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Tunable Berry curvature, valley and spin Hall effect in Bilayer MoS,

Andor Korményos,!** Viktor Zélyomi,? Vladimir I. Fal’ko,? and Guido Burkard®

! Department of Physics, University of Konstanz, D-78464 Konstanz, Germany
2School of Physics and Astronomy, University of Manchester, Manchester, United Kingdom

The chirality of electronic Bloch bands is responsible for many intriguing properties of layered
two-dimensional materials. We show that in bilayers of transition metal dichalcogenides (TMDCs),
unlike in few-layer graphene and monolayer TMDCs, both intra-layer and inter-layer couplings give
important contributions to the Berry curvature in the K and — K valleys of the Brillouin zone. The
inter-layer contribution leads to the stacking dependence of the Berry curvature and we point out
the differences between the commonly available 3R type and 2H type bilayers. Due to the inter-layer
contribution the Berry curvature becomes highly tunable in double gated devices. We study the
dependence of the valley Hall and spin Hall effects on the stacking type and external electric field.
Although the valley and spin Hall conductivities are not quantized, in MoSy 2H bilayers they may
change sign as a function of the external electric field which is reminiscent of the behaviour of lattice

Chern insulators.

I. INTRODUCTION

The valley degree of freedom has recently attracted a
large interest in monolayers of group-VI transition metal
dichalcogenides (TMDCs). This is in good part due to
the fact that monolayer TMDCs exhibit circular optical
dichroism, that is, the valleys at the =K point of the Bril-
louin zone (BZ) can be directly addressed by left or right
circularly polarized light'™*. A related phenomenon,
called the valley-Hall effect, has also been demonstrated®
in monolayer MoSs, which can be traced to the chirality
of the electronic Bloch bands®®. The Berry curvature®
properties of bilayer TMDCs have received very limited
attention so far'®, in part, due to the uncertainty about
the position of the band edges in the Brillouin zone that
one can find in the existing literature®®. A better un-
derstanding of the Berry curvature properties would be
important in light of recent reports'’»'2 on the valley-
Hall effect in bilayer MoS,, and the purpose of this work
is to analyse the topological properties of bilayer TMDCs
(BTMDCs).

Because of the recent experimental progress
we will concentrate on bilayer MoSy in the following,
but many of our findings are equally valid for other BT-
MDCs such as MoSes, WSo, and WSe,. The focus of the
present study is on the competition between the contri-
butions towards Berry curvature of electron bands in BT-
MDCs coming from the intrinsic properties of the mono-
layers and a part generated by the inter-layer coupling.
Thus, BTMDCs are markedly different from gapped bi-
layer graphene or monolayer TMDCs, where only one of
the contributions is finite®2°. Because of the inter-layer
contribution, the Berry curvature is tunable by moder-
ately strong external electric fields. Moreover, we show
that the stacking of the monolayer constituents in BT-
MDCs affects the Berry curvature and different stackings
have Berry curvature properties. These topological dif-
ferences can already be understood if spin-orbit coupling
(SOC) is neglected. Nevertheless, we will also analyse
the effect of SOC on the band structure, on the Berry
curvature and on certain transport properties. The finite
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Berry curvature leads to valley and spin Hall conduc-
tivities which depend on the stacking and on the pres-
ence/absence of inversion symmetry in the system. In
the case of 2H stacked BTMDCs, the interplay of in-
trinsic SOC, the layer degree of freedom and an external
electric field can lead to an interesting effect: the valley
and spin Hall conductivities change sign as a function of
the external electric field.

Generally, the presence/absence of inter/intra-layer
Berry curvature contributions and the effect of different
stacking is a relevant question for all layered materials,
including, e.g., heterostructures of different monolayer
TMDCs obtained by layer-by-layer growth?! or artificial
alignment?2. BTMDCs, in addition, present a novel, rich
playground for valley and spin related phenomena.

II. k-p HAMILTONIAN IN THE +£K VALLEYS

There are two naturally occurring stable phases of bulk
TMDCs with an underlying hexagonal symmetry of their
lattice structure?®. The most common one is the so-called
2H polytype, where the unit cell contains two monolayer
units and the bulk is inversion symmetric. Some layered
TMDCs, among others MoS,, can also exist in the 3R
polytype, where the unit cell contains three monolayers
and inversion symmetry is broken in the bulk. Bilayer
samples can be exfoliated from both bulk phases and we
will refer to them as 2H and 3R stacked bilayers.

We start our discussion by introducing the k-p Hamil-
tonians for 3R and 2H stacked bilayers. We will focus on
the +K wvalleys in the BZ because in our DFT calcula-
tions [see Figures 1(a)-(b)] the band edge in the conduc-
tion band can be found at these point, therefore they are
experimentally relevant. We will briefly discuss the @
valleys in Section VI. The main differences between the
Berry curvature properties of 3R and 2H bilayer TMDCs
are orbital effects and therefore we neglect the SOC in the
present Section. The discussion of the important effects
of the SOC are deferred to Sections IV and V.
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FIG. 1. a) Band structure showing the CB and the VB of 3R stacked bilayer MoSs along the I' — K — M — T direction of the
BZ from DFT calculations. b) The same for 2H stacked bilayer MoSz. The spin-orbit coupling is neglected in a) and b) c)
Schematic crystal structure of 3R stacked bilayer TMDCs in side view and in top view. d) Schematic crystal structure of 2H
stacked bilayer TMDCs in side view, and in top view. In c) and d) the monolayers are shown as simple hexagonal lattices with

two inequivalent sites. a; and as denote the lattice vectors.

A. 3R bilayers

We start our discussion with 3R stacked bilayer
MoS;, which can be exfoliated from the 3R bulk
polytype!?17°19 3R bilayers are non-centrosymmetric
(the symmetry of the crystal structure is described by
the point group Cj,) and therefore, in contrast to 2H
stacked bilayers (see below) one can expect interesting
Berry curvature properties even if no external electric
field is applied. We first introduce a k - p model for
this system which differs in important details from the
one used recently in Ref. 24 (see Appendix B2 for the
derivation of this model). The electronic properties at
the £K point of the BZ can be succinctly captured by
the following simplified k - p Hamiltonian:

5zb Y34+ Vecd— 0
Y- fpp 0 Ywdo (1)
Yee @+ O el a4
0 Yovd+ V34— 621;

3R _
Hyt =

Here ¢+ = 7¢; £ iq, denotes the wavenumber measured
from the K (or —K) point of the BZ and 7 = +£1 is
the valley index. Higher order terms in ¢4, which ap-
pear in the k - p model of monolayer TMDCs!416 have
been neglected here. The band-edge energies of the CB
and VB in the bottom (top) layers are denoted by egb
(ef,) and €%, (&!,). The layer index bottom (b) and top
(t) are assigned to the bands based on the localization
of the corresponding Bloch-wave function to one of the
layers. We note that explicit density functional theory

(DFT) wave function calculations for the bilayer case can
be found in Ref. 19, while for the bulk 3R polytype in
Ref. 17. Our definition of the layer index is shown in
Fig. 1(c): in the bottom monolayer the Mo atom does
not have a S neighbour atom directly above it, while for
the Mo atom in the top layer there is a S atom neighbour
belonging to the bottom monolayer. Since in the mono-
layers the atomic Mo d orbitals have the largest weight
in the conduction and the valence band (CB and VB) at
the £K points one may expect that this difference in the
atomic environment of the two Mo atoms can lead to dif-
ferent crystal field splittings in the two layers and hence
it may affect the band structure of the bilayers. This is
indeed what we can deduce from our DFT band struc-
ture calculations, i.e., that ecl; (wb) ECZ (vb)> S€€ also Ap-

pendix B2. (We performed our DFT calculations using
the VASP code?®, for further details see Ref. 26). Defin-
ing the band-edge energy differences dE,, = (% —¢%,)/2
and 6E,, = (2, —€!,)/2, our DFT band structure calcu-
lations suggest that 6 E,. # JE,,, meaning that there is a
small difference of about 10 meV between the band gaps
of the bottom and the top layer. This energy difference
will be neglected in the following as this does not affect
any of the main conclusions of the Berry curvature calcu-
lations. We denote therefore by 0E,, = 0E,, := 6E), the
inter-layer band-edge energy difference and use the no-
tation 0E, = E, /2 for half of the monolayer bandgap.
We use 3 for the intra-layer coupling of the CB and VB,
and Yee (Vo) s the inter-layer couplings between the CBs
(VBs) of the two monolayers. The numerical value of 73



can, in principle, be somewhat different in the two layers,
but we neglect this effect and use the monolayer value.
The coupling constants .. and v,, can be estimated by
fitting the eigenenergies of H3% to the DFT band struc-
ture (see Table I). One can see from Eq. (1) that for
q = 0 the two layers are decoupled, in agreement with
previous results'® for the 3R bulk form.

B. 2H bilayers

We now compare the results in Section IT A with the
corresponding ones for 2H stacked bilayer MoSs which

derives from the 2H polytype [see Fig. 1(b)]. The k- p
Hamiltonian reads
e tUs 738+ Yecd- 0
_ U, 0 t
g | - et U L )
K Yee 4+ 0 ep—Us 39— @
0 ty 3G+ €y — Uy

where ¢, is a momentum independent tunnelling ampli-
tude between the VBs of the two layers and we included
the possibility of an inter-layer potential difference given
by £U,, which can be induced by a substrate or an exter-
nal electric field. A similar model, which neglected the
coupling between the CBs, was introduced in Refs. 10
and 29 (see the Appendix B1 for further details.) We
will show, however, that the coupling between the CBs
gives an important contribution to the Berry curvature.
For U, = 0 the system is inversion symmetric (the crys-
tal symmetries are described by point group Dsg). At
the +K points the two CBs are degenerate, while the
VBs are split due to the tunnelling amplitude ¢, [see
Fig. 1(b)]. Away from the +K points the CBs are also
split, for small q wavenumbers this splitting is mainly
due to the interlayer coupling term ~y..q+.

