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1 Introduction

The cornerstone of all methods to make predictions for modern collider experiments is
perturbative Quantum Field Theory, where observables are expanded into a series in the
coupling constants. The higher orders in the perturbative expansion capture, on the one
hand, the effect of the exchange of virtual quanta, and, on the other hand, the emission of
unobserved real particles in the final state. In theories featuring massless particles, both the
real and virtual corrections are separately divergent (even after ultraviolet renormalisation),
but their sum is finite for a scattering of colourless particles in the initial state (e.g., at an
ete™ collider) due to the celebrated Kinoshita-Lee-Nauenberg theorem.! The cancellation
of these infrared singularities, however, is very intricate, because it only happens after
phase space integration, and the real and virtual corrections live in different phase spaces.

The infrared singularities stemming from real corrections arise from regions of phase
space where massless particles become unresolved, i.e., they become either soft (meaning

'If the scattering features also hadrons in the initial state, the divergences only cancel after we perform
mass factorisation.



that they have vanishing energies) or collinear to each other. The behaviour of scattering
amplitudes in these unresolved limits is universal, in the sense that the amplitudes factorise
into amplitudes without the unresolved particles, multiplied by a function that captures
the divergence and does not depend on the underlying hard scattering. This universality
of soft and collinear divergences is at the heart of so-called subtraction schemes, where,
very loosely speaking, one subtracts the phase space divergences of real corrections at the
integrand level, and adds them back in integrated form to cancel the infrared singularities
of virtual corrections. Subtraction schemes at next-to-leading order (NLO) and next-to-
next-to-leading order (NNLO) in the strong coupling constant are one of the cornerstones
of modern precision computations in (massless) Quantum Chromodynamics (QCD). The
construction and the success of subtraction schemes at NLO and NNLO rely crucially on
the fact that the soft and collinear divergences describing tree-level amplitudes with up
to two unresolved particles and one-loop amplitudes with one unresolved parton are well
understood [1-12].

In order to reach the target precision for current and future collider experiments, like
the Large Hadron Collider (LHC) at CERN and its potential successors, NNLO computa-
tions in QCD may not be sufficient, but also next-to-next-to-next-to-leading order (N3LO)
corrections will be required. While first examples of non-trivial two- and three-loop ampli-
tudes relevant to N3LO computations have recently become available [13-20], one of the
major bottlenecks is that there is currently no general understanding of how to combine
the real and virtual corrections.? Experience from NNLO shows that it is important to
understand in detail all the unresolved limits that lead to singularities in an N?LO com-
putation. The relevant collinear singularities are by now completely understood, and they
include the emission of four collinear partons at tree-level [28, 29], three collinear partons
at one loop [30-32] or two collinear partons at two loops [33]. Soft singularities at N3LO
have also been studied. In particular, the emission of a soft gluon at two loops is well
established [34-36], as is the emission of a pair of soft gluons or quarks at one loop [37, 38].
Tree-level soft emission of three partons, however, has so far only been studied for the
emission of three soft gluons [39], but the case of a soft quark pair in addition to a gluon
at tree-level has never been considered. The main goal of this paper is to provide for the
first time this last soft limit needed to describe all infrared singularities that can arise in
N3LO computations.

The paper is organised as follows: in section 2, we review soft limits of tree-level
scattering amplitudes, displaying explicitly the currents for a soft gluon and a soft gq pair.
In section 3, we present the main results of this paper, namely the tree-level current for
the soft gqg emission from QCD scattering amplitudes. In section 4, we consider kinematic
sub-limits of the soft ggg limit, which are useful for constructing subtraction schemes at
N3LO accuracy. In section 5 we draw our conclusions. We also include two appendices
where we display analytic results which are too lengthy to be shown in the main text.

2For specific differential distributions for simple final states, N3LO results are already available, cf.
refs. [21-27].



2 Tree-level soft currents

The aim of this paper is to study the behavior of tree-level QCD amplitudes in the limit
where a certain number of massless partons are soft, i.e., they have vanishing energies. To
be more precise, consider the scattering of n particles with momenta p;, and flavour, helicity
and colour indices f;, s; and ¢;, respectively. If a subset of m massless partons become
soft, the amplitude is divergent and the leading behaviour is captured by the factorisation
formula,

LSﬂl mMCl st Sn(ph'"?pn)

)chl -Cm;S1.. Sm(

c 1...Cn 38 1...8 (21)
7pm)M m+1.--Cn;Sm+1.--Sn

(M 9s Pl P (Prmt1s- -+, Pn) s

where g, is the strong coupling constant and g is the scale introduced by dimensional
regularisation. Throughout this paper we work in Conventional Dimensional Regularisation
(CDR) in D = 4 — 2¢ dimensions. In particular, we assume that gluons have D — 2 physical
polarisations (quarks always have 2 polarisations). The symbol .7}, in eq. (2.1) denotes
the operation of keeping only the leading divergent term in the soft limit. The scattering
amplitude M;’”i"'jﬁ;sm““'s” on the right-hand side is obtained from the amplitude on the
left-hand side by simply removing the soft particles. The current JC1 Cm’sl “m describes
the leading divergent behaviour of the amplitude in the soft limit, often referred to as the
etkonal approximation in the literature.

The soft current depends on the colour, spin and flavour quantum numbers of the soft
partons. In order to keep our notations compact, we find it useful to work with the colour-
space formalism of refs. [40, 41], where scattering amplitudes are interpreted as vectors
that can be expanded into an orthonormal basis in colour ® spin space,

|Mf17fn(p177pn)> = |Cl"'cn> ® |Sl' >M61 i Sn(pla"'apn)' (22)

We will often suppress the dependence on the momenta. With this notation, the squared
matrix element summed over spin and colour indices of the external particles can be writ-
ten as

2 __ n; n ny n
|Mf1fn’ = <Mf1fn|Mf1fn> frd Z |:-/\/lC]~ .Cn;S81...8 :| MCI .Cn;81...8 .

(s120ms0) (23)
(Clw--acn)
The soft current can then be interpreted as an operator J¢,. . (p1,...,pm) in this colour
space, and the soft factorisation in eq. (2.1) takes the form,
Ao IMipg) = (09)™ I pr g M frirf) - (2.4)
This operator acts on color space via the infinitesimal generators of the gauge transforma-
tions,
T c1...cn)=lc1...c. )TZC ) (2.5)
where we defined Tg;cl, = tggcl, if parton ¢ is a quark, T‘CZ o= ‘clz_c; if it is an anti-quark (here

tg ., are the generators of the fundamental representation of SU(N,)), and TZ;Q = i f€i9% for



a gluon. Since colour must be conserved in every scattering process, the vector [My, ., . 1)
must be a colour singlet, i.e., it must satisfy

> THMy,rp,) = 0. (2.6)

i=m+1

Henceforth we will simply use the shorthand,

Zn: T¢ =0, (2.7)

i=m+1

where it is understood that this identity is only valid when we act on colour singlet states.
The soft current for the emission of a single soft gluon is known through two loops in
the strong coupling constant [8, 10, 11, 34-36, 42, 43]. The double-soft current is known at
tree-level and one-loop for the emission of a pair of soft gluons or quarks [1, 3, 6, 37, 38].
Triple-soft emission is currently only known at tree-level for three gluons [39].> The main
aim of this paper is to compute for the first time the triple soft current for the emission of
a soft quark pair in addition to a gluon. In the remainder of this section, we review the
known results for the tree-level soft currents for the emission of a single soft gluon or quark
pair, both in order to illustrate some general properties of soft currents and to define some
quantities that will be useful when computing the soft current Jg4, in section 3.

2.1 The tree-level soft current for the emission of a single soft gluon

Let us start by discussing the case of the emission of a single soft gluon at tree-level. It will
often be useful to consider a variant of the soft current operator where we have amputated
the polarisation states, e.g., in the case of a single soft gluon, we define

Jg(p1) = la) ® [) JG*(p1) = |a) @ [s) €, (p1,n) Ig* (p1) - (2.8)

Note that throughout this paper we always work in axial gauge for external gluons, where
the polarisation vectors satisfy the constraints,

pre,(p1,n) = n'e(p1,n) =0, (2.9)

where n is a lightlike reference vector with p; - n # 0. The soft current for the tree-level
emission of a single gluon is given by [42, 43]

Jgt(p1) = Y3 (p1) = ) SH(p)TY, (2.10)
1=2 1=2
with
i
Stp) = P 2.11
(21) bi-p1 ( )

3Quadruple-soft emission is known at tree-level for four gluons in the special case of the emission from
two hard partons [39].



Note that, as a consequence of gauge invariance, the soft current is conserved,
n
P IP* (p1) ZT“ =0 mod Y T{=0. (2.12)
i=2

A similar relation also holds for multi-soft gluon emission, albeit, due to the non-abelian
nature of the gauge interactions, only upon replacing one polarisation vector by its momen-
tum. In ref. [39] a stronger version was shown to hold even if the remaining external po-
larisation vectors are amputated, although one needs to project onto the subspace spanned
by the physical polarisations. Since our main interest is the current for the emission of a
single soft gluon in addition to a soft quark pair, we will not pursue this further.

