion m a y be 

l i k e n e d to a t i m e d e p e n d e n t B o l t z m a n n equa t i on in t ha t the d e r i v a t i v e 

wi th r e s p e c t to z m a y b e thought of a s c o r r e s p o n d i n g , i n so fa r a s any 

m a t h e m a t i c s is c o n c e r n e d , to t, the t i m e , in a t i m e dependen t equa t ion . 

O u r p r o b l e m is t hen r e a l l y r e d u c e d to an in i t i a l va lue p r o b l e m . Thus , 

we s h a l l b e s tudy ing t h e fol lowing equa t ion , w h e n t r e a t e d by the S 

a p p r o a c h , w i th r e s p e c t to s t a b i l i t y a long the z a x i s , wh ich is the 

a x i s t h a t h a s b e e n c a u s i n g the t r o u b l e : 

2 1 

5n (z, y.) ee (1 - M. ) Sn(z , |j.) , „ , , vE T , , , / , /T-X /-,x 
^ ^ — r - — ^ - — — - ' = - ^ - r '=- + v Z n ( z , fx) = — \ dfi n(z, n ) . (D. 62) 

oz m V • o ^x ^ %) •• 
19 21 

S tab i l i t y is u s u a l l y e x a m i n e d by the von N e u m a n n m e t h o d . ' The 

S equa t i on r e l a t i n g the d e n s i t i e s a t v a r i o u s po in t s in the p o s i t i o n - s p e e d 

(say) m e s h is 
IL 

"oo 
n, . -f c n. -1- c n . . + c n, = s ) n . . , (D, 63) 

Jl 10 j - l i 01 j i - 1 11 j - l i - 1 L> Jl 
i=l 

t he c^^ , c , c and c b e i n g r a t h e r c o m p l i c a t e d coe f f i c i en t s . The 

d e n s i t i e s a t the v a r i o u s po in t s a r e F o u r i e r t r a n s f o r m e d to y ie ld : 

IL 

I \ ^ e ^'^'^^.c^^e^'^^'-'^^^.sYe ^ ^ ^ M n 

i'=l 
•J^ 

•{• 

I L 

Z ^ki'zi(ji\ n . , . 
- j - l i 

i ' = l ^ 

^ Lki^ii ^ ^ k ( i - l ) A ^ ^ V" ^ki'zi(ji\ n . , . . (D. 64) 
Cj^e - c ^ ^ e + s -
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F r o m th i s r e s u l t , we can d e d u c e the a m p l i f i c a t i o n m a t r i x G(AM.. k) 

i m m e d i a t e l y : 

G(Afx.k) = 

c ^ ^ ( e - ^^^^^-1) -f c ^ ^ ( e - 2 ^ ^ ^ ^ e " ^^^^^) + s (e^^^^^"^^ ^^^-e ' ^^^^^^ 

c„« (1 -e 
00 

^kA|JL 
) + c^^ (e 

(kAfJi -2^kA|Ji) -(kiAiJ. ( k ( I L - i ) A H . ) 
) + s ( e - e 

F r o m t h i s , we s e e the cond i t ion for s t a b i l i t y is t h a t 

s in 
2 fkAii 2 2 2 2 ^ , 

c -l-c - c - c -f-ZIc c - c c 
00 01 10 11 10 11 01 00 

cos k AM-

-I- s sm 
kA|J-

s m 
NkAjij 

' ' lO'^'oo cos kA |J. I i 

c - c 
I I 01 

IL-f 1 

cos k AM- j i 

> 0 . 

IL-H3 

) 

To s i m p l i f y o u r c o n s i d e r a t i o n s , we t a k e the c a s e in w h i c h t h e r e is no 

s o u r c e , i. e. , s = 0. In t h i s c a s e , the s t a b i l i t y cond i t ion b e c o m e s : 

I a. d ' -I- a. e ' 
1 1 1 1 

a. e'. -h a. dM c o s (kAM-) - 0 
1 1 1 i 

(See Append i x 2 and be low for the def in i t ion of v a r i o u s q u a n t i t i e s . ) 

The l e f t - h a n d s i d e of t h i s e x p r e s s i o n h a s no m a x i m u m o r min inaum. 

F o r cos (kAM-) = "1> ^ ^ find tha t 

H ~ ^ - 1 
d^ - e^ 

1 1 
> 0. 

Since u,. > u.. , , t h i s cond i t ion r e q u i r e s t h a t 
I i - l 

df > ê  
1 I 
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For cos (kAM-) = 1> we find that 

M-. + M- 1 
1 i - I 

d'. + e'. 
I I 

> 0. 

We conclude that if u. -f ix. ^ 0 , 
1 1 

e^ < ± d: 
I I 

(D. 70) 

(D. 71) 

and that if a. -f a. , > 0, 
1 1-1 

•d'. < e! < d^ 
1 1 1 

Here, 
d' = ^ -

f̂  

ee b. 
T _ 

, 2 
2 mv 

e e b . 
1 

2 mv 

If M-- + M- 1 - 0, s tabi l i ty r equ i r e s that 

E 5 - E, 

(D. 72) 

(D. 73) 

(D. 74) 

(D. 75) 

(D. 76) 

which is obviously impossible unless the c ro s s section is zero . 

Stability also r equ i re s that 

e e b . e e b . 

m v m v 

which is t rue only if e S 0. If u.. -f u.. , S 0. 
1 1 -1 

stabil i ty r equ i res that 

vE -I-
eeb. 

m v 
^ vE + 

eeb. 

m v 

(D. 77) 

(D. 78) 
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and that 

e e b . e e b . 
< - •\ (D. 79) 

mv mv 

The f i rs t condition is automatical ly t rue; the second is t rue if e ^ 0. 

Thus, we conclude that the method is unconditionally unstable, since 

the re is no increment w^hich if chosen proper ly would enable us to 

satisfy the var ious stabil i ty conditions. Of course , we have only 

shown that instabil i ty occurs with no source , and ŵ e have only shown 

that local instabil i ty occurs , since we have assumed var ious coefficients 

to be independent of our independent var iab les . However, stabil i ty in 

the l a rge can hardly occur if the re is instabil i ty locally; further, it is 

not l ikely that appending source t e r m s will help m a t t e r s . 

In the above t es t s it was assumed that integration was always ca r r i ed 

out in a pa r t i cu la r direct ion. Let us now^ choose our direct ion of in-

tegrat ion in accord with the dictates of the usual S p rocedure : In this 
n 

case, n. is de termined from n , , , and u,. > 0 . d' > e ' and - d' < e'. 
—j - j - I "̂ i 1 1 1 1 

are r equ i red : 
e e b . e e b . 

v E - -^ vE + , (D. 80) 
mv mv 

eeb. eeb. 
-vE + < vE + . (D. 81) 

mv mv 

The first condition is t rue only if e < 0; the second condition is auto-

matical ly satisfied. If u. < 0, n . , , is de termined from n., then the 
1 - J - 1 J 

amplification ma t r ix is jus t the inverse of that wri t ten above. In this 
case, the stabil i ty r equ i rement s become 

d < e ' , -d. < e' (D. 82) 
1 1 1 

eeb. eeb. 
vE - ^ vE + . (D-83) 

mv mv 
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eeb. eeb. 
-vE+ ^ ^ v E - l - - . (D. 84) 

mv mv 

The f i rs t condition is satisfied only if e > 0; the second condition is 

automat ica l ly satisfied. 

Unlike the usual situation, there is no increment or rat io of in-

c remen t s we can adjust to achieve stabil i ty. For each direct ional 

sense , we can find a direct ion of integrat ion in which to integrate that 

will give us unconditional s tabi l i ty insofar as the increment s izes a re 

concerned, but which is conditioned upon the sign of the e lec t r ic in-

tensity, and the r equ i r emen t is jus t the opposite for each sense of 

the di rect ion. Thus, there is no choice of the sense of the e lec t r ic 

intensity that will make stabil i ty poss ib le . The method seems to be 

unconditionally unstable . (Even if the re w^ere a sense of the e lec t r ic 

field making stabil i ty possible , the fact would not help much, because 

r e v e r s a l s of the d i rec t ion a r e a lmos t bound to occur during the course 

of the numer ica l calculation.) 

While we have been neither careful nor r igorous , the picture for 

the S method was sufficiently discouraging and the p ic ture for the 

in tegra l method was by this t ime so bright that no nnore t ime was 

spent trying to get the S method to work, even though the original 
n 

difficulties that lead to the invest igat ion of the stabili ty were probably 

not due to instabi l i t ies in r e t r o s p e c t and could have been cured. To 

cure these difficulties with instabi l i t ies looming over the horizon 

made the method unat t ract ive for further work. 

It is in teres t ing to note that the method used presen t ly for studying 

the stabil i ty of a numer ica l p r o c e s s gives the c o r r e c t r e su l t s when 

applied to the S method for neut ra l pa r t i c l e s , viz. , when one integrates 

in the di rect ion in which par t ic les flow, the method is unconditionally 

stable for neut ra l pa r t i c l e s . 
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N e v e r t h e l e s s , a n u m b e r of c a s e s did run •without any p a r t i c l e 

d e n s i t y b e c o m i n g n e g a t i v e . T h e s e a r e l i s t e d in Tab le I I - 6 . In a l a r g e 

n u m b e r of o t h e r c a s e s , the d e n s i t y of the e l e c t r o n s b e c a m e n e g a t i v e 

a t s o m e po in t d u r i n g the i n t e g r a t i o n in p h a s e s p a c e , a t wh ich po in t 

t he i n t e g r a t i o n w a s s t o p p e d . Al though it is b e l i e v e d t h a t the p a r t i c u l a r 

s o u r c e of t h e s e o s c i l l a t i o n s could be c o r r e c t e d , the s p e c t r e of i n s t a b i l i -

t i e s and the v i r t u e s of the i n t e g r a l m e t h o d a p p e a r so g r e a t t h a t we 

b e l i e v e o u r e f fo r t s w i l l be m u c h b e t t e r i n v e s t e d by i m p r o v e m e n t s in 

the I n t e g r a l m e t h o d . 

The d e t a i l s of the p r o g r a m for the S m e t h o d wi l l be found in 
n 

Append ix 4 . 

5. A Stable Di f fe renc ing of the B o l t z m a n n Equa t ion 

Some effor t w a s m a d e to find m e t h o d s of d i f f e r enc ing the B o l t z m a n n 

e q u a t i o n t h a t a r e s t a b l e , e s p e c i a l l y t h o s e tha t had a l r e a d y b e e n u s e d 
21 

e l s e w h e r e . Such a m e t h o d h a s b e e n deve loped by K i l l e e n and K i l l e e n 
28 29 

and R o m p e l , b a s e d , in p a r t , on the w o r k of Le i th , which , in t u r n , 
30 22 31 

i s b a s e d on the w o r k of M a r c h u k , P a g r i n o v s k y and Godunov, and 
32 

D 'yakonov . K i l l e e n t r e a t e d the t i m e - d e p e n d e n t bu i ldup of a c y l i n d r i c a l 

l a y e r of r e l a t i v i s t i c e l e c t r o n s for the A s t r o n in a s t a t i c m a g n e t i c induc t io 

w h e r e the a z i m u t h a l c u r r e n t c r e a t e d by the e l e c t r o n s c r e a t e s a m a g n e t i c 

induc t ion l a r g e r t h a n tha t a p p l i e d . Th i s p r o b l e m r e q u i r e s the u s e of 

V l a s o v ' s and M a x w e l l ' s e q u a t i o n s . (Space c h a r g e e f fec t s , 1. e. , 

P o i s s o n ' s equa t ion , w e r e n e g l e c t e d . ) It is K i l l e e n ' s t r e a t m e n t of the 

V l a s o v e q u a t i o n t h a t i n t e r e s t s u s . 
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I 
723-10 

TABLE II-6 

BY THE S M: 
n 

DENSITY DID NOT BECOME NEGATIVE 

CASES TREATED BY THE S METHOD IN WHICH THE 
n 

Elec t r ic Field 

O F F 

ON 

O F F 

O F F 

Scattering 

P r e s e n t 

Absent 

Absent 

P r e s e n t 

Number of Speed 
Groups 

4 

1 

Direction of Integration 

Collector to p lasma and 
back 

Collector to p lasma and 
back 

P lasma to collector and 
back 

P l a sma to collector and 
back 

I 
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The e s s e n c e of the m e t h o d is t ha t to so lve 

1^ + y | £ = 0 (D 

one u s e s the d i f f e r enc ing s c h e m e 

= p -— ip '^ -p )+T"^P '^P +P )• (° u^l,B^u,^ --% ( c ' ^ ' ^ + ^ o ^ ' P - S + ^ ( c ^ ' ^ ' ' - 2 o ' ^ ' ^ + o ^ ' P - S -

T h i s s c h e m e is s t a b l e if | a | - | , w h e r e a = "VAT/AT^ . is a c c u r a t e 

to s e c o n d o r d e r in yAx and A77. and is a two l e v e l fornnula, so tha t 

the s t e p s i z e is e a s y to change , a s m a y be r e q u i r e d by s t a b i l i t y con -

d i t i o n s , a s c o m p a r e d wi th a t h r e e o r m o r e l e v e l f o r m u l a . I n s t a b i l i t i e s 

r e s u l t if the nnethod is d i r e c t l y ex t ended to a n o t h e r d i m e n s i o n . However , 

the m e t h o d of Le i th , M a r c h u k , P a g r i n o v s k y , Godunov, and D 'yakonov 

can be u s e d to ex tend the m e t h o d to m o r e d i m e n s i o n s . The e s s e n c e 

of the idea is that , if a d i f f e r e n c i n g s c h e m e is s t a b l e wi th r e s p e c t to 

e i t h e r of two s e t s of two i n d e p e n d e n t v a r i a b l e s , to i n c r e m e n t f o r w a r d 

f i r s t wi th r e s p e c t to one se t , then wi th r e s p e c t to the s e c o n d s e t to 

c o m p l e t e a full cyc le In o t h e r w o r d s , a co inp l e t e i t e r a t i o n c y c l e 

is s u b d i v i d e d into two s u b c y c l e s , e a c h of wh ich is s t a b l e . E x t e n s i o n s 

to m o r e s e t s of i ndependen t v a r i a b l e s a r e obv ious and va l id . T h u s , if 

we w r i t e the d i f f e r enc ing a l g o r i t h m in m a t r i x fo rm, 

V" -h 1 / 2 V 

p^^ ^ - (1 + A)p*^ (D 

a n d 

p " ' ' - ( I + B ) p ' ' + ' / ^ (D 

then 
p ^ = (1+ B)(I -f A) p ^ (D 

for two s e t s of two i n d e p e n d e n t v a r i a b l e s . 
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To a p p l y the abpve m e t h o d to the p r e s e n t p r o b l e m l e t 

= Z ± ^ (D.90) 
' m v2 i V 

and 

^ . - q g ( ^ - ^ ^ ' ) ^ ^ . (D.91) 

m V u A fJ. 