ITI. BERRY CURVATURE OF BTMDCS
A. Numerical results and analytical approach

The Berry curvature of band n in a 2D material is de-
fined by Q. (k) = Vi X i{up k| VkUn k), where u, x is the
lattice-periodic part of the Bloch wave functions. In the
envelope function approximation u, x can be calculated
from a k - p Hamiltonian valid around a certain k-space
point. Using the k.p models introduced in Section B, in
the £K valleys the u,, x functions are 4-spinors that can
be obtained by e.g., numerically diagonalizing H3? and
HZH of Egs. (1) and (2), respectively. We used these
eigenstates and the approach introduced by Ref. 27 to
calculate the Berry curvature. The Q,(k) obtained for
3R and 2H bilayers is shown in Figures 2(a) and (b),
respectively (the material parameters used in these cal-
culations are given in Table I). For comparison, we also
show the Berry curvature that can be obtained from a
gapped-graphene model® which approximately describes

the band structure of individual monolayers in the lim-
iting case when all inter-layer coupling terms in Egs. (1)
and (2) are neglected. It is clear that the Berry curvature
of both types of bilayer is substantially different from the
monolayer case suggesting that inter-layer coupling may
have an important role.

To show this explicitly, we now derive an approxima-
tion for €,(k) which can make analytical calculations
easier. As it is well known, one can use the Schrieffer-
Wolff transformation®® e=*He® of a Hamiltonian H to
eliminate coupling terms between subsystems of H in or-
der to obtain an effective Hamiltonian H in the desired
subspace. Here S = —ST is an anti-Hermitian opera-
tor. Denoting the eigenfunctions of H by ¥, the eigen-
functions ¥ of the original Hamiltonian H can be ob-
tained by a back-transformation ¥ = e5W. By writing
eS=1+S5+ %52 + ... a systematic approximation of
U can be obtained if ¥ is known. By using this approxi-
mation for ¥ in the expression of 2., one finds

Q.(k) = Vi x i {<xi/|vkxif> + %@Hvks, SYW) + ...
(3)

where [A, B] denotes the commutator of A and B. Al-
though S is usually not known exactly, one can write
S =81 1483 1 and explicit expressions for S can
be found in e.g., Ref. 28. In this way Eq. (3) can be used
to obtain a perturbation series for 2,. One may write
Q, ~ ng) + Q,(zl’l) + ... where ng) = Vi X z(lil|Vk\il>
and Q0 = vy x L(B][V,,5D), SO ).

B. Berry curvature of 3R and 2H bilayers

In the case of 3R bilayers one may choose as a subspace
e.g., one of the layers and treat the inter-layer coupling as
perturbation. This corresponds to neglecting the inter-
layer coupling in the wave function but retaining it in
SM_ Using Eq. (3) we find that Q) (") for the bottom
(top) layer can be written as ng) ~ ng) — Q(Zl’l) (Qg) ~
Q(ZO) + le’l)), where

2
1
QO (q) = +- (2 4
2(a) 3\ 38, (4a)

A ey o T A2

+ al o\ 1/27
1+ (w2)’)

)~ (20Ey)?
(4b)
Here |q| is the magnitude of q, A1 = 72, +72,, A2 = V2. —
42, and the + (—) sign corresponds to the CB (VB). o

in Eq. (4a) is the well known result for a gapped-graphene
two-band model™?, while Eq. (4b) is a correction due to




the inter-layer coupling. The first correction to Eq. (4)
is ~ q2? but we found that for the wavenumber range of
interest it is quite small.

In 2H bilayers, if both inversion and time reversal sym-
metries are simultaneously present, {2, vanishes®. How-
ever, a finite inter-layer potential +U, breaks inversion
symmetry, opens a gap in the CB at the £K point, and
causes €2,(q) to be non-zero. For the physically relevant
case of U, < dEy, it proves to be useful to treat the intra-
layer coupling between the CB and VB in each layer as a
perturbation that enters S™). Following the same steps
as for the 3R stacking, one finds that in the CB the Berry

curvature is given by €, o = Qi?zb + QS(’;), where

VECUQ
3/2
(U2 + (reclal)?)

is due to the inter-layer coupling of the CBs. The second
contribution reads

Al @ = () h s,
(U2 + (eclal)’)

where, using the notation £,, = /t2 + U, 3, the constant

N2
A3 is given by A3 = 1 + % (;bl’: ) and terms ~ q? have
g

.
2(a) = F3 (50)

(5b)

been neglected in Eq. (5b). Qili)(q) is non-zero even if
we set Y. = 0, i.e., this term describes a Berry curvature
contribution due to the intra-layer coupling of the CB
and the VB. For the VB one finds that Qi??}b = 0 and the

first non-zero term is

2
R ©)
évb(Ebg + é'ub)2 ’
which is in agreement with Ref. 10 for £, < Ejpq. This
means that the Berry curvature is, in first approxima-
tion, dispersionless in the VB. The upper (lower) sign

in Egs. (5a)-(5b) and (6) corresponds to the bands that
have larger weight in the layer at +U, (—U,) potential.

Qb _ F27

z,wb T

One can note that the inter-layer (Q(O)

».ep) and intra-layer

(Qildl))) contributions have opposite sign in each valley.
As shown in Figures 2(a) and (b), our numerical calcu-
lations using the eigenstates of Eq. (1) and (2) are in
good agreement with the analytical results of Egs. (4)

and Egs. (5)-(6).

C. Discussion

One can see that although the band structure of 3R
and 2H stacked bilayers look rather similar, especially
in the valence band [c.f. Figures 1(a) and 1(b)], the
comparison of Figs. 2(a) and 2(b) reveals several impor-
tant differences between their Berry curvature proper-
ties. Considering first the 3R bilayers, the Berry cur-
vature is essentially layer-coupled both in the VB and

in the CB: it is significantly larger in the CB of the
top layer than of the bottom layer, while the converse
is true for the VBs [see Fig. 2(a)]. In the CB of the
bottom and top layers one finds for q = 0 that Q, o =

Q) + Q) = 5((08/0Eg)? F (vee/SEu)?), where
(4) sign is for the bottom (top) layer. This expression
shows that i) both intra-layer and inter-layer coupling
contribute to the Berry curvature, and (ii) the two con-
tributions can either reinforce or weaken each other. The
effect of the inter-layer coupling is clearly visible: it re-
duces 2, ., for the bottom layer and enhances it for the
top layer; A similar but opposite effect takes place in the
VB as well, where Q. ,;, = —Z[(73/0 Ebg)* + (Yo /0 Eu)?).
Using the band-structure parameters given in Table I, we
find that the intra-layer and the inter-layer contributions
are of similar magnitude: although the coupling .. be-
tween the layers is much weaker than the intra-layer cou-
pling v3 between the CB and the VB, since 0E;; < 0Eyg,
the ratios v3/0Epg and v../dEy are of the same order of
magnitude. This conclusion does not seem to depend on
the level of theory applied in the first-principles calcula-
tions which yield the band-structure parameters for the
k - p theory: using, as an estimate, the parametrization
for v3 and 0 Ey4 of e.g., Ref. 32 which are based on GW
calculations for the 2H polytype, one still finds that the
ratio 3/0 Eyg is similar in the DFT and GW calculations

and we expect the same for v../dE;. Moreover, le’l)
and hence the total Berry curvature may be tunable by
an external electric field which would change dE;;. We
point out that the external electric field can, in princi-
ple, both decrease and increase dE; depending on its

polarity, and the same can be expected for le’l) as well
(assuming that v.. and 7,, do not change significantly).

While Ep, and hence Q(ZO) is difficult to change by electric
field because it depends on the crystal field splitting of
the atomic Mo d orbitals, §E;; is determined by weaker
inter-layer interactions and hence it might be more easily
tunable.

For 2H bilayers, on the other hand, the Berry curvature
is CB-coupled: it is much larger in the CB than in the VB
[see Fig. 2(b)]. This can be understood from Egs. (5a)
and (5b): for small q values, such that v..|q| << U,
the main contribution to 2, ., comes from the inter-layer

term Qiozb and can be quite large for small U, values.
Similaﬂ}; to 3R bilayers, therefore, 2, . is gate tunable.
In contrast, using Eq. (6) we expect that the Berry cur-
vature, albeit gate tunable, will be rather small in the
VB. Assuming U, of the order of 1 — 10meV which we
think is experimentally feasible, one finds that Uy is sig-

nificantly smaller than ¢, (see Table I) and therefore
alhl) ~ 05— 1.0A2
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FIG. 2. Comparison of numerical and analytical calculation
of 2, around the K point for a) 3R stacked, and b) 2H stacked
bilayer MoSz. [0 show the results for CBs, O for VBs. In a),
brown colour corresponds to bands in the bottom layer, purple
to bands in the top layer, solid lines show the results of Eq. (4).

