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TUNNEL JUNCTION DC ~ UI D: 
FABRICATION, OPERATION, AND PERFORMANCE 

,, John Clarke, Wolfgang M. Goubau, and Mark B. Ketchen 
Department of Physics, Univers'ity of California, and 

Materials and Molecular Research Division, 
Lawrence Berkeley Laboratory, Berkeiey, Calfornia 94720 

ABSTRACT 

LBL-4552 

We describe the theory, fabrication, operation,and performance of a cy-

,lindrical de SQUID made witb shunted Nb-NbO -Ph Josephson tunnel junctions. 
X 

The ~UID is current-biased at a non-zero voltage, and modulated 

with a 100kHz flux. The 100kHz voltage developed across the 

SQUID is amplified by a cooled, resonant LC circuit that optimally 

couples the SQUID impedance to the input of a room temperature 

FET preamplifier. The ~UID is operated in a flux-locked loop 

with a dynamic range in a 1 12 bandwidth of ±3xl0
6

. The 3dB 

roll-off frequency for the loop response is typically 2kHz, and the 

4 --1 
slewing rate is generally 2x10 ¢ s . A typical flux noise power 

0 

spectrum for a SQUID at 4.2K in a superconducting shield is pre

sented. Above 2xl0-
2

Hz the spectrum is white and has an rms value 

of 3.5xl0-
5¢ Hz-~. The white noise is intrinsic to the sensor 

0 

and is close to the theoretical limit set by Johnson noise in the 

shunts. At lower frequencies, the power spectrum is approximately 
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-10 2 -1 . . . . 
10 (1Hz/f)¢ Hz , where f is the ·h'equen·cy. This value is 

0 

~pproximately two orders of magnitude greater than the cal-

culated 1/f noise in the tunnel junctions. The factors contri-

buting to the long term drift of the SQUID are discussed. By 

regulating the temperature of the h~lium path we have achieved 

a drift rate of 2xl0- 5 ~ h-l over a 20h period. A detailed des
o 

scription is given of the coupling efficiency of various input 

coils wound on the SQUID. The effects of coupling between the 

input coil, the SQUID, and the feedback (modulation) coil are 

described, and measurements of the coupling parameters re-

ported. ·The energy resolution of the SQUID with respect to a 

current in a 24-turn input coil is 7xl0-
30

JHz-l for fre-

quencies at which the flux noise has a white power spectrum. In 

terms of energy resolution, the SQUID has a better performance 

in the 1/f noise region than that of any SQULD previously reported 

in the literature. The long term drift over an eKteneed period 

also represents the lowest value yet reported. 
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1. INTRODUCTION 

Q~antum interference effects in a superconducting ring containing 

1 . 2 
two Josephson junctions were first observed in 1964 by Jaklevic et al. 

using tunnel junctions. These workers showed that the critical current 

of the double junction was an oscillatory function of the magnetic flux 

threading the ring, the period being the flux quantum, ~ • The im
o 

plications of this work in the measurement of magnetic fields and voltages 

were quickly realized and a number of de SQUIDs (Superconducting Quantum 

Interference Devices) were soon developed and exploited. These devices 

3-5 
included several designs involving point contact junctions , and the 

6 
SLUG (Superconducting Low-inductance Undulatory Galvanometer). Of these 

devices, the de SQUID of Forgacs and Warnick
5 

had the most highly 

developed readout electronics. 
7-9 

Subsequently, the rf SQUID was developed. 

This device incorporates a single junction in a superconducting ring, and 

presumably because only a single junction is required, has become much 

more widely used than the de SQUID. Several commercial versions of the 

rf SQUID are available, and sophisticated readout electronics have been 

developed. The inherent noise in the rf SQUID has been studied in great 

. 10 
detail , and close attention has been paid to the optimum coupling of 

the SQUID- to the room temperature electronics. As a result of these de-

velopments, the present rf SQUIDs, pumped at typically 30 MHi, are more 

sensitive than the first generation of de SQUIDs. However, there is no 

intrinsic reason why a 30 MHz rf SQUID should be mfilre sensitive than <1 de 

SQUID. In fact, as we shall see, the de SQUID can have a better per-

forrnance than an rf SQUID 
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of comparable self-inductance pumped at 30MHz. The resolution of the 

early de SQUIDs appears to have been limited by the unsatisfactory matching 

of the low impedance (-1 to IOn) junctions at liquid helium·temperatures 

to the room temperature electronics. Even when a room temperature 

matching transformer was used, the overall noise temperature of the preamplifier 

.-
was frequently well above room temperature, whereas the optimized noise 

temperature is about lK.
11 

In this paper we describe the theory, fabrication, operation, and performance of 

12 13 
a de SQUID that makes use of two shunted Nb-NbOx-Pb tunnel junctions. 

These junctions have predictable characteristics, can be stored for long 

periods at room temperature, and cycled between room and liquid helium 

temperatures repeatedly. The large area and capacitance of the junctions 

makes them very resistant to destruction by accidental electrical dis-

charges. The devices can be operated at any temperature below about 

6K because the temper~ture dependence of the critical current is re-

latively weak. The SQUIDs ~~ve a cylindrical geometry with an_ ~_rea_ of __ 
- ·- ---2 -- _;g -----
about 7mm and an inductance of about 10 H. We show a noise power 

-2 
spectrum for a typical SQUID. At frequencies above 2x10 Hz the noise 

-5 -~ 
is white with an rms flux noise of about 3.5xl0 ~ Hz , corresponding 

0 

-10 -!s,. . . . 
to a magnetic field noise of 10 G (Hz 1. At lower frequencies the flux. 

noise power spectrum is approximately 10-lO{lHz/f)~ 2 Hz- 1 . However, as 
0 

will be emphasized in the paper, the concept' of 'flux noise is not very 

useful for comparing SQUIDs. A much more meaningful parameter is the 

energy per unit bandwidth associated with the mini~um current change per 

~that can be detected in a coil coupled to the SQUID.
14 
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For the SQUID described here, this parameter has a value of 7xlo-
30

JHz-
1

. 

