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NOMENCLATURE

A = Member cross-sectional area
[A] = A branch-node incidence matrix associated

with the geometry transformation in global

coordinates

[Ag] = The branch-node incidence matrix associated with
a geometry transformation of the variable members

b = Number of branches

c = Number of displacement constraints

d = 2+2V

e = 2+ly

E = Modulus of elasticity

F = Member forces

H = Horizontal forces at the joints

[I1° = A unit matrix

(K] = Member stiffness matrix or global unstructured
stiffness matrix

[Kly = The local member stiffness matrik for member m

[K]m = A structural global stiffness matrix associated
with DC

[Kln = A structural global stiffness matrix associated
with FC

L = Length of member

{M} = The unknown variable matriX'{Eg}
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(P}
{Pg}

{R}

[S]
[T]

{u}

{u'}

{u}

{v}

{W}

Number of nodes or number of degrees of freedom
Number of joints

Number of members .

The unknown variable matrix{’s\“}

The forces in global coordinates due to applied
joint loads or a vector of applied joint loads
in global .coordinates

The applied joint loads in global.coordinates
The applied member forces of the variable members
in local coordinates

The total member forces or the axial member
forces in global coordinates

A structured global stiffness matrix

The transformation of displacement-rotation
matrices for the members

A geometry transformation matrix

The unknown member distortions in global
coordinates

A vector of joint displacements in global
coordinates

Joint displacements

The member distortions due to discontinuities
Number of variable members

Vertical forces at the joints

The final member distortions in global
coordinates

A column matrix represents joint loads including

vii



constrained values in global coordinates

{W3} = A column matrix represents applied joint loads in
global coordinates

{Wz2} = An applied joint load due to the force constraint
in a variable member in global coordinates

{o] = A null matrix

T = Axial stresses in members

A = Member displacements

‘{oc}, {P}, {¥1, {M} = The resulting submatrices after

transformation
Superscripts :
t,T = Matrix transposition

* Local coordinates values
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Across Variable

Branch

Datum Node

Ideal Load

Ideal Member

GLOSSARY

A joint displacement in the structural
model, it can be measured by using
strain gauges and defined as a vector
quantity between two nodes.

A line connecting two nodes in the net-
work graph. It represents a structural
member. Associated with the branch is
the member stiffness matrix relation-
ship.

The node in a network graph that repre-
sents the structural supports (i.e.,
zero displacemenﬁ, it is called
reference node or fixed node)

The applied load at the negative end of
an ideal member in a DC system, it is a
function of the displacement constrain-
ing value. In a FC system it is
referred to as an applied member force.
The magnitude represents the force
constraints.

A member with an assumed'stiffness con-

nected in series with a nullator used

ix



Joint

Member

Mesh/Loop

Node

Norator

Nullator

Through Variable

Variable Member

in a DC system.

It is defined as the connection of
structural members and represented by
the graph nodes.

It is defined as the structural member
and is represented by the graph
branches

If the starting and terminal nodes of a
set of branches are the same node, it
is called a mesh or a closed loop.

The points in a network graph at the
junction of the branches.

It is an element that is connected in
sefies between the negative end and the
new node in a FC system. In terms of
force and displacement, it is defined
as a Norator (F,0).

Member used to indicate the constrained
relationship between the positive and
negative ends in a DC system. The
stiffness of this member is undefined.
A member force in a structurai model,
it can be calculated from the strain
gauges and defined as a.vector

quantity at a node.

It is a member with unknown properties;

for truss it is the cross-sectional



area. On the network graph, it is
shown as a dashed line. 1Inh unstruc-
tured global stiffness matrix is

treated to be zero for variable member,

X1
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ABSTRACT

TRUSS ANALYSIS USING
SINGULAR IMBEDDING METHOD

by
THIEM JENNGAMKUL

University of New Hampshire, December, 1983

In structural analysis and design of trussed
structures, the Singular Imbedding Method is applied and
formulated to handle joint displacement, member force, and
member stress constraints. There are two structural
systems, namely, a Displacement Constraining System (DC)
and a Force Constraining System (FC) that are developed for
constraining joint displacements' and member forces,
respectively. The formulation of this method is based upon
three sets of equations; equilibrium conditions,
compatibility relationships, and Hooke's law of material.

The final structural stiffness matrix equations are
constructed for the different types of constraints. The
unknown member areas are determined from the final
structural stiffness matrix equations. The analysis
limitations are presented and classified for a design
criterion. Example problems are presented to illustrate

the application of this analysis.
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CHAPTER 1

INTRODUCTION

1.1 Historical Review

The network topological technique is a method used
to analyze elastic structural systems utilizing concepts
similar to electrical circuit theory. This method was

. A ) (15,16)
introduced by William R. Spillers,

using network
analysis principles, to develop mathematical models of
truss prdblems.. This mathematical analogy is convenient
for solutions using a digital computer. A method of
solution for an arbitrary truss is developed and written
in terms of three matrices : one that describes the
stiffness of the members; one that describes the loads on
the joints; and an incidence matrix that represents the

connectivity relations of the structure.

Network analysis of structures was developed by

William R. Spillers and Frank L. Di Maggiofl7)and by S.J.
6,7,8 '
Fenves and F.H. Branin, Jrs 7,8) Each investigated the

following two methods of a network analysis : the node and

¥ Number in parenthesis refers to literature cited in the
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mesh methods which are similar to the displacement and
force methods of structural analysis, respectively.

Matrix methods can be used to analyze and design
statically indeterminate structures with specified
constraints (e.g., Jjoint displacements, member forces or
member stresses). Initial values for structural
properties are assumed and then modified during each
iteration until a feasible solution is reached.

To eliminate the 1long process of iteration as
previously described, the Singular Imbedding Method was
introduced in structural analysis (See Appendix C). This
approach was implemented for designing structures to meet
specified requirements, namely, Jjoint displacements or
member fdrces}14)These requirements can be the constraints

placed upon a problem by a designer or the limits

specified by codes or other specifiqations.

1.2 Singular Imbedding Method

The Singular Imbedding Method was introduced by
E.B. Kozemchak and M.A. Murray-Lasso for computer-aided
circuit design}z) This method is a direct solution for
designing the <c¢ircuit elements to meet a given set of
node-pair voltages, branch currents, or driving point and
transfer impedances. The undetermined element currents,
node voltages, resistors and capacitors are selected as

the variables in the formulation. The singular elements



are introduced and connected into a network to impose the
desired constraints. A voltage forcing element (VFE) is
used to constrain network voltages, and a current forcing
element (CFE) 1is wused to constrain network currents. A
final nodal equation is established and the values for the
variable elements are solved simultaneously.

To analyze structural problems, a
Network-Topological Formulation can be wused. A network
graph 1is wused ¢to represent the structural joints and
members in a structural stiffness analysis. The graph
nodes represent the structural joints and the graph
branches correspond to the members. To extend the
analysis to handle joint displacement and member force
constraints DC (Displacement Constraining) and FC (Force
Constraining) systems are developed. The systems when
introduced into the analysis allows for the determination
of member properties to achieve the structural performance
specified by the constraints.

The following example will illustrate the
procedure. Beginning with a structure with defined
geometry and defined member properties for members a and b
a displacement constraint is specified as shown in Figure
(1a). A constraint is imposed that limits the free joint
displacement in the x direction to have a magnitude of.Ax.
For the purpose of this example, member ¢ is selected as
the variable member. A DC system is introduced in place

of member c as shown in Figure (ib). A stiffness analysis



is performed with the DC system. From this, the joint
displacements and member forces are determined. The
member stiffness equation for member ¢ is then used to
determine the variable member property for member ¢. For
a truss structure the variable can be the cross-sectional
area or the modulus of elasticity. This procedure may
produce a positive or negative value for the variable
property. A bositive value represents a feasible
solution. In other words if the magnitude of the
variable preoperty was used in the analysis the constraint
would be satisfied. If the variable property is negative
it represents a non-practical solution. This means that
the specified constraint can not be achieved. This would
occur if the specified constraint could not be physically
achieved with any value for the variable property. An
example of this is, 1if the specified displacement
constrﬁint exceeded the displacement in the structure
without member ¢ present as shown in Figure (1e). A
possible way to achieve the constraint would be to
prestress the variable member using the magnitude of the
member force determined in the analysis and the determined
value for the variable parameter. This type of solution
is referred to in this thesis as a non-practical solution.
If it 1is physically impossible to achieve the constraipt

condition, the method leads to a non-feasible solution.



Y v

a b c bC
System
P2 . p
j-]Ax 2
(a) Specified Geometry (b) Constrained Structure

—>-P1
o, |

(c) Specified Members

FIG.1 ITlustrated Example Of A DC Constraint

A force constraint 1is handled similar to the
displacement constraint. The structure 1is specified as
illustrated for the displacement constraint and selected
member or members are designated as being constrained to a
magnitude of force. An FC system is introduced in place

of the constrained member or members and a stiffness



analysis performed. The member stiffness equation is then
used to determine a constrained member property. The
equation 1is repeated for each constrained member. The
results may be practical or non-practical solution as
explained for the displacement constraint. Prestressing
is required when the given loads do not develop the member

force specified by the constraint.

1.3 Thesis Purpose

The purpose of this thesis 1is to formulate an
analysis method to handle joint displacement, member
force, and member stress constraints. The problems that
are considered in this work are the design of elastic
trusses. Two structural systems, a Displacement
Constraining System (DC) and a Force Constraining System
(FC), are developed for constraining joint displacements
and member forces, respectively. These systems are added
into a network graph which causes the structural stiffness
matrix to become singular (a matrix that can not be
inverted). Therefore, this method is called the Singular
Imbedding Method. The three sets of equations used by
this method (for linear elastic trusses) are :

(a) Equilibrium; the summation of forces at each
nbde is equal to zero. |

(b) Compatibility; the summation of displacements

in a closed loop is equal to zero.



(ec) Hooke's law; forces are associated with
displacements as a function of the material properties in
each member.

The final nodal equations are based upon these
equations modified to handle the singularity and then
solved simultaneously. The Singular Imbedding approach
and the analysis 1limitations are investigated. The

application of this analysis is shown by examples.



CHAPTER 2

EQUATIONS OF SINGULAR IMBEDDING ANALYSIS

2.1 Fundamentals Of Network Analysis

When a system is modeled as a network graph, the
physical components of the system are superimposed on the
network graph :

(i) The physical relationship of each component
of the network graph depends upon the properties of a
particular system being modeled, such as a truss, an
electrical network, etc.