Dashed lines indicate the Berry curvature O of a monolayer,
given by Eq. (4a). In b) brown colour corresponds to the layer
at —Uy, purple to the layer at +U, potential, solid lines show
the results of Egs. (5a)-(5b) and (6), dashed lines indicate
oL,
material parameters of the k - p models see Table 1. In b) we
used Uy = 10meV. The plotted range corresponds to around
10% of the I' — K distance in the BZ. ¢) and d): Schematics
of the valley Hall conductivity contributions in the CB of 3R
and 2H bilayers, respectively, when an in-plane electric field
E is applied.

for the inter-layer contribution given by Eq. (5a). For

IV. SPIN-ORBIT COUPLING EFFECTS

The considerations in Sections II and IIT should be ap-
plicable to all homobilayer TMDCs. We have not yet dis-
cussed the effect of the spin-orbit coupling (SOC) on the
Berry curvature properties of BTMDCs. Generally, the
SOC in BTMDCs is more complex than in monolayers,
see the Appendices B1b and B2b for details. Moreover,
in 3R bilayers the low-energy physics also depends on the
ratio of the band-edge energy difference dE.. and dFE,,
and the monolayer SOC coupling strengths A, and Ap.
These energy scales can be quite different in different BT-

ti [eV]|7Yee [eVA] Yo [eVA] 0FEcc [eV]|0Eyy [eV]
3R - 0.0708 0.0779 0.029 0.033
2H| 0.045 0.0706 - - -

TABLE I. Material parameters obtained by fitting the DFT
band structure calculations which do not take into account
SOC, using Egs. (1) and (2). To obtain Figs. 2(a) and (b)
we used 3 = 2.73eVA and Ep, = 1.67eV from Ref. 16 and
5Eu = 0.031eV.

MDCs. Because of the recent experimental activity!!'2

we will focus on bilayer MoSs. Our DFT calculations
suggest that for bilayer MoSs it is sufficient to take into
account only the intrinsic SOC of the constituent mono-
layers.

A. 3R bilayer MoS:

Fig. 3(a) shows the band structure of 3R bilayer MoS;
obtained from DFT calculations. In contrast to Fig. 1(a)
here the SOC is also taken into account. The effects
of the SOC at the K point of the BZ are highlighted
by comparing the schematic band structure without and
with the SOC in Figs. 3(c) and 3(d), respectively. As
already explained in Section II, the band edge energy is
different for bands localized to the top and bottom lay-
ers both in the CB and the VB. Upon considering the
SOC, since 3R bilayers lack inversion symmetry, their
bands, apart from the I' — M direction in the BZ, will be
spin-orbit split and spin-polarized [Fig. 3(a)]. The SOC
is diagonal in the layer index and it can be described
by adding a term H3F, = Agr.s. (H3E, = ApT.s.)
to the CB (VB) of the constituent monolayers, where
Acy(opy is (in good approximation) the SOC strength in
monolayer MoSs, s, is a spin Pauli matrix and the Pauli
matrix 7, acts in the valley space. Our DFT calcula-
tions show that A, is much smaller than the inter-layer
band-edge energy difference 0 F... Therefore, as shown
schematically in Fig. 3(d), it has a minor effect on the
band structure. The situation is different in the VB, be-
cause A,y is larger than the band-edge energy difference
0F,y,. Therefore in the =K valleys the four highest en-
ergy spin-split VB show an alternating layer polarization
pattern.

Regarding the Berry curvature calculations, the effect
of SOC on the formulas Eqgs. (4) can be rather straight-
forwardly taken into account by introducing the spin-
dependent band gaps 5Eég = 0Epg —T(Acy + Ayp)/2 and

5Egg = 0Epy + 7(Acp + Ayp)/2 and the corresponding
spin-dependent Berry curvatures for the top and bottom
layers. Note that §Ej; in Eq. (4b) is not affected by the
SOC because in 3R bilayers, unlike in 2H bilayers, the
SOC is not layer dependent and therefore it drops out
from the inter-layer energy difference.
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FIG. 3. SOC effects in the band structure of bilayer MoSs. a) DFT band structure calculations along the I' — K — M — T’
line of the BZ for 3R bilayer. b) The same as in a) for 2H bilayer. c¢) For 3R bilayers, close to the =K points the layer index
is an approximately good quantum number for each of the bands both in the CB and the VB. Neglecting the SOC (noSOC)
the lowest CB is mostly localized to the top layer (dashed line), while the next CB band (solid line) to the bottom layer. The
opposite is true for the two highest energy VBs. The bands are shifted in energy due to the inter-layer band edge energy
difference 20 E.. and 20 E,,. d) When SOC is taken into account for 3R bilayers, each of the bands become spin-split and spin
polarized. Red corresponds to 1, blue to | spin polarization. The spin-splitting A, of the two lowest CBs is much smaller than
the inter-layer splitting 0 E.. The situation is different for the VBs: here A,, = 0E,, and therefore the spin-polarized bands
have an alternating layer index. e) For 2H bilayers, if SOC is neglected (noSOC), the two lowest energy CB are degenerate
at the £K points and weakly split due to the inter-layer coupling away from the +K points. The energy splitting of the two
highest energy VBs is 2t . Both layers contribute with equal weight to each of the bands. f) When SOC is taken into account
for 2H bilayers, in the CB there are two two-fold degenerate and spin-unpolarized bands separated by an energy 2A.; at the
+K point. A combined layer and spin index can be assigned to each of the four CB bands at the £K point, away from the
+ K points both layers contribute to each of the bands, but with different weights. In the VB both layers contribute to each

of the bands, even at the £K points. Only if A, > ¢, do the bands become approximately layer polarized®®. in d) an f) the
spin-polarization of the bands in the —K wvalley can be obtained be taking the time reversed states.

K

B. 2H bilayer MoS: different sign?” in the two layers: this can be understood
from the fact that the layers are rotated by 180° with
respect to each other. At each energy there will be a 1
and a | polarized band, see Fig. 3(f). In the CB the split-
ting between the two-fold degenerate levels is essentially
given by the SOC strength 2A., of monolayer TMDCs.
In the VB the main effect of the SOC is to increase the
energy splitting of the two highest bands from 2¢; to
2¢/AZ, + 7.

Turning now to the 2H bilayers, we remind that if SOC
is neglected and inversion symmetry is not broken, the
CB is doubly degenerate, while the VB is non-degenerate
in the £K point [Fig. 1(b)]. If now spin is taken into ac-
count but SOC is neglected, this would mean a four-fold
degeneracy of the CB. However, the SOC partially lifts
this four-fold degeneracy and leads to two two-fold degen-

erate levels, see Figs. 3(e) and 3(f). In contrast to the 3R
bilayers, due to the inversion symmetry all bands of 2H
bilayers remain spin-degenerate even when SOC is con-
sidered. The SOC of 2H bilayers can be described by the
Hamiltonian Hgfcb = ApT,055, (Hffvb = AppT.0.5,)

in the CB (VB) of the bilayer. Here the Pauli matrix
0, indicates that within a given valley the SOC has a

The SOC has an interesting effect on the Berry curva-
ture. Considering first the CB, the SOC leads to a finite
Qiogb even for U; = 0, i.e., when there is no external
electric field applied. The corresponding formulas can be
obtained from Egs. (5a), (5b) by making the substitution
Uy = Aey and using &,, = /A2, +¢2 in the expression

for A\3. One can label Q. by a spin index s =1, and



write QI b = Qiogb + QS&& where the upper (lower) sign
appearilfg in Eqé. (5a) and (5b) corresponds to the band
at energy eq, + TAwp (€cp — TAg) for g = 0. Regarding
the | bands, one finds Qi’cb = —Q;Cb. In the VB, for

the physically relevant spin-degenerate band at the band
gap one finds

2'7§A1;b

Q(LLS) -7 _ d
<<J-Ub(E‘bg - E'ub)2

z,vb

; (7)

where s = 1 for the 1 (s = —1 for }) spin-polarized band.
This result was also obtained in Ref. 29.

V. VALLEY HALL EFFECTS

We now discuss how the Berry curvature affects the
valley and spin Hall conductivities in bilayer MoSs. Since
few-layer MoSs on dielectric substrate is often found to
be n-doped?®”, we will focus on the valley Hall effects in
the CB. Although the Q and K valleys are nearly de-
generate, in our DFT calculations the band edge in the
CB is at the £K point. Therefore we can use the re-
sults obtained in Sections III and IV. The relevance of
the @ point valleys in the CB will be briefly discussed in
Section VI. Regarding the VB, we briefly note that the
band edge energy difference Erx between the I' and K
points is quite large, 500 — 600 meV and therefore the K
valley is not relevant for transport properties of p-doped
samples. Nevertheless, in other BTMDCs Erg might be
much smaller3%3® than in MoS, and therefore the +K
valleys may also play an important role. We leave the
study of the valley Hall effect in the VB of BTMDCs to
a future work.