One is usually interested in the effect of the soft current and the color-correlations it
induces after squaring the matrix element,

A Mgy g, P = (/fgs)2<Mf2 ullJg (m)!QIMfz.um

(2.13)
= F‘ gs Z 5@] D1 |M n|27
1,j=2

where we have introduced the colour-correlated matrix element,

MG P = My, T T3 My, ) (2.14)
and the well-known eikonal function,
2 ..

Sii(py) = —2X (2.15)

X1iX1j
with x;; = 2p; - pj and T; - Tj; = T; - T; = T{T§. At this point we make some important

comments. First, if we simply evaluate the square of the soft current in axial gauge, we
find

3o = [32% )] dyu (1. m) 35 (1) (2.16)

:_ZTi'TjSij(pl)+ZTi'Tj< , P + D >,

§,j=2 §,j=2 (pi-p1)(n-p1)  (pj-p1)(n-p1)

where d,,;, (p1,n) denotes the sum over physical polarisations in axial gauge,

D—-2
PNy + Npup1
duv(p1,n) = E €, (p1,n)e,(p1,n) = —guw + — ;1 ‘n“ . (2.17)
s=1

We see that the terms dependent on n cancel due to colour conservation when acting
on the amplitude in eq. (2.13). We will from now on drop terms in the squared current
that vanish due to colour conservation in the hard amplitude. Second, we note that as
a consequence of T; - T; = T, - T;, the colour-correlated squared amplitude, \/\/l f 12,
features a symmetry under exchange of the emltters (i <> j), to which we will refer as
the dipole symmetry. The dipole symmetry of \M o f |2 implies that the kinematic factor
(the eikonal function S;;(p1)) in eq. (2.13) is symmetric as well under the exchange of the
emitters, (i <» j). This is a general feature: the kinematic functions in the squared soft
current inherit the symmetry properties of the colour operators that they multiply.



2.2 The tree-level soft current for the emission of a single quark pair

Let us also briefly review the features of the soft current for a single soft quark pair emission.
It is again convenient to amputate the polarisation states,

Jag(p1,p2) = [1j) ® ’3132>J?§;Sls2 (p1,p2) (2.18)

= [2) ® [s152) Ty (p2) Tty (1 P2) sy (1)

where 7 and j denote the anti-fundamental and fundamental colour indices of the anti-
quark and quark respectively. Note that qu—];] is a matrix in Dirac spinor space, though we
suppress the matrix indices for brevity. It is easy to see that the current for the emission
of a soft quark pair is entirely determined by the soft current for single-gluon emission,

_. 1 )
Jga(p1,p2) = _Et?ﬂu Jg" (p12), P12 = p1+p2, (2.19)

where we work with a gluon propagator in Feynman gauge. We can square the soft current
to obtain

n

S0l Magags 5P = %022 T Y QU1 po) MY, 2, (2.20)
i,j=3

where Tr = 1 is defined by Tr(t%*) = T, and we defined the kinematic function,

7 4 xaixzj + X1X2i — XijX12
Q1) = - KB XXX 221)
X12 Xi(12)X;5(12)

and X;(jx) = Xij T Xik- Note that, in addition to the dipole symmetry under exchange of
the emitters (i <> j), the soft gq function features charge conjugation symmetry under the
exchange of the quark and antiquark labels,

M(p1,p2) = Q¥ (p2,p1) - (2.22)

Finally, we recall that the eikonal currents, and so the kinematic functions of a single
soft-gluon (2.15) or of a soft gq pair (2.21), do not depend on the mass of the emitters, while
the eikonal current of two soft gluons receives an extra contribution which is proportional
to the squared mass of the emitters [6].

3 Tree-level factorisation for soft ggg emission

In this section we present the main result of this paper, namely our result for the tree-level
soft current for soft ggg emission. We start by quoting the results for the soft current, and
then we discuss the analytic expressions for the squared current and the ensuing colour
correlations.
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Figure 1. Soft-gluon insertion diagrams for the emission of a soft gluon and ¢ pair.

3.1 The soft current

Without loss of generality, we assume the anti-quark, quark and gluon to be partons 1, 2
and 3, respectively. The soft current is obtained by evaluating the diagrams in figure 1.
In figure 1 the lines emanating from the hard amplitude (represented by the blue blob)
represent Wilson lines in the representation of the hard partons. Soft gluons couple to
Wilson lines using the well-known eikonal Feynman rules, cf., e.g., ref. [3].

We use axial gauge for the external gluon, but we evaluate all internal gluon propaga-
tors in Feynman gauge. We rescale the momenta of the three soft partons by A, p; — Ap;,
i =1,2,3, and we perform a Laurent expansion around A = 0. The leading term in this
Laurent expansion defines the soft current. We find it again convenient to amputate the

polarisation vectors,

J’L]a ;515283

dag (p1,p2,p3) = €2 (P3, 1) Tsy (p2) Igig (P1, D2, 03) Vs, (P1) (3.1)

where for brevity we keep the colour indices of the quark pair implicit on the right-hand
side.



We split the tree-level ggg soft current into two contributions,

I e (01,12, p3) = K" (p1,p2, p3) + W (p1, pa, p3) - (3.2)

The first term on the right-hand side is given by,

K" (p1,p2,p3) = *{Ja 3),Jgq(P1,02)}

- 2><12 Z {387 (pa), 37" (p12) byt (3.3)
1,0=4
where the soft currents appearing on the right-hand side have been defined in the previous
section. Equation (3.3) includes both uncorrelated (i # j) soft emission from two different
legs, figure 11V, as well as contributions to the abelian part of figure 1III. The second term
on the right-hand side of eq. (3.2) has the explicit form,

" 1 1 1
W (py . pa, = Jov { [ ooy — — L (t2t? } 3.4
(p1,p2,p3) ; i (p123) s L Yo" () o VP (£747) (3.4)

1 1
g 28 (S0 ) — S{ 1) + —— U (o) vt
X123
where we have defined

U, (pi2,p3) = =280 pls + g (p12 — p3)w + 26505, (3.5)

and

k
X1k = Y Xij - (3.6)
1<j
Let us make two comments. First, we have seen that the soft current for the emission of
a soft gq pair can be expressed as the soft current for the emission of a single soft gluon
contracted with the quark current, cf. eq. (2.19). From the Feynman diagrams in figure 1, it
may appear that the gqg soft current can similarly be factorised into the double soft gluon
current Jgq contracted with the quark current. This, however, is not so, because there
are certain contributions to Jg, that can be dropped due to the transversality condition
in eq. (2.9), but they have to be kept if the gluon is off shell. Second, we note that,
as expected, we find that the divergence of the triple-soft current defined in eq. (3.2) is
proportional to the total colour charge of the hard partons, implying that the current is
conserved,

P3G = — Lo gen (i)t — ipabe L p?l ZT’) =0 mod Z T =0, (3.7)
X12 X123
which is reminiscent of eq. (2.12) in the case of single-gluon emission.
Next, we consider the structure of the squared soft current. We find that we can
write the result as a sum over contributions from dipole, tripole and symmetrised colour
correlations,

di tri sym
y123|M§1q293f4~~fn‘ (y1(23p) + yl( ») + 5”1( 3 )> ‘M§1Q293f4~~fn|2‘ (3'8)



We now discuss the three contributions in turn. The dipole term reads
(dip) 2
S 23 |M§1q293f4 fn|

(quegg Ty Z {C’ Qqqg (ab) +C’ ( Gqg (nab) +Qqqg(mass )} ’Mgg?'sz’

1,j=4

(3.9)

where Cr and C4 denote the Casimir operators in the fundamental and adjoint represen-

tations of SU(V,),

N2 -1
2N,

The kinematic functions will be defined below. We suppress from now on the dependence

Cr =

and Cy = N,. (3.10)

of the kinematic functions on the momenta for readability. The dipole-correlated matrix
element |M§f4j) fn|2 was already defined in eq. (2.14). The sym term comes from the sym-
metrised product of two dipole operators and is given by

n

€ g k,é
AN Magsgatasnl? = 262 Te > QU2 JMUFID 2, (3.11)
iyj7k7£:4

where we introduced the symmetric four-parton correlation function, which also appears
in the squared current for double-soft gluon emission at tree-level [3],

IMETD 2 = (My, g {T T, T - T} My, g, ) (3.12)

Besides the two- and four-parton correlations, which have already appeared in the context
of single- and double-soft emission at tree-level, we also find a non-vanishing three-parton
correlation,

n

t c 1 k)
y1(2§1p)|M§1q2g3f4---fn|2 = (Mz 95)3 9 Z 3;]1?|M(” |2v (3.13)
1,5,k=4

where we defined the triple correlated tree-level squared amplitude by
(MY, 2= dte(My, g, ITETOTE My, 1), (3.14)
and we have introduced the symmetric structure constant d®*,
dete = 2T [{ae, ¢} ). (3.15)

Colour correlations between three hard partons do not appear in the tree-level soft limits
considered in refs. [1, 3, 39, 42, 43], and to the best of our knowledge it is the first time
that they occur in tree-level currents. They did occur, however, already in the context of
the one-loop soft-current for the emission of a soft ¢gq pair [38]. All other infrared limits,
including the infrared poles of three-loop massless amplitudes, are free of d®¢ terms. We
therefore expect that the infrared singularities generated by the phase space integration of
our d*° term cancel against those with the same colour structure from the soft-gg emission
at one loop.