The p a r t i c l e d e n s i t y of e i t h e r c h a r g e is t hen d e t e r m i n e d f r o m the t h r e e 

e q u a t i o n s 

n. , , /T . = n. . + 1/2 C. • [ n . -n , • ] + 
J + 1/2, n, I J, n, I J, n, 1 j , n + 1, i m, n - l , ! - " 

+ 1/2 C^. fn. , , . - 2 n . . + n . .1 , (D. 92) 
^j n, I I J, n + 1 , I J, n, I j , n - 1 , i j 

j + 1, n, i ^ "^^+1/2, n, i ^ ' ^ j , n, i I "̂ j + 1/2, n, i + T " j + 1/2, n, i - i J n. 

+ 1 / 2 ^ ^ . fn. , ,^ - , - 2 n . , ,^ . - -n . , , • ,1 . (D. 93) 
^ ^ j , n, 11 j + 1/2, n, i+l J+ 1/2, n, i J + 1 / 2 , n, i - l j ' 

(T N A CT N A 
n n z r^ n n z 

n. , . = n. , , + ) n. ., n. , .. , ^ . .. 
j + l , n , I j + l , n , I 2 fx. L j + l , n , I |JL. j + l , n , i (D. 94) 

+ 
Al l t h r e e e q u a t i o n s for e a c h c h a r g e s p e c i e s ( h e r e e l e c t r o n s and Cs ) 

m u s t be p r o c e s s e d for e a c h c y c l e of i t e r a t i o n . F u r t h e r , to i n s u r e 

s t a b i l i t y one m u s t s a t i s f y both 

^" (D. 95) 
• q c • 

and 

AM- ( D . 96) 

Az < 

Az ^ — -
1 qe ' 

m v 1 , 

1 ^ 1 ^ -
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for both e lect rons and ions. However, if the speeds for e lec t rons and 

ions a r e chosen to equate thei r kinetic energies , then 

2 2 
m V m V 

e e i i 
(D. 97) 

so that 

and 

|C j = | ^J (D.98) 

e = I- • (D.99) 

Thus, the same upper l imit exis ts for both e lec t rons and ions. Fu r the r , 

in a s y s t e m there is a tendency for the e lec t rons and ions to have very 

approximate ly the same energ ies , so that both species will be well 

desc r ibed by choosing the respec t ive energ ies according to Eq. D. 97. 

The inequali t ies above and the p rac t i ca l i t i e s of running a p r o g r a m 

imply that the space increment Az changes from time to t ime. This 

fact means that va r i ab les computed for a pa r t i cu la r choice of space 

inc rement mus t be re la ted to those re fe r r ing to a subsequent space 

increment . Coding for this method was about half completed when it 

was decided to concentra te all our energy on the integral method, 

because of its g r e a t e r p r o m i s e . At least , even in pr inciple the 

in tegra l method could never give a negative density of any sor t (a p rob-

l em that haunted the S method), whereas it appeared that the above 
n 

method could give negative dens i t i e s . 
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The integral 

d (j .n(z, V, fi.) ( 1 . 1 ) -f^ 
-1 

is needed in the calculat ion of the source t e r m for e lec t rons . If one 

d e s i r e s to wri te this in tegral in t e r m s of the var iab les z, E, K , 

and L (as we do not) then the following method may be used: 

00 I 

I = ̂  r dv' r d̂ i. 6(v-v ') n (z, v; fi). (1-2) 

2 CO 

= Sll- [E-U(z)] Y. r dE 'T dX^ n(z, E, K ,̂ L) 
"" L=l -^0 ^ 0 

-U(z)]+ - V I t^-U(^)] ))• (1-3) 

This resu l t can now be t r iv ia l ly integrated to yield: 

I = E E - U ( z ) y " r dKx n(z, E, Kj, L) . (1.4) 
^ ' fe "'o 

Of course , normal ly in these var iab les one will want to normal ize 

the r e su l t per unit volume, per unit total energy, and per unit p e r -

pendicular kinetic energy. The p resen t resu l t is the number of 

pa r t i c l e s c rea ted per unit t ime, per unit volume, per unit speed, 

and per unit ji. The Jacobian provides us with the n e c e s s a r y t r a n s -

formation to change the normal iza t ion: 

2 

272 m [ E ' - U W - K ! ! £ r ^^x"<-. E, K,, L). (I. 5, 
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The angular distr ibution, spec t ra l distr ibution, and total density can 

be eas i ly expressed in t e r m s of the var iab les z, E, K , and L: 

nKKMEr>-^^f!f^t^ 
L=l " 'o 2 Jl^ [ E -U(z) yE-U(z) - Kj. 

(1.6) 

n(z, E) = £ £ '̂^ g(z, E. Kx, L) 

L=l 0 2 Jzrn [ E - U(z)]yE-U(z) - Kj 
(1. 7) 

„,., - z r -"̂  r« . "̂' "'fiiii 
L=l *^0 *̂ 0 2 [E -U(z ) ]y2m[E-U(z ) - Kj_] 

(1. 8) 
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APPENDIX 2 

THE COMPUTER PROGRAM 

FOR THE 

INTEGRAL METHOD 
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In this appendix severa l of the details of the computer p r o g r a m 

for the in tegra l method a r e discussed. For the most part , the p rogram 

is ent i re ly s t ra ightforward. 

a. Genealogy Chart 

F igure 2. I is a genealogy char t for the p rogram. It shows the 

re la t ion of one p r o g r a m to another; in other words , it shows which 

p r o g r a m s call which other p r o g r a m s and, in turn, a r e called by 

which p r o g r a m s . Control flows general ly from top to bottom and 

from left to right. 

We now list the var ious functions of the p rog ram: 

P r o g r a m Name 

MAIN 

BLOCK DATA 

BOUCON 

DEBUG 

DENSIT 

DEPTH 

DETEJL 

DETEJR 

ELIODE 

INITIA 

Function 

Controls everything. 

Ini t ia l izes var ious var iab les and a s s e r t s the 
values of var ious constants . 

Calculates the boundary conditions at the 
e lec t rodes . 

A se rv ice p r o g r a m general ly used to debug all 
other p r o g r a m s , usually by printing out var ious 
a r r a y s , such as the density and potential a r r a y s . 

Computes the par t ic le dens i t ies . 

Computes the optical depth. 

Determines the grid point of the left boundary or 
left reflection point. 

Determines the grid point of the right boundary 
or right reflection point. 

Controls the calculat ion of par t ic le dens i t ies . 

Ini t ia l izes a l l va r i ab les not ini t ia l ized by Block 
Data, esp. a r r a y s . 
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P r o g r a m Name Function 

INTEGRAL 

INTERP 

KEPARA 

KET 

KPARN 

MU 

NOKEPA 

OUTPOT 

OUTPUT 

P 

PLASMA 

POTENT 

RE A DIN 

RJACOB 

SOUREL 

SOURIN 

SPECTRA 

SPEED 

STIMER 

TEM 

TEMPER 

TTIMER 

VDRIFT 

In tegra tes over z by Simpson's rule . 

Interpolates init ial charge distr ibution. 

Calculates the component of the kinetic energy 
resul t ing from the para l le l component of the 
velocity. 

Calculates the total kinetic energy. 

Calculates par t ic le flux along axis . 

Calculates the direction cosine with respec t to 
the z -ax is . 

Calculates the integrand for the t e m p e r a t u r e 
calculation. 

Wri tes potential out. 

Wri tes out all r e su l t s . 

Computes the probabili ty of not sca t te r ing 
between two points. 

Computes the boundary condition in the plasma, 
if required . 

Computes the potential. 

Reads in al l data. 

Computes the rec ip roca l of the Jacobian of the 
t rans format ion from z, v, jji, to z, E, K_|_, L. 

Calculates the source of e lec t rons . 

Computes the source of ions. 

Computes the spec t ra l distr ibution of e lec t ron 
density and ion density. 

Calculates the speed spect rum. 

Ini t ia l izes the clock. 

Calculates the t e m p e r a t u r e . 

Controls the calculation of the drift velocity and 
the t e m p e r a t u r e . 

Reads out the t ime elapsed since init ial ization. 

Calculates the drift velocity. 
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b. Flow Diagrams 

F igures 2. 2, 2. 3 and 2. 4 a re flow d iagrams of the MAIN 

program, a p r o g r a m that controls the calculation of par t ic le densi t ies 

(ELIODE), and a p r o g r a m that de te rmines the grid point of the right 

boundary or right ref lect ion point (DETEJR) . The logic of other 

p r o g r a m s , except that for DETEJL, is t r iv ia l . 

The MAIN p r o g r a m consis ts of an inner i te ra t ive loop and an 

outer i t e ra t ive loop. In the col l i s ionless case, the direct ional den-

si t ies a r e independent of position, although dependent on both the total 

energy and perpendicular kinetic energy. Never the less , the total 

densi t ies a re dependent on position because the e lements of integration 

a r e . Additionally, the l imi ts of in tegra t ion will be dependent on the 

potential, because the potential defines the access ib le and inaccess ib le 

regions. It i s the purpose of the inner loop to make the potential and 

total e lec t ron and ion density difference self-consis tent . The outer 

loop makes the calculat ion of the e lec t ron and ion direct ional densi t ies 

consistent with the potential computed f rom the inner loop. The total 

densi t ies a r e , of course , computed f rom the direct ional densi t ies , 

and these must be used, in turn , to compute the potential. 

At p resen t the p r o g r a m may stop because the maximum nunnber 

of i te ra t ions of the outer loop have been c a r r i e d out, the maximum 

allotted t ime has elapsed, or the problem has converged and the 

specified number of ex t ra (" superconvergence") i t e ra t ions , if any, 

have been c a r r i e d out. Unless the max imum allotted t ime has elapsed, 

the p r o g r a m looks for the next case in the data stack. If none is present , 

the problem is finished, and the computer goes on to the next job. 

Pr in t ing out of r e su l t s , both formal and informal , of each individual 
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T H K W M O K I - K C T I t O I 

C O R P O B » T I O N 

723-21 

TIMER READIN INITIA 
B0UC0N 
PLASMA 

Find 
initial 
time 

Read 
in all 
data 

Initialize 
all 

variables 

Determine 
type of 
problem 

Determine 
boundary 
conditions 

for problem 

EU0DE 

Determine the 
particle densities 

SPECTRA'^ 
Is this the 

1**̂  iteration 
of the inner 

loop? 

Yes No 

TIMER 
Find spectral 
and angular 

distributions 
and densities 

Determine 
the time 

INTERP r 

- / ^V 

Interpolate 
to find initial 

guess for 
directional densities 

' 'TEMPER 
Calculate the drift 

velocity and 
tennperature 

Replace previous 
potential with 

present potential 

P0TENT TIMER 

Calculate the 
potential 

Determine 
the time 

0UTPUT 
0UTP0T 

Print out 
SLU results 

Yes 
Have maximum 

number of iterations 
been completed? 

Update 
convergence 

tally 

Yes 

Yes 

No 

Has problenn 
converged ? 

Have extra 
iterations 

been done ? 

Update the 
inner loop 

count 

Print out 
all times 

Initialize 
inner loop 

No 

Yes Has inner loop 
converged yet? 

No 

'rriMER 
Determine the 
time and com-
pute the new 
cycle time 

Is the time 
nearly up ? 

Yes 

No 

Remove 
weighting 

No 
Update 

iterations 
count 

Print out 
all results 

0UTPUT 
0UTP0T 

Figure 2. 2 Flow Diagram of Main P r o g r a m . 
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C O R P O R A T I O N 

723-23 

pftrkmcterB 
pkFticle 

Start mt hlghea 
•peed group 

Is this speed 
out of the 

range proceaaed ' 

Co to the m 
apaed group ^ ~ 

Start at the greatest 
di recti ' 

la this direction 
coalne out of the 

range processed^ 

InittalUe the nght -
moat acce i t ib le 

Eone indicator 

Go to the next 
direction coalne 

iubdivisto 

Is the left>moat 
ccets lble eone to 

the right of the right f ^ 
edge of the region^ 

; 

Calculate th< 
particle 
density 

Go to the 

Determine the 
right- and left-moa 

accessible cone 
Indicators 

Start with the 
2nd cone 

Start at the greater 

ost accessible 

Co to the 
next Kone 

Set the density 
for the present 

zone = 0 

I Is the present zone 
to the right of the 

present ioaccessiblc 
r e g i o n ' 

Is this Eone out of 
the range processed^ 

of the left-most 
accessible zone^ 

Is the new zone right 
of the r ifht-most 
accessible zone' ' 

Determine the new 
right- and left-most 

Figure 2. 3 Flow Diagram of the P a r t of ELI0DE for Pa r t i c l e s of One 
Species Moving from Left to Right. This p rogram controls 
the calculation of par t ic le densi t ies . 
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Is next zone to right 
of right most 

iccessibla cone accessible? 

Left-most accessibly 
zone is 1st zone 

Right-most accessible 
zone IS last zone 

1st type of case 

Go back 
1 zone 

Is this zone 
beyond the left 

Yes B(jge of the region? 

Is this zone 
accessible' ' 

Left-most accessible 
zone is zone just to right 

of the present one 

Go to 2nd zone to 
right of right-most 

accessible zone 

Yes 

• 

Is thia zone beyond 
the right edge of 

the region^ 

Is this zone 
accessible "̂  

Go to the next 
EOne to the right 

Go to 2nd zone to 
right of right-

most accessible zone 

Is this zone 
beyond the right edge 

of the region'' 

Is this zone 
•accessible? 

No more accessible regions 
exist Set left- and right-
most indicators to display 

this fact Case type immaterial 

\J 

Left-moat accessible 
zone IS the present one 

Go to the next 
tone to the right 

Is the accessible 
zone trivial^ 

Right-most accessible 
Eone is zone just to left of 

present one 3rd 
type of case 

Right nnost accessible 
zone is last zone 

5th type case 

Go to the next 
zone to the right 

of the present one 

la this zone 
beyond the right edge 

of the region'' 

Is this zone 
Yes accessible ? 

