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ABSTRACT: Superconformal five dimensional theories have a rich structure of phases and
brane webs play a crucial role in studying their properties. This paper is devoted to the
study of a three parameter family of SQCD theories, given by the number of colors N,
for an SU(N.) gauge theory, number of fundamental flavors Ny, and the Chern Simons
level k. The study of their infinite coupling Higgs branch is a long standing problem and
reveals a rich pattern of moduli spaces, depending on the 3 values in a critical way. For
a generic choice of the parameters we find a surprising number of 3 different components,
with intersections that are closures of height 2 nilpotent orbits of the flavor symmetry.
This is in contrast to previous studies where except for one case (N, = 2, Ny = 2), the
parameters were restricted to the cases of Higgs branches that have only one component.
The new feature is achieved thanks to a concept in tropical geometry which is called stable
intersection and allows for a computation of the Higgs branch to almost all the cases which
were previously unknown for this three parameter family apart form certain small number
of exceptional theories with low rank gauge group. A crucial feature in the construction of

the Higgs branch is the notion of dressed monopole operators.
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1 Introduction and summary

Brane webs of five branes in string theory are well known to capture the dynamics of five

dimensional gauge theories and their UV fixed points [1, 2]. Many of the studies which

followed were focused on the Coulomb branch of the 5d theories, and this paper is devoted

to study Hoo [3, 4], the Higgs branch (or branches) which arise as the gauge coupling is

tuned to infinity. As is usual in brane systems of the type of [5], the most useful way of

studying the Higgs branch is to introduce (p,q) seven branes as in [6], with a possibility

to end multiple 5-branes on a single 7-brane as in [7].

With the seven branes attached

at ends of five branes, the Higgs branch H., is realized as the gauge coupling is tuned

to infinity and the five brane webs are maximally divided into sub webs that move freely



between seven branes, thus providing the Higgs branch moduli, one (quaternionic) modulus
per each such sub web. While such a picture, already identified in [2], correctly captures
the dimension of the Higgs branch, it was not sufficient until now to determine the Higgs
branch in full detail. This paper is devoted to fix this problem and to correctly identify
the Higgs branch He from the brane realization.

Higgs branches, being hyperKéahler, are typically constructed by providing combina-
torial data, as encoded in a quiver gauge theory [8]. There is a corresponding Lagrangian
and for a hyperKéhler quotient one uses the F and D term equations to construct the Higgs
branch as the space of gauge invariant vacuum equations. If in addition one sets the FI
terms to zero, the Higgs branch becomes a hyperKéahler cone, or a symplectic singular-
ity [9]. HyperKéahler quotient is the traditional way of computing Higgs branches at finite
coupling in any dimension, and in particular in five dimensions. In three dimensions, there
is an alternative way of constructing a symplectic singularity by taking the same combi-
natorial data in the form of a quiver (more precisely a graph) and construct the Coulomb
branch as the space of dressed monopole operators, as in [10] (this notion has been further
developed throughout the mathematical literature [11-13]). Hence we are faced with two
ways of constructing symplectic singularities and one wonders which way is more suitable
for the purpose of solving the problem of finding He..

Incidentally, there are other ways of constructing symplectic singularities like the space
of dressed instanton operators as described in [3, 4]. This is a very interesting direction of
research, but will not be pursued in the present paper.

It should be stressed that the construction of the moduli space as a space of dressed
monopole operators is not restricted to 3d. All the features which are required for such a
construction exist in all higher dimensions 4, 5, and 6. The monopole operators are still
localized in 3 dimensions, but contribute to the chiral ring just as they do in 3 dimensions.
The topological symmetry is still conserved by the Bianchi identity, but due to boundary
conditions remains associated with a 1 form current. This is consistent with [14] that finds
that there are no higher form currents in 5 dimensional SCFTs. The combinatorial data
is hence not an exclusive feature of 3d, but rather of any dimension that includes 3! It
is a feature of a co-dimension 3 object. This is further supported by the brane picture
of type [5] in which a Higgs branch modulus is characterized by a Dp brane in between
two D(p + 2) branes where the boundary conditions remove a vector multiplet, but leave
a compact scalar which, together with one of the 3 real scalars, exponentiate to form
monopole operators in the construction of the moduli space.

As a result, it makes more sense to call the construction of such a moduli space a space
of dressed monopole operators rather than a 3d Coulomb branch, since the former name
is more general and does not commit to a particular dimension — it can be in 3, 4, 5,
or 6 dimensions. Furthermore, the latter name commits to 3d and may lead to confusion
as coming from some sort of compactification and 3d mirror symmetry [15]. With this
comment in mind, below we use the names 3d Coulomb branch or space of dressed monopole
operators interchangeably.

To proceed, we recall that the Higgs branch is given by sub webs of five branes which
are ending on seven branes, and notice that five branes ending on seven branes carry



magnetic charges and are naturally associated with magnetic monopole solutions. This
property favors the construction of the Higgs branch at infinite coupling as the space of
dressed monopole operators and we proceed by taking this direction. One first needs
the combinatorial data in the form of a quiver. Once this is given, one can use a host of
techniques which are developed in papers that follow [10] and are still under intensive study.

To be more specific we now introduce the class of theories which are discussed in this
paper. The class is parametrized by three integer numbers N., Ny, k and goes under
the name of 5d SQCD. The gauge group is SU(N,) with a CS level k and N flavors of
fundamental matter. N. > 1 for a non Abelian gauge theory, Ny > 0 is non negative, and
the CS level k is any integer or half-integer number satisfying k — Ny/2 € Z, but it turns
out that the resulting Higgs branches depend only on its absolute value. For generic N,
the brane webs put an additional restriction that [k| < N.— N¢/2+2 [16]. For certain small
values of N, other values of k£ may lead to 5d fixed points [17, 18]. Among such cases, we
also study the case |k| = N. — N¢/2 + 3 with N, = 3 in this paper. As for the remaining
exceptional cases, the corresponding 5-brane web diagrams are known to include orientifold
5-plane for some cases [19], which makes the analysis of the Higgs branch doable but more
involved, while the corresponding 5-brane webs are not even known for other cases. We
do not study such cases in this paper. The theory has one gauge coupling which is set to
infinity at the UV fixed point, and adjoint valued real masses that transform under the
flavor symmetry. For simplicity all these masses are set to 0. The classical flavor symmetry
is SU(Nf) xU(1) pxU(1); where U(1)p is the baryonic symmetry which acts on the Higgs
branch for Ny > N, and U(1); is the instanton symmetry. The flavor symmetry at infinite
coupling for N, > 3 is summarized in table 1 [20-23].

We are led to look for combinatorial data in the form of a graph with nodes and
edges. Such an approach is taken in [4] and successfully describes Hoo for low enough
values of |k| and high enough values of Ny. The answer is given in a form of exceptional
sequences and is derived by applying two methods, one of which is looking at maximal
sub algebras of exceptional algebras and generalizing to higher values of N, by using the
symmetry properties of the associated quivers. The other method for some of the cases uses
compactification to three dimensions, and mirror symmetry, but is restricted to cases where
the process is understood. All the results of [4] are included below, with some different way
of presentation, since they constitute a subset of the full set of results of the present paper.

A striking feature of the solutions given in [4] is that they are all given by a single
graph and the Higgs branch at infinite coupling admits a single cone structure. There
is, however, a phenomenon which already shows up at finite coupling [24] where for some
gauge theories the Higgs branch is a union of two cones. Henceforth, a cone on the Higgs
branch will be also called a component of the Higgs branch. It should be stressed that for
lower supersymmetry this phenomenon is rather frequent, but for 8 supercharges it is a
rather unstudied feature of the Higgs branch, and relatively rare.

The techniques in [4] form a beautiful set of new results, and have shortcomings due
to two reasons. The first is that they are covering special regions of the three parameter
family N., Ny, k for which the Higgs branch H. is a single cone, and do not cover cases
in which the Higgs branch is a union of two or more cones. The second is that they



Parameter region

Global symmetry at UV

Global symmetries on components

N.—iNg> k[ =0,3
N.—iN;>|k|> 3

SU(Ns) xU(1) xU(1)
SU(Ns) xU(1) xU(1)

SU(N;) = U(1)
SU(N;) xU(1), SU(Ny)

Ne 5Ny =kl =
Ne- 5Ny = Ik = 3
N.—iNs=kl=1
N.-iNp=k[>1

= O [Nl

SU(Ny) x SU(2) x SU(2)
SU(Ny) x SU(2) x U(1)
SU(Ny) x SU(2) x U(1)
SU(Ny) x SU(2) x U(1)

SU(Ny) x SU(2) x SU(2)
SU(N;) x SU(2) x U(1)
SU(N;) x SU(2) x U(1),  SU(N})
SU(Ny) x SU(2) x U(1),  SU(Ny) x SU(2)

Ne-5Np+1=1k|=0
N.-iNp+1=1k| =1
N.-iNp+1=1k|=1,3

SU(Nf + 2)
SU(N; +1) x SU(2)
SU(Nf + ]_) X U(].)

SU(Nf + 2)
SU(N; +1) x SU(2)
SU(Ny+1) xU(1)

Ne-INpe1=lk>3 | SUNG 1) xU) SU(Ny +1) x U(1),  SU(Np +1)
Ne-iNgp+2=kl=0 (6d) (6d)
No-iNp+2=k=1 SO(2N; +2) SO(2Ny +2)

Ne—3Np+2=1k|=1
Ne—3Np+2=1k|=3,2

SO(2N;) x SU(2)
SO(2N;) x U(1)

SO(2N;) x SU(2)
SO(2N}) x U(1)

Ne-1INp+2=k>2 SO(2N}) x U(1) SO(2N;) x U(1),  SO(2Ny)

Table 1. Global Symmetry on the Higgs branch. In cases that the Higgs branch at infinite coupling
contains up to 3 components, the global symmetry acts on each component in a possibly different
way. All components share mesons, hence share the non Abelian part of the global symmetry.
Abelian symmetries act in different ways on each component.

do not cover cases with high value of |k| and low values of Ny. This is due to a new
feature of quivers with edge multiplicities that is not taken into account in [4]. In fact,
all edges in the quivers of [4] have a multiplicity of either 1 or 0. Both of these issues
are resolved in the present paper and we give a complete description of H for all values
of |k| < N.— N¢/2+2. As mentioned before, the results of this paper are fully consistent
with those of [4] and provide a complete generalization of them, as well as another (third)
consistency check for the validity of the whole approach of representing H., as the space
of dressed monopole operators.

The simplest case where Ho, is a union of 2 cones is for N, = 2, Ny = 2 [25, 26] and has
a brane realization which is discussed in subsection 2.1. The corresponding five brane web
has two inequivalent ways of dividing into sub webs. This physically translates to having a
Higgs branch with two components, each is a cone, and both intersect at the origin. Even
more surprising, and certainly new in the physics of 5d gauge theories and their UV fixed
points, is the behavior of the generic case in this 3 parameter family. There are 3 different
components to the Higgs branch with non trivial intersections that are discussed in detail
below. This again features by having 3 inequivalent ways of sub dividing a brane web.

The appearance of sub division of brane webs leads to a new question in five dimen-
sional physics, and in brane physics. Given a web that characterizes a five dimensional
fixed point, we ask in how many inequivalent ways can it be sub divided. The answer to



this question is the answer to the number of components that the Higgs branch has at the
fixed point. There is a corresponding toric diagram and we ask what are the possible ways
to get such a toric diagram by using Minkowski sums of smaller toric diagrams. This is an
interesting question which is to be addressed in future studies. The notion of Minkowski
sums, taken from [27, 28], is applied in [29] for the study of supersymmetry breaking in
branes at singularities, with particular emphasis on toric diagrams for theories with Ny =0,
the so called Y77 in the paper. It should be stressed that the methods of [27, 28] are re-
stricted to cases where 7-branes at ends of 5-branes are not needed for generating more
Higgs branch moduli. Hence a generalization to include the effects of 7-branes is in order.