(ii) The interconnection of -the components for the
system 1is represented by the topology of the network,
i.e., the interconnection between components.

Let us consider a network graph; the points are
called nodes and the lines are called branches. A branch
has two endpoints, each of which is a node. A node and~a
‘branch are said to be incident with each other if the node
is an endpoint of the branch. In a structural problem, a
branch represents a structural member. Associated with
the branch 1is the member stiffness matrix relationship
which for a truss is in linear form. Therefore, a branch

13)

in the network graph is defined as a linear functiong A



linear graph 1is a collection of branches, each of which
can have a common point with another branch only at a
node. The topology of a graph describes the
interconnection of the nodes. If the starting and
terminal nodes of a set of branches are the same node, it
is called a mesh or a closed loop, as shown in Fig.2(a).

A directed graph 1is one in which each branch is
assigned a direction. A branch is oriented in the
direction from its initial node to its final node. The
initial node is defined to be positively incident on the
branch and the final node negatively inéident, as shown in

Fig.2(b).

(a) Mesh (b) Directed Branch

FIG. 2 Network Graph

i @ ® * X
B ®M S
(a) (b)

FIG. 3 Network Graph For Truss Problem
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The incidence relationships between nodes and
branches of a directed graph are specified by the
branch-node incidence matrix. The elements of this matrix
are defined as follows : ajj = (+1,-1,0) if the i-branch
is (positively, négatively, not) incident on the j-node.
The size of this matrix is reduced by selecting one node
of a graph as a datum or reference node. In most
structures problem, all support nodes are taken as the
datum point (as shown in Figure 3). For example, node 1
in Fig.2(a) 1is selected as a datum node, the branch-node

incidence matrix is given in Table 1.

Table 1

Branch-Node Incidence Matrix

Node 1 2 3

Branch
A -1 0 -1 0
B 1| -1 [Alpy(nay) = | 1 -1
c 0 | -1 0 -1

o
1]

number of branches

number of nodes

=
]
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Considering the network stiffness (or node)
method, the two types of variables are an "“across"
variable, obeying the ‘continuity law, and a "through"
variable, obeying equilibrium. An across variable (a
joint' displacement in the structural model) can be
measured by using strain gauges and defined as a vector
quantity between two nodes. Similarly, a through variable
(a member force in structural model) can be calculated
from the strain gauges and defined as a vector quantity at
a node, -

| Axj |

<
DI
<
Ce

f

et
-

(4a) Deformation Of Bar ij

FIG. (4b) Joint Displacements Of Truss
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To begin the network problem, an arbitrary number
is assigned to each node and branch of the graph. Figure
(4a) depicts the deformation of bar ij, the elongation
components of this bar in global coordinates are Ax
(equals 11- 13) and Ay (equalshlz- 14). These elongations
are defined 1in terms of the member distortions for member
ij. The translations of nodes i and j are called the
joint aisplacements, i.e., Axi, Ayi, Axj and Ayj.

Let the unknown member distortions specified in
global coordinates be denoted as u where u = { Ax,Ay}. u’
is defined as the applied nondatum joint displacements.
From Figure (4b), the vector u' of node 3 is represented

by Ax3 and - Ay3. The induced member distortions are

specified by the matrix equation :

{u} = [AJ{u} - (2-1)

where
{u} = the unknown member distortions in global
coordinates, (2bx1)
[A] = a branch-node incidence matrix associated with

the geometry transformation in global
coordinates, [2bx(2n-1)]
{u*}l= the assigned non-datum joint displacements in

global coordinates, [(2n-1)x1]

The values of matrix [A] in Table 1 are the
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branch-node relationships. In a structural model, one

node represents the displacements in x and y coordinates

for a plane truss structure. Therefore, the vélues of 1,

or =1, or O are associated with two joint displacements.

From Equation (2-1), this relationship 1is applied to

member ij in Figure (4a). Hence :

AX = [1 =1]
ay

—Axi

{;yi} (2=2)
ij}

_{AYJ'

Matrix {u'} must be defined in global coordinates

before applying to Equation (2-1). The size of this

matrix 1is equal to the number of degrees of freedom,

determined as a function of the number of branches and

nodes in the structure.

)

] S

5 o1

Ax"

FIG. 5 Deformation Of A Part Of Truss
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Generally, it is possible to assign to each branch
discontinuity distortions (U) in addition to joint load
induced member distortions (u) all distortions are in
global coordinates. The discontinuity distortions are due
to a movement of a support as shown in Figure 5, e.g., {U}
is equal to { Ax", Ay"}. Therefore, the sum of the member

applied and load induced vector quantities are now defined

as :
{V} = {u} + {U} (2-3)
where
{V} = the final member distortions in global
coordinates, (2bx1)
{U} = the member distortions due to discontinuities,

(2bx1)

From Equation (2-3), an example of this relationship is

shown for member 3 in Figure 5, is :

T T T
{Ax*,Ay*} = {Ax,BAy} + {Ax",Aym} (2-4)
where
T .
{Vv} = {AX\,AY‘}
{u} = {Ax, Ay }Tas described for member ij in

Figure (4a).
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Substituting Equation (2-1) into Equation (2-3) and

assuming no discontinuities ({U} = {0}), yields :

{V} = [Al{u‘} (2-5)

PX
(a) (b)
R
'y6
e T
Ry
—_— pr —3 X

I R
Pya y4

(c) (d)

FIG. 6 External And Internal Forces Of Truss

Figure 6. depicts the external and internal forces
of a truss. The applied joint loads P' at nodes 4, 5, and

6 are Pjy, Piy, Pgy Péy’ Pgx » and Péy as shown in Figure
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(6a). Let P be a force due to an applied load in member 3
shown in Figure (6b). This force can be shown as Py and P’.y
in global coordinates. For member 4 and member 5, there
are member forces similar to member 3, i.e., DPyg, Pya s Pyx6
, and Pygs as shown in Figure (6c). Due to Equation (39)

from reference No. 6 (through variables having the

relationship) :

{p*} = [t 1{P} (2-6)

where
{P*} = the applied joint loads in global coordinates,
[(2n-1)x1]
{P} = member forces in global coordinates due to

applied joint loads, (2bx1)
The summation of all member forces may be defined as :

{R} = {P} + {p} | (2-7)

where
{R} = the total member forces in global coordinates,
(2bx1)
{p} = the member induced forces in global coordinates

(e.g., thermal, member misfit), (2bx1)
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The total member forces for member 3 in Figure

(6d) can be shown by Equation (2-7) to be :

T T T
{~Ry4y =Rysy Bxes R56} = {-Px,-Py, Px, Pyl + {‘px.p Pysr Ber pgs}

(2-8)

But the sum of the member induced forces at every

joint is zero (See Appendii B). Hence

(a%1(p} = 0 | (2-9)
Premultiplying Equation (2-7) by [At], yields :

tat1ery = tat1iey « 1at1mr (2-10)

Substituting Equations (2-6) and (2-9) into Equation

(2-10), one obtains :
{p*} = [At1({R} (2-11)

The physical properties of the elements

constituting the branches are expressed by :
{R} = [K]{V} (2-12)

where

[K] = A diagonal matrix in global coordinates which
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represents the physical properties of the
branches and is referred to as the
unstructured member stiffness matrix, (bxb).
An example of matrix [K] is shown in Figure
(3b). Let the global unstructured member
stiffness matrices of member 1, 2, and 3 be

K12, ki3, and kog, respectively. Hence :

ki2 O 0
[K] = 0 k13 0
0 0 ko3

Premultiplying Equation (2-12) by [A%], yields :
t t
[A"1{R} = [A 1[K1{V} (2-13)

Substituting Equations (2-5) and (2-11) into Equation

(2-13), one obtains :

(P} = [AtE[K][A]{u‘} (2-14a)
or {u*} = [S] {P*} (2-14b)
where
[s1 = [abirkiral

Therefore, the total branch vector quantities {V}

and {R} can be solved simultaneously in terms of the
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applied joint loads in global coordinates as :

-1 '
[Al[S] {P"} (2-15a)
-1
[KI[AI[S] {P*} (2-15b)

{v}
{R}

To represent the characteristies of a structural
problem, a network model is developed to represent the
structural system as shown in Table 2. The difference
between a network ﬁodel and a structural model is that the
network variables are scalar quantities and the structural

variables are vector quantities.

Table 2

Simulation Of Network Model TOFStructural Model

Network Model Structural Model
a) An "across" variable a) A joint displacement
obeys the mesh law : obeys the compatibility
relationships :
ZMesh distortions in a loop=0 ZDisplacements in a loop=0
b) A "through'" variable b) A force obeys the
obeys Kirchoff's node equilibrium conditions :
law :
Z Currents at any joint = 0 2 Forces at the joints = 0
c) The physical properties c) Hooke's law of materials
of the elements cons- are

tituting the branch are :

{R} = [KI{V} {F} = [K1{A}
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A fundamental theory of network graph theory as
applied to structural engineering uses the 3 principle
conditions of analysis: equilibrium, compatibility, and
Hooke's law of materials.

(a) Equilibrium Conditions; the summation of
forces at each nodes must be in equilibrium. The sign
convention of these forces are :

- positive value is a force going into a node
- negative value is a force going out a node

(b) Compatibility relationships; the summation of
displacements in a loop defined in a network graph must be
equal to zero. The sign convention of displacements
depends upon the direction of a 1loop and a member
direcﬁion within the 1loop. A loop direction is assigned
either clockwise or counter-clockwise, e.g., from Figure
(Ta) a clockwise direction is AECA.- If both a loop and a
member direction are the same, the sign of the
displacement is YWPositive". If not, it is represented by
"Negativel,

(e¢) Hooke's law of material; forces are
associated with displacements due to the properties of the
material in each members in a linear manner,

Figure (T7a) depicts a statically indeterminate
truss as a pinned connected structure. The hinge supports
are located at A and B. The applied Jjoint 1load
quantities, Pi -Pé B and displacement quantities, xl-xa,

are specified at joints C,D,E and F in global coordinates



21

as shown in Figure (Ta).