Right-most accessible 
zone IS zone just to left 

of present one 7th 
type of case 

Does triviality occur 
at the right-hand edge 

of the region^ 

to 

I 

Figure 2. 4 Flow Diagram of DETEJR. This p rogram determines the grid 
point of the right boundary access ib le to the par t ic les or the 
right reflection point at which par t ic les moving to the right a r e 
reflected and commence moving to the left. 



i t e ra t ion is suppressed now until the max imum amount of t ime for 

the par t i cu la r case (which may be different from the job time) has 

near ly elapsed. Thus, one can get more i te ra t ions done in the allotted 

t ime since print ing out does cost machine t ime. There is a lso a 

max imum number of inner loop i te ra t ions permi t ted to prevent the 

machine f rom looping endless ly in case convergence does not occur. 

It has been found repeatedly that the c loser the outer loop is to con-

vergence , the m o r e rapidly the inner loop converges . 

The convergence c r i t e r ion is adjustable at object t ime . Con-

vergence is reckoned by the ag reemen t of the new potential with the 

old potential . The potential i s p resumably a ve ry sensi t ive function 
34 

of the densi ty difference between the e lec t rons and ions and should 

fo rm a sensi t ive t e s t of convergence. 

Only a qua r t e r of ELIODE is flow d iagrammed because the other 

pa r t s a re substant ia l ly identical to the par t drawn. Two of the par t s 

re la te to e lec t rons and two of the pa r t s re la te to ions. One par t 

p r o c e s s e s e lec t rons moving to the right (this is the par t d iagrammed); 

a second par t p r o c e s s e s e lec t rons moving to the left. Third and 

fourth par t s p roces s ions moving to the r ight and left, respect ively. 

These pa r t s a r e logically ident ica l to the corresponding par t s for the 

e lec t rons . The corresponding pa r t s differ only in the sign of the 

charge of the par t ic le , the source t e r m , and the sca t te r ing c ros s 

section. The f i r s t and second pa r t s differ f rom each other only in 

the in terchange of the words (and cor responding symbols) "r ight" 

and "left", and the values of the posit ion index denoted the l imits 

of in tegrat ion a r e interchanged. Consequently, there is no need to 

flow d iag ram these other th ree pa r t s of ELIODE. 
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The p r o g r a m DETEJL is logically complex, but it i s substan-

tial ly identical to DETEJR, which is d iagrammed. As with ELIODE, 

only "r ight" and "left" and the assoc ia ted end points along the z-axis 

a re interchanged. The logic is otherwise identical to that for DETEJR. 

The other logic is re la t ively t r iv ia l , so no flow d iagrams of the 

other subroutines a r e presented. Such logic as this is usually con-

cerned with calculating the value of some quantity for all spatial zones, 

all speed groups, or al l direct ion cos ines . Tes ts appear with some 

frequency for not allowed values of some quantity being evaluated; if 

the value is not allowed, some value is ass igned or some course of 

action is taken to bypass a calculation as i r r e l evan t for such a case. 

c. The P r o g r a m 

Much of the p r o g r a m is believed to be se l f -explanatory in view 

of the numerous comments made throughout it and in view of the 

m a t e r i a l a l ready presented concerning the bas i s for the p rogram. 

There a re a lso numerous checks throughout the p rogram; these a re 

identified by an X in column 1. These checks may be suppressed by 

deleting an X on the FORTRAN run card. The checks general ly seek 

to determine if a quantity is unreasonably small , unreasonably large , 

or absurd for some other reason, or if the re has been any overflow 

in the calculation. There were originally many more checking features 

in the p rogram, but these have been removed gradual ly as we gained 

confidence with the p rogram. 

General ly symbols a re mnemonic and s tored in labelled COMMON 

(real ly GLOBAL) for t r a n s m i s s i o n to other p r o g r a m s . Occasionally 

var iab les a r e put into a rgument l is ts for t r a n s m i s s i o n to subrout ines , 
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where it seemed convenient or advantageous. The p rog ram has been 

const ructed solely with the thought of quick debugging in mind. It is 

obvious that it could be enormously speeded up by a different scheme. 

Basical ly, to do this one observes that the densi t ies and potentials a r e 

computed at a l l space points, and that the value of the respect ive 

quantity at a subsequent space point can be eas i ly re la ted to that at the 

previously calculated space point, thereby obviating the need to r e -

compute all the relevant in tegra ls for the new space point, as is now 

done. It was felt that this be t ter method was fancier and, therefore, 

would be h a r d e r to debug, so no effort was expended on it, other than 

working out the analyt ical re la t ions needed. 

The p r o g r a m pr ints out all input data immedia te ly after it is 

r ead in so that one may check to de te rmine that all data have been 

entered co r r ec t l y and to permanent ly label the case run. Input i s 

further facil i tated grea t ly by use of NAMELIST. The var iables may 

be wr i t ten in any order , without r ega rd to the field in which they 

appear , and without justif ication of any sor t . The formal output con-

s i s t s of four t ab les . The f i r s t table l is ts the position, potential, 

e l ec t r i c intensity, e lec t ron density, ion density, e lect ron current , 

ion cur ren t , e lec t ron kinetic energy, and ion kinetic energy. The 

second table l i s t s the e lec t ron speed spec t rum as a function of position. 

The th i rd table l i s t s the ion speed spec t rum as a function of position. 

The fourth table l i s t s the angular dis tr ibut ion of e lect rons and the 

angular dis tr ibut ion of ions as functions of position. Output for 

checking purposes consis ts of var ious t ab les . One table l i s t s the 

potential of the previous major loop i tera t ion , and the las t four 

potentials of the minor loop i te ra t ion (if that many ex i s t ) , the e lect ron 
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density, the ion density, and the net charge as a function of position. 

Another form of output l i s t s the complete e lec t ron and ion direct ional 

density a r r a y s as functions of perpendicular kinetic energy, energy 

group, and position. The t imes at which the var ious points in the 

p r o g r a m a re passed a r e pr inted out too. Another table l i s t s the 

e l ec t r i c potential, the e lec t ron density in double precis ion, the ion 

density in double precis ion, the e lec t ron t e m p e r a t u r e s , and the ion 

t e m p e r a t u r e s , al l as a function of position. All of these nonformal 

outputs a r e ve ry useful for debugging, especial ly the direct ional 

density a r r a y s , which give one a feeling that one rea l ly knows what is 

going on. 

The p r o g r a m automat ica l ly chooses the energy groups consistent 

with the total number of groups such that approximate ly equal nunnbers 

of pa r t i c les occur in each group, be they e lec t rons or ions, in the 

p lasma where a Maxwell-Boltzmann dis tr ibut ion obtains. 

The p r o g r a m was compiled and run on XDS Sigma 5 computer 

having 65, 586 words of memory , using XDS extended F o r t r a n IV. 

Words a r e ei ther 32 bi ts or 64 bits long. In floating point numbers 

the cha rac t e r i s t i c consumes 8 bi ts , leaving 24 bits for single prec is ion 

and 56 bi ts for double p rec i s ion words , corresponding to 7 and 15 

digits of precis ion, respect ive ly . The p rog ram was coded in double 

p rec i s ion throughout because of the need to know the ion-e lec t ron den-

sity difference very accura te ly in o rde r to compute the sca la r potential 

with some significance. There seemed to be no t rouble whatever f rom 

loss of significance in calculating this density difference in double 

prec is ion . Single prec is ion was never t r ied , although the p r o g r a m 

would occupy substant ia l ly l ess fast m e m o r y and would run significantly 
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fas te r . Numbers as smal l as 5. x 10 (other than 0 itself) and as 
75 

la rge as 7. x 10 can be r ep re sen t ed as a resul t . Integer constants 

may be as la rge as 2, 147, 483, 647 or as sma l l as -2 , 147, 483, 648. 

The pr incipal extended F o r t r a n fea tures found to be of use were 

GLOBAL, REPEAT, and compound s ta tements . GLOBAL can be 

replaced by label led common s ta tements in which the label i s the same 

as the var iab le name s tored in the concommitant control section. 

REPEAT t r ip le s ta tements cannot be replaced by DO s ta tements , but 

can only be replaced by the appropr ia te cont ro l -var iab le init ial ization 

and IF statennents at the beginning, and a r i thmet ic s tatement for 

updating the control var iab le , GO TO, and CONTINUATION statements 

at the end of the nest of s ta tements enclosed within the loop. It is 

frequently important that the nest of s ta tements be NOT executed even 

once if the condition for execution of the nest is NOT satisfied initially. 

Approximately 49, 000 words were available to the user for his p rogram 

and l ib ra ry rout ines . However, by l imiting the number of spatial 

points, angular subdivisions, and speed groups ra ther severely , it 

was possible to keep the a r r a y s for the e lec t ron and ion direct ional 

densi t ies sufficiently smal l to be able to fit into fast memory for 

tes t ing purposes . For the actual execution of p rog rams , it would be 

highly des i rab le to have at leas t 8192 m o r e words of fast memory . 

Removal of the checking features , which may be accomplished by not 

specifying "X" on the FORTRAN control card, i s a lso quite effective 

in reducing the demands for fast m e m o r y and in speeding up the 

p rogram. However, the checks were invaluable in quickly isolating 

e r r o r s (which is by far the chief p rob lem in debugging), so the wr i t e r 

was ve ry reluctant to suppress them. The charac te r representa t ion 

is hexadecimal within the machine. 
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The input data that mus t be specified in order to run the p r o g r a m 

a re as follows, together with typical data: 

CASE = 2 

EPS = . 02 

IL = 4 

JL = 50 

ML = 4 

NEP = 1 . 1 x 1 0 
19 

NIP = 1 . 1 x 1 0 

NL = 4 

PHIR = 1. 711 

PHIL = 2. 798 

SIGMAE = . 0 

SIGMAI = 0. 

19 

• A label for the case being run. 

• The maximum potential in volts by which 

the potential of the previous major i te ra t ion 

may differ from that of the present major 

i t e ra t ion after convergence. 

• The number of angular subdivisions, 

counting the perpendicular as one if IL is 

even, and not counting this line if IL is odd. 

• The number of spat ial zones. 

• The number of h i s to r i ca l values used in 

fi l tering the potential, including the present 

value as 1. 

-3 
• The density of e lec t rons in the plasma, m 

-3 
• The density of ions in the plasma, m 

• The number of speed groups. 

• The work function of the right e lec t rode , 

vol ts . 

• The work function of the left e lec t rode , volts. 

-2 
• The e l ec t ron -neu t r a l c ros s section, m 

-2 
• The ion-neu t ra l c ro s s section, m 
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SPACIN = 5 . X 10 

TL = 1920. 

T R = 910. 

TEMRES = 6 1 4 . 

T P L E = 2300. 

TG = 1415. 

TYPE = 2 

VL = - 1 . 922 

VR = -2 . 237 

• The dis tance over which the integrat ion 

occurs , such as the distance from the 

p lasma to the collector , m. 

• The t e m p e r a t u r e of the left e lectrode, °K. 

• The t e m p e r a t u r e of the right e lectrode, °K. 

• The t e m p e r a t u r e of the Cs r e s e r v o i r , °K. 

• The t e m p e r a t u r e of e lec t rons in the plasma, 

°K. 

• The t e m p e r a t u r e of the neutra l gas in the 

p lasma, °K. 

• The type of problem being run. If TYPE =1, 

in tegra t ion is f rom one electrode to the 

other . If TYPE = 2, integrat ion is from 

the p lasma to the right e lec t rode . If TYPE = 

3, in tegra t ion i s from the plasma to the 

left e lec t rode . If TYPE = 4, integrat ion is 

only along the z axis from the right e lectrode 

to the left one. If TYPE = 5, integrat ion is 

only along the z axis from the right e lectrode 

to the plasma. If TYPE = 6, integrat ion is 

only along the z axis from the plasma to the 

left e lec t rode . 

• The potential of the left e lectrode, volts. 

• The potential of the right e lectrode, volts. 
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VI = 3. 893 

ITL = 30 

TLEL = 2500 

TREL = 2000 

BETA = , 75 

BIGNO = 1 . X 10 

JMIN = 1 

56 

BBIGNO= 1. X 10 

GAMMA = . 75 

IMMAX = 20 

74 

ITIMPR = 1 2 0 

• The ionization potential of Cs, volts. 

• The maximum number of major loop 

i t e ra t ions permit ted. 

• Tempera tu re of e lec t rons at left e lectrode, 

"K. 

• Tempera tu re of e lec t rons at right e lec-

t rode, °K. 

• F i l t e r function weighting p a r a m e t e r for 

low-pass fil tering of potential. 

• A big number of in te rmedia te size used to 

check var iab les for unreasonably big size. 

• A p a r a m e t e r that defines the width of a 

potential min imum as being t r iv ia l , z -axis 

m e s h points. 

• A big number of the biggest size used to 

check var iab les for unreasonably big size. 

• F i l t e r function weighting p a r a m e t e r for 

low-pass fi l tering of the par t ic le density. 

• The maximum number of inner loop 

i t e ra t ions pe rmi t t ed before an outer loop 

i te ra t ion is performed. 

• The t ime assoc ia ted with the printing of 

output, seconds. 
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ITIMAX = 1000 • The max imum t ime the p r o g r a m is to run 

with suppress ion of the printing of the output 

r e su l t s (to save t ime) , seconds. 

lEXTRA = 1 • The number of i te ra t ions to be performed 

over and above those needed for convergence 

of the outer loop. 

All units in the p r o g r a m a r e MKS. The data may be entered in any 

order , in any column on a card, providing the las t datum is followed 

with *. 

d. P r o g r a m Improvements 

There a r e s eve ra l ways in which the present p r o g r a m could be 

improved with future work a lso: 

1. The checking should be completed. 

2. The calculation of the potential itself and the par t ic le density 

should be r ecorded so that r e su l t s a l ready computed a r e 

used for the next integrat ion, ins tead of s tar t ing al l over 

again ab initio as done in the present p rogram. Some work 

has a l ready been done on this subject; it i s easy to accom-

plish; it should grea t ly speed up the p rogram, which is 

a l r eady running amazingly fast. It is thought that with such 

r ep rog ramming , each i te ra t ion would run as fast as an 

i t e ra t ion of the corresponding differential equation. (It i s 

i t e res t ing to observe that in tegra l equations have been used 

very , ve ry little for the numer i ca l solution of problems, and 

that books on numer ica l analys is seldom discuss integral 
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equations. The wr i t e r has never understood this , because 

in tegra l equations offer many advantages, as mentioned 

e l sewhere in this repor t . Somet imes the objection is men-

tioned that the in tegra l equation will take a lot longer for 

each i t e r a t e . It i s usually not mentioned that it wil l converge 

in far fewer i t e r a t e s . Certainly, as far as the present 

in tegra l equation goes, the objection is not well taken. ) 

The in tegra l formulation has proved that it will converge 

in jus t a few i te ra t ions for many prob lems , and will probably 

be much fas ter indeed, for this reason, than the solution 

of the corresponding prob lem by differencing of the re la ted 

differential equations. Poss ib ly this r ep rog ramming should 

be done before i t e m 1 is accompl ished because some of the 

checking runs get to be longer than des i red , since some of 

t h e m involve running many speed groups or many angular 

groups to de termine the effects of numer i ca l accuracy, or 

i t e ra t ions many t imes after convergence to de termine if the 

p rob lem has rea l ly converged. 