It is crucial to point out that parallel external legs in the brane web are not presenting
any particular complication in the approach of this paper. This is due to having a 7-brane
at the end of each external 5-brane. Any previous claims that parallel legs lead to some
6d states which may or may not couple to the system are avoided in this work by having
finite 5-brane webs between 7-branes, none of them extend to infinity in the plane of the
brane web, hence lead to 5d fixed points.

Multiple edges in a quiver are not common in gauge theories with this amount of
supersymmetry. In addition they do not show up in perturbative open strings, again with
this amount of supersymmetry. Nevertheless, such quivers do show up in various non
perturbative cases. In [30] Philip Boalch discusses the notion of complete graphs in the
context of studies of Painlevé equations. This is applied to Higgs branches of Argyres
Douglas theories in [31] and are used in [32] for an evaluation of the Higgs branch as an
algebraic variety, using the construction of the space of dressed monopole operators [10]. Tt
should be pointed out that while complete graphs have all edges with the same multiplicity,
in the present paper only one or two edges have multiplicity greater than 1, while the other
edges are the usual edges with multiplicity 1.

So how does one get an edge with multiplicity in the quiver? This follows from the asso-
ciation of a quiver node to a brane web, where the rank of the node is equal to the number of
copies of such a brane web. Given two different such brane webs, they have an intersection
number, which is called stable intersection in the tropical geometry literature [33]. As a
reminder, the physical object which we call a brane web, is the mathematical object which
is called a tropical curve. To explain this point further, we need to recall the usual way
an edge shows up in perturbative open strings. Given two D branes, represented by nodes
in the quiver, one can stretch an F1 between them and this gives rise to a bi fundamental
hyper multiplet that is represented by an edge in the quiver. By using standard S and T
dualities, we find that a D3 brane stretched between two five brane webs, each represented
by a node in the quiver, leads to such an edge connecting the two nodes. There is however,
a crucial difference. Two five brane webs can have multiple intersection points and hence
we can have one D3 brane stretched per such point, leading to one edge of the quiver per
each intersection point. The resulting edge of the quiver, has a multiplicity which is equal
to the intersection number between the two five brane webs. With this rule in hand, we
are now able to compute all of the missing cases that were not possible with the techniques
in [4]. Furthermore, we are able to check that all the cases computed in [4] are consistent
with having multiplicity 1 to all edges in the quiver, and consist of one component on the



Higgs branch. Thus we have a third way of deriving the results of [4]. The computation is
demonstrated below with a collection of explicit examples.

Classical Higgs branches are known to be trivial for Ny < 2, but as one tunes the
gauge coupling to infinity, new flat directions show up and the Higgs branch emerges
from these new moduli. A simple example of such a phenomenon is 5d SYM with gauge
group G with CS level k = 0 as discussed in [3]. There are no matter fields, hence no
classical moduli space, but there are new flat directions due to the appearance of massless
instantons at infinite coupling. The resulting moduli space is C?/Z;, where h is the dual
Coxeter number of the gauge group G. Restricting G to be SU(N,) with level k = 0 we
find that there is a new Higgs branch at infinite coupling, contrary to the classical intuition
which associates Higgs branches to matter fields (alternatively, one should start thinking
about instanton operators as generating new matter degrees of freedom, which differ from
free hypermultiplets). The results of this paper show that there is another Ny = 0 theory
with a non trivial Heo. If we set |k| = N, we find a new moduli space of the form C?/Zy for
any N.. Similar observations arise for Ny = 1. For example there is an interesting pattern
of Higgs branches for SU(3) with 1 flavor. For CS levels 1/2, 3/2, 5/2, 7/2 and 9/2 we find
that He, is trivial for |k| = 3/2, is C?/Z3 for |k| = 1/2, 9/2, and is C?/Z, for |k| = 5/2, 7/2.
A very rich pattern of Ho, as the CS level is varied.

The paper is organized as follows. In section 2 we start our analysis by re deriving some
known results from the brane webs, thus establishing tools which allow the computation
of the combinatorial (quiver) data for cases that were not known so far. In section 3
we establish the general conjecture that explains how to obtain the quiver data from the
5-brane webs. In section 4 we explore new notions derived from the application of the
conjecture to Hd brane webs whose corresponding H., was not previously known. These
are the union of three cones and the intersection of several cones. In section 5 we provide
a full classification of the Higgs branch at infinite coupling He of the three parameter
family of 5d N = 1 SQCD theories with gauge group SU(N.), N; fundamental flavors,
and CS level k. These results were not known before and have been obtained by applying
the conjecture defined in section 3. Section 6 contains some concluding statements. An
appendix A has been included with an example that illustrates a detailed computation.

2 Known examples

2.1 FE3 — union of two cones

Let us discuss a well known example: N. =2, Ny = 2. The level is not crucial here, as
the CS density is identically 0 for an SU(2) gauge theory. The Higgs branch at infinite
coupling is the union [25, 26]:

2
]

o = min 4, Umin 2.1
SU)o Az Ay ( )



Where min 4, denotes the closure of the minimal nilpotent orbit! of sl(k +1,C), and both

cones min 4, and miny, intersect at the origin. Physically, this moduli space is the moduli
space of 1 E3 instanton. The single instanton can either be an SU(3) instanton or an SU(2)
instanton, but not both. Hence this leads to the union structure (2.1). For each of these
cones there is a different 3d N = 4 quiver, for which the cone is the Coulomb branch. Note
that the cone miny, (resp. ming,) is isomorphic to the reduced moduli space of one Ay
(resp. A1) instanton on C2. Hence, the 3d quivers are just the corresponding affine Dynkin
diagrams [15]:

1
o
/N
miny, = ¢34 ° -0 (2.2)
1
o
I
miny, = C3 ° (2.3)

where C34() denotes the 3d Coulomb branch. One can see that both cones are recognizable
as different phases on the brane diagram. In order to obtain the brane system, remember
that the toric diagram [2] can be obtained, and it is represented? in figure 1. Figure 2
represents the five brane web corresponding to this theory (dual to the toric diagram). On
the left of figure 2 the gauge coupling is finite and the masses and the VEV of the adjoint
scalar field are different from zero. On the right of the same figure the gauge coupling is
taken to infinity and all the masses as well as the VEV of the adjoint scalar field is set to
zero (i.e. at the origin of the Coulomb branch). Before taking this limit, there is a single
web that can move along the 7-branes, and hence the Higgs branch is trivial, remembering
to factor out overall position moduli. After taking this limit, there are new possibilities
of breaking the web into sub webs. In particular, there are two possibilities, represented
in figure 3, where different colors correspond to different sub webs. In phase (a) there
are three different segments that move along the perpendicular directions to the paper,
spanned by the seven branes. In phase (b) there are two different sub webs. The transition
from (a) to (b) can only take place when all sub webs realign and combine into a single web.
This web corresponds to the origin of the cones, indicating that the intersection between
the two cones is at a single point — the origin.

The new perspective that was missing until the present work is that the quivers in
equations (2.2) and (2.3) can be read directly from the brane webs. The goal of this paper

!The closure of the minimal nilpotent orbit of sl(k + 1,C) is normally denoted as @(2711@71) in the

mathematical literature [34], or also as ax in [35]. We started using the notation minga, in [36, 37], since
it can be extended to exceptional groups which don’t have partition data like the partition (2, 1’“’1) in
(’7)(2711@—1)7 and it can also be extended to non minimal orbits of small dimensions, i.e. the closure of the next
to minimal orbit is denoted as n.miny, .

2Gee for example figure 2 in [38] which contains all toric diagrams employed for the F, cases in the
present section.



Figure 1. Toric diagram corresponding to the 5d SQCD theory with SU(2) gauge group and

Ny =2.
O\ 0
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Figure 2. Five brane webs (dual to the toric diagram in figure 1) corresponding to the 5d SQCD
theory with SU(2) gauge group and Ny = 2 before and after taking the gauge coupling ¢ to infinity
and all the masses m; as well as the VEV « of the adjoint scalar field to zero. The horizontal lines
represent D5-branes, the vertical lines represent NS5-branes and the diagonal lines represent (1,-1)
five branes. Each circle represents a seven brane of the same type as the five brane that ends on it.

A
AN

(a) (b)

Figure 3. Two distinct phases of brane webs, representing two different components of the Higgs
branch of SU(2) with Ny = 2 at infinite coupling. (a) Corresponds to a component of the Higgs
branch with quaternionic dimension dy =3 -1 = 2. (b) Corresponds to a component of the Higgs
branch with quaternionic dimension dy =2 -1 =1. Compare with figure 30 of [29].

is to establish the tools that allow such reading and to put them to use in the analysis
of the three parameter family of 5d N =1 theories with gauge group SU(N,), number of
fundamental flavors N; and Chern Simons level £.

For the current example one can deduce the following:

1. Each separate brane sub web corresponds to a different gauge node with group U(1)

in the quiver.

2. The links between the nodes in the quiver (corresponding to hypermultiplets of the
3d NV =4 theory) are given by the intersection numbers between the branes.

Let us discuss the second point in more detail. For phase (a) the intersection number I
between two 5-branes (p1,q1) and (p2,q2) has already been defined as the absolute value



Figure 4. Stable intersection between two tropical curves. Left: the original tropical curves.
Center: a small deformation that moves the curves away from each other. Right: dual toric
diagram. The stable intersection is the sum over the areas of polygons in the toric diagram that
have edges of both colours. In this case is 1 +1=2.

of the determinant:>

I{(p1,q1), (p2,q2)} = Abs ( P11
D2 G2

) : (2.4)

Hence, the intersection between any pair of 5-branes from the set (1,0), (0,1) and (1,-1)
is always of value 1. Therefore, the 3d quiver corresponding to phase (a) is a complete
graph [30] with three nodes, and edge multiplicity 1, as depicted in equation (2.2). Phase
(b) is more complicated because one needs to compute the intersection between the two
sub webs. This can be done by introducing an idea from tropical geometry [33]. In tropical
geometry each of the brane sub webs can be seen as a tropical curve. Then, their stable
intersection can be defined as in [33]. Let us review the idea of stable intersection by
computing it in the case of the sub webs of phase (b). This is represented in figure 4. The
left diagram in figure 4 depicts the two curves. The diagram in the center represents the
same curves after they have been moved a small distance apart from each other. Now,
the points at which the curves intersect can be treated as the intersection of two different
5-branes of the form (p1,¢1) and (p2,¢2). This can be computed by using the determinant
in equation (2.4). The stable intersection is defined as the sum over all such intersection
numbers. Note that a different deformation of the initial brane system, where the sub webs
are moved apart in a different direction, always results in the same value for the stable
intersection. Alternatively, the intersection numbers can be computed from the dual toric
diagram. The dual toric diagram of the displaced sub webs is displayed at the right of
figure 4. This toric diagram has four different polygons: two squares and two triangles.
The stable intersection is given by the total area of all the polygons that have edges of
both colors. In this case, the triangles do not contribute, since their edges are of a single
color. The two squares contribute, and the sum of their areas is 2.

Hence, the stable intersection between the two sub webs in phase (b) has value of 2.
This value corresponds to the number of edges (or hypermultiplets) between the corre-
sponding gauge groups of the quiver in equation (2.3). Equivalently one can think of 1 D3
brane which is stretched between the sub webs per each intersection point.

On this particular example, we have found a way to read the 3d quivers that describe
(via equations (2.1), (2.2) and (2.3)) the Hoo of the 5d theory. Let us explore some more
examples where the Ho, is already known in the next sections. After that we provide

3The intersection number is used as a CS term for a 3d theory on the world volume of the D3 brane
in [39]. In the present work we focus on the world volume theory living on the five branes.