' -5 -1 
The average long term drift is 2xl0 ~ h . The energy resolution is 

0 

significantly better than __ has P_!'~_viously. been repoi'ted for de SQUID§J 

and is also better than that of most rf SQUIDS. The 1/f 

noise and long-term drift are lower than any values previously reported. 

The improvement in sensitivity over earlier de SQUIDs results from the 

use of the superconducting resonant circuit to couple the SQUID to.the 

preamplifier. Our electronics has a dynamic range in a 1Hz bandwidth of 

'• 6 
approximately ±3xl0 . A slewing rate of 2xl0 4 ~.s-l and a frequency 

0 

response of several kHz are typical. 

' * In Section 2 we describe the theory of operation of/'the de SQUID. 

We have adopted a simple model that yields results· in agreement with our 

measured parameters to within a factor of 2. (A detailed discussion of de 

SQUID behavior~ including the effects of noise, will be published sub-

sequently.) We also describe the interaction of the SQUID with the tank 

circuit. Section 3 contains the details of the SQUID'fabdcation and 

mounting, and of the cryostat. In Section 4 we describe the essential 

features of the electronics associated with the SQUID, and the way in 

which the system is operated. The slewing rate, frequency response, and 

dynamic range are discussed. Section 5 is concerned with noise and drift. 

We discuss the noise contributions of theSQUID itself (Johnson noise and 

1/f noise),.and of the preamplifier, and compare these estimates with 

measured noise power spectra. The factors involved in obtaining good 

·------....,;...----------------·-·-----.... ---------
* Good semi-quantitative descriptions of the de SQUID have been given 

by De Waele and Ouboter
15 

and Tinkham 
16 
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long term drift characteristics are discussed at length. In Section 6 

we describe the proper noise characterization of the SQUID and the 

coupling of coils to the SQUID. Because these two topics are intimately 

connected, it is appropriate to discuss them together. After a discussion 

of the noise characterization, we briefly review the model circuit due 

17 
to Webb, Giffard, and Wheatley that demonstrates the importance of the 

intercoupling of the SQUID, the input coil, and the feedback coil. We 

then present measurements of all of the relevant SQUID and coil inductances 

and mutual inductances. From the noise and inductance measurements we 

calculate a figure of merit for the SQUID. Section 7 contains a 

summary and suggestions for possible improvements. 

18 
Preliminary brief reports of this work have appeared elsewhere. 

2. THEORY OF OPERATION 

2.1 The Basic SQUID 

The de SQUID consists of two Josephson junctions on a superconducting 

ring of inductance L (Fig. 1). When the magnetic flux~ threading the 

ring is steadily changed, the total critical current,! ,of the two junctions 
c 

oscillates with a period of one flux quantum, ~ • 
0 

In principle, any kind of Josephson junction may be used. in a SQUID. 

In our SQUIDs we use resistively shunted thin-film tunnel junctions. It 

is essential that the current-voltage (I-V) characteristic of the SQUID 

be non-hysteretic, and a brief summary of hysteresis in tunnel junctions is 

in order. The theory of resistively shunted tunnel junctions was given 
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19 20 
by Stewart and McCumber , and has been experimentally verified by 

12 
Hansma et al. We assume that the current flows uniformly through the 

junction which is shunted by a capacitance C ·and a resistance r, as in-

dicated in Fig. 1. (Note: Throughout the paper we use the following con-

vention: The parameters i, i , v, and r represent the current, critical 
c 

current, voltage, and resistance of a single junction, while the para-

meters I, I , V, and R represent the same quantities for a double junction. 
c 

Thus I = 2i , R = r/2, etc.) The i-v characteristic exhibits hysteresis 
c c 

2 
when the hysteresis parameter B = 2Tir i C/~ ~ 1, and no hysteresis 

c c 0 

when B < 1.
12

,
19

,
2° For our junctions, i - 2~A and C- 200pF. To 

c - c 

eliminate hysteresis, we resistively shunt each junction so that 

r ~ H1. Although the i-v characterisitc has been calculated
19

,
20 

for the 

general case 0#>, for our purpose it is sufficient to use the result for 

C =·0. In this·iimit, the time-averaged voltage in the absence of noise 

i . by.l9,20 s g1ven 

(2.1) 

where i ~ i is the bias current supplied to the junction. The dynamic 
c 

resistance of the i-v characteristic is 

rD = (3v/3i)i 
c 

(2.2) 
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The magnitude of the signal from the SQUID is a function of the 

modulation amplitude, ill = I [ ncp ] - I [ (n + ~)cp ] ; which, for two idtmti-
c c 0 c 0 

cal junctions, is determined solely by the parameter B = LI /cp • As 
c 0 

I is increased 
c 

from 0 to co, lli increases smoothly from 0 to an 
c 

asymtotic value of cp /L
3

•
6

•
15

•
21

• In practice, we choose B - 1 (see 
0 

below), in which case it can be shown that 

lli ~ cp /2L. (8 - 1) 
c 0 

(2.3) 

When the critical current is reduced below its maximum value by the 

magnetic flux, the I-V characteristic is no longer given by Eq. (2.1). 