3. The total density should be per tu rbed away from neutra l i ty 

in such a way that the resul t ing potential can be computed 

analyt ical ly. This resu l t should then be compared with 

that computed numer ica l ly to a s c e r t a i n that the numer i ca l 

calculation of the potential-is co r rec t . Preferab ly , the 

per turba t ion should be made in the d i rec t ional densi t ies so 

that one a l so checks the validity of the numer i ca l calculation 

of the spec t rum and total density. 
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4. It will be observed in some pa r t s of the p rogram, such as 

PLASMA, RJACOB, SPEED, TEM, VDRIFT, decisions 

a r e made as to whether or not a par t icu la r zone is access ib le , 

depending upon the sign of the kinetic energy or the perpen-

dicular kinetic energy, r a the r than going through the com-

plicated logic of DETEJL or DETEJR. As it were , a 

decision can be made on the spot at the instant needed as to 

whether a pa r t i cu la r zone is or i s not access ib le . This 

technique could be employed in ELIODE to simplify this 

p r o g r a m considerably and to get r id of DETEJL and DETEJR. 

The para l le l kinetic energy (KEPARA) would be used to make 

this pa r t i cu la r decision. The p r o g r a m would run somewhat 

fas ter and take somewhat less space too. 
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APPENDIX 3 

DETAILS OF THE S METHOD 
n 
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In t h i s a p p e n d i x t h e d e t a i l s of t h e S m e t h o d u s e d in t h e p r e s e n t 
n 

w o r k a r e p r e s e n t e d . 

18 
S i n c e e x p o s i t i o n s of t h e S m e t h o d a r e r e a d i l y a v a i l a b l e , w e 

l i m i t o u r s e l v e s t o a n o u t l i n e of t h e m e t h o d f o l l o w e d : 

T h e o p e r a t i o n 

ft V o. u., 
" p n p j p i 

A A . A . \ d v \ d z \ d[j, ( B o l t z m a n n e q u a t i o n ) 

n - 1 J - 1 "^i-l 

i s p e r f o r m e d . H e r e , 

A . = M-. - M-- 1 » 
1 I I - 1 

A. = z. - z. 
J J J - 1 

A = V - V 
n n n - 1 

T o t h i s e n d , t h e a p p r o x i m a t i o n 

\ 
[I- î 

n ( z , V, |JL) 
i - 1 

^ 0 - ^ - 1 

n ( z , V, |JL.) +1 | n ( z , V, fJL. ) 

i s u s e d , a n d l i k e w i s e fo r t h e d e p e n d e n c e s o n z a n d v . T h e r e s u l t of 

t h e s e o p e r a t i o n s i s 

\d c - r e 1 n. ..+ \d c - r e In. .+ 
L n 3 IJ j n i L n 3 2 J j n - 1 i 

+ fd c - .rc.l n . + fd c - Tc ] n + 
L n 4 IJ j - l n i [ n 4 2J j - 1 n - l i 

+ f d c + r c 1 n. . + [ ! c + r e 1 n. , , , + 
L n 5 7J j n i - 1 L n 5 oJ j ^i-1 ^"1 

+ fd c + r e _ l n . . +rd e + re 1 n. 
L n 6 7 J j - l n i - 1 L n 6 . 8J j - l n - l i - 1 

f [ S . + S. , + S. , + S. . , 1 , 
. nL j n j n - 1 j - l n j - l n - 1 J 
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f CT N 
IL+1 

"" " " > d (n. . + n. . . ) + d (n. , . + n . , , J 

1 (n . + n. ) + d (n. i- + "̂ ^ i T I M ' 

n j - l n i j - l n i - 1 n j - l n - l i j - l n - l i - 1 

3 ^^^i^^i-l'^ ' 

3 ^ ^ + ^ ^ - l ^ 

3A. ' 

b . 

b . 
I 

< \ > 
2a 

J 
- 2 a . 

I 

-^ - M-. - M 

2 a . 

n 
2 a . 

I 

A ' 
n 

NCT , 

-1- T S I ^ 

2 ^ . 

A. ' 
J 

- E I . 
I 

A . 
J 

b 
I 

< ^ > 

b . 
I 

<-„> 

- iNa , 

+ NCT. 

2 l . 
I 

• A ' 
n 

2 a. 
1 

' ^ n 

i s 1. a^ = - l . 

i > 1, 

i > 1, b ^ = 0 , 

(3 

(3 

(3. 

(3 . 

(3. 

(3 . 

(3. 

(3. 

(3. 

7) 

8) 

9) 

10) 

11) 

12) 

13) 

14) 

15) 

(3. 16) 

(3. 17) 

(3. 18) 
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d = ~ [ 2 v + V ] , 
n 3 n n - 1 

(3. 19) 

d = - [v + 2 v ] , 
n 3 n n - 1 

f = 
n 

n 

1 , 

2, n 

v + V -
n n - 1 

2 

n > 1 , 

m 

(3. 20) 

(3 .21) 

(3 .22) 

(3. 23) 

(3 .24) 

In i n t e g r a t i n g f r o m r i g h t to left , one s o l v e s for n . i n t e r m s 
J - •*• > ^ » *• 

of e v e r y t h i n g e l s e In i n t e g r a t i n g f r o m left to r i gh t , one s o l v e s for 

n. . in t e r m s of a l l e l s e . V a r i o u s o t h e r q u a n t i t i e s a r e n e e d e d In 
J. n, i 

the c a l c u l a t i o n . T h e s e a r e a s fo l lows : 

z. 

\ dz e(z) n(z) = -^ Ize.. n + e. n. +6. , n. + 26. , n. \ , (3. 25) 
J^ 6 \ J j J J-1 J-1 J J-1 j - i y 

j - 1 

T(z) m 

NL+1 

k n(z) ' / n 
n=2 

• g v d v 

36 3 ^ 6 
n (z) + 

n 

_ _ 2 
g V d V 

36 3 ^ 6 Vi'^': (3. 26) 
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where 

o 2 ^ 2 
g = 3 v + 2 v v , + v , 

n n n n-1 n-1 

(3. 27) 

2 2 
; = v + 2 v v , + 3 v , 
n n n n - 1 n - 1 

(3. 28) 

The e l ec t r i c intensity is de te rmined from the following express ions , 

which a r e immedia te ly der ivable from those given in connection with 

the all in tegral method: F o r integrat ion frona left to r ight: 

JL+1 
0(z_^)-0(2^) 

J ~ I z _ - z^ I 2 f (;z;_ -f-TTT I-̂  ^k1Nrk["ik-%k] 
r I. k=2 \ 

•" V k hk-1 -%k-i]| + 
eA J-

+ T^ ^ J ^ k - % k + ^k-l -%k-i] (3.29) 

and for integrat ion f rom right to left 

0(z ) - 0 ( z ) 

j ( z ^ - z ^ ) 2 c ( z ^ - z ^ ) j^ 

JL+1 . 

r (^^ k ̂ ik - %k] + 

JL+1 

+ h 
r^,k ^ k - 1 - % k - l A - f r , ^ , ["ik 

k=j + l 

^ k + ^k-l - % k - i ] \ ' (3. 30) 

where 
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w h e r e 

2 1 
h = — z A— z - z 

Irk 3 k 3 k - 1 r 

(3 .31) 

r 1 2 
h =— z + — z - z 

Vr k 3 k 3 k-1 r 

(3. 32) 

r ^ k 
2 1 
— z + — z - z . 
3 k 3 k - 1 I ' 

(3. 33) 

r^k ~ 3 \ ^ 3 \ - l ^l 
(3.34) 

In the c a l c u l a t i o n , it p r o v e d d e s i r a b l e to k e e p the c a l c u l a t i o n of 

the e l e c t r i c i n t e n s i t y up to d a t e to the ex ten t t h a t i ts v a l u e w a s only 

one s p a c e s t e p beh ind the c a l c u l a t i o n of the p a r t i c l e d e n s i t i e s . (To 

k e e p the e l e c t r i c i n t e n s i t y up to d a t e to the e x t e n t t h a t i ts v a l u e w a s 

a c t u a l l y a t the s p a c e s t e p b e i n g c o m p u t e d for the p a r t i c l e d e n s i t i e s 

invo lved so lv ing an a r r a y of q u a d r a t i c e q u a t i o n s , w h i c h did not s e e m 

w o r t h t h e e f for t . ) It wou ld be v e r y e x p e n s i v e in m a c h i n e t i m e if the 

e l e c t r i c i n t e n s i t y w e r e c a l c u l a t e d c o m p l e t e l y a n e w fo t e a c h m e s h 

po in t . F o r t u n a t e l y , t h e v a l u e a t t he new m e s h po in t is e a s i l y 

r e l a t e d to the v a l u e a t the p r e v i o u s l y c a l c u l a t e d m e s h po in t . L e t 

S r e p r e s e n t the s u m o v e r a l l j in Eq . 3 . 29 and l e t S . 

r e p r e s e n t the s u m up to j in Eq. 3 . 29 . Then, it is e a s y to show 

t h a t 

S = S + 
L R T new L R T old 

( h j - d ) ' j , r (hj + 1 y j ' J L + i : 

(n. . - n .) - (n. . - n .) . , 
ij ej new ij ej o ld 

, 1 < j < J L + 1 

S_ _ . = S_ _ . , + n . . - n . + n . . , - n . . 
LRj L R j - 1 ij ej i j - 1 e j - 1 

(3.35) 

(3.36) 
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Likewise, for integrating from r ight to left, let S r e p r e s e n t 
RLT 

the sum over all j in Eq. 3. 30 and let S . r e p r e s e n t the sum down 
RL j 

to j + 1 in Eq. 3. 30. It is easy to show that 

^RLT new ^RLT old ^ 
h. , (1-6. , .) + h . ( 1 - 6 . , __ ^ .) 

J-1 J - 1 , 1 J J - 1 , J L + 1 

(n.. - n , ) - (n.. - n . ) 
i j-1 ej-1 new ij-1 ej-1 old 

1 < j < J L + 1 (3. 37) 

S „ ^ . , = S „ . , . - n . . - n , + n . . - n . , 
RLj-1 RLj ij ej i j-1 ej-1 

(3. 38) 
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APPENDIX 4 

DETAILS OF THE 

S 
n 

COMPUTER PROGRAM 
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In this appendix we d i scuss severa l of the details of the p r o g r a m 

evolved for the S method descr ibing the motion of charged par t ic les 
n 

in an e lec t r i c field. 

A flow d iag ram of the main p r o g r a m is shown in F igure 4. 1. 

The logic is ve ry pr imi t ive ; the logic of the subroutines is even more 

e lementary , so no flow d iag ram is p resen ted of these subrout ines . 

No explanation of the flow d iag ram is believed needed other than the 

r e m a r k that the S method r equ i r e s in tegrat ion in two direct ions 
n 

according to the sign of |JL and this fact must be taken into account in 

the logic, as it i s . F igure 4. 2 i s a genealogy char t of the S p rogram; 

it i s mos t e lementary . The functions of the var ious subprograms a re 

l i s ted . in Table 4. 1. 
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Calculate 
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Calculate 
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Figure 4. 1 Flow Diagram of S Method, 



INITIA B0UC0N ELEINI SUM B 0 L Z E L | | B 0 L Z I 0 B0LZEL B0LZI0 P0TENT 0UTPUT 

4». 

t\) 

I 

Figure 4. 2 Genealogy Chart of S P r o g r a m . 
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723-26 

TABLE 4. 1 

FUNCTIONS OF VARIOUS SUBROUTINES IN S PROGRAM 
n 

P r o g r a m Name Function 

BOLZEL 

BOLZIO 

BOUCON 

ELEINI 

INITIA 

INTERP 

MAIN 

OUTPUT 

PLASMA 

POTENT 

READIN 

SPECTRA 

SUM 

TEMPER 

Calculates e lectron density from source and e lec t r ic field. 

Calculates ion density f rom source and e lec t r ic field. 

Calculates boundary conditions at e lec t rodes . 

Calculates the bounding values of the e lect r ic field. 

Init ial izes all va r i ab les . 

Interpolates initial charge distr ibution. 

Controls everything. 

Wri tes out all r e s u l t s . 

Calculates boundary conditions at p l a sma-shea th interface 

Calculates the potential . 

Reads in all data. 

Calculates the spec t ra l and angular distr ibution of the 
e lect ron and ion dens i t ies . 

Calculates sums needed for source t e r m s in the equations 
for the e lec t ron and ion dens i t ies . 

Calculates the t e m p e r a t u r e s and drift veloci t ies of the 
e lec t rons and ions. 
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APPENDIX 5 

PROGRAM FOR 

INTEGRAL FORMULATION 
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JRB T F C f 3 i ' « 1 3 7 i A 

L I M I T ( T I f r » ^ C ) < ( U n ^ ' S O O ) * ( C f l # ? ) 
F R R T R A N : ^ i / G f ^ i L S / X 

C M F L V I I . L t C L A ^ K 

c 
C PRRGRAM NÛ '-̂ FRS ARE A9 FRLL"WS; 
C MAIV, AiPPUrRN, •^;CnFFELi?5JCREET^'., 2ftiDERUG, l?iDENSlT. PiDFPTH, ?7; 
C DFTFJL* l̂ J HFTrJR/ 1^; FLI«rF/ 1; INlTiA, bMNTPGRAL^ 11) 
r INTfRP, 14; KEPARA, 17; KFT, 18; KPARN, 30; 9tTPUT# 7) P> 2U 
C PLA-^MA, »;P'̂ Tî NT/ 't;REAriK, 10; RJACRB, 22j SeLRFL, ?3> SRURRi '^J 
C SPECTRA, <5; TEM, ?°; TEMPER, 13; VDRIf^T* 28; NQKEPA, 19 
C 
C PRHGRAM MJ^r^ER (-
C i-Hiq DpoGRA-^ 'JSf"S "KS RATIRSALIZTH UNJITS INTERNALLY 

C CRNTRSL'^ EVFRYTi-iING 
C IF TYPE « 1, INTEGRATE ERpM RIGHT ELECTKBOE TP LFET PNE AND BACK y^ 
C RIGHT ELCCTRPOE. IE TYPE » ^, r'TEGRATf: FR8M FLARMA TP RIGHT ELFrTR^Or 
C AND "ACK TP PLASMA, IE TYPE « 3, INTEGRATE ERBh' PLASMA TP LFET 
C ELECTRBTE AMD BACK TP PLASMA, I<̂  TY^p , 4, INTEGRATE ONLY AL9NG A X K 
C FRB̂ * RIGHT FLECTRPD^" TB LEFT PNF. I^ TyPE • 5* INTEGRATE PNLY AL^NG 
C AXIS FRP^' RTGHT TLECTRBDE TP PLASMA. IF TYPE « 'i, INTEGRATE P'LY AL*̂ '̂̂  
C AXIS FRP^' P| ASMA TP LEFT ELECTRPHE. 
C Z-AXIS IS POSITIVE TP Tl-E RIGHT ANP NEGATIVE TB THE LFET. 