—_—
Pg,x3
A D B
zé%r P A o) 7
T 5,X5 P79x7
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(7a) Forces And Displacements At The Joints In Global Coordinates
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FIG. (7b) Forces And Displacements For Member m In Local Coordinates
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The forces and displacements for member m are
shown in Figure (7b) where m is an arbitrary number
(1,2,3.0¢..) designating a member of a structure. A
stiffness matrix for member m is written in 1local

coordinates as :

r' -
EA/L 0 -EA/L O
[Klm = 0 0 0 0 (2-16)
-EA/L O EA/L O
0 0 0 0 _
where
[K]m' = the member stiffness matrix for member m in
local coordinates
E = modulus of elasticity
A = member cross-sectional area
L = length of member

The member distortions in global coordinates are
designated by {V}. Generally, the member distortions for

pinned connected structures are :

{vl = {U} + {u} = {U} + [Al{u"} (2-17a)

where
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{V} = total member distortions in global

coordinates (6xNm)

{U} = applied member distortions (due to
discontinuity) (3xNm)

{ful} = member distortions due to applied loads in
global coordinates

{u’l = Jjoint displacements in global cordinates
(3xNj)

[A] = branch-node incidence matrix, a value in this

matrix is associated with all values in

global coordinates

The discontinuity member distortions {U} are assumed to be
zero for the pinned connected structures investigated,

Thus
{vli = {u} = T[Al{u'} (2-17b)

Using Equation (2-12), the load-deflection relationship,

the axial member forces are :
{R} = [KI{V} = [KJ[A]{u‘} (2-18)
ﬁhere

{R}
[K]

the axial member forces in global coordinates

unstructured members stiffness matrix in

global coordinates
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[A]l] = a branch-node incidence matrix associated
with the geometry transformation for the
entire structure

[u'] = Jjoint displacements for the entire structure

in global coordinates, i.e., X1 to X8

Under Jjoint equilibrium conditions, the summation
of the total member forces at a node is equal to the
applied Jjoint 1loads at that node. Therefore, for the

complete system :
. t
{P'} = T[A"]{R} (2-19)

where

{P*}

applied joint loads in global coordinates,

i.e., P] to Py

Substituting Equation (2-18) into Equation (2-19), one

obtains :
(P*} = [atirkiraliuy (2-20a)
or {P*} = [S1{u“} . (2-20Db)
whefe
[S] = [At][K][A] = structured global stiffness

matrix
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Solving for the Jjoint displacements, Equation
(2-20) becomes :

-1
fu*} = [s1 {P'} (2-21)

Substituting Equation (2-21) into Equation (2-17b) and
Equation (2-18) respectively, yields :

{v} (s1 {P*} (2-22a)

-1
{R} [KI[AI[S) {P'} (2-22b)

From Equations (2-21),(2-22a) and (2-22b), if the
joint 1loads and member properties of the structure are
known, the joint displacements, the member distortions,
and the axial member forces in global coordinates can be
determined. The member distortions {V} and the axial
member forces {R} can be converted to {V*} and {R*} in
local coordinates by premultiplying by the coordinate
transformation matrix I[T1, e.g., {R"} = [T1{R} where {R"}
= {F], Fp, F3, Fy} for member m in Figure (7b).

The analysis and design of statically
indeterminate structures to meet specified requirements
(i.e., joint displacements, member forces or member
stresses) is handled by analyzing the system iﬁ an
iterative method. The structural member properties (i.e.,

member area) are assumed in order to produce the member
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stiffness matrix, which is wused in Equation (2-21) and
Equation (2-22), to satisfy the specified requirements.
A trial-and-error procedure is then performed until a
feasible solution is reached.

An analysis by the Singular Imbedding Method is
developed to eliminate this time consuming process. This
procedure modifies the network graph by introducing two
new systems into the analysis. A Displacement
Constraining System (DC) is introduced to constrain joint
displacements and a Force Constraining System (FC) is
established to constrain forces or stresses in the
members. Using these systems member properties can be
designated as variable. The role of these systems in the
structural stiffness analysis 1is explained in the next

section.

2.2 Singular Systems

The DC (Displacement Constraining) and FC (Force
Constraining) systems are associated with the network
graph to constrain a structure. To graphically represent
the force and displacement constraints such that only the
proper equations in the analysis are adjusted, ideal
~members and ideal loads are used in the constraining
system. These systems when added to the network graph
enter a value of 2zero on the main diagonal of the

structural stiffness matrix which causes the matrix to be
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singular (the zero value represents a member with zero
stiffness). Thus the systems are referred to as singular
systems.

The schematic of the DC is shown in Figure 8.
Nodes 1i,j and k represent a structural network graph which
are connected to branches a,b and ¢, respectively. To
constrain the displacement at joint k with a specified
value relative to Jjoint i, the Db system is applied
parallei to member c¢ and is connected between nodes i and
k as shown in Figure (8a). Node i may be a fixed or free
node depending upon the characteristics of the structure,
e.g., a support condition is equivalent to a fixed or
datum node, while joints in the structure are equivalent

to free nodes.

///pNullator member

Ideal load

Ideal member

(a) Displacement at joint k constrained (b) Equivalent Representation

by Displacement Constraining System for DC Using Nullator

FIG. 8 DC SYSTEM

From a conceptual point of a view, the DC element
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can be represented by the following structural components.
It consists of a nullator, an ideal member, and an ideal
joint load. These components are connected as shown in
Figure (8b) with the following physical meanings ;

1) a nullator is defined as a member which is used
to indicate the displacement constraint relationship
between nodes k and m in Figure (8b). The stiffness of
the nullator member is equivalent to zero. Therefore, the
force and displacement must be zero between node k and m.
The displécement constraining values at node k are forced
to be equal to those at node m (uy = uyp ). The nullator
is connected to the joint whose displacement 1is
constrained.

2) an ideal member must be connected in series
with a nullator. This member is used to hold the
displacement at node m which is . related to node i by
equilibrium and continuity laws.

3) an ideal joint load represents the applied load
at node m as a function of the displacement constraining

value ({F,} = [K]{uk}).

FIG. 9 DC System And A Part Of Network Graph
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For example, a part of a network graph is shown
in Figure 9. with a DC system (members d and i) included.
The wunstructured structural stiffness matrix for this

network graph is :

([Ky1 0 0 0 o0 |
0 [Ky] 0 0 ©
K] = 0 0 [Kel 0 0 (2-23)
o 0 0 [Kil O
o o0 o0, o0 [0]
" i

where

[Kal,[Ky1,[K. ] the global stiffness matrices for

members a,b,c (one of these members

can be treated as variable)

[Ki] = a global stiffness matrix for the
ideal member
[Kgl = a global stiffness matrix for the

nullator = [0]
The matrix in Equation (2-23) is singular due to the Sth
row and column being all zeros.
Similarly, the schematic of an FC is shown in
Figure 10. To constrain a force in member c¢ with a
specified value, the FC system is applied in series with

member ¢ toward node k, which is the negative end of the
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member. The positive or negative end of a member is
expressed in terms of the member incidence as discussed in

chapter 1.

Member force

(a) Member force in member c (b) Equivalent Representation

Constrained by Force for FC Using Norator
Constraining System

FIG. 10 FC SYSTEM

From Figure (10b), the "FC system consists of a
norator and member force, A norator is connected in
series between the node k and the new node m, which must
be introduced between the negative end and the variable
member c¢. The property of a norator allows a displacement
and a force to occur 1in a member with a zero stiffness
relationship specified. Member ¢ is the variable member
in the FC system. The magnitude of the force constraint
is represented by the member force. Joint equilibrium at
joint m makes the force induced in member c equal to the
force constraint.

DC and FC systems were represented by the
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structural components as described. The characteristics
of .these two structural systems must obey the node and
mesh laws of network analysis. Let us consider a part of
a network graph which is connected to a DC and/or an FC
system. | |

A part of a network graph is added to a DC system

as shown in Figure 11. for illustration purposes.

Nullator

Nullator member (NM)

Ideal load (IL)

Ideal member (IM)

FIG. 11 Network Graph With DC System

A nullator specifies that the force and
displacement must be zero between nodes k and m. For a
plane truss problem the network equations for Figure 10.

are ¢
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(a) Equilibrium conditions :

at node (k) Hy + H, = 0
Vp + Ve = O
~ at node Hp - H, + Hy = 0
| Va - Vy + V4 = O > (2-24)
~ at node (D Hp + He + Hy - H = 0
Va + V¢ + Vyy - VY, o= 0
| at node (m) Hm - HpL = O
Viy - Vi = O J
(b) Compatibility relationships :
Loop (1) bAx. - AxIM - AxNM = 0
or Axe - Axpy = 0
where
Axym = 0
Ayc - AyIM - AyNM = 0 & (2-25)
or byc -byw = O
where
Ayyy = O
L A A -4 = 0
oop @ | Xy + Ax X
Ay, + by, - Ay = 0 ]

(e) Hooke's law :
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F, = KA, ]

F, = KA \ (2-26)
Fo = K4,

Fiw = Kb

From Equation (2-24) through Equation (2-26), it
is clear that the nullator and nullators do not affect
these equations. The ideal member affects all 3 equations
due to its member stiffness. But the ideal load affects
only the equilibrium conditions as a function of the

displacement constraint.

A part of the network graph is added to a FC

system as shown in Figure 12.

PMF (Member force)

Norator

Norator member (MF)

p
ME (Member force)

FIG. 12 Network Graph With FC System
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The definition of a norator in terms of force and

displacement will be defined as :
Norator (F,u) = Norator (a,b)

where F and u are represented by a, b as member force and
member distortion, respectively. The values of a and b
are arbitrary values which vary from 0 to infinity. In
this thesis, a member distortion for a norator ié defined
as having a value =zero. For a two dimensional network

analysis the :

(a) Equilibrium conditions are

-
at node @ Hy + Hc - He = 0
Va + VC - Ve = 0
at node @ H, + Hy - H = 0
Va + Vg - Vb = 0 (2=-27)
at nodeAC) Ho - Hye = O
Vc - VMF - 0
at node C) Hb + HMF = 0
VWb + V¢ = 0

(b) Compatibility relationships are
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Loop @ Axa + Axb - AxMF - Axc = 0
AXMF = 0
- (2-28)
Aya + Ayb - AyMF - Ayc = 0
AYMF = 0 J
(e¢) Hooke's law is :
Fa = Kalga
Fp = KgAp ¢ (2-29)
Fup = Kerdwr
J

From Equation (2-27) throﬁgh Equation (2-29), it
is clear that the norator affects these equations due to a
member force applied to the norator member which

represents the force constraint.

