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Abstract

This article describes a complete theory of spatial coherence for undulator radiation sources. Current estimations of coherence
properties often assume that undulator sources are quasi-homogeneous, like thermal sources, and rely on the application of the van
Cittert—Zernike theorem for calculating the degree of transverse coherence. Such assumption is not adequate when treating third
generation light sources, because the vertical (geometrical) emittance of the electron beam is comparable or even much smaller than the
radiation wavelength in a very wide spectral interval that spans over four orders of magnitude (from 0.1 up to 103 A). Sometimes, the so-
called Gaussian—Schell model, that is widely used in statistical optics in the description of partially coherent sources, is applied as an
alternative to the quasi-homogeneous model. However, as we will demonstrate, this model fails to properly describe coherent properties
of X-ray beams from non-homogeneous undulator sources. As a result, a more rigorous analysis is required. We propose a technique,
based on statistical optics and Fourier optics, to explicitly calculate the cross-spectral density of an undulator source in the most general
case, at any position after the undulator. Our theory, that makes consistent use of dimensionless analysis, allows relatively easy treatment
and physical understanding of many asymptotes of the parameter space, together with their region of applicability. Particular emphasis is
given to the asymptotic situation when the horizontal emittance is much larger than the radiation wavelength, and the vertical emittance

is arbitrary. This case is practically relevant for third generation synchrotron radiation sources.

© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

In recent years, continuous evolution of synchrotron
radiation (SR) sources has resulted in a dramatic increase
of brilliance with respect to older designs. Among the most
exciting properties of third generation facilities of today is
a high flux of coherent X-rays [1]. The availability of
intense coherent X-ray beams has triggered the develop-
ment of a number of new experimental techniques based on
coherence properties of light such as scattering of coherent
X-ray radiation, X-ray photon correlation spectroscopy
and phase contrast imaging. The interested reader may find
an extensive reference list to these applications in Ref. [2].
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Characterization of transverse coherence properties of
SR at a specimen position is fundamental for properly
planning, conducting and analyzing experiments involving
above-mentioned techniques. These objectives can only be
met once coherence properties of undulator sources are
characterized and then propagated along the photon
beamline up to the specimen.

This paper is mainly dedicated to a description of
transverse coherence properties of SR sources. Therefore, it
constitutes the first step for tracking coherence properties
through optical elements, which can be only done when the
source is quantitatively described. Solution of the problem
of evolution of radiation properties in free-space is also
given. This can be used to characterize radiation at the
specimen position when there are no optical elements
between the source and the specimen.
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Since SR is a random process, the description of
transverse coherence properties of the source and its
evolution should be treated in terms of probabilistic
statements. Statistical optics [3—5] presents most convenient
tools to deal with fluctuating electromagnetic fields.
However, it was mainly developed in connection with
polarized thermal light that is characterized by quite
specific properties. Besides obeying Gaussian statistics,
polarized thermal light has two other specific character-
istics allowing for major simplifications of the theory:
stationarity and homogeneity (i.e. perfect incoherence) of
the source [3.4].

As we will see, SR obeys Gaussian statistics, but
stationarity and homogeneity do not belong to SR fields.
Thus, although the language of statistical optics must be
used to describe SR sources, one should avoid a priori
introduction of an incorrect model. In contrast to this,
up to now it has been a widespread practice to assume
that undulator sources are perfectly incoherent
(homogeneous) and to draw conclusions about transverse
coherence properties of undulator light based on these
assumptions [2].

In particular, in the case of thermal light, transverse
coherence properties of the radiation can be found with the
help of the well-known van Citter—Zernike (VCZ) theorem.
However, for third generation light sources either planned
or in operation, the horizontal electron beam (geometrical)
emittance' is of order of 1-3nm while the vertical
emittance is bound to the horizontal through a coupling
factor C~10_2°, corresponding to vertical emittances of
order 0.1-0.3 A. As we will show, these facts imply that the
VCZ theorem cannot be applied in the vertical direction,
aside for the hard X-ray limit at wavelengths shorter than
0.1 A. Similar remarks hold for future sources, like Energy
Recovery Linac (ERL)-based spontaneous radiators. ERL
technology is expected to constitute the natural evolution
of SR sources today and to provide nearly fully diffraction-
limited sources in the lA-range, capable of three order of
magnitudes larger coherent flux compared to third genera-
tion light sources [1]. Horizontal and vertical emittance will
be of order of 0.3 A, which rules out the applicability of the
VCZ theorem.

The need for characterization of partially coherent
undulator sources is emphasized very clearly in Ref. [6].
However, studying spatial-coherence properties of undu-
lator sources is not a trivial task. Difficulties arise when one
tries to simultaneously include the effect of intrinsic
divergence of undulator radiation, and of electron beam
size and divergence.

An attempt to find the region of applicability of the VCZ
theorem for third generation light sources is reported in
Ref. [7]. Authors of Ref. [7] conclude that the VCZ

"Emittances are measured in m-rad. However, radians are a
dimensionless unit. Therefore, we can present emittances measured in
meters. This is particularly useful in the present paper, since we need to
compare emittances with radiation wavelength.

theorem can only be applied when SR sources are close to
the diffraction limit. We will see that the VCZ theorem can
only be applied in the opposite case.

A model to describe partially coherent sources, the
Gaussian—Schell model, is widely used in statistical optics.
Its application to SR is described in Refs. [8-10].
The Gaussian—Schell model includes non-homogeneous
sources, because the typical transverse dimension of the
source can be comparable or smaller than the transverse
coherence length. While Refs. [8-10] are of general
theoretical interest, they do not provide a satisfactory
approximation of third generation SR sources. In fact, as
we will see, undulator radiation has very specific properties
that cannot be described in terms of Gaussian—Schell
model.

The first treatment of transverse coherence properties
from SR sources accounting for the specific nature of
undulator radiation and anticipating operation of third
generation SR facilities is given, in terms of Wigner
distribution, in Refs. [11,12]. Refs. [11,12] present the most
general algorithm for calculating properties of undulator
radiation sources.

In the present paper we base our theory on the
characterization of the cross-spectral density of the system.
The cross-spectral density is merely the statistical correla-
tion function of the radiation field at two different
positions on the observation plane at a given frequency.
It is equivalent to the Wigner distribution, the two
quantities being related by Fourier transformation. Based
on cross-spectral density we developed a comprehensive
theory of third generation SR sources in the space—
frequency domain, where we exploited the presence of
small or large parameters intrinsic in the description of the
system. First, we took advantage of the particular but
important situation of perfect resonance, when the field
from the undulator source can be presented in terms of
analytical functions. Second, we exploited the practical
case of a Gaussian eclectron beam, allowing further
analytical simplifications. Third, we took advantage of
the large horizontal emittance (compared with the radia-
tion wavelength) of the electron beam, allowing separate
treatments of horizontal and vertical directions. Finally, we
studied asymptotic cases of our theory for third generation
light sources with their region of applicability. In parti-
cular, we considered both asymptotes of a small and a large
vertical emittance compared with the radiation wavelength,
finding surprising results. In the case of a small vertical
emittance (smaller than the radiation wavelength) we
found that the radiation is not diffraction limited in the
vertical direction, an effect that can be ascribed to the
influence of the large horizontal emittance on the vertical
coherence properties of radiation. In the case of a large
vertical emittance we described the quasi-homogeneous
source in terms of a non-Gaussian model, which has higher
accuracy and wider region of applicability with respect to a
simpler Gaussian model. In fact, the non-Gaussian model
proposed in our work accounts for diffraction effects.
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Nonetheless, in order to solve the propagation problem in
free-space, a geometrical optics approach can still be used.

We organize our work as follows. First, a general
algorithm for the calculation of the field correlation
function of an undulator source is given in Section 2. Such
algorithm is not limited to the description of third
generation light sources, but can also be applied, for
example, to ERL sources. In Section 3 we specialize our
treatment to third generation light sources exploiting a
large horizontal emittance compared to the radiation
wavelength, and studying the asymptotic limit for a small
vertical emittance of the electron beam. In the following
Section 4 we consider the particular case of quasi-
homogeneous undulator sources, and discuss the applic-
ability range of the VCZ theorem. Finally, in Section 5 we
come to conclusions.

2. Cross-spectral density of an undulator source
2.1. Thermal light and SR: some concepts and definitions

The great majority of optical sources emits thermal light.
Such is the case of the sun and the other stars, as well as of
incandescent lamps. This kind of radiation consists of a
large number of independent contributions (radiating
atoms) and is characterized by random amplitudes and
phases in space and time. Its electromagnetic field can be
conveniently described in terms of statistical optics that has
been intensively developed during the last few decades [3,4].

Consider the light emitted by a thermal source passing
through a polarization analyzer, as in Fig. 1. Properties of
polarized thermal light are well known in statistical optics,
and are referred to as properties of completely chaotic,
polarized light [3,4]. Thermal light is a statistical random
process and statements about such process are probabilistic
statements. Statistical processes are handled using the
concept of statistical ensemble, drawn from statistical

thermal Completely chaotic
light polarized light
S i S R S
lamp polarizer spatial Spectral
filter filter

stationary Gaussian

random process time-avergaing

\ intensity

I(r,t)

Fig. 1. Light intensity from an incandescent lamp driven by a constant
electric current. A statistically stationary wave has an average that does
not vary with time.

mechanics, and statistical averages are performed over an
ensemble, or many realizations, or outcomes of the
statistical process under study. Polarized thermal sources
obey a very particular kind of random process in that
it is Gaussian and stationary.” Moreover, they are
homogeneous.

The properties of Gaussian random processes are well
known in statistical optics. For instance, the real and
imaginary part of the complex amplitudes of the electric
field from a polarized thermal source have Gaussian
distribution, while the instantaneous radiation power
fluctuates in accordance with the negative exponential
distribution. It can be shown [3] that a linearly filtered
Gaussian process is also a Gaussian random process. As a
result, the presence of a monochromator and a spatial filter
as in the system depicted in Fig. 1 do not change the
statistics of the signal. Finally, higher order field correla-
tion functions can be found in terms of the second order
correlation. This dramatically simplifies the description of
the random process.

Stationarity is a subtle concept. There are different kinds
of stationarity. However, for Gaussian processes different
kinds of stationarity coincide [3,4]. In this case, stationarity
means that all ensemble averages are independent of time.
It follows that a necessary condition for a certain process
to be stationary is that the signal last forever. Yet, if a
signal lasts much longer than the short-scale duration of
the field fluctuations (its coherence time 7.) and it is
observed for a time much shorter than its duration o1, but
much longer than 7. it can be reasonably considered as
everlasting and it has a chance to be stationary as well, as
in the case of thermal light.

Finally, thermal sources are homogeneous. The field is
correlated on the transverse direction over the possible
minimal distance, which is of order of a wavelength. This
means that the radiation intensity at the source remains
practically unvaried on the scale of a correlation length.
One can say, equivalently, that the source is homogeneous.
Homogeneity is the equivalent, in the transverse direction,
of stationarity and implies a constant ensemble-averaged
intensity along the transverse direction.

Consider now a SR source, as depicted” in Fig. 2. Like
thermal light, also SR is a random process. In fact,
relativistic electrons in a storage ring emit SR passing
through bending magnets or undulators. The electron
beam shot noise causes fluctuations of the beam density

2Ergodic too. From a qualitative viewpoint, a given random process is
ergodic when all ensemble averages can be substituted by time averages.
Ergodicity is a stronger requirement than stationarity [3,4].

*Radiation at the detector consists of a carrier modulation of frequency
o subjected to random amplitude and phase modulation. The Fourier
decomposition of the radiation contains frequencies spread about the
monochromator bandwidth: it is not possible, in practice, to resolve the
oscillations of the radiation fields which occur at the frequency of the
carrier modulation. Therefore, for comparison with experimental results,
we average the theoretical results over a cycle of oscillations of the carrier
modulation.
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Fig. 2. The intensity of an X-ray beam from a SR source. A statistically non-stationary wave has a time-varying intensity averaged over an ensemble of

bunches.

which are random in time and space from bunch to bunch.
As a result, the radiation produced has random amplitudes
and phases. Moreover, in Section 2.2 we will demonstrate
that SR fields obey Gaussian statistics. Statistical proper-
ties satisfied by single-electron contributions (elementary
phasors) to the total SR field are weaker than those
satisfied by single-atom contributions in thermal sources.
Thus, the demonstration that thermal light obeys Gaussian
statistics cannot be directly applied to the SR case, and
some condition should be formulated on the parameter
space to define the region where SR is indeed a Gaussian
random process. We will show this fact with the help of
Appendix A of Ref. [13].

In contrast with thermal light, SR is intrinsically non-
stationary, because it presents a time-varying ensemble-
averaged intensity on the temporal scale of the duration of
the X-ray pulse generated by a single electron bunch. For
this reason, in what follows the averaging brackets (- --)
will always indicate the ensemble average over bunches
(and not a time average). Finally, SR sources are not
completely incoherent, or homogeneous. In fact, there is a
close connection between the state of coherence of the
source and the angular distribution of the radiant intensity.
A thermal source that is correlated over the minimal
possible distance (which is of order of the wavelength) is
characterized by a radiant intensity distributed over a solid
angle of order 2x. This is not the case of SR light, that is
confined within a narrow cone in the forward direction.
The high directionality of SR rules out the possibility of
description in terms of thermal light. As we will see,
depending on the situation, SR may or may not be
described by a quasi-homogeneous model, where sources
are only locally coherent over a distance of many
wavelengths but the linear dimension of the source is
much larger than the correlation distance.*

In spite of differences with respect to the simpler case of
thermal light, SR fields can be described in terms of
statistical optics. However, statistical optics was developed
in relation with thermal light emission. Major assumptions
typical of this kind of radiation like, for example,
stationarity, are retained in textbooks [3,4]. Thus, usual

“Note that the high directionality of SR is not in contrast with the poor
coherence which characterizes the quasi-homogeneous limit.

statistical optics treatment must be modified in order to
deal with SR problems. We will reduce the problem of
characterization of transverse coherence properties of
undulator sources in the space—frequency domain to the
calculation of the correlation of the field produced by a
single electron with itself. This correlation is known as
cross-spectral density. The non-stationarity of the process
imposes some (practically non-restrictive) condition on the
parameter space region where a treatment based on cross-
spectral density can be applied to SR phenomena. Such
condition involves the length of the electron bunch, the
number of undulator periods and the radiation wavelength.
Given the fact that the electron bunch length can vary from
about 10 ps for third generation SR sources to about 100 fs
for ERL sources, understanding of the region of applic-
ability this condition is a priori not obvious. All these
subjects will be treated in Section 2.2.