IMPLICIT REAL «« (A-H, P-Z) 
REAL»fl NETT,NITT 
PTEGFR*4 TYPE 
GLPOAl LI, TL, OHIL, JL, TP, PHIR, JLP, LIP, IT, ITL, PPT (0̂ 51 ,4) , 

A C^OEN. ML, FPS,ML,TYPF,CSLE,CSl.ER,CSLFL,CNDEN,GAMMA, IMMAX, J", 
« PPTP(o51),NETT(05n,NITT(Ot?l ),TTtMpR, ITIMAX, IEXTRA,ITIMp, 
C ITIMI.ITI^CY 

X If EL'IATING RVFRELPW 500,^00 
XSOO CONTINUE 

CALL STIMER 
CALL TTIMER(ITI"I) 

C RETURN PRINT TB EXECUTE THE NEXT JR'? IN THE STACK 
2 CPNTIMUE 

ITALLY = 0; ITI"CY - 0 
C READ IN THE INPUT DATA 

CALL READIN 
WRITE(108,'i*03) ITI'-'AX. ITIMPR, I EXTRA 

<f03 EPRMAT(' ',' ITIMAX*', I'f̂ X, ' ITIMPR.', I'»,X, > lEXTRA-', I'f) 
C CALCLLATE THE INITIAL VALUES RE ALL VARIABLES PPSSIBLE 

CALL TNITIA 

C INTEGRATE ERBM LEFT FLECTRBDE TP RIGHT ELECTR9CF 
IE(TYPE .ED. 1 .BR. TYPE .EQ. 4), LI • IJ CSLE » CSLEL) 

A CALL RRUCPN(TL,PhIL); LI • JL+i; CSLE » CSLER; 
B CALL RPUCPN(TR,PHIR) j G8 TR 8 

C INTEGRATE ER6M PLASMA TP RIGHT ELECTR0nE 
IE(TYPF .EQ. ? .8R. TYPE .EQ. 5 ) , LI » vL-HiqSLE » CSLEP; 

A CALL RBUCPN(TR,PHlR)i JLP - IJ LlP • 2J CALL PLASMA; G9 TP 8 
C INTEGRATE FRRM LEFT ELECTRBPE TB PLASMA 

IF(TYPE .EQ. 3 .BR. TYPE .FQ. 6), LI • 1; CSLE - CSLEL; 
A CALL RRUCPN(TL,PHIL); JLP « JL+1; LIP • 1;CALL PLASMA; G6 TP 8 

RUTPUT, '^'AIN?', TYPE 
8 CONTINUE 
C INTERP8LATE THE ELECTRRN AN̂ ^ IBM HENSlTlES BETV.FEN THEIR RBUNDIMG 
C VALUES TB GFT INITIAL TRIAL VALUES AT VARIflUS PBSITIBNS 

CALL TNTERP 
CALL TTIMER(ITIMA) 
GB TB 22 

3 CPNTINUE 
Ĉ iDEN « (l.ODC - GAMMA)/(1.0D0 - GAMMA** ( IT + 1 ) ) 
CPDEN • (l.ODC • GAMMA**IT)*GAMMA/(1.000 - GAM^A**(IT + 1) ) 

C CALCULATE THE PARTICLE DENSITIES AT ALL PSINTS 
CALL ELI8DE 

22 CPNTIMUE 
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ĉ

 
»- 

: 

>«; 
'v

-

<
 j 

u
 

_
 

.
t
' 

^ 

(L
 

U
 

! I 

»—. 
>

 
-
J

 

u
 

2
-

C
J
 

<
 

H
-

<
r 

f V
 

u
 

ff 
_
 

C
L

 

L
J

 

W
 

t
-Z
 

«
t 

1—
 

to
 

^
 

ff 
L

 

U
 

ffJ
 

CC
 

u
. 

_>
 

_
J

 

<
: 

^
 

cr. 
•

-a
 

u
i 

U
'i 

' r
. 

<
: 

c_
 

~
 

<
 

cr 
.X

 

_
l 

C
-i 

<
 

•—
 

cr 
•a

 

>
 

cn
 

ff 
>—

 
or 
<

r >̂
 

t
r 

u
' 

rv
, 

.—
 

_
J

 

<
 

•—
 

K
 

•—
 

^
 

•—
 

L
^

 
C

J
 

». 
\ a

 
-V

 

J
!

-

*—
* 

2
 

->
 

«
 

\ T
-

1
 

U
! 

C
L

 

>-1
-^
 

\ t 

\ _
J

 
Z

 %
 

\ --t 

\ , 
. 

2
. ^
 

\ C
>

 
«
—

t 

\ _
! 

•
-

>—
 

^
 

\ _*-
\ : 
¥

~
 

^
 * 

a
 u
 

L
"
 

L
 

t
-^
 

•--

\ •
^ 

\ x
-

•a
: 

^
 

^
 

«—
 

<̂
 \ * \ ^

 
fs

, 

«
 

\ r̂
 

\ r IS
I 

^
 \ ^

-H
 

o
 • 

cn
 

C
L

 

U
 ^
 

\ 
V

 a
 

r
' 

\ re
 

fv
 

^
 

\ ^
H

 

\ 1
-

IV
l 

n
-

u
 

iT
 

U
. 

»-^
 

.—
 

X
 

T
-

, 

1
 

c
. 

•
r

-

fL
 

a
 ĉ
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RFPEAT 2* FRR I = (1 * { IL + 1)/?/1) 
J--X = 0 
CALL PFTEJR( J/"'/ I ) 
REPEAT 3/ FRp J = (?, jL+1, 1) 
IF(J .LT. JLL)/ GR TR 15 
I'-(J .LF, JRL)* G° TP 31 

C FIND TĤ : '̂E V RIGHT ""UNf^ARY AND JRL 
CALL PETEJR(J/N/I) 

C SET THE P A R T T C L F P E N S I T Y E D U A L TR ZPPP BETWEEN THE OLD RIGHT PRUvDARY 
C AND THE NE'J L^FT RRi'^PARY 
1^ C^NTIMUE 

REPEAT 16/ EPP JEl = (J *JLL-1*1) 
NC ( JF1 ,N, I,L) » C«DEN»^NE( JF1 *N, I,L) 

lA r-.KTiMijr 

J = -^AX(JLL*?) 
31 <"̂ NTI\'jr 

IF( JLi .GT. Jl +1 )* ĵR TP -3 
CALL PENS IT ( J/N* I*L/E'^PPR1 , ESRPR?* CPFEE L* NF ) 

3 C P N T I N L F 

2 C'̂ T̂Î ,|Ĵ  
1 C"NTlNiJF 
X Î" El RATING RVEPFLR»\ ftOl* R^l 
X5C1 CONTINUE 
C CALI^LLATE FI E C T P P N DENSTTIF'^ FPP E L E C T R R N S M 9 V I \ G TB THE I EET 

L » 1 
REPEAT 4, For? s s (NL + 1* 1* -1) 
prPFAT "5* Pf̂ R T » ( 1* { IL + 1 )/2»l) 
JLL » JL + ? 
CALL r>ETFJL(J/^ . I ) 
REPEAT 6, FRR J = (JL / 1, -1) 
IF(J ,GT. JRL)* GR TP 14 
IF (J .GE. JLI. )* GP TP 33 

C FIND THE NE., LEFT BPUNDARY AND JLL 
CALL pETEJL(J/N,I ) 

C SET THE P A R T I C L F P E N S I T Y EQUAL TR ZERP BETWEEN THE PLD LFFT BPUNDARY 
C AND THE NF\' PIG^^T F̂ '̂ UN'DARY 
14 C^NTINIJF 

RPPFAT 13* E=»P JE2 = (J*JPL+1/-1) 
NE( JFP,N* I,L) = CRDEN»NE( JFP*N, 1,1.) 

13 C^NTTKiDE 
J = ^T^'(Jfn.*JL) 

33 C^NTIMJF 
I""? JRl .LT. 1 ), Gf̂  TR f-, 
CALL PFNSTT( J,N, I,L*E^^PPR1*FSPPR?*CPEFEL*NF) 

6 CONTINUE 
5 C^NTlM'JE 
4 CONTINUE 
X IF FL'>ATING PVFRFLPW fO?* "502 
Xio02 CPNTlvilJC-

C CALCULATE lf^\ D E M S I T T F S FOR IPNS MRVING TP THE RIGHT 
SIG^^A = STGMAI; Q » FJ L » ? 
REPEAT 7* FPR N » (NL+l* 1* -1) 
REPEAT s* FRR T . (1 *( I L + 1 )/2, 1 ) 
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JPL • 0 
CALL PETEJR(J*K* D 
REPEAT '^t FPR J . (2* JL + 1* 1) 
IF(J ,LT. JLL)* GR TP 17 
!F{J .LE. JRL)* GR T8 41 

C FIND THF NEW RIGHT BOUNDARY AND JRL 
CALL nETEJO(J*N/I) 

C SET THE PARTICLE DENSITY EQUAL TP ZERP BETWEEN THE PLD RIGHT PPUMDAPY 
C AND THE NEW LEFT BPUNDARY 
17 CRNTINUE 

REPEAT ?6* FPR JE3 » (J *JLL-1#1) 
NI(JE3*NW,L) « C9DEN»NI {JF3*N,I,L) 

2f, CPNTlMlJE 
J » -^AXCJLL*?) 

41 CRNTINUE 
IF(JL| .GT. JL+1)* GR TP 9 
CALL DENS IT ( J, N'* I *L* TSPPRl , ISPPRp* S2M IRP, M ) 

q CPNTINUF 
8 C^^TINUE 
7 CPNTTNUE 
X IF FLRATING PVFRFLPW 603/ «S03 
X503 CRNTTNUE 

C CALCULATE IPN DENSITIES FRR JPNs MRVING TP THE LEFT 
L « 1 
REPEAT 10* FRR N - (NL+l* 1* -1) 
REPEAT 11* EPP I » (1*(IL+1)/?*!) 
JLL • JL + ? 
CALL nETFJL(J/N/ I) 
RFPEAT 12* FPP J » (JL * 1* -1) 
IF{J .GT. JRL)* GR TP 1? 
IF(J ,GE. JLL)* GP TP 43 

C FIND THE NEW LE^T BPUNDARY AND JLL 
CALL DETEJL(J*N*I) 

C SET THE PARTICLF DENSITY EQUAL Tp ZERP BETWEEN THE PLD LEFT BRUNPARY 
C AND THE NEW RIGHT BPUNDARY 
1« CONTINUE 

REPEAT 53* FPR JE4 « {J*JRl+l*-l) 
M{JE4*N,I,L) » CPDEN#M {JF4*N*I,L) 

53 CONTINUE 
J « ^T^i(JRL*JL) 

43 CRNTINUE 
IF{JR| ,LT. D* GP TR 12 
CALL DENSIT(J*N*I*L*ISRPRl*ISPPR?*S2MIQP,M ) 

12 CRNTINUE 
11 CONTINUE 
10 Ĉ tNTlMiJE 
X IF FLRATING PVFRFLPW 604* ti04 
X504 CRNTINUE 

RETURN 
X601 QUTPUT*'PVERFLRW IN FLIPDF AFTER STATEf^ENT I'i CALL EXIT 
X602 PUTPIJT*'eVERFLPW IN EL IPDF AFTER STATEMENT 4'; CALL EXIT 
X603 PUTPUT*'PVFRFLRW IN ELIPDE AFTER STATEMENT 7'; CALL FXIT 
X604 PUTPUT* •eVERFL'^W IN ELIPDE AFTF"? STATEMENT 10' 
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END 
^ C MELVILLF C L A R K 

SLBRRijTiNF TNITIA 
C 
C PRRGRAi^ NU^RFR '^ 
C INITIALISES ALL VARIA^^LFS 

IMPLICIT REAL*« (A-H, R-Z) 
I N T F G F P T Y P E 
pt AL*5? '<EP*K,'^F,MT*NC'=*NE°*MIP*'^BDIST 
Gl PBAI P I , S P « ^ F , P ? S R ° I * M E * ^ ' I / S R R M I , R 2 M E * VL* VR, IL* JL* NL, 

A FNL*PELPRS*DEL1*^FL2*K*TG,T| *TLEL*TPLE*TR*TPEL,Z(051),NCS* 
^ PP,D=̂ I '^U*FJL,FIL*SIGMAF,SlGMAl*ClMB(011 )*TI (051 ) * BETA* CKE*PH IL* 
C E M I O W KEP(1C*04)*TYPF* TE ( 051 ) * PH I R, CRE* F,EPSILP/ 
D NFP*NT'^/TF'^PFS*'^L*Pf^T(C51/4)* SPACI \* R E N C R E * R E N C R I * I TL* EPS* 
F VI/H,rSLEL,CSLFR,PPMi,S2MFPP*S2MTPP*SR2ME*SR2^T*S2P9MF*S2f^9^I, 
F CPFFEl ,PRTP(0^1 )* IT*R^-2ME/RS2"'I 

^ f ' D T S T ( E N F R G Y , T E M P F ) s S 4 R P I » D C Q R T ( E N E R G Y / T E M P F ) » D E X P ( - E N F 0 G Y / 

A TE'^PE ) / T E ^ ° E 

ETL = I L 

E J L = J L 

FNL » NL 

DFLP'^S = < ^ P A C I N / F J L 
PG » { 3 . 2 6 6 3 g a P D l C / D S P R T ( T F ' ^ R F S ) ) » D E X P ( - R 9 1 0 . / T F M R E S ) 

NCS a P G / ( K » T G ) 

r^r , 1 . 5 ^ 0 / F 

C^EFE l » 1 . P C / P . D C 

C E = ( «^. '^0»P ! / * - ! ) * ( { M F / H ) » » 2 ) 