2.3 Singular Structural Imbedding

In the Singular Imbedding Analysis, there are two
different kinds of members in the problem, one is a
defined member, the other 1is an wundefined member or
variable member. A defined member is a structural member
whose characteristic properties of area, modulus of
elasticity, and 1length are known or defined. A variable

member is a member with an unknown cross-sectional area.
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The symbol for a variable member is a dashed line in a
graph.

Recalling Figure (8b), member c is selected as a
variable member, as shown in Figure (13b). The structural
stiffness matrix is then developed with a DC system

included.

(a) A1l Defined Members (b) Member c¢ Is Variable Member

FIG. 13 Structural Stiffness Matrix For Adding DC

The displacement at node k is constrained relative to node
i, The direction of the members a,‘b, ¢, i, and d are
i-j,j-k,i-k,i-m, and m-k, respectively. The global member
stiffness matrices for members a,b and c¢ are [K3l, [Kp]
and [Kc]

The ideal member stiffness matrix has arbitrary

values which are defined relative to the constrained
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displacement values. The formulation of this relationship

is :
Pm ¥nx1) = [Kil(nxn) {uk ](nxl)_ (2-30)
where
{Pm} = an applied joint load at node m in global
coordinates .
[Ki] = a global stiffness matrix for the ideal
member
{uk } = a joint displacement at node k in global

coordinates

By definition, the stiffness of the nullator [K{]
is equal to =zero. The global unstructured stiffness
matrix of the network graph after adding the DC system,

becomes :

[Kp] (2-31)

n
o (o] o o =~

o
—
=~

(2]
—
o
o
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r-[Ka,] o o o o]
0 [Kb]l] O O 0
[K,,,]b = o o0 ©0 o0 0 (2-32)
0o o0 0 [Ki]l O
|0 o o o [0]

where

ik T

~an unstructured global stiffness matrix

with member ¢ defined

[Km]b = an unstructured global stiffness matrix
with zero stiffness for variable member c
(0] = a nullator global stiffness matrix, (1x1)

Similarly, the structural stiffness matrix is
developed for an FC system (Figure 14.). The norator
allows a displacement and force to- occur between nodes k
and m. A norator element with zero stiffness is used to
constrain a member force. The displacement between nodes
k and m is not affected by the norator. In other words, a
joint displacement at k equals the joint displacements at
m. Therefore, the global member stiffness matrix of a

norator is zero in the analysis.
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(b) Member c Is Variable Member

FIG. 14 Structural Stiffness Matrix For Adding FC

The unstructured global stiffness. matrix including a

norator element is :

[Kn] =

[K, ]
0

0 0
Kyl O
0 [Kcl
0 0
0 0
[Ky1 O
0 0
0 0

(2-33a)

(2-33Db)
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where
[Kn]a = an unstructured global stiffness matrix
with defined member c
[Q‘f = an unstructured global stiffness matrix
using zero stiffness for the variable
member c
[o] = a norator global stiffness matrix, (1x1)

From a 'conceptual point of a view, the FC system
is represented as the elements and ideal loads between
nodes i-k (Figure 14.). This system transfers the same
magnitude as the member constrained force. The applied
ideal loads at nodes k and m are equal to the constrained

forces. Hence

{Pp } = {Pyp} = constrained forces (2-34)

In two dimensional analysis, the displacement
constraint will occur in the x and y directions, which
defines the maximum value of the DC member for one free
node. The structural stiffness matrix of the problems can
be described in terms of the wunstructured form.
Therefore, adding DC and FC systems into the network
graph, the unstructured stiffness matrices can be written

in the general form as :
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[K13,3{ O 0
) 11 SR,
Klp = |0 [[Kh,!0 (2-35a)
0 0 i[Kly g
L ; .
[Klp i 0 0
Kl = |0 {[KL, ! 0 (2-35b)
0 0 iI[Kl3;
" i .

where

(K, = a global stiffness matrix for a problem
with DC's

(K1, = a global stiffness matrix for a problem
with FC's

[K]1,1 = stiffness submatrix for the defined members

[K]2,2 = stiffness submatrix for the variable
members

[K13,3 = stiffness submatrix for the ideal members

and nullators or norators

Singular Imbedding Analysis c¢an be developed and
tested for structural problems, e.g., planar trusses,
planar frames etc. Examples of planar truss problems are
shown in Figure 15. The statically indeterminate trusses
are given as : -

(a) A constrained displacement Ax with one variable

member.



(b) Two

variable members.

A network graph

Given

Figures (15a, 15b, 15¢)
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Network Graph
(a)

-

(b)

o RS

%

Network Graph
(c)

constrained displacements Ax and Ay with two

(c) A constrained force Q with one variable member.

including DC and FC systems are shown in

E
(3) S ss

Network Graph With DC

Network Graph With FC

FIG. 15 Examples Of Planar Truss Problems



43

2.4 Nodal Equations For DC and FC systems

In the 1last section, exampies of the structural
problems were demonstrated using a DC (Displacement
Constraining) system and an FC (Force Constraining)
system. Due to their physical properties, these systems
will affect the unstructured stiffness matrix. After the
DC and/or FC systems have been incorporated, Equation
(2-20) 1is used to obtain the structured stiffness matrix
[S]. To correct the singularity of the structured

stiffness matrix, two techniques are used.

Substituting the value of [S] for the general problem into

Equation (2-20), one obtains :

» 0 ) ()
Sll Slz-.- Sl.i o e 0 slj-o. Sln u1 Pl
821 szz..o 821' ceooe SZJ'... %n lq‘ .’ Pz‘
Spl Sp2.-oooou-ooocoo-ooo spnﬁui $ = ﬁpp> (2—36)
Sql qu.......-.....-.... %n uj Pd
Sml szoo- %-ni e e o S'njo.o %m q; P';]
L -\ J - /
Wwhere
{u} is a vector of joint displacements in global
coordinates

{P*} is a vector of applied joint loads in global
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coordinates

Suppose that the nullator 1is connected betweén
nodes i and j. Since the nullator allows no displacements
to occur in a particular global direction, uj and u3 in
that direction are constrained to be equal. The
displacements for nodes 1 and j in that constrained
direction can be written as uYy = u3 = u{j Since there
is no relative displacement between joint i and joint j in
the constrained direction, they can be treated as a single
joint. To accomplish this the single joint must have the
same stiffness as the combined stiffness of joints i and

Je This 1is done by adding c¢olumns 1 and j in the

structural stiffness matrix as follows :

r ] r <) )
S11 S12 o (Sli-p Slj ) .o Sln Uy P1
521 Szz .... (Sz.i + SZJ) co e Szn u, Pz‘
. . . . P (2-37)
4 & = ﬁ P ?
. . . u{J .
- L [ ] L] Pq‘
S S eee (S -4+ S .) ... S u, P
1 “m2
L m m mj mr]_ ! n ) L mJ

The FC system 1is added into the problem to
constrain member forces. From the network graph, the

norator allows forces to transfer as constrained values.
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problems. The

node q,

will be

affected due to
of forces in the global x and y directions for
nodal forces at p will be

and the summation of the forces in

the global x and y coordinates remains in equilibrium.

accomplish this

the equilibrium equations are added as follows :

the rows of Equation (2-36), representing

r 7] r \1 LY

Sll 812 ® 0600 @0 e s e e Sln UI P].

821 Szz R EEREEEEERERX SZn Ué PZ‘

Sm1 Sm2 S uy P
hunney — N o

(2-38)
2.5 Variable Members In Problems
In a structural stiffness analysis, nodal

equations are wused to solve the problem. But in the
Singular Imbedding Analysis, the nodal equations are
divided into two parts. The' first part 1includes the
equations of the defined members and the DC or FC systems.
The second part involves applied Jjoint loads which are
specified on the variable (undefined) members. The
summation of these ¢two parts is called the final nodal

equations for the Singular Imbedding Analysis. Hence



46

[S1{u*} + [A;]{Pg} =z {P* } (2-39)
where

[S] = the structured stiffness matrix

{u’}l = joint displacements

[Ag] = the branch-node incidence matrix associated
with a qeometry transformation of the
variable members

{Pg} = the member forces due to specified applied
joint loads for the variable members in
global coordinates

{P*} = applied joint loads

Partitioning the matrices, Equation (2-39) becomes :

t, .
[[Ag]; [S1] -Eg
u\

Equation (2-40) 1is a final nodal equation for the

- {P"} (2-40)

general problem. The application of Equation (2-40)
depends upon the problem, e.g., planar trusses, planar
frames. [S] and [Ag ] are the parametric matrices which
define the type of problem. Similarly, {Pb} and {u‘} are
the pgrametric vectors which control +the types of
constraints, €.8., displacement constraints, force

constraints. The types of constraints will be discussed

in the next section.



CHAPTER 3

EQUALITY CONSTRAINTS

3.1 Types Of Constraints
Applying the Singular Imbedding Method to a.
structural problem, enables a variable to be used to
design the member properties, (i.e., cross-sectional
area). To define the structure, a displacement or a
member force 1is constrained and the variable member
property is determined. If a displacement or a member
force 1is equal to a desired value, it is referred to as an
"Equality Constraint", If it is restricted in a range of
values, it is referred to as an "Inequality Constraint".

In this chapter, planar trusses will be discussed
with equality constraints. A member force constraint (or
a member stress constraint) constrains the force in a
selected member. A displacement constraint refers ¢to
joint displacements. Similarly, that Jjoint of the
structure can be a joint of a defined member or a joint of
a variable member. Therefore, the behavior constraints
such as member forces, stresses, and displacements or
design constraints such as c¢ross-sectional area can be

imposed for defined members or variable members. The

LY
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types of equality constraint problems investigated are :

(i) a joint displacement constraint

(ii) a member force constraint

(iii) a member stress constraint

These problems will be solved by using the final

structural stiffness matrix equation. ‘This equation
depends upon the types of structural elements, (i.e., a
Displacement Constraining system or a Force Constraining
system) that are added into the network graph. Let us
consider a truss with an applied load P as shown in Figure
(16a). Member 3 is selected as a variable member. The

network graph that represents this problem is shown in

Figure (16b).