Figure 5. Toric diagram corresponding to the 5d A/ =1 SQCD theory with SU(2) gauge group

and Nf:3.
\ o

(@] O I
Figure 6. Five brane webs corresponding to the 5d SQCD theory with SU(2) gauge group and
Ny =3 before and after taking the gauge coupling g to infinity and all the masses m; as well as the
VEV a of the adjoint scalar field to zero. Note that coincident 5-branes are depicted slightly apart

in the right-hand diagram. This is done to make the diagram easier to read, but the branes at the
center of the diagram that look parallel to each other should be considered as fully coincident.

the final answer on reading the 3d quiver for the whole 3 parameter family of 5d SQCD
theories, an answer which is actually more general and applies for any five brane web.

2.2 FE,; — necklace quiver

Let us now turn to N. = 2, Ny = 3. The corresponding toric diagram is represented in
figure 5. The brane system at finite and infinite coupling is depicted in figure 6. This case
is different from the previous example, in the sense that there is a unique way of maximally
dividing the system at the infinite coupling limit into sub webs. Correspondingly, the Higgs
branch has one component. The subdivision is depicted in figure 7. It is known [25] that
the Higgs branch of the theory at infinite coupling is the closure of the minimal nilpotent

orbit of sl(5,C):
3
|

= 1 2.5
SUO(2) A, (2.5)

This space is isomorphic to the reduced moduli space of one A4 instanton on C? and can
also be written as the Coulomb branch of a 3d N = 4 quiver gauge theory where the quiver
is the affine Dynkin diagram of A4 [15]:

miny, = C °o-o0-0-0 (2.6)

~10 -
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Figure 7. Brane web of SU(2) with Ny = 3 at infinite coupling. There are 5 different sub webs
depicted in different colors.

Stable

Displaced Branes Toric Diagram .
Intersection

Table 2. Stable Intersections of the sub webs of Ej.

In the sub division of branes of figure 7 there are 5 different sub webs that can move
between seven branes, generating the Higgs branch at infinite coupling (represented with
different colors: red, blue, green, orange and purple). Once again, each of them corresponds
to a different gauge node in equation (2.6), each with multiplicity 1 as there is one copy of
each sub web. Equation (2.6) indicates that each of the sub webs needs to be connected
to two and only two other sub webs. Let us see how it works. The orange segment can
only connect with the red web and the blue segment, and the purple segment can only
connect with the red web and the green segment. This leaves only one possibility: the
green segment and the blue segment need to be connected by a single link, and the red
web needs to be disconnected from the blue segment and the green segment. The stable
intersection between any pair (red, blue), (red, green) and (blue, green) is of value 1,
see the corresponding dual toric diagrams in table 2. The new feature introduced in this
example is the possibility of different sub webs ending on the same 7-brane. We see that if
two sub webs end on the same 7-brane from opposite sides, we consider the corresponding
gauge nodes connected by a link (i.e. the connection between orange and blue, or between
orange and red). However, if two sub webs end on the same 7-brane on the same side, this
contributes with —1 to the number of links between the corresponding gauge nodes. This
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Figure 8. Toric diagram corresponding to the 5d SQCD theory with SU(2) gauge group and
Ny=4.

O (@)

Figure 9. Five brane webs corresponding to the 5d SQCD theory with SU(2) gauge group and
Ny =4 before and after taking the gauge coupling g to infinity and all the masses m; as well as the
VEV a of the adjoint scalar field to zero.

effect removes the link between red and blue (similarly, red and green) that would arise due
to their stable intersection, leaving their corresponding gauge group nodes disconnected.
One can summarize these observations in the following:

Summary 1 (Quiver edge multiplicity — Stable Intersection.) The number of
edges between two gauge nodes corresponding to two different brane sub webs is equal to
the stable intersection between the sub webs plus the contribution from the 7-branes. The
contribution from a 7-brane is positive if the sub webs end on it from opposite sides, and
negative otherwise.

With this rule, the 3d quiver as read from the diagram in figure 7 is:

S 2.7)

Hence, one recovers the quiver that describes the Ho via equations (2.5) and (2.6). It
is interesting to see that even though the brane system does not resemble a necklace,
the intersection numbers between brane webs do form a necklace quiver. This quiver has
the feature that all edges have multiplicity 1 and the brane system has only one way to
maximally divide it into sub webs, hence is part of the quivers which were computed in [4]
in full agreement.

2.3 E5 — node multiplicity

Let us study the SU(N.) 5d SQCD theory with parameter N, = 2 and number of flavors
Ny = 4. The toric diagram is depicted in figure 8 and the brane system at finite and infinite
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Figure 10. Maximal subdivision of the brane web of SU(2) with Ny =4 at infinite coupling.

coupling is depicted in figure 9. The Higgs branch at infinite coupling is the reduced moduli
space of one Ds instanton on C2. This space is a hyperKihler cone, isomorphic to the
closure of the minimal nilpotent orbit of s0(10,C):

4
o
|

= mi 2.8
st | 29

This space can be found as the Coulomb branch of a 3d N = 4 quiver which is the affine
Dynkin diagram of D5 [15]:

11

o o

- ||
minp, = C3 0o-0-9-0 (2.9)

The new feature of this example that does not occur in the previous two examples is
the appearance of nodes of rank higher than 1 in the 3d quiver of (2.9). This is easy to
relate to the brane web: a number of n identical sub webs corresponds to a single node of
rank n. Figure 10 depicts the subdivision of the brane system into the maximal number of
sub webs. There are two segments in blue that are identical and correspond to one of the
nodes of rank 2, and two segments in green that are identical and correspond to the other
rank 2 node. In order to establish the links in the 3d quiver, consider a single copy of each
sub web. For example, a single blue segment has stable intersection of 1 with a single green
segment, therefore there is a single link with multiplicity one between them (there are no
extra contributions to the number of links since they do not share any common 7-branes).
Similarly, a single blue segment ends on the same 7-brane as the orange segment, and they
do it on opposite sides, hence there is a single link between them (just as between the blue
and orange segments in figure 7). Therefore, the quiver as read from the brane system in
figure 10 is:

1
|
~g-l-o (2.10)

This quiver indeed describes the correct Higgs branch, according to equations (2.8)
and (2.9).
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Figure 11. Toric diagram corresponding to the 5d SQCD theory with SU(2) gauge group and

Ny =5.
% o Miya =0 /

Figure 12. Five brane webs corresponding to the 5d SQCD theory with SU(2) gauge group and
Ny = 5 before and after taking the gauge coupling g to infinity all the masses m; as well as the
VEV a of the adjoint scalar field to zero.

2.4 FEg — T-brane contributions without stable intersection

The next example considers the case of N. =2, Ny = 5. In this case there is no need to
compute stable intersections between sub webs, since all the contributions to the number
of links between two gauge nodes in the 3d quiver are given by the ending of the different
sub webs on shared 7-branes. The toric diagram is depicted in figure 11 and the brane
system is represented in figure 12. The Higgs branch at infinite coupling is isomorphic to
the reduced moduli space of one Eg instanton on C? (alternatively, it can also be described
as the closure of the minimal nilpotent orbit of eg):

5
o
|

= min 2.11
SUO(2) Ee (2.10)

Hence the Ho has a single component, as can be seen from the fact that there is a unique
maximal subdivision of the brane system, figure 13. This space can be found as the
Coulomb branch of a 3d N =4 quiver which is the affine Dynkin diagram of Eg [15]:

~o (2.12)
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Figure 13. Maximal subdivision of the brane web of SU(2) with Ny =5 at infinite coupling.

According to the rules developed in the previous examples, the quiver can be read directly
from the brane configuration in figure 13:

|
—9-o0-o-o (2.13)
This is precisely the expected result. Note that once more, n multiple identical copies of
the same sub web correspond to a single gauge node with a rank n. In this case there is no
need to compute stable intersections, since none of the different sub webs intersect. The
number of links between the different gauge nodes of equation (2.13) are only determined

by different sub webs ending on the same 7-brane from opposite directions.

2.5 Super Yang-Mills — edge multiplicity

Another well known result [3] is the Higgs branch at infinite coupling of Super Yang-Mills
SU(N.) with no flavors, Ny = 0, and CS level k = 0. The brane system is depicted in

figure 14. The Higgs branch at infinite coupling is [3]:*
0
]
=C?*/Z 2.14
. [Zn. (2.14)

This can be written as the Coulomb branch of a 3d quiver with two gauge nodes of rank
1 and a number of N, hypermultiplets between them. Let us write it as the complete graph:

C?/Zy, =c3d< o N 0 ) (2.15)

The same quiver is read from the brane picture in figure 15, since there are only two
segments, corresponding to the two different nodes, and the stable intersection between
them is just their intersection number I:

-N. 1

I{(~N,,1),(0,1)} = Abs( 01

) = N, (2.16)

“For N, =2 this was identified in [25] and confirmed by the brane picture in [2].
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Figure 14. 5d brane web corresponding to Super Yang-Mills theory with gauge group SU(N,),
Ny =0 and CS level k£ = 0. The diagram on the right corresponds to the limit where the gauge
coupling is taken to infinity and the VEVs qa; of the adjoint scalar field to zero.

(-Ne, 1) (0,1)
(0,1) (Ne,-1)

Figure 15. Maximal subdivision of the brane web of SU(N.) with Ny = 0 and k = 0 at infinite
coupling.

Hence, the 3d quiver read directly from the branes is:

Ne

2.17
o==0 (2.17)

Equipped with the examples above, we are now ready to generalize to the main result
of this paper for the 3 parameter family of SQCD theories.

3 Conjecture

In this section we present the main conjecture that contains all the information on reading
the combinatorial data for the Higgs branch of the 5d theory from the brane web. Note that
this technique is not restricted to infinite coupling, or to 5d theories where the gauge group
is a single factor. Furthermore, it can also be used to obtain subspaces of the Higgs branch,
if the subdivision of the brane web is not maximal. In section 5 we use this conjecture
to obtain the Higgs branches at infinite coupling for the 3 parameter family of 5d A =1
SQCD theories with gauge group SU(N.), number of colors Ny and CS level k.

Before stating the conjecture, let us define three quantities that can be computed
for any pair of brane sub webs in a given five brane web. The first thing that can be
computed is the stable intersection (which in this section is denoted as STI), as explained
in section 2 and in [33], by slightly displacing the sub webs with respect to each other, and
adding the area of polygones with two colors in the toric dual diagram (see the example
in figure 4). The next quantity that can be computed is the contribution to the number of
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hypermultiplets from 5-branes ending on the same 7-brane. Let the 7-branes shared by two
different brane sub webs be denoted as A; (i = 1,2,3,...). For each A;, one can compute
the following two quantities:

e X, = number of combinations of two 5-branes from the different brane sub webs which
are attached to A; on opposite sides.

e Y; = number of combinations of two 5-branes from the different brane sub webs which
are attached to A; on the same sides.

Please see appendix A for an explicit computation of the quantities SI, X; and Y; in
a given example.

Conjecture 1 Given a five brane web divided into sub webs that can move along the di-
rections spanned by the 7-branes placed at the end of each (p,q) brane, the moduli space
generated by this motion is given as the moduli space of dressed monopole operators of a
quiver. The quiver can be obtained in the following way. Fach set of m identical sub webs
corresponds to a different gauge node with group U(m) in the quiver. Given a pair of gauge
nodes in the quiver, the number of edges E between them is determined by selecting two
sub webs, one corresponding to each node, and computing for them their stable intersection
SI, as well as the quantities X; and Y; (defined above) for all the 7-branes A; shared by
the different sub webs. The number of edges E is given by

E=5I+% X;->Y,;. (3.1)

In order to connect this conjecture to the previous examples, note that the contribution
X, gives rise to edges between the nodes in the quiver (2.13). On the other hand, the
contribution Y; makes sure that the red node in quiver (2.7) remains disconnected from
the blue node and the green node.

3.1 Comments

Here, we make several comments on this conjecture.

