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Electronic structures and band topology of a single Sb(111) bilayer in the buckled honeycomb

configuration are investigated using first-principles calculations. A nontrivial topological insulating

phase can be induced by tensile strain, indicating the possibility of realizing the quantum spin

Hall state for Sb thin films on suitable substrates. The presence of buckling provides an advantage

in controlling the band gap through an out-of-plane external electric field, making a topological

phase transition with six spin-polarized Dirac cones at the critical point. With a tunable gap

and reversible spin polarization, Sb thin films are promising candidates for spintronic applications.

VC 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4776734]

Recent theoretical prediction of topological insulators

(TI) with nontrivial Z2 topological invariant has rapidly

gained attention.1–4 The two dimensional (2D) TI, also

known as the quantum spin Hall (QSH) phase, is a nonmag-

netic insulator which harbors gapless edge states. These edge

states lead to two spin-polarized currents propagating in op-

posite directions. A key feature of these gapless edge states

is the absence of backscattering in the presence of nonmag-

netic impurities and scatterers.5,6 The three dimensional (3D)

TI has been realized in a number of systems. These include

the family of compounds based on bismuth (Bi) and anti-

mony (Sb), such as Bi(1�x)Sbx,
7 Bi2Se3,

8–10 Bi2Te3,
8,11,12 and

Sb2Te3.
12 As for 2D QSH systems, the first and most famous

is graphene, but the gap in graphene is experimentally inac-

cessible.4 The HgTe/CdTe quantum well has been theoreti-

cally proposed14 and then experimentally shown to be in the

2D QSH state.15,16 Theoretical studies have shown that the

2D QSH phase could be realized by reducing the dimension-

ality of 3D TIs in thin films. The band topology of these thin

films is commonly perceived to depend sensitively on the

film thickness, as shown for Bi2Se3 and Bi2Te3 ultrathin

films.19,20 The search for 2D QSH phases has been extended

to Bi and Sb single-element materials since they have strong

spin-orbit interactions. Murakami predicted a single Bi(111)

bilayer (BL) film to be an elemental 2D TI.17,18 Very

recently, thin films of these two elements have been the sub-

ject of studies of quantum spin hall effect and topological

insulators.21–23 Ultrathin Bi(111) films have been character-

ized by a nontrivial Z2 topological invariant for a wide range

of film thicknesses,21 whereas Sb(111) films with less than

four Sb BLs are predicted to be topologically trivial.23 It is

not clear how to turn the Sb films into the QSH insulating

state, and the topological properties of the electronic band

structures under an out-of-plane external field have not been

carefully explored.

In this work, atomic configurations as well as electronic

band structures of Sb(111) single bilayers are investigated

using first-principles calculations with the inclusion of spin-

orbit coupling (SOC). The single bilayer structure can be

regarded as a buckled honeycomb where the buckling can be

reduced by the application of tensile strain in the in-plane

direction. We find that at a critical value of tensile strain the

buckled honeycomb bilayer transforms into a planar honey-

comb structure. Within the strain range where the bilayer

remains buckled, band inversion at the Brillouin zone center

occurs at 4.6% tensile strain, causing a topological phase

transition from a trivial band insulator with Z2 ¼ 0 to a non-

trivial QSH insulator with Z2 ¼ 1. Moreover, we find that

the planar Sb honeycomb sheet is a trivial insulator with

Z2 ¼ 0. In the QSH phase, the presence of buckling provides

an advantage in manipulating the spin-orbit band gap via

adjusting the out-of-plane external electric field (gating).

The external field not only induces an unbalanced charge dis-

tribution among the two Sb atoms but also breaks the inver-

sion symmetry and lifts the spin degeneracy. A gating

controlled topological phase transition is demonstrated by

monitoring the band gap size as a function of the strength of

the external field. At the topological critical point, conduc-

tion and valence bands meet each other at a point along the

CK direction, forming six spin-polarized Dirac cones. The

spin directions of the spin-split states as well as the spin hel-

icities of the Dirac cones can be flipped by reversing the

direction of the external field. Owing to the tunability of the

polarization and the size of the band gap, Sb thin films pos-

sesses excellent potential for spintronic applications.

The calculations were carried out within the local den-

sity approximation (LDA) to the density-functional theory

(DFT)24–26 using the projector-augmented-wave (PAW)

method27 as implemented in the highly efficient Vienna

ab-initio simulation package (VASP).28 The kinetic energy

cutoff was set to 172.3 eV and atomic positions were relaxed

until the residual forces were less than 10�3 eV/Å. SOC was

included in the band structure calculations using complex
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spinor wave functions and the second variational method. To

model the single bilayer, a vacuum of �12 Å was included

in the supercell so that interactions between the two thin

films in the periodic cell can be neglected. For bulk calcula-

tions, the Brillouin zone was sampled on a regular

21� 21� 21 Monkhorst-Pack grid,29 while 21� 21� 1

Monkhorst-Pack grids were used to sample the 2D Brillouin

zones of bilayer structures.

