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Appendix A. Test problems for global optimization

Table A.1 shows the 18 lower-dimensional test problems (2 to 6 decision variables), which

are the same ones used by Regis and Shoemaker (2013). Table A.2 shows the 10 higher-

dimensional test problems with 30 or 32 decision variables.

Below are complete descriptions of the three 2-dimensional and three 3-dimensional

Shekel test functions (Shekel2A, Shekel2B, Shekel2C, Shekel3A, Shekel3B, Shekel3C) and

five instances of the Gordom–Wixom–Schoen (GWS) test function (Schoen 1993). The

other test problems are well known and so their descriptions are found in many papers

in the literature.

The 2-dimensional and 3-dimensional Shekel test problems have the same mathematical

form as the Shekel problems in Dixon and Szegö (1978) except that the search space (the

region defined by the bound constraints) has been rescaled to [0, 1]d. In particular, they
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Table A.1. Lower-dimensional test problems for the computational experiments.

No. of No. of Global

Test function Dim Domain local min’s global min’s min value

Branin 2 [−5, 10]× [0, 15] 3 3 0.398

Goldstein–Price 2 [−2, 2]2 4 1 3

GWSS Spiked 2 [0, 1]2 ≥ 24 1 5.0716

Shekel2A 2 [0, 1]2 5 1 −117.5507

Shekel2B 2 [0, 1]2 4 1 −115.0840

Shekel2C 2 [0, 1]2 4 1 −232.9396

Hartman3 3 [0, 1]3 4 1 −3.86

GWSS(3,10) 3 [0, 1]3 ≥ 12 1 −82.6229

Shekel3A 3 [0, 1]3 3 1 −107.2426

Shekel3B 3 [0, 1]3 4 1 −217.8420

Shekel3C 3 [0, 1]3 4 1 −213.5834

GWSC(4,10) 4 [0, 1]4 ≥ 12 1 −77.6950

Shekel5 4 [0, 10]4 5 1 −10.1532

Shekel7 4 [0, 10]4 7 1 −10.4029

Shekel10 4 [0, 10]4 10 1 −10.5364

GWSC(5,8) 5 [0, 1]5 ≥ 6 1 −82.0265

Hartman6 6 [0, 1]6 4 1 −3.32

GWSS(6,8) 6 [0, 1]6 ≥ 16 1 −61.1606

have the form

f(x) = −
k

∑

i=1

1

‖x− ai‖2 + ci
, x ∈ [0, 1]d, (A1)

where ai ∈ [0, 1]d and ci ∈ R for i = 1, . . . , k. The various Shekel problems differ in

the settings of the ai’s and ci’s in (A1). Let A be the matrix whose rows are the vec-

tors a1, . . . , am in row form and let C be a column vector whose entries are the values

c1, . . . , ck. The matrix A and vector C are given below for the various Shekel problems

used. In addition, surface and contour plots of the 2-dimensional Shekel functions are

shown in Figure A.1.
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Table A.2. Higher-dimensional test problems for the computational experi-

ments.

Test function Dimensions Domain Global min value

Ackley 30 [−15, 20]d −20− exp(1)

Rastrigin 30 [−4, 5]d −d

Griewank 30 [−500, 700]d 0

Keane 30 [1, 10]d < −0.39

Levy 30 [−5, 5]30 < −11

Michalewicz 30 [0, π]30 < −23

Extended Rosenbrock 30 [−2, 2]d 0

Extended Powell Singular 32 [−1, 3]d 0

Trigonometric 30 [−1, 3]d 0

Broyden Tridiagonal 30 [−1, 1]d 0
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Shekel2C (k = 10):

A =
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Shekel3A (k = 4):
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Figure A.1. Surface and contour plots of the two-dimensionial Shekel test functions.