2.2. Second-order correlations in space—frequency domain

In SR experiments with third generation light sources,
detectors are limited to about 100ps time resolution.
Therefore, they cannot resolve a single X-ray pulse in time
domain, whose duration is about 30ps. They work,
instead, by counting the number of photons at a certain
frequency over an integration time longer than the pulse. It
is therefore quite natural to consider signals in the
frequency domain. With this in mind, let Ep(z,7, ) be a
fixed polarization component of the Fourier transform of
the electric field at location (z,7), in some cartesian
coordinate system, and frequency w by a given collection
of electromagnetic sources. We will often name it, slightly
improperly, “the field”. Subscript “b” indicates that the
field is generated by the entire bunch. Ey(z, 7, w) is linked to
the time domain field Ey(z, 7, ¢) through the Fourier
transform

Eb(a)) = /oo dtEy(1) exp(im?)

Ey(f) = %/:vo doEy(w) exp(—iw?). (1)

We will be interested in the case of an ultra relativistic
electron beam going through a certain magnetic system, an
undulator in particular. In this case z is the observation
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distance along the optical axis of the undulator and 7 fixes
the transverse position of the observer. The contribution of
the kth electron to the field depends on the transverse offset
I and deflection angles 7, that the electron has at some
reference point on the optical axis z, e.g. the center of the
undulator. Moreover, the arrival time #; at the center of the
undulator has the effect of multiplying the field by a phase
factor exp(iwty), i.e. the time-domain electric field is
retarded by a time #;. At this point we do not need to
explicitly specify the dependence on offset and deflection.
The total field can be written as

Ne
En(z,F0) = B Ik, 2,7, @) exp(ion) )
k=1

where ﬁkj;( and ¢, are random variables and N. is the
number of electrons in the bunch. Note that £ in Eq. (2)
is a complex quantity, that can be written as
E = |Ei|exp(i¢;). It follows that the SR field pulse at
fixed frequency and position is a sum of a many phasors,
one for each electron, of the form FEexp(iwty) =
|Ex| exp(igy + iwtk).

Elementary phasors composing the sum obey three
statistical properties, that are satisfied in SR problems of
interest. First, random variables #; are statistically inde-
pendent of each other, and of variables 7, and 7;( Second,
random variables |E;| (at fixed frequency w), are identi-
cally distributed for all values of k, with a finite mean (| Ex|)
and a finite second moment (| E;|?). These two assumptions
follow from the properties of shot noise in a storage ring,
which is a fundamental effect related with quantum
fluctuations. Third, we assume that the electron bunch
duration o7 is large enough so that wor>1: under this
assumption, phases wt; can be regarded as uniformly
distributed on the interval (0, 2x). The assumption wor > 1
exploits the first large parameter of our theory, and is
justified by the fact that o is the undulator resonant
frequency, which is high enough, in practical cases of
interest, to guarantee that wor> 1 for any realistic choice
of or. Based on the three previously discussed properties,
and with the help of the central limit theorem, it can be
demonstrated® that the real and the imaginary part of Ej
are distributed in accordance to a Gaussian law.

As a result, SR is a non-stationary Gaussian random
process.

Because of this, higher-order correlation functions can
be expressed in terms of second-order correlation functions
with the help of the moment theorem [3]. As a result, the
knowledge of the second-order field correlation function
in frequency domain, Iy, is all we need to completely
characterize the signal from a statistical viewpoint.

>The proof follows from a slight generalization of Section 2.9 in Ref. [3].
Namely, it can be shown by direct calculation that real and imaginary part
of the total phasor £}, are uncorrelated, with zero mean and equal
variance. Then, using the central limit theorem, we conclude that £\, is a
circular complex Gaussian random variable (at fixed z, ¥ and w).

The following definition holds:
[o(2, 71,72, 01, 02) = (Ev(z, 71, 0) Ej (2,72, 02)) 3)

where brackets (---) indicate ensemble average over
electron bunches. For any given function w(ij, /x, ), the
ensemble average is defined as

mmbka»=/Hm/Hﬁ/ dtowGi, Te, 1) PG, s 1)
@)

where integrals in dZ, and d7j, span over all offsets and
deflections, and P = P(ﬁk,fk,tlc) indicates the probabiliﬁty
density distribution in the joint random variables ¥, /x,
and t#,. Note that, since all electrons have the same
probability of arrival around a given offset, deflection,
and time, P is independent of k. Moreover, already
discussed independence of #; from 7;( and 7, allows to
write P as

Pl T tr) = f 1 (s TS (1. Q)

Here f is the longitudinal bunch profile of the electron
beam, while /| is the transverse phase-space distribution.
Substituting Eq. (2) in Eq. (3) one has

Ne
FU} = < Z E(ﬁmalm9297lawl)

mn=1
XE*(ﬁna Ziyzs 725 wz) exp[i(wltm - wztn)]> (6)

Expansion of Eq. (6) gives

Nc
FU) = Z(E(ﬁrny Ima Zs ?19 wl)E*(ﬁma lma Zy 72, 602)

m=1
X exp[i(w1 - wZ)lmD
+ ) (E iy, s 2,71, 01) explioo 1)

m+#n
XAE* (> > 2, P2, 02) €Xp(—iaty)). @)

With the help of Egs. (4) and (5), the ensemble average
(exp(iwty)) can be written as the Fourier transform of the
longitudinal bunch profile function f, that is

(exp(ion)) = / ) duf (1) explione) = f (). ®)

Using Eq. (8), Eq. (7) can be written as

Ne
FU) = Zf(wl - w2)<E(7]m9lm: Za?lawl)E*(ﬁmslmn 29?29w2)>

m=1

+ ) (@) () Eis Im» 2, Fr 1))

m+#n
XE* (s Iy 2, T2, 02)) )

where f*(w2) = f(—w,) because f is a real function. When
the radiation wavelengths of interest are much shorter than
the bunch length we can safely neglect the second term on
the right-hand side of Eq. (9) since the form factor product
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Fig. 3. Schematic illustration of the relative frequency dependence of the
spectral correlation function f(w — ') and of the cross-spectral density
function (the cross-power spectrum) G(z, 7}, 7>, w) of SR at points 7| and 7,
at frequency w.

F(w))f(—wy) goes rapidly to zero for frequencies larger
than the characteristic frequency associated with the bunch
length: think for instance, at a centimeter long bunch
compared with radiation in the Angstrom wavelength
range.® Therefore we write

Nc
FQ) = Zf(wl - (UZ)(E(ﬁmslm,Z, 715wl)E*(ﬁmalm’Zs723w2)>

m=1

= Neof (01 — o EGi, [, 2,71, 00)E* (7, 1,2, 72, ). (10)

As one can see from Eq. (10) each electron is correlated just
with itself: cross-correlation terms between different
electrons was included in the second term on the right-
hand side of Eq. (9), that has been dropped.

If the dependence of £ on w is slow enough, £ does not
vary appreciably on the characteristic scale of f. Thus, we
can substitute E*(7,l,z,7,wy) with E*(,1z,/, 1) in
Eq. (10). The situation is depicted in Fig. 3. On the one
hand, the characteristic scale of f is given by 1/ot, where
ot is the characteristic bunch duration. On the other hand,
the minimal possible bandwidth of undulator radiation is
achieved on-axis and in the case of a filament beam. It is
peaked around the resonant frequency w; = 2y>c/A,
(4, being the undulator period and 7p. the average
longitudinal Lorentz factor) and amounts to w./N,,
N,,>1 being the number of undulator periods (of order
10% — 103). Since w;/N,, is a minimum for the radiation
bandwidth, it should be compared with 1/o1. For instance,
at wavelengths of order 11&, N,,~10% and o7~30 ps (see
Ref. [2]), one has w,/N,~2 x 10'®Hz, which is much
larger than 1/or~3 x 10" Hz. From this discussion
follows that, in practical situations of interest, we can

®When the radiation wavelength of interested is comparable or longer
than the bunch length, the second term in Eq. (9) is dominant with respect
to the first, because it scales with the number of particles squared: in this
case, analysis of the second term leads to a treatment of coherent
synchrotron radiation (CSR) phenomena. In this paper we will not be
concerned with CSR and we will neglect the second term in Eq. (9),
assuming that the radiation wavelength of interest is shorter than the
bunch length. Also note that f(w; — 1) depends on the difference between
w; and @, and the first term cannot be neglected.
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Fig. 4. Measurement of the cross-spectral density of a undulator source.
(a) Young’s double-pinhole interferometer demonstrating the coherence
properties of undulator radiation. The radiation beyond the pinholes must
be spectrally filtered by a monochromator or detector (not shown in
figure). (b) The fringe visibility of the resultant interference pattern.

simplify Eq. (10) to

[o(z, 71,72, 01, 2) = Nef (01 — 02)G(z, F1, 72, 1) (11)
where
G(z, 71,72, ) = (EGf, 1, 2,71, 0)E* (7,1, 2, T2, 0)). (12)

Eq. (11) fully characterizes the system under study from a
statistical viewpoint. Correlation in frequency and space
are expressed by two separate factors. In particular, spatial
correlation is expressed by the cross-spectral density
function’ G. In other words, we are able to deal separately
with spatial and spectral part of the correlation function in
space—frequency domain under the non-restrictive assump-
tion w./N,,>1/or.

Eq. (11) is the result of our theoretical analysis of the
second-order correlation function in the space—frequency
domain. We can readily extend this analysis to the case
when the observation plane is behind a monochro-
mator with transfer function 7'(w). In this case, Eq. (11)
modifies to

rw(zs ?15 ?23 CO] > CUZ)
= Nof (01 — 02)G(z, 71, 72, 1) T(01) T* (). (13)

It is worth to note that, similar to Eq. (11), Eq. (13) also
exhibits separability of correlation functions in frequency
and space.

From now on we will be concerned with the calculation
of the cross-spectral density G(z, 7, 7>, w), independently of
the shape of the remaining factors on the right-hand side of
Eq. (13).

Before proceeding we introduce, for future reference, the
notion of spectral degree of coherence g, that can be

"Note, however, that G depends on o.
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presented as a function of 7| and 7,
G(71,72)

(EFDD PUEF)IH Y2

Consider Fig. 4, depicting a Young’s double-pinhole

interferometric measure. Results of Young’s experiment

vary with 7; and 7. The modulus of the spectral degree of

coherence, |g| is related with the fringe visibility of the

interference pattern. In particular, the relation between
fringes visibility 7 and ¢ is given by
_ L UEG)R) PUEG))
(EF)P) + (|EF)P)
Phase of ¢ is related to the position of the fringes instead.
Thus, spectral degree of coherence and cross-spectral
density are related with both amplitude and position of

the fringes and are physically measurable quantities that
can be recovered from a Young’s interference experiment.

g(F1, 1) = (14)

lg(71,72)|. (15)

2.3. Relation between space—frequency and
space—time domain

This paper deals with transverse coherence properties of
SR sources in the space—frequency domain. However, it is
interesting to briefly discuss relations with the space—time
domain, and concepts like quasi-stationarity, cross-spectral
purity and quasi-monochromaticity that are often con-
sidered in literature [3,4].

First, the knowledge of I', in frequency domain is
completely equivalent to the knowledge of the mutual
coherence function [14]:

F,(Z, 71, 72, t, 12) = (E(Z, 71, Z])E*(Z, 72, lz)). (16)
Next to I';, the complex degree of coherence is defined as
Ff(Za ?1 ] ?29 tl ) 12)

[Tz, 71,71, 11, 1)L (2, Fa oy 1, 1))

(17)
The presence of a monochromator (see Eq. (13)) is related
with a bandwidth of interest Awy,, centered around a given
frequency wy (typically, the undulator resonant frequency).
Then, T(w) is peaked around wy and rapidly goes to zero

as we move out of the range (wg — Awn /2, Wy + Awy, /2).
Using Eq. (13) we write the mutual coherence function as

’yt(za ?la ?2’ tla ZZ) =

Ft(29713?29 Zl) Z‘2)
N, *© *® z *
:72/ da)l/ dwof (w1 — w2)T (1) T*(w2)
(27'[) —00 —00

x G(z,71,72, w2) exp(—iwit1) exp(imaty). (18)

If the characteristic bandwidth of the monochromator,
Awy,, is large enough so that T does not vary appreciably
on the characteristic scale of f, ie. Awp> 1/ot, then
T(w1)T*(w2)f (0, — @,) is peaked at w; — w, = 0. In this
case the process is quasi-stationary. With the help of new
variables Aw = w; —w,; and @& = (w; + wy)/2, we can
simplify Eq. (18) accounting for the fact that f(w; — w»)

is strongly peaked around Aw = 0. In fact we can consider
T(w)T*(2)G(z, 71, P2, 01) ~ |T(3)|*G(z, 71,2, @), so that
we can integrate separately in Aw and @ to obtain

F[(Za?b?Z) 11,12)

= ;’I ;2 1 ” dA0f (Aw) exp(—iAwd)

X / da|T(@)*G(z, 71, P2, @) exp[—idAT1] (19)

where 7 = (f; 4+ t,)/2 and At = t; — t,. This means that the
mutual coherence function can be factorized as
I'i(#,At) = f())G,(Ar). In the case no monochromator is
present, G, coincides with the Fourier transform of the
cross-spectral density, and the correspondent correlation
function I',(d,Aw) has been seen to obey Eq. (10).
Therefore:

(a;) The temporal correlation function ét(At) and the
spectral density distribution of the source |T()|* G(®)
form a Fourier pair.

(by) The intensity distribution of the radiation pulse f(7)
and the spectral correlation function f(Aw)form a
Fourier pair.

Statement (a;) can be regarded as an analogue, for quasi-
stationary sources, of the well-known Wiener—Khinchin
theorem, which applies to stationary sources and states
that the temporal correlation function and the spectral
density are a Fourier pair. Since there is symmetry between
time and frequency domains, an inverse Wiener—Khinchin
theorem must also hold, and can be obtained by the usual
Wiener—Khinchin theorem by exchanging frequencies and
times. This is simply constituted by statement (b;).
Intuitively, statements (a;) and (b;) have their justification
in the reciprocal width relations of Fourier transform pairs
(see Fig. 5).

It should be stressed that statistical optics is almost
always applied in the stationary case [3,4]. Definitions of I',
and y, are also usually restricted to such case. The case of a
stationary process corresponds to the asymptote of a Dirac
o-function for the spectral correlation function f. The
inverse Wiener—Khinchin theorem applied to this asymp-
totic case would imply an infinitely long radiation pulse, i.e.
an infinitely long electron beam. In contrast to this, the
width of £ is finite, and corresponds to a finite width of f of
about 30ps. Thus, one cannot talk about stationarity.
However, when Awy,>1/0or, the spectral width of the
process (i.e. the width of |T|*G in w) is much larger than
the width of £. In this case, the process is quasi-stationary.
The situation changes completely if a monochromator with
a bandwidth Awy, <1/or is present. In this case, Eq. (19)
cannot be used anymore, and one is not allowed to treat
the process as quasi-stationary. In the large majority of the
cases monochromator characteristics are not good enough
to allow resolution of f. There are, however, some special
cases when Awy<1/or. For instance, in Ref. [15] a
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random intensity fluctuations
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Fig. 5. Reciprocal width relations of Fourier transform pairs.

particular monochromator is described with a relative
resolution of 107% at wavelengths of about 1A, or
wo~2 x 10" Hz. Let us consider, as in Ref. [15], the case
of radiation pulses of 32ps duration. Under the already
accepted assumption 1/o1<wy/N,,, we can identify the
radiation pulse duration with ot. Then we have Awy,~2 x
10! Hz which is of order of 21t/ar~2 x 10'! Hz: this means
that the monochromator has the capability of resolving 7.