Due to the Berry curvature, if an in-plane electric field
is applied, the charge carriers will acquire a transverse
anomalous velocity component® which gives rise to an
intrinsic contribution to the Hall conductivity3¢. We may
define the valley Hall conductivity o, ; of band n as®3

Tt = 5 [ Gz @2 () + K@, ()]

(2m
(8)
where fl+(q) is the Fermi-Dirac distribution function.
Similarly, the spin Hall conductivity can be defined as

awﬂz/égﬁﬂwwﬂm—ﬁmmnmw<m

Since we only study the valley Hall effects in the CB,
we neglect the band index n in the following. For later
reference we note that since for each band one may write
the Berry curvature as €, = Q(ZO) + le’l), the corre-
sponding conductivities read o, ; = aqg% + US}}) and

_ (0 (1,1)
US,H - OS,H +US,H :

A. 3R bilayers

Due to the relatively large band-edge energy differ-
ence 20E; = 58 meV, for typical n-doping only the CB
(mostly) localized to the top layer would be occupied and
have a finite 0, gy and o, g contribution [the former is
shown schematically in Fig. 2(c)]. This situation is sim-
ilar to one of the proposed strongly interacting phases
of bilayer graphene, namely, to the Quantum Valley Hall
insulator phase®!. However, in our case 0y, H is not quan-
tized. In the following we assume that the charge den-
sity is large enough so that both spin-split CB bands in
the top layer are populated and we add up their contri-
butions to o,y and o, . Since ,(q) changes rather
slowly around the =K points [see Fig. 2(a)] we may use
Q,(q=0) in Eq. (8) and at zero temperature one finds

2
o3R _re Yee ar, +ahy
v, H T 2% |\ 0Fe In

where g | (gr+) is the Fermi wavevector for electrons of
1 (1) spin. The term in the first line on the right-hand-

side (r.h.s) of Eq. (10) corresponds to afj};) while the

1()?) . One may recognize that UI()?I)LI equals

the valley Hall conductivity O'er]lq of monolayer TMDCs?8.
Note that (¢3, + qp4)/4m = ne, is the total charge
density per valley. After expanding the second line of
Eq. (10) in terms (A + Ayp)/(20Epg), one finds that
it is also ~ n., plus a correction ~ (q%)T — q%&) which
is typically small with respect to terms that are ~ ne,.
Since v3/0Epy and 7../dEy; are of the same order of mag-
nitude, Eq. (10) shows that 0371}1 is roughly twice as big

second line is o

as 07’]"}{. The sign of oif}{ is opposite in the K and —K
valleys, therefore no net bulk charge current flows unless
there is a charge imbalance between the valleys. Calcu-
lating the spin Hall conductivity e.g., in the K valley, it
reads

2q2 2q2
P(a) B () Bl ow

The second line in Eq. (11), which corresponds to aiol)q,
is the same as in monolayer MoS,. Because of the
O’S}_Il) contribution shown in the first line on the r.h.s
of Eq. (11), ag’?{ is larger than 0;?}{ in monolayer MoS,.
The term q?’,T - q; | can be expressed as (q?;,T — q; ¢) =
%E;ﬂ— 21t Ay, where my and my are the effective
masses of the spin-split bands. Therefore the enhance-
ment of Ug’% depends on the Fermi energy Er and on
A¢p. Our DFT calculations suggest that in MoSs the

term %Acb would dominate for Fr < few tens of meV



~ 0.03m, is rather small (here m, is
the free electron mass). As we discussed for agf}{, E,OI){
can be expanded in terms of (A +Ayp)/(20Eg) and we
find that Ugf}{ is roughly twice as big as o("y;. One can
also easily show that, as in monolayers®, the magnitude
and sign of (725{1 does not depend on the valley index 7.

because my —my

B. 2H bilayers

The situation is more complex for 2H bilayers than
for their 3R counterparts. As a first step we will dis-
cuss the valley Hall and spin Hall effects qualitatively.
Let us start with the U, = 0 case. As already men-
tioned in Section IV, the SOC leads to a finite Berry
curvature even for U; = 0. Since inversion symmetry is
not broken and therefore each band is spin-degenerate,
fHaq) = fl(q). On the other hand, one finds that
Ql(q) = —Qi(q) and therefore o2ff; vanishes in this

limit. However, Q1(q) — Q¢(q), and hence oy i are non-
zero. This is allowed because both the (in-plane) electric
field and the spin current transform in the same way un-
der time-reversal and inversion symmetrleb38

In general, for U, > 0 both 027 and o2f, will be
finite. For concreteness we cons1der the K pomt and
first discuss qualitatively the evolution of the band struc-
ture and the valley Hall conductivity as a function of
Uy. The finite interlayer potential difference leads to the
breaking of inversion symmetry and splitting of the spin-
degenerate bands, as shown in Figs. 4(a) and 4(b). Each
band can be labelled by a spin index 7, | and by the index
=+ depending on whether the band edge is at £U, poten-
tial for ¢ = 0. Next, when U, = Ay [Fig. 4(c)] the (+,])
and (—,]) bands become degenerate. We will show that
upon further increasing U, [Fig. 4(d)], the contribution

af}?}{ (o go}{) to the total valley Hall (spin Hall) conduc-
tivity, which is due to the inter-layer coupling (see the
discussion below Eq. 5a), changes sign. This behaviour is
reminiscent of the topological transition in lattice Chern
insulators®®4?. Note however, that the true band gap of
the system, between the valence and conduction bands,
does not close. Nor does the gap close and re-open for
the (1,+) and (1, —) bands. Therefore 1) 051}; and 02H

are not quantized, and ii) those contributions to o2 H and

o2H which are related to the intra-layer coupling of the
s, H y pling

CBs and the VBs do not change sign as a function of U,.
At the —K point, by time reversal symmetry, the (1, )
and (1, —) bands can become degenerate as a function of
U,.

gWe note that in recent experiments'!'2 the bilayer de-
vices were fabricated with a single backgate. In such
devices the bilayer would be doped and at the same
time a finite inter-layer potential difference U, would
be induced by changing the backgate voltage. Depend-
ing on the Ep/U, and Ep/Ag ratios, where Ep is the
Fermi energy, only one or both layers [this case is illus-
trated in Fig. 2(d)] and 1 — 4 bands may contribute to

FIG. 4. Schematic evolution of the four low-energy CB bands
as a function of the inter-layer potential Uy at the K point
of the BZ. Spin-degenerate bands are shown with purple, 1
polarized with red and | polarized with blue. Solid line cor-
responds to bands at +Uy, dashed line to bands at —U, po-
tential.

012}5{ and O’S 7. In the following we will assume that

Er > 2(Uy + Ag) for all Uy values considered, ie., Ep
is large enough so that both layers and all four low-
energy CBs are occupied and contribute to the valley
and spin Hall effects. In MoSs, given the relatively small
Ay &= 3meV value of the SOC, we expect that this situ-
ation is realistic. However, in other 2H-BTMDCs where
the SOC constant A, can be substantially larger than
in MoSs, not all four CBs would be necessarily occupied.
Furthermore, we neglect any Rashba type SOC induced
by the external electric field because we expect that in
the devices of Refs. 11 and 12 it should be much smaller
than the intrinsic SOC. We also neglect the difference
between the effective masses of the two spin-split CBs at
Uy = 0 because it is quite small in MoS, and use a single
effective mass meg for all bands. On the other hand, as
shown in Fig. 2(b), for U, < 20meV the q dependence of
2, c(q) is more important for 2H bilayers than for 3R
bilayers and we take it into account when we evaluate
Egs. (8) and (9).

We first assume that U, < Ay and that Ep ~ few
tens of meV. The case Uy, = Ay, which requires slightly
different considerations, will be discussed below (see also
Appendix D). Under the above assumptions and after
summing up the contributions of all four bands shown in
Fig. 4, one finds that

2 2
2H € Ecc Ug 73
~r e e U, (<2-) M
Oy, H Th o ng_Azb P2dYgq <5Ebg> 4( g) ;
(12)
and
2
2H Ecc Acb
~— | — A, M (U
sH om UZ — A7, T 2 b(5Eg) 4(Us)
(13)
Here ¢, = 27,?;“736, p2d = Meg/2mh? is the two-

dimensional density of states per spin and valley, and

syt UL

M (Ug) = (1 +3 32 SEE, ) One can see that o2



vanishes for U, — 0, but 027, remains finite. When U, is
of the order of Ay, the first term on the r.h.s of Egs. (12)
and (13), which is related to the inter-layer contribution
to the Berry curvature, is larger than the second term.
Moreover, this term changes sign as U, is changed from
Ug < Agp to Uy > Ay, and we expect that this leads to
a sign change in 03% and 03%. It is interesting to note
that in e.g., lattice Chern insulators such a sign change of
the off-diagonal conductivity was associated with a topo-
logical transition. In our case the sign change of Jgf}g and
og’ﬁ[{ happens as the | (1) bands first become degenerate
at the K (—K) point and then the degeneracy is lifted
again as the electric field is increased further.
Regarding the U, = A, case when two spin-polarized
bands become degenerate [see Fig.4(c)], in good approx-
imation only the bands that remain non-degenerate have
finite valley and spin Hall conductivity (see Appendix
D). Therefore the magnitude of Ugﬂg and 027, is the
same (apart from the fact that they are measured in
different units). Summing up the contributions of the

two 1 (J) bands in the K (—K) valleys, one finds that

2H . €e>~ 2H . =~
Opg R T%0, gy and oy ~ 0, 5, where

~ 1 Ecc Y3 2
o~ | S A, A 14
To.H = 5 <4mcb p2d ‘b<5Ebg> 5 (14)

and A5 = (1 + %7@%%?@).

We do not discuss here the case when not all four spin-
split bands below the Er are occupied because we expect
that relatively large doping levels may be needed to sup-
press many-body effects, which are beyond the scope of
the present work.

VI. THE @ VALLEYS

As one can see in, e.g., Figs. 1(a) and 1(b), the local
minimum of the CB at the ) point of the BZ is almost
degenerate with the K valley, especially for 2H stacking.
In our DFT band structure calculations the band edge
is at the K point for both stackings and the @ valleys
would only be populated for a relatively strong n-doping.
We show the calculated § Egx values, i.e., the energy dif-
ference between the bottom of the @) and the K valleys,
without/with taking into account SOC, in Table I below.
We note that in the case of monolayers it was found that

noSOC | SOC
2H| 9 meV |10 meV
3R |75 meV |51 meV

TABLE II. The calculated § Eqx values for 2H and 3R bilay-
ers without (no SOC) and with (SOC) taking into account
the SOC.

