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Abstract

A canal surface is the envelope of a moving sphere with varying ra-
dius, defined by the trajectory C(t) (center curve) of its centers and a
radius function r(¢) and canal surface is parametrized via Frenet frame
of the center curve C(t). If the radius function r(¢) = r is a constant,
then the canal surface is called a tube or tubular surface. In this study,
for a center curve C(t) on arbitrary surface M we define tube with
Darboux frame instead of Frenet frame. Subsequently, we compute the
curvatures of tube with Darboux frame and obtain some characteriza-
tions for special curves on this tube.
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1 Introduction

Canal surface is one kind of the swept surfaces. The class of surfaces formed
by sweeping a sphere was first investigated by Monge in 1850. Alternatively, a
canal surface is the envelope of a family of one parameter spheres and is useful
to represent various objects e.g. pipe, hose, rope or intestine of a body. Again,
canal surface is an important instrument in surface modelling for CAD/CAM
such as tubular surfaces, torus and Dupin cyclides.
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Canal surface around the center curve C(s) is parametrized as

/

K(s,0) =C(s) —r(s)r (s)t(s) Fr(s)v/1 —1'(s)?(cosOn(s) +sindb(s)); 0 < 6 < 2,

where s is arclenght parameter and t,n,b are Frenet vectors of C(s). If the
radius function r(s) = r is a constant, then the canal surface is called tube
(pipe) surface and it is parametrized as

Tube(s,0) = C(s) + r(cosfn(s) + sin 6b(s)).

Maekawa [3] et.al. researched necessary and sufficient conditions for the
regularity of tube (tubular) surfaces. Recently, Xu [4] et.al. studied these
conditions for canal surfaces and also examined principle geometric properties
of these surfaces like computing the area and Gaussian curvature.

This work is organized as follows. In section 2 we give some concepts
regarding curves and surfaces. Afterwards, we define tube with respect to
Darboux frame and compute Gaussian and mean curvatures. In section 3 we
obtain some characterizations for special curves lying on tube with Darboux
frame.

2 Preliminaries

In this section, we define tube with respect to Darboux frame. After that, we
compute the coefficients of first and second fundamental form, Gaussian and
mean curvatures for this tube, respectively.

Let M be a regular surface and o : I C R — M be a unit speed curve
on the surface. Then, Darboux frame {7, Y = N x T, N} is well-defined
along the curve a where T is the tangent of @ and N is the unit normal of M.
Darboux equations for this frame are given by

T = k)Y +k,N
Y = —kT+71,N
N = —kT-71,Y,

where k, is the normal curvature, k, is the geodesic curvature and 7, is the
geodesic torsion of «.

Let the center curve C(s) be on the surface M. Since the characteristic
circles of canal surface lie in the plane which is perpendicular to the tangent
of center curve C(s), we can write tube with Darboux frame as

D(s,3) = C(s) +r(cos BY (s) + sin fU(s)),
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where U is the unit normal of the surface M along the curve C(s). Then from
the derivative formulas of Darboux frame, we have

Dy=T+r [cos BY(s) + sin BU' ()

= [1 —rcos fky — rsin Bk,| T — rsin f7,Y + rcos f1,U
Dg = —rsin BY + rcos U

D, = [—r cos ﬁk:; — rsin ﬁk:;l + rsin Bk,74 — 1 cos ﬁknTg] T (2.1)
+ [kg — rsin Bk, kg, — 1 cos ﬁk; — 1 Ccos 57'3 — rsin 57;} Y
+ [kn —rcos fkyk, — rsin Bk2 — rsin 573 + rcos ﬂT;] U

Dgs = [rsin Bk, — rcos Bk,| T — 1 cos f7,Y — rsin fr,U
Dgg = —rcos fY — rsin U

Dy x Dg = [—7" cos 3+ r? sin 3 cos Bk, + 12 cos® ﬂkg} Y
+ [—7" sin 3 + r?sin 3 cos Bky + r? sin? ﬂkn] U
|Ds x Dgl| = (1 —rcosfk,—rsinfk,).

Thus, the unit normal N, the coefficients of first and second fundamental form,
the Gaussian and mean curvature of D(s, 3) are obtained as follows.