Before we discuss the form of the kinematics functions, we outline how the colour
correlations introduced above come about, and in particular how it occurs that only the
totally symmetric structure constant d**° enters the tripole correlations, but there is no
correlation between three hard lines connected by the antisymmetric structure constant
foe. In order to do so, we analyse the terms obtained from squaring the soft current in
eq. (3.2). The square of the K term in eq. (3.3) yields

KPP =205 [T T (L T + G o D] Sils) Q) - (310

ikl

Using the identity [6],
{re, o} T T+ G o 1) = [2{Ti - Ty, T, T} (3.17)

1 . .
+ §CA(3TZ' . Tk(éz-l&jk + 5ij(5kl) — 4T, - Tj(éikéil -+ 5jk5jg)) + (Z > k)] + (] > l) ,

eq. (3.16) is straightforwardly reduced to two- and four-parton colour correlations. Next,
we examine the crossed term, obtained by contracting K with W. The product between
K and the second line of eq. (3.4) yields

~Tp Y if ™ [{T¢, T}, Tf] Qi) = —2Tp 04 Y Ty - T (Q1)) — Q1)) (3.18)

5,0 (]

where ngll) is a function of kinematical invariants, and where in order to obtain the equality
on the right-hand side, we used the identity [6],

i {8 T} TR] = 200 (T ) (0 — 030) (3.19)

We see that eq. (3.18) is reduced to a two-parton colour correlation. The product between
K and the first line of eq. (3.4) contributes to two- and three-parton correlations. In
particular, the product between K and the second term in the first line of the W term has
the form,

S [(TE T3 Tf T (#00°) + T (T8 T} T (1°4°4°)| Q)
1,5,
i aoc a C aoc a Cc 2
=30 (= g Te st Ty T + Ty ) O, (320

i1j7l

where, like Q) in eq. (3.18), le) is also a function of kinematical invariants, and we used

. .
T (t$4) = 7d" + %TF fabe. (3.21)

The contribution from the first term in the first line of W has a similar form. Note,
however, that the product between K and the first term on the first line of W has a
relative sign difference with respect to the second term on the first line of W. Therefore,
the kinematic term of the three-parton correlation (3.24) inherits a relative minus sign

~10 -



under the exchange of the quark and antiquark labels. Conversely, that sign is cancelled
in the f%¢ term since f%¢ is antisymmetric. Finally, like in eq. (3.18), the f®° term is
reduced to dipole correlations using again the identity (3.19). This explains the absence of
three-parton colour correlations involving an antisymmetric structure constant.

Let us now discuss the form of the kinematic functions. First we note that, due to
the charge conjugation symmetry under exchange of the quark and anti-quark labels, the
functions have a definite symmetry under an exchange of p; and p2. Further, while the four-
parton and three-parton correlations in egs. (3.11) and (3.13) and the abelian part of the
dipole correlations in eq. (3.9) are insensitive to the mass of the emitters, the non-abelian
dipole correlation contains additional terms proportional to the mass of emitters, which we
have made explicit in eq. (3.9). This is in line with the dependence of the triple-soft gluon
current on the mass [39].

The four-parton correlated term in eq. (3.11) only receives contributions from squaring
the function K%* in eq. (3.3). Therefore, the kinematic function associated to the four-
parton correlations separates into the product of two eikonal functions, one associated to
the soft gluon and the other to the soft gq pair,

_ 1 _
iy (P P2, p3) = =5 Sj(ps) Qi (p1, p2) (3.22)

where the single-soft eikonal function and the soft-gg function are given in egs. (2.15)
and (2.21). From the symmetry of the colour operator in eq. (3.12), it follows that the
kinematic factor in eq. (3.22) features dipole symmetries under the exchanges (i <+ k) or
(< 0).

Let us now turn to the kinematic functions appearing in the dipole correlations. They
must possess the dipole symmetry (i <> j). The coefficient of Cr in eq. (3.9) is given by

dqg (ab) _ 8 D [x1jx3i  X12X3iX3j X134
ij =2 , D) - —Xig | T

X123Xi(123) X5(123) X13 X13X23 X23

4 X1iX3j + X15X3i + XQiXSJ} _X12 (X12X35 — X1iX25 — X1jX23)

X23 X13X23
o X2 (xaiX1i + Xajxsi + 2xsix3i) i (X13 X12 _ X12 2) (3.23)
X13X23 X23 X13
O oxay O = xe +2x3i)  X3iXa12) + xas (Xsi — Xai) + X2iX;i(23) }
X13 X23
+ (14 2),

with xj123) = X1 + X2i + X3i, Which is manifestly symmetric under (i <> j) once the
(1 <+ 2) exchange has been added. The coefficients of C4 in eq. (3.9) are more lengthy,
and we provide them in appendix A.

- 11 -



Finally, the kinematic factor appearing in the three-parton correlations can be written
in an explicitly symmetric form as follows,

ik \P1,D2,P3) = 0] —
Uk( b 3) 3X123 Xii Xk( )

123)Xi(12)  Xj(123) \ Xi(12)  Xk(12 Xk(123)
_ 2 x2j (X1iXak + X1kX2i) N 2Xij X2k 1
X12X23Xk(123) X35 Xi(12) X23X3k Xi(12)X35(123)
+ 5 permutations of (zyk)} —(1+2), (3.24)
with
X13X2k X1k 1
Tk = - +—,
X12X23X3k  X12X3k  X23
_ X13X2k X1k X3k
tik - + - )
X12X23X3i  X12X3i  X23X3i
 X13X2k X1k X3k (3.25)
X12X23X3j X12X3j X23X3j
gy = X1 (x2jX3k + X2kX37) + X15 (X2kX3i — X2iX3k) — X1k (X2iX3;5 + X2;jX3i)
ijsk = .

X12X23X35Xi(12)

3.2 Strongly-ordered soft limits

In this section we examine the strongly-ordered soft limits, where one or more partons are
much softer than the others. The strongly-ordered limits can be computed by rescaling
the softer momenta by a parameter A\ and keeping only the leading term in the Laurent
expansion around A = 0. Since the rescaling of the momentum components is uniform in
A, the ordering in the momentum components is equivalent to an ordering of the energies
E; of the soft particles. We will use the latter to label strongly-ordered limits. We note
that the strongly-ordered soft limits where the quark is much softer than the anti-quark
(or vice versa) is subleading, and we will not discuss those cases here. Hence, we discuss
in the following only the two strongly-ordered soft limits where the energies of the quark
and the anti-quark are of the same order.

The factorisation of the squared matrix element in any of the strongly-ordered limits
can be written as in eq. (3.8), after replacing the kinematic factors with their expressions
in the limit. We now discuss the two relevant strongly-ordered limits in turn.
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Let us start with the case where the gluon is softer than the gq pair, F3 < Fi, Es.
The kinematic functions behave as

SQH 2 (p1,p2,p3) = Q?g?jl(pl,pmp:s) ,
3 ka(pl,m,ps) = %Q%(Pl,m) [S15(p3) — S2j(p3)] + 5 permutations of (ijk),
L5 QL

Sy Qqqg * (p1, p2.ps) = {1 M (p1,p2) [S1i(ps) — Sij(ps) — S12(ps)]

+ ALz 52; (p3) [S1i(p12)S2; (p12) S2i(p12)S15(p12)] [S1i(p12) — S2:i(p12)]

p1,12,p3) = 2S12(p3) Q¥ (p1. p2)

_ 2;12 Sij(pr2) Sai(ps) + 5 Sij (p3) S1i(p12) Sai(pr2) + (i < j)} + (14 2).