It is modified for low values of voltage, as sketched in Fig. 2. The 

modification of the I-V characteristic is produced by supercurrents 

flowing around the SQUID at the Josephson frequency ~and higher 

15 
harmonics ) associated with the de bias voltage across the SQUID. As 

the voltage bias is increased from zero, the frequency of the ac 

currents increase!tl. Once this frequency exceeds 2~/rrL, the amplitude 

of the circulating current is attenuated by the increasing ring impedance 

[_ (16~ + w 2 L 2 )~ and its effect on the I-V characteristic diminishes. 

Thus we expect the I-V characteristic to be strongly dependent on 6Ic for 

V < 2cp 0 ~/rrL and relatively independent of Ale for V > 2cp 0 ~/rrL as in

dicated in Fig. 2. 

To observe the oscillations iL critical current, the SQUiD is biased 

. ~ 
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with a current I
0 

so that 0 < V < 2~ 0 ~/TIL for all values of net flux 

~. The voltage across the SQUID is then also an oscill'atory func-

tion of ~, with a modulation amplitude 6V - ~6Ic - ~~ 0 /21. For 

~~ lQ and L ~ 
-9 

10 H,. llV - lllV. 

The ·reason for choosing s - 1 is now apparent. For a given value 

of L, as I is increased 6I increases relatively slowly to.its maximum 
c c 

value of ~ /L, while R must be decreased to keep S < 1. Thus as I is 
0 c - c 

increased, the small increase in lli is more than offset b:y the larger 
.. -·· -C 

decrease in R, so that llV and the available signal power tend to decrease. 

On.the other hand, if I is reduced much below~ /L- 2llA, the value of LH 
c .. . · o· c 

22-25 
decreases somewhat, but more importantly, the· noise rounding. o.f the I-V 

char~cteristic becomes substantial, and the signal is reduced. A reason

able compromise between these two extremes occurs with s - 1. 

2.2 SQUID Readout 

To read out the critical current of theSQUID an ac sinusoidal flux of frequency 

v = 100kHz and amplitude ~ ~ ~ /4 is applied to the· SQUID. As illustrated 
o m o 

in Fig. 3(a), the ac voltage across the SQUID has a large component at 

2v and no component ct v whtm the quasistatic flux ¢ ir{ the SQUID is 
0 0 q 

(n + ~)~ . As ~ is increased, the amplitude V of the ac signal across 
. 0 q 0 

the SQUID at frequency v increases (initially linearly) , while the com-
. 0 

. . 

ponent at 2v decreases. When ~ = (n + 3/4)~ the component at v will 
0 q 0 0 

have its maximum amplitude 6V/2 [Fig. 3(b)]. As ~ is further increased 
q 

The component at \ 1 

() 

reverses phase at ~ = n~ and (n + ~)~ . Figure 3(c) shows the variation 
q 0 0 

of V with 
0 
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~ in the vicinity of ~ = (n + ~)~ . Although the exact value of 
q q 0 

@V /'a~ )
1
· near (n + ~ )~ will depend in d'etail on the shape of the 

0 q . 0 
0 

V vs. ~ curve, a reasonable estimate would be -2~V/~ . 
q 0 

The ac signal developed across the SQUID is amplified and lock-

in detected at frequency v. · One of the major difficulties in the past 
0 

has apparently been the satisfactory matching of the de SQUID to the room 

11 
temperature electronics. The FET preamplifier used in our electronics 

has an optimum noise temperature at 100kHz of about lK at a source impedance of 

-65kn. We have achieved satisfactory impedance matching by means of a 

cooled LC circuit resonant at frequency v (Fig. 4). The superconducting 
0 

coil has an inductance LT ~ 200~H. In addition to providing an optimum 

source impedance for the preamplifier the tank circuit filters out most 

of the 2v component of the SQUID signal. 
0 

The reference signal for the lock-in is derived from the same os-

cillator that supplies the modulation flux. In the usual flux-locked 

loop in which the SQUID is operated, the output of the lock-in is fed 

back as a flux that apposes the applied flux. The feedback maintains the 

total quasistatic flux in the SQUID close to either (n + ~)~ or n~ , 
0 0 

depending on the phase of the lock-in reference signal, provided that 

the dynamic range andmaximum slewing rate are not exceeded. The ac 

voltage across the sqUID at frequency v is thus also maintained close to 
0 

zero. 
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The ac modulation technique together with the negative feedback 

minimizes certain sources of drift and 1/f noise: For example,-changes 

in the critical current caused by changes in the bath temperature; drifts 

in the bias current; drifts in the thermal emf's in the cryostat leads; 

and 1/f noise in the preamplifier. 

The tank circuit on resonance presents (ideally) zero impedance to 

the SQUID. Any ac signal across the SQUID at frequency v. that would have 
0 

an amplitude V in the absence of the tank circuit generates an ac voltage 

Vc ~ QV across the tank circuit, where Q ~ w 0 1T/~, provided that ~ is the 

dominant resistance in the tank circuit. Thus when ¢q = ,(n ± ~)¢ 0 , we 

expect V(max) ~ QR__¢ /41 ~ w 1 ¢ /41. · A detailed model calculation of 
c -u o o T o 

V~max) .is carried through in Appendix A. In the model it is assumed that 

the I-V characteristic is given by Eq. (2.1), and that the I vs. ¢ curv.e 
c 

is a triangle pattern. For this model we show that when ~I = ¢ /21, 
c 0 . 