(b)

FIG. 16 Truss And Equivalent Of Network Graph

According to Equation (2-40), a final nodal

equation for this problem 1is written in the form of
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submatrices as :

[[A%]i[S]lqu P3 = (P} (3-1)

P

uz3

where

[A3] = tae branch-node incidence matrix associdted
with a geometry transformation of member 3

[S]jp4 = the global stiffness matrix for members 1, 2,
and 4

{P3} = the member force of member 3 in global
coordinates

{ug3} = joint displacements at nodes 2 and 3 in
global coordinates

{Pj3} = applied joint loads at nodes 2 and 3 in

global coordinates

Adding either a DC or an FC system into the
network graph, Equation (3-1) will be affected and becomes
a new equation which 1is <called the final structural
stiffness matrix equation. From the problem above, two

cases of constraints are explained as :

Joint Displacement Constraint :
The displacement at joint 3 relative to joint 4 is
constrained by an amount Ax. Therefore, a DC system is

needed in the network graph as shown in Figure 17.
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FIG. 17 Adding DC To Constrain Displacement f\x

adding a DC system into the network graph, the

final structural stiffness matrix equation becomes :

where

[S]

[0l

{0235 }

{Pé35 }

t. _ .
[A3] ;[S] -li?-_- = {P235 } (3"2)
(0] ; U335

the global stiffness matrix for members 1, 2,
4, 5, and 6

the null matrix is added into the equation
due to the addition of [S]5 and [S]6 from
[S]124in Equation (3-1)

joint displacements at nodes 2, 3, and 5 in
global coordinates ’

applied joint loads at nodes 2, 3, and 5 in

global coordinates
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From Equation (3-2), it is clear that a DC system
affects the final nodal equation [Equation (3-1)] due to
the inclusion of an ideal member (member 5), a nullator
(member 6), Jjoint displacements (at node 5), and applied
joint 1loads (at node 5). Therefore, the final structural

stiffness matrix equation is constructed.

Member Force Constraint :
The force in member 3 is constrained by an amount
Q. Therefore, an FC system is added into the network

graph as shown in Figure 18.

(5)
- .(.§.)-.- -9@

(1),(2)

FIG. 18 Adding FC To Constrain Member Force Q

By adding an FC system into the network graph, the

final structural stiffness matrix equation becomes :

(01 [Af]
[A51 [0]

[STy2a5| | P3 Py3

[0] P b = |PS (3-3)
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where

[45] = the branch-node incidence matrix
associated with the geometry transformation
for member 5

[S]i245 = the global stiffness matrix for members 1, 2,
4, and 5

[01] = the null matrix is added into the equation to
balance submatrices due to the magnification
of P3, Pg, and ujy3g

{Pg} = the member force of member 5 in global

coordinates
{P5 } = applied joint loads at node 5 in global

coordinates

From Equation (3-3), it is clear that an FC system
affects the final nodal equation [Equation (3-1)] due to
the inclusion of a norator (member 5) and applied joint
loads (at node ' 5). Similarly, the final structural
stiffness matrix equation is constructed.

Next, the method for solving the final structural
stiffness matrix equations [Equation (3-2) or Equation
(3-3)] will be described, including examples of truss

problems.

3.2 Displacement Constraints

For a two dimensional problem, a displacement
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constraint for a free node can occur in either the x or y
direction, or in both x and y directions. The method of
Singular Imbedding approaches this by adding a DC
(Displacement Constraining) system into the network graph
for each constrained degree of freedom. The procedure for
solving a displacement constrained problem will be
described as follows :

(a) The structural problgm is represented by
a network graph. The support conditions are represented
as a fixed or a datum node. A variable member is
represénted as a dashed 1line in the network graph. The
solid 1lines that connect nodes represents defined members
of the structure.

(b) A DC system is added between the
constrained nodes. Note : The datum node can be used as
one of the two constrained nodes. This enables a
displacement constraint to be specified relative to the
ground.,

For a planar ¢truss problem, the solutions are

controlled as shown in Table 3.
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Table 3

Displacement Constraints Controlling Condition

Condition Controlling Solutions

i vV = ¢ Solution is determined
directly

ii v < ¢ Solution is determined
directly

iii vV > ¢ Solution is in feasible
region

iv unknowns>equations Solution can not be
determined

where v = number of variable members

0
u

number of displacement constraints

These conditions will classify the type of problem
and solution. The method of calculation is based upon the
direct stiffness matrix method. The general procedure of
the singular imbedding approach can be demonstrated as
follows :

(a) Generate the nodal equations for the
network graph which does not contain a variable member,
but includes the value of the displacement or force

constraint that is associated with the structure (as
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described in chapter 2). Hence

abI0k 10ATIw = (W) (3-4)
where |

[A] = a branch-node incidence matrix associated with
the geometry transformation in global
coordinates

[Km] = a global stiffness matrix for the defined
members and displacement constraint is
defined in Equation (2-35a)

{u*}l = joint displacements in global coordinates

{W} = a column matrix representing joint loads

including constrained values in global

coordinates

(b) Applied member forces are added into the
nodal equations due to Variable members. This member
force 1is designated as {Pg} in local coordinates which is
transformed to global coordinates by [A;]. The matrix [%
] 1is calculated by using a branch-node incidence matrix
associated with the geometry transformation [T]1 (as given
in appendix A). Therefore, a variable member is included

in the analysis explicitly. Hence
[LAY IIKLI0ATI{u} + [AgJ{Pg} = {W} (3-5)

Partitioning matrices, Equation (3-5) becomes :
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u\

t t
(DAl [ATIIK TEAT s c)x(ntctv) {_pg} = Wiy (3-6)

(n+c+v)xl

Equation (3-6) is similar to Equation (3-2), but
the null matrix has been inserted into matrix [A] instead
of separated as in Equation (3-2).

(e¢) Equation (3-6) may be written as :

[[B11i[Bpl ] Mipyy = (Wl (3-7)
where
[[B,1i[B,11 = CCAS1:ra%10Kk 1047
11i [Bp = gl m
{M} = the unknown variable matrix Pg
u\
a = (n+c)
b = (n+c+v)
n = number of degrees of freedom
¢ = number of displacement constraints
v = number of variable members

Due to a DC element, the matrix [Bs] will be
reduced by the number of displacement constraints. From
Equation (2-37), the property of the nullators affects
the nodal equation by adding columns to the sﬁiffness
matrix. Therefore, by adding the column of matrix [BZ] in

Equation (3-7), one obtains :
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[[BI]E[B3]]ax(b-c) . {M}(b-c)xl = W}, (3-8)

where
[B3] = the product of [At][Km][A] after adding

columns

(d) For conditions (i) and (ii), the number of
variable members is equal to or less than the number of
constrained values, the final structural stiffness matrix
equation will be solved by direct inversion. Therefore,

Equation (3-8) becomes :

[11 My = {} (3-9)

where
[I] = a unit matrix, [(n+c)x(n+v)]
-1
{} = ([By1i[B31) (W}
M| = a vector of member forces in variable members
M2 in local coordinates and joint displacements

in global coordinates

(e) For condition (iii), the number of
variable members is greater than the number of constrained
values. The method which will be used for modifying

Equation (3-8) is the Gauss-Jordan method . After
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applying this method to Equation (3-8), the result will be

[[I1{{p}] [M, <} | (3-10)

M2

where
[I] = a unit matrix, [(n+c)x(n+v-=1)]
{<}, {B} = the resulting submatrices after
transformation
(1) For condition (iv), there are more

unknowns than the number of equations in Equation (3-9) or
Equation (3-10) S0 that the solutions can not be
determined. Therefore, the solutions of this ¢type of
problem are designated as non-feasible solutions.

Example 1 1is a one variable and one constraint
plane truss problem which will explain the application of
the Singular Imbedding Method for a type of displacement

constraint.

Example 1 : The statically indeterminate truss is
shown in figure below. Determine the property
of member 3 such that the displacement at

joint 4 in the x-direction is 0.0328 inches.
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| 30
i—» X || Ax= 0.0328 1n.

Design informations :

Member properties are A] = 0.887 in%

1.030 in

« N

Ay

Modulus of elasticity is E 10,000 ksi.

Member 3 is a variable member

The constraint value uxg= 0.0328 in.

Solution : Draw the network for this problem :

(1)

Network Graph Adding Nullator To Constrain

Displacement
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(a) The stiffness matrix of this problem

is created by using Equation (2-35a). Hence

[Ky1] 0 0 O 0 |
0 [K,] O 0 0
[K],n = 0 0 0 0 0
0 0 0 [K4l O
0 0 0 0 [0]
where
(K1 = 313.61 -313.61
-313.61 313.61
[Kz] = 0] 0
0 1030
[Kgql = [Arbitrary]
From [K] = AE/L
for member 4, assume Ay = 1 unit area
Lg = 1042 in.
Therefore
[Kg]l = 1x10,000 = [707.11]

© 1x10,090

(b) All member forces are transferred
to nodal forces by using branch-node incidence

matrix.
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node

branch

1,2,3

wm &= W n
!
-
o

(ath

Submatrices

[Kl + KZ ]2’2

0

=11 (Kb

See mescoymencs o m-—c )

-1 -1-1 0 -1

o 0 0 -1 1

[[At][Km][A] equals to

i [Kplp o
| U .-...-.'.....’
' 0 - -
S S— :
[Kgdy 1

Loeceoomanwswn)hace

-

.o e -

(2x2)

(5x2)
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where
[Ky, + K] = | 313.61 -313.61|+ [0 0O
-313.61  313.61 0 1030
= =
= [ 313.61 -313.61
| -313.61  1343.61
Therefore
313.61 =-313.61 ; o |
(0atIIKaITAIT = |-313.61 1343.61 1 O
0 0 '707.11
L 37 T -

Substituting [[A* 1[K,1[Al] into Equation (3-1),

yields
(LabI0K,IIATI{u Y = (W)
313.61 -313.61{ 0 | ux4~. 20
313,81 T3ESAT 0 arc 0.
0 0 707 .11] | uys 23.19
From Equation (2-30) P = (707.11)(0.0328)
- 23019

(c) An applied member force is added

into nodal equation.