The thinnest Sb(111) film is the single bilayer structure

shown in Fig. 1(a) which can be regarded as a buckled hon-

eycomb. The bulk crystal structure of Sb is rhombohedral

with two atoms in the primitive cell and can be described as

a stacking of these bilayers along the [111] direction. In

terms of the hexagonal lattice, the total-energy optimized lat-

tice constants of bulk Sb are a0 ¼ 4:29 Å and c0 ¼ 10:94 Å,

values that agree well with a previous study.13 The equilib-

rium lattice constant, a, of the optimized Sb single bilayer is

found to be 4.01 Å, which is 6.5% shorter than that of the

calculated equilibrium bulk lattice constant, and the vertical

distance between the two layers is found to be d1 ¼ 1:64 Å.

The bilayer structure becomes a planar honeycomb (d1 ¼ 0)

when the lattice constant a is increased to approximately

5 Å. The total energy as a function of strain (defined with

respect to the bulk lattice constant a0) is shown in Fig. 1(c).

The solid line with filled squares shows the results obtained

when the bilayer structure was gradually subjected to the

applied tensile strain and the atoms were allowed to relax.

The vertical distance between the bilayers as a function of

the applied strain is shown in Fig. 1(c) as red crosses refer-

ring to the right axis. It shows that the buckled bilayer spon-

taneously transforms into the planar honeycomb structure at

around a¼ 5 Å. In addition, we show by the results obtained

when strain is gradually applied to the planar honeycomb

structure [marked by asterisks in Fig. 1(c)] and the atoms are

allowed to relax. The lattice constant of the optimized planar

honeycomb structure is 4.9 Å and it is locally stable down to

4.6 Å, at which point it spontaneously buckles and trans-

forms into the bilayer.

In what follows, we examine the band structure of the

buckled Sb bilayer at different strain values. The band struc-

tures plotted in Figs. 2(a)–2(d) demonstrate our key findings.

First, we focus on the band gaps at the C point. Figure 2(a)

shows that an unstrained Sb bilayer exhibits a direct band gap

of 0.75 eV at the C-point. The band gap at C as a function of

strain is plotted in Fig. 2(h), which shows that the system

undergoes a gap closing and reopening process. The band to-

pology is investigated by identifying contributions from the

s-type orbital [note that the size of the black circles in Figs.

2(a)–2(d) is proportional to the contribution projected on the

s-type orbital]. Our results show that for strain values below

4.6% contribution of the s-type orbital is generally confined

to the conduction band, which gradually shifts down toward

the top of the valence band at the C point with increasing

strain. At the critical value of 4.6% strain, the valance and

conduction bands touch each other and the s-type character is

acquired by the valence band. When the strain increases

beyond 4.6%, the contribution of the s-type orbital stays in

the valence band, resulting in band inversion at the C point.

The observation of band inversion indicates that a topo-

logical phase transition occurs with strain. Figs. 2(e)–2(g)

FIG. 1. (a) Side view and top view of crystal structure of Sb single bilayer.

(b) 2D Brillouin-zones. Specific symmetry points are labeled. (c) Energies

of the single bilayer and planar honeycomb structures as a function of stain

(lattice constant). The strain is with respect to the lattice constant of crystal-

line Sb. The vertical distance, d1, between two Sb atoms as a function of

strain (lattice constant) is also included.

FIG. 2. Band structure of one bilayer Sb under (a) 0%, (b) 2.3%, (c) 4.6%,

and (d) 6.9% strain. The inset in (c) is the magnified band near the C point.

The path in Brillouin zones is M-C-K-M. The size of the black circles is pro-

portional to the contributions projected on the s-type orbital. The band dia-

grams are to illustrate (e) the trivial state, (f) the transition point, and (g) the

non-trivial state. (h) Plot of band gap as a function of strain (lattice constant)

at the C point.
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illustrate the topological phase transition. The band diagrams

are illustrated (e) for the trivial state, (f) at the critical point,

and (g) for the nontrivial state. The critical point at zero gap

separates two distinct topological phases, see Fig. 2(h).

While the trivial side has no band inversion, the nontrivial

side shows band inversion where the conduction and valence

bands swap their band character at the time reversal invariant

point.

So far, we have shown that Sb bilayers under sufficiently

large tensile strains are topological insulators with an

inverted order of bands. To understand the origin of the band

inversion, a scaling factor k was added artificially in front of

the SOC term in the computations. When k was decreased

from 1 to 0, the band gap was closed and reopened. This

indicates that the band inversion indeed originates from SOC

and is a salient feature of a topological insulator.