DFL'^U » 2 . D Q / F I L 

D F L l = D E L P R S / 3 . D C 

D F L 2 > D E L P R S / P . D G 

E ' v ( l ) = F^IK 

I T = 0 

RFPEAT 5 * Fi^R M « ( 1 * ^ L * 1 ) 

P«»T ( 1 , ^ ) r O.PO 

P R T ( J | + 1 , ^ M « VR - V L 

5 C A T K U E 

P « T P ( 1 ) » O.DC 

P ' = ' T P ( J L + 1 ) = V R - V L 

R ? " E = l . P O / ( ? . D O » ^ E ) 

RPMI = l . P O / ( P . D C * " ^ ! ) 

RS2f-'F = D S Q P T ( R P M E ) 

RS2MI a DSQRT(Pp ' - iT ) 

P P S R P T » l . D C / ( P . ' " C * D S n R T ( P I ) ) 

SIG^^AF = " "CS^SIGMAE 

SIG^^AT = N C S » S I G M A I 

SPSMF = D S O R T ( « . D C » M F ) 
SPRMi s D S n P T ( S . D C » M i ) 

SS^ 'EPn » P S P R T ( ? . P C * ^ F / P I ) 

S P ' ^ I P P = P S Q R T ( P . r ^ C » M l / P I ) 

g p g o M p - n S T P T ( 2 . P O / ( 9 . D 0 * ' - ' E ) ) 

SPPg*^ ! = ' ^ S u l R T ( P . f " 0 / ( 9 . D 0 » ' ^ I ) ) 

S '+PPI = D^PRT ( 4 . D C / P I ) 
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E 
F 
f^ 

•i 

\-
T 

J 
< 

L 
V 

N 

TP = <»TG 
TL = <*TL 

T l E L = K»TLFL 

TPLE = K«TPLE 

TP = <»TR 

TPEL s '<44TREL 
CSLFL = P n » P S P R T ( P . D O * ^ I / ( P l * T G ) ) / ( ( T L * » 2 ) * ( l . ^ n + P. ' ^0*DEXF^(F#(VI 

- P H l D / T L ) ) ) 
CSLFR r PP*PSCRT ( ? , D O » ' ^ I / ( P I * T G ) ) / ( { T R # » 2 ) « ( l . ' ^ 0 + ? .no« '^FXr-^(P»(VI 
- O H I R ) / T R ) ) ) 

P t - IL = E*PHIL 
PHiP , F ^ r H I R 

Z ( 1 ) c 0 . ^ 0 
I F { P ^ ^ T N ( E I L , F J L , E N L , D F L P P S , P G , N C S * R S 2 M E * D F L ^ U , D F L E N , PFl 1 , ^ E L P , 

E^ ( 1 ) , I T , c I G M A F , S I G ^ ^ A I * R S p v I * RpSRP I * T G , TL* TLFI , T P L r , 

C ' ^ L F L , C S L F R , S p M E P P * S R « ^ E * S R 8 M I * S p ' - ' I P P , S 2 P 9 ^ E * S p R 9 ^ I , R 2 ^ E * P p ^ I / 

T ' T , T P F L * Z ( 1 ) * C i ^ E ) . L T . P . D O . P R . D M A x ( F I L / F v j L * F N L ) . G T . l O O O . . P P . 

DFLPPS . G T . SPACI"^ . P t - . NCS . G T . 1 .E29 . P R . RS'^E. GT . 6 . P ? « . '=»P. 

DM-E*^ . G T . F^AY . ^ R . P F L l . G T . D F L P R S . P R . D E L P . P T . 

D F I - P P S . P R . E N ( 1 ) . G T , F ' - ' A X . P R , I T . G T . I T L . P R . R P M I . G T . ^ . F ? 6 . ' ^ P . ' ^ P P 9 " F 

. G T . S , E 1 4 . ^ R . P S ? M I . G T . ? . E 1 ? . RR .SRai^E . GT . 3 . F " 1 b . PR . SP8'^ I . G T . 

P . E - 1 1 . P R . S 2 ^ T P P . P T . 6 . E ' ' 1 P . P R . S 2 M E R P . G T . 8 . F - 1 6 

. ' ^R . n ' ^AX(TG*TL*TLEL* T P L E * T P * T R E L ) . G T . 2 . F - 1 9 . P C Z ( l ) 

,GT. SPACIN .'=»R. kS2^F .GT. 8.El4 .RR. RS?"^! 'GT. 2.E13) , RMTP'JT, 
'rNITT6',IL*JL*NL/SPACIN*FJL,FIL,FNL*PG* 
TF'-^PFS*NCS*TG,K, P I , nPLMU* DELEN, EM AX, EM J N , DEL 1 * ̂ FL?/PKF, 
DFLP«S*FN(1)*STGMAE/SIGMAI, ME* R2SRPI *TL/TLEL, 
TPLE,TP*TPEL*7(1)*IT*ITL*CSLEL*CSLER*R2ME,R2MI,SPR9ME,SPRn-T* 
St^sMF,SP8^'I*S?^IPP*S2^EPP,MI; CAl L EXIT 
RPPEAT 
RFPEAT 
P"T{J,» 
C^NTINI 
RFPFAT 
RPPEAT 

19/ 
19, 
') » 
)P 
10* 
10, 

EPP 
FRF 
O.PO 

{2*JL*1) 
(1*^L ,1) 

FRP J s (1*JL+1*1) 
EpP M = (1,ML* 1) 

IF(PAnS{PRT(J*M)),GT.10. )* PUTPUT, ' I N I T8 ' * J* PPT ( J, "̂  ) ; CALL 
n CPNTTNUE 

REPEAT 16* FRP M = (1*ML*1) 
CIMB(M) »1.DC- BETA*#M 
IF(C1MB(M) .LT.O.PO.pp. ClMP(M).GT.l.DO)* pUTPUT, 

A BFTA,riMB(M),M; CALL FXIT 
Ĉ N̂TlNlJF 
RFNCRF « CI3MAF/4.D0 
RFNCRT = SIGMAT/(P.D0*(2.Dn»»0.5D0)) 

CALCULATE THF CONSTANTS FPR INTFGRATIPN RVER SPACE VARIABLE'̂ ; 
DFLEN » D^IN(TG*TPLE)/?5.'^0 
F^ER , O.PO; N > 0 ; FT^AL « 2 . P 0 / ( F N L + 2 . 0 0 0 ) 

Cf>NTlNUE 

N = N + 1 
s JMi = o . f^n 

CONTINUE 

ENER = ENER 

SU^ l = SUi^l 

FX IT 

' I N I T I O ' , ' ^ L , 

npLFN 

( ' ^BPIST{ENER*TPLE) + MPDIST(FNEP,TG) )»DFLF^' 
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I 
1 
X 
X ' = 0 1 
X 
X 

X'=<C1 
X 

C MEL 
C 

C 

C wRI 

R E A L » y NEI. I R * N R K F P A , K E T 

r T " E N f ; I R N NFL I R ( 0 ^ 1 * 0 ^ * 0 2 * 0 ? ) 

Gl RBAi ' M P N R 
N " K E P A a N r L I ' ^ ( v ) N « ^ * N N ° * I N P , l N ' M * K E T ( wNR*NNR) 

r q ^ T l N l J C -

I F F L R A T I N G RVFPFLf>W 6 C 1 * 5 0 1 

C^NT I^ I JE 

Tr(nA-^S(Nf^KFPA) .GT. =~< I GN'') * P U T P L T * • N O K E P A3 ' *'.'R<FPA , K E T ( J^'R* NMP ) 
A ,NrLlR(JNg,NNP,TNR,t NR),NN",JNP*INR*LN9; CALL EXIT 

Rc TljRv 
OUTPUT* 'RVERELR'*) TN N'̂ 'KEPA • , N^KEPA* KET ( wNR, NNP ) * 

A NrLIR(JNR,NNR,TN9,LNR),JNR,NNP,INP*LNP; CALL EXIT 
r \ 0 

VILL^^ CLA^K 

S ' j a P R t j T l N F RIJTPRT 

400 
4P1 

C ^EL 

C 

C 
C PRR 

C i^RI 

TES P 

r' 
RF 
GL 

WR 

WP 

A NT 

ER 

p n 

A ' P 

B ' N 

RP 

EN 

V I L L F 

"TF^, 

PLTP 

AL»'^ 

'=>BA| 

ITE( 
I T F ( 

TT( , ) 

RMAT 

PMAT 

'^T( J 
ET r 

TURN 
P 

C L A 

H A L RUT 
IT ^F 'AL*« ( A - H , ' - ' - Z ) 

NETT*NTTT 
P P T ( 0 5 1 , P 4 ) * P R T P ( 0 5 1 ) * M L * N E T T ( 0 5 1 ) , N I T T { 0 5 1 ) * J l 

1 0 8 * 4 0 1 ) 
1 0 8 , 4 0 0 ) ( J*PRTP( J > * (Pf^T( J * M ) * M . l * M L ) , N E T T ( u ) * N l T T ( J ) * 

) - N F T T ( J ) , J a l , J L + 1 ) 
( • ' * ' J a • , I 4 , 1 P 8 E 1 1 . 3 / * 5 o ( X * • J« ' * T 4 * 1 P 8 E 1 1 . 3 / ) ) 
( ' C ' * T 1 P / ' P « T P ( J ) • , T ? 1 , ' P R T ( J * 1 ) ' * T 3 2 * ' P P T ( J , 2 ) ' / T 4 ? , 

/ 3 ) ' /Tt=;4/ 'PRT( J / 4 ) • , T 6 5 / ' NpTT ( J ) • , T76* ' N I TT { J ) ' , T 8 7 * 

^^ARGF' ) 

PK 

S i i B R R i j T l N F RUTPUT 

C CAL 
C PPS 

GRAM 
TES 

I 
R 
D 
C 

A N 
G 

P T 
C N 
CULA 
ITIP 

D 

X 
X 
X 
14 

A 

NU^REP 

" U T ALL 

• - P L I r I T 

F A L * 8 N 

I M E N S I R 
M ^1 VI f̂  ^̂ 1 f^ 

I N ( 0 : S l * 
LRBAI D 

r ( 0 5 i )* 
I T T ( n 5 1 

TE THE 
I-1 

R 14 J 

F E ( J ) a 

F I ( J ) a 

F ( D ' - ' A X ( 

J * J | , K 

P ( J ) , C K 
' ^ N T I N U F 

PFSULTS 

P F A L » 8 ( A - H , P- 'Z) 

E N * N R * N E * N I , K E P / N F I * N I I , N E T T » N I T T * K E I * K E E * J E J * J I J 

N KFE(051 )* KFI (051) 
E(051 *0'^*C2/0P)*NI (P51/09*02*02)*NEN(05l*n2*02)* 
OP* 02)/MET (051* 09/02 )/r'I T (051*09*02) 
FLPPS/KFP(10*04)*rPSlLR*F*PPT(051/4>*NL* TL*JL*IP* 
TI(0^1)*CKF,JIJ(05l),JEJ(051)*Z(051)*NETT(051)* 

)* IT* BBIGNP 
KTN'ETIC FNEPGY PF F L E C T R R N S AND IRNS AS A F U N C T I P N 

a 1/ Jl +1*1 
CKE*TF(J) 
C K F * T I ( J ) 

DA«S(KEE( J ) ) * ' ^ABS(KEI ( J ) ) ) .GT .BBIGNP) RUTPUT* 
EF( J ) , K E I ( J ) * N*N| , 
E ; CALL E X I T 

PF 

' P U T P U T 5 ' * 
T I ( J ) * 
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r^o 
A 

r 

1 M 

IPP 

n 7 

n 3 

S FpLLPWS: THF I T F R A T I R N NÛ ^̂ -rP IS' 

/ 'PRTENTIAL'*T31* 'ELECTRIC FlFL^^'* 
TY',T75*'ELECTRRN',Ta8, • Î-N ', 
6* ' TPN KINETIC'/T47, • O E N P I T Y • , T7^^/ 
Y'*T119* 'ENERGY' ) 
)* (P^T(w* 1)-F«T( J+1, 1 ) j/r^ELP-^P, 
/KEF(J)*KEI(d)*J»1,JL + 1 ) 

/T3c*lPFl4.6»T44*lPF14.6/T58, 
.6*Tl0a*lPE14.6*TlU/lPE14.6) 

, 'El ECTRRN SPFED S^FCTRU^'') 
1 )+NFI(J,N*2),N»1,NL+1)*Jal* + 1 ) 

C P U t i L I S H ALL P P S L L T S 

X CALL P F B u n { ' R L T P L T ^ ' ) 

W'lTF (10»/104) IT 
1)4 F-^P^AT ( 1 H 0 , T 1 , 'RFSULTS APp A 

A , 14) 
W^^TTE (10S/10C) 
FORMAT (lHl,Tt^, 'P'^SITI'»NST19 
T47, 'FLFCTRf^N'*T6':.* ' T'̂N DENSI 
' C I R R F N T ' , T 1 0 3 , ' E L E C T P R N ' . T I 1 

'CLPRFNT',T1C1*'KINETIC ENpRG 
A-ITi^ (10?*101) (Z(J),PPT(J,1 
NkTT( J),NITT(J),JFJ(j),JIJ(J) 
F"R^AT (X/1^^E14.6/T16/1PE14.6 
13Fl4.<'*T7P,l'^Flc*,f,,T'i6»lPF14 
U'-ITF (lO^'/lCP) 
FORMAT ( l H 0 , T t ; , i P ' ^ S I T T R N 4 , T=^C 

'ApJTF f 1 0 8 / 1 0 6 ) ( 7 ( J ) , ( N F I ( J , N , 

W ' ' I T F ( 1 0 8 / 1 0 7 ) 

F n P M A T ( ' O ' / X , ' P P S I T I R N « * T 5 P * ' 

W P T T E ( 1 0 8 , 1 0 6 ) ( 7 ( J ) * ( N I I ( J , N / 

F ' > R ^ A T ( ' ' / 1 P 1 P E 1 1 . 3 ) 

W R I T E ( 1 0 R / 1 C 3 ) 

E^^R^Ar ( I H O / T ^ , t P « S I T T « N 4 , T P 9 , " E l ECTRRN ANGULAR D I STR T^l IT T R'''• 

T ' ^ « / ' T R N A N G U L A R ' " I S T - I P U T I R N ' ) 