0EqKk depends quite sensitively on the lattice constant,
exchange-correlation potential'® and it may also depend

on the level of theory (DFT or GW) used in the calcu-
lations. The same is expected to be the case for bilayers
as well, where in addition the inter-layer separation used
in the calculations may also influence the location of the
band edge.

Irrespective of the exact value of §Egk in DFT calcu-
lations, it is of interest to understand if the six @ val-
leys can affect the valley Hall conductivity described in
Section V because strain or interaction with a substrate
may also affect energy difference between the bottom of
the K and @ valleys. The calculations of Ref. 41 in-
dicate that the Berry curvature is very small at the @
point of monolayer TMDCs, therefore in our case it is
only the inter-layer contribution that needs to be con-
sidered. We find that, generally, the Berry curvature
should be significantly smaller in the @ valley than in
the K valley for bilayer MoS, (see Appendix C). This is
mainly because the bands are split by a momentum inde-
pendent tunnelling amplitude ¢, ¢ which is much larger
than the energy scale for momentum dependent coupling
and the intra-layer spin-splitting. Therefore, as long as
inter-valley scattering between the K and @ valleys is
not strong, the @ valleys should have only a minor effect
on the valley Hall and spin Hall conductivities. More-
over, since the intra-layer spin-orbit coupling Ag is one
order of magnitude larger than A, at the K point, we
do not expect that in double gated devices a topologi-
cal transition similar to the one at the K point can take
place.

VII. DISCUSSION AND SUMMARY

In a very recent work*? a different type of electrically
controllable valley Hall effect, due to the Rashba type
SOC, was proposed in gated monolayer TMDCs. In
order to obtain appreciable Rashba SOC in monolayer
MoS,, one would need rather strong displacement fields*3
of the order of 0.3—0.4eVA**, which are attainable, e.g.,
in ionic liquid gated devices. In contrast, given an inter-
layer distance of d = 2.975A, a displacement field of
0.04eVA would lead to an inter-layer potential differ-
ence Uy, ~ 13meV which would give a roughly two-fold
increase of 2, . in 2H bilayers with respect to the mono-
layer value. Thus we think that the Berry curvature is
more easily tunable in bilayer TMDCs than in monolay-
ers.

Another way of investigating the Berry curvature may
be offered by optical methods, where one can make use
of the selection rules for circularly polarized light for
intra-layer excitonic transitions at the +K point. As it
was shown in Refs. 33 and 34 for monolayer TMDCs,
the Berry curvature acts as a momentum-space mag-
netic field and therefore it can split the energies of ex-
citons that have non-zero angular momentum number.
By extending this argument to bilayers, one may expect
that the Berry curvature should lead to a splitting of
intra-layer excited excitonic states with non-zero angular



momentum number and the effect would be more pro-
nounced, especially in 2H bilayers, than in monolayers.
Note, that the Berry curvature of both the CB and the
VB would contribute to this effect?33*. This would con-
stitute a novel mechanism to influence intra-layer exci-
tonic properties: the other layer does not only provide
screening, but acts through the changing of the Berry
curvature of the electrons and holes.

In summary, we have studied the Berry curvature prop-
erties and the corresponding valley Hall conductivities
of bilayer MoSs. We have considered both 3R and 2H
stacked bilayers and found intra-layer as well as inter-
layer contributions to the Berry curvature, a situation
not discussed before for layered materials. Due to the
inter-layer contribution, the Berry curvature is gate tun-
able. Moreover, we found that in 3R stacked bilayers the
Berry curvature is much larger for electronic states in one
of the layers than in the other one, i.e., it is effectively
localized to one of the layers. For 2H stacking, on the
other hand, it is usually much larger in the CB than in
the VB, but it has the same magnitude in both layers.
We studied the consequences of the Berry curvature for
n-doped samples. Firstly, the valley Hall conductivity
will be finite if inversion symmetry is broken. Secondly,
if the intrinsic SOC of the constituent layers is taken into
account, the spin Hall conductivity is finite. Due to the
SOC, in 3R bilayers all bands are non-degenerate and
spin-polarized, while in 2H bilayers the spin-polarized
bands of the monolayer constituents are energetically de-
generate as long as inversion symmetry is not broken. In
2H bilayers the interplay of SOC and finite interlayer po-
tential can lead to a topological transition for one pair
of spin-polarized bands. This leads to a change in the
sign of the inter-layer contribution to the valley and spin
Hall effects, while the intra-layer contribution does not
change sign. Our work highlights the role of the stack-
ing, intra- and interlayer couplings on certain topological
properties and can be relevant to a wide range of van der
Waals materials.
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Appendix A: Derivation of k - p Hamiltonians of
bilayer TMDCs

We remind that the symmetry properties of a band 7 at
a given k-space point can be deduced by considering the
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transformation properties of Bloch states of the form™

| OOk, r)) = [0 (k, 1))

1 i tO)N b
= 7 DL MDY~ Ry + )], (A1)
R,

where Y™ (r) are rotating orbitals formed from the
atomic orbitals that contribute with large weight to a
given band 7 at a given k-space point, R,, are lattice
vectors in the direct lattice and tséfbg give the positions
of the Mo atoms in the top (¢) and bottom (b) layers in
the 2D unit cell. In the case of 2H bilayers in external
electric field the label ¢ corresponds to the layer at +U,
potential, while the label b to the layer at —U, potential.
For zero electric field the labels ¢ and b are somewhat ar-
bitrary, nevertheless, for convenience we will keep them
in the discussion that follows. (More rigorously, if the
geometric position of the three-fold rotation axis is fixed,
then each band can be labelled by an irreducible repre-
sentation of the pertinent group of the wave vector. Our
choice of the lattice vectors and the coordinate system is
shown below in Figure 5.) The situation is different for
3R bilayers: as explained in the main text, here the two
layers are not equivalent and one can define unambigu-
ously the layer indices ¢ and b.

FIG. 5. Schematic top view of the crystal lattice of a) 3R
and b) 2H bilayer TMDC. For 3R bilayers in a) the position
of the metal atoms in the unit cell are given by the vectors
thi, = 2(1,—1/v3)" and th, = (0,0)". Metal atoms in
different layers are shown by different colours. For 2H bilayers
in b) only atoms in the top layer are visible. The position
of the metal atoms in the unit cell are given by the vectors
thio = 2(1,—1/v3)" and th,, = £(1,1/v3)". Here a is the
lattice constant.

The k - p Hamiltonian at a given k-space point (see
Fig. 6 for the Brillouin zone) can be then found by
considering the transformation properties of the ma-
trix elements (V7 (k, r)\f)\\I!;:(k, r)), where v,/ = {t,b}
and p = (P, Py) are momentum operators (for details
see, e.g., Refs. 14 and 16). In this way one can ar-
rive at a 7 x 7 model of a monolayer TMDCs'® and
a corresponding 14 x 14 model for bilayers. Similarly,
the SOC matrix elements can be found by considering
(U (k,7)|L - S|\I/7”]: (k,r)) where L is a vector of angular

momentum operators and S is a vector of spin operators.



In some cases, especially for effective Hamiltonians, it is
easier to use the theory of invariants*®. Both approaches
lead to the same results. We will use the following no-
tation. The Pauli matrices o, 4 . act in the space of top
(t) and bottom (b) layer, while the Pauli matrices s, .
act in the space of the spin degree of freedom. 1 and |
denote the eigenstates of s,. Finally, the Pauli matrix
7, describes the valley degree of freedom, and whenever
convenient, we use its eigenvalues 7 = +1 for the same
purpose.

FIG. 6. The Brillouin zone with the six @ points and the +K
valleys.

Appendix B: k-p Hamiltonians at the £+ K point of
the Brillouin zone

1. 2H bilayer
a. k-p Hamiltonian

In the discussions below we will refer to the group of
the wavevector at the k = £K = £27(1,0)” points of
the BZ, which is D3 for this stacking (a is the length of
the lattice vectors a;, and as). The character table of
D3 is given below in Table III.

E 2C3 30,

TABLE III. Character table of the point group Ds.