In the following, we apply a rigorous method to show

that Sb bilayer with a small tensile strain is a topologically

trivial band insulator with Z2 ¼ 0, while for larger strains, it

is in a nontrivial QSH state with Z2 ¼ 1. We exploit the

wave function parity analysis30 to identify the Z2 topological

phases. This method is valid here since the bilayer structure

possesses inversion symmetry. There are four time reversal

invariant points in the 2D Brillouin zone for the hexagonal

lattice: one is at the C point and the other three are at the

equivalent M points, see Fig. 1(b). The valence electrons

form five bands, and the parity eigenvalues at both C and M

points are in the order of � þ þ � � from low to high

energy for the Sb bilayer with zero strain. Thus, the products

of the parity eigenvalues at these two momenta are both �1,

yielding a trivial topological invariant Z2 ¼ 0. As the strain

is increased beyond 4.6%, band inversion at the C point takes

place. The parity eigenvalue of the top valence states at the

C point changes sign to become þ, while those at the M

points remain �. Thus, the products of the parity eigenvalues

at these two points are now distinct and the Sb bilayers with

tensile strains above 4.6% are identified as topological insu-

lators with Z2 ¼ 1.

As the bilayer transforms into the planar honeycomb

structure at a strain value of 18%, the valence and conduc-

tion bands reshuffle and the parity eigenvalues for the occu-

pied states change. The parity eigenvalues are in the order of

þ � þ þ � from low to high energy at the C point and � þ

� þ þ at the M points. The products of the parity eigenval-

ues at these two momenta are both �1, yielding a trivial top-

ological invariant Z2 ¼ 0.

The buckled Sb bilayer naturally provides an advantage

in controlling the band gap via an out-of-plane external elec-

tric field (gating). The two Sb atoms become inequivalent

when the thin film is placed on a substrate or subjected to an

external field and the inversion symmetry is removed as

illustrated in Fig. 3(a). The spin degeneracy for states away

from the high symmetry momenta is lifted due to the effects

of SOC and due to the removal of inversion symmetry.

Hence, electric field provides a means for producing spin-

polarized states and realizing a gating controlled topological

phase transition. In Figs. 3(b)–3(d), we show the band struc-

tures near the C point when an external field is applied to the

Sb bilayer under 7% strain. The two conduction bands and

the two valence bands near the Fermi level are seen to be

non-degenerate spin-split states except at the C point. By

monitoring the band gap size as a function of the strength of

the external field in Fig. 3(g), a topological phase transition

takes place around 0.92V/Å where the band gap closes along

the CK direction. At the topological critical point, the con-

duction and valence bands touch at six points, forming six

spin-polarized Dirac cones with the Dirac points lying at the

Fermi level, as shown in Figs. 3(e) and 3(f).

We further investigated the spin texture of the four

states (two below and two above the Fermi level) for the Sb

bilayer when the inversion symmetry is broken by an exter-

nal field. The spin and momentum are one-to-one locked in

each band. In Figs. 4(a)–4(d), we show the spin texture for

the four bands from the highest to the lowest in energy

around the C point. The spin helicity is counter-clockwise

for the highest [Fig. 4(a)] and the lowest [Fig. 4(d)] bands.

The helicity of the two bands in the middle is clockwise as

shown in Figs. 4(b) and 4(c). We note that the spin directions

of the spin-split states can be reversed by changing the direc-

tion of the applied field, i.e., the spin helicities can be flipped

by reversing the direction of the external field. The tunability

of the spin direction makes the Sb bilayer attractive for spin-

tronic devices.

Concerning the practical realization of topologically non-

trivial Sb(111) bilayer, as shown by the shaded region in Fig.

2(h), the non-trivial insulating phase is predicted to exist over

the lattice constant window of 4.5 to 4.85 Å. The standard

FIG. 3. (a) An Sb single bilayer after adding an out-of-plane E-field. Two

different colors are used to identify the two kinds of atoms involved to high-

light inversion symmetry breaking. Band structures of one bilayer Sb under

out-of-plane electric fields (b) 0.84V/Å, and (c) 0.92V/Å, and (d) 1.00V/Å.

The red and blue represent counter-clockwise and clockwise spin helicity,

respectively. (e) Topological phase transition due to an out-of-plane electric

field. (g) Band gaps along M-C and C-K, respectively, indicated by black

and red arrows in (b) are plotted as a function of the electric field. (f) 3D

band dispersions around C at 0.92V/Å.
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candidate insulating or semiconducting substrates, such as

InSb, Al2O3, BC2N, SiO2, graphite, diamond, and BN, fall

well around the range. It is reasonable therefore to expect that

the proper binding can be achieved on an appropriate substrate

to generate the non-trivial insulating phase of the Sb(111)

bilayer in a (1� 1) or a larger unit cell.

To summarize, we have studied the crystal and electronic

structures of an Sb single bilayer under strain and investigated

the band topologies of the strained bilayer using first-principle

calculations with the inclusion of spin-orbit coupling. Nontri-

vial QSH states can be realized in Sb(111) single bilayer

under a tensile strain. The tunability of the spin polarization

and the size of the band gap are attractive features for poten-

tial applications of Sb thin films in spintronics.
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