Shekel3C (k = 4):

A =

























0.7911 0.8250 0.2601

0.6835 0.5342 0.4442

0.4171 0.2710 0.2070

0.8062 0.7518 0.6963

























C =

























0.005

0.020

0.010

0.015

























5



August 30, 2015 Engineering Optimization GENO˙1082350˙supplement(copyedited˙ColFigs=8)

The Gordom–Wixom–Schoen (GWS) test functions (Schoen 1993) have the form

f(x) =

k
∑

i=1

fi
∏

j 6=i

‖x− zj‖
α

k
∑

i=1

∏

j 6=i

‖x− zj‖
α

, x ∈ [0, 1]d, (A2)

where k ≥ 1; zj ∈ [0, 1]d for all j = 1, . . . , k; and fi ∈ R for all i = 1, . . . , k. The GWS

test functions differ in the locations of z1, . . . , zk ∈ [0, 1]d and the values of f1, . . . , fk.

For convenience, let Z be the matrix whose rows are the vectors z1, . . . , zk in row form

and F be the column vector whose entries are f1, . . . , fk. The matrix Z and vector F are

given below for the test problems used.

Four of the GWS test problems are labelled as GWSS(d,m) or GWSC(d,m) depending

on whether α = 2 or 3, respectively. The parameter m indicates the number of fi’s that

are zero in (A2), which is equal to the number of fi’s that are strictly positive and also

equal to the number of fi’s that are strictly negative. Hence, k = 3m in (A2). The 2-

dimensional GWSS Spiked test function also has α = 2 but used a different way to select

the values of the fi’s. In particular, 25 of the 30 fi’s in the GWSS Spiked function are

set to a constant value while the remaining five are set to much lower values to create

the spikes that can be seen in Figure A.2.
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Figure A.2. Surface and contour plots of the GWSS Spiked test function.

GWSS Spiked (k = 30, α = 2):
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GWSS(3,10) (k = 30, α = 2):

Z =
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GWSC(4,10) (k = 30, α = 3):

Z =
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GWSC(5,8) (k = 24, α = 3):

Z =
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GWSS(6,8) (k = 24, α = 2):

Z =
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Appendix B. Management of groundwater bioremediation

The TRIKE and CYCLONE algorithms are also compared with standard EGO on a 36-

dimensional groundwater bioremediation problem (Yoon and Shoemaker 1999). Ground-

water bioremediation is the process of promoting the growth of soil bacteria that can

transform groundwater contaminants into harmless substances. This study uses the opti-

mization formulation in Yoon and Shoemaker (1999), which considers a setup that pumps

oxygenated water into the groundwater by means of injection wells and uses monitoring

wells to measure contaminant concentrations at specific locations. The optimization for-

mulation uses a two-dimensional finite element simulation model that describes ground-

water flow and changes in the concentrations of the contaminant, oxygen and biomass.

The entire planning horizon is divided into management periods and the goal is to de-

termine the pumping rates for each injection well at the beginning of each management
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period that minimize the total pumping cost subject to the constraint that the con-

taminant concentrations at the monitoring wells are below a certain threshold during

specified time periods. In Yoon and Shoemaker (1999), the constraints are incorporated

into the total pumping cost objective function via a penalty term, resulting in a bound

constrained global optimization problem.

This groundwater bioremediation model uses a hypothetical contaminated aquifer de-

scribed in Yoon and Shoemaker (1999) whose characteristics are symmetric about a

horizontal axis. There are six injection wells that are also symmetrically arranged such

that pumping decisions are only needed on the three injection wells on one side of the

axis of symmetry. There are 12 management periods (where each management period is

a month), giving 12× 3 = 36 decision variables. The decision variables are scaled so that

the search space is [0, 1]36. This groundwater bioremediation problem is referred to as

GWB36.

The simulation time for this groundwater bioremediation model is only about 0.1 sec-

ond on an Intel R© CoreTM i7 CPU 860 2.8GHz desktop PC. However, the above optimiza-

tion problem is representative of computationally expensive groundwater bioremediation

problems, whose simulation times can take a few minutes to many hours depending on

the complexity of the model.

Appendix C. Effects of the localization and restart strategies

Figure C.1 shows the average of the minimum distance of the current sample point from

previous sample points after every function evaluation for EGO, CYCLONE and TRIKE

on the Shekel5, Shekel7, GWSC(5,8) and Hartman6 functions. The corresponding plots

for Shekel10 and GWSS(6,8) are included in the main manuscript.