First, we discuss that the combination in equation (3.1) can be interpreted as a natural
generalization of the stable intersection defined in the tropical geometry literature. In this
paper, we have generalized the tropical curve by introducing 7-branes so that the 5-branes
are terminated at the 7-branes instead of extended to infinity. In this case, we can deform
the sub web in such a way that the stable intersection discontinuously changes by moving
a 7-brane across a b-brane. As an example, we consider figure 15. As discussed before, the
stable intersection for the (0,1) 5-brane and the (-N,, 1) 5-brane is given by N.. However,
when we move one of the (0,1) 7-brane as depicted in figure 16 until it goes across the
original (-N,, 1) 5-brane, we find that the naively computed stable intersection changes
from SI = N, to ST =0 in a sense that the two 5-brane sub webs are not intersecting any
more if we ignore the contribution from the (0,1) 7-branes. Since this is not the desired
property for “stable” intersection, we need a generalized quantity which is kept invariant
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(0,1)

(0,1) (N.,N, — 1)

Figure 16. Before Hanany-Witten transition. Figure 17. After Hanany-Witten transition.
SI=N.¥,;X;=0. SI=0,%,X;=N..

even after the Hanany-Witten transition. The web diagram after Hanany-Witten transition
is given in figure 17. Part of the of the original (-N¢, 1) 5-brane is changed to (N¢, N.—1)
5-brane by going across the monodromy cut created by the (0,1) 7-brane. The important
point is that new (0,1) 5-branes are created by Hanany-Witten transition. In general,
when (p, q) 7-brane goes across the (p,¢’) 5-brane, the number of (p,q) 5-branes created
by the Hanany-Witten effect is given by the intersection number of (p,q) and (p',q") [40],
which, in our case, is N.. Due to this effect, the contribution from the 7-branes is given by
i Xi = N¢ in figure 17, which makes the combination in equation (3.1) invariant under the
Hanany-Witten transition. Necessity of the term Y; in equation (3.1) could be analogously
understood. If n(< N;) (0,1) 5-branes are attached to the (0, 1) 7-brane before the Hanany-
Witten transition, these will disappear and new N.—n (0,1) 5-branes will be created after
the Hanany-Witten transition. Again, the combination in equation (3.1) is invariant also
in this case. Therefore, we claim that this combination is the natural generalization of the
stable intersection number in a sense that it is invariant under the deformation of the web
diagram after including the Hanany-Witten transition. We expect this property to be true
for any 5-brane web diagram.

Next, we discuss the physical interpretation of this stability. It is often claimed that
the Higgs branch is “stable” in a sense that it does not receive any quantum corrections
and is independent of any gauge coupling. However, this statement should be interpreted
in a careful way because new Higgs branch directions can open up at infinite coupling.
Since the generalized stable intersection in equation (3.1) does not change by continuous
deformations of the brane webs once we fix the sub webs, it indicates that the quiver is stable
under deformation of the external parameters like masses and inverse gauge couplings. We
expect that the stability of the Higgs branch can be correctly interpreted in terms of this
stability of the quiver ensured by the property of the stable intersection. We keep the
detailed study of this point as our future work.

4 New notions

We proceed with examples which demonstrate new features that arise after utilizing Con-
jecture 1 in the analysis of 5d Higgs branches.
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4.1 Union of three cones

Let us study the case of 5d N =1 SQCD with gauge group SU(5), with Nf = 6 fundamental
flavors and CS level k = 1. The corresponding toric diagram is depicted in figure 18. The
brane web of the theory and the limit where the coupling is taken to infinity are depicted
in figure 19. The Higgs branch at infinite coupling Ho, was not known before the present
paper. Now we are able to compute it as the moduli space of dressed monopole operators,
by maximally dividing the brane system into sub webs and then applying Conjecture 1. We
see in the example of SU(2) with two flavors that there are two different ways of maximally
subdividing the brane system (figure 3), and this implies that o is the union of two cones
(it has two components). In the present case, there are three different ways of maximally
subdividing the brane web, see figure 20. This means that the Higgs branch at infinite
coupling is a union of three cones:

o—oo™

= 4.1
SU(),s CruCruCy ( )

The three cones C7, Cy and Cs are computed utilizing Conjecture 1 on each different
maximal subdivision, to obtain a particular quiver. These quivers are depicted on the
bottom of figure 20. Hence:

—or

C1=C 0o - o -

—_
[\
wo
N
—

131
O —=2o0
s/ AN
Co=C 0o -0-0-0-o0 (4.3)
1 2 2 2 1
1 4 1
0] — o
/ N
C3=C*|o-0-0-0-0 (4.4)
11 1 1 1

In this way, Conjecture 1 can be utilized to derive new properties of 5d theories at
infinite coupling that were not understood before.

4.2 The intersection of several cones

In fact, Conjecture 1 can also be used to specify the intersection between any pair of cones
in equation (4.1). Given two sub divisions, for example the first and the second from the left
in figure 20, find the maximal subdivision S such that both brane systems are subdivisions
of S. S is depicted in figure 21. The intersection of both cones is then the moduli space of
dressed monopole operators given by the quiver associated to S via Conjecture 1.
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Figure 18. Toric diagram corresponding to the 5d SQCD theory with SU(5) gauge group, number
of flavors Ny =6 and CS level £k = 1.
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Figure 19. Brane system for 5d SQCD with gauge group SU(5), N = 6 flavors and CS level k =1
before and after taking the gauge coupling to infinity.
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Figure 20. Different components of the Higgs branch at infinite coupling of 5d SQCD with gauge
group SU(5), Ny = 6 flavors and CS level k = 1. None of the three web sub divisions can be a sub
division of the other two. Note that the red and the blue sub webs in the rightmost web cannot be
further subdivided due to s-rule. The quiver which is obtained by applying Conjecture 1 is depicted
underneath each phase. Note that in table 3 these three different phases receive labels III, I and 11
from left to right.
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Figure 21. Intersection of two cones.

Hence, we have:
1
o
7/ N

C1nCy=c3 0~ (4.5)

o—o—0-—o0
2 2 2 1

Note that this space is the closure of the next to minimal nilpotent orbit of s{(6,C):

L 1 1
P © N o O
3| o—o-0-0-0 [=C3 o—b—o0—b_o =n.ming, (4.6)
1 2 2 2 1 1 2 2 2 1
Therefore, we obtain the result:
C1nCy =n.mingy, (4.7)

We believe that this result nicely illustrates the power behind Conjecture 1. Similarly,
the triple intersection between all three components C7 n Co n C3 can also be identified.
The maximal subdivision S’ such that all brane systems in figure 20 are subdivisions of S’
is depicted in figure 22. The corresponding quiver can be obtained via Conjecture 1, such
that the triple intersection is defined as the space of dressed monopole operators:

CynCyn Oy =3

2797978 (48)

The space of dressed monopole operators in equation (4.8) can be identified with the
reduced moduli space of one As instanton on C? [15], or equivantley with the closure of
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Figure 22. Intersection of the three components depicted in figure 20.

the minimal nilpotent orbit of sl(6,C):
Cl n 02 N 03 = HliIlA5 (49)

5 Computation of H. for SQCD

In this section we present a classification of the Higgs branch at infinite coupling of the
class of 5d A/ =1 SQCD theories with gauge group SU(N,), number of flavors Ny and CS
level k, represented by the following 5d quiver:

Ny
]
o 5.1
SU(Nc)k ( )
For generic N, the brane web construction of such theories imposes the restriction:
k| < Ne—= Ng/2+2. (5.2)

We have applied the techniques developed in this paper to all theories that satisfy condi-
tion (5.2), and have found that the 3 parameter family of theories is divided into 4 different
regions, given by:

1) |k <N0-% (5.3)
2) k=N~ (5.4)
3) |k| :Nc-%n (5.5)
4) K :NC—%+2 (5.6)

These four regions were previously identified as regions which differ by the pattern of sym-
metry enhancement. It turns out that these regions are also consistent with the pattern
of different Higgs branches which is computed in the present paper. In each of the re-
gions the Higgs branch at infinite coupling contains several components, with non trivial
intersections. Let us express the components and their intersections by providing their
construction as spaces of dressed monopole operators, computed from quivers obtained
employing Conjecture 1 (alternatively one can say that the different components are con-
structed as Coulomb branches of 3d N = 4 quivers, as it was done in the examples of
sections 2 and 4).
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E:(0,1) F:(N.—k—-——7,-1)

Figure 23. 5-brane web for 0 < k < N, - % x as defined in (5.8), makes a distinction between
even and odd Ny.

11
——

——
11

Figure 24. Toric diagram for 0 < k < N, — %

Ny

5.1 First region: |k|< N.-—

General case: |k| > % In this region there are degenerate cases for |k| =0 and |k| = %
Let us first consider the general case where:

1
k| > —. 2.7
> 5 (57)

The 5-brane web for this case is depicted in figure 23, with the corresponding dual
toric diagram in figure 24. The length of each edge is written in figure 24 supposing that
the distance between each dot is one. (Therefore, the number of dots included in the
corresponding edge is one more than the written number.) The triangulation of this toric
diagram is omitted since it does not affect the analysis of the Higgs branch. In the Higgs
branch, the brane system in figure 23 decomposes into sub webs depicted in figure 25. Here
it is convenient to introduce a variable x defined as

1
x=0 (for Ny: even), z=3 ( for Ny: odd). (5.8)

There are three different patterns of sub dividing the original 5-brane web, correspond-
ing to three different components that form the Higgs branch, which we denote I, II and
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Figure 25. The sub webs in the Higgs phase for 0 < k < N. - <.

III, respectively.

Nf Ny

—- - - -l-z
N
Phase I: (Ia) x 1+ (Ib) x 1 + Z (ci) xi+ Z (c;) x(—f— )
i=1 _Ng k 2
i=—-—k+1
——k %—1+1‘ N N
+ Z @yxiv ¥ @) (G -k)r@x(F-H)
N 2 2
i= L —k+1
Ny-N. R
Phase II: (IIa) x 1+ (IIb) x1+ Y (¢;)xi+ > () x(Ny-N)
i=1 i=N;—N+1
Ny
Ny-N¢ - —l+z
+ > (di)xi+ Y (di)x(Ny—Nc)+(e)x(Ny—Nc)
i1 i=Nj—Ne+1
%—l—x %—lﬂv
Phase IIL: (IITa) x 1+ Y (¢;)xi+ Y, (di)xi+(e)x (— - x) (5.9)
i=1 i=1

Each different pattern gives rise to a different quiver, obtained via Conjecture 1. These
are depicted in table 3. The rightmost column of table 3 contains the quaternionic dimen-
sion of each component. The global symmetry of the 5d Higgs branch at the UV fixed
point is:

SU(Ny) x U(1) x U(1). (5.10)
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Phase Quiver Global Symmetry Dimension
| Ne- Sk
o e}
/ N N2
I o—wi— o — ... = o —--—o| SU(Ns)xU(1) -k +1
1 Ny Ny 1
— Ikl — Ikl
Ny-1
1 2Ne-Ny 1
O —/————— 0
; N )
I1 T—o--—Nf?NF— —Nfcch—---—Cf SU(Ns)xU(1) | NeNp—NZ+1
Ny-1
1
[e]
111 (N even) omo—re d _eiiioa SU(NY) Ny
! 12 Ny 2 1 ! 4
2
Ny-1
1
o
7N N7-1
I (Ny odd) 0o~ —N;{I—N;{l—---—g—ﬁ SU(Ny) -
2 2
Ni-1

Table 3. Components of H., for % < k| < N.— % Component I is present for % > |k|, Component

IT is present for Ny > N,, and Component III is present for Ny > 2. The three dots in the quivers
indicate a chain of balanced gauge nodes (i.e. the number of colors that each node sees is twice its
rank). For example, in phase I, the ranks of the gauge nodes in the main chain start with 1, then 2,
then keep increasing until % — |k| is reached, then the ranks stay constant at % —|k| in the middle
of the chain, and then start decreasing all the way down to 1. The number underneath the brace
in each quiver indicates the total number of balanced nodes in the main chain of the quiver.