63

node 3 )

branch
3 -1
i From [Ag] = (=-1)|cos 225| = |1/2
| sin 225 12
and  [AS1{Pg} = [1/2] {my}
1@
E hence, Equation (3-6) becomes
oaly iAok, 10411 [P ] = (W)
u\
121 313.61 -313.61] 0 | [Py 20 |
12 | -313.61 1343.61) O +ux'4l = 4-30 ¢
0o i o0 0 1707.11 | | uyg 23.19|
U5 |

(d) According to the property of a DC
system, uxq4 equals to u,g Equation (3-8)

is shown as
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12§ -313.61  313.61] | Py, 20
1/2 1 1343.61 -313.61|< ws = §-30
o1 o 70711 | uyas 23.19

(e) From this problem, c¢=v, the final

nodal equation is solved by

1 0 0] Pgye 5.862927
0 1 0|fuusp = §-0.017759
0 0 1| uygs 0.032795

From the force in member 3 is

(1)

[P*] = [Kl{u'} _
or {P3x} = [A3E/L 010142 1421 [u,
. uy4
Paggr = 500 By (uy,+ u,) (ii)

Equation (i) and (ii) can be solved

simultaneously, Hence

0.0328 in.

c
x
>

1"

-0.0178 in.

c
<

I

n

0.779 in%

>
w
1"
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3.3 Force Constraints

The method of Singular Imbedding is approached by
adding FC - (Force Constraining) systems into the network
graph. The procedure of adding FC systems into the
network graph is explained in chapter 2. The FC system is
applied at the negative end of the member which is the
constrained.

For a plane truss problem, the solutions are

controlled as shown in Table 4.

Table 4

Force Or Stress Constraints Controlling Conditions

Condition Controlling - Solutions
i v § ¢ Solution is determined
directly
ii v > 2 Solution is in the

feasible region

iii unknowns>equations Solution can not be
determined
where v = number of variable members
¢ = number of force or stress constraints
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Similar to the displacement constraint, the method
of computation is based upon the stiffness method and
network analysis. The Singular Imbedding Method is
applied to a force constraint problem with the following
general procedure :

(a) Generate the nodal equations for the defined
members of the network graph. This equation will be in

the form :

ratirk,1ra1itey = [w, (3-11)
g
where

[A]l] = a branch-node incidence matrix associated with
the geometry transformation in global coordinates

[Kn] = a global stiffness matrix for the defined members
is shown in Equation (2-35b)

{u*} = joint displacements in global coordinates

{W1} = a column matrix of applied joint loads in global

coordinates

(b) Applied member forces are inserted in the
nodal equation due to the force constraints. With each FC
system, two vectors of applied forces are induced. {Pl}
is a vector of the member forces which are transformed to
applied Jjoint 1loads in global coordinates and applied at

the negative nodes of the variable members. A second
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vector is the transformation of {P;} which equals a vector
of constraining forces {wz} in global coordinates and is
applied at the positive node of the norator. Therefore,
variable- members are included in the analysis explicitly
- as they are part of the FC system. Hence

[ra®1k, 10810401+ [ab1epy) (3-12a)

n
L ¥
o =

—t
\__.V._J

[a51(p,}

(W, } (3-12b)

Equation (3-12a) and (3-12b) are combined and partitioned
into the following equation, which is similar to Equation

(3-3) :

t.
[0] (4,1 [SI] le _ _‘f_l._
[a31 (01 | [0 u Wy | (3-13)
where
[A}] = [AEJ = the branch-node incidence matrix

associated with a geometrical
transformation of the variable and

ideal member, (2x1)

[S1]

the new form of the global structural

[0] stiffness matrix which is combination of
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[S1] = [At][Kh][A] and a null matrix,
[(2+2v)x(2+2v)]

a vector of member forces consisting of

{Pl}

variable and ideal members, (2vx1)
{u}
{W; }

joint displacements, [(2+2v)x1]

applied joint loads, (2x1) for each node,

e.g., if the applied joint loads are

applied at nodes a,b,...,z , {W;} becomes :
Wia
Wib

< ° r

| Y1z

{Wo} an applied joint load due to the force
constraint in a variable member in global
coordinates, (2vx1)

v = number of variable members

(¢) Equation (3-13) may be written as :

[[By 1i0B ]y, + (Nl = (Wl (3-14)
where
[[Bg] {[B.11 = [[01 [af1![s;]
(431 ro1 iroj
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{N} =  the unknown variable matrix [P
)

d = 2+2V

e = 2+4v

According to the assumption of the FC system, the
displacement of the norator members is equal to zero.
From Equation (2-37), the properties'of norators affect
the nodal equation by removing columns associated with the
zero displacement from the stiffness matrix. Therefore,
the matrix [Bg] will be reduced to :
{w*} (3-15)

(08,1 8 [Bg 11 4 eav) © Meoau)xf dx1

where
[Bg]l = the product of [AF][Kn][A] after adding

the columns

According to Equation (2-39) and the equilibrium
condition at the nodes (from the principle of network
analysis), Equation (3-15) is reduced by the technique of

adding rows. Hence :

[EB71  [BgM ox(aeav) (N Kau2vyx1®  1W'hy (3-16)

where
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[(By 1,[Bg 1,{N*} and {W"} are the new matrices after
adding the appropriate rows.

(d) Equation (3-16) is modified by wusing the

Gauss-Jordan method. After applying this method, the
result will be obtained as :

(LIl § {911 N = {M} (3-17)

N2

-~
~

(o]
(1]

a unit matrix, (2x2)

a vector of member forces in variable

‘ 1} .
= =
N o

——
"

members and joint displacements

the resulting submatrices after

¥ e
o
LS ]
iy
=
H]

transformation

(e) For conditions (i) and (ii), Equation (3-17)
will be solved directly by the rules of these conditions.
If there are more unknowns than the number of equations,
the solutions can not be determined. This is designated
as condition (iii)}, and classified as the non-feasible
solutions.

A one variable and one constraint plane truss
problem is shown by Example 2, which will explain the
application of the Singular Imbedding Method with an FC

system,
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Example 2 : The statically indeterminate truss
is shown in figure below. Determine the
property of member 3 such that the force in

member 3 is + 5.851 kips.

10" (1)

y

L.

Design informations :

Member properties Ay = 0.887 i%.
A = 1.030 in?

Modulus of elasticity is E 10,000 ksi.

Member 3 is a variable member

The constrained value P3x‘ +5.851 kips.

Solution : Draw the network graph for this problem :

(1)

Network Graph Adding Norator To Constrain Force
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(a) The stiffness matrix of this problem

is created by using Equation (2-35b). Hence

([ky] 0 0 0 |
(K1, = 0 [K,J 0 0
o 0 0 o0

| 0O - 0 0 [0]_

where
313.61 =313.61
-313.61 313.61

0 0
0 1030

(b) All member forces.are transferred to

[K; ]

[K, ]

be nodal forces by using branch-node incidence

matrix.

node 1,2,3 y 5

branch

1 1] o

2
3 0| -1
3




Z1}-1} oi- fk1]22§ ] r'-1§ 0
0i o§-1§ 0 _""°'"fff;3;";? 110
(2xa)] 7T ?6"? 0i-1
' 10 _q!
0022 L1 1)
- (4x4)
'""6""""'2'f63"'"
' "(2x2)
whére
[K; + K,] = [ 313.61 -313.61] +[ 0 o0
-313.61  313.61 0 1030
= [ 313.61 -313.61
-313.61 1343.61
Therefore
[~ ' -
313.61 -313.61 { 0 0O
(Ca®1Ck 10A11 = |-313.61 1343.61 i 0 O
0 0 ‘o o0
]
0 0 P00
|- : -
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Substituting [[AF][Kn][A] into Equation (3-11),

yields

[rab10k, 10A11{u"} = _{W1}

a
= | T 3 4 b
313.61 =-313.61:0 0 || uxa 20
-313.61 _1343.61,0 0 A -30 |
0 0] :0 0 uys 0
i 0 0 ;0 0_ L ust . O j

(c) An applied member force is added into

the nodal equation.

node 3 5 node y 5
branch . branch
3 -1 4 -1
From [Ag] = (=1) |cos 225| = [142
sin 225 142

Equation (3-13) is recalled

(01 [af1 | 8,1
[(a51 ro1 | 1o ut Wy

'__:U
]
=

—
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where
: | {Pl} = r'P:_)'xl.
| - ~
é LP4xU
[Af1{Pg b = |142 [{P5..}
142 |
| U g = [1E](Pae}
| 142 |
Hence
[Py
B ' \ - - |
0 142 ¢ 313.61 -313.6110 Of/| Pay 20
0 142 1 -313.61 1343.61'0 0| uya -30
1“2 0 i 0 0 {0 0| uya [ = 4,137
W o i o 0 o of|ugs 4.137
L Ux5
(d) Due to the property of an FC system
Uyg = Uys and uy4 = u‘y5

and the equilibrium of the system, the process
of adding columns 3 and 6, 4 and 5
adding rows 1 and 3, 2 and 4

are combined. Hence




142 142

i 313.61 =-313.61 JP4x' = | 24.137
142 148 {-313.61 1343.61 sl -25.863

(e) Switching columns 2 and 4, and

using the Gauss-Jordan method this equation

yields :
(}3x‘
; 275.65165 1 -4?!&2 = 20.753728
i -0.378477 0 ux45r ~0.030177
From problem P31 = Ppyr = 5.851 kips.

By using these values, Equation (i) will

be solved simultaneously. Hence

0.032876 in.

Uxa5
Uyas

-0.0177487 in.

To determine the property of member 3, the

basic of stiffness method is recalled

[P 1 [KI1{u"}
[A;E/L 010142 1421 {u4

or {P 3)(}
Uy4

A

(1)
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P3xl = 500 A3(Ux4+ Uy4) (ii)
Substituting Equation (ii), yields

Ay = 0.77357 if.

3.4 Stress Constraints

This ¢type of constraint problem is similar to the
force constraint problem. According to the definition,
stress 1is defined as equal to force per unit area. Hence,

for an axial load :

T = P/A (3-18).
Equation (3-18) may be written as :

P = q-A (3-19)

Considering Equation (3-19), one can transform a
stress value to a force value. From this conceptual point
of view, a stress constrained value can be transformed to
a force constrained value. Therefore, a stress
constrained problem 1is equivalent to a force constrained
problem.

The method of Singular Imbedding is applied to a
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stress constrained problem by adding an FC (Force
Constraining) system into the network graph. The general
procedure of computation is the same as the force
constraint which is demonstrated in section 3.3 .

From Equation (3-12b), the matrix {W2} is a vector
of constraining forces. Therefore, Equation (3-19) is

applied to Equation (3-12b). One obtains

_ t . -
W} = [AZ]{Q‘;.Am } (3-20)
where
<m = stress constraint in member m
Am = a cross-sectional area of member m

In this thesis, the sign convention of forces and
stresses are defined automatically by the coordinates. A
free body diagram of a structure is drawn to locate member
forces and directions. Therefore, the member forces or
stresses are designated by tension or compression in the
members.