S ngqg( ass)(pl,pg,pg) = m? 2] — ;] +(1+2))+(i<+7).
X12X13X512)X35  X12X3iXj(12)X3j

(3.26)

We note that the function qgg , in eq. (3.22) is exact in this strongly-ordered limit. In
the case where the gq pair is softer than the gluon, Fi, Fs < Fs, the kinematic factors
behave as

F12Q%5% (1, p2, p3) = QK (p1, 2, ps)
F12 QU (p1,p2,p3) = F12 QL ) (p1, p2, p3) = 0,

2 1
Qqqg( (p17p27p3) = {Xlg S1i(p3) BRAC R Sai(p12)
X12X3(12) X12X3(12) 2
X23 2X13X23
+ Sij(p { Sai(p12)” + ——— S1i(p12) — 55—
]( 3) 2X3(12) 2i(P12) X12X3(12) 11(Pr2) X%2X§(12)

+ % (Su(pm)S%(Pl?) - Q?aq@l’p?)) ]

— Sij(p12) [ S15(p12) S2i(p12) (X13 S15(P3) — X23 Si2(p3))

X12
8Xx3(12)
1 1 . .
+ 5Sia2)(p3) | S1ji(pr2) + — ) |+ (i< j) ¢ + (1 ¢ 2),
2 X12
z( 4x3; B 8X23X1;
' X12X3(12)X§in(12) X%2X3(12)X§¢Xj(12)
4xij 8X1iX2;
- PO I I U
X12X3;Xi(12) X5(12)  X12X3iXi(12) X;(12)

2
+1<—>2>+i<—>', 3.27
X12X3(12) X3iXi(12) ( ) ( J) ( )

A2 Qqqg (mass) (p1,p2,p3) =M

where we defined Sy(;;)(p1) = Sir(p1) + Sjr(pr). The function Qg,gf’jl in eq. (3.22) is again
exact in this limit. The tripole contribution is power-suppressed and can therefore be
neglected. The same is true for the coeflicient of Cr in the dipole contribution.
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Supplementary material for the terms in egs. (3.8), (3.26) and (3.27) is provided in
a computer-readable format with this published work. The content and conventions are
appended as a short note at the start of each file.

4 Soft limits of the splitting amplitudes

So far we have only considered soft singularities of on-shell tree-level scattering ampli-
tudes. Soft singularities, however, are not the only kinematic limits in which amplitudes
become singular and factorise into universal building blocks, but they also exhibit collinear
singularities when two or more massless particles become collinear. These limits need to
be taken into account when constructing subtraction schemes for higher order computa-
tions. In particular, one is also interested in understanding iterated soft and collinear
limits. In this section we discuss the behaviour of scattering amplitudes where a subset
qqg of collinear massless particles become soft. Before we do this, we give a short review
of collinear factorisation in general.

4.1 Review of collinear factorisation

Throughout this section we follow closely the notations and conventions of section 2. Con-
sider a tree-level scattering amplitude for n partons, and assume that a subset of m masslees
particles become collinear to a light-like direction P. The approach to the collinear limit
is parametrised by a lightcone decomposition as follows,

2 H
ki, n

= 4 PH 4+ k. —
Pi = A b A R 2% P-n’

i=1,...,m, (4.1)

where pz2 =0and P-k,; = 0. Above, n* is an auxiliary light-like vector such that n-k; =0
and n-p; # 0 # n- P. The longitudinal momentum fractions z; and the transverse momenta
k1 ; can be chosen to satisfy the following constraints,

m m
Zzi =1 and Zki =0. (4.2)
i=1 i=1

The collinear limit is performed by introducing a uniform scaling parameter A. as follows,
/ﬁ_i—>)\ckj_i, 1<i:<m. (4.3)

Then, we expand the matrix element into a Laurent series around A, = 0 and only keep the
leading divergent term. In the collinear limit a scattering amplitude factorises® as [45-47],

Cr.m My fa) =SPry M toisf) s (4.4)

where f denotes the flavour of the parent particle (note that in QCD f can always be
inferred from the flavours fj ... fy, of the collinear partons). The symbol %], indicates

4The factorisation in eq. (4.4) is valid to all orders in perturbation theory if all the collinear particles are
in the final state. For the case where at least one collinear parton is in the initial state, the factorisation in
eq. (4.4) is known to hold only at tree-level [44].
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that the equality only holds up to terms that are power-suppressed in the collinear limit.
The scattering amplitude on the right-hand side of eq. (4.4) is obtained from the original
amplitude by replacing the collinear particles with the light-like momentum P. The quan-
tity Sp is called the splitting matriz [30, 44] and only depends on the kinematics and the
quantum numbers in the collinear set.

The factorisation in eq. (4.4) implies that also the squared matrix element must fac-
torise,

S1..m

) 22€ g2 m=1 R
/ /
Gr..m |Mfl~..fn| = <S> <8 |Pf1.~.fm|8> <S‘,rffm+l~..fn|8 > 5 (4'5)

where we defined the Mandelstam invariant s;_,, = (p1 + ... + pm)2. The helicity matriz
Tt fmsr...fn denotes the square of the reduced amplitude by not summing over the spin of
the parent parton,

I i1 tal8) = M pia 8V M 1) (4.6)

The dependence of the helicity matrix on the lightcone direction P as well as the momenta
of the hard partons is not written explicitly. The (polarised) splitting amplitude P is related
to Sp by

2e 2\ 1 t
( ) Prm =g SPsfit] SPrfgu (4.7)

where Cy is the number of colour degrees of freedom of the parent parton with flavour
f,ie, Cyg = N2 —1 for a gluon and Cy = N, for a quark. In writing down eq. (4.7) we
implicitly sum over the spin and colour indices of the collinear partons. Due to colour
conservation in the hard amplitude, there are no non-trivial colour correlations, i.e., the
operator P f1...fm acts as the identity on colour space. However, there can be non-trivial
spin correlations. When the parent parton is a quark, helicity conservation implies that
the splitting amplitude is proportional to unity in spin space,

(1P, pls) =0 Pp 4., (4.8)

where the quantity Pfl,__ fm 1s a scalar. In the case where the parent parton is a gluon, it is
possible to write the splitting amplitude in terms of Lorentz indices as [3],

<5‘].3f1__.fm|8,> = e, (P,n)" ¢ (P,n) pﬁ'/fm , (4.9)

with

DUV v - kizkij
Pf fm = g'u Afl---fnL +

1-

Bij7f1---f'm : (410)

ij=1 S1..m

The splitting amplitudes for the squared matrix element have been computed at tree-level
for the emission of up to four collinear partons [28, 29]. At one-loop level, they been
computed for the emission of up to three collinear partons [30-32].
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So far all considerations were valid in the case where the collinear partons have non-zero
energies. However, it can be interesting to understand how splitting amplitudes behave if
a subset of collinear partons are soft. In ref. [48] the single- and double-soft limits of triple-
collinear tree-level splitting amplitudes were considered. Those soft limits were generalised
to a generic set of m collinear partons [28], where m > 2 in the single-soft limit and m > 3
in the double-soft limit, and applied to the single- and double-soft limits of quadruple-
collinear splitting functions. It was shown in particular that the soft limits of splitting
amplitudes involve universal quantities reminiscent of soft currents. In the remainder of
this section we extend the analysis of refs. [28, 48] to certain classes of soft limits of more
than two collinear partons.

4.2 me-parton soft limit of the m-collinear splitting amplitudes

We start by analysing the special case where all m collinear partons are soft. This implies
that the parent parton must itself be soft, and therefore it must then be a gluon. The soft
limit of the collinear factorisation in eq. (4.4) then becomes:

ylm Cglm ’Mflyfn> = /’Legs Spgflfm JQ(P) ‘Mfm+1fn> ) (411)

where the soft-gluon current is given in eq. (2.10). Squaring eq. (4.11) and summing over
spin and colour indices, we obtain

yl...mcgl..‘m ‘Mﬁfn ‘2

. m+1 2 m—1 n . »
“(r)" (G) X SuwdPIP ML

5L..m ij=m+1

(4.12)

where ]5’“‘1 . 1 denotes the polarised splitting amplitude for a gluon to split into m partons
fi,--., fm defined in eq. (4.9), and the sum runs over the hard partons. The soft factor
Sij is given by

i v
(i P)(p;-P)
Equation (4.12) generalises straightforwardly the analogous derivation for m = 2 collinear
partons [6, 48].

SH(P) = (4.13)

4.3 Soft gqg limit of tree-level splitting amplitudes

In ref. [28], in the case of a tree-level amplitude of n massless partons, the behaviour of
an m-parton splitting amplitude was analysed where a single gluon, or a ¢q pair, or two
gluons from the collinear set become soft.

We consider now the more general case of a tree amplitude with (m + r) massless and
(n—m—r) massive partons. Firstly, we note that for an m-parton splitting amplitude where
a single gluon or a gq pair from the collinear set become soft, the kinematic coefficients
are the same as the ones of ref. [28], because they are degree-zero homogeneous functions
of the (n — m) momenta of the non-collinear partons. Thus, the kinematic coefficients
do not depend on the momenta of the non-collinear partons. Likewise, for an m-parton
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splitting amplitude where two gluons from the collinear set become soft, the massless pieces
of the kinematic coefficients are the same as the ones of ref. 28], while the pieces which are
proportional to the squared mass of the partons [6] are not singular in the collinear limit.
Thus, we conclude that in the case of an m-parton splitting amplitude where a single gluon,
or a ¢q pair, or two gluons from the collinear set become soft, the factorisation formulae
are the same as the ones of ref. [28] even in the more general case of a tree-level amplitude
with massive partons.

We now focus on the behaviour of an m-parton splitting amplitude P. f, in the

limit where a ¢q pair and a gluon from the collinear set become soft. The tgiq[file soft limit
of the splitting amplitude is defined by performing a rescaling by a small parameter As as
follows,

zi = Asziy ki = AskLiys Xig = AXXijs Xik = AsXik

(4.14)
1<i,j<3, 3<k<m.

We expand the ensuing splitting amplitude in \s, and keep only the leading pole, of O(A; ).
We will argue that its coefficient is universal.