Cases discussed up to now deal with radiation that is not
cross-spectrally pure [16] (or Ref. [4, paragraph 4.5.1]). In
fact, the absolute value of the spectral degree of coherence
g is a function of w. Moreover, as remarked in Refs. [§-10],
the spectrum of undulator radiation depends on the
observation point. This fact can also be seen in the time
domain from Eq. (18) or (19), because the complex degree
of coherence 7, cannot be split into a product of temporal
and spatial factors. However, if we assume Awy N, /wg <1
(that is usually true), G(z,7,75, w) = G(z,7|,7,wp) 1S a
constant function of frequency within the monochromator
line, i.e. it is independent on the frequency w. As a result I',
in Eq. (18) can be split in the product of a temporal and a
spatial factor and therefore, in this case, light is cross-
spectrally pure:

FI(Z()77015 7029 lly 12) = Neal(lly lz)G(Z9 71’ 729 (l)()) (20)

where ¢,(t1, t;) is defined by

5= (2711)2 [ _don [ dorf@r - onT@nT w2
x expli(w2t, — w1 1y)]. 1)

Note that, for instance, in the example considered before
Ao /mg = 1078 and N,, ~ 10°—10°, i.e. Aoy N, /o< 1.
It is important to remark that, since we are dealing with
the process in the space—frequency domain, whether the
light is cross-spectrally pure or not is irrelevant concerning
the applicability of our treatment, because we can study the
cross-spectral density G for any frequency component.
Finally, for the sake of completeness, it is interesting to
discuss the relation between G and the mutual intensity
function as usually defined in textbooks [3,4] in quasimo-
nochromatic conditions. The assumption Awy,>1/0ot

describes a quasi-stationary process. In the limit o7—> 00
we have a stationary process. Now letting Aw,,—> 0 slowly
enough so that Awy, > 1/01, Eq. (19) remains valid while
both f(Aw) and |T(®)> become approximated better and
better by Dirac d-functions, éd(Aw) and o(d — wy), respec-
tively. Then, I';~Gexp[—iwy(t; — t;)]. Aside for an un-
essential factor, depending on the normalization of f and
|T(w)|?, this relation between I'; and G allows identification
of the mutual intensity function with G as in Refs. [3,4]. In
this case, light is obviously cross-spectrally pure.

2.4. Undulator field by a single particle with offset
and deflection

In order to give an explicit expression for the cross-
spectral density of undulator radiation, we first need an
explicit expression for E(ﬁ,Zz, 7, w), the field contribution
from a single electron with given offset and deflection. This
can be obtained by solving paraxial Maxwell’s equations in
the space—frequency domain with a Green’s function
technique. We refer the reader to Ref. [17], where it was
also shown that paraxial approximation always applies for
ultrarelativistic systems with 1/79% <1, y being the relativis-
tic Lorentz factor. Since paraxial approximation applies,
the envelope of the field E(w) = E(w)exp(—iwz/c) is a
slowly varying function of z on the scale of the wavelength
4, and for the sake of simplicity will also be named “‘the
field”. In Eq. (17) of Ref. [17] an expression for E(z,7, w)
generated by an electron moving along a generic trajectory
7(z) was found. Working out that equation under the
resonance approximation for the case of a planar

o — [ — iz )?
2¢(z — 2')

undulator where F(z) = K/(yk,,)cos(k,z)é, + I+ zif, €

being the unit vector in the x-direction, yields the

horizontally polarized field

N (—e)KwAyy /L“‘/z dz

Ec=-——+—-

2¢%y _L,pZ—7
12
xexp{i (C—}-wm| )z’+ } (22)

2¢

Here we defined the detuning parameter C = w/(2y*¢)—

kv = (Aw/w)k,, where o = o, + Aw. Thus, C specifies
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“how much” o differs from the fundamental resonance
frequency @, = 2y2¢/4,,. The subscript “C” in E¢ indicates
that this expression is valid for arbitrary detuning
parameter. Moreover, &, = 1/k,, = 4,,/(2n), A, being the
undulator  period; 9, =7y/(1+K?/2); K = (AweH,)/
(2mmec?) is the undulator parameter, m. being the electron
mass and H, being the maximum of the magnetic field
produced by the undulator on the z-axis. Finally, L, is
the undulator length and A;; = Jo[K?/(4 + 2K?)]—
J1[K? /(4 4+ 2K?)], J, indicating the Bessel function of the
first kind of order n. It should be stressed that Eq. (23) was
derived under the resonance approximation meaning that
the large parameter N, > 1 was exploited, together with
conditions Aw/w;<1 and C + wr?/(2cz*)<k,,, meaning
that we are looking at frequencies near the fundamental
and angles within the main lobe of the directivity diagram.
Moreover, the reader should keep in mind that no focusing
elements are accounted for in the undulator. This fact is
intrinsically related to the choice of #(z) done above.

Further algebraic manipulations (see Appendix B of
Ref. [13]) show that Eq. (22) can be rewritten as

EC _ (—e)KwAjy /L"'/2 dz'

2¢%y —LpZ—2
G-I e (77 Y
., oF- wzz 7 S
X exXp 1|:CZ + Yoz +2c(z—z’) (Z - n) :| .
(23)

In this paper we will make a consistent use of dimensional
analysis, which allows one to classify the grouping of
dimensional variables in a way that is most suitable for
subsequent study. Normalized units will be defined as

N 2¢%y  ~
o
KweA]J
= — (ULw
n=n
c

T

F=7 -
VL,
2 s /o
=1
L,c
z
f=—. 24
=L (24)

Moreover, for any distance z, we introduce é:?/é. The
algorithm for calculating the cross-spectral density will be
formulated in terms of dimensionless fields. Therefore we

re-write Eq. (23) as
) (25)

where

. 1/2 5802
Yoz Co) = / d exp{ {C2’+ Z”A/]} (26)
1/2Z—Z 2(2 )

A physical picture of the evolution of the field along the
z-direction was given in Ref. [17], where Fourier optics
ideas were used to develop a formalism ideally suited for
the analysis of any SR problem. In that reference, the use
of Fourier optics led to establish basic foundations for the
treatment of SR fields, and in particular of undulator
radiation, in terms of laser beam optics. Radiation from an
ultra-relativistic electron can be interpreted as radiation
from a virtual source, which produces a laser-like beam. In
principle, such virtual source can be positioned everywhere
down the beam, but there is a particular position where it is
similar, in many aspects, to the waist of a laser beam. In the
case of an undulator this location is the center of the
insertion device. A virtual source located at that position
(“‘the” virtual source) exhibits a plane wavefront. There-
fore, it is completely specified by a real-valued amplitude
distribution of the field (see Eq. (34) of Ref. [17]). This
amplitude can be derived from the far zone field distribu-
tion. Free-space propagation from the virtual source
through the near zone and up to the far-zone, can be
performed with the help of the Fresnel formula:
7
E(z,7P) s)/dr E(zs, ") exp [2( S)] 27

where the integral is performed over the transverse plane,
and zg is the virtual source position down the beamline.
These considerations were applied in Ref. [17] to the case
of undulator radiation under the applicability region of the
resonant approximation. With reference to Fig. 6, we let
z = 0 be the center of the undulator. Thus, the position of
the virtual source is fixed in the center of the undulator too,

(x1,¥1,2)

(X2,'Y2,Z)

Fig. 6. Illustration of the undulator geometry and of the observation
plane.
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zg = 0. For simplicity, the resonance condition with the
fundamental harmonic was assumed satisfied, i.e. v = w;.
For this case, an analytical description of undulator
radiation was provided. The horizontally polarized field
produced by a single electron with offset / and deflection 7 17
in the far-zone (i.e. at Z> 1) can be represented by the scalar
quantity®:

| 202 2 2 P > 1 .
ECiih="tepli(L 0.7+ L) w(]o-L-7
z 2 2z z
(28)
where
o2
Ye(o) = sinc [Z] (29)

subscript f indicating the “far-zone”. The field distribution
of the virtual source positioned at z = 0, corresponding to
the waist of our laser-like beam was found to be

Eo(0,7,1,7) = —imexp[if - (7 — D] Po(F — 1)) (30)
where
Po(a) = %[n — 2Si(e?)] (31)
where

Si(z) = /0 ) dtsin(z)/t

indicates the sin integral function and subscript “0” is
indicative of the source position. Plots of ¥ and ¥, are
given in Figs. 7 and 8. It should be noted here that the
independent variable in both plots is the dummy variable o.
The characteristic transverse range of the field in the far
zone is in units of the radiation diffraction angle \/%/L,,,
while the characteristic transverse range of the field at the
source is in units of the radiation diffraction size +/AL,,.
Finally, with the help of the Fresnel propagation
formula Eq. (27), we found the following expression for
the field distribution at any distance z> % from the virtual

source:
> (32)
where we defined

202 2202 2202
P(2,0) = exp [—17] {E [22 — 1] —Ei {22 n 1] } (33)

8Note that for a particle moving on-axis, at =0 and ﬁ:O the
quadratic phase t:xp[if@2 /2] in Eq. (28) is indicative of a spherical
wavefront in paraxial approximation on the observation plane. When lis
different from zero, the laser-like beam is shifted, and this justifies the
present of extra-factors including I. When the particle also has a deflection
ﬁ, the laser-like beam is tilted, but the wavefront remains spherical. Since
the observation plane remains orthogonal to the z-axis, the phase factor
before ¥y does not 1nclude n and thus it does not depend on the
combination § — I/% — 7.

Sl
|

EG,7,1,0) = exp

| &

1.0

0.8
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Fig. 7. Universal function Y¢(x), used to calculate the far-zone radiation
field of a single electron at the fundamental harmonic at perfect resonance.
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Fig. 8. Universal function ¥y(x), used to calculate the radiation field of a
single electron at the fundamental harmonic at perfect resonance on the
virtual source plane.

and Ei(z) = — [*, drexp(—7)/t indicates the exponential
integral function. Eq. (32) is a particular case of Eq. (25) at
perfect resonance. Note that free space basically acts as a
spatial Fourier transformation. This means that the field in
the far zone is, aside for a phase factor, the Fourier
transform of the field at any position z down the beamline.
It is also, aside for a phase factor, the spatial Fourier
transform of the virtual source:

A N N iz - . 52
EO(Oaﬁalsf)z —I—Z/dQGXp —uf
2n 2
x Eq(2, ﬁ, I, é) eXp[i?- é] (34)
It follows that

/ d0W(0) expli7 - 0] = 2n / d06Jo(I710) P (0)
0

= 272, (|F)). (35)
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We conclude verifying that Eq. (32) is in agreement with
(28) and (30) Zz>»1 and for Z=0, respectively.

Cons,lder first Z=0. For positive numbers o =
|r —- zn|2>0 we have
—i[r + 2Si(2?)] = Ei(—io®) — Ei(io%) (36)

and Eq. (32) yields back Eq. (30).
Congider now the limit for 2> 1. For positive numbers
& =10 — f)>>0 one has

exp —% Ei iz —Ei i’z — 1sinc 6—2
2 2z —1 2241 z 4

(37)

as it can be directly seen comparing Eq. (32) with Eq. (25),
where integration in Eq. (26) is performed directly at C = 0
and in the limit for Z>1. Thus, Eq. (32) yields back
Eq. (28), as it must be.

Finally, it should be noted that expressions in the present
Section 2.4 have been derived for w > 0. Expressions for the
field at negative values of w can be obtained based on the
property E(—w) = E*(w) starting from explicit expressions
at w>0.

2.5. Cross-spectral density of an undulator source and its
free-space propagation

From now on we consider a normalized expression of the

cross-spectral density, G, that is linked with G in Eq. (12)
by a proportionality factor

A 2c%y :
G=(—"— . 38
(K(UeAJJ) G ( )

Moreover, we introduce variables

N =F —, F="10 (39)
and
AD = 0y — 0>, 5:0142“92 (40)

where, as before, @:f/é. Thus, Eq. (12) can now be
written as

x E* ﬁ,i,é,?—m,é». (41)

On the one hand, the cross-spectral density as is
defined in Eq. (41) includes the product of fields which
obey the free space propagation relation Eq. (27).
On the other hand, the averaging over random variables
commutes with all operations involved in the calculation
of the field propagation. More explicitly, introducing
the notation E(z) = @[l:?(zs)] as a shortcut for Eq. (27)

one can write

G(2) = (O[EG)OTE E))) = O - O UECE)E*(3))]
=0 - 0*[G(%)] 42)

where (¢ may also represent, more in general, any linear
operator. Once the cross-spectral density at the source is
known, Eq. (42) provides an algorithm to calculate the
cross-spectral density at any position Z down the beamline
(in the free-space case). Similarly, propagation through a
complex optical system can be performed starting from the
knowledge of @(25). As a result, the main problem to solve
in order to characterize the cross-spectral density at the
specimen position is to calculate the cross-spectral density
at the virtual source. For the undulator case, we fix the
position of the source in the center of the undulator Z; = 0.
This is the main issue this paper is devoted to. However,
free-space propagation is also treated, and may be
considered an illustration of how our main result can be
used in a specific case.

Based on Eq. (41) and on results in Section 2.4 we are
now ready to present an expression for the cross-spectral
density at any position down the beamline, always keeping
in mind that the main result we are looking for is the cross-
spectral density at the virtual source position.

We begin giving a closed expression for G valid at any
value of the detuning parameter C by substituting Eq. (25)
in Eq. (41), and replacing the ensemble average with
integration over the transverse beam distribution function.
We thus obtain

G, C,0,A0) = expliz0 - AG] / dlexp[—il - AG]

/ dif (i ( ¢,

N
e —— =1l 4
x'I’C<z,C, 0-= -3 n) (43)

It is often usefu] to substitute the integration variables l
with ¢ = —0+l/z+17 In fact, in this way, Eq. (43)
becomes

G, C, 0, AD)
— 2expl[izh - Af] / dé / di

2 - 2

x exp[—i2(¢ + 0 — i) - AOLf (¢ + 0 — 71, 7))

i} 3 AZ}’
)'f’c(ZC 7

For choices of f of particular interest (e.g. product of
Gaussian functions for both transverse and angle distribu-
tions), integrals in dij can be performed analytically,
leaving an expression involving two integrations only,
and still quite generic.