Only some factors of the global symmetry act non-trivially on each phase.’ This is
also specified in a column of table 3.

Note that component I is present for values:

Ny > |K|. (5.11)
2

This range of values is new and was not observed in any previous analysis of five dimen-
sional gauge theories. It is to be considered as purely an effect of infinite coupling and
to be discovered by analysing the pattern of components on the Higgs branch. Symmetry
enhancement computations, for example, do not reveal this special regime of the 3 param-
eter family. This component contains mesons with spin 1 under SU(2)g and baryon-like
objects with spin N./2 under SU(2)g. The spectrum of operators in the chiral ring, and
the chiral ring relations depends on all three values of N., Ny and k.

5Tt can be computed from the subset of nodes that are balanced.

— 95—



Component II is present for the regime:
Ny > N, (5.12)

which is the typical regime where baryons exist. Such a phase is known from classical
physics, sometimes called the baryonic branch, containing both mesons and baryons. The
dimension of the moduli space does not change from the classical one. The details, however,
are different and this component of the Higgs branch should not be confused as already
being present at finite coupling. The mesons and baryons are certainly present in the
classical theory, but the chiral ring relations they satisfy receive corrections from instaton
operators at infinite coupling.
Component I1I is present for:
Ny>2, (5.13)

which is the familiar classical condition for the presence of a Higgs branch. The moduli
space of this component is a closure of a nilpotent orbit of height 2 and consists of mesons
only. It is still different from the classical moduli space, as the rank of the meson matrix
M is maximal for a nilpotency of degree 2, M? = 0, namely r(M) < N/2. This is a rank
condition which is independent of N.. The classical rank condition (M) < N, is relaxed
by instanton operator corrections.

Intersections of the different components. When specifying different components
of the moduli space, it is important to specify how these components intersect. This is
crucial, for example, for the purpose of counting operators on the chiral ring, making
sure that each operator is counted exactly once. We notice that since |k| < N. - Ny/2, the
conditions Ny—N, < N¢/2-|k| and Ny—N,. < Ny/2 are always satisfied. For the present case,
the intersection between component I, IT and III are given by table 4. These intersections
are closures of nilpotent orbits of height 2, containing mesons only. The meson matrix on
the intersection M satisfies M? = 0 and the rank of M is at most the maximal rank of a
node in the quiver, either Ny — N, or N¢/2 —|k|.

Exceptional cases: |k| < % The brane system and the toric diagram for the exceptional
cases does not change. They are still depicted by figures 23 and 24. Let us consider the
first case:

1
kl=—. 5.14
K= 5 (514)
The global symmetry does not change:
SU(Ny) x U(1) x U(1). (5.15)

For this case, the sub web (IIla) in figure 25 is decomposed into (Ia) and (Ib). There-
fore, phase III is fully included in phase I, so there are only two distinct components in the
Higgs branch, given in table 5.

The second case is for:

k| = 0. (5.16)
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Intersection Quiver Global Symmetry | Dimension
1
(¢}
/ N
InII, IInII T SU(Ny) N.(Nj-N.)
Ny-1
1
[}
7/ N N2
InIII ?_..._No _..._NO _..._? SU(Nf) Tf_kQ
5 Ik 5 ~IK]
Ny-1
1
[}
T SU(NY) N.(Nj - N.)
InIInIII ————— ———— ———— _
B - M O
Nj-1

Table 4. Intersection of the different components of Ho, for 3 <|k| < N - %

Phase Quiver Global Symmetry
| Ne-Sfel
o @]
AN /
I 0= N TN T -9 SU(Ns) x U(1)
2 2
Ny-1
1 2Ne-Ny 1
o o
/ AN
11 o O TS SU(Ny) x U(1)
Np-1
1
o
/ AN
InII O—+v— 0 —+— 0 —.i—0 SU(Ny)
1 Ny-Ne. Ny-N. 1
Ny-1

Table 5. Components of He, for & = |k < N. - =£.

Component II is present for Ny > N..

Ny
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Component I is present for Ny > 1 and



Phase Quiver Global Symmetry
| NSy
o o
I 60— S o _iii_o-o SU(N;) x U(1)
1 2 Ny 2 1 !
2
Np-1
1 2Ne=Ny
o o
/ AN
I ?—--.—Nfcch— —Nfcch—---—T SU(Ny) x U(1)
Ng-1
1
o
s N
I1nII O—tit— © —wee— O —eii—o0 SU(Ny)
1 Nj-Ne Nj-N. 1
Np-1

Table 6. Components of H, for 0 = |k| < N, — % Component II is present for Ny > N,.

The global symmetry does not change:
SU(N) x U(1) x U(1). (5.17)

For this case phase III is also fully included in phase I, so there are only two distinct
components in the Higgs branch, given in table 6.

5.2 Second region: |k|= N, - %

General case: |k|>1. Let us consider the general case, which happens for:
|k| > 1. (5.18)
The global symmetry of the 5d Higgs branch at the UV fixed point is enhanced to:
SU(Ny) x SU(2) x U(1). (5.19)

The brane system is depicted in figure 26 and the toric diagram is represented in
figure 27. There are two different maximal sub divisions of the brane system, which means
that the Higgs branch He is the union of two components. The sub webs that make the
two different sub divisions are depicted in figure 28. They arrange in the two possible
subdivisions called phase I and phase III (due to the similarity to the previous case).
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N

Figure 27. Toric diagram for 0 < k = N, — Tf
They are:
&—k ﬂ—1—:/10
2 ) 2 Nf
Phase I: (a) x 1+ (Ib) x1+ Y (¢)xi+ Y. (ci)x(——k)
=1 . Ny 2
1—T—k+1
&—k ﬂ—1+a:
3 3 N N
A NCOTIEE (di)x(—f—k)+(e)x(—f—k)+(f)><1
- N 2 2
=1 i=—f k41
%—l—x % 1+z N
Phase IIT: (ITa) x 1+ 3 (e)xi+ Y (di)xi+(e)x (Tf -q,-) F()x1 (5.20)
i=1 i=1

The two components of the Higgs branch are identified with the space of dressed mo-
mopole operators of the quivers obtained from the different sub divisions via Conjecture 1,
collected in table 7 (alternatively, one says that the components of Ho, are computed as the
3d NV =4 Coulomb branches of the quivers in table 7). Note the difference with the quivers
in table 3, where an extra node with rank 1 and 2 flavors appears at the top, contributing
to the global symmetry with a new SU(2) factor. The intersection of the two components
is given also as the space of dressed monopole operators of a quiver, following the same
procedure as in section 4.2, and it is also included in table 7.

Exceptional cases: |k| < 1. The exceptional cases share the same brane system and
toric diagram depicted in figures 26 and 27. They differ from the previous cases in the
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D C
k—1-—2 k—x /O O\ kta k-1l+z 2 !
O O——0—"—"90
Bx

1 2
A%fcf‘“‘“ AJC*‘#? A§*‘+3 AS*‘*«L A‘\T’*«r By LA By s BNt v B
b 4" |
(Ta) (10)
C D
2o By, o0—o o0—o0 o0—o Ih
2 ? A Ain Bi B; Asg . B,
E : : F
(IITa) (ci) (di) () (f)
Figure 28. The sub webs in the Higgs phase for 0 < k= N, - %
Phase Quiver Global Symmetry
1
(¢]
e N
1 2[k-1 1
O ——— 0O
g ) SU(N;) x SU(2) x U(1)
I O—+t— o0 — - o —--—o0 X X
' -1k S -1w ' !
2 2
Nj-1
o1
I
o1
|
I (N —0—+:t— O —:-—0— N 2
(N even) °-9 M 9-o SU(Ny) x SU(2)
2
Ny-1
1
(¢]
I
o1
/N
I (Ny odd) cl>—62>—---—Nfoil—N;l—---—g—Cf SU(Ny) x SU(2)
2 2
Ny-1
o1
I
o1
/ AN
InIII oo o i — o
N c1> c2> Nfo Nfo g <13 SU(Nf) X SU(Q)
— Ikl — Ikl
Ny-1

Table 7. Components of He for 1 < |k| = N. — % Component I is present for Ny > N,, which

means % > |k|, and Component III is present for Ny > 1.
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Phase Quiver Global Symmetry

1
o

7N\

10-o1
Y N
N O R P T
2 2 2

Ny-1
1
[e]
I

III (Ny even) ?—g—-—&—-—g—? SU(Ny)

2

Ny-1
1
o

/ AN
InIII 0—++— 0 — 0 — 0o —.-0 SU(Ny)
1 Np-2  Ng-2  Njp-2 1
2 2 2
Ny-1

Ny
5

Table 8. Components of Ho, for 1 =|k| =N, -
fact that the maximal subdivisions of the brane system are slightly different. The first
exceptional case appears for:

|k| = 1. (5.21)

In this case the global symmetry enhancement is the same:
SU(Ny) x SU(2) x U(1). (5.22)

However, the phase III does not present the extra node that contributes to the SU(2)
factor of the global symmetry in the generic case (see table 7). This can be seen in the
brane web in the fact that supersymmetry prevents from breaking loose the segment that
would correspond to this node in the general case. That is, we need to combine (IIIa) and
(f) to form the minimal sub web in order to avoid breaking the s-rule. The corresponding
quivers are given in table 8.

The next case is: ]

|k| = 3 (5.23)

For this case the global symmetry enhancement does not change:
SU(Ny) x SU(2) x U(1). (5.24)

The phase III is a subset of phase I, reflecting the fact that (Illa) is further divided
into (Ia) and (Ib). It givies the single phase, consistent with [4]. The quiver is depicted in
table 9.

The next case is:

|k| = 0. (5.25)
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Ny

Phase Quiver Global Symmetry
1
o
7/ AN
10 o1
\ \
1 —0 == - —-—0-— SU(N SU(2) x U(1
°-o N0 T oo | SU(Ny)=xSU(2) x U(1)
2 2
Ny-1
Table 9. The omponent of Ho for 5 =|k| = N. - il
QC:(0,1)
! I ° I
OD:(0,1) N
N Ny N N f
Tf -1 7/ 2 7/ Tf -1 7
e O ————————— ————————0
Asz 2 B% .
QE:(0,1) I-.-I
! L L
O F:(0,1) 11
Figure 29. 5-brane web for k = N, — % =0 at Figure 30. Toric for k= N. - =
finite coupling.
Phase Quiver Global Symmetry
1 2 1
Oo0— 0 —0
\
I —0—r— O —ee— SU(N SU(2) x SU(2
0= 3, 9-o (Ny) xSU(2) x SU(2)
2
Ng-1

Table 10. The component of He for 0 = |k| = N, -

The global symmetry enhancement is different:

Ny
5

SU(Ny) x SU(2) x SU(2).

The web diagram at infinite coupling in this case is given in the form in figure 29 while
corresponding toric diagram is in figure 30. Due to the fact that the 7-branes labelled by
C and D are both (0,1) 7-branes, the maximal subdivision of the brane web is different

from the generic case.

There is only a single phase [4], we denoted it as I', and the corresponding quiver is

given in table 10.
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5.3 Third region: |k|= N.- % +1

General case: |k|> % Let us consider the general case with:

> 2 (5.27)
2
The global symmetry is enhanced to:
SU(Ny+1)xU(1) (5.28)

The brane system at finite coupling is depicted in figure 31 as discussed in [16, 41],

while the corresponding toric diagram®

is in figure 32. When the coupling is taken to be
infinite, the web diagram is represented in figure 33. There are only two possible maximal
subdivisions of the brane system (figure 33). The different sub webs that make up these
two different phases have been collected in figure 34. The two phases have been labelled 1

and IIT due to the similarities with the previous analysis. They are:

%—k#—l %—x N
Phase I: (a) x 1+ (Ib) x1+ > (¢)xi+ > (ci)x(%—k-kl)
i=1 z’:%—kﬁ
ﬁ—k‘+1 &—1+x
P P N N
+ > (d)xi+ Y (di)x(—f—k+1)+(e)x(—f—k+1)
i=—l —k+2
ﬂ—w &—1+x
2 o2 . Ny
Phase III: (IITa) x 1+ > (¢;) xi+ Y. (d;i)xi+(e)x (7 + :):) (5.29)

i=1 i=1

The quivers are depicted in table 11. Note that the number of nodes in the balanced
chain of the quiver is extended with respect to the previous cases from Ny -1 to Ny.