(2.4) 

where I is the maximum value of I • For 1T = 200~H, L = lnH, I /I = 1.3, 
m c o m 

and I = 4~A, we calculat~ V(~)~ 40~V. 
m · c 

In the flux-locked mode, the sensitivity of the SQUID is determined 

by the parameter (av /a¢ )I . For the model in Appendix A, we show that 
c q 

this quantity is related to
0

V(max) by the equation 
c 

/
.(av c \ j- 16 v~m~x) 

a¢ I r 'IT ¢ < 2. 5 > 
q 0 
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If V(max)= 40]JV, (ClV /Cl~ )
1 

~ 200]JV~ -l. Irt view of the non-ideal 
c c q 0 

0 
22-25 

behavior of the I-V characteristic resulting from noise rounding and 

26 
self-induced steps, and because of the deviation of the I vs. ¢ curve 

c 

from the assumed triangular pattern, Eq. (2.4) may be in error by as 

much as a factor of 2. However, we expect Eq. (2.5) to be reasonably 

accurate under all conditions. 

The optimum bias voltage for the SQUID in this circuit could in 

principle be calculated, but in practice is always found empirically by 

adjusting I to obtain the maximum signal from the tank circuit. 
0 

Usually the optimum bias is I /I ~ 1.3. This value will be used in 
o m 

various estimates of SQUID parameters. The dynamic resistance 

[ Eq. (2.3)] of the SQUID at this bias is about U1, so that Q ~ 125. The im

pedance of the resonant circuit presented to the FET amplifier, Q 2 ~, is 

about 15kr2. The reason for this choice of impedance will emerge in Section 4. 

3. SQUID FABRICATION AND EXPERIMENTAL DETAILS 

3.1 SQUID Fabrication 

The design of our SQUID is shown in Fig. 5. The substrate for the 

* metal films is a fused quartz tube 20uun long with an o.d. and i.d. of 3mm 

and 2mm respectively. The tube is cleaned with Labtone cleaner, rinsed 

with distilled water, and finally heated with a torch to burn off residual 

surface contamination. 

* Manufactured by U. S. Fused Quartz Inc. The paramagnetic susceptibility 

-9 -3 
at 4.2K is less than 5xl0 esu em We·are indebted to Dr. D. E, Prober 

and Mr. A. D. Smith for making .·this measurement. 
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A band of Pb/In (In content 5 to 10% by weight )10. 7mm wide and 3000A 

thick is evaporated around the circumference of the tube. A Pb/In alloy 

rather than pure lead is used because it is more resistant to corrosion 

and appears to have less tendency to grow whiskers that may short the 

tunnel junctions. The deposition of the Pb/In band is followed by the 

evaporation of a 250]:lm wide 7$oA thick gold film that serves as the shunt 

for the two junctions. The gold has an underlay (-5oA thick) o'f chromium 

to improve its adherence to the quartz. Next, two 150llrn wide 3000A 

thick niobium films,· separated by 1.2mm are de sputtered at a rate of 

about lOOOA/mi~with a Sloan Model S-300 Sputtergun. Each niobit.Uii film 

makes a low resistance contact with the gold film and a superconducting 

contact With the Pb/cln band. The niobium is thernially oxidized for 12 

minutes in air at 130°C in a closed oven. About 80% o.f the SQUIDs made 

with this oxidation procedure have critical currents in the acceptable 

range of 1 to 5lJA. 

Immediately after oxidation, a. 3000A thick Rb/Ih "T~' is deposited. The 

crossbar of the T overlaps both the niobium strips to for111 two tunnel 

junctbns·. The crossbar is 75~m wide, giving each junction an area of 

-2 2 
about l.lxlO mm • The stem of the T is 250llm wide, arid bise'cts the gold 

strip between the niobium films to form a shunt for each junction. Next, 

the 10. 7mm 'wide 'Pb/In band is scribed with a razor blade midway between 

the niobium films, as shown. One electrode for the SQUID is made by 

pressing a small piece of indium onto the.ba.se of tb<e Pb/In T, while 

the second electrode is similarly attached to the base of the Pb/In band 
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The entire sensor is then coated with a thin insulating layer of 

Duco cement, applied by submerging the sensor twice in a solution con

taining 5 parts (by volume) acetone to 1 part Duco cement. We have 

found this insulator to be extremely reliabl~, and to recycle well be

tween room and helium temperatures. Finally a 3000A thick Pb/In ground 

plane(not shown In Fig. 5) is evaporated over the front surface of the 

SQUID. The ground plane reduces flux leakage through the slit in the 

Pb/In band and minimizes the inductance of the various metal strips lead

ing to the junctions. A 500A overlay of silver is deposited on top of 

the ground plane· to protect the Pb/In from oxidation. Occasionally the ground 

planes are electrically shorted to the underlying films. We have found 

that shorted ground planes can readily be removed without damaging the 

tunnel junctions by immersing the sensor in acetone. The sensor is then 

recoated with cement and a new ground plane is deposited. The SQUID is 

completed by pressing leads of #40 copper wire to the electrodes with 

additional pellets of indium. 

Typical parameters for the sensor are as follows: Capacitance per 

junction 200pf; critical current per junction 0.5~A to 2.5~; and re

sistance per shunt ln~ We estimate the free standing inductance of the 

cylindrical part of the SQUID to be 0.75nH. The additional (parasitic) 

inductance contributed by the niobium and Ph/In strips is difficult to 

estimate accurately because of the uncertainties in the thickness of the 

insulating layer between the strips and the superconducting ground plane. 
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With an a~sumed insulator thickness of -lO~m, we estimate the parasitic 

inductance to be about O.SnH. 