DSXDg

N=———=—cosffY —sin U
1Ds x Dyl
E=D;.Ds = (1—rcos ks — 7“51115/%)2 +7“27'3
F=D,.Ds=r'ry (2.2)

G:Dﬁ.Dﬁ:T2

e =N.Dy = (kycos 3+ kysin 3) [r(kg cos B + knsin 3) — 1] +r7.
f=N.Dg, :Tcos257g—|—rsin2ﬁ7'g =17,
g:N.Dﬁgzrcos2ﬁ+rsin2ﬁ:T

K — eg—f* kg cos B+ ky, sin 8
 EG—F%*  r(1—rcosfk, —rsinGk,)

_eG=2fF +gE  2r(kycos 3+ k,sinf3) —1

H = = 2.
2(EG — F?) 2r (rkycos 3 + rky,sin§ — 1)’ (23)

where kg, k, and 7, are the geodesic curvature, normal curvature and geodesic
torsion of C(s), respectively.
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3 Some Characterizations of Special Curves
on D(s, [3)

In this section, we investigate the relation between parameter curves and spe-
cial curves such as geodesics, asymptotic curves and lines of curvature on the

tube D(s, ).

Theorem 3.1. For the reqular tube D(s, 3),
(1) B— parameter curves are also geodesics.
(2) s— parameter curves are also geodesics <= ky, k, and 17, of C(s) satisfy
the equation system

1 /
sin Sk, — cos Bk, + r cos 20k, k, + 3" sin 203(k2 — k;) —r7,= 0
cos B(k, + knTy) +sin B(k, — kyry) = 0. (3.1)
Proof. For s— and f— parameter curves, we get
N x Dgg = rsinfcosB1T —rsinfcos 31 =0
1 /
N x Dggs = (sinfk, — cos Sk, + r cos 28k, k, + 5" sin 263(k2 — k;) —r7,)T
+7(sin 3 cos ﬁk:; + sin? ﬁk‘; — sin? BkyTgy + sin B cos fk,7,)Y
—7(cos® ﬂk; + sin (3 cos ﬂk;l — sin 3 cos Bk,T, + cos® Bk,T,)U.

1) Since N x Dgz = 0, f— parameter curves are also geodesics.
86
(2) Because T,Y and U are linearly independent, N X Dy, = 0 <=

1 /
sin Sk, — cos Bk, + r cos 2Bk, k, + 5" sin 23(k% — k;) — 7T,
r(sin 3 cos B/ﬂlg + sin? ﬁk; — sin® Bk,7, + sin B cos Bk,7,) = 0
7(cos? ﬁk‘/g + sin (3 cos ﬁk‘; — sin 8 cos Bk,7, + cos® Bk,T,)

By the last two equations, we have
cos B(k,, + k) + sin B(k,, — k,74) = 0.
Then kg4, k, and 7, hold the equation system

1 ,
sin 8k, — cos Bk, + r cos 2Bk, k, + 57’ sin 25(1@21 - k;) —rr, = 0
COs ﬁ(k; + knTg) + Slnﬁ(k;z - kng) = 0.
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Corollary 3.2. Let C(s) be a geodesic on M. If s— parameter curves are
also geodesics on D(s, ), then the curvatures k and T of C(s) satisfy the
equation

rsin? fk* — 2sin Bk + r7° = ¢,

where ¢ 1s a constant.

Proof. Since the center curve C(s) is a geodesic, k, = 0. If we replace k, = 0
in Eq (3.1), we obtain

keos B(1 —resinf) +r1 =

K sinf+ kTcosf =

In the first equation above, if we leave alone x cos # and substitute this in the
second equation we get

K sinf — rek sin? 8 —rrr = 0.
If we integrate the last equation, it follows that
rsin? fr? — 2sin fr + r7 = c.
O

Corollary 3.3. Let the center curve C(s) be an asymptotic curve on M. If
s— parameter curves are also asymptotic curves on D(s, (3), then the curvatures
k and T of C(s) satisfy the equation

rcos? Bk® — 2cos Bk + 172 = ¢,
where ¢ is a constant.

Proof. Since the center curve C(s) is an asymptotic curve, k, = 0. If we
replace k, = 0 in Eq (3.1), we obtain

ksinB(1 —recosf) —rr =

k cosf—krsingd = 0.
If we leave alone xsin # and substitute this in the second equation we get
K cos B —rkk cos’ B —rrr = 0.
and then if we integrate the last equation, it concludes that

rcos? Br% — 2cos Bk + 172 = c.
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Theorem 3.4. For the regular tube D(s, 3),
(1) B— parameter curves cannot also be asymptotic curves.
(2) s— parameter curves are also asymptotic curves <= D(s, 3) is generated
by a moving sphere with the radius function
kg cos B3 + Ky, sin 8

= = 3.2
" (kg cos B+ kysin 3)2 + 72 ¢ (32)

such that r is a constant.