Exceptional cases: |k| < % The exceptional cases still have the same brane systems
and toric diagram as those in figures 31, 33 and 32. Let us consider:

3
kl=—. 5.30
K= (5.30)
The global symmetry is enhanced to:
SU(Ny+1) xU(1). (5.31)

In this case, the sub web (IIla) is not allowed due to s-rule. Thus, there is a unique
maximal subdivision of the brane system, denoted as phase I, consistent with [4]. The
quiver obtained via Conjecture 1 are given in table 12.

6 Although this 5-brane web configuration corresponds to non-toric geometry, we can also introduce the
generalization of the toric diagram, which is denoted as “dot diagram” in [7]. In this paper, we simply
denote “toric diagram” for such diagram. The white dots in the toric diagram correspond to the shrunken
faces, which indicate coincident 5-branes attached to an identical 7-brane, following the convention in [7].

— 33 —



1
—i—

1

k—1+z A
: N
—

A
b + T
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Figure 31. 5-brane web for 0 < k=N, - % +1 Figure 32. Toric for 0< k=N, - % +1.
at finite coupling.

C:(-k+1—-2x1) D:(k—u=z1)

O O
e A% A Av, Avrii, l J) e Brria By ven B By
E E
(1a) (1b)
C D
1-—2¢ 2z
. 2
Avey, s o ro) o0——o0 o0—o
A; A1 Bita B, Alﬁﬂ Bqu
- Lt
(Ila) (ci) (di) ()

Figure 34. The sub webs in the Higgs phase for 0 <k = N, - % +1.
The next case is:
k| =1. (5.32)
The global symmetry is the same as in the general case:
SU(Ny+1) xU(1). (5.33)

The phase III from the general case is contained in phase I in this case, reflecting the
property that (IIla) can be further divided into (Ia) and (Ib). Hence, there is a single
phase, consistent with [4], given in table 13.
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Phase Quiver Global Symmetry
1 20kl-2 1
QO ——— 0
’ X SU(N; +1) x U(1)
I O — e — o — — fo) — .. —0 f
! R AN} R AN} !
Ny
1
[e]
VAN
III (Ny even) °-o ---—&—& 9o SU(Ns +1)
2 2
Ny
1
[e]
I
IIT (Nf odd) ST T L T SU(Ny +1)
2
Ny
1
(]
7/ AN
I nIII 0—++— 0 —+— 0 —.-0 SU(Ny +1)
! R BRI} R A} !
Ny

Table 11. Components of H., for % <|k|=N.- % +1. Component I is present for Ny > N,, which
means % > |k| -1, and Component III is present for Ny > 1.

Phase Quiver Global Symmetry
1 1
o — O
/ N
I 0=9 = N]?—l - qu o —rm9-o SU(Ny+1)xU(1)
2 2 2
Ny

Table 12. The component of He, for 3 = [k = N. - 2 +1

Phase Quiver Global Symmetry
1 1
o (o)
| \
2 2
Ny

Table 13. The component of Ho, for 1 =|k|= N, - % +1.
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Figure 35. 5-brane web for % =k=N,.- % +1 Figure 36. Toric for % =k=N,.- % +1.
at finite coupling.
Phase Quiver Global Symmetry
o1
5o
|
I/ clj_g_..._N;H_..._g—? SU(Nf+1)><SU(2)
2
Ny
Table 14. The component of He, for & = |k = N, - % +1.
The next case is: )
kl=—. 5.34
K= 5 (5:34)
The global symmetry is enhanced to:
SU(Ns +1) xSU(2). (5.35)

In this case, the web diagram at infinite coupling is given as in figure 35 while the corre-
sponding toric diagram is in figure 36. There is a single phase I', consistent with [4], given
in table 14.
The next case is:
k| =0 (5.36)

The global symmetry is enhanced to:
SU(Ny +2). (5.37)
The web diagram and the toric diagrams are given in figure 37 and in figure 38, respectively.

There is a single component I', consistent with [4], given in table 15.

5.4 Fourth region: |k|= N, - % +2

The brane system for the theory with |k| = N, — % + 2 at finite coupling is depicted in
figure 39. Performing Hanany-Witten transitions to this web diagram, we obtain figure 40
for |k| > 2 and figure 41 for |k| < 2.
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Figure 37. 5-brane web for 0 =k = N, - % +1 Figure 38. Toric for 0=k = N, - % +1.
at finite coupling.

Phase Quiver Global Symmetry
2
[e]
|

! _— —_—. e e — —_— —_— L
N i R P A IS

2

Nf+].

Figure 40. k=N, - % +2 > 2. After Hanany- Figure 41. 0 < k = N, - % +2 < 2. After
Witten transition. Hanany-Witten transition.

General case: |k|>2. We first concentrate on the former case. The global symmetry is:
SO(2Ny) x U(1). (5.38)

The corresponding toric diagram is in figure 42. The final brane system after taking the
gauge coupling to infinity for is depicted in figure 43.
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B} + PR .. ) 3+k A3
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1

A
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Figure 42. Toric diagram for k = NC—7f+2 >2. Figure 43. k= N.- Tf +2> 2. Strong coupling
limit.

(IVa) (Va) (Vo) (¢) (d:)

Figure 44. The sub webs in the Higgs phase for k = N, - % +2>2. (IVa) exists only for integer

k(> 3). For k = %, where y' = -1, 2/ =0 and E is a (1,1) 7-brane, (Vb) should be interpreted as a

diagram with a single (1,1) 5-brane suspended between C' and E.

We classify the Chern-Simons level k into four classes as

|k|=2n+a with «=0,=,1, (5.39)

N |
| W

In order to treat these four cases in a unified way, we introduce the variables ¥, z, ¥y’ and

2" given as
y=n-2, z=0, y'=n-2, 2/=0 for a=0
=n-1, z=1, y'=n-2, 2/=0 for a=3
y=n z y, n Z/ roa=; (5.40)
y=n-1, z=1, y =n-1, 2z =1 for a=1
y=n-1, z=0, y'=n-1, 2'=1 for a=%
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while v and w are defined only for integer k£ and given as

v=2, w=2n-2 for a=0 (5.41)
v=0, w=2n-2 for a=1

The different sub webs that conform the maximal web sub divisions are in figure 44.
There is a phase IV that only exists for N¢(>2) even, and a different phase V that changes

from Ny even and Ny odd:

Nf—2+v
2

Phase VI: (IVa) x 1+ (¢) x (Nf _U) +(dn;-1) % (

Njp-2
- )+ RCORY

Ny-z-2' N -2
Phase V: (Va)><1+(Vb)><1+(C)><( f 23 Z)+(de_1)X(%)

Ny—
+ 22(@) x i (5.42)

Especially for Ny = 0, Phase V does not exist if £ is odd («a = 1), while it exists as
(Va)x1+(Vb)x1if kis even (a = 0). For Ny = 1, Phase V always exists as (Va)x1+(Vb)x1
for generic half integer k. The corresponding component of Ho should be understood
accordingly.

The different phases are depicted in table 16. Note again, that the intersection between
the even components is a closure of a nilpotent orbit of height 2 of the global symmetry
SO(2Ny). Physically this means that the operators that are shared everywhere on the
moduli space are mesons only, while baryons and other exotic objects are specific to indi-
vidual components. It should be crucially noted that chiral ring relations do get corrections
from instanton effects even at intersections. The mesons are no longer interpreted as the
usual quark bilinears, hence the nilpotecy condition of at most V. is no longer correct, and
becomes maximal or near maximal.

Exceptional cases: |k| < 2. The 5-brane web diagrams at strong coupling for |k| < 2,
obtained from figure 41, are given in figure 45. The corresponding toric diagrams are given
in figure 46. The different sub webs that conform the maximal web sub divisions are given
analogous to figure 44. However, the counterpart of (/Va) does not exist in this case. For
|k| = 2, this is due to the s-rule. For |k| =1, it is simply because w < 0. The sub webs (Va)
and (Vb) are replaced as in figure 47 depending on the value of k. The sub webs (¢) and
(d;) are identical except that for |k| = 1/2, Ay, and An,-1 are replaced by E and Ay,
respectively.
Let us consider:
|k| = 2. (5.43)

The global symmetry is the same as in the general case:
SO(2Ny) x U(1). (5.44)

There is a single phase V. The phase IV does not exist since (IVa) is not allowed due
to s-rule as stated above. The maximal subdivision is given as in equation (5.42). The
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Phase Quiver Global Symmetry
Nf72
2
o
|
IV (Ny even) oo~ _N;—3_Nfo—2_& =0 SO(2Ny)
2
vy !
‘|’ /N Ne-SL
V (Ny even) ?—g—---—Nfois—Nfod—&—(l) SO(2Ny¢) x U(1)
2
Néfl 1
(¢] — O
p No- NJ;—l
V (N odd) ?_g_..'_N;—?)_N;—Q_@_(l) SO(2Ny¢) x U(1)
2
Nf272 1
(¢] o
N/
IV NV (N even) 0—0 - N;_?)— N;)—Z - N;Q SO(2Ny)
2

Table 16. Components of H, for 2 < |k| = N, - % +2. Component IV is present for Ny > 2 with
Ny even. Component V (N even) is present for Ny > 0 if k is even and is present for Ny > 2 if k

is odd. Component V (Ny odd) is present for Ny > 1.

D:(1,-1)

Figure 45. 0<k=N, - % + 2 < 2. Strong coupling limit.
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Figure 46. Toric diagrams for 0 < k = N, - % +2<2.
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N

(Va): k=22 (Va):k=1,1 (Vb): k=2 (Vb): k=3,1,

. . . Ny
Figure 47. The sub webs in the Higgs phase for |k| = N. - =L +2<2.

Phase Quiver Global Symmetry
Nf2—2 1
o o
| |
V (Ny even) o=g= _N;)fs_N;)fz_ & -9 SO(2Ny) x U(1)
2

Table 17. The component of Ho, for 2 = |k| = N, - % +2.

Phase Quiver Global Symmetry
Nf2—l 1
o — O
7/
V (N odd) <1>—C2J—---—N;J_3—N;_2—£—cl> SO(2Ny) x U(1)
2

Table 18. The component of He, for 3 = |k = N, - % +2.

corresponding quiver is depicted in table 17, which can be seen as the special case of
table 16.

The next case is: 5
|k| = 3" (5.45)

This case is not an exception. The global symmetry is the same as in the general case:
SO(2Ny) x U(1). (5.46)

The maximal subdivision is given as in equation (5.42) and the Higgs branch is also given
by the general case, with a single component V, consistent with [4]. It is depicted in
table 18.

The next case is:

k| =1. (5.47)
The global symmetry is not the same as in the general case:
SO(2Ny) x SU(2). (5.48)
There is a single phase V', The maximal subdivision is given as
N -2 Npy NLP
Phase V': (Va) x 1+ (Vb) x2+ (c) x ( ! ) + (dn,-1) x (Tf) + Y (di)xi (5.49)
i=1
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Phase Quiver Global Symmetry
Nf—2
2
[e]
V' (Ny even) | o gm0 - N;L_Q -5 =373 | SO(Ny) xSU()
2

Table 19. The component of Ho, for 1 =|k|= N, - % +2.