W i T E f 1 0 8 / 1 0 5 ) ( 7 ( J ) , K E N ( J , 1 , 1 > , N F N ( J * 2 * 1 ) , 

N F N ( J , P , 2 ) , N F K ( J , 1 , ? ) , M N ( J , l , 1 ) , M \ ( J , P , l ) , 

NI^(J,?,P1,NIN(J,l/P),Jal,JL+l) 
E^RN'AT ( X, IPPOEO.?) 
IP FL'^'ATPG RVFREIR'N 6*^7, r,n7 
fONTT^ !>F 
Rf TUR«. 
'=>;iTPiJT* 'RVFRFL«>W P' RUTPUT ' * J, JL , I * I L* L/N , NL/ 
CALL FXIT 
END 

LLP CLARK 

i 

I"N SPEED SPFCTRU"') 
1 )+NlnJ/N*2)*N»1,NL+1)*Jal, JL + 1 

A 

ins 

X 
X507 

X6n7 
X A 

C *'ELVI 
C 

Z'<F ; 

EUNCTIRN P(JAL/JPL*^P. TP) 
C 
C PPRGRA"^ NU^BFP PI 
C CALCULATES THp P R R B A P I L I T Y RF NRT SCATTFRING BETWEEN TWR PRINTS 

r^PLlPlT PFAL»s (A-H,-^-7) 
GLPBAI DELI* DEL2/BTG^R 
IF(JAl .LT. J"L)* JA a JPL; JB a JAL; GP TP 2 
JA a lAL; JB a JRL 

2 Ĉ 'NTlNl.'F 
Sll*̂  a O.DC; JIP a JA-P 
RPPEAT 1* FPR JTP = (JA*(JB-2)*2) 
JTP a JTP 

1 SU^aSi)^ + DFLl»(^FPTH(jTP*NP, T P )+4 . D044DEPTH ( JTP + 1 * NP* TP) + 
A PFPTH(JTP + ?,NP,IP) ) 

IF(Mqr>( (jn.jA),?) , (3T. 0 ), SJ"̂  » SUM + DFL2»(DEFTH( JIP + ?*N'P* 
A + ^FPTH(JIP + S,NP,IP) ) 

X IF(SU-' .GT. PTGNR .PR.SUM.LT.O.Do)* PUTFLT , ' P4 ' * DELl * S Ĵ '* JTP* 

IP) 
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X 
X 

X 
X 
X 
X 

A 
•a 

C '̂P| VI 
C 

C 
C 
C CALCI 

PFPTHf JIP,N'P, lP),PFPT^-{ JIi= + l,vP* TP)* JA*JR* 
NP*IP,JTP 
P a '̂ rXP(-SU'-') 
IF(P . L T . P . P O . R P . P.GT.I.DP),PUTPUT*'P3'*P,SUM,JTP*JIP*DELI* 
JA,JB,'^EPT^^( JIP,NP* IP),DFPTW( JTP.NP, IP ) * NP, I P* PEL?* 
DFPTU(JIP+i,NP,IP)*DEPTH(JTF+1*NP,IP)*DEPTH(JTP+2*NP,TP); 
CALL FXIT 
RC- TURN 
r\P 

LLP CLA^-K 

S' PP-̂ i (TIN F PLAS'^A 

A 

C 

C CALCL 

pp'^GP 
LATF^ 
I-PL I 
RFAL 
CT^MR 
NIN(0 
GLR"A 
E/ TT 

SP'^FR 
RFPFA 
RFPFA 

LATF T 
p a . 
KFT? 
TF( 
O.PO; 

A'" N 
THE 
CTT 
»8 N 
N NE 
51 /O 
I JL 
(̂ 51 

PR 
P/S? 
T 1* 
T 2* 

F 
a KE 

I ̂ BF 
^nl)^ 
PFAL 
r* N 
(051 
P*0? 
P* N 
)*TE 
T(05 
Î'̂ P 
FRR 
FRR 

L FCT 

R a 
î ARY C 
»H ( A-
I, NPP 
,09,r2 
)*NET( 
FP,NIP 
(051 )* 
1*4), 
,SR8"'F 
NP a 
IP = 

p « \i P T 

T(JLP,NP) 

1 

^N'-ITI""' IN THF PLASMA 
H, «-Z) 
* f I P * K F T , N F T T * N I T T * N E N * N I N , K F T 2 , K F T 3 * N P T * ^ II 
*OP)*NI(^51*Oq*02*02)*NEN(05l*02*02)* 
051*09,PP)*NIT(051*09*0?) 

Q*NL* I L * N E T T ( 0 E ; 1 ) , N I T T ( 0 5 1 ) * 
,SP8^"I,PS?"F,RSpMI,BIGNR*BPIG^R, TP 
(1/ NL + 1* 1) 
(1/ ( TL + 1 )/='*l ) 

RFFTIPNAI ^FNcITY 

KFT? . L T . O .DC)* N E ( J L P * N P * I P * 1 ) 

NF(JL 

A i . ' ^ n p 

31 C^NTI 

NF(JL 

4 C " ^ T I 

C CALPULATE T 

P = F 

KFT3 

I F ( 

A O.DO; 

NI ( J L 

A 1 .5P0 

3? C^NTI 

NI ( J L 

C"NTI 

IF(P ' - ' 

D"'AX( 

PUTPIJ 

Jl °* 

GR TR 3 ' 

n , N P , I P , 1 ) a S? ' ^FpP«NrP#KFTp«DEXP( -KFT2 /TF( J L P ) ) / ( T E ( J L P ) » * 

) 
N l iF 

P * N P , I P , 

KJE 
^F I^N 0 

P) a N F ( J L P * N P , I P * 1 ) 

IRECTIPNAL D E K S I T Y 

KET ( Jl P,NP) 

5 

X 

X 

X 

X 

X 

X 

? 
1 

A 

P 

c 

KFT3 . L T . O . D O * N I ( JLP* NP, I P, 1 ) a 

GR TR 3P 

P * N P , I P , 1 ) a S 2 ^ I P P * M P * < F T q * D E X P ( - K F T 3 / T l ( J L P ) ) / ( T I ( J L P ) » * 

) 

N U F 

P / N P , I P , P ) a N K J l P,NP* I P / 1 ) 

VUF 

Tf- (NF( JLf 

^ E ( J L P / 
T* 'PLAS ' 
M P , I P , 

K P T P , K F T 3 ; 

C^NTlN l F 

C ^ N T I N J U E 

PA 

P* NP* I P * D * N ' K J L P * NP* I P * 1 ) ) . L T . O . D O . P R . 

NP* I P * I P ) * K K J L P , NP, I P * LP) ) .GT .BBIGNP) * 

' ' ' A 3 ' , N F ( J L P / i^'P* I P * D * N K J L P * NP* I P * 1 ) * D , E * 

^ F P * N I P , F * p P T ( G L P * l ) * T E ( J L P ) * T I ( J L P ) * 

KFT( J L P * NP) * NFTT ( J L P ) * M T T ( J L P ) * 

LL FX IT 
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ĉ
 

~̂
 

%
 

3
 JJ

 

3
 c
 

_
. '1
 

'-
^

 
x
: 

t
—

 

V
 -3

 

^
 

X
3

 

• •
" -H

 

• >̂
 

• 3
 ^
 .

 
• -

1
 

X
J

 

• X
J
 

c
 >
 

3
 D

 

3
 

• 3
 

-4
 • 3

 «
 * T

D
 

rn
 

—
4
 

^
3

 

Z
 .>

 

^
 

T
»
 

—
 

T
I 

-4
 

X
I 

c_
 

>
 

3
 0
 

T
J
 3

 .,
 

^
 

-A
 

—
• ' —

 
n
 

7
 _̂
 

>
 

"3
 

r;
 

>>
 

II
 ^
 

«T
 

T
"!

 

H
 

.̂
 

^
 

i »
 

Z
 

a
 —

 
«

 J
 

>
7

 
3

 
3

 
-

1
 

-^
 

A
 

3
 T
J

 

•>
 

3
 

*>
 

,
-

4
 

c
 

a
 

w
 z
 

a
 

4
4

 

f
-

4
 

c
 -̂ -̂̂

 V
 , J
>

 

-J
 

J
 >
 

II
 J
 

D
 

t—
 

S
I z
 fl
 

*- •)
 

fl
 

H
 ;2
 

1
-

4
 

-•
 

'^
 

--~
 

A
 

r
j 

-i
 ^
 

a
 

c^
 

^
 

z
 

l
_

 -̂
 

• 3
 H

 
• "̂

 
• J

 

3
 • 5
 

T
J

 

• A
 

T
J
 

T
J

 
>

• 3
 >
 

—
 

C
 

a
 z
 

c_
 

• —
4
 

c_
 

• v
 

• o
 • 7
 

-J
 

3
 

I—
 

fl
 

J
 

>
 

—
 

^
 

J
J

 

—
* )̂ ' fl
 

7
1
 

1
 

J
>

 
1

—
 

I"
 

J
 ^
 

T
l —

 
>

 
T

 
•

>
 ^
 ^
 

n
 ^
 ~

4
 r 

T
J

 

n
 --
• 

3
 —
• 

—
1
 

n
 

n
 

^
 

'—
 

* a
 

'^
 

!>
 

• T
 ^
 fl
 

1
 

IN
I ^
 

>
 

-̂
 

T
J
 

,T
 

-
t —

 
'T

 

y
 n
 

n
 -̂.
 

7
 

T
J

 

fl
 

3
 .;>

 
,—

 

fl
 

1
 

-1
 

X
 

'T
 

c_
 

J
>

 ~)
 

fl
 

X
 

—
• 

>
 

z
 

3
 3
 

—
1

 

X
 

•
-

1
 

—
I 

X
J

 

>
 

r 

U
J

 
3

 J
 

T
J

 

>
• 

-
4

 fl
 

T
J

 
J
 ^
 

-)
 

^
 

,,
 C
 

z
 —

 
-9

k
 

u
 

T
J
 ; 0
 

3
 

3
 - r -̂
 

-1
 

—
 

fl
 ' r"
 

C
 

E
>

 

3
 

fl
 

J
 

'^
 

C
 

a
 %
 

t_
 

%
 

^
.

4
 

a
 -̂
 

r-
 

T
l 

X
I 

3
 

C
l 

C
 

>
 

L
 i .—
. ' 

w
 L
 

—
4
 ^
 

z
 

J
 

^
 ,3
 

>>
 

"̂
 

I >
 

^
 

.—
• 

X
 ^
 

>
-

X
 

V
w

. 

T
 

J
»
 

—
 

r"
 

3
 

X
 .-
. 

—
1
 

r
n

 

n
 

^
 -(
 

T
 

r- • —
1
 

T
l ?
 ;,
 

T
 

3
 

w
 -
1
 1
 

^
 

—
1

 
,—

1
 

1
4
 ~
t 

' <•
 

H
 

IJ
 

•
—

 n
 

4
4
 

-
1
 

•
<

 n
 

3
 %
 

<
 

r- «
 

<
 

D
 

%
 

<
 

—
4
 

V
 

1
—

 

4
4
 

n
 

•
«
 

-
.

4
 

~
~

 
" 

« 
-4

 

'—
 

^
 

r »
 .;»
 

—
 

3
 «
 

Z
 

-
4
 

T
J

 

»
 

z
 

n
 

^
 3
 

T
 

—
4
 

3
 - D

 
3

 

-4
 

J
>

 

«
 T
J

 
X

 
—

• 

f
- ^
 

3
 —
• 

3
 T
 

J
>

 

4-
1
 

* 0
 

—
4
 

^
3

 <
 

J
>

 

*—
4

 

s
. n

 
3

 
>

• n
 ;̂
 

V
 

^
 

r 
.£

>
 

• .,)
 

3
 • 1

_
»

 

• 7
 

J
 

• u
 

>
0

 

• -
4
 

?
 J
 

J
>

 

K
 

• (- H
 • 3

 —
 

3
 

C
" 

—
1
 

a
 

(~
 

-4
 

• ,- 3
 

3
 •>

 
7

 
—

t 

•
7

' u
 —

 
»

 

- ^
 

4
 ~
 

H
 

• 3
 

• Z
 

-J
 

• 1.
 I 

—
4
 

^
?

' • ..>
 

-
4
 

• r_
 

(—
 

-4
-

•
-

4
 

• fl
 

X
J

 

• C
D

 
•

>
 

-X
 <:
 

i>
 • n
 —
* 

• 3
 

• D
 

O
 • fl
 

3
 • 

o
 • • z
>

 
-G

 

• D
 1
 

-4
 

>
 

• G
^

 

-(
 

• *—
* 

• ) 
3

 • 3
 .J
 

• <
 

1
 • 3
 

—
1
 

• 4̂
 

• X
 

X
J

 

• z
 

r- • r~
 

—
1
 

• 3
 • X
i 

J
 ^
 

t>
 

X
 --*
 

-4
 

r- T
J
 

r~
 

^
 

—
4
 

3
 n
 

1
—

 • .3
 

—
I 

• V
-

4
 

• fT
J
 

* • 3
 

T
J

 

• 7
 ^
 

—
. 

Z
 

.—
 

—
1

 
X

J
 

T
J
 

r~
 

i
«
 -4

 

.—
 

T
J
 

f -'
 

• 

3
 • .c
; 

—
 

«
 

'—
 

-4
 

• • 3
 

—
4
 

• fl
 

„
J

 

• <
 

—
. 

• 3
 -
1

 

• \J
 

O
 

• «
 

rD
 

X
i 

m
 

H
 • 

j
^ 

i 3
 

O
 • • fl
 7
 

• 3
 T

 
—

4
 

z
 .—
 

<
 

1
—

 

V
 <
 

a
 

..- • r
- -
4
 

«
 

i 

1
-

4
 

C
J
 

• • 3
 3
 * O
 X
 

>
 

X
 -»
 

<
 

,—
 

^
 

<
 

3
 —

 

• 3
 H
 

• 1
-

4
 

-i
 

>
 

• 
X

 

—
 

-4
 

H
 

• 
4

4
 

T
) 

-
1

 

T
 

' —
 

• fl
 

. 
X

 
Z

 

. 
JJ

 

• 
~
H

 

-̂
 -
* 

f~
 

•̂>
 

"̂
 • 

• " 
H

 
-4

 
• 

• 
J

 
•v

i 
C

 

o
 
—

 
o
 

z
 

• 
.—

«
• 

—
4

 

• 
f 

D
 

»
 

J
J
 

-
1
 

• 
X

, 

—
 

-
4

 
T

T
 

• 

T
 

3
 

X
) 

3
 

3
 

• 
r 

-t
 

• 
X

 
f
- 

T
J

 
-
t 

3
 

• 
• 

3
3

 
r-

'"
) 

-1
 

O
 

• 
• 

o
 

• p
 

• 

TJ
 

fl
 

«
 

TJ
 

• 
-
4
 

T
J
 

H
 

?
 