Similarly, Example 3 1is a two variables and two
stresses constraint plane truss problem. The Singular
Imbedding Method is applied to determine two unknowns
member areas. The method for solving this problem is

explained step by step.

Example 3 : The statically indeterminate truss is
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shown in figure below. Determine the properties
of member 2 and member 3 such that the stresses
in members 2 and 3 are + 17.742 and + 7.55 ksi.,

respectively.

10"
Y 4 L——a-ZOk
‘L“' X 30k

Design informations :

Member property A = 0.887 in%

Modulus of elasticity is E 10,000 ksi.

Member 2 and 3 are the variable members
The constrained values D! = + 17.782 ksi.

by’ = £ T.550 ksi.

Solution : Draw the network graph for this problem :

Network Graph Adding Norator To Constrain Stresses
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(a) The stiffness matrix of this problem

is created by using Equation (2-~35b). Hence

[K47 0 0 0 ©
0 0 0 0 O
(K], = 0 0o 0 0 O
0 0 0o [o] o©
i 0 0 0 o0 [o0]
where
[Ky1 = 313.61 -=-313.61

-313.61 313.61

(b) All member forces are transferred to
be nodal forces by using branch-node incidence

matrix.

node 1,2,3 4 5 6

branch

1 -1 0 0

wm K VN n
o
o
1
-—
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0 0 -1 -1

1

[at

0

0 0 -1

Submatrices [[AF][Kn][A] equals to

o
™
>
[¥2]
g
'loio:i+~io00 !
] _. [ u
[ et s e B
o . T “ O v _ o
' L H 1
‘l-lll—-llll-|ll_ll||ﬂ||l' -
~lojoeiwiy 2
{ ! ! -I.— — ™
..V»M ~
i N s ! oy
' e { «
p S 1 N
1 © ©o oo
j [
[t It S S
Y F gt
K Y
[} . ¢ N,
. O 1 T
== © o 10
_lnlu_.||l.. V=
o0 ook
2 o
"IIJ"I. ’.
e Ui Ny
o~ ol
sw ¥ jo o
.IJ.. r_l. ! 1
)
1-
M|
= J
_—
‘%
1
-.ﬂ ol «~ il
{ 1
R ] l»‘ll-
NN
ol o«
1 |
tl'lﬂ.-'l—lllll
o“ -, o
---rnw.r.-n
~-,0! 0
L i

Therefore

© olo o:0 o©
L]
m i
©O olo oio0 ©
1 t
e e g = -
i [
© o,0o o'o o
' 1
]
_ “
© oio o!o o
' |
T e
\O O | "
L] .—
o o O 0"0 o
- -, ,
m 3” )
[ ' i
. 1
! :
L - | i
\O o | [
] e ) _
(28] ™mi O o, O o
- -— H
m m '
L' :
H
~
| |
g
Y
| o }
=
A
d
—
FE)
L=~
[ == )
e

Substituting [[At][Kn][A]] into Equation (3-11),
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yields
' t s
; [[A"I[KnI[AIl{u*} = |[W;
; '6"
[313.61 -313.61}0 0.0 0][uyg) (20 )
' ]
-313.61  313.61{0 0,0 0| uy -30
e S S I Pt 2. -
0 0 {0 0:0 0f}lu = 0
' | 4 X5 > 4 s
0 0 i0 0i0 0|]uys
SRR SURIS Sosts i f o £ .
i i
|0 0 10 0!0 0||uys | o

(c) An applied member force is added into

the nodal equation.

node 3 6 node 4 6
branch ' branch
3 -1 5 -1
node 2 5 node 4 5
branch branch
2 -1 4 -1
From [A;] = (=1) |cos 225| = | 142

sin 225 142
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and (851 = (-1 [eos(-90)] = [o
sin(-90) 1

Equation (3=-13) is recalled

(01 (451 ro1 14

— e e - R AN e ey e m mmes A ®

-

[s,]

5 B
S T . S .
o1 o1 451 o1 | rol u

—
[Af1 [0l [0l [0l § [0]
e t -
where
(P2
{Py} = P gy
1 J M [
P 340
LPS*'J
taf1ee, 3 = [142] ths0
142 |
~ t ™ N
(8a510Pgt = [142] (P, )
142
[a§1(Py} = [07 {Pgyt
-1-1
[A;1{P b = [07] Py}
4-°""2x" = 2x
1
L o

Hence
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Py ]
Pax*
oo o 14} 313.61 -313. 6110 00 0 | | Pax: (20 ]
‘ 01 0 148i-313.61 313. 610 oJo 0 | |Pgye -30
5"6"1;,,‘3"0_'?—"6' BRI PP ﬁ;’;‘;-& - |5.33083
0014£ 0 0 0 L oioo uy4 {5 33944
00 0 0 0 0 00i00]|us o
100 ol o 0 00! oo_ uy5 17.7428, |
s
(Y6

(d) Due to the property of an FC system
Uxq = Uxs = Uye and Uyg = Uyg = Ug
and the equilibridm of the system, the process of
adding columns 5 and 7 and 9, 6 and 8 and 10
adding rows . 1 and 3 and 5, 2 and 4 and 6

are combined. Hence :

.- ——--

313.61 -313.61|| Pays { 20+5.33944 }

00 142 142
11 142 142 {-313.61 313.61()p ~30+5.3394417. 742k

(e) Switching columns and using the
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Gauss-~Jordan method this equation yields,

rP3x' ]
| Uy456
| 1 0! 0 1 0.707088 0.707088 Uesg | =
§ 0 1i-1 0 0.0015943 0.0015943 Jf%x. "
t Poxs
Pay:
\ >
=7.070927+12.545434A2+7 .55 A (1)
-0.0797168+0.02828674,
From problem Pyt = PBgyr = T.55044
and P2x| - P4x| - 17 ..742A2

By using these values, Equations (i) will be solved

simultaneously. Hence

A, = =-0.5636506-0.6018393A,  (ii)

(uy456- Ux456 ) -0.0797168-0.028285uA2 (iii)

From a member stiffness formula

[p*] [K1{u}

Uyas6

or {PZXJ




Note :
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and {P3x} = [AgE/L OI[142 1421 (uysse
{“y456}
Therefore
Paxt = =1000 Apuygse
and Pyt = 500 A3(uygge + Uyase)

Substituting these values into Equation (ii) and

(iii), yields

Ay -1.0299589 ind

0.7748054 in?

A3

A> is negative sign due to "Tension Member?",



CHAPTER 4

ANALYSIS LIMITATIONS

4.1 Types Of Solutions

A | method for solving different types of
~onstraints was described in the previous chapter. A
variable member with unknown member properties was used in
the analysis, e.g., cross-sectional areas were determined.
In this thesis, the method is developed and referred to as
the Singular Imbedding Method. The method wuses the
structural stiffness equation to solve for the member
forces in local coordinates and the joint displacements in
global coordinates. From the member forces and joint
displacements, an unknown member property is determined by
using the member's 1local stiffness relationship. The
solutions of these problems may be separated into two
categories :

(i) Feasible solutions under the imposed loads.

(ii) Non-feasible solutions under the imposed
loads.
| The sign of the cross-éectional area obtained from
the solution using the member stiffness equation

designates whether the solution is practical or not.
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4,2 Feasible Solutions

The values of unknown variable members are solved
by wusing the member's local stiffness relationship and the
joint displacements., Both positive and negative values
for the cross-sectional area of variable members are
found. The physical interpretation for each condition is
discussed. Example 1 (chapter 3) is used to illustrate

the two categories.

Payr = 5.86 kips.
A3 = 0.779 in?
u,y = 0.0328 in.
uyg = =0.0178 in.

This type of solution may be classified as :

(i) A practical solution is a positive sign for
all variable members (cross-sectional area) represents
this type of solution.

(ii) A non-practical solution or a prestressed
condition is represented by a negative sign for a variable
member. In the physical meaning, structural members must
be prestressed with either a tension or compression force
before applying the external loads. Example 1 (chapter 3)

is solved by changing

(a) The constraint value uy4 from 0.1 to 5.0

inches.
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The solution of this problem is :

P3x. = =1363.23 kips.
A3 = -0.3973 i
Ueg = 5.0 in.
uyg = 1.8625 in.

The deformed shape for this problem is shown in
Figure 19, The physical meaning of this solution is that
member (3) has a prestressed tensile force of 1363.23
kips. The external 1loads at node C) in the x- and
y-directions are 20 and 30 kips, respectively. An
additional tensile force in member (3) is required to meet
the constraint condition. This force must be prestressed
in member (3) before applying the external loads, which is
not common in conventional construction. Although the
solutions can be determined by the Singdlar Imbedding

Method, the results are considered non-practical.

A x= S.i) in,

FIG. 19 Deformation Shape
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Let us consider the prestressing condition, the
deformation of this physical condition may be described by

using superposition as shown in Figure 20.

(a) By Prestressing (b) By External Load

FIG. 20 Superposition Method Of Deformation

4.3 Non-Feasible Solutions
This type of solution is physically impossible.

From a mathematical point of view, the solution may be
represented by an "Infinity Value". In the physical
conditioh, " this phenomenon can be described by the
statement, no matter how much force is prestressed in the
variable member, the unknowns can not be solved to meet
the specified requirements. Example U4 is an example of

this type of solution.
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Example 4 : The statically determinate truss is shown
| in figure below. Determine the property of
i member (4) such that the displacement at joint

5 in the x-direction is 0.1 inches.

®

(3)
@
(6)

_L.JL. @ —_ 20k
H Ax= 0.1 in.

<
—
Q
Sle
T

Design informations :

Member propebties are Ay = Ay = A5 = 0.95 in%
A3 = Ag = 1.25 inf
Modulus of elasticity is E = 10,000 ksi.
Member (4) is a variable member
The constraint value Ugg = 0.1 in.
Solution : Applying the Singular Imbedding analysis,

one obtains a set of four equations and six
unknowns. Thus, there is no soiution. If any
other member had been selected as variable, a

practical solution may be obtained.