In order to obtain the factorisation of the splitting amplitude in the triple soft limit
from eq. (4.14), we use the fact that the soft limit and the collinear limit are expected
to commute, cf. ref. [3]. We then start from eq. (3.8) and take the collinear limit where
partons 1 through m are collinear using colour conservation for the hard amplitude,

n m
> T¢=-> TY. (4.15)
j=m+1 j=4

By doing so, we obtain the factorisation formula,

21% g3 " 2¢ 2 3TF - (ik;j€) |2
123 (8 S) Pioggfatfm | = (11795) C [ Z U%gz 123‘Spff4, | (4.16)
L.m i,jk 0=4
m
ik) 2 (ab) b) /) 2
+ >0 123|S ;}4 Tt Z (CF zqu%:? +CAU(§q£172§a ) Sp ;;4 fn] 1’
i,5,k=4 i,j=4

with the factor C; defined in eq. (4.7), and we introduced the two-, three- and four-parton
colour-correlated splitting amplitudes,

(i4) 2 _ 1

SPyf,.p | = [Spffz;...fm} T -TiSpsr. f s
(igk) 2 _ jab T b

SpY4, 1,17 = d Sy, g, | TITITESPy, (4.17)
(iks3l) 2 _

Sy 17 = [Spy,..s } {Ti- Tk, Tj- Tt} SPyy,.. 1, -

The factorisation in eq. (4.16) follows straightforwardly from applying the collinear limit
and imposing colour conservation as in eq. (4.15). A detailed derivation in the case of the
single and double soft limits of splitting amplitudes can be found in ref. [28], where the two-
and four-parton colour-correlated splitting amplitudes were introduced. The coefficients of
colour-correlated splitting amplitudes are obtained by taking the collinear limit of the soft
functions in egs. (3.9), (3.11) and (3.13).
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Applying colour conservation in the hard amplitude, eq. (4.15), we see that the hard
matrix element completely factorises from the collinear limit of egs. (3.9), (3.11) and (3.13).
This is due to colour coherence: a cluster of collinear partons acts coherently as one single
coloured object, i.e., the hard partons cannot resolve the individual collinear partons,
and the colour correlations are in the space of the collinear partons only. The procedure
to compute the contributions of the two- and four-parton colour correlations has been
presented in detail in ref. [28] in the context of single- and double-soft limits of splitting
amplitudes. The computation of the three-parton colour correlations is similar, and so here
we content ourselves to simply state the results.

o The coefficient multiplying C'r in the two-parton colour-correlated term in eq. (4.16)

is given by
(ab) _ ~dag (ab) (ab)
Uqu§2; — gqu & + U(Zip) ) (418)
where Qqqg ) is given in eq. (3.23) and UEZ?Q) collects contributions with at least one

spectator outside of the collinear set,

L) 8 22(21 — 22) — 223212 | A1Eax1 <Z3(23 + 2123) . 2)
Hdip) = XT237123 X23 X13X23 2122
— 2 1 2z — z
_ z1(z — 2+ 223) 4 Lp,, 2720z ~ X122
X13 2 X13X23
8 g — D
_ {2 [Zz <X13 _ XX 2) n z1(82i — 8110 — 283;)
X123%12354(123) X23 X13X23 X13
(4.19)
Q X13(5z'(12)23 - X3(12)Zi) + 531'(X3(12)21 — X12%3)
2 X13X23
 s2i(223 + 23 — 21) + s3i21 + 51523
X23
238; + 29383; + 229515
N X12(238i(13) T 22353i 2 11)} e Hj)}
X13X23
+ (14 2),

where we defined 21 = z1+...+2;. The function multiplying C'4 in the two-parton
colour-correlated term in eq. (4.16) is

U:]Jq%gab Qqqg (nab) UES?IS) ’ (4.20)

is given in eq. (A.1), while ug i )) is provided in appendix B. Note

qdg (mass) .
i in

qqg (nab) .

where i

that there is no mass term in eq. (4.16), since the mass-dependent term
eq. (A.2) is not singular in the collinear limit.

o The function multiplying the three-parton colour correlations in eq. (4.16) reads

ngglz?, = Q;‘I;’]]? + U(trip) (4.21)
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where Q?]‘-l,f is given in eq. (3.24), while u ) is

82129293 2 229 <X1(23)Zi — X1i%23 — ZlXi(QB))
Hlerip) = {3X123X12X232’3212Z123 3X12X123X23{ 23212Xi(123)
L2 {2122 <X23Zi —Z3X2i  2X2i 1) 23 (—xa2% + 22X + ZlX2i):|
2123 L 212 22X3i X3i Z3Xi(12)
_— [Z3X12 —22xa3+21Xe3 1 <22X13 + Z1X23 — 23X12
2123 X3iX;(12) Xi(123) 212X3j
n (222 + 23) x12 + 22X13 — 21X23>} . {1 ( Ui Wy )
23Xj(12) X3i \ Z12X5(123) 2123X5(12)
n 1 <X12X3j + uz;; L2y > n 1 <X12X3j + us;; LMy ) ]
Xi(12) 2123X3j Z3X35(123) Xi(123) 212X3j Z3Xj(12)
1 [X% (z3x1j — 21 (2X2j + x35)) 735 | Xoi (2axsy — (222 + 23) xa5) + ri;}
Xi(123) 212X3j 23X35(12)
_ zaxaiXsi — X35 (22X0 + 21X2i) — 21X25X3i
2123X35 Xi(12)
| 28X1iX2) + x2i ((222 + 23) x15 + 221X2j)}
2123X3iX5(12)
+ 5 permutations of (zgk)} —(1+2), (4.22)
with

Ul; = —X12X35 T X13X25 T X15X23 5
U2;5 = X12X35 — X13X25 T X15X23
u3; = X2j (2x12 + X13) — X1jX23 »
rij = —22 (X1X3j + X15X3:) — X2j ((22 + 223) X15 + 21X34) -

(4.23)

o The function multiplying the symmetrised colour correlation in eq. (4.16) is given by

_ 1
z'qﬂcgf;srt = 5 z'(]lf(];srUj£§t7 (424)
with
22 22
Ujep = —= + — Sju(pr) , 4.25
o6t Xt AXit (o) (4.25)
q 4 11 2 i ZsXri + ZrXsi — ZiX
z'qkq-sr =2 7X§7‘ glg(psapr) — =220 A% Al
b 4 Z .
Xsr sr Xi(sr) (4 26)
_ RsXrk + ZrXsk — ZkXsr + 2252y
Zsr Xk(sr) Z?,n

We note that just like the function (3.22), eq. (4.24) is the product of two functions,
one associated to the single-soft limit and the other to the soft-gg limit of splitting
amplitudes introduced in ref. [28].
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Finally, we note that, just like in the two-soft-gluon case, all the kinematic terms in the
factorisation formula (4.16) of the splitting amplitude are independent of whether the tree
amplitude describing the hard scattering contains massive partons or not.

Supplementary material for the coefficients of eq. (4.16) is provided in a computer-
readable format with this published work.

4.3.1 Soft gqg limit of the quadruple collinear splitting amplitudes

So far all considerations were completely generic and hold for the soft-ggg limit of any
splitting amplitude. We now focus on the soft-ggg limit within a quadruple collinear
splitting f — @gqgf, and we work out all the color factors explicitly. Equation (4.16)
becomes

3
2 2692 R
123 [( 'u23$> Paagr

€ ab (nab) )12
— R - (Cr U + CAUTE™) SpliY)
s (4.27)

(444)

’ +U 4444 123|S

2
+ U444 123|SP o 44)| } ;

where the kinematic coefficients are given in eq. (4.17), and the colour-correlated splitting
matrices are defined in eq. (4.17), with Spyp = 05y (note that Sp;; acts as the identity
on both colour and spin indices). We can now evaluate the colour correlations in eq. (4.17)
explicitly. For the dipole and symmetric four-parton correlations, the colour algebra is
trivial,

= Cy and ys P =20, (4.28)

where Cy denotes the Casimir in the representation of the fourth collinear parton, with
flavour f. For the three-parton correlation we need to distinguish two cases, depending on
the flavour f. If f = g, we have (T§),, = if®achs and using d%¢ = 2Tr ({t“,tb}tc) and

fobe = —2iTr ([t“, tb] tc), one can check that the three-parton correlation vanishes. If f is

an (anti-)quark instead, (T),, = t5 ;., we repeatedly use the identity,

aaby?
14 = % []\1765“’)1 + (dote i fere) tC} : (4.29)
and we arrive at
N2 —1)(N2 -4
e e = DEDO% 9 (1.30)
where we used that d%® = 0 and d®¢ f2¢ = 0, and d**¢d*? = Mécd. Hence, we obtain
that ‘
sp{if Y = oy, NEDINE D), (4.31)
c
where ‘
Oa = { (i: gﬂ{e?wgi;e. (4.32)
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Putting it all together, we see that for m = 4, eq. (4.27) can be cast in the compact form,

3
2/'62692 R B _ _
S ( 2) Py | = (223 (VRS + 208, 100) (1.33)

(Nc2 — 1)(Nt:2 — 4) thfg
4Nc 444;123 | -

+ Cp CAULSSY + 644

Equation (4.33) describes quadruple splitting amplitudes f’qqg ¢ in the triple soft limit. We
stress that the derivation of eq. (4.33) only requires the knowledge of the triple soft current
of section 3. In particular, we did not need any explicit results for the quadruple splitting
amplitudes. We checked, however, that eq. (4.33) agrees with what we obtain by taking the
soft limit of the quadruple collinear splitting amplitudes for f € {g,q,q’} of refs. [28, 29].