These SQUIDs have proved extremely long-lived, with respect to both 

storage at room temperature and to thermal cycling. However, theyneed 

' . 

to be handled with reasonable care. When they are removed from the 

liquid heliumwe have found it advisable to enclose the end of the cryostat 

in a plastic bag filled with helium gas to avoid the condensation of ex-

cessive water vapor that may damage the ground plane. The SQUID must be 

free of condensed water before it is recooled because thermal contraction of 

the ice may result in cracking of the Duco cement insulator. We have also, 

on occasion, inadvertently destroyed SQUIDs by scatching the films when 

putting on or taking off input coils. The SQUIDs are very robust elect

rically. Curreitt or voltage transients have never noticeably damaged the 

junctions although they ·ba,ve.;~ indticed .:tt',appeck.flux,, i.G ths,juncUonli making 

a readj-ustment of I ·necessary. 
0 

3.2 SQUID Mounting and Shielding 

To measure the intrinsic noise of the SQUID it is essential to screen 

it adequately from environmental magnetic fields. We have achieved ex

cellertt shielding by mounting the SQUID inside a long cylindrical tube 

machined from a rod of lead, 50/50 tin-lead solder, or niobium, as shown 

in Fig. 6. The lead and solder rods were made by casting commercial grade 

material in a mold. The niobium was.99.85% pure. ·The length of the tube 

is about 76mm, the inner diameter is 6.4mm, and the wall thickness is 

about lmm. The middle region of the tube is tapped as shown. Two 

support screws of either fiberglass or a superconductor 
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are used to hold the SQUID in place. A short length of delrin rod is 

mounted in each screw with a nylon insert. The ac modulation and feed-

back coil, typically 2 turns of 50~m diameter insulated niobium wire of 

inductance lOnH, is wound on one of these rods. 

Input coils (not shown in Fig. 6) are wound on the outside of the 

SQUID in the following way. The coil is wound from 75~m diameter insulated 

niobium wire on a teflon rod whose diameter is about 50~m greater than the 

o.d. of the SQUID. The coil is then coated with Duco cement. When the 

cement is dry, the excess is removed with a razor blade, and the coil is 

carefully removed from the teflon rod and mounted on the SQUID. This pro-

cedure produces a coil that is tightly coupled to the SQUID. Each pair of 

wires from the SQUID, modulation and feedback coil, and input coil is 

twisted· together and passed through a small hole in one of the screws. 

The screws are then gently tightened to hold the SQUID tigidly in place. 

This assembly has proved to have negligible microphonic noise when the 

magnetic field trapped in the shield is ~ lG. 

The expected attenuation of an external magnetic field by our 

cylindrical shield is calculated in Appendix B. Experimentally we find 

that this attenuation is ~ 10
11 

for all directions of applied field when 

the shield is initially cooled in an axial field of -lOmG. The per-

formance with superconducting support screws is not significantly better 

than with fiberglass screws. With a 2.8G axial field applied during 

10 
cooldown the attenuation is only -10 . Ideally, the attenuation of ex-

ternally applied fields should in no way depend on the amount of trapped 
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flux threading the cylinder. In practice, wesuspect that flux lines 

pinned in the shield or the SQUID move in a .reversible fashion when an 

external field is applied, thus varying the flux in the SQUID. ( A similar 

mechanism may be involved with temperature dependent effects to be dis-

cussed in Section ,5.4). 

The superconducting shield in which the SQUID is mounted acts as a 

ground plane to reduce the inductance of the SQUID cylinder. It has a 

negligible effect on the parasitic inductance, because of the presence 

of the superconducting film overlaying the niobium and Pb/In strips. The 

* .cylinder inductance is reduced by a factor of about (1-o), where o is 

the ratio of the cross sectional area of the SQUID to that of the super-

conducting shield. In our case, o ~ 0.25, so that the effective cylinder 

* Consider a long solenoid of cross sectional area A mounted coaxially 

inside an infinitely long superconducting cylinder of cross sectional 

. area A'. The inductance of the solenoid will beL= NB
1
A/Ic where B

1 
is 

the field inside the solenoid, I is the current through the solenoid, and 

N is the number of windings. Let B
2 

be the field in the region between 

the shield and the solenoid. From Amp~re's law B
1 

+ B
2 

= 4nNI/£c, where 

£ is the length of the solenoid. Since the total flux through the shield 

is constant, B
1

A =(A'- A)B
2

• Thus B
1 

= [1- (A/A')]4nNI/£c,and 

( /
. 2 I 2 L(o) = 1 -o )L(O), where o =A A', and L(O) = 4nN A.c £. This ground 

planing effect of the shieid will reduce the inductance of the SQUID 

cylinder (which can be thought of as a single turn soienoid) as well as 

the inductance of any input coils wound around the sensor. 
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inductance is approximately 0.55nH. Unfortunately, it is not possible 

to measure the total SQUID inductance L directly. Throughout the paper, 

we shall take a value of L = lnH as a reasonable estimate of the sum of 

the cylinder and parasitic inductances. This estimate is consiste"Qt with 

the fact that the critical current modulation depth, 6! ,is typically c .. 

l]JA. 

3.3 Cryostat 

The SQUID shield and the tank circuit are rigidly mounted on a 

copper plate suspended by stainless steel tubes inside a vacuum can. 

The temperature of the SQUID can be elevated above the bath temperature 

by means of a non-inductively wound heater. The temperature is monitored 

with an Allen-Bradley carbon thermometer also mounted on the copper plate. 