Phase Quiver Global Symmetry
Nyt
2
|
4
V' (Ny odd) <f—<2>—-~—Nf0_2—Nf0_l—@—c2> SO(2Nys +2)
2

Table 20. The component of He, for £ = |k = N, - % +2.

which is slightly modified from equation (5.42). The result is consistent with [4], see
table 19.
The next case is:

1
kl=—. 5.50
o= (5.50)
The global symmetry is enhanced to:
SO(2Ny +2). (5.51)

There is a single phase V'. The maximal subdivision is given as

Ny+1 Np-1y Nt
Phase V': (Va) x2+ (Vb) x ( f2 )+ (c) x ( f2 ) + Y (di) xi (5.52)
i=1
The quiver is depicted in table 20.
The last case is:
|k| = 0. (5.53)

In this case the theory has a 6d fixed point.

5.5 Excetional case: fifth region with |k|= N, - % +3 and N.=3

Exceptionally for N, = 3, it is proposed [17, 18] that the theory with |k| = N, - % +3
also has a UV fixed point. This case can be understood as a special case of 5d SU(N,)
gauge theory with one hypermultiplet in antisymmetric tensor representation and Ny —1(<
chNerg Th

5 is class of
theories is believed to be dual to 5d Sp(N. — 1) gauge theory with one antisymmetric
tensor and Ny — 1 flavors, whose UV fixed point is known to be rank N, -1 SCFT with

global symmetry Ey,. However, for N, = 3, the antisymmetric tensor representation is

8) hypermultiplets in fundamental representation and with |k| =

equivalent to fundamental representation, leading to Ny flavor. The corresponding 5-brane
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(4,-1) — (3+a,1)

(1,-1) 1-a,—a)

Figure 48. 5-brane web for N, = 3, Osk:6—%. We define a =0 for Ny =0 and a =1 for Ny > 1.

(1,-1 (2,1)

(1,2) (1,2)

Figure 49. Nj =0,k = 6. After Hanany-Witten Figure 50. 0 < k = 6 - 50, Ny > 1. After
transition. Hanany-Witten transition.

web diagram can be depicted as in figure 48 with the introduction of 7-branes, where we
set a =0 for Ny =0 and a =1 for Ny > 1.

By moving the 7-branes as in figure 48, we obtain the 5-brane web in figure 49 for Ny =0
and the one in figure 50 for Ny > 1 after Hanany-Witten transition. It is straightforward
to see that the 5-brane web diagram in figure 50 is identical to the one suggested in [42] for
5d Sp(2) gauge theory with 1 second rank antisymmetric tensor and Ny —1 flavors at their
UV fixed point.” These theories are known to be rank 2 SCFTs with Ey ; global symmetry.

Indeed, by moving 7-branes in figure 50, taking into account their monodromy as well
as the Hanany-Witten transitions, we see that the diagrams can be equivalently rewritten
as in figure 51. These diagrams are almost identical to the ones proposed in [7] as the
diagram for rank 2 Ey, SCFTs. The only difference is the extra edge with a single 5-
brane, which corresponds to the decoupled singlet. The corresponding toric diagrams are
depicted in figure 52.

From figure 51, it is straightforward to read off the Higgs branches. They are identified
as a 3d quiver with affine E, Dynkin diagram whose ranks are twice the ranks of the
minimal choice for the affine Ely, quivers, which are discussed in section 2, and with an
extra U(1) node attached to the null node. See tables 3 and 4 of [43] for k£ = 2 in these

"This diagram also includes a decoupled singlet whose mass is identical to the one of the antisymmetric
tensor. F.Y. thanks O.Bergman for discussion on this point.
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Ny=7

Figure 51. 5-brane web diagram for N, =3, |k| =6 - % at infinite coupling.
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Figure 52. Toric diagrams for N. =3, |k| =6

tables. The moduli space is, as expected, the 2 E, instanton moduli space on C? [43] and
its Hilbert Series is computed in [44].

6 Conclusions

The conclusion of this paper is that tropical geometry holds the key to solve a problem in
supersymmetric quantum field theory that had not been probed with the tools that were
developed in the past. The problem concerns the vacuum structure of 5d theories when
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their gauge coupling is taken to infinity. In particular we have postulated a conjecture that
is able to recover the Higgs branch of such theories. The Higgs branch at infinite gauge
coupling is found to be a union of several components (hyperKéahler cones), and each of
such components is given as a space of dressed monopole operators. The structure of such
spaces can be easily encoded in graphs (quivers), and our proposal explains how to read
such quivers directly from the brane system of the 5d theory. The technique of obtaining
such quivers, embodied in or Conjecture 1, is completely novel and we believe that its
striking simplicity makes it particularly appealing. Furthermore, the technique itself is by
no means restricted to the vacuum at infinite coupling, and it can be applied to any 5d
N =1 gauge theory that has an embedding into Type IIB superstring theory, via five brane
webs ending on seven branes. It can also be used to study any hyperKéahler variety that
exists as a subset of the full Higgs branch. In this paper for example, we have employed
it to obtain the precise description of the intersections of the different components of the
Higgs branch at infinite coupling.

We believe that both results, the classification of Higgs branches at infinite coupling
of the three parameter family of 5d SQCD theories, and the conjecture on how to obtain
the components of the Higgs branch from the brane system, are extremely relevant. The
former provides an answer for a question that had been left unsolved for far too long. The
latter constitutes an exceedingly simple new technique that can easily be implemented in
many other analyses, and it is bound to open the door to a myriad of exciting results in
the study of moduli spaces of 5d supersymmetric gauge theories. Furthermore, it gives a
more robust shape to an idea that has been emerging in these types of studies during the
last two years: the use of spaces of dressed monopoles to study vacuum moduli spaces is
not restricted to 3d Coulomb branches, and it is in fact a property of any theory with eight
supercharges in 3, 4, 5 or 6 dimensions.
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A Example of an explicit computation

Let us illustrate the computation of the quantities SI, X; and Y; involved in Conjecture 1
with an example. Let the example be the 5-brane web in figure 53 (this brane system
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appears among other cases as a sub web of the system with gauge group SU(5), Ny = 8
number of flavors, and CS level k = 3). It can be maximally divided into two different sub
webs, one depicted in color blue, the other in color red.

First, let us compute the stable intersection SI. In order to do this we focus on the
local properties of the system near the intersection point in the center of figure 53. We
depict the neighborhood of this point in figure 54 (note that the 7-branes are taken to be
very far away), with the difference that the sub webs have been slightly displaced with
respect to each other. Now it is possible to obtain a dual toric diagram of the system,
represented in figure 55. The SI is the sum of the areas of all polygons with edges of
different colors. In this case there are two such polygons: one rectangle of area 2 and one

square of area 2. Hence,
SI=2+2=4 (A1)

Now, let us compute the X; contributions. These come from the 7-branes that are
shared by both sub webs. There are 3 such branes, denoted in figure 53 as A1, Ay and
As. For each brane A; we compute how many possible combinations exist of branes from
different sub webs ending on it from opposite directions. This number is zero for A; and
Ag. For As the blue (0,1) 5-brane that ends on it from below can be paired with two
different red (0,1) 5-branes that end on it from above, giving a total number of 2:

X1=0 (A.2)
X9=0 (A.3)
X3=1x2=2 (A.4)

In order to compute the Y; contributions we look again at the A; 7-branes. In each
7-brane we ask how many pairs of 5-branes from different sub webs exist such that both
5-branes end in the 7-brane coming from the same direction. For A; there is only one pair,
and the same is true for As. For As there are two blue (0,1) 5-branes that end on A3 from
above, and there are also two red (0,1) 5-branes that end on As from above, so there is a
total of four different combinations:

Yi=1x1=1 (A.5)
Yo=lx1=1 (A.6)
Ya=2x2-4 (A7)

According to Conjecture 1, each sub web gives rise to a different U(1) gauge node on
the corresponding quiver; the number of edges F between both nodes is then given by:

3 3
E=8I+) X;->Y;
i=1 i=1
=4+(0+0+2)-(1+1+4)

=0

(A.8)

Hence, the quiver corresponding to figure 53 has two nodes of rank 1 with no hypermulti-

plets in between:

(A.9)

— 0
— 0
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Figure 53. Example of a 5-brane web that has been maximally subdivided. The 7-branes that
are shared by both sub webs are labelled A1, A; and Ajs.

|

Figure 54. Stable intersection computation. The branes that intersect in figure 53 have been
displaced with respect to each other.

Figure 55. Toric diagram dual to the configuration in figure 54.

and the Higgs branch of the system is isomorphic to the 3d Coulomb branch (or alterna-
tively, the space of dressed monopole operators):

c3d ((1) (1)) (A.10)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] O. Aharony and A. Hanany, Branes, superpotentials and superconformal fixed points, Nucl.
Phys. B 504 (1997) 239 [hep-th/9704170] [NSPIRE].

[2] O. Aharony, A. Hanany and B. Kol, Webs of (p,q) five-branes, five-dimensional field theories
and grid diagrams, JHEP 01 (1998) 002 [hep-th/9710116] [INSPIRE].

47 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/S0550-3213(97)00472-0
https://doi.org/10.1016/S0550-3213(97)00472-0
https://arxiv.org/abs/hep-th/9704170
https://inspirehep.net/search?p=find+EPRINT+hep-th/9704170
https://doi.org/10.1088/1126-6708/1998/01/002
https://arxiv.org/abs/hep-th/9710116
https://inspirehep.net/search?p=find+EPRINT+hep-th/9710116

[3]

S. Cremonesi, G. Ferlito, A. Hanany and N. Mekareeya, Instanton Operators and the Higgs
Branch at Infinite Coupling, JHEP 04 (2017) 042 [arXiv:1505.06302] [INSPIRE].

G. Ferlito, A. Hanany, N. Mekareeya and G. Zafrir, 8d Coulomb branch and 5d Higgs branch
at infinite coupling, JHEP 07 (2018) 061 [arXiv:1712.06604] [INSPIRE].

A. Hanany and E. Witten, Type IIB superstrings, BPS monopoles and three-dimensional
gauge dynamics, Nucl. Phys. B 492 (1997) 152 [hep-th/9611230] [INSPIRE].

O. DeWolfe, A. Hanany, A. Igbal and E. Katz, Five-branes, seven-branes and
fiwe-dimensional E,, field theories, JHEP 03 (1999) 006 [hep-th/9902179] [INSPIRE].

F. Benini, S. Benvenuti and Y. Tachikawa, Webs of five-branes and N = 2 superconformal
field theories, JHEP 09 (2009) 052 [arXiv:0906.0359] [INSPIRE].

H. Nakajima, Instantons on ale spaces, quiver varieties, and kac-moody algebras, Duke Math.
J. 76 (1994) 365.

A. Beauville, Symplectic singularities, Invent. Math. 139 (2000) 541.

S. Cremonesi, A. Hanany and A. Zaffaroni, Monopole operators and Hilbert series of Coulomb
branches of 3d N =4 gauge theories, JHEP 01 (2014) 005 [arXiv:1309.2657] [INSPIRE].

H. Nakajima, Towards a mathematical definition of Coulomb branches of 3-dimensional N = 4
gauge theories, I, Adv. Theor. Math. Phys. 20 (2016) 595 [arXiv:1503.03676] [INSPIRE].

A. Braverman, M. Finkelberg and H. Nakajima, Towards a mathematical definition of
Coulomb branches of 3-dimensional N = 4 gauge theories, II, arXiv:1601.03586 [INSPIRE].

H. Nakajima, Introduction to a provisional mathematical definition of Coulomb branches of
3-dimensional N = 4 gauge theories, arXiv:1706.05154 [INSPIRE].

C. Cordova, T.T. Dumitrescu and K. Intriligator, Multiplets of Superconformal Symmetry in
Diverse Dimensions, arXiv:1612.00809 [INnSPIRE].

K.A. Intriligator and N. Seiberg, Mirror symmetry in three-dimensional gauge theories, Phys.
Lett. B 387 (1996) 513 [hep-th/9607207] [INSPIRE].