Eq. (44) is as far as we can get with this level of
generality, and can be exploited with the help of numerical

—

ch<zc ¢—A—0 (44)
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Fig. 9. Study of I given in Eq. (45) for different valued of C and Ag. Here N,, = 70. P[ot (a) comparison, at C =0, of the case for negligible energy spread
with the case 4g = 0.88, Plot (b) comparison, at negligible energy spread, of the case C = 0 with the case C = £0.5, Plot (c) comparison of the case C = 0

at negligible energy spread with the case C =405 at Aw/w >~ 0.1%.

integration techniques. However, it still depends on six
parameters at least: four parameters’ are needed to specify
f 1, plus the detuning parameter C and the distance 2.

In the following we will assume C <1, that allows us to
take advantage of analytical presentations for the single-
particle field obtained in Ref. [17] and reported before. This
means that monochromatization is good enough to neglect
finite bandwidth of the radiation around the fundamental
frequency. By this, we automatically assume that mono-
chromatization is performed around the fundamental
frequency. It should be noted, however, that our theory
can be applied to the case monochromatization is
performed at other frequencies too. Analytical presentation
of the single-particle field cannot be used in full generality,
but for any fixed value C of interest one may tabulate the
special function ¥ ¢ once and for all, and use it in place of
¥ throughout the paper.'® From this viewpoint, although
the case of prefect resonance studied here is of practical
importance in many situations, it should be considered as a
particular illustration of our theory only.

Also note that in Eq. (43) the electron beam energy
spread is assumed to be negligible. Contrarily to the
monochromator bandwidth, the energy spread is fixed for a
given facility: its presence constitutes a fundamental effect.
In order to quantitatively account for it, one should sum
the dimensionless energy-spread parameter Ap =
4nN,,0y/y to C in Eq. (43) and, subsequently, integration
should be extended over the energy-spread distribution.
Typical energy spread Jy/y for third generation light
sources is of order 0.1%. For ERL sources this figure is
about an order of magnitude smaller, dy/y~0.01%.

In order to study the impact of a finite energy spread
parameter ZE, of a finite radiation bandwidth and of a

At least. This depends on the number of parameters needed to specify
f . For a Gaussian distribution in phase space, four parameters are
needed, specifying rms transverse size and angular divergence in the
horizontal and vertical direction.

1°0f course, selection of a particular value C still implies a narrow
monochromator bandwidth around that value.

relatively small detuning from the fundamental we consider
an expression for the intensity of a diffraction-limited beam
22] = £2(|E)?) including both Ag and C:

Azi "’ 2 21 — / gE
z°1(0, C, Ag) \/%AE déE expl 2AE]

C+& 6
2 E

. 45
XSlllC ( 3 + — ( )

We plotted 221 for different values of C and Ag in Fig. 9.
First, in Fig. 9(a), we compared, at C =0, the case for
negligible energy spread with the case Ap = 0.88, corre-
sponding to Jy/y ~0.1% at N, =70, typical of third
generation sources. As one can see, maximal intensity
differences are within 10%. Second, in Fig. 9(b) we
compared, at negligible energy spread, the case C = 0 with
C =405 at N, =70, corresponding to a shift
Aw/w >~ 0.1%. One can see that also in this case maximal
intensities differ of about 10%. Analysis of Fig. 9(c), where
the case C = 0 at negligible energy spread is compared with
cases C = £0.5 at Aw/w ~0.1% and N,, = 70 leads to a
similar result.This reasoning allows to conclude that our
simplest analytical illustrations can be applied to practical
cases of interest involving third generation sources and
undulators with up to 70 periods with good accuracy. It
should be remarked that such illustration holds for the first
harmonic only. In fact, while the shape of 227 is still given
by Eq. (45) in the case of odd harmonic of order 7,
parameters C and AE are modified according to Ch = hC
and  Ag, = hdg, decreasing the applicability of our
analytical results.

With this in mind, we can present an expression for the
cross-spectral density at C <1 based on Eqgs. (41) and (32).
Substituting the latter in the former we obtain an equation
for G(2,0, AH) that can be formally derived from Eq. (43)
by substitution of ¥ with V. Slmllarly as before, one may

give alternative presentat1on of G(z 0 AH) replacmg the

integration variables I with (i) = —0 + l/z + 17 This results
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in another expression for @(2, 0, Aé) that can be formally
derived from Eq. (44) by substituting ¥ ¢ with ¥. This last
expression presents the cross-spectral density in terms of a
convolution of the transverse electron beam phase space
distribution with an analytical function, followed by
Fourier transformation.'’

One may obtain an expression for Gat 2=0 as a
limiting case of Eq. (43) or (44) at C = 0. It is however
simpler to do so by substituting Eq. (30) in Eq. (41) that
gives

G(0, 7, AF) = / dijexplif - AT / dif (i

x?’0<?—§—i‘>q’g(?+§—f‘> (46)

where the function ¥, has already been defined in Eq. (31).
The product ¥o(|7 — A7/2|)¥o(|7 + AF7/2|) is a four-dimen-
sional, analytical function in 7 and A7. Eq. (46) tells that the
cross-spectral density at the virtual source position can be
obtained convolving ¥o(|7 — AF/2|)Wo(|7 + A7/2|) with the

transverse beam distribution at z =0, f L(ZA, ﬁ), considered

as a function of I, and taking Fourier transform with
respect to 7. When the betatron functions have minima in
the center of the undulator we have

1207 =100 1,6, 7)
Then, Eq. (46) becomes

G(0,7, AP) = / diif, () explif - A7 / dif (e

x%(* AF )%( A ) (48)

r—= / F+ 3 /
that will be useful later on. In this case, the cross-spectral
density is the product of two separate factors. First, the
Fourier transform of the distribution of angular divergence
of electrons. Second, the convolution of the transverse
electron beam distribution with the four-dimensional
function Wo([7 — AF/2))Wo(|F + A7/2)).

Eq. (43) (or Eq. (44)) constitutes the most general result
in the calculation of the cross-spectral density for
undulator sources. Its applicability is not restricted to
third generation light sources. In particular, it can be used
for arbitrary undulator sources like ERLs [1] or XFEL
spontaneous undulators [18]. Eq. (44) has been derived, in
fact, under the only constraints °>1, N,>1 and
orw;>N,,. Note that at~30ps for a typical SR source,
whereas or~100fs for an XFEL spontancous undulator
source or an ERL. Yet, for all practical cases of interest,
orw>N,. As we have seen before, Eq. (44) further
simplifies in the particular but practical case of perfect
resonance, i.e. in the limit for C<1. A particularly
important asymptote of Eq. (43) at perfect resonance is
at the virtual source position, described by Eq. (46), which

""Aside for an inessential multiplicative constant. This remark also
applies in what follows.

expresses the cross-spectral density in the undulator center.
While Eq. (43) (or Eq. (44)) solves all problems concerning
characterization of transverse coherence properties of light
in free-space, the knowledge of Eq. (46) constitutes, in the
presence of optical elements, the first (and main) step
towards the characterization of SR light properties at the
specimen position. In fact, the tracking of the cross-
spectral density can be performed with the help of standard
statistical optics formalism developed for the solution of
problems dealing with partially coherent sources. Finally, it
should be noted that in the case of XFELs and ERLs, there
is no further simplification that we may apply to previously
found equations. Inparticular, the transverse electron beam
phase space should be considered as the result of a start-
to-end simulation or, better, of experimental diagnostics
measurements in a operating machine. On the contrary, as
we will see, extra-simplifications can be exploited in the
case of third-generation light sources, allowing for the
development of a more specialized theory.

Inspection of Eq. (43) or (46) results in the conclusion
that a Gaussian—Schell model cannot be applied to describe
partially coherent SR light. In fact, functions ¥Y¢, ¥, ¥,
and ¥; are of non-Gaussian nature, as the laser-like beam
they can be ascribed to is non-Gaussian. This explains
our words in the Introduction, where we stated that
Refs. [8-10] are of general theoretical interest, but they do
not provide a satisfactory approximation to third genera-
tion SR sources.

As a final remark to this Section, we should discuss the
relation of our approach with that given, in terms of
Wigner distribution, in Refs. [11,12]. As said in Section 1,
treatment based on Wigner distribution is equivalent to
treatment based on cross-spectral density. We chose to use
cross-spectral density because such quantity is straightfor-
wardly physically measurable, being related to the outcome
of a Young’s experiment. Essentially, one can obtain a
Wigner distribution W from G by means of an inverse
Fourier transformation:

—

o+

W (T, il) 24%2 / d(AP) exp[—iAF - #]GE, 7, AF). (49)
Thus, Eq. (48) gives
W(0,77) = / di / AW, F—1a—7) (50)
where
Wo(0,3,3) = % / d(AP) exp[—iAF - 3]

a7 A7

X'P()(&— )'Po( ) (51)
The Wigner distribution at Z=0 is presented as a
convolution product between the electron phase-space
and a universal function W,. This result may be directly
compared (aside for different notation) with Refs. [11,12],
where the Wigner distribution is presented as a convolution
between the electrons phase space and a universal function

2 2
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as well. The study in Refs. [11,12] ends at this point,
presenting expressions for arbitrary detuning parameter.
On the contrary, in the following Sections we will take
advantage of expressions at perfect resonance, of small and
large parameters related to third generation light sources
and of specific characteristics of the electron beam
distribution. This will allow us to develop a comprehensive
theory of third generation SR sources.

3. Theory of transverse coherence for third-generation
light sources

3.1. Cross-spectral density

We now specialize our discussion to third-generation
light sources. We assume that the motion of particles in the
horizontal and vertical directions are completely un-
coupled. Additionally, we assume a Gaussian distribution
of the electron beam in the phase space. These two
assumptions are practically realized, with good accuracy, in
storage rings. For simplicity, we also assume that the
minimal values of the beta-functions in horizontal and
vertical directions are located at the virtual source position
2 =0, that is often (but not always'?) the case in practice.

fo =L@ ) f 0 f1.(0y) with
[ ) =

. P2
Iy = -
flx( x) anx €Xp ( 2Nx>
o ! J 52
fly( y) - \/T]vyexp _2—y . ( )
Here
a3, o2
XLy X,y
D, = ALy Ny, = AL, (53)

oy, and oy being rms transverse bunch dimensions and
angular spreads. Parameters N, , will be indicated as the
beam diffraction parameters, are analogous to Fresnel
numbers and correspond to the normalized square of the
electron beam sizes, whereas D, , represent the norma-
lized square of the electron beam divergences. Consider
the reduced emittances &, = &., /A, where ¢, , indicate the
geometrical emittance of the electron beam in the
horizontal and vertical directions. Since we restricted our
model to third generation light sources, we can consider
£.> 1. Moreover, since betatron functions are of order of
the undulator length, we can also separately accept

Ni>1, Di>1 (54)

2Generalization to the case when this assumption fails is straightfor-
ward.

still retaining full generality concerning values of N, and
D,, due to the small coupling coefficient between hor-
izontal and vertical emittance.

Exploitation of the extra-parameter &,>1 (or equiva-
lently N> 1 and D, > 1) specializes our theory to the case
of third-generation sources.

With this in mind we start to specialize our theory
beginning with the expression for the cross-spectral density
at the virtual source, i.e. Eq. (48). After the change of

variables $—> —F+ i, and making use of Egs. (52), (48)
becomes

G(0,7, AP)

_(AY’D,

Ax)’D,
2

n (
=3 —NXN,GXP{ 5 ex

[ o [ im0

(¢, + 5
X exp | — N,
,11/2
x ¥y <¢ + Ax> (4)} + A2J/> ]
172
X Wy <¢Y Ax) (qsy - %) ] (55)

where Ax and Ay indicate components of A¥. In Eq. (55)
the range of variable ¢, is effectively limited up to
values |¢,|~1. In fact, ¢, enters the expression for ¥y. It
follows that at values larger than unity the integrand
in Eq. (55) is suppressed. Then, since N,>1, we can
neglect ¢, in the exponential function. Moreover D,> 1
and from the exponential function in D, follows that
Ax <1 can be neglected in ¥y. As a result, Eq. (55) is
factorized in the product of a horizontal cross-spectral
density G,(0,%,Ax) and a vertical cross-spectral density
G,(0, %, Ax):

G(O, ?’ AV) = GX(O: 'fﬂ Ax)éy(os J7? Ay) (56)
where

A _ R E: (Ax)*D, 2
G,.(0,%,Ax) = N—Xexp {— T} exp {— N, 57
Gy(O, )7’ Ay)

1 [z (Ay)’D,
=3 ﬁyexp [—2

X/ d¢/ a. ox [(d)ﬁry)
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1/2
X'P()

¢+ (<z>y + A2y> 2]
1/2

2
6+ (4,-%) ] | (59)

Note that, in virtue of Eq. (27), factorization holds in
general, at any position Z. This allows us to separately
study G, and é G, describes a quasi-homogeneous
Gaussian source, Wthh will be treated in Section 4.1. Here
we will focus our attention on G, only. It should be
remarked that the quasi-homogenous Gaussian source
asymptote is obtained from Eq. (58) in the limit N,>1
and D,>1. In other words, normalization constants in
Eqgs. (57) and (58) are chosen in such a way that Eq. (58)
reduces to Eq. (57) in the limit N> 1 and D, > 1 (with the
obvious substitution x—>y). It should be clear that this
normalization is most natural, but not unique. The only
physical constraint that normalization of Egs. (57) and (58)
should obey is that the product Gy G should not change.
Let us define the two- dlmensmnal universal function

() as"?
5\ 2
2 —
oy + (oc + 2)

1/2
5\2
2 [—
e (x-3)

The normalization constant #’s =~ 0.714 is chosen in such a
way that #(0,0) =1. We can present G, at the virtual
source with the help of & as

Xq’o

N 12
P, 8) = H's / d, ¥

X 'P() (59)

"o 1 /=@ (Ay)’D,| [
60,5, A7) = + [ Zexp |- / do
7 2\'N, 2 e 7
@+ 1 .
X eXp [— T %e/(‘ﬁy, Ay) (60)

Therefore, G}, at the virtual source is found by convolving
an universal function, %, with a Gaussian function and
multiplying the result by another Gaussian function.

Note that in the limit N,>1 and D,>1 there is no
influence of the electron beam distribution along the
vertical direction on Gx. In spite of this, in the same limit,
Eq. (60) shows that there is an influence of the horizontal
electron beam distribution on G,, due to the non-
separability of the function ¥, in &. In fact, contrarily
to the case of a Gaussian laser beam, Wo[¢2 + (x — §/2)*]
# Y’o[qﬁ 1Po[(x — 5/2)2] and the integral in d¢,, that is a
remainder of the integration along the x-direction, is still
present in the definition of .. However, such influence of
the horizontal electron beam distribution is independent of
N, and D,. As a consequence, ¥ is a universal function.

13
& stands for “‘source”’.