5 Conclusions

In this work we have computed for the first time the tree-level current for the emission of
a soft quark-antiquark pair in addition to a gluon. Our result is an operator in the colour
space of the hard partons, and it is valid for any number of hard particles, irrespective of
their flavour, spin, colour or mass.

We have also considered the square of the soft current and the colour correlations it
induces on the squared matrix elements summed over colour and spin quantum numbers.
Remarkably, we find that there are only three different types of colour correlations. These
include dipole correlations, which correlate two hard partons and appear already for the
emission of a single soft gluon, and symmetrised four-parton correlations that show up in
two-gluon emissions. A novel feature of our result is the appearance of tripole correlations

d®c. To the best of our knowledge, this

involving the totally symmetric structure constant
is the first time that such colour correlations have been observed in soft limits of tree-level
matrix elements.

If our soft current is used in the context of an N3LO computation, e.g., to build a
subtraction scheme at N3LO, it is important to understand also kinematic sublimits, i.e.,
limits where a subset of unresolved particles develop additional singularities. We have in
particular studied the strongly-ordered soft limits in which the gluon is softer than the
quark pair (or vice-versa). We have worked out how collinear splitting amplitudes behave
if a subset gqg of collinear particles becomes soft. This leads to the same type of universal
factorisation of splitting amplitudes as in refs. [28, 29], and we have derived the universal
building blocks entering this factorisation in detail.

Our soft current was the last missing ingredient to describe all kinematic infrared
singularities that can arise in N3LO computations. Having a complete set of infrared limits
was a crucial step towards building a subtraction scheme at NNLO. With the completion
of this work, we have now a complete set of limits also at N3LO, which opens the way to
the development of subtraction schemes to combine real and virtual corrections at N3LO
in the future.
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A Two-parton colour correlated soft function

In this appendix we provide the explicit expression for the coefficients of C'4 in eq. (3.9),
with

q na 1 3 a
gqu( P — [&"(]93) (51i(p12)32i(p12) 7 Z?(pbpz))

4 4
(A.1)
+ — ! (ao + a1xij + a2><?j) + (1« 2)} + (i< j),
X123Xi(123) X5(123)
and
Q799 (mass) _ 2 b QI( )_71 Sij(p3)
ij i 2X§‘ ij \P1, D2 X12X2 o 15\ D3
‘ i12) (A.2)

2
X123X4(12) X5(12) Xi(123) X5(123)

(co + cixiz) + (1 < 2)} + (i ¢ J)-

Like for the coefficient of Cr given in eq. (3.23), here we have exploited the dipole sym-
metry under the exchange of the indices labelling the hard emitters, as well as the charge
conjugation symmetry of the ¢gq current. On the second lines of egs. (A.1) and (A.2) we
have extracted a pre-factor which captures the overall scaling of O(A~%) in the triple soft
limit.

The coefficients ag, a1 and a2 on the right-hand side of eq. (A.1) are given by,

1 2x1; 2 1 iXi
4y — —X302) { X12 (_ X1 )+ xis 1 {X13+X3(12) (lex (12) —2X1¢)]
Xi(12)Xj(12) L X3(12) 2 X3 X3(12) X12 X3i X3j

1 2X1i X
L ( X1 Xi(12) —4X1¢) }+ X2 (A.3)
X3i X3j 2X3iX3;

2x3, _2X12X1i_X1jX2i+ X3(12) { X12 [Xl‘ (10X1j+8X1j>

X13X23  X13X3i  X3iX357  Xi(12)Xj(12) L X3(12) ' X13 X23

e <9X1j +9X1j”_ 6xTixy  Axuyxs X3 (X%XU L 2as +2xu>
X13 X23 X3(12) X3i X3(12) X3(12)X3i \ X12X23 X23

a1=D+

2 2
X1j X1 (X113 —X
5 L {X%( 150 23)+(X13X23)24X13X23>+4X23X1i(X23X13)
X12X3(12) X3j
LG (ngxfg)}_ X1/ {m <4X13X1i><zj+3X1jX23>+3X13X§i+xi (4x13+10x23)
X3i X12X3(12) LX3j X3i X3i
X1; [ 6 2 o 2x3, 4
—X1i (4X13+10X23)}+X22X1][ a3, X3 —XM(XI?’ +X13+10)
X3(12) L X23  X12X13  X3i \X12X23  X23
6 . 2 2 2 V1Y o s
4 X23_X13( X23 T X23+2>+ Xi3 +9}— X21@X1g <X13X21X21 +2X1z’X23>
X13  X3j \X12X13  X13 X12X23 X12X3i X3j

1
_'_7
X12

s 2X7X5;
X2i 5X1j—Xh —L4+10x1; | | ——E=—4x1 x5
X3i \ X3j X3iX3j
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ag =

2 2
_ X8(12) X2i lei <2X1‘ >+X1jX2i‘| 4 X (2X1j><§3+8><1j><23

p = 42x1;
X12X3i 33 X3j X3(12) \ X12X13 X13

_2X15X23Xi(12) ()(23,+2> Jr4)(13)(1j +10X1j> } X123 {leX%i
X3iX13 X12 X23 Xi(12)Xj(12) ( X23X3i

+2X1iX1jX2iX3(12)+2x§ix1j+X%jX2i_4X11X1jX2in(12)

X13X23X3i X13X3i  X13X3j X12X3iX3;

X3(12) [QX%J'(QXliX2i+X?(12))+ 2x3; (4X11‘X2iX2j
Xi(12) X5(12) X23X3(12) X13X3(12) X1j
X15X3i <X1j (2x1i+x2i) (ij+Xj(12)>+2X1z‘ (X1j+2x2j)+X1jX2i)

X13 X3j X23  X3(12) X23
+X1jX%iX3j+X%iX3j (Xlinj+X1jX2i+XliX1j>

X13X23 X23X3i X3(12) X13

X3 X5 dx1i | Xxes (X1 [ X13 X13 X5 | Xzi
Sl (2 () o)
X12 X3i [X3(12) \ X2 \ X23 2x23 X3 2xui

X2 (Xl (X”+3)+ Xy gy X2 )+2X“X2j]
X3; \ X2 \X2j 2x2; 2X1i X1jX2i
" 2X23 (X13X1j+X2j (4X13+X23)+2in+4)(17:>}
X3(12) X23X3j X2; X2i
+2X%j {X3iX1i (Xli (2x15+6x25) +Xx2i (X1j+3X2j)+2>
X12 ( X3(12) X1iX3j
+ Xiixei {8)(2;'4_1_‘_)(3]‘ <3XQz'+X2iX2i(23)>+XM <4X2j+1>
X3(12)X3i L X1j X1 \ X1i X1 X2i \ X1j
Xai x%} X1iX2i [4X2in(23) +6+X1i+X2in(12)+Xi(23)}H}’ (A.4)
2x1i 0 2x1;] 0 xsa2) Lo XijXxa X2i  2X3jX1i X1
X3(12) { QXi:X%j <X23+2)+ leX%Z'X%i (2X1iX23X2j+X13X1jX2i>
Xi(12)Xj5(12) L X13X3(12) \ X12 X12X3(12) X34 Xlsxgi X23X%i
+X1i>2<%jx23x2i <4X1i+4X3i_2X2iX3j+2X3i_8X2j +8>+X2ix3iX%j ()(2]_6)(3])
X12X3(12) X2i X1iX1j X1i X1j X13X23 X35  Xij
X%j {XQini |:X1iX23 <X2j (QX%3+4X§3) +2)

+ +2X1iX2i+X?(12)>

_|_

+2X1jX2i (4X1i2)(2j+X2iX3j)+
X12 X3(12)

X12 | X13X3i X%?,le

X23 X%?, X1j X13X23X1i X3j
n 2X1iX2i {X&' (3x23—2x13)  Sx13+3X23 4X2j:| }+ 2x1ixT; X3 (ng 3X3j>
X13 2X23X1i X23 X1j X13X23 X35 X1j
+2X1¢X1j {leXSi |:X2] (X13+X23) +3X2(13) )(12] 4 X2iX8i (2X13+X12+X23)}
X3(12) X12 X35 \X23 X13 X13 X23 X12 X23 X13
n X%jX%i <X1iX3j —6) i X3 |:X1jX3j <3X1(23) _ X23 2)(12)
X13X23 \ X15X3i X3(12) X12 X23 X13  X13