T
J

 



X 
X501 

XftOl 

C ^^FLV 

C 

c 
c 
C CAl C 

X 

X A 

X '̂  

C CAl '-

I F F L R A T I ^ G PVFRFl RW f^Ol* 5 0 1 

C^^NTINUF 

Rt T U P M 

RUTPiJT* ' P V E R F L ^ W TN S'^UREL ' ; CAL l E X I T 
ENH 

I L L F CLARK 

F i N C T T ^ N P « U R I N ( J P I , ' S I * T =: I ) 

X 

X 

1 
X 
X 
X 
X 
X501 

X-^Ol 

C ^^ELV 

C 

C 

C PRPG 
C CALC 
C DENS 

p p n n , ^ 

ULATES 

I " P L I 

Rt AL» 

GL^PA 

IF (KF 

piJTPlJ 

CALL 

I LATE T 

T F ( T 

K P T R T 

I F ( K r 

KFTRT 

S ^ U R I 

DF XP( 

C ^ N T I 

I F ( P R 

SPURT 

KPTPT 

I F EL 

C ' A T I 

RFTUR 

RUTPIJ 

END 

I L L F CL 

A^ 
TH 

Pi 
^ 
I 

T( 

T* 

pv 
~.r 

T ( 

T 

T R 

T / 

\ 
- K 

N U 

l iR 
M , 

T * 

R A 

N 
E 
T 
NI 
TI 
JS 
' S 
IT 

R 

JS 

s 

T I 

JS 

= 

^ T 

F 

I N 

K 

NT 

T I 

P 

I M B E P 2 4 

S'^URCF F"R I ^ N S 

P E A L * « ( A - H , R - Z ) 

T T * K F T R T I * K F P A R A , K E T 

( 0 5 1 ) , S T G ^ ' A I , E* N I TT ( 0 5 1 ) * 13 I GNR 

I , H S n . L T . O.DO . P R . K r P A R A ( u S I , N ' S I * 1ST ) i L T . 0 » ' ^ 0 ) / 

f U J R I ^ : ' * L . S I * ^ S I * I S I * K F T ( J S I * N S I ) , KEPARA ( JS I * ^ P T * I S I ) ; 

>F THF THTAL K I v p T l C ENERGY TP T H E T E ^ ^ P E R ATI 'PF ^ T I R P 

I ) . L F , C . D O ) / S P I R I N a O . D O ; GP TP 1 

K F T ( J « : i * N S I ) / T l ( J S I ) 

. L T . O . r ^ O . ' ^ R . KET'^TT . G T , B I G N P ) * R U T P U T , 

I * M ' ; i , T I ( J S I ) * K E T ( J S I * N S I ) ; CALL F X I T 

S I G » ^ A I 4 4 ( K F T P T I » » 1 . ^ D O ) ' » N l T T ( J S I ) • 

^ T I ) / ^ S G P T ( K r P A R A ( J S I * N S l * I S I ) ) 

• S P U R I N 4 ' * 

. L T . O . P ' ^ . R R . S P I I P I N . 

FPAPA ( J S I * ' P I * T P D * 

T T ( J S T ) ; C A L L E X I T 

N G PVFREt RU ^ 0 1 * ' ^O l 

G T » BIGNP), PUTPUT* 'SPJPIN3'* 
JSI* NSI* TSI, SIGMAI, 

T* 'RVFRFL'^/J IN S'^URI^'; CALl EXIT 

ARK 

S'J«RRt)TlNF SPPCTRA 

RAM 
ULA 
ITY 

I 
R 
c 

A N 
G 

A S 
C CALCULA 

G 
R 
C 
C 
C 
R 

NU^t^FR P 
TE Tî F SPECTRAL ^IST- TPITTRN RF ELECTRPN DENSITY AND IPN 

1ft 

MPLI 
FAL » 
RMMR 
IN(0 
LPf̂ A 
PS ME 
TF T 
a •• 

FPFA 
ALL 
RNTI 
a F 

FPFA 

PIT 

'J NE 
51*0 
I NE 
,SR8 
^̂ E S 
F 
T 16 
SPEE 
N'lF 

PFAL»« (A-H, R-7) 
NFI,M I,NE,M*' FTT/NITT*NEP*NIP,NEN,NIN 

(051 /0'=»*0?*OP)*NI (051*Oq*C2*32)*NEN(05l*02»02)* 
P*0?)*'*'EI (051* 09,0?)* NI T (051*09*0?) 
P*P*JI *II *NL* IP*N IP*EN( 1 0)* NETT{051)*NITT(051)*E* 
•̂  I, Pf̂ T ( 051 * 04 ) / RSpME * RS?"^ I * B I GNP 
PATIAL DISTRIBUTTRK PF ELECTRPN DENSITY AND IPN DENSITY 

FP' (l/JL + 1,1 ) 
( J,NF,NFT*NFTT*RSPMF) 

T Pfi/ FRP J (1/JL+l*!) 
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CALL SPFED( J,N',MI ,NITT*RSP^I ) 
P^ CR'^TlNi'E 
C CALCULATF T̂ jP A'GUL AR DISTR I PUT T R^ AT ALL PRINTS PF PPACE 

FRP 
FRP 
F'̂ P 
a P, 
a Cl 

FRP 

J a 
T a 
L a 

^C 
M s 

(1.JL + 1,1 ) 
(1,(IL + 1 )/^*1 ) 
1*^ 

(2,'^L + I ,1 ) 

X 
X 
X 
X 

11 

17 
X 

A 

C 

Rft=FAT 1 7 , 

PPPFAT 1 7 / 

p r P C A T 1 7 . 

N ^ ^ ( J , 1*1 ) 

N 1 M J , I / L ) 

P'-PPAT 1 1 , 
1^ a , f r 

N F N ( J , I , L ) 

( F M ' ' ) 

P a E 
N I N ( J , I / L ) a K T V ( ^ , I , L ) + ( M ( J , N , I , L ) + 

- ! ^ ' ^ ' ( ^ -1 ) ) / ( S R ? s ^ I * P j A C R n ( J , N * I ) ) 

( N F N ( J , T , L ) * N I M J , T , L ) ) . L T . O . D O . P R . D- '̂AX ( NFN ( J * I * L ) / 

T / L ) ) . G T . n i r N R ) , n U T ° U T , ' P P p C R S ' , \ E N { J , 1 * 1 ) *SRsMF * S R R " I * 

^ * T * L ) / N T ( J / N / I / L ) . N / N L * I L * J l / E K ' ( N ) / 

a -^F-^ ( w * I *L ) + ( N F ( J , N , I , L ) + 

F N ( ^ - 1 ) ) / ( S R ' 5 N ' F « P j A C R P ( J * N * I ) ) 

N F ( J * N - 1 , I * L ) ) • 

N I ( J * N - 1 * 1*1 ) ) • 

I F (H- 'T* 

NTN( 

C^ 

X ^ C 4 

X 

c 
c 

c 
c 

X 

X 

X 

1^ 

N I N ( J , I , L ) / J / T , L * NF{ 

F• ( N - 1 ) ; TALL C X I T 

C ' i N T I M E 

' F N ( J . I , L ) = NP^ ( J * I , L ) / ? . P P 

N T N ( J , I , l ) a N I M ( J * I * L ) / 2 . P 0 
C«NTI^iUF 
i r F L ^ A T I ^ G RVFPFI -'»AI A 0 4 * K O ^ 

rn\j TKj ip 

RF rn-^K^ 

R' T P i J r * ' p V F P F L '•>''J I N C P E C T P A * * J* J l * L* N , N L * I L* I / " I GNP, E^'* P R ^ ^ ' E * 

A SPSf^'I , V C P F D 0 , V S P F P 1 , R S 2 M E , R S 2 ^ 1 I * P . * E ; 

'i ]'^ a p ; CALL P F P L P ( ' S " F C T R A 5 ' ) ; CALL E X I T 

MPl V I L L P C L A P K 

c ; • l ^ p « M T I ^ E S P F F P ( J S , N ^ / N S I , N S T T * R S 2 I ^ ) 

pqi^r^ai,!-' CALfliLATFS TuF PPEF"^ SPFCTRU'^. 
IMPLICIT PFAL«« ( A - H , ' ^ - Z ) 

Ri^AL*-? NS/N5I,NSTT*KET*'^U 
PI^FNSI'^N NS(^51*C9/0P/02)*^SI (05l*Og*C2),NSTT(051) 
GLPPAi NL/IL/PIGN'^ 
NPTT( )^ ) a C.'^O 
RPPEAT 13, FPP N a (1,NL+1,1) 
RfPEAT 6* FRR L = 1*2 
NSI (JS /N,L) a ^.-"0 
PVFP ALL orppENDICULAP K p F T I C ENERGIES 
RFPFAT 12/ FRR I a (?, ( IL+1 )/?*1 ) 
N S M J c ,N,L) a ^'SKJS *N,L) + (Ns(JS ,N,I,L) + NS (JS ,N,I-1*L)) 
nAM«^Cii( jc; ,N,T,L) - ^X'JS ,N,T-1*L)) 
IF(NST(JS *N*I ) .LT. •".DC .PR. N s I U S *N*L) . G T . B I G N P ) , RUTPUT * 
'PPFPI ' ,NPI ( JP /N/L)*JP *^'*L*N<!(JP *N/ I*L)*NS( JS *N,I-1,L)* 
^ ' | ( j s * N , i , L ) / ^ u ( ^ p , N , i - i , L ) ; C A L L E X I T 

C- NTIvijF 
NPMJS /N,L) a MSKJS *N,L)/2.f^0 
N P U J P * N , L ) = ' I S K J S * N , l ) + N S ( J S , N * ( I L + 1 ) / ? * L ) • 

;uM 
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X 
X 
X 
X 
f 

A Â«'̂ (̂ 'IJ(JS /N, ( IL/2) + l,L) 
IP(NST(JS *N*L) .LT. O.DO 

- '̂U( JS *N* ( IL + 1 )/2*L ) ) 
.PR. NsI(JS *N*L) .GT. «IGNP),QUTPUT* 

•P^EPP'/NPI ( JP *N/L)*JS *f':*L*NP(jS *N, ( IL + 1 )/?/L), ( IL + 1 )/2* 
^'.(JS *N* ( IL/P) + 1*L)*^'U(JS *N, ( ll +1 )/2*L ) * ( I L + 1 )/?, ( IL/? ) +1 i 
CALL P X I T 
C^NTIvUE 
CfNTT.'.UF 
Ri^PFAT ^* FRR N a (P,''L+1*1) 
RPPFAT 11/ FR'R L a 1*P 
VPPFP,-) a KET(JS * N ) ; VSPED1 • K E T ( J S * N - 1 ) 

. P C ) 

1 * L ) ) « 

X 

X 

X 

11 
"3 

A 

n 

TP(VSPFPO . L T . O . P O ) , VSPFPO » O.DC 

i r ( V S P E D l . L T . P . - ^ O ) , V S P F D l » O.DO 

N S T T ( j S ) a N S T T ( J S ) + ( N S I ( J S * N * L ) + N S I ( J S * N . 

d S P R T ( V S P P P C ) - ^ S P R T ( V S P F P l ) ) * R S 2 M 

I M N S T T ( J S ) . L T . C .PO . p p . N S T T ( J S ) . G T . B I GNP ) , RUTPUT* ' PPEP-^ • * 

V P P E P p , K E T ( J S , N ) , J S , N , V P P F D 1 * K F T ( J S * N - 1 ) , N S T T ( j S ) , 

N S K J P / N / L ) / L / R S 5 ^ / N P I ( , . I S * N - 1 , L ) ; CALL E X I T 

C'>NTI \ , l ,F 

C ^ N T l N ' i F 

V^PFPI a ^FT(JS,1); VSPFDl a KET(JS*NL+1); VSPFD2 a KET(JS,NL+2) 
.LT. O.'^C), 
.LT. O.'^C), 
. L T . r.,^.C), 

FRR L=l.? 
a NPTT{^S ) 

VSPFPO a 
VSPF^^l a 
VSPFPP a 

+ (NSKJS 
'PuRT(VS^FD2) 

C 
C 

C 
C 
C 

TF( VSPP'^O 
IF(VSPFP1 
ir(VSPFD2 
RFPFAT 7, 
NPTT( iS ) 

A NSI ( JS /Nl.+1*1 ) » ( 
C'NTIvU'P 
Rr TUP\i 
F' P 

'TI VILL'" C L A R K 

F I J N C T T ' ^ V T E M ( J T P , N T * N T T T , V T J ) 

O.DO 

O.DC 

O.DO 

, 1 * L ) » D S G R T ( V S P F D 0 ) + 

D S G R T ( V S P F D 1 ) ) ) * R S 2 M 

P P R G R A ' ^ N L ' ^ P F P P 9 

CALCUi ATES THP TE'^PPRATURF 

r ' P L l P i T P F A L » « ( A - H , R - Z ) 

R E A L » q N T , N T T T , ' ^ L / MA^^P » K E P * N'^KEP A* KET 

D l ^ f NSI-^^N N T ( 0 5 1 * O P * O P * 0 2 ) * V T J ( 0 5 l ) * N T T T ( 0 5 l ) 

D T ^ E N S I P N ^ ' T ( C ' = = l * : 9 * 0 ? * 0 2 ) , V T J ( 0 5 l ) * N T T T ( 0 5 l ) 

D I ^ E N s I f ^ N N T ( C 5 1 * P 9 * 0 P * 0 2 ) , V T J ( 0 5 l ) / N T T T ( 0 5 l ) 

K E P ( 1 0 , 3 4 ) , I L *S2B9M,PIGNR 

a ( 2 . N L + i , 1 ) 

X 
X ^ P l 

GLRPAl N L , ' ^ A S P i 

TFV a r,r:;C. 

NTF"^ a 1 

RI 'PEAT 1 6 / ERR 

NO a K ; N l a K - 1 

CRNTlN l . 'F 

T E ^ ' I = O.PO 

RFPFAT 1 7 / FRP L a 1 , ? 

PPPFAT 1 5 / EPP I a ( ? / ( I L + 1 ) / ? * l ) 

TF^^I = T E ^ ' I + P A B S ( ^ U ( J T E / N / I / L ) - M U ( o T E * N / T - 1 * L ) ) • 

( N P K F n A ( J T F * N , I * L . N T ) + N R K F P A ( J T E * N * I - 1 , L * N T ) ) 

I F F L R A T I N G PVFRFLPW ftCl*'=;Ol 

C N T I N U F 
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