A plot of ¥ is presented in Fig. 10. & is a real function.
Then, G at the virtual plane is also real. Moreover, % is
invariant for exchange of o with 6/2.

Let us now deal with the evolution of the cross-spectral
density Gy in free-space. In principle, one may use Eq. (60)
and apply Eq. (42), remembering Eq. (27). It is however
straightforward to use directly Eq. (44) at C < 1. Under the
assumption N,>1 and D.>1, as has beep alrea(}y
remarked, factorization of G as a product of G, and G,
holds for any value of Z. Isolating these factors in Eq. (44)
at C<1 and using Eq. (52) one obtains

G,(2,0,,A0,)
22

Z —
=~ explizf,A0,] [ d
2n2,/2N,D, R }]/ P

x exp[—i2(¢, + 0,)A0,] / diy, explizi, A6, ]

_ 2
U (‘z)y +0, - ”y)
X eXp | — E eXp | — —2Ny/£2

A
x/dd)x‘ll o + <¢} ——) ]
1172
g |63+ (dﬁ%)

The integral in dfj, (second line) can be calculated
analytically yielding

xP* (61)

G,(5,0,,A0,) = exp [2i0,A0,]

277:\/_1/ y/z

D,N, A02

* PN TN, 22+ D) / do,
oo [0+ 0080, /2

P N,/Z+ D,
X eX _ @t o)y 0

PI72N, 2+ D))

12
A 2

x/dq{)x'{’ s ¢§+< y—gy) ]

1/2

2
3, ¢§.+<¢y+A§y>] . (62)

We are now interested in discussing the far-zone limit of
Eq. (62). Up to now we dealt with the far-zone region of
the field from a single particle, Eq. (28). In this case, the
field exhibits a spherical wavefront. Such wavefront
corresponds to the quadratic phase factor in Eq. (28).
Note that when the electron is moving on-axis, Eq. (28)
consists of the product of 57! exp[if@2 /2] by a real function
independent of Z. Such field structure can be taken as a

x P*
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Fig. 10. Plot of the universal function ., used to calculate the cross-spectral density at the virtual source when N, >1, D,>1, N, and D, are arbitrary.

definition of far-zone. A similar definition can be used for
the far-zone pertaining the cross-spectral density. We
regard the quadratic phase factor exp[£i0,A0,] in Eq. (62)
as the equivalent, in terms of cross-spectral density, of the
quadratic phase factor for the single-particle field.
We therefore take as definition of far-zone the region
of parameters where G,(Z, (%,,Aﬁy) = i_lh(éy,AHy) exp
[2i0,A0,],h being a real function, and remains like that
for larger values of Z.

Let us discuss the definition of the far-zone region in
terms of problem parameters. In the single-particle
situation, the only parameter of the problem was Z and,
as is intuitively sound, the far-zone region was shown to
coincide with the limit Z> 1. In the case of Eq. (62), we deal
with three parameters Z, N, and D,. Therefore we should
find that the far-zone is defined in terms of conditions
involving all three parameters.

When N, <1 and D, <1, analysis of Eq. (62) shows that
the far-zone region is for Z> 1. In this case the definition of
far-zone for G, coincides with that of far-zone for the field
of a single particle.

However, when either or both N,»1 or D,>1 the
situation is different, and one finds that the far-zone
condition is a combination of Z, Ny, and D,. In all these
cases, detailed mathematical analysis of Eq. (62) shows that
far-zone is reached when

max[N,, 1]<£* max[D,, 1]. (63)

As it will be clearer after reading Section 4.4, but can also
be seen considering the definition of our dimensionless
units, the physical meaning of comparisons of N, and D,
with unity in condition (63) is that of a comparison
between diffraction-related parameters (diffraction angle

and diffraction size) and beam-related parameters (diver-
gence and size of the electron beam).

When N, > 1, but D, <1 condition (63) reads 22> N, > 1.
This result is in agreement with intuition. The far-zone
condition for G, does not coincide with that for the field of a
single electron, but it is anyway reached far away from the
source, at 2> 1. As we will see in Section 4.2, the case N, > 1
with D, <1 corresponds to a quasi-homogeneous non-
Gaussian source. In Section 4.2 we will see that in this case
the VCZ theorem is applicable, and its region of applicability
is in agreement with our definition of far-zone 22> N, > 1.

When D,>»1 (with arbitrary N,) and condition (63)
holds, analysis shows that the phase factor under the
integral sign in Eq. (62) can be neglected. Moreover, in this
case, the Gaussian function in ¢, + éy has a width in ¢,
much larger than unity, while the integral in d¢,. in second
line of Eq. (62) has a width in ¢, of order unity, because ¥
does not depend on parameters. Therefore, the dependence
in ¢, in the Gaussian function can always be omitted, and
the Gaussian function factors out of the integral sign in
d¢,. One is left with the product of exponential functions

and the double integral
1/2
A0,\°
2

X AON 1/2
9+ (cby +7}) ] (64)

j@oy= [ as, [apriz

xP*< Z,

which has a very peculiar property. In fact, it does not
depend on Z. The proof is based on the autocorrelation
theorem in two dimensions, and is given in detail in
Appendix C of Ref. [13]. This quite remarkable property of
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f carries the consequence that substitution of ¥ with ¥y can
be performed in Eq. (64) without altering the final result.

When both D,>1 and N,>1, one may neglect the
dependence in A0, in functions ¥ and ¥* in Eq. (64),
because the exponential function in Af), before the integral
sign limits the range of A0, to values of order 1/,/N,<1.
As a result, the double integration in d¢, and d¢, yields a
constant, and the description of the photon beam is
independent of ¥, i.e. does not include diffraction effects.
This result is intuitive: when the electron beam size and
divergence is large compared to the diffraction size and
divergence, the photon beam can be described in terms of
the phase-space distribution of the electron beam. This
approach will be treated in more detail in Section 4.4.

Finally, when D,>1 and N,<1, diffraction effects
cannot be neglected, nor can be the dependence in A0, in
¥ and ¥*. In this case, from condition (63) we obtain that
the far-zone coincides with D,2*>1. This result is com-
pletely counterintuitive. In fact, since D, > 1, the far-zone is
reached for values Z~1, i.e. at the very end of the undulator.
Yet, diffraction effects cannot be neglected, and the field
from a single electron is far from exhibiting a spherical
wavefront at Z~1. This paradox is solved by the special
property of the double integral in Eq. (64), that allows one
to substitute ¥ with ¥y independently of the value of Z.

As it will be discussed in Sections 4.1 and 4.2, the case
D,>1 corresponds to a quasi-homogeneous Gaussian
source when N,>1 and to a quasi-homogeneous non-
Gaussian source when N, <1. It will be shown that the
VCZ theorem is applicable to these situations. In particular,
the applicability region of the VCZ theorem will be seen to
be in agreement with our definition of far-zone.

Our discussion can be summarized in a single statement.
The far zone is defined, in terms of problem parameters, by
condition (63). Remembering this condition one can derive
the far-zone expression for G, simplifying Eq. (62)

5 . 1 N,A0;
G,(2,0,,A0,) = gmexp[lzf)yAHy] exp | —
v
00 9_ 4+ 2
X / d¢, exp [— O + 9, 2D¢})
—x y
1
X ——F($,,A0)) (65)

HE

where the universal two-dimensional function'* Z (o, ) is
normalized in such a way that % (0,0) = 1 and reads

- s\ 2112
v [ dow ¢i+(a—§>1
1/2
5 2
2 [—
¢+ <oc+2>

with #'p = 3/(8/7).

f((x, 5) =

x ¥ (66)

147 stands for “Far”.

Note that, similarly to the source case, the right-hand
side of Eq. (65) is found by convolving an universal
function, &, with a Gaussian function and multiplying the
result by another Gaussian function.

A plot of # function defined is given in Fig. 11. # is a
real function. Thus, only the geometrical phase factor in
Eq. (65) prevents Gy in the far-zone from being real.
Another remarkable property of % is its invariance for
exchange of « with 6/2. Also,  is invariant for exchange
of o with —a (or § with —9).

Finally, from Egs. (35) and (59) we have

3,/{/ doc/ déexp[mxa—i— } 7 (2, 0).

(67)

L(x,y) =

3.2. Intensity distribution

With expressions for the cross-spectral density at hand, it
is now possible to investigate the intensity distribution'?
along the beamline, letting A¥ = 0 in the expression for G.
Since N> 1 and D, > 1, factorization of the cross-spectral
density still holds. Therefore we can investigate the
intensity profile along the vertical direction without loss
of generality.

Posing Ay = 0 in Eq. (60) we obtain the intensity profile
at the virtual source, fy(O,J?), as a function of j:

0.0 =[5 [ doyes l(d)} y)]fs(%)
y

(68)

where we introduced the universal function

Is(0) = F(0,0) = A's / ” do, ¥3 (\/qbf, + oc2), (69)

A change of the integration variable: ¢ .— x = (¢> + «2)!/?
allows the alternative representation:
° tloe/(2
Is(@) = 24’ / o Feetl/ 1 P2(x) (70)
0 V1 —a?/x?

where the function rect(¢) is defined following Ref. [3]: it is
equal to unity for |&|< % and zero otherwise.

The intensity at the virtual-source position is given in
terms of a convolution of a Gaussian function with the
universal function .#5. A plot of g is given in Fig. 12.

Similar derivations can be performed in the far zone.
Posing A0, =0 in Eq. (65) we obtain the directivity

SWords “intensity distribution” include some abuse of language here
and in the following. What we really calculate is the ensemble average of
the square modulus of the normalized field, IAXIA}, = (|EJ?). Conversion to
dimensional units, followed by multiplication by ¢/(4n?) yields the spectral
density normalized to the electron number N..
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Fig. 11. Plot of the universal function .77, used to calculate the cross-spectral density in the far zone when N,>1, D.>1, N, and D, are arbitrary.
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Fig. 12. The universal function .#g, used to calculate intensity at the
virtual-source position.

diagram of the radiation as a function of 0,

c 0, + ¢,
L0, =+ [— yzibyy Ir(¢y)

1 o0
[ 4
/25D, A /_oo ¢y exXp

(71)

where we defined
S = F@0) = A [ dp WG+ o))
00 2 2
=A¥F / de¢, sinc? [qb‘%] (72)

The intensity in the far-zone is given in terms of a
convolution of a Gaussian function with the universal
function Jg. A plot of £ is given in Fig. 13.
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Fig. 13. The universal function #F, used to calculate the intensity in the
far zone.

3.3. Spectral degree of coherence

We can now present expressions for the spectral degree
of coherence at the virtual source (that is a real quantity)
and in the far-zone (that is not real). Eq. (14) can be written
for the vertical direction and in normalized units as

A G\(,7, Ay) '
U5+ Ay /1,2, 5 — Ay/2)1' 2

Substitution of Egs. (60) and (68) in Eq. (73) gives the
spectral degree of coherence at the virtual source

9,(0,7,Ay)

Ay?D,| [ +7)
::exp[_( 2D, t[;od¢yeXpl_(¢gpg%)

9,27, Ay) = (73)
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< S (b, A)
(¢, + 7 + Ay/2)? o

x{/ d¢, exp [— N
oo )

[e.¢] i —_A 22
x{/ dqﬁyexp[_(d}y—i_);]vy /2)
(74)

Similarly, substitution of Egs. (65) and (71) in Eq. (73)
gives the spectral degree of coherence in the far zone:

9,(2,0,,A0,)

fs(d)y)}

—1/2

fs(%)}

= exp[iféyAGy] exp|— >

/d¢y [( +jl>)

(AG},)QN},]

F($,.00,)

= b, + A0, /2 + ¢, ) s
x{ / d¢yexpl—“+ S24 ) fF(cﬁy)}
. )
S b, — A0,/2 + ) e
x{ / Oodqsyexp[—(} ;D/y P JF(%)}
(75)

3.4. Influence of horizontal emittance on vertical coherence
for Dy <1 and N, <1

The theory developed up to now is valid for arbitrary
values of N, and D,. In the present Section 3.4 we discuss
an application in the limiting case for D, <1 and N, <1
corresponding to third generation light sources operating
in the soft X-ray range.

At the virtual source position, the following simplified
expression for the spectral degree of coherence in the
vertical direction is derived from Eq. (74)

9,0, 7, Ay) = Zs(7,Ay) (76)
where
Ts(x,0) = 7(,9) 77)

[Fs(o— 3/ [Fs(e + 5/2)]

Thus, g, is given by the universal function Z's. A plot of Z's
is given in Fig. 14.
Similarly, in the far zone, one obtains from Eq. (75)

9,2, 0,,A0,) = exp[i20,A0,12'¢(0,, AD,). (78)
Here the universal function ZF is given by
F(a,0)

[FE = /D1 P p e+ 0/2)
Thus, |g,| is given by the universal function 2'r. A plot of
X'k is presented in Fig. 15 as a function of dummy variable

o and §. It is straightforward to see that %F(G_y,AHy) is
symmetric with respect to A0, and with respect to the

Xr(x,0) =

(79)

exchange of A0,/2 with ,. When §, =0, i.e. 0,
we obviously obtain Z'¢(0,A0,) =1 that corresponds to
complete coherence at this particular value of 0_},. However,
since |g,| = Z'F oscillates from positive to negative values,
in general one never has full coherence in the vertical
direction, even in the case of zero vertical emittance. Note
that this effect does not depend, in the limit for N> 1 and
D> 1, on the actual values of N, and D,.

In other words, as it is evident from Fig. 15, Zr(0,, A0,)
exhibits many different zeros in 0, for any fixed value of
A0,. In Fig. 16 some of these zeros are illustrated with
black circles on the plane (éy, Af,). Consider a two-pinhole
experiment as in Fig. 4. Once a certain distance ZA0,
between the two pinholes is fixed, Fig. 16 illustrates at what
position of the pinhole system, 0,, the spectral degree of
coherence in the vertical direction drops from unity to zero
for the first time.

To estimate the importance of this effect, it is crucial to
consider the position of H_y in the directivity diagram of the
radiant intensity, that coincides in this case'® with .# F((;y)
(solid line in Fig. 16). From Fig. 16 one can see that
2'r(0,,A0,) drops to zero for the first time at A0,~20,~2,
where the X-ray flux is still intense. This behavior of the
degree of coherence may influence particular kind of
experiments. To give an example we go back to the two-
pinhole setup in Fig. 4. After spatial filtering in the
horizontal direction, one will find that for some vertical
position éy of the pinholes (at fixed A0,), well within the
radiation pattern diagram, there will be no fringes, while
for some other vertical position there will be perfect
visibility. Without the knowledge of the function Zf it
would not be possible to fully predict the outcomes of a
two-pinhole experiment. Results described here should be
considered as anillustration of our general theory that may
or may not, depending on the case under study, have
practical influence. It may, however, be the subject of
experimental verification.