Table C.1 shows the MLEs for the success probabilities of CYCLONE and TRIKE

(stopped when ǫEI < 0.001) within CYCLONE-Restart and TRIKE-Restart, respectively.
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Appendix D. Comparison of progress curves on the higher-dimensional

test problems

Figures D.3[AQ10] show the average progress curves for each algorithm on each of the

higher-dimensional test problems as the number of function evaluations increases. The

corresponding plot for the groundwater application is included in the main article. As

mentioned before, the error bars are 95% t-confidence intervals for the mean. That is, the

length of each side of the error bar is equal to 2.045 times the standard deviation of the
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Figure C.1. Mean (over trials) of the minimum distance of the current point from previous points versus number

of function evaluations for EGO, CYCLONE and TRIKE. Error bars represent 95% t-confidence intervals for the

mean.
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Table C.1. Maximum likelihood estimates of the probability of getting within 1% of

the global minimum value for each run of CYCLONE and TRIKE within CYCLONE-

Restart and TRIKE-Restart, respectively.

Test CYCLONE- TRIKE- Test CYCLONE- TRIKE-

problem Restart Restart problem Restart Restart

Branin 0.81 0.64 Shekel3B 0.45 0.50

GP 0.71 0.58 Shekel3C 0.47 0.28

GWSS Spiked 0.21 0.33 GWSC(4,10) 0.50 0.39

Shekel2A 0.54 0.70 Shekel5 0.31 0.22

Shekel2B 0.27 0.34 Shekel7 0.37 0.33

Shekel2C 0.45 0.43 Shekel10 0.40 0.36

Hartman3 0.79 0.83 GWSC(5,8) 0.39 0.45

GWSS(3,10) 0.24 0.17 Hartman6 0.67 0.71

Shekel3A 0.29 0.32 GWSS(6,8) 0.32 0.28

best function value divided by the square root of the number of trials. The factor 2.045

is the critical value corresponding to a 95% confidence level for a t-distribution with 29

degrees of freedom.
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Figure D.1. Average progress curves of TRIKE-Restart and CYCLONE-Restart on the 30-dimensional test prob-

lems with large numbers of local minima. The averages are taken for 30 trials corresponding to 30 different starting

points. Error bars represent 95% t-confidence intervals for the mean.
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Figure D.2. Average progress curves of TRIKE-Restart and CYCLONE-Restart on the 30-dimensional test prob-

lems with large numbers of local minima. The averages are taken for 30 trials corresponding to 30 different starting

points. Error bars represent 95% t-confidence intervals for the mean.
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Figure D.3. Average progress curves of TRIKE-Restart and CYCLONE-Restart on the higher-dimensional test

problems with relatively few local minima. The averages are taken for 30 trials corresponding to 30 different starting

points. Error bars represent 95% t-confidence intervals for the mean.

Appendix E. Sensitivity analysis

Figure E.1 shows the performance profiles for TRIKE-Restart with the three different

values of η on the 18 lower-dimensional test problems (Figure E.1(a)) and on the 10

higher-dimensional test problems (Figure E.1(b)). The values of η include the default

value of η = 1 used in the earlier comparisons. The performance profiles are calculated

at 300 function evaluations for the lower-dimensional problems and at 500 function eval-

uations for the higher-dimensional problems.

Figure E.2 shows the performance profiles for CYCLONE-Restart with the three dif-

ferent search patterns on the 18 lower-dimensional test problems (Figure E.2(a)) and

on the 10 higher-dimensional test problems (Figure E.2(b)). As before, the performance

profiles are calculated at 300 function evaluations for the lower-dimensional problems

and at 500 function evaluations for the higher-dimensional problems.
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Figure E.1. Performance profiles for TRIKE-Restart with different values of the parameter η on: (a) the 18 lower-

dimensional test problems; and (b) the 10 higher-dimensional test problems; τ = 0.01.
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Figure E.2. Performance profiles for CYCLONE-Restart with different search patterns on: (a) the 18 lower-

dimensional test problems; and (b) the 10 higher-dimensional test problems; τ = 0.01.
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