2 3
+Xquij(w) (X13+X23)+X1j (ng (Xl?>+XQ3>)_3X13_3X23>+ X15X23 1

4 2 + 2 . . . 2 + 2
_ 4X1s <X13 ngJerg)+ X3i X2j (X13. X33) 332 — 2 ]

X12X3i X23  X13 X12 \ X35 \X23 X13 X23 X13 X12X13X3j

XTX5i [x25 (4X3:Xia2)  4xuixsi 2X1iX5(13) | 2X5(12) | 2X2i  2X2;X3i
3 5 + + + + + —2
X12 X2 X15X3i X3j X15X3i X3j X3i X2iX3j
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N X3;X5: {4X1in(13)+X1i;(3i <8X2j_6Xj(23)+2+4Xi(12)+6X%iX22j)+3X2i
X12X3(12) X15X3i X2 X3j X1j X3i X15X3; X34
3Xi(12)F X2 ; i ( 10x2; 1 [(4xoix3i 6X3:X34

4 Xj(12) X23+X11 {Xu( X2j +2>+< X2jX3i  DX3iX3; —SXi(m))]}

X35 X2i | X3i X1j X1i X35 X1j
)

CXa2X1jX2i [4X1z'2X3i (QXJ‘(23)+1>+2X32' <4X3j+1)+2X3j:|}
X13X23X3(12) X2; X1j X2i X1j X1j

D[Xz:s (2X1iX1j+X1jX2i)+X13X1jX2i+ 31'X3j( 2X12 N 1 N 2 )

2 X13X23 E X13
2
v (2X1jX23 n 2X1;5 +6X1j . 2X1j> ] B Ax12X15X2i N X1jX2i
X12X13 X12 X13 X23 X13X23 X13X3j
lexgi)+ X123 X%jXQi 2X%i 1_X2j (X3(12)+X23)
Xi(12)Xj(12) | X12X3i | X13 X23X1j

_’_7 -
X12X13 X12X23

+i <2X1iX1jX2i n

X3i X13 X23

: 3 .2
+X7§¢7 2X3:X2; +)(17:><2z‘><3(12) n X1 X2 <X2jX3(12)+1>
X23  X13X1jX2i X13X23 X12X13X3j X15X23

X3(12) {ZX%jX%i(leXQi_XliXQj)JF XijX2i <X1iX1j(X2i_2X1i)+3X2j (X3 —2x3:)

Jr
Xi(12) Xj5(12) X12X13X23 X12X3(12) X13
| XX (2x1i+3x2i) +x25 (X3 —2x3;) ) +4X%jX2iXi(l2) (X2iXj(12) —2X1iX2;)
X23 X%2X3(12)
ZlQX%iX%jX%i (X% (3X1j*X2j)+X1i (X1j73X2j)+(3X1j*3X2j)
X12X3(12)X3i 2X1i X2i
2 2 2 .2
i X2i iX2j X1;X2iX3 1 1 iX3i
+XIJ>§21_X1¢;(2J>_|_ 15X 2iA37 (XliXi(QS) <_>+X2zX3z>
2x71; X3; X12X3(12) X3 X13  X23 X13
N 2x3;x3; (xai (X15+3x25) —X1iX25) N XTiX2ixsi (X13—x23) (X15X3: —2x3; (X1 +2x25))
X%2X3(12)X3j X12X13X23X3(12) X35
2
Yo , vy VIRV (Dvy s .
| XiyX3iX2i I:Xlz (xszj(u)_ xhxwﬁxlj)_m]( mﬁm)“ . (A5)
X12X3(12) [X23 X1i X2i X13

The coefficients ¢y and ¢; on the right-hand side of eq. (A.2) are given by,

o = X3(12) {X21X2ij(12) ( X%iXi%j + X2iX3;j + X2j X3i + X3 X35 2>

Xi(12)X5(12) X3(12)X3i X2iX25 X3 X25X3i  X2iX35 X2 X2j
X123 Xj(12) [xlszj (2X1iX2iX§j 2X1iX3iXG(12) X1iX3 L X
X12 X35 L X3(12) xlezjxéi X15X25X3i X15X25 X3 X2j
2X2iX3; X3 2) 4 X1iX2iX3) (X%in(lZ?)) B XliX?(lQ) . 2Xx1iX;(12)
X25X3i X2j X123X3i \ X15X2iX3i X15X2i X33 X15X3i

+ X 25 X3iX;j(23) n X2iXj(23)  X25Xj(23)  X1j  Xj(23) 4 X2 2)@)}}

_|_

X15X2iX3j X15X3i X15X35 X33 X1j X3i X33

_ X3(12) (Xsin(u) - X3in(12)) (A.6)
X3iX3) ’ '
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and

2
o= X3(12) {leXZin(12)Xj(l2) ( X3 Xi(12) . X35 Xi(123)Xj(12) n 3x2;j n 4>
Xi(12)X5(12) X23X3(12) X15X25 X34 X15X25 X3 X1j

| X13X23X6(12) X5 (12) |:Xi(12) <X123X3j + X3(12)Xj(12)) (x1ix2; + x15X2i)

X%2X3(12) X13X23X§¢
L Xi23) (le (2x1 + X2i) — XXz XiX2i — x2j (i + 2X2@')) }
X3i X13 X23
n X15X25Xi(12)Xj(12) {)(13 X2j g L 2X2 g X15X2(13)
X12X3(12) X23 \ X1j X1j X23X2j

2
LN (X Xy ) X£’>j(3X1i L XX [ Xai X
X15X35 \ X23 X2j X3i \ X1j X2j X23 \ X1j X1j

N 2x2; N 2X2¢) n X1iXj(12)  X1iXj(12) n 2X§in(12) B XlSXi(12)Xj(12)]}
X2j X1j X15X3i X275 X3i X15X25X3i X15X23X3i

n 2X2jX§(12) n Xj(12) (X3i - Xi(lQ)) (X2(13)X3j - X2jX3(12))

X23X3j X12X23X3i

Xi(12)Xj(12) (X1ix2s + X15X2i) A
— 5 ) (A.7)
X12X3;
B Collinear limit of the two-parton colour correlation
In this appendix we consider the uggf;f)) term in eq. (4.20),
4 D — 4 -2
uEE?b)) S { {23 212 ( X1223 = 2X13%2 <1+ 23 >+2Z1>
Pl Xigg#1es L 4 X12 X23 23 — 212
n 223(21 — 23) B 22123 n 2)(12232) 21 (21 — 29 + 223)
X23 X13 X13X23 X13
_ z3xaz (212 + 223) n 22122X23 [213X13 (212 L 1) 3z X3(12)2123}
X13X23 X3o Z1X23 \ 23 22212 2212X23

2129 [ 21 — 293 — % z 322 4z9 + 2 z129 [ 2193 + 22
+12<1 28 =7 2 37 Az 3>+12{123 2

X23 212 21 Z122 22 X12 Z3

1 1 2 -2 9 2

+Z3<221 () 722> e I B

Z12 z3 22 21 4z 429

21— 293 — % z 2z 3z 22129 (2 — z

+)(13(1 23 3+2+2_2+3>]+ 122 (Z2X13 — 23X12)

X23 212 Z1 z3 Z1 23X13X23

z (1 (25x13 + 2ix23)
+ 3 (Z(D—-6)+ }

x12 \ 4 23212X12

4

_ [2 (co + 1z + czzzz) + (i ¢ j):| + (14 2), (B.1)

X123%123Xi(123)
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with

co = (D — 6) Z3XNX3i %3 (X%¢X23 n Z%Xi(12)X23X3i) 4 22X <X21 + Z2)

2X12Xi(12)  Xi(12) \ X2 Z3X32712 2x23 \X3i 3
21X 4 Axai (Zz _ 2X12> _ Xaz3 {21)(2@ <23Xi(12) Z12X3i 1)
2x23x3i  X23 \223  Xi3 X2 L x12 \2z12x3:  223Xi(12)
% (ZQXIiXi(IS)+31X2iXi(23)) n R122X1iX2i ( X%i _ Z13X%i _ A13X2i
223X23Xi(12) Z12X23Xi(12) \2X1iX3i  222X1iX3i  2Z2X3
+X2i T X1i  *23Xi(12) X2i Zj+ Z% +Z1+Zz+2>}

2
X1i  2X36 221X3i X3 21 2z123 223 23

n D <X13 (z2Xi(12) — 22X3i + (212 — 23) X24) n 2z3x12X3i  2Z1X3i
X12X23 X13X23 X13

4
(=12 = 223) X0 + 23 (X1s +3x2i)  2ixai + (23 — 22) xo2i + Z2X3i)
X23 X12
X1iX2i [ z122X3i (212 +623) X3 LB 2203 + 23 — 621 420 + 23
2X23 [ Z3X1iX2i X1iX2i X3i X X2i

+Z1<Z2 R <X3i+1> ZgZz)} +21(X1i—X2i+2X3¢)

Z12 \ X2i X1i \ X2i 21X2i X13

X112 (ZBXi(13) + 223X3i) I X1iX2i {Xu (223 — 21 + 22) + X13%23

X13X23 2x12 | X3 X1i X2i X23X3i

2
(23212 + (21 — 22) ) X123X2i 4 p 2 (2 22 (3
B 4 1{2+ 2X13+ 2(X131)+Z3(X13+2)
% 1