= _0}’23

3.4.1. Discussion

Although the ZF is independent of N, and D,, its actual
shape is determined by the presence of a large horizontal
emittance. Let us show this fact. If both N,,<1 and
Dy,<1 (filament beam limit), one would have had
|G| = l[’f(|01|)qu(|02|) so that |g| = 1, strictly. Note that
in this case G could not be factorized. When instead N, > 1
and D,>1 the cross-spectral density can be factorized
according to Eq. (56), but the integration in d¢,, that
follows from an integration over the horizontal electron
beam distributiog, is still included in the vertical cross-
spectral density G, (and, therefore, in Zf). This results in
the outcome described above and can be traced back to the
non-Gaussian nature of ¥Yy. Note that if one adopted a
Gaussian—Schell model, the cross-spectral density could
have been split in the product of Gaussian intensity and

'%In other words, it can be shown that g is the directivity diagram
corresponding to the case Ny>1, Dy>1, N, <1, D, <1.
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Fig. 14. Plot of the universal function Z's, used to calculate the modulus of the spectral degree of coherence of the source when Ny>1,Dy>1, N y<1

and ﬁy<l.
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Fig. 15. Plot of the universal function 2k, used to calculate the modulus of the spectral degree of coherence in the far zone when Ny>1, D>, N y<1

and D, <1.

Gaussian spectral degree of coherence and ¥¢, being a
product of Gaussians, would have been separable. Then,
I9,| would have been constant for Ny>1 and Dy>1. As a
result, the effect described here would not have been
recognized. This fact constitutes a particular realization of
our general remarks about Gaussian—Schell models at the
end of Section 2.5.

As a final note to the entire section, we stress the
fact that our theory of partial coherence in third genera-
tion light sources is valid under several non-restrictive

assumptions. Alongside with previously discussed condi-
tions >>1, N,>1, oro>N,, and the assumption of
perfect resonance (i.e. the limit C< 1), we assumed
separability and particular shape of the electron beam
phase space (see Eq. (52)). Moreover, for third generation
light sources we assumed &, >ZA (up to the VUV range).
Together with f,, ~ L, this implies Ny>1 and D,>1,
allowing for separability of the cross-spectral density in
horizontal and vertical factors. Moreover, due to N,>1
and D.>1, we are dealing with quasi-homogenous
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Fig. 16. Comparison between some zeros of 4f, at coordinates (0,,A0,)
(black circles), and the directivity diagram of undulator radiation in the
vertical direction at very large horizontal electron beam divergence Di>1
and negligible vertical divergence lA)y <1 (solid line).

Gaussian sources in the horizontal direction. This parti-
cular kind of sources will be treated in detail as an
asymptote of our general theory in the next section. In the
vertical direction instead, we still have fully generic sources.
We showed how the vertical cross-spectral density can be
expressed in terms of convolutions between two-dimen-
sional universal functions and Gaussian functions. A
particularly interesting case is that of quasi-homogeneous
non-Gaussian sources that will also be treated as an
asymptotic case in the following section dedicated to quasi-
homogeneous sources.

4. Quasi-homogeneous asymptotes for undulator sources

In Section 3 we developed a general theory of transverse
coherence properties of third generation light sources. In
this section we consider the class of quasi-homogeneous
sources for undulator devices as an asymptotic limit for
that theory.

Quasi-homogeneous sources are defined by the fact that
the cross-spectral density of the virtual source (positioned
at z = 0) can be written as

G(0, 7, AF) = 1(0, )§(AP). (80)

The definition of quasi-homogeneity amounts to a factor-
ization of the cross-spectral density as the product of the
field intensity distribution and the spectral degree of
coherence. A set of necessary and sufficient conditions
for such factorization to be possible follows: (i) the
radiation intensity at the virtual source varies very slowly
with the position across the source on the scale of the field
correlation length and (ii) the spectral degree of coherence
depends on the positions across the source only through
the difference A¥.

Factorization of Eq. (55) as in Eq. (80), for third
generation light sources, is equivalent to a particular

choice of the region of parameters for the electron
beam: N,>1, D>1 and either (or both) N,>1 and
D> 1."7 In this case, the reader may verify that conditions
(1) and (ii) are satisfied.

In the horizontal direction, we have both N,>1 and
D,.>1 for wavelengths up to the VUV range, so that
factorization of the cross-spectral density in horizontal and
vertical contributions G{ and Gy always holds.

Let us first consider G,. Depending on the values of N,
and D, we may have Gaussian quasi-homogeneous sources
characterized by a Gaussian transverse distribution of
intensity (N,>1 and D,>1), as well as non-Gaussian
quasi-homogeneous sources (N,>1 and D, <1 or N, <1
and D, > 1). Gaussian quasi-homogenous sources are to be
expected in the vertical direction in the hard X-ray limit,
where diffraction effects play no role. On the contrary,
diffraction effects must be accounted for when dealing with
non-Gaussian quasi-homogeneous sources.

Let us now consider Gx. In the horizontal direction
both N,>1 and D.>1. It follows that Gaussian
quasi-homogeneous sources find a very natural application
in the description of the cross-spectral density in the
horizontal direction, from the hard X-ray to the VUV
range.

We will see that the VCZ theorem applies to all quasi-
homogeneous cases. Actually, the concept of far-zone for
quasi-homogeneous sources can be introduced as the
region in the parameter space Z, N.,,D,, such that the
VCZ theorem holds. We will see that these condition
coincides with condition (63) given before.

4.1. Gaussian undulator sources

When N.>1 and D> 1 Eq. (57)applies. When N, > 1
and D, > 1, Eq. (58) reduces to

. A 2 ) =2
610.5.4 = [-ex l— %} w3 e
y ¥y

that is equivalent to Eq. (57): thus, identical treatments
hold separately in the horizontal and vertical directions.
For these reasons, and for simplicity of notation, we drop
all subscripts “x”” or “‘y” in the present Section 4.1, and we
substitute letters “x” and “y” in variables with the more
generic “r”’. However, as stated before, the Gaussian quasi-
homogeneous model primarily describes third generation
light sources in the horizontal direction.

Eq. (80) is satisfied. Moreover,

1(0,7) = \/%exp {— %} (82)

""These conditions describe the totality of third generation quasi-
homogeneous sources. In fact, while a purely mathematical analysis
indicates that factorization of Eq. (55) is equivalent to more generic
conditions (N,>1 and N,>1, or D,>1 and D, > 1), comparison with
third generation source parameters (N,>1 and D,>1) reduces such
conditions to the already mentioned ones.
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and

83
. (83)
Propagation of Eq. (81) can be found taking the limit of
Eq. (62) for N> 1 and D> 1, which yields an analytical
expression for the evolution of the cross-spectral density
based on Eq. (44) at C<1:

2
g(Ar) = exp [— (@an D] .

A Nz 2 FAr
Ar) = — _
GERAD = - A= T3t by P E
. AFAr AD(Ar)?
X exp {—12(/4 n D)} exp {— 72(14 n D)} (84)
where
N
A= - (85)
We have
v 2
1(z,7) = 2\//1—|—_D6Xp AT D2 (86)
and

GG.AF) = exp {i r ?r]
AD(Ar)? ]

AiAr
S R v

X exp [—i

Note that, due to the phase factors in Eq. (84), only the
virtual source at Z =0 constitutes a quasi-homogeneous
source.

Geometrical interpretation of A is the dimensionless
square of the apparent angular size of the electron bunch at
the observer point position, calculated as if the beam was
positioned at Z = 0.

The far-zone for quasi-homogeneous Gaussian sources is
given by condition A<D, which can be retrieved by
condition (63) or directly by Eq. (84). In this case,
simplification of Eq. (84) or use of Eq. (65) in the limit
for N>1 and D> 1 yields the far-zone cross-spectral
density:

" s I O L N(AO)?
G(z,0,A0) = : \/;exp[leAH] exp[ 3 ]
72

X exp [— 20_D] (88)
so that
A= 1 /n 0*
1(2,0) = B \/%exp [— E} 89)
and

(90)

2
G(2, A9) = expliZOA0] exp {— N(é@) } .

[T3NRE) [T ]

Similarly as before we suppressed subscripts “x” or “y” in

the symbol 6.

Analysis of Egs. (81) and (88) allows to conclude that

(ap) the spectral degree of coherence of the field at the
source plane g(Ar) and the angular distribution of the
radiant intensity /(f) are a Fourier pair.

(by) the spectral degree of coherence of the far field g(Af)
and the source-intensity distribution /(7) are, apart for
a simple geometrical phase factor, a Fourier pair.

The statement (b,) is a version of the VCZ theorem valid
for quasi-homogeneous sources. Statement (a,) instead,
regards the symmetry between space and angle domains,
and can be seen as an inverse VCZ theorem.

This discussion underlines the link between the VCZ
theorem and the Wiener—Khinchin theorem. Exactly as the
space domain has a reciprocal description in terms of
transverse (two-dimensional) wave vectors, the time
domain has a reciprocal description in terms of frequency.
The reader will recognize the analogy between statements
(ap) and (b;), with statements (a;) and (b;) discussed in
Section 2.3. In particular, the VCZ is analogous to the
inverse Wiener—Khincin theorem. Similarly, separability of
G in Eq. (80) in the product of spectral degree of coherence
and intensity is analogous to separability of I',, in Eq. (11)
in the product of spectral correlation function and spectral
density distribution of the source. .

Let us calculate the transverse coherence length . as a
function of the observation distance Z. We introduce the
coherence length following the definition by Mandel [14].
The coherence length, naturally normalized to the diffrac-

tion length \/L,c/w is defined as

oo
o= [ oeanPdan. 1)
—o0

Performing the integration in Eq. (91) with the help of
Eq. (87) yields:

- 1 1\"?
G =va(+p) ©2)
The coherence length in Eq. (92) exhibits linear dependence
on Z, that is {c—>/n/NZ while for 2— 1 that is at the
end of the undulator, it converges to a constant
Ec—>[n/(4N) +7/D]"/?. Eq. (92) and its asymptotes are
presented in Fig. 17 for the case N = 10, D = 10. At the
exit of the undulator, gyc'vl/\/ﬁ, because N> D. On the
other hand, horizontal dimension of the light spot is simply
proportional to +/N. This means that the horizontal
dimension of the light spot is determined by the electron
beam size, as is intuitive, while the beam angular
distribution is printed in the fine structures of the intensity
function that are of the dimension of the coherence length.
In the limit for 4<D the situation is reversed. The
radiation field at the source can be presented as a
superposition of plane waves, all at the same frequency
o, but with different propagation angles with respect to the
z-direction. Since the radiation at the exit of the undulator
is partially coherent, a spiky angular distribution of
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Fig. 17. Coherence length %C as a function of Z and asymptotic behaviors
for 2—1/2 and 2> 1. Here N = 10° and D = 10.

intensity is to be expected. The nature of the spikes is easily
described in terms of Fourier transform theory. From
Fourier transform theorem we can expect an angular
spectrum with Gaussian envelope and rms width +/D. Also,
the angular distribution of intensity should contain spikes
with characteristic width 1/ VN, as a consequence of
the reciprocal width relations of Fourier transform pairs
(see Fig. 18). This is realized in mathematics by the
expression for the cross-spectral density, Eq. (84) and by
the equation for the coherence length, Eq. (92).

It is also important to remark that the asymptotic
behavior for 4 <1 of g, that is Eq. (90) and &, that is

G %2 (93)

are direct application of VCZ theorem. In fact, the last
exponential factor on the right-hand side of Eq. (84) is
simply linked with the Fourier transform of f,(/). We
derived Eq. (84) for N>1 and D> 1, with 4 < D: in non-
normalized units these conditions mean that the VCZ
theorem is applicable when the electron beam divergence is
much larger than the diffraction angle, i.e. ¢’ >2/(2nLy),
the electron beam dimensions are much larger than the
diffraction size,'® i.e. 6?> /L, /27, and (¢'z)*> o>

In Ref. [3, paragraph 5.6.4] a rule of thumb is given for
the applicability region of the generalization of the VCZ
theorem to quasi-homogeneous sources. The rule of thumb
requires z>2dA/. where d is ‘“‘the maximum linear
dimension of the source”, that is the diameter of a source
with uniform intensity and 4 “represents the maximum
linear dimension of a coherence area of the source”. In our
case, since o is the rms source dimension, d >~ 2¢. More-
over, from Eq. (92) we have 4 = &, ~ 1/(24/nd’). The rule

""We do not agree with statement in Ref. [7]: “the electron-beam
divergence must be much smaller than the photon divergence” for the
VCZ theorem to apply. This would imply ¢’ </4/(2nL,,) (Ref. [7, p. 571,
Eq. (57))).

of thumb then requires z>2g/(y/md’): in dimensionless
form this reads zZz+/N/D. This is parametrically in
agreement with our limiting condition 4 < D, even though
these two conditions are different when it come to actual
estimations: our condition A<D is, in fact, only an
asymptotic one. To see how well it works in reality we
might consider the plot in Fig. 17. There N = 10° and
D = 10. Following Ref. [3] we may conclude that a good
condition for the applicability of the VCZ theorem should
be 2= 10. However as it is seen from the figure, the linear
asymptotic behavior is not yet a good approximation at
z ~ 10. This may be ascribed to the fact that the derivation
in Ref. [3] is not generally valid, but has been carried out
for sources which drop to zero very rapidly outside the
maximum linear dimension 4 and whose correlation
function also drops rapidly to zero very rapidly outside
maximum linear dimension 4. However, at least parame-
trically, the applicability of the VCZ theorem in the
asymptotic limit 4 <D can be also expected from the
condition z>2dA// in Ref. [3].