With exchange gas in the can the time constant is about ls. A sol~noid. 

wound on the outside of the vacuum can can be used to apply a magnetic 

field parallel to the axis of the shield. The vacuum can is cooled in a 

4 
fiberglass He dewar that requires no liquid nitrogen. Two concentric 

]J-metal shields around the cryostat are sometimes used to reduce the 

ambient field to less than lOmG. 

For some measurements, the temperature of the SQUID is regulated at 

4.2K. Regulation is achieved by controlling the pressure of the He
4 

vapor in the dewar. The temperature of the SQUID is measured by the carbon 

thermometer in an ac bridge. The output of the bridge is used to regulate 

a valve through which the helium gas from the cryostat :f..s vented. This 

. .. 
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technique compensates for changes in temperature resulting both from 

atmospheric pressure fluctuations and from the decrease in hydrostatic 

pressur~ of the helium bath as the liquid evaporates. The regulator 

mainta,ins a constant temperature to within ±50l1K for the two-day hold 

time of the dewar. 

4. SQUID AND ELECTRONICS OPERATION ~~ PERFORMANCE 

4.1 SQUID Operation 

The SQUID is brought into operation by maki.ng various adjustments to 

the SQUID electronics (Fig. 7) with the feedback loop open. First, the 

bias current, I , and the ac modulation level are varied until a 100kHz 
0 

signal appears at the output of the tuned amplifier. Next, the tank 

circuit trimmer capacitor is adjusted to maximize this signal. (The 

tank circuit resonant frequency is independent of the SQUID parameters, 

and the adjustment needs to be made only once for a given tank circuit.) 

As the amplitude of the ac modulation flux, ¢ , is increased from zero, m .·. 

the amplitude of the signal varies roughly as J
1

(2rr¢m/<jl
0
), where Ji is the first 

order Bessel function. The Dl()dulation level ls sel so that the output is near the 

first maximum, corresponding to ¢ ~ ¢ /4. It is not necessary to re
m o 

adjust the ac modulation level while using a given modulation coil. Finally, 

I is adjusted. For the ideal junction described in section 2, as I 
0 0 

is increased from zero the output ac signal should be zero until 

I > I - ~I . The signal should then increase steadily, reach a maximum, 
o m c 
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In practice, as I is increased 
0 

past the first maximum, a series of maxima and minima is observed. These 

26 . 
oscillations are probably the result of self-induced steps on the I-V 

characteristic. Their presence does not seem to degrade the SQUID per-

formance. The first maximum is always the largest, and the SQUID is 

operated at that point. When I < 5~A, the largest signal usually occurs 
m -

when I ~ 1.3I • The maximum is quite broad, and no degradation in SQUID 
o m 

performance occurs if I is as much as ±10% away from its optlmum value. 
0 

The maximum amplitude of the 100kHz signal available from the tank circuit 

is typically V(max) ~ 3·0~V, about 75% of the value predicted by Eq. (2.4). 
c 

In view of the uncertainties in the values of the various parameters and 

the approximations involved in the calculation, we consider the agreement 

(max) 
between predicted and measured values of V to be gatisfactory. 

e 

When the various adjustments have been made,the feedback switch is 

closed to put the SQUID into a flux-locked loop. The SQUID is locked to 

either a maximum or a minimum of the I. vs. ~ curve, depending on the 
c 

polarity of I • The flux resolution of the SQUID is·independent of the 
0 

choice o~ polarity. 

4.2 Electronics Design and Performance 

The SQUID electronics is· shown in Fig. 7 . The 100kHz output of 

the tank circuit is amplified in three stages. The first stage is a low 

2 
noise FET preamplifier with a broadband gain of 10 , and a voltage noise at 100kHz 

-~ of typically 1.4nVHz . The second stage is a tuned amplifier with a 

- ;I 
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. ' 2 
Q-3 and a gain of 10 at 100kHz. The ac signal from the SQUID is 

monitored at the output of this amplifier. The final ac amplification is 

provided by a broadband amplifier with a gain that is adjustable between 

0 and 300. The output of this stage is fed into a multiplier with a sine 

wave reference to demodulate the 100kHz component of the signal. The 

reference signal from the oscillator is shifted in ph~se by 90° to com-

pensate for the phase lag between the tank circuit output and the modulating 

flux. The multiplier output contains components near zero frequency and 

near 200kHz. In addition there may be a small 100kHz signal arising from 

a de offset at the input of the multiplier~ The 100kHz and 200kHz 

components are filtered with LC traps. The filtered output is then 

integrated, as shown in Fig. 7. R
2 

is the input-output leakage resistance 

of the operational amplifier (-l0
10n). The zero frequency gain of the 

integrator is about 10
5

. At frequencies above a few mHz the integrator 

gain gi is 

(4 .1) 

where TI = 2R1CI is the effective integrator t~me-constant, and 

TN = ~CI. The neutralization resistor ~ in series with CI compensates 

for the roll-off in the frequency response of the tank circuit (.see 

below). 
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When the feedback switch is closed the integrator output _is connected 

to the feedback resistor Rf in series with the modulation and feedback coil. 

The modulation and feedback coil couples to the SQUID through the mutual in-

ducta~ce Mf. The feedback current seeks to null out changes in the applied 

flux. The voltage v f across Rf is thus proportional to the applied flux. V f 

is read out by means of a unity gain buffer amplifier having a lOOn output 

impedance. V f can be set to. zero by applying the appropriate offset current 

to the modulation and feedback coil. 