We remind that in monolayer TMDCs the atomic d,»
orbitals of the metal atoms contribute with largest weight
to the CB at the =K points of the BZ. Regarding the
VB, the d, and d,2_,» orbitals are important at the £/
points. Taking into account that in 2H bilayers one of the
monolayers is rotated by 180° with respect to the other??,
one finds that the minimal basis set to describe the CB
are the Bloch wavefunctions |\I't2(,g)(K ,r)) and for the VB
the [¥h _,(K,r)), |¥ (K, r)) (This means that the top
layer “inherits” the convention we used in Refs. 14 and 16
for monolayer TMDCs, which is that at the K point the
Bloch wavefunction of the valence band is [¥, o (K, 1))).
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As a first step, let us neglect the SOC. Using the coor-
dinate system shown in Figure 5(b), one can easily show
that |¥% (K,r)) and |¥} (K1) transform as partners
of the two-dimensional irreducible representation (irrep)
I's of D3. This means that the CB is doubly degener-
ate at the K point. We have checked that in our DFT
calculations this is indeed the case (within numerical ac-
curacy). Regarding the VBs, |¥} ,(K,r)) transforms
as one of the partners of the irrep I's, while |¥4 ,(K,r))
transforms as irrep I';. Since the Bloch wavefunctions
of the VBs of the t and b layers transform according to
different irreps, the VB of the bilayer is not degenerate.
One can also notice that the operators p+ = p, £ ip,
also transform as partners of the irrep I's. Using the ba-
sis {|WL), (W), W), [Wh, )}, the above considerations
then lead to the following k - p Hamiltonian:

€cb Y34+ Yecd— Vevd+

HIQ(H _ Y3 q— Euvb Yvcqd+ tJ_ (Bl)
Vee 4+ Yveq— €cb V3q—
Yewld— tL Y3+ Eyp

Here t| is a momentum independent tunneling amplitude
between the VBs, ~3 is the intra-layer coupling between
the VB and the CB in each layer, while .. and v,c = Yo
are inter-layer couplings. Here ¢+ = 7¢, £ ig, denotes
the wavenumber measured from the K (or —K) point of
the BZ and 7 = +£1 is the valley index. A similar Hamil-
tonian to (B1), which only considered ¢, and neglected
all other inter-layer coupling, was derived in Ref.??. We
found that close to the K point the dispersion of the
CB and VB obtained from DFT calculations can be fit-
ted quite well by assuming that the inter-layer inter-band
coupling constant 7., is small and therefore we neglected
this term. In contrast, the term ~ .. is needed both to
accurately fit the DFT band structure and for the Berry
curvature calculations.

b. Spin-orbit coupling

For simplicity, we will only discuss here the case of
zero external electric field. Time reversal and inversion
symmetries dictate that all bands are spin-degenerate
throughout the BZ. In the simplest approximation we
may take into account only the SOC in the constituent
monolayers. Using the basis |[{W!, 1), [¥L 1), |¥5, 1
), |¥8, 1)} for the CB (and an analogous basis set for
the VB), the SOC Hamiltonian is

7O

cb(vb),80C — A cy(ob) T=0=52 (B2)

Our DFT calculations show that the monolayer values
Ay and Ay are indeed very close to the values A% AP
found in bilayers. The term in Egs. (B2) is the most
important one close to the =K points.

Strictly speaking, however, Hc(l];%vb),SOC is not the only

SOC term allowed by symmetries. Further terms can



be obtained by using an extended k - p model for the
monolayers as in Ref. 16. For bilayers this extended ba-
sis contains 28 basis states. The resulting SOC Hamilto-
nian has matrix elements that connect basis states within
the same layer as well as inter-layer matrix elements. To
simplify the discussion, we project the SOC onto the CBs
and the VBs closest to the band gap. Then one can also
use the theory of invariants to derive the SOC terms that
appear in this effective low-energy model. For example,
as already mentioned, the basis states |W5 ,(K,r)) and

|\Ifg’0(K ,r)) transform as partners of the two-dimensional
irreducible representation I's of D3. This means that
for the CB one can adapt the results derived for bilayer
graphene®” % and silicene?®, where the low-energy sector
of the Hamiltonian is also spanned by basis vectors trans-
forming according to irrep I's of D3. One finds that in
lowest order of k, in addition to the Eq. (B2), one more
term is allowed:

2 2
H(Eb,)soc = Aibzub)%@wqy — SyQa)- (B3)
Similarly to the CB, one finds that a term
2 2
Hﬂgb,)soc = Aq()b)UZ(qul/ — Syqx) (B4)

can be added to the low-energy Hamiltonian in the VB.
As one can see Hc(f()vb)’ soc¢ Introduces a Rashba-like cou-
pling within each of the layers.

We note that although Hc(z()vb% soc 1s diagonal in the
layer space, a similar term is absent in monolayers. This
follows from the different symmetries of monolayers and
bilayers. In monolayer TMDCs the pertinent symmetry
group at =K points is the Csp point group. This point
group contains the symmetry element o corresponding
to a horizontal mirror plane. Polar vectors (such as g,
qy) and axial vectors (such as s, s,) transform differently
under o, and therefore terms that contain their prod-
ucts, such as those in Eq. (B3), are not allowed. In the
case of bilayer TMDCs the pertinent point group for the
wavevector is D3, which does not discriminate between
polar and axial vectors and hence terms containing the
products of wavenumber and spin components become
admissible.

From a more microscopic point of view one can show
that H((j,)SOC and H?S?),)SOC are both due to an interplay of
i) wavenumber dependent intra-layer coupling to higher
or lower energy orbitals, and ii) certain off-diagonal intra-
layer SOC matrix elements. The details of these calcu-
lations will be given elsewhere. The coupling constant
A((i) and Af}? appear to be small in MoS; and we could
not reliably extract them from our DFT calculations.

2. 3R bilayer
a. k-p Hamiltonian

The 3R bilayer has lower symmetry than 2H bilayers,
e.g., as already mentioned in the main text, the crystal
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structure lacks inversion symmetry. The group of the
wavevector at the £K points of the BZ is Cjs, for the
character table see Table IV. One can see that all irreps

TABLE IV. Character table of the group Cs. Here w = e7/3.

of C5 are one-dimensional. This suggest that the bands
of 3R bilayers are non-degenerate in the £K valleys.

Using the coordinate system shown in Figure 5(a),
the basis state |Wh,(K,r)) (¥4 (K,r))) in the CB
of the top (bottom) layer transforms as I's (I'1) of
C3. Regarding the VB, one finds that [W} ,(K,r))
(JW _,(K,r))) transforms as 'y (I's). In the basis
{1w8), (o), | WL ), WL, )} these symmetry considera-
tions then lead to the following general form of the k - p
Hamiltonian

Elc]b Y34+ Vee d— tey

Ysq— €l Yeelds Yoo d—
Yee 4+ Yved— €Zb Y34+

tcv Yvvd+ V34— Ef}b

HYR = (B5)

Here we assumed that the diagonal elements ' and &°
can be different in the two layers. This can be motivated
by noticing that the Mo atoms in the two layers have dif-
ferent chemical environment, since one of them is above
a sulphur atom of the other layer, while the second Mo
atom can be found in a hollow position. In contrast, in
the crystal structure of 2H bilayers the metal atoms in
the two layers have the same chemical environment and
therefore one expects that the diagonal elements of the
effective Hamiltonians are the same in the two layers, see
Eq. (B1). This argument can also be formulated from a
symmetry point of view: in 2H bilayers the metal atoms
are connected by symmetry operations of the crystal lat-
tice, while this is not the case in 3R bilayers.

Looking at Eq. (B5), one can notice that the tunnelling
amplitude t.,, in principle, introduces a band repulsion
between the CB of the bottom layer and the VB of the
top layer even for q = 0. This looks similar to the situa-
tion in 2H bilayers, where such a tunnelling element ap-
pears between the two VB states, see Eq. (B1). Indeed,
in a recent work?* on the selection rules of optical tran-
sitions in 3R bilayers an estimate of ., ~ 50 meV was
given, which is comparable to ¢, in 2H bilayers. How-
ever, the analysis of our DFT calculations suggests that
tey in 3R bilayers is much smaller than ¢, . To substan-
tiate this claim we show firstly the weight of the atomic
orbitals in the highest energy VB of 2H bilayers at the
K point, as obtained from DFT calculations, in Table V.
Only atomic orbitals with non-zero weight are included.
As one can see, the atomic orbitals of both layers con-



Dy Da day dzz,yz tot
Mo®| 0.0 0.0 0.166 0.166 0.333

Mo®| 0.0 0.0 0.167 0.167 0.334
s® 10.017 0.017 0.0 0.0 0.034
s® 10.017 0.017 0.0 0.0 0.034
s 10.017 0.017 0.0 0.0 0.034
s 10.017 0.017 0.0 0.0 0.034

TABLE V. The weight of the atomic orbitals in the highest
valence band of 2H bilayer MoSy at the K point of the BZ.
Mo® (Mo®) stands for the molybdenum atom in the top
(bottom) layer. Similarly, S§”> and Séb) (Sgt) and Sg)) stands
for the two sulphur atoms in the two layers.

tribute with equal weight to this band. This agrees with
the conclusion that one could draw from the Hamiltonian
(2): by diagonalizing it at @ = 0, one can see that the
VB states of the two layers form “bonding” and “anti-
bonding” states due to the tunnelling ¢;. In these new
states the weight of the states from each layer is the same.
Moreover, we find the same atomic weights as shown in
Table V for the second highest energy VB, which again
supports the above interpretation.

In the case of 3R bilayers, a similar argument would
suggest that both atomic orbitals belonging to the bot-
tom layer and orbitals belonging to the top layers would
have finite weight in one of the CBs. In Tables VI and
VII we show the weight of the atomic orbitals in the first
and second CB of 3R bilayer MoSs, respectively. The
SOC is neglected in these calculations since it is not im-
portant for the argument that we make. According to

i Pz py  d.»
Mo®| 0.0 0.0 0.0 0.0
Mo¥[0.043 0.0 0.0 0.743
s 100 00 00 00
s 00 00 00 00
st | 0.0 0.017 0.017 0.0
s | 0.0 0.017 0.017 0.0

TABLE VI. The weight of the atomic orbitals in the first
conduction band of 3R bilayer MoS2 at the K point of the
BZ. Mo® (Mo®) stands for the molybdenum atom in the
top (bottom) layer. Similarly, Sgb) and S<2b) (s and S;t))
stands for the two sulphur atoms in the top (bottom) layer.

our DFT calculations the atomic orbitals from the two
layers are not admixed, i.e., the two layers are practically
decoupled at the K point. The results in Table VI and
VII therefore suggest that t.,, although allowed to be
non-zero by symmetry considerations, is probably very
small. We think that the splitting of both the VB and
CB states that can be clearly seen in Figure 1(a) of the
main text is due to the difference between the band edge
energies £, and €, (%, and €!,). This is the reason why
we neglected t., in the effective k - p model used in the
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s Pz Dy d,2
Mo®[0.043 0.0 0.0 0.744
Mo®| 0.0 00 0.0 0.0
s | 0.0 0.016 0.016 0.0
s | 0.0 0.017 0.017 0.0
s 100 00 00 00
s 1 00 00 00 00

TABLE VII. The same as in Table VI but for the second
conduction band of 3R bilayer MoSs at the K point of the
BZ.

main text.

b. Spin-orbit coupling

Since inversion symmetry is broken by the lattice
in 3R bilayers, the bands need not be spin-degenerate
when SOC is taken into account. We will use the basis
{{wl, 1), [Pl 1), [WE, 1), [P, 1)} and an analogous ba-
sis for the VB. Considering only the SOC coupling of the
constituent monolayers, the SOC Hamiltonians are

(1)
ch(vb),SOC

= Acb(vb)TZSZ7 (B6)
for the CB and the VB, respectively. Note that, in con-
trast to the 2H bilayers [see Eq. (B2)] the Hamiltonian
(B6) does not depend on o, i.e., it is independent of the
layer index. This is in agreement with the findings of

Ref. 18. Hc(;()vb)ﬁOC leads to the splitting of the other-
wise spin degenerate CB and VB in each of the layers.
These bands are therefore non-degenerate and the spin-
polarization of the bands is the same in both layers.