212X23X3iXi(12) X1i Z3X23 21 \ X23 X23
3 il zo (3 z z +2 3z
- X13+X3z{2(X13+2>+2(><13+2>2(X12 X13+3)3+3]
X23 X2i [#1 \ X23 23 \X23 212 X23 Z1
4 X2 {21X1(23) (1 _A 2x23 ) n X3(12)} B 22(2X12 +3x13  Z1x123 n 2223 n 223)}
X3i 212 X23 21 X1(23) X23 Z12 X23 22X23 Z2 Z1
2122 (2’23X1(23) +2ﬁ_ Z23X1(23) n z3(22 — 21) +Z1+1) +22(223X12 LA
212 X3i 21X23 21 22X23 2122 22 X2i \ Z12X23 212
z z 2 z3 + 5z z 29 (22 — 22 ;
_|_2<X13+1)_1_ X13+ 3 1+3)+ 1 { (12 2)X11
23 \X23 z3 X23 22 Xi(12) 2123X2i
2 22X 14 -5 2 3 2
n 219 n 2X1i (X1(23) X23) B 22( X12 + 3X13 +2> %3 (X12+ X13 +3>
2123 21X23X2i 21 X23 21 X23

3 (3 2 2 3
+ Z12X3 (23 R (X1(23) +1> _2> I “Z2 (Zz (X1(23) _2> i X1(23) 9241 _4>
21X2i 212 z3 X23 212 (%1 X23 X23 %)
i i i |2
L 2x {22212X3 LA <X1(23) n 1) 23 <X1(23) n 1)} e {22 <X1(23) B 2)
Z1X3i | #123X2i 212 X23 212 X23 X1i | 212 X23

; 6
4 213X 2i (Zz (X1(23) n 1) _ X1(23) 1> _ bz 4 X1(23) I Z123
212X3i \ %13 X23 X23 212 X23 23

0 320 — 2 . o [ 2y s
+ X3i <X12 i Z3 212) ] 4 X13 i 2} T 2122X211X22 X13 <st _ 2)
X2i \ X23 21 X23 2x1s 21X1i \ X2i
2z |:4X13Xi(12) 2 (2Z12X3(12)X1i n XlSXi(lQ)XSi) n X3(12) (3Xi(12) — X3i)]
212 | A1X1iX2i Xi(12) 2122X24 21X1iX2i 22X1iX2i
N 2212X3(12) X1i n Z3Z12{ 1 <2X13 n X3(12)) n 1 [1 (4X13X2i
2321X2iXi(12) Z1%2 X1i X3i Xi(12) X1i

+ X3(12))
212 Z3
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Z12X3(12 1 [ 2x13x2i 2x3(12) [ #1X2i 22213 Z122)X3i
23 212 X1i 2122 X1iX34 23X2i 2z3X1iX2i
2
4 X2 {212X1iX3i _ 2Xi(12) N 2123X3iXi(12) (Xi(123)X1i n Xii _ X“)
X?(m) 2123X2i Z1X2i 23X1iX2i Z1X3i 21X3i 21

| A128Xi12) (Xi(12) 3z N 1 <Z%2X3i L

)

2122 2x3i 223 2x4(12)%123 23

2
Xi(12) <X¢(123) (Zz — 23

X1iX2i l:Z3X%7;

323X 1iX2i ) )
+ 2
X3i 212X3i L 21X2;

I 2123X4(13) ﬂ }}
21X2i

zsx1i [ 1 3

FRchey ( + ) +
X2i 2 2 X1iX2i X2i 21

_ xazs 2ziexei (i (223 — 21) + 21X34) (B.2)
4z19Xi(12) X123X23 ’

o D XixsZ123Xi(123) | 2 [ X1iXai gt 3 X2i%1 T X122
| = 2 4 A12sTIERIA28) 2 _

2 4x12X3i%3 X12 Xf(lg) Z%z Xi(12)212 X12

_F12 [X3(12)X3i _ 2X 22122 ((X13 —X23)2 _ X13X23 4 X%g _ A3X3(12) )]
Xi(12) | 2X12212 Z12X12 4z1222X12 Z1ZeX12  Z1712X12 22122212
Xi2  Xeixiz | ZeXi2 | ZeXui X123{Xi(12) ( I ZfX23>
X13X23  2X23X3i  223X23  223X3i X1z L X3i \4212  ZiaX12

_ XlQiXQi [221XuX23 _ 2123 (X2i n 1> + ZQ%X23 (2+ X27:X3(12)) " Z12X13X2i]
Xi(12) L*12X2iX12 212 \ X1i Z12X12 X1iX23 23X1iX12
c2X12X4(123)  X1iX2i  X1iX2i [ Z1%22 <(X2i +2> + 21) _ X122123]
2z3X23Xi(12)  2X3iXi(12)  212X3i [#3Xi(12) \ \ X1 2 2X1iX23
212 Z123 + 2 i 1 i 2 3 +2

_ F1%2 (2123 3)X31}+X12_<Xl3+> (X21+2>+ X12 X13
223212 4z3Xi(12) X13 X23  2) \X3i 23 X23

_Xi(12) 54 21 <1 ) n 22 (X123 +X3(12)) _ xh> _ X123%123 (XQZ' n 1)
4xsi 2212 21 Z1X23 X3i 2z12X23 \ X3i

X1iX2i | X13 { 1 [ <2X23
e e bl
2x12 | xuixa: | z12 X13 X23

+1>+22 <X13+2) -

X12%23 + 223X3(12)}
X13

) <Xl3 i 21X23 +2> _4} X3 <32X3(12) + 223X123 i X13
23 \ X23 22X13 X1iX3i 212X13 X23
n 21X3(12) n 2) n X3(12) { X12 {){13 <X13 n 2) _F12 1}
23X13 X1iXa(12) UX3(12) LX12 \ X23 23
Zi23 t 22 Zi2t+ 22 } n X3(12) (Z123 + 21 n X23 21 n 1)
Z12 Z3 X2iXi(12) Z12 X3(12)  ?3
~ X3(12) (2123 L2 P2 X ) L Xz {2122 (212 — 23) Xi(123)
X2iX3i \ 12 23 212X3(12) X3(12) 21273 212X1iX2i X3i
 azm { v ( X3 1) LXsiXinn) | Xe a3z ;
X3iXi(12) L#1%2 \ X1iX2¢ X1iX2i X1 X2 22122 21 z2
23212X3; +4] 2123X3i [ 23 X1 ( X1i X3 ) n 23, (Xi(lQ)XSi B 1)
2122X1iX2i X?(lg) Z123X5; \2X2i  2X% 2123X3i \ 2X1iX2i
212723 <Xi(12)X3i B 1) " z3 <X1i n X2i n 2) ]}
2123 X3i X1iX2i X3i \ X2i X1i
+ 2122X1iX2i{X3(12) [(){13+ X23) ( 1 )_ 4x13X23 ]
ZX%Q 2122 X1i X2i Xi(12) X3i X3(12)X1iX2i
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C2

2
n 2X13X3(12) (1 _ 1> n X3(12) ( 1 n 1 )
21X1iX2i 212 %3 Z1X2i \#12X3i  #3X3i  23Xi(12)
2
n 2 (xa3 — x23) <X23 —Xxis 2X23> L X2 {2X13 [Xi(12)Xi(123) (23 " X3(12))
212X2iXi(12) 21 22 21223 | X1iX2iX3i 21 2x13

X§(12)

2
_ 2z3x2i 3X2z‘] ~ X3(12) {221)(21 " Xi(12)Xi(123) n 621X23Xi(12)
21X1i X1i Z%g 22X1i X1iX2iX3i 22X3(12) X3i
2 z ; ; 2 22v14 2214 2z
X23 ( 1X1i <X1Z+X§z) + 1X1i n 2X1i +1>}
X3(12) \#2X3i \ X2i X714 2223X 24 2321X2i 22

i 2123X3(12) Xi(12) { X3i (X13+><23) _ X3i +1]}
212223  X3i [ X3(12) \ X1i X2i Xi(12)

X123 |:X1iX2i (30z1 + 2829 . 2z12 (a2 + 2x13)  2212X3i  2(221 + 22) 212)

+

4212Xi(12) X123 X2i X1iX23 X1iX2i 23X2i
N 22123X2iXi(12) 2212Xi(123)} (B.3)
X23X3i X23
2
X12 n X3(12) 3X%232123X¢(123) 1) X12 |:X3(12) (212 _1) _ 1}
dz3xsi  4X12212X4(12) Z3X3z‘X§(12) 2z12X3: | X12 \ %3 2
2
i Xqui{ X3(12) [212 (Xi(12) _ 1) _ Xi(12):| }
2x12 (2z12X10X2iXi(12) L 23 \ X3i X3i
z +2
X123 <X3(12) _ R12 (X12 X3(12)) 4 1) ' (B.4)
4z12Xi12) \ X123 Z3X123
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