We conclude that the far field limit 4 < D corresponds
with the applicability region of the VCZ theorem. When
this is the case, the VCZ theorem applies and the modulus
of the spectral degree of coherence in the far field, forms a
Fourier pair with the intensity distribution of the virtual
source. In particular one concludes that the rms width of
the virtual source is ~/N. In our study case for N> 1 and
D> 1, such a relation between the rms width of the spectral
degree of coherence in the far field and the rms dimension
of the virtual source is also a relation between the rms
width of the cross-spectral density function in the far field
and the rms dimension of the electron beam at the plane of
minimal beta function in the center of the undulator. In
dimensional units one can write the value o, of the rms
width of the spectral degree of coherence g(A¥) in the far
field as

42 (94)

%= dno
Here o is, as usual, the rms dimension of the electron beam.
These few last remarks help to clarify what is the size of the
source in the VCZ theorem, that is far from being a trivial
question. In several papers [19,20] the rms electron beam
size is recovered from the measurement of the transverse
coherence length and subsequent application of the VCZ
theorem, under the assumptions that the VCZ theorem can
indeed be applied. In this regard, in Ref. [19, Section V],
one may find a statement according to which the rms
electron beam size ““is only the average value along the
undulator” because ‘“‘the beta function has a large variation
along the undulator”. Another example dealing with the
same issue is given in Ref. [20]. This paper (as well as
Ref. [19]) reports experimental results. However, authors of
Ref. [20] observe a disagreement between the electron beam
rms size reconstructed from the VCZ theorem and beam
diagnostics result of about a factor 2. They ascribe this
variation to the variation of the electron beam size along
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Fig. 18. Physical interpretation of the generalized VCZ theorem. If the radiation beyond the source plane is partially coherent, a spiky angular distribution
of intensity is expected. The nature of these spikes is easily described in Fourier transform notations. We can expect that typical width of the angular
distribution of intensity should be of order (w4/ ¢)~!, where 4 is the typical linear dimension of spatially random intensity fluctuations. If the source has
transverse size d, the angular distribution of intensity should contain spikes with typical width of about (wd/c)_l, a consequence of the reciprocal width

relations of Fourier transform pairs.

the undulator. In footnote 25 of Ref. [20], one may read:
“The precise shape and width of the X-ray intensity
distribution in the source plane are directly connected to
the properties of the electron beam. It would not be
surprising if the limited depth of focus of the parabolically
shaped clectron beta function in the undulator translates
into a virtually enlarged X-ray source size.”” At first glance
it looks like if the SR source had a finite longitudinal
dimension, and the virtual source size depended on
variations of the beta function along the undulator.
However, as we have seen before, the concept of virtual
source involves a single transverse plane, and in the most
general case any variation of the beta function does not
affect the virtual source size. In our case of quasi-
homogeneous Gaussian source, the virtual source is located
where the beta function is minimal, and its size coincides
with the transverse size of the electron beam at that
location.

Finally, it should be remarked that the VCZ theorem can
only be applied to quasi-homogeneous sources. Consider
for example [19,21], where a characterization of the vertical
emittance in Spring-8 is reported, based on the measure-
ment of the X-Ray beam coherence length in the far zone.
The experiment was performed at the beamline BL29XU.
Based on the assumption of validity of the VCZ theorem, it
was found that the rms electron beam size at the undulator
center (corresponding to the minimal value of the beta
function) was s, >~ 4.5pum, and that the coupling factor
between horizontal and vertical emittance was down to the
value { >~ 0.12%, which corresponds to an extremely small
vertical emittance &, = 3.6 pmrad resolution limit of this
method was also discussed, based on numerical calcula-
tions of the radiation size from a single electron performed
at the exit of the undulator, 5, >~ 1.6 ym at £, = 14.41 keV
for the 4.5m long undulator used in the experiment. The

resolution limit of the measurement of s, was estimated to
be about 1 um. Considering propagation laws for Gaussian
beams it seems reasonable that the radiation spot size at the
virtual source, located in the center of the undulator, be
smaller than s,. However, undulator radiation from a
single electron cannot be considered a Gaussian beam. In
particular, under the resonance approximation the field at
the exit of the undulator exhibits a singularity and is not
suitable for evaluation of the radiation spot size.

Use of s, led to an underestimation of the virtual source
size and, thus, an overestimation of the resolution. Let us
show this fact. Based on Eq. (30), we can determine the
correct virtual source size of undulator radiation from a
single electron. Let us consider the case when the single
electron is emitting photons at the fundamental harmonic
with energy E = 14.41keV. The angular frequency of light
oscillations is given, in this case, by @ = 2.2 x 10" Hz. For
an undulator length L,, = 4.5m, the normalization factor
for the transverse size, (Lwc/w)l/ 2. is about 8um. From
Fig. 8 obtain the dimensionless Half Width Half Maximum
(HWHM) radiation size from a single electron (i.e. the
HWHM width of the intensity distribution at the virtual
source, located at the center of the undulator). This
HWHM dimensionless value is about 0.7. It follows that
the HWHM value of the radiation spot size from a single
electron is about 0,7~(ch/w)1/ > ~ 6um. Therefore, the
resolution in Refs. [19,21], is estimated to be better than the
correct value.

Note that the HWHM radiation spot size from a single
electron is larger than the rms electron beam size s, >~
4.5um found by means of coherence measurements. One
concludes that the uncertainty due to finite resolution is
larger than the measured electron beam size. This suggests
that the analysis of experimental results [19,21] might
include a logical flaw. Authors of that reference assume the
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validity of the VCZ theorem in the vertical direction. If one
assumes their result of a vertical emittance &, >~ 0.31/(2n),
it follows a posteriori that the VCZ theorem could not have
been applied in first instance (in this experiment the value
of the beta function was f§ >~ L,,). We suggest that analysis
of experimental results in Refs. [19,21] should be based,
instead, on the study of transverse coherence for non-
homogeneous undulator sources in free space made in the
previous Section 3.

4.2. Non-Gaussian undulator sources

Let us now turn to the analysis of non-Gaussian quasi-
homogeneous sources on the basis of Eqs. (58) and (65).
We still assume that N,.>1 and D,>1. Moreover, as
before, we assume that the minimal beta function is located
at the undulator center.

4.2.1. Case of a large electron-beam size N,>1 and D, <1
Eq. (58) simplifies to

5 (0. 7 /7 (Ay)*D,
Gy(O,y, Ay) = N—exp l—%
y

=2

x exp [— o } 15(Ay) 99)
;

where we defined the universal function yg(o) as

(o) = / d(/)y/ dg, WO{[qﬁ +(4,+3) ]1/2}
i (6-97)

1 oo
= 1 40,7000 (96)

A plot of yg(«) is given in Fig. 19. Main features of
yg are a strong non-Gaussian shape, and the fact that
also negative values are assumed. Eq. (80) is satisfied.
Moreover,

-2 1

A _ P 7

1,0,5) = [ —exp|— 2

»(0,7) N, eXp[ o, ©7)
and

. Ay?D,]

3,00, = exp [—% 5(A9). %)

In the far-zone, Eq. (65) simplifies to

1 -
= 120, A0
2nJaDy S PEAN

[ NyAHi]
X exXp | —
2
0y +</>y)

< [Lobon|-035

JE(¢,) (99)
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Fig. 19. Plot of the universal function yg(x), used to calculate the cross-
spectral density of a quasi-homogeneous source when N,>1, D> 1,
Ny>»1land D, <1.

where . has already been defined in Eq. (13). Moreover,

1,(2,0,) = d
y50,) = 2nz\/nD, /F/ ¢y
0, + ¢,
X €Xp l ~, Ir(p,) (100)
and
. N, A0
gy(2,A0,) = expliZ0,A0,] exp | — 3 2. (101)

Note that, due to geometrical phase factor in Eq. (99), only
the virtual source at Z =0 constitutes a quasi-homoge-
neous source.

Also, yg and £ basically form a Fourier pair:

1 oo

150 = 5 [ b, explinyg,17v,) (102)
meaning that the inverse VCZ theorem is satisfied for
Ny, <22

Finally, it is possible to calculate pg analytically.

To this purpose, it is sufficient to note that the Fourier
transform

’y“s«:,n):/_ db, / ddb, expli(Ehe + 1]

72 12
xsinc? (@) (103)

can be evaluated with the help of the Bessel-Fourier
formula as

o0 2
ys(4) =2n /0 depdJo(p)sinc? (%)

~

5 42 ) ) ) /12
_2n[n+i C1<2> —251n<7> —281<3>} (104)
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where /2 = & + 2, $* = qﬁi + ¢2, Si(-) is the sine integral
function and Ci(-) is the cosine integral function. Thus,
letting ¢ = 0 and n = Ay one has

2
1 {n—}- (Ay)*Ci (( Ayy > — 2sin <(A;) )
—2si ((A;) ﬂ

4.2.2. Case of a large electron-beam divergence D,> 1
and N, <1

A similar analysis can be given in the case of a large
electron-beam divergence. In this case Eq. (58) simplifies
to give

7s(Ay) =

(105)

LI K
245 \| N, 5P

* (¢, + )

X /700 dq’>y exp l— 421\7)/

where .5 has already been defined in Eq. (70). Eq. (80) is
satisfied. Moreover,

_(A’D,

G,(0,7,Ay) = 5

Is(d,)  (106)

(¢ +y)
BOD =5 5 / dg, e [ N BTN
(107)
. Ay)*D
3,(0.89) = cxp [— (”Ty] (108)
In the far zone, Eq. (65) simplifies to
A 1 [z ing
G(z,0,,A0,) = B /D—yexp[120yA6y]
N,A0; ;
X exp|—— exp|— 2D ye(AGy)
(109)
where
=5 [ do, [~ a0,
) 21172
qu{ |:¢x+ (¢y_§> ] }
1/2
2 o2
offo 9]
1 oo
— e
— 5 | 40,7 (110)
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Fig. 20. Plot of the universal function yg, used to calculate the cross-
spectral density in the far zone when N, >1, D> 1, N, <1 and D, > 1.

and

AG;
7E(A0y).

§(2,A0,) = expliz0,A0,] exp [— (112)

A plot of yg(a) is given in Fig. 20. As for yg, main features
of yp are a strong non-Gaussian shape, and the fact that
also negative values are assumed. Due to the phase factors
in Eq. (109), only the virtual source at Z = 0 constitutes a
quasi-homogeneous source.

Also, s and yg form a Fourier pair:

Is(¥) =

[ agyexpl-iin, ) (113)
meaning that the VCZ theorem is satisfied for 22Dx,y> 1.
Since D, ,>1 this means that, in this case, the far zone
begins at the very exit of the undulator, at Z~1.

Finally, starting with the representation of £g in
Eq. (70), we can write (see Ref. [3, Appendix A.3])

o]

s =o's [ db,expl-ing,] /0 darlo(h, ) PR(0).

(114)
Comparison with Eq. (113) yields the following alternative
representation of yp in terms of a one-dimensional integral
involving special functions:

() =7 /0 dooc oo, W2(@). (115)

4.3. Accuracy of the quasi-homogeneous approximation

As we have discussed before, the quasi-homogeneous
approximation can be applied when either or both N> 1
or D,>1. In this section we will see that the accuracy
of the quasi-homogeneous approximation scales as
(\/max[Ny, 1lmax[D,, I))~!. As we have previously seen,
in the particular case when both N,>1 and D,>1, a
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Gaussian model may be used. We will see that the accuracy
of such model is worse than that of the quasi-homogeneous
model, and scales as max(1/,/D,1/,/N,).

We begin demonstrating that, when the source is quasi-
homogeneous, we may take the approximation F(Ay, §) ~
15(Ay).Is(¢p) in Eq. (60) with an accuracy scaling
as (\/ max[N,, 1lmax[D,, I])"'. First, let us introduce a
normalized version of the one-dimensional inverse Fourier
transform of the function %, that is

- 1 ©
F(u,v) = A / Z (o, v) exp[2iuc] do

2%8/ S (u, 5)exp[ 105] dé

where the normalization factor is chosen in such as way
that #(0,0) = 1. The cross-spectral density in Eq. (60) can
therefore be written as

(116)

. Dy(Ay?
G,V(OsyaAy) = }( 4 ):|

1
exp|—
44/272 P [ 2
00 = 2
X / duexp {—i uy] exp {— Nyu] F (Ay,u)
- 2 2

(117)

having used the convolution theorem. Under the quasi-
homogeneous assumption, we can approximate .7 (Ay, u)
~ F(Ay,0)%(0,u). To show this, let us represent % (u, v)
using a Taylor expansion around the point (0,0). One
obtains
n > 1| OFF(u,0) ok F(0,v)
T _ k k
/(u,v)—l+]z:—[u— +UT ]
k v=0
(118)

— k! ouk
+ O(uv)

u=0

where the normalization relation % (0,0) =1 has been
taken advantage of. Similarly, one may consider the
following representation of the product Z(u,0) % (0,v)
also obtained by means of a Taylor expansion:

s
§

00 k =
k=1

g’ & 7(0,v)
1 dv

=7

oSBT

d” 7(0,v)
d n

u=0

} + O(uv)
v=0

(119)

having used .7 (0,0) = 1. Comparison of the last equality
in (119) with the right-hand side of Eq. (118) shows
that Z(u,v) ~ % (u,0%(0,v) up to corrections of
order uv~l/\/max[Ny, Ilmax[D,, 1], that is the quasi-
homogeneous accuracy. Using this approximation in

Eq. (117) yields

~ 1 D,Ayz] -
G(0,7,Ay) = exp|——2 7 (Ay,0
(0,7,Ay) i p[ 7 (Ay,0)

X / duexp {_iuz_y} exp [—

Finally, recalling the definitions of yg and .#g we can write
Eq. (120) as

2
i] F(0, u).
(120)

. 1 D,Ay?
G(0,7,Ay) = \/]z,t T%/SCXP [— i }/S(Ay)
y g
[ee) = 2
x[ dgbexp{—(y;]_\;b) }Js(qﬁ). (121)

Eq. (121) is valid in any quasi-homogeneous case.

Note that Eq. (121) accounts for diffraction effects
through the universal functions yg and .#s. This may be
traced back to the use of the inhomogeneous wave
equation to calculate the cross-spectral density for the
virtual source, from which Eq. (121) follows. Deriving
Eq. (121), we assume a large number of modes, and this
justifies the use of phase space representation as an
alternative characterization of the source, in place of the
cross-spectral density (i.e. Eq. (121) itself).

Setting Ay =0, Eq. (121) gives the exact intensity
distribution at the virtual source, i.e. Eq. (68). The spectral
degree of coherence on the virtual source is then recovered
usmg the definition of quasi-homogeneous source

= I(7)g(Ay). Since the source is quasi-homogeneous,
the Fourier transform of the spectral degree of coherence
g(Ay) yields the intensity in the far zone. Remembering that
ys and S form a Fourier pair, we conclude that, starting
from Eq. (121) it is possible to reproduce the exact result
for the intensity in the far zone, Eq. (71). Quite remarkably,
Eq. (121), which is derived under the quasi-homogeneous
approximation and is related to an accuracy
1/y/max[N,, llmax[D,, 1], yields back two results,
Eqgs. (68) and (71) which are valid regardless the fact that
the source is quasi-homogeneous or not.

Let us now consider the quasi-homogeneous case when
both N,>1 and D,>1. Worsening the accuracy in the
calculation of the cross-spectral density of the source, we
may reduce Eq. (121) to

2 —
G,(0, 7, Ay) = \/Nz exp [— %} exp [— %} (122)
Yy y

that is Eq. (81). Note that neglecting the product with the
7s function can be done with an accuracy 1/,/D,, while
extraction of the exponential function in jy from the
convolution product with the .#g function can be done
with an accuracy 1/,/N,. In our study case when D, > 1
and N,>1, the overall accuracy of Eq. (122) can be
estimated as max(1/,/D,,1//N,), that is the accuracy of
the Gaussian approximation. Such accuracy is much worse
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than that of the quasi-homogenecous assumption in Eq.