Similarly to the 2H case, further SOC terms become
possible if one considers virtual intra-layer and inter-layer
processes. To simplify the discussion, we project the SOC
onto the CBs and the VBs closest to the band gap. We
list here the possible terms for the CBs, the same terms,
albeit with different SOC strength, can be obtained for
the VBs. Firstly, the intra-layer processes give rise to a
term similar to Eq. (B3):

&) _ A(2’t(b))(squ ) (B7)

cb,so cb

where in general the SOC coupling strengths are different

in the two layers: Ag’b) #* Ag)’t). Due to the lower
symmetry of the 3R stacking, one finds further three non-
zero inter-layer SOC terms. Defining o4 = (0, £ i0y)/2
and s§ = (s; & i7s,)/2, one may write the first one as

®)
q® A

_iA®) T Ty —
cb,so lAcb (0+S— - U_S-i-) -

(T2028y — OySz)
(B8)
where AS)) describes direct spin-flip tunnelling between



the CBs of the two layers. The second one reads

HC(;)SO: iTAg) (048%qF —o_s7q") (B9)

AW
= - é:b [02(s2ay + Syda) + T20y (S22 — syay)],

and the third one is

Hc(lf,)so = AS)) [G-i-qz + O'—qz]sz = A((;i) [UxQx + TzayQy]Sz-
(B10)
One can show that the last two terms, H(S;{)SO and Hél‘:”)so

are due to the interplay of a spin-dependent intra-layer
hopping to a higher or lower energy orbital followed by
a spin-independent inter-layer tunnelling or vice versa, a
spin-independent intra-layer hopping followed by a spin-
dependent inter-layer tunnelling.

Our DFT calculations suggest that in MoSs the terms
corresponding to Eqs. (B7)-(B10) are much smaller than
the monolayer SOC term Eq. (B6). Moreover, we find
that 6F,. = (eb —¢,)/2 > A})) which means that
the low-energy CB bands are localized to the top layer.
In contrast, 0E,, = (¢5, —e!,)/2 and AS} are of simi-
lar magnitude in MoSy and following the convention of
Ref. 16, whereby A, < 0 at the K point, the highest en-
ergy state at K is | |), followed by [W¢, |), |¥b, 1),
and finally [W?, 1).

Looking beyond MoS,, in other MXy bilayers it may
happen that the crystal field splitting d E.. and the SOC
strength Ag)) are of comparable magnitude. In this case
the two lowest energy CB bands would be localized on

different layers, in the same way as in the VB of bilayer
MOSQ.

Appendix C: k-p Hamiltonians at the ) points of
the Brillouin zone

In addition to the valleys at the =K points, there are
six @ valleys in the CB, see Fig. 6. Although in our
DFT calculations the band edge in the CB can always
be found at the +K point, the minima at the @ points
is close in energy to the minima at the £K point [see
Section VI in themain text]. For finite doping therefore
it may happen that both the =K and the @ valleys are

J

105 (Q1,1)) = e1|d (Qu, 1)) + icald®) (Q1, 1)) + eslds_ . (Q1, 1)),
05 (@Q1,1)) = e1]dB (Qr,1)) — iealdE)(Q1, 1)) + esldY_ 2 (Qu, 1))

The minus sign appearing in the expression for
|\IJ£Z)(Q1,I‘)> with respect to |\Ilgz)(Q17r)> is due to the
transformation rule C5d,, = —dg, of these atomic or-
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populated. For this reason it is of interest to understand
the Berry curvature properties of the @ valleys.

Firstly, we note that the numerical calculations of
Ref. 41 indicate that the Berry curvature in the CB of
monolayer MoSs is much smaller at the @ point than at
the £K point. We will argue that this is also the case in
bilayer TMDC s, i.e., in contrast to the £ K point, inter-
layer coupling does not give a significant contribution to
the Berry curvature in the Q valleys.

To show this, we remind that according to DFT calcu-
lations (see, e.g., Ref. 16), in monolayer TMDCs the d,2,
dyy and dy2_,2 atomic orbitals of the metal atom have
large weight at the @ points. Therefore, in contrast to
the £ K point where in the simplest approximation only
the d,2 orbital needs to be considered in the construction
of Bloch wavefunctions, here it is necessary to take into
account two other d orbitals of the metal atom. Consid-
ering, for concreteness, the Bloch wavefunction at the Q4
point, it can be written:

|V (Q1,1)) = c1]d2(Q1,1)) + ica|dey(Qr,1))
—+ 63|dI2_y2 (Ql,r)>

where |d,2(Q1,1)), |dzy(Q1,1)) and |dy2_,2(Q1,1)) are
Bloch wavefunctions of the form shown in Eq. (A1) and
c1, cg, cg are real numbers. The fact that ¢y, co, c3
are real can be shown by noticing that the valleys at
Q1 and —Q); are related by both time reversal 7 and the
vertical reflection o with respect to the y axis, see Figure
5(b). One can then use the combined symmetry o¥7 to
obtain restrictions on the wavefunction and hence on the
coeflicients ¢y, co, c3. The same considerations apply to
the @2 and Q3 points as well.

(C1)

1. 2H bilayer

Let us first assume zero external electric field and no
coupling between the layers. At the )1 point the small
group of the wavevector is Cy, which contains the identity
element and the rotation C§ by 7 around the x axis, see
Figure 5(b). Bloch wavefunctions in the uncoupled top
and bottom layers are also related by this symmetry and
therefore they are given by

(C2a)
(C2b)

(

bitals, while d,» and d,2_,2 are not changed by C7.

Y

In the simplest approximation one may assume that
to describe the low-energy states of bilayer MoSs at the



Q1 point it is sufficient to consider the states given by
Egs. (C2). Neglecting, as a first step, the SOC and up to
second order in the wavenumber the corresponding k - p
Hamiltonian H%If for the bilayer case reads

0 +tJ_ Qo-a:"i")/zq:vaz +7yanu (C3)

Here ¢, are measured from the ); point and one can
show that ¢, 5 and 7, are real numbers. The first two
terms describe the dispersion at the Q1 point of the iso-
lated monolayers'6, ¢ 1,Q is a wavenumber independent
inter-layer tunnelling, and the last two terms describe
wavenumber dependent interlayer coupling.

Let us consider the I' — K line of the BZ, where
gy = 0. Neglecting, as a first step, the wavenumber de-
pendent inter-layer coupling given by ~,¢q,0,, the spec-
trum of H, Z)H consists of two parabolas shifted in energy:

Ei = 2m
1.0 using the DFT band structure calculations and we
findt, ¢ ~ 205 meV. If now v,¢,0, is taken into account,
by calculating the eigenvalues of H 2? one can see that
the minima of the two parabolas are not at ¢, = 0 but
they can be found at slightly different ¢, points. This
agrees with results of the DFT band structure calcula-
tions. One can use this observation to extract the ratio
Yo /t1.Q ~ 0.82 A and one may use this value as an order
of magnitude estimate for v, /t| o as well.

Regarding the SOC, we make the same approximation
as for the K point and take into account only the intra-
layer SOC of the constituent monolayers. Thus we use
the Hamiltonian Ag7.0.5., where the SOC amplitude

J

£t g. This allows to estimate the value of

0 (Q1,1)) = 471D (Qu
08 (Q1,1)) = e 1a%(

&) (

where ¢}, czt) and cét) in the top layer need not be ex-

actly the same as cgb), cgb) and c:(,,b)

The effective Hamiltonian reads

in the bottom layer.

h2q2 q
= 2 4 ¥ L SE C5
@ 2m, g i My,Q oo ()
+11 .00z + V24202 + Vyqy0Oy,
where dFE,. g is the band-edge energy difference. This

term is allowed since the top and bottom layers are not
related by any symmetry of the crystal lattice.

One can again consider the I' — K line of the BZ,
where ¢, = 0. By comparing the eigenvalues of Hgf
with DFT band structure calculations, one can find that

\/tl.q +0EL o ~ 170meV. The values of 6E..q and

t1,q cannot be extracted independently, but assuming a

1)) + ey 1) (Qu
p Ql,r))—HC \d(b)( r)>—|—c3 \dxz
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Ag ~ 70meV is found from calculations in monolayer
MoS216. The SOC splits the CB in both layers but in
2H bilayers the bands are spin-degenerate, as it is re-
quired by the time reversal and inversion symmetries.
If an interlayer potential difference U, is present due to
an external electric field, then the effective Hamiltonian
reads Hﬂf ng + Uyo, + AQT,0.5,. Since inversion
symmetry is broken, all bands are now spin 1 or | polar-
ized. This behavior is qualitatively the same as for the
K point, see Fig. 6(a) in the main text.