We now evaluate the performance of the electronics with regard to 

dynamic range, frequency response, and slewing rate with the SQUID in the 

flux-locked mode. The dynamic range of the flux-locked loop is the ratio 

· · · ' · · (max) 
of the maximum integrator output voltage ±Vf to t~e minimum detectable 

· · · · · ·· (min) 
output signal voltage Vf • The optimum dynamic range is obtained by 

using the smallest value of Rf/Mf for which the noise contribution to Vf 

from the buffer amplifier is still small compared with the noise con-

tribution from the SQUID. We usually choose Rf/Mf to be between O.lV/¢
0 

and 0.2V/¢ , although we have occasionally used a value of 0.03V/¢ . 
0 0 

= 0.03V/¢ , noise from the buffer amplifier is just detect
o 

able. Our limit on Vf is ±lOV, so that the maximum flux change that 

can be tracked with Rf/Mf = O.lV/<¥
0 

is ±100¢
0

• For a SQUID with a flux 

. ~ 

resolution per /H; of S¢ the smallest detectable flux in a bandwidth B 

is s~~

±3xl06. 

-~ . . -5 -~ 
For S¢ = 3.5xl0 ¢

0
Hz and B = 1Hz, the dynamic range is about 

The upper limit on the dynamic range is set by the buffer 

amplifier at ±10
7

. 

-... 
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The frequency response aad sle·wing rate are determined by the total 

loop gain and by phase shifts introduced at the various stages of ampli

fication. Giffard et al.9 have analyzed the electronics for an rf SQUID 

where the only significant phase shift is that produced by the integrator. 

27 . 
Davidson e~ al. have analyzed the case of the voltmeter. In the case 

of our de SQUID the phase shift produced by the tank circuit must be in-

eluded in the analysis since the bandwidth, about 1kHz, is two orders of 

magnitude smaller than that of a typical 30MHz rf SQUID. The phase shift 

of the tank circuit is compensated by the neutralization circuit across 

the integrator. Thus our electronics is characterized by the following 

time constants: Tank circuit time constant T = Q/rrv , neutralization 
t 0 

time constant TN = ~CI' and the effective integrator time constant 

T
1

. Additional time constants associated with the finite bandwidth of 

the tuned amplifier and the LC traps are relatively unimportant. 

If cp. is the flux applied to the SQUID at angular frequency w, then 
a 

the corresponding feedback flux <Pf will be 

G(w)¢ · <P 

<Pf = a <I<Pa- <Pfl '2o) 
1 + G(w)' 

(4.2) 

where G(w) is the total small-signal loop gain. At frequencies above a 

few Hz where the integrator gain is given by Eq. (4.1) 
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G(w) 
g(l + jWTN) 

= ---:---=-
jWT (1 + jWT ) 

I t 

(4.3) 

Here g is the loop gain at w = 0, exclusive of the integrator, and is 

defined by 

g = <av 1a<1> )I g Cw )g (d~f/dVf). 
c q a o m 

0 . 

(4.4) 

In Eq. (4.4) ¢ = ¢ - <j>f, (av /d¢ ) . i~ the forward transfer function 
. q a c qi 

0 

[ E;q. (2. 5)] , ga (w
0

) is the ac gain at 100kHz from the preamplifier input 

to the multiplier input, and g is the multiplier gain, about 0.4. The 
m 

quantity (d¢f/dVf) is the reverse transfer function· given by 

(4.5) 

The frequency dependence of lvfl is given by 

]
r_l/2 

TN) 1 ·. (4.6) 
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To ensure that ~f does not cancel the 100kHz flux ·~ we require 
m 

lvf(w
0
)l ~ 2-~lvf(O) I· A h 

4 . 4 6 d i t w = w , t e w term in Eq. • om nates, 
0 

leading to the constraint 

(w T ,W TN ~ 1) 
0 t 0 

(4. 7) 

Equation (4. 7) puts- an upper bound on g for given TI,Tt'TN. We expect 

g to be somewhat below this bound because phase shifts in the tuned 

amplifier and LC traps are no longer negligible at w =·w. 
0 

At low frequencies lvf(w)/Vf(O) I = 1. As the tr~quency is increased, 

lvf(w)/Vf(O) I exhibits a peak a~ w == wp, and then falls tp zero at higher 

frequencies. The angular frequency w is given by 
p 

(4. 8) 

In the limit -rN+ O, wr • (g/TITt)~, and lvf(w)/Vf(O)I =crtg/-r 1 )~. The 

neutralization circuit shifts w to lower frequencies and reduces the 
p 

amplitude of the peak. When TN~ T , w = 0 and the peak disappears. 
t p 

In practice we keep TN somewhat less than Tt (by about a. factor· of two) so 

that excessive amounts of high frequency noise from the electronics will 

not be fed baek to the SQUID. Thus there is always a peak in 

jvf(w)/Vf(O)I. In order ~o keep this peak small, and, at the same time 

to have a good frequency response, one needs Tt to be short as possible. 

It is for this reason that we compromise and choose Q ~ 125 rather than 
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the value of 260 that would optimally match the SQUID to the preamplifier. 

We have measured IVf(w)/Vf{O)I as a function of frequency for g = 584, 

-4 -2 
TN = 1. 78xl0 s, Tl = 2xl0 s, and Tt 

-4 = 4.13xl0 s. The measured curve is 

shown in Fig. 8 together with the response curve calculated from Eq. (4.6). 

The agreement is quite good, except that IVf(w)/Vf(O)I rolls off somewhat 

more rapidly than expected. The measured 3dB roll.-off frequency occurs 

at 2kHz instead of the calculated value of 2.5kHz. 