(121), thatis 1/1/N,D,.
When N,>1 and D, ~ 1 the accuracy of the quasi-

homogeneous approximation becomes 1/,/N,max[I, D,].
When N,~>~1 and D,»1 it becomes, instead,

1/4/max[1,N,]D,. In these cases, the accuracy of the

quasi-homogeneous approximation is comparable to the
accuracy of the Gaussian approximation. To be specific,
when N,»1 and D, ~1 the accuracy of the quasi-
homogeneous approximation is of order 1/ \/N_} and
Eq. (121) can be substituted with

yAyz

)
Ao T v D
G(0,7,Ay) = | EXP {— W] exp {—

v v

without loss of accuracy, because the relative accuracy of
the convolution is of order 1/,/N, as the accuracy of the
quasi-homogenous approximation. Eq. (123) is just
Eq. (95). A similar reasoning can be done when D,> 1
and N, ~1. In this case the accuracy of the quasi-
homogeneous approximation is of order 1/ \/D_y, and
Eq. (121) can be substituted with

A T 1 Ayl [
60,580 =[5 -ewn |- 23| [ g
¥ —00
0+ ¢)
s

} 7s(Ay)

(123)

X exp {— (124)

without loss of accuracy. Eq. (124) is just Eq. (106).

4.4. Quasi-homogeneous sources in terms of phase space

The cross-spectral density at the virtual source can be
written as in Eq. (80) that we rewrite here for convenience
in terms of coordinates 7, and Ary:

GO(an Fy: Arxa Ary) = i(fxa fy)g(Arm Ary)' (125)

For notational simplicity we use notation G, to indicate G
at z = 0. The Fourier transform of Eq. (125) with respect to
all variables will be indicated with

%0(0,,0,,A0,,A0,)

o0
= / dAY,
—00 :
o o0 oo n
« /_ dav, /_ o, /_ 0, Go(F,, 7, AV, AT))
x exp[2i(0.Ar, + 0,Ar,)] expli(A0, 7, + A0, 7). (126)
The two quantities I, Fy) = Go(fx, 7y,0,0) and @, 5y) =
%0(0x,0,,0,0) are always positive because, by definition of
Gy, they are ensemble averages of quantities under square
modulus.

Let us now introduce the Fourier transform of Eq. (80)
with respect to Ar,

o0 o0
D) = [ dnr [ 4 G arAr)

x expli(0.Ar, + 0,A7))]. (127)
Accounting for Eq. (125), i.e. in the particular case of a
(virtual) quasi-homogeneous source, Eq. (127) can be
written as

¢0(fx: fy: 0., ey) = I(7y, fy)r(gx»ey) (128)
having recognized that I @, éy) = ?o(éx, 9),, 0,0) is the
Fourier transform of the spectral degree of coherence g.
The distribution @, being the product of two positive
quantities, never assumes negative values. Therefore it may
always be interpreted as a phase space distribution.'” This
analysis shows that quasi-homogeneous sources can always
be characterized in terms of Geometrical Optics. It also
shows that, in this particular case, the coordinates in the
phase space, 7, and ﬁw, are separable.

Eq. (127) is the definition of a Wigner distribution. In the
case of quasi-homogenous sources, as we have just seen,
the Wigner distribution is never negative and, therefore,
can always be interpreted as a phase space distribution. In
the case of non quasi-homogeneous sources one may still
define a Wigner distribution using Eq. (127). However the
Wigner function itself is not always a positive function. As
a consequence it cannot always be interpreted as a phase
space distribution. On the one hand, quasi-homogeneity is
a sufficient condition for the Geometrical Optics approach
to be possibly used in the representation of the source. On
the other hand though, necessary and sufficient conditions
for @, to be a positive function are more difficult to find.

Note that in the case of quasi-homogeneous non-
Gaussian sources one should account to diffraction effects
when calculating source properties. However, using a
Wigner function approach, one can still use a phase-space
representation. In this case diffraction effects have the
effect of complicating the structure of the phase-space
describing the source. Also note that Gaussian—Schell
model cannot be applied in all generality even to quasi-
homogeneous sources, as it does not properly describe the
case of non-Gaussian sources, which is most natural for
third generation facilities in the vertical direction.

As we have seen before, third generation light sources
are characterized, up to the VUV range, by N,>1 and
D,>1, which implies factorization of the cross-spectral
density. Thus, considering the vertical direction separately,

“Physically, in the quasi-homogeneous case, I" can be identified with
the radiant intensity of the virtual source. This follows from a statement
similar to the van Cittert—Zernike theorem for quasi-homogeneous sources
(see Ref. [4]). Note that the intensity and the Fourier transform of the
spectral degree of coherence are obtained back from the phase space

distribution, Eq. (128), by integration over coordinates 0,, and 7y,
respectively.
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equivalent condition for quasi-homogeneity requires that
either (or both) N,>1 and Dy> 1.

An intuitive picture in the real space is given by a
(virtual) quasi-homogeneous source with characteristic
(normalized) square sizes of order max[N,,1] and N,
and characteristic (normalized) correlation length square
sizes of order min[l/D,, 1] and 1/Dy, in the vertical and
horizontal directions. Since horizontal and the vertical
directions can be treated separately, we have a large
number of independently radiating sources given by the
product

M, = max[N,, Ilmax[D,, 1] (129)
in the vertical direction, and
M,=N,D, (130)

in the horizontal direction. The number M, , is, in other
words, an estimation of the number of coherent modes in
the horizontal and in the vertical direction.?’ The number
M;; is the accuracy of Geometrical Optics results
compared with Statistical Optics results or, better, the
accuracy of the quasi-homogeneous assumption. It should
be noted that, as M, approaches unity, the accuracy of
the quasi-homogeneous assumption becomes worse and
worse and M, cannot be taken anymore as a meaningful
estimation of the number of modes: it should be replaced
by a more accurate concept based on Statistical Optics. To
complete the previous statement we should add that M,
completely loses the meaning of “number of modes” when
Geometrical Optics cannot be applied. For instance when
both N, and D, are of order unity (or smaller), one can
state that the Geometrical Optics approach fails in the
vertical direction because the phase space area is getting
near to the uncertainty limit. In this case it is not possible
to ascribe the meaning of “number of modes” to the
number M, simply because the Geometrical Optics
approach in the vertical direction fails. However, when
Ny and D, are of order unity (or smaller), but both N> 1
and D, > 1, the cross-spectral density admits factorization
in the horizontal and in the vertical direction and the
source in the horizontal direction can be still described,
independently, with the help of Geometrical Optics.

We should remark that Statistical Optics is the only
mean to deal, in general, with the stochastic nature of SR.
Only in particular cases SR can be treated in terms of
Geometrical Optics, where planning of experiments can
take advantage of ray-tracing code techniques. One of

*OThis is in agreement with an intuitive picture where the photon-beam
phase space reproduces the electron-beam phase space up to the limit
imposed by the intrinsic diffraction of undulator radiation. Imagine to
start from a situation with N, >1 and D,;>1 and to “squeeze” the
electron-beam phase space in the vertical direction by diminishing N, and
D,. On the one hand the characteristic sizes of the phase space of the
electron beam are always of order N, and D,. On the other hand the
characteristic sizes of the phase space of the photon beam are of order
max[N,, 1] and max[D,, 1]: diffraction effects limit the “squeezing” of the
phase space of the photon beam.

these cases is constituted by second generation light
sources, because N,,>1 and D, ,> 1.

Description in terms of quasi-homogeneous sources is
also important for third generation facilities in the case of
bending magnet beamlines (surprisingly, in both horizontal
and vertical plane), horizontal plane in undulator beam-
lines, but it cannot be applied with accuracy to future
sources (e.g. ERL-based sources).

Quasi-homogenous sources can be described in terms of
geometrical optics, the outcome being equivalent to
description in terms of statistical optics. In order to decide
whether Geometrical Optics or Wave Optics is applicable,
in all generality one should separately compare the photon
beam size and divergence with the radiation diffraction size
and diffraction angle, which are quantities pertaining
the single electron radiation. Let us fix a given direction
x or y. The square of the diffraction angle is defined by
(aé)2~ﬂu/(2an), L; being the formation length of the
radiation at wavelength 4. The diffraction size of the source
is given by o4~ Ls. In calculating the photon beam size
and divergence one should always include diffraction
effects. As a result, if ¢* and (¢’)* indicate the square of
the electron beam size and divergence, the corresponding
square of the photon beam size and divergence will be,
respectively, of order max[s?,03] and max[(¢)?, (c})*].
These quantities can be rewritten in terms of the electron
beam emittance as max[f, 03] and max[e/p, (aé)z], p being
the beta function value at the virtual source position for the
radiator (undulator, bending magnet, or other). Dividing
these two quantities, respectively, by aﬁ and (a;)2 give
natural values, normalized to unity, for the photon beam
size max[2neff/(LsA), 1] and divergence max[2neLs/(f1), 1].
When the product between these two quantities is much
larger than unity one can use a Geometrical Optics
approach. In this case, this product represents the normal-
ized photon beam emittance. When f~L;, as in many
undulator cases, one may compare, for rough estimations,
the electron beam emittance and the radiation wavelength
as we have done before. However, in the case of a bending
magnet one may typically have f of order 10m and
L ~ (p27\)1/ 3 (p being the bending radius) of order
1072—1072m. The ratio /L;> 1 now constitutes an extra
large parameter of the problem. In this case, even if the
electron beam emittance is two order of magnitude smaller
than the wavelength, due to diffraction effects one can
still apply a Geometrical Optics approach, because
max[2nefi/(L¢A), 1] - max[2neLe/(f4), 11> 1, i.e. the photon
beam emittance is much larger than the wavelength. As a
result, dimensional analysis suggests that bending magnet
radiation may be treated exhaustively in the framework of
Geometrical Optics even for third generation light sources.

5. Conclusions
This work presents a theory of transverse coherence

properties from third generation light sources, valid while
radiation evolves in free-space. Besides being important for
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experiments involving coherence that make no use of
optical elements, it constitutes the first step towards the
solution of the image formation problem for undulator
sources (see Ref. [22]) that will be a natural follow-up to
the present article.

We considered Synchrotron Radiation (SR) as a random
statistical process to be described using the language of
statistical optics. Statistical optics developed in connection
with Gaussian, stationary processes characterized by
homogeneous sources. However, for SR, there is no a
priori reason to hold these assumptions satisfied.

We showed that SR is a Gaussian random process. As a
result, statistical properties of SR are described satisfactory
by second-order field correlation functions. We focused, in
particular, on undulator sources. It should be noted here
that wiggler and bending magnets are still being used at
third generation facilitiecs. However, as has been remarked
in the previous Section 4.4, these devices are characterized
by a much shorter formation length, which allows one to
apply a Geometrical Optics approach to describe them.
Thus, in this case, the formalism developed for second
generation facilities can be satisfactory taken advantage of.
In other words, use of wigglers and bending magnets is
mainly related with applications requiring higher photon
flux (but not high coherent flux), compared with analogous
devices installed in second generation facilities. Our choice
of considering undulator sources is justified by the fact that
we are interested in transverse coherence properties of
radiation.

With this in mind, a frequency—domain analysis was
used to describe undulator sources from a mathematical
viewpoint. As a consequence of the frequency domain
analysis we could study the spatial correlation for a given
frequency content using the cross-spectral density of the
system. This can be used to extract information even if the
process is non-stationary, and independently of the spectral
correlation function.

We gave a general expression for the cross-spectral
density dependent on six dimensionless parameters. Sub-
sequently we assumed small normalized detuning from
resonance, thus obtaining a simplified expression of
practical relevance.

We simplified our expressions further in the case of third
generation light sources, based on a large horizontal
emittance (compared with the wavelength). In this case,
the cross-spectral density can be factored in the product of
a horizontal and a vertical factor.

Attention was subsequently drawn on the vertical cross-
spectral density G,, without loss of generality. We
expressed G, in terms of one-dimensional convolutions
between universal functions and Gaussian functions, and
studied different asymptotic cases of interest.

In the case of a vertical emittance much smaller than the
radiation wavelength we derived the counter-intuitive
result that radiation is not fully coherent in the vertical
direction. This effect can be interpreted as an influence of a
large horizontal emittance on the vertical plane, and is

related with the particular non-Gaussian nature of the
single particle field.

Subsequently, we studied quasi-homogeneous cases of
interest, discussing the applicability of the VCZ theorem
for Gaussian and non-Gaussian quasi-homogeneous
sources. Finally, we discussed the accuracy of the quasi-
homogeneous model.

It is interesting to spend a few words about relation of
our theory with numerical techniques. Computer codes
have been written (see e.g. Refs. [23,24]) that deal with
beamline design, based on wave-optics techniques. Codes
also begin to be used to treat the case of partially coherent
radiation: one of their final goals is to solve the image
formation problem starting from first principles. Results
may be obtained using numerical techniques alone, starting
from the Lienard—Wiechert expressions for the electro-
magnetic field and applying the definition of the field
correlation function without any analytical work. Calcula-
tion of the intensity at a single point on the image plane can
be approached by propagating wavefronts from different
macro-particles through the entire optical system, calculat-
ing intensities and summing them up. This method is well
suited for parallel processing, and relatively easy to
implement. Yet, a first-principle calculation of the field
correlation function between two generic points at the
image plane involves very complicated and time-expensive
numerical evaluations. To be specific, one needs to perform
two integrations along the undulator device and four
integrations over the electron-beam phase space distribu-
tion to solve the problem in free space. Then, even in the
simple case when the optical beamline can be modelled as a
single focusing lens, other four integrations are needed to
characterize coherence properties on the image plane, for a
total of ten integrations. The development of a universal
code for any experimental setup is then likely to be
problematic. A more conservative approach may suggest
the use of computer codes based on some analytical
transformation of first principle equations suited for
specific experimental setups. From this viewpoint our most
general expressions (or alternatively, as it is being done,
expressions for the Wigner distribution function) may be
used as reliable basis for the development of numerical
methods. Our analytical theory allows treatment and
physical understanding of many asymptotes of the para-
meter space and their applicability region with the help of a
consistent use of dimensional analysis. This physical
understanding, together with the possibility of using our
asymptotic results as benchmarks for numerical methods,
will be of help to code writers.

In closing, as has been remarked in Ref. [6]: “[...] it is
very desirable to have a way to model the performance of
undulator beamlines with significant partial coherent
effects, and such modelling would, naturally, start with
the source. The calculation would involve the knowledge of
the partial coherence properties of the source itself and of
how to propagate partially coherent fields through space
and through the optical components used in the beamline.
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[...] it is important to recognize that, although most of these
calculations are, in principle, straightforward applications
of conventional coherence theory (Born and Wolf, 1980;
Goodman, 1985), there is not much current interest in the
visible optics community.”. These statements were for-
mulated more than ten years ago, when operation of third
generation light sources started. While it was immediately
recognized that usual SR theory was not adequate to
describe them, no theoretical progress was made in that
direction. Our paper finally answers the call in Ref. [6].
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