"CHAPTER 5

DISCUSSIONS AND CONCLUSIONS

5.1 Discussions

In this thesis, the Singular Imbedding Method is
used to. analyze a truss with joint displacement, member
‘force, and member stress constraints. It is modified from
a network graph by adding pseudo systems, i.e., DC
(Displacement Constraining) systems, and FC (Force
Constraining) systems. A DC system is used to constrain
joint displacements, and aﬁ FC system is used to constrain
forces or stresses in members. The structural stiffness
matrices 1is developed ¢to include defined members and
pseudo 'systems. This structural stiffness matrix
developes a singular matrix which must be modified before
analysis can be completed (a matrix that can not be
inverted).

As described 1in chapter 3, the singularity is
subsequently handled by adding selected rows or columns
of the matrix relating to the pseudo constraint systems.
For a Jjoint displacement constraint, the technique of
adding the appropriate columns of the global structural

stiffness matrix is developed. ' For a member force
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constraint problem a row and a column of the global
structural stiffness matrix is added. In the case of a
member stress it can be transformed into terms of a member
force by its definition.

Generally, the analysis'in this thesis is modified
from the network method by adding the pseudo systems to
avoid the usual iterative analysis. To analyze and design
statically indeterminate structures with specified
constraints, the initial member properties must be assumed
in the network analysis. After that the results (i.e.,
joint displacements, member forces, and member stresses)
will be determined and compared with a set of specified
requirements, until a feasible solution is reached.

Network analysis methods for structural analysis
is developed along the lines of the traditional stiffness
matrix method. The node method ©of network analysis is
basically the same as stiffness matrix method of
structural analysis. The formulation and calculation are
similar to each other. A branch-node incidence matrix [A]
associated with a network analysis is conceptually the

same as a member incidence matrix in the displacment

method (e.g., {P} [At JIKI[AJ{u} ) as described in

chapter 1.

5.2 Conclusions

From chapters 2 and 3, the Singular Imbedding
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Analysis 1is considered to be a convenient method with
which to analyze or design structures to meet specified
requirements, (i.e., joint displacements, member forces or
member stresses). This method is a direct method of
solution which allows one to avoid wusing on iterative
analysis. Therefore, it will reduce the computational
time.

In the case of displacement constraints, the
structure 1is confined by an amount of displacement at one
joint relative to another joint. In other words, that
joint can be moved within specified limits. Given the
properties of certain parts of the structure (defined
members) and designating other members as variable, the
Singular Imbedding Method is used to analyze a struéture.
The wunknowns of the variable members are determined from
the final structural stiffness matrix equation.
Therefore, the structural members are selected to meet the
constraints of the problem.

For a force constraint, forces in selected members
are constrained by a specified amount. There are several
types of member forces that might be constrained

(i) Temperature effects; the members of the
structure are affected by temperature changes, in terms of
elongation and shrinkage.

(ii) Member forces; a structural member is
allowed to only develop a force within a range specified

by the designer.
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Given the properties for the defined members in
the structure and using force constraints, the Singular
Imbedding Method is used to analyze and determine the
properties of the variable members in the structure .
Hence, the structural members are designed to meet the
constrained conditions.

For a stress constraint,_ a structural member is
limited by an amount of stress. A member stress can be
transformed into terms of a member force by its
definition. Therefore, the types of member stress
constraints are similar to member force constraints. The
Singular Imbedding Method is used to analyze a structure
in the same way as for a force constraint problem.

The analysis 1imi§ations of the Singular Imbedding
Method were described in chapter 4. In a design, only a
practical solution is desirable in designing a structure
to meet specified requirements. Therefore, the Singular
Imbedding Analysis is an attractive method by which to
design a structure. Given the properties for selected
parts of the structure and allowing the rest of the
structural members to be variable, the unknowns of
structural members can be solved without iteration. Qne
advantage of this method is that a direct solution can be
found by the creation of a final structural stiffness
matrix equation for each type of constraint condition.

The Singular Imbedding Method can be extended to

handle other types of structures such as planar frames,
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space frames, grids, and space trusses. More over, the
types of constraints can be extended to inequality
constraints, e.g., a displacement or a member force
constraint is restricted within a range. Using an
inequality constraint, an optimal solution can be
obtained. For example, a statically indeterminate truss
with all members treated as variable is considered as a

displacement

Imbedding Method

constrained problemn.

After .the Singular

is applied to this problem, the solution

is in the form of unknown member areas within a feasible
region, If one minimum member area is known, the rest of
them can be calculated as the minimum criterion.

Therefore, these member areas will 1lead to an optimum

truss design.



APPENDIX A

COORDINATE TRANSFORMATION

e
X
)
>>XG
Let XL- YL are a local coordinate
Xg- Yg are a global coordinate -
e is an angle from global to local coordinates

The coordinated transformation matrix is :
cos® sin® 0
[T] = -3in® cos® 0
0 0 1

For plane trusses, this matrix is reduced to :

[T1 = cos® sin®

-5in@® cos®




APPENDIX B
ALGEBRAIC PROPERTIES OF NETWORKS
An arbitrary number 1is assigned to each mesh of
the graph which is designated by {p'}. The operation

[Cl{p*} will then induce the assignment of a relate set of

numbers to the branches according to the equation :

{p} = [Cl{p"} B ¢1)

where
{p} = the set of derived branch quantities; (bx1)
[C] = a branch mesh matrix, (bxm)
{p*} = an arbitrary number assigned to each mesh of

the graph, (mx1)

o
"

a number of branches

a number of meshes

3
"

The operation [At 1{p} will then induce the
assignment of zero to the (non-datum) nodes since [At][C]

=z 0, Thus
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[at1{p} = ratitcip’} = 0{p} = 0 (2)

In order to prove that [AY 1[cl = o0, it will
suffice to show that

(A, Cj) = 0 for all i,j (3)
where
A = iu‘column of [A]
i -
Cj = jﬂ1column of [C]

A has nonzero elements only in those rows which

correspond to branches incident on the i-th node. And Qj

has nonzero elements only in those rows that correspond to

branches included in the j-th mesh. Therefore, if the ith
node is not incident on any of the branches in the j

mesh, (4;, Cj) = 0.



APPENDIX C

DESIGN AID FOR FRAMED STRUCTURE:

SINGULAR IMBEDDING APPROACH(14)

The objectiQe of this study is to use a technique
called singular imbedding, proposed for the design of
electrical circuits in structural design problems. The
problems considered in this work are the design of elastic
framed structures. Primary focus in using this technique
will be the problem of designing structures to meet
specified requirements, namely, Jjoint displacements or
member forces. These requirements- can be either the
constraints placed on a problem by a designer or the
limits specified by codes or other specifications.

The singular imbedding approach is initiated by
imposing singular elements representing constraints or
limits placed upon the problem into the network graph
representing a structure. If all members in the structure
are specified, i.e., have known properties, placing
singular elements on a network will lead to an
inconsistenéy and no solution is poésible. Selected
members in the structure are labeled as variable members.

These variable members will have their properties, namely,
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cross-sectional area and moment of inertia, designed
according to the specified constraints. Member forces in
the variable members are then considered as applied member
forces explicitly added to the nodal equations.

The following procedures are performed in the
singular imbedding approach :

1. The singular elements (or the constrained
elements are added into the network and will cause the
structural stiffness matrix to be singular) are imbedded
and variable members designated in the network graph
representing the structure;

2. The structural stiffness matrix is written for
the specified members with the nullators (is defined as an
elemenf which allows only zero displacement and force to
occur, and used to show the relationship between nodes)
remove;

3. The loads representing the variable members are
added to the nodal equations;

4, The nodal equations are appended with the set
of constraint equations.

The constraint equations applied ¢to structural
design problems are developed as :

a) Joint Displacements - Let uj*, ui*, and ué* be
the constrained values of the joint displacement
components. The equality equation is :

u%tm = u6* (1)
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where
i is the joint at which displacements are
constrained.

m is the component of the constrained displacement.

the following inequality equation is :

. o
Ui m > oy (2a)
. \* (2b)
or C Y%m & W

b) Member Forces - Let the values of the
constraints be P; ’ Pf , and %' for the member force
components. If the member considered is a variable
member, the following equality equation applies :

*

P = PO (3)
where
g is - the member in which member force is
constraingd.
m is the component of the constrained force.

For each inequality constraint, the equation is :

Pqm ¥ P] (4a)
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* %*
Pam € P (4b)

or
If the member considered is a defined member, the
following equality equation applies for each equality

constraint :
*

where
kgg is the member stiffness submatrix written fbr
member g, in member coordinates.
a is the g row of the branch-node incidence matrix

of a graph.

For each inequality constraint, the following inequality

equation is :
[(kgg)(ag)lyu* » P (6a)
or [(kgg)(ag?llnu‘ $ P (6b)

From Equations (1) to (6), constraints were
presented both equality and inequality constraints. By
adding these equalities and/or inequalities to the nodal
equations, the specified constraints are explicitly

included in the analysis. The general procedure of the
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singular imbedding approach can now be described as
follows :

1. Generate the nodal equations for that portion
of the structure which does not contain variable members

as :
[AgKyA 1w} = (P} (7)
07070 -
where Ag and Kg are written only for the defined members.

2. Add member forces 1in variable members to the
nodal equation by describing them as the unknown applied
forces, Pv . By adding these applied member forces to the
nodal equations, the variable members are included in the
analysis explicitly.

The nodal equations become :
t . _ . t
[A§K A J{u™} = {P°} - [A,1{P} (8a)

adding AEPV to both sides, the equations are :

t. t P .
[AV=A0K0A0]{;¥}- = {P'} (8b)
3. Add the constraint equations and/or

inequalities to Equation (8b), yields



£tk | 5] - P (9)
o« B e[z |*

where the added terms

. R
[oc i p] ‘{‘:}% {8} represents the constraint

equations and/or inequalities

o, p are partitioned matrices representing

coefficients of the unknown variables P and u°,

respectively

¥ is the vector of constant values of ¢the

constraint equalities and/or inequalities.

Equation (9) is the final design equation inwhich
the variable mémbers are designed according to the
specified constraints. By solving this equation, the
force-displacement relations of the variable members are
determined. From these relations, variable member
properties are calculated through the member stiffness

equations for each member.

=
(o]
d
(¢}
=]
o
]

Branch-node incidence matrix for the graph

of defined structural members

=3
<
1

Branch-node incidence matrix for the graph
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of variable structural members

Diagonal matrix of member stiffness matrices
of structural members

Vector of member forces

Vector of member forces in vériable members
Vector of joint loads

Constrained values
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