Using the eigenstates of ﬁgf to calculate the Berry
curvature for the lowest-in-energy spin-split CB bands

(0) _ Yavy DoEU.
one finds that |Q /(g = 0)[ ~ ﬁ%@g

+ (—) sign is for 1 (}) polarized band (we remind that
q is measured from the ()1 point). Given the above es-

g Ys_ and AQ/tJ_,

vty
smaller than (ghe correspondmg inter-layer contribution in
the £ K valley. On the other hand, as already mentioned,
previous work*!' indicated that the intra-layer contribu-
tion is also very small at the @ point. We may thus
conclude that even if both Q and K wvalleys are popu-
lated, the important contribution to the valley Hall effect
should come from the K valleys.
2. 3R bilayer

, where the

timate of ; (O)b is typically much

The derivation of the effective Hamiltonian for the Q
valley in 3R bilayers is very similar to the case of 2H
bilayers, see Section C1. The general form of the Bloch
wavefunctions at the Q1 point of the isolated monolayers
is

1))+ (Qu,r))

y2 (Ql’ I‘)>

(C4a)
(C4b)

(

similar value for dE.. o as at the K point, where it is
~ 30meV, we obtain an estimate of ¢, ~ 167 meV. Us-
ing the difference between the positions of the band-edge
minima along the I' — K line one finds v, /t1 g ~ 1.5A
and one can take this value as an estimate for v, /t| ¢ as
well.

One can use the eigenstates of Hgf to calculate the
Berry curvature due to the inter-layer coupling. (In the
approximation where only intra-layer SOC is taken into
account, the energy scale A drops out from the cal-
culations). One finds that the inter-layer Berry curva-
ture close to the Q valley minima is [QY @ =0)] ~

YaVy 6 Ecec,@ ~ 4A2
t2Q t1.Q O

than the Berry curvature at the +K points.

which is again significantly smaller



We also note that according to our DFT calculations
the energy difference d Eg g is larger in 3R bilayers than
in 2H bilayers, see Section VI. Therefore the @ valleys
would be populated only for stronger doping. We may
conclude that the contribution of the @ valleys to the
valley Hall conductivities should be small in 3R bilayers.

3. Remark on the model in Sections C1 and C2

Looking at Egs. (C3) and (C6), one would expect that
inter-layer coupling would only weakly affect the effec-
tive mass mg . (along the I' — K line) and therefore the
two lowest energy bands at the @ point would have equal
effective masses. To check the validity of the two-band
model introduced in Sections C1 and C 2, we have fitted
the results of DF'T band structure calculations to extract
milzg and mf)Q for these two bands. For 2H bilayer the

difference between m(lg and m( 22 is around 4% — 5%,
while it is 22% — 25% for 3R bilayers. Within the k - p
formalism such an effective mass difference can be un-
derstood as being due to coupling to other bands, not
included into the simple two-band model. This indicates
the limitations of the two-band model.

Appendix D: Calculation of agfq and UESI{

We start by showing explicitly the results of the Berry
curvature calculations. For concreteness, we first con-
sider the K wvalley. As explained in the main text, for
Uy > 0 the four low energy CBs of the K valley can be
labelled by the spin index {1, | and by the index 4 de-
pending on whether the band edge can be found at +U,
potential at the K point. For spin 1 bands one finds

QOED (qU,) = F= (700

2
3/2
U, D1
5255 ) @), o)

2
1/~
QS’l’i’”(qu):iQ( : ) MUATRRCRA

dEpg
(D1b)
The function f1(Uy) is defined as fi(q,U,) =
— L and \(U,) = 1+ 37@“ 6;) L. For
I+ ( Acri:*Ug ) |
oy =0 + oL

- 5 d
505D = 5D | 5000 Z/ q
n==

where £ U( ) are Fermi-Dirac distribution functions.

16

the spin | bands we assume that U; # Ay (the case
U, = Ay will be considered separately, see below), then
the result is

QO+ (q, U,) = Fsign(U, — Ag) X

2
Vee 3/2
ey ) A au). o)

le’l’i’“(% U,) = sign(U, — Ag) X

2
g

() A @ -u,). 02)

where sign[z] =1 if © > 0 and sign[z] = —1 if z < 0 and

27 (Ug) = X (=),

Repeating the calculations for the —K point, we find
that the results can be written in the following form.
Introducing the index s = 1 (s = —1) for 1 (}) spin-
polarized bands and 7 = 1 (7 = —1) for the K (—K)
valley, for 7 - s = 1 one finds

2
00t Uy =g (55 ) @), o

cb+Ug

2
T s
= U = 5 () O )

5Ey,
(D3b)
while for 7- s = —1,
QP+ (q,U,) = Fsign(Uy — Ap) x
2
o _ Tee 3/2(q. —
: (Acb - Ug> 1@, ~Uy),  (Dda)
Q1) (q,U,) = sign(lUy — Aus)
2
(3 (s) 1/2
2<5Ebg> Az (Ug)f1""(q, =Ug). (D4b)

Turning now to the calculation of the valley Hall con-
ductivities, for concreteness we again take the K (7 = 1)
valley. When Ep > 2(A., + Uy) and therefore all four
low-energy CB bands are populated, one may write

(@00 (@) + [ (@0 ()]

D@D (@) + £ @0 ()]

(

The valley Hall conductivity is then given by 012]7[}’{ =



%( v, H+~(1 1)) Similarly, we may define UE% = 01()0;)
f)OH and O'( b _ ~(1I; ay ~(1’1’¢). In terms of these

quantities the spin Hall conductivity reads o2 H = Ug 1)1+

oD
sH'

=(0 ’N LLTU At

We now explicitly calculate &, and G,
zero temperature the integrals appearlng in Eqs. (D5)
and (D6) are elementary. The upper limits of the inte-
gration, i.e., the Fermi momentum qg,)jt, s =T,] can be

found from the dispersion relations

(g, )?
- AhE7 2 4 (T)
Br = 5 (A0 + U2 + (@)% (DTa)

J

3 Ey,

1 2
o) = —gou (- ) [P+ Al - XD, - Aa].

3 Ev

Here pag = meg/27h? is the two-dimensional density of

states per spin and valley, )\(T)( Ug)=1+32 3 (Awp—Ug)*+t]

5EZ,
and )\(“ /\(T (—U,). Note, that )\(T) )\éi) =2(A\3(0) +
%5%5 ) = 2X4(Uy) and /\g — /\3“ =-3 51}55] hence for

MoS; typically )\:(,,T) + )\gi) > )\g) )\( ) holds. Therefore

terms that are ~ /\g) - )\gi) in Egs. (D10) and (D11)
can be neglected. By repeating these calculations for the
—K (7 = —1) valley, we arrive to the results given in the
main text.

Finally, we briefly discuss the U, = A case and
for concreteness, we consider the K valley. ng’i’ﬁ

and QLD [see Egs. (Dla) and (D1b)] are smooth

functions of Uy, and therefore one may write a( ’T) =

15 o(Aar) and 50557 = ~LApna (7) o)

Assuming Ep ~ 10 meV, one finds that typically
grYee < 2A. and therefore fo(A and we may

cb) R ZA

1e? o\
00 =35 (5 ) PO@I+ 2l + AP W0, - A
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and

(i)

Er = qu =+ \/ Ay —
2meff

24 (¢W))%2,. (D7b)

Using the notation x = Uy — Ay, one finds

1e? e,

)
UH72h2[f2(

6‘CC
oo = e (U

g) + sign(x) f2(=Uy)]
g) = sign(x) f2(=Uy)]

(D8)

(D9)

1 — 2Meeft E
\/(Acb"rUg)Q'f‘qF’ch’ qr h2 F
and the energy e.. is defined as €., = 2’,’;20“ fyf( Using
the value for 7., = 0.071eVA that we obtained fitting
our DFT band structure calculations and assuming, e.g.,

Er ~10meV, one ﬁnds that typically gryee < |Aap U]

where fo(Uy) =

and therefore q3~2. can be neglected in fo(U,) and
f2(=Uy) (except when Uy, — Agy, = 0).
Regarding ij}? and JSI’;), one obtains
(D10)
(D11)

(

take A" (Ag) ~ AL (0) =
MOSQ.

Regarding the | bands, since they are degenerate, only
le,l’ﬂ:,\t)

A5 because Ay < Ay in

is finite. We repeat the calculations and find
Acb + Avb

V3 2
0Epg 20Ey,

Strictly speaking, such term is also present for U, # A,
but it was neglected in Eq. (D2b) because it is much
smaller than the one shown in Eq. (D2b). We have also
neglected terms that are ~ q2. Using Eq. (D12) to cal-

culate &S};’i)

b _ 1 s
v,H 2 5Ebg
(D13)

where qli, . is determined by the dispersion relation Er =
( I ) W

Qb — gl=b) ~ . (D12)

one obtains

(@)% + (@)?
47

2 Acb + Avb
20Ey,

)

2m9ﬁ * Yol s For EFr ~ 10meV one finds that
~(1,17¢) <& ~(1 1T) PACHY
’ vH .

* e-mail: andor.kormanyos@uni-konstanz.de
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