O. Bergman and G. Zafrir, Lifting 4d dualities to 5d, JHEP 04 (2015) 141
[arXiv:1410.2806] [INSPIRE].

P. Jefferson, H.-C. Kim, C. Vafa and G. Zafrir, Towards Classification of 5d SCFTs: Single
Gauge Node, arXiv:1705.05836 [INSPIRE].

P. Jefferson, S. Katz, H.-C. Kim and C. Vafa, On Geometric Classification of 5d SCFTs,
JHEP 04 (2018) 103 [arXiv:1801.04036] [INSPIRE].

H. Hayashi, S.-S. Kim, K. Lee and F. Yagi, Dualities and 5-brane webs for 5d rank 2 SCFTs,
JHEP 12 (2018) 016 [arXiv:1806.10569] [INSPIRE].

O. Bergman, D. Rodriguez-Gémez and G. Zafrir, 5-Brane Webs, Symmetry Enhancement
and Duality in 5d Supersymmetric Gauge Theory, JHEP 03 (2014) 112 [arXiv:1311.4199]
[INSPIRE].

H. Hayashi, S.-S. Kim, K. Lee, M. Taki and F. Yagi, A new 5d description of 6d D-type
minimal conformal matter, JHEP 08 (2015) 097 [arXiv:1505.04439] INSPIRE].

K. Yonekura, Instanton operators and symmetry enhancement in 5d supersymmetric quiver
gauge theories, JHEP 07 (2015) 167 [arXiv:1505.04743] [INSPIRE].

D. Gaiotto and H.-C. Kim, Duality walls and defects in 5d N =1 theories, JHEP 01 (2017)
019 [arXiv:1506.03871] [INSPIRE].

48 —


https://doi.org/10.1007/JHEP04(2017)042
https://arxiv.org/abs/1505.06302
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.06302
https://doi.org/10.1007/JHEP07(2018)061
https://arxiv.org/abs/1712.06604
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.06604
https://doi.org/10.1016/S0550-3213(97)00157-0
https://arxiv.org/abs/hep-th/9611230
https://inspirehep.net/search?p=find+EPRINT+hep-th/9611230
https://doi.org/10.1088/1126-6708/1999/03/006
https://arxiv.org/abs/hep-th/9902179
https://inspirehep.net/search?p=find+EPRINT+hep-th/9902179
https://doi.org/10.1088/1126-6708/2009/09/052
https://arxiv.org/abs/0906.0359
https://inspirehep.net/search?p=find+EPRINT+arXiv:0906.0359
https://doi.org/10.1215/S0012-7094-94-07613-8
https://doi.org/10.1215/S0012-7094-94-07613-8
https://doi.org/10.1007/s002229900043
https://doi.org/10.1007/JHEP01(2014)005
https://arxiv.org/abs/1309.2657
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.2657
https://doi.org/10.4310/ATMP.2016.v20.n3.a4
https://arxiv.org/abs/1503.03676
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.03676
https://arxiv.org/abs/1601.03586
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.03586
https://arxiv.org/abs/1706.05154
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.05154
https://arxiv.org/abs/1612.00809
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.00809
https://doi.org/10.1016/0370-2693(96)01088-X
https://doi.org/10.1016/0370-2693(96)01088-X
https://arxiv.org/abs/hep-th/9607207
https://inspirehep.net/search?p=find+EPRINT+hep-th/9607207
https://doi.org/10.1007/JHEP04(2015)141
https://arxiv.org/abs/1410.2806
https://inspirehep.net/search?p=find+EPRINT+arXiv:1410.2806
https://arxiv.org/abs/1705.05836
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.05836
https://doi.org/10.1007/JHEP04(2018)103
https://arxiv.org/abs/1801.04036
https://inspirehep.net/search?p=find+EPRINT+arXiv:1801.04036
https://doi.org/10.1007/JHEP12(2018)016
https://arxiv.org/abs/1806.10569
https://inspirehep.net/search?p=find+EPRINT+arXiv:1806.10569
https://doi.org/10.1007/JHEP03(2014)112
https://arxiv.org/abs/1311.4199
https://inspirehep.net/search?p=find+EPRINT+arXiv:1311.4199
https://doi.org/10.1007/JHEP08(2015)097
https://arxiv.org/abs/1505.04439
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.04439
https://doi.org/10.1007/JHEP07(2015)167
https://arxiv.org/abs/1505.04743
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.04743
https://doi.org/10.1007/JHEP01(2017)019
https://doi.org/10.1007/JHEP01(2017)019
https://arxiv.org/abs/1506.03871
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.03871

[24] G. Ferlito and A. Hanany, A tale of two cones: the Higgs Branch of Sp(n) theories with 2n
flavours, arXiv:1609.06724 [INSPIRE].

[25] N. Seiberg, Five-dimensional SUSY field theories, nontrivial fized points and string
dynamics, Phys. Lett. B 388 (1996) 753 [hep-th/9608111] [INSPIRE].

[26] D.R. Morrison and N. Seiberg, Eztremal transitions and five-dimensional supersymmetric
field theories, Nucl. Phys. B 483 (1997) 229 [hep-th/9609070] [INSPIRE].

[27] K. Altmann, The versal Deformation of an isolated toric Gorenstein Singularity,
alg-geom/9403004.

[28] K. Altmann, Infinitesimal Deformations and Obstructions for Toric Singularities,
alg-geom/9405008.

[29] S. Franco, A. Hanany, F. Saad and A.M. Uranga, Fractional branes and dynamical
supersymmetry breaking, JHEP 01 (2006) 011 [hep-th/0505040] [INSPIRE].

[30] P. Boalch, Simply-laced isomonodromy systems, Publications mathématiques de I'IHES 116
(2012) 1 [arXiv:1107.0874].

[31] D. Xie, General Argyres-Douglas Theory, JHEP 01 (2013) 100 [arXiv:1204.2270] [INSPIRE].

[32] M. Del Zotto and A. Hanany, Complete Graphs, Hilbert Series and the Higgs branch of the
4d N =2 (A,,An) SCFTs, Nucl. Phys. B 894 (2015) 439 [arXiv:1403.6523] [INSPIRE].

[33] E. Brugallé and K. Shaw, A bit of tropical geometry, arXiv:1311.2360.

[34] D. Collingwood and W. McGovern, Nilpotent Orbits In Semisimple Lie Algebra: An
Introduction, Mathematics series, Taylor & Francis, (1993).

[35] H. Kraft and C. Procesi, On the geometry of conjugacy classes in classical groups, Comment.
Math. Helv. 57 (1982) 539.

[36] A. Hanany and N. Mekareeya, The small Es instanton and the Kraft Procesi transition,
JHEP 07 (2018) 098 [arXiv:1801.01129] [INSPIRE].

[37] S. Cabrera and A. Hanany, Quiver Subtractions, JHEP 09 (2018) 008 [arXiv:1803.11205]
[INSPIRE].

[38] M. Taki, Seiberg Duality, 5d SCFTs and Nekrasov Partition Functions, arXiv:1401.7200
[INSPIRE].

[39] O. Bergman, A. Hanany, A. Karch and B. Kol, Branes and supersymmetry breaking in
three-dimensional gauge theories, JHEP 10 (1999) 036 [hep-th/9908075] [INSPIRE].

[40] O. Bergman and A. Fayyazuddin, String junction transitions in the moduli space of N =2
SYM, Nucl. Phys. B 535 (1998) 139 [hep-th/9806011] [iNSPIRE].

[41] L. Bao, V. Mitev, E. Pomoni, M. Taki and F. Yagi, Non-Lagrangian Theories from Brane
Junctions, JHEP 01 (2014) 175 [arXiv:1310.3841] [INSPIRE].

[42] O. Bergman and G. Zafrir, 5d fized points from brane webs and O7-planes, JHEP 12 (2015)
163 [arXiv:1507.03860] [INSPIRE].

[43] S. Cremonesi, G. Ferlito, A. Hanany and N. Mekareeya, Coulomb Branch and The Moduli
Space of Instantons, JHEP 12 (2014) 103 [arXiv:1408.6835] [INSPIRE].

[44] A. Hanany, N. Mekareeya and S.S. Razamat, Hilbert Series for Moduli Spaces of Two
Instantons, JHEP 01 (2013) 070 [arXiv:1205.4741] [INSPIRE].

— 49 —


https://arxiv.org/abs/1609.06724
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.06724
https://doi.org/10.1016/S0370-2693(96)01215-4
https://arxiv.org/abs/hep-th/9608111
https://inspirehep.net/search?p=find+EPRINT+hep-th/9608111
https://doi.org/10.1016/S0550-3213(96)00592-5
https://arxiv.org/abs/hep-th/9609070
https://inspirehep.net/search?p=find+EPRINT+hep-th/9609070
https://arxiv.org/abs/alg-geom/9403004
https://arxiv.org/abs/alg-geom/9405008
https://doi.org/10.1088/1126-6708/2006/01/011
https://arxiv.org/abs/hep-th/0505040
https://inspirehep.net/search?p=find+EPRINT+hep-th/0505040
https://doi.org/10.1007/s10240-012-0044-8
https://doi.org/10.1007/s10240-012-0044-8
https://arxiv.org/abs/1107.0874
https://doi.org/10.1007/JHEP01(2013)100
https://arxiv.org/abs/1204.2270
https://inspirehep.net/search?p=find+EPRINT+arXiv:1204.2270
https://doi.org/10.1016/j.nuclphysb.2015.03.017
https://arxiv.org/abs/1403.6523
https://inspirehep.net/search?p=find+EPRINT+arXiv:1403.6523
https://arxiv.org/abs/1311.2360
https://doi.org/10.1007/BF02565876
https://doi.org/10.1007/BF02565876
https://doi.org/10.1007/JHEP07(2018)098
https://arxiv.org/abs/1801.01129
https://inspirehep.net/search?p=find+EPRINT+arXiv:1801.01129
https://doi.org/10.1007/JHEP09(2018)008
https://arxiv.org/abs/1803.11205
https://inspirehep.net/search?p=find+EPRINT+arXiv:1803.11205
https://arxiv.org/abs/1401.7200
https://inspirehep.net/search?p=find+EPRINT+arXiv:1401.7200
https://doi.org/10.1088/1126-6708/1999/10/036
https://arxiv.org/abs/hep-th/9908075
https://inspirehep.net/search?p=find+EPRINT+hep-th/9908075
https://doi.org/10.1016/S0550-3213(98)00553-7
https://arxiv.org/abs/hep-th/9806011
https://inspirehep.net/search?p=find+EPRINT+hep-th/9806011
https://doi.org/10.1007/JHEP01(2014)175
https://arxiv.org/abs/1310.3841
https://inspirehep.net/search?p=find+EPRINT+arXiv:1310.3841
https://doi.org/10.1007/JHEP12(2015)163
https://doi.org/10.1007/JHEP12(2015)163
https://arxiv.org/abs/1507.03860
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.03860
https://doi.org/10.1007/JHEP12(2014)103
https://arxiv.org/abs/1408.6835
https://inspirehep.net/search?p=find+EPRINT+arXiv:1408.6835
https://doi.org/10.1007/JHEP01(2013)070
https://arxiv.org/abs/1205.4741
https://inspirehep.net/search?p=find+EPRINT+arXiv:1205.4741

	Introduction and summary
	Known examples
	E(3) — union of two cones
	E(4) — necklace quiver
	E(5) — node multiplicity
	E(6) — 7-brane contributions without stable intersection
	Super Yang-Mills — edge multiplicity

	Conjecture
	Comments

	New notions
	Union of three cones
	The intersection of several cones

	Computation of H(infinity) for SQCD
	First region: |k| < N(c) - N(f)/2
	Second region: |k| = N(c) - N(f)/2
	Third region: |k| = N(c) - N(f)/2 + 1
	Fourth region: |k| = N(c) - N(f)/2 + 2
	Excetional case: fifth region with |k| = N(c) - N(f)/2 + 3 and N(c) = 3

	Conclusions
	Example of an explicit computation