Proof. (1) As N . Dgz = rcos? 3 +rsin®?3 = r # 0, f— parameter curves
cannot also be asymptotic curves.
(2) s— parameter curves are also asymptotic curves <=

N . Dy = (kycos B+ kysin 3) [r(kg cos f + kpsin 5) — 1] + 7’7'3 =0.
From this, we get the radius function

- kg cos 3 4 Ky, sin 3 .
(kg cos B+ kysin 8)2 + 72

such that r is a constant. O

Corollary 3.5. Let s— parameter curves be also asymptotic curves on D(s, [3).
(1) If the center curve C(s) is a geodesic on M, then

K sin (3
r=————- =03
k2sin® 3 + 72
(2) If the center curve C(s) is an asymptotic curve on M, then

K cos 3

k2 cos? 3 + 12
(3) If the center curve C(s) is a line of curvature on M, then

1
" T kycosBt kpsing ¢

Proof. Because s— parameter curves are also asymptotic curves, from Eq (3.2)

kg cos 3 + Ky, sin 3 B
(kgcos B+ kypsin )2 + 72

r =

(1) Since C(s) is a geodesic, k;, = 0. So, k, = x and 7, = 7. If we replace
these in Eq (3.2) we get

K sin 3

k2sin® 3 + 72
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u K
Let us give an example. For § = —, it follows that » = ——— is a constant
2 K2 + 72
and so the center curve C(s) becomes a Mannheim curve. In that case, when
i T

—)=C(s)+

C'(s) is a Mannheim curve, the s— parameter curve g = 5

57 D(Su
rU(s) is an asymptotic curve on D(s, 3).

(2) Since C(s) is a asymptotic curve, k, = 0. Hence, k;, = k and 7, = 7. If we
replace these in Eq (3.2) we get

K cos 3
r=——————=c.
k2 cos? B + 12

Again, for § = 0, it follows that r = P
K2+ T

becomes a Mannheim curve. In this situation, while C(s) is a Mannheim curve

the s— parameter curve 5 = 0; D(s,0) = C(s) + 7Y (s) is an asymptotic curve

on D(s, ).

(3) Since C(s) is a line of curvature 7, = 0. If we put this in Eq (3.2) we get
1

" T kycosBt kpsing ¢

is a constant and therefore C(s)

O
Theorem 3.6. The parameter curves of D(s,3) are also lines of curvature

<= The center curve C(s) is a line of curvature on M.
Proof. From Eq (2.2) we have
F = r’r,
f = rr,.
According to theorem of line of curvature, the parameter curves on a surface

are also lines of curvature if and only if F' = f = 0. From F' = f = 0, it
concludes that 7, = 0, i.e , C(s) is a line of curvature on M. O

Theorem 3.7. For the reqular tube D(s, 3),
(1) If the center curve C(s) is a geodesic on M, then the Gaussian and mean
curvature of D(s,[3) are as follows.

K msinﬁ
r (1l —rksinf)
o - 2resin f — 1

2r (resin 3 — 1)
(2) If the center curve C(s) is an asymptotic curve on M, then the Gaussian
and mean curvature of D(s, 3) are as follows.

K K cos (3
r (1 —rkcospf)
0 - 2rkcos 3 —1

2r (recos 3 —1)
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Proof. By Eq (2.2) and Eq (2.3), the Gaussian and mean curvature for D(s, [3)
are
kg cos B3 + Ky, sin 8
r (1 —rcos Bk, — rsin fk,,)
2r (kgcos B+ kysin8) — 1
2r (rkgcos B+ rk,sin 3 — 1)

K

H =

respectively.
(1) Because C(s) is a geodesic, k, = 0, k, = k and 74, = 7. If we substitute
these above, it gathers that

K — /@Sinﬁ
r (1 —rksinf)
- 2resin f — 1

2r (resinfg — 1)
(2) Since C(s) is an asymptotic curve, k, = 0, k;, = x and 7, = 7. Then, it
gathers that

K K cos (3
r (1 —rkcosf)
H — 2rkcos 3 —1

2r (recos 3 —1)

Here, when C(s) is an asymptotic curve, the Gaussian and mean curvatures
of D(s, 3) are equal with

Tube(s,0) = C(s) + r(cosfn(s) + sin6b(s)).
(see [1]). O
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