The slewing rate is the rate W<Pf at which the feedback flux changes. 

The maximum slewing rate occurs when·the output voltage V from the tank 
.c 

circuit is a maximum: 

V(max) [ Eq. (2. 4)] . 

At low frequencies (wTN,wTt < 1) this maximum is 

9 
Giffard et al. have shown that for an ideal electronics c . . . ·. 

. 2 . 
design characterized by a single time constant (d/dt)(<j>f/<l>

0
)maJ.C ~ TI V/8· 

For our electronics, this result is modified to 

(4.9) 

With T /TN l::::: 2, .we find (d/dt) (<j>f/<1>). l::::: 2.6~10 5 <1> s-l. ·-Our measured 
t · o max o 

4 -1 
slewing rate is typically 2xl0 <j>

0
sec • This litnit is set by the .satu-

.ration of the multiplier for V < V(max). By varying the lO<?P gain and . . c c 

the various time constants, we have achieved a sle.wing rate of 10
5

<1> s -l, 
0 

but at the .cost of increased output noise. We believe this noise arises 

from the increased bandwidth of the closed.loop that results in noise 

f+om the electronics being fed back into the SQUip. 

- ./ 
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In this section we shall describe the noise and drift limitations 

of the shielded de SQUID in the absence of an input coil. We discuss 

first the white noise limitations due to intrinsic SQUID noise and 

preamplifier noise, and second, the intrinsic 1/f noise. We then 

show a typical noise power spectrum, and compare it with the pre-

dieted spectrum. Finally, we discuss in detail the factors contributing 

to the long-term drift in the output of the device. 

To fully evaluate the performance of a SQUID, one must specify not 

only the rms flux noise as a function of frequency, but also the in-

ductance of the SQUID and how well an input coil can be coupled to the 

sensor. A discussion of these additional factors will be deferred until 

section 6. 

5.1 White Noise 

There are two sources of white noise: Johnson noise in the shunt 

resistors, and preamplifier noise. We consider first the Johnson noise. 

No detailed analysis of the effect of Johnson noise on a de SQUID has 

previously appeared in the literature. We shall therefore adapt models 

for the noise in single junctions to estimate the noise in a de SQUID. 

Because of the complicated non-line.ar nature of a SQUID, it is possible 

that our calculation somewhat .underestimates the true nois~, but our 

results can at least be regarded as a lower limit. 
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Consider first a single shunted junction with Be = 0. In the 

absence of noise the i-v characteristic is given by Eq. (2.1). In the 

presence of thermal noise in the shunt the i-v characteristic becomes 

rounded near v = 0. The degree of rounding increases as the parameter 

y = i <P /rrkT is decreased froni ClO (T = 0) to O'(i = 0). The shape of 
c 0 -~ c 

the noise-rounded i-v characteristic has been calculated by Ivanchenko 

' 22 23 24 
and Zil 'berman, Ambegaokar and Halperin, and Vystavkin. et al. The 

. 25 
experiments of Falco et al. are in good agreement with the calculations. 

' 28 
Likharev and Semenov have given an analytic expression for noise power 

spectrum for a shunted junction when y ~1. For ·frequencies much less than 

; 

the Josephson frequency at the voltage bias in question they find the 

noise current has a white power spectrum given by 

s. 
1 

'(5.1) 

When the noise rounding is considerable, no analytic solution for the 

24 
power spectrum exists. The numerical calculations of Vystavkin et al. 

are presented graphically in Fig. 3 of their paper. For low values of 

normalized bias voltage v = v/i r,it appears that the voltage noise power 
c 

spectrum, s. , is proportional to v. This result is consistent with an 
v 

elegant and physical analysis by Fulton
29 

who finds that s = 2<P v 
V OJ 

for low bias voltages, where VJ= 2ev/h. As v is increased, the noise in-· 

creases to a maximum when(av/ai{is a maximum .. · At higher values of v, 
. . 24 c 

Vystavkin et al. find that the noise decreases again, and is apparently 
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quite close to the prediction of Likharev and Semenov.
28 

Thus it appears 

that th.e Likharev-Semenov result is a good approximation for voltages at 

which the noise rounding is not too severe . 

Each junction in the SQUID has a critical current of typically 2~A, 

corresponding toy~ 25 at 4K. If we assume Eq. (2.1) to be valid, the bias 

voltage for r ~ H'2 and i I i ~ 1. 3 is about 1. 7~V, corresponding to 
0 c 

. 22-25 
v ~ 0.85. An inspect1.on of the i-v characteristics for y ~ 25 and 

v ~ 0.85 indicates that it is not significantly different from the y -+ oo 

limit. 
24 

In addition, Fig. 3 of the paper by Vystavkin et al. shows 

* that the noise power spectrum for y ~ 25 and v ~ 0.85 is not very different 

from that for y = 00 and v = 0.85 (it is very different for v ~ 0.4). 

28 . 
From these results we conclude that the Likharev-Semenov analytic result 

is probably adequate for our SQUIDs. However, it could give a seriously 

incorrect result for bias voltages much less than I R ~ 2~V or critical 
c 

currents less than (say) l~A. We shall use Eq. (5.1) to estimate the 

white noise of our SQUIDs. 

The noise current per junction predicted by Eq. (5.1) will affect 

the double:-junction SQUID in two independent ways: First, by inducing a 

voltage noise across the junctions and, second,by inducing a circulating 

current noise and hence a flux noise. The power.spectrum BV of the voltage 

noise referred to the input of the preamplifier has the form' 

* Note: 
24 

Vystavkin et al. use a parameter f 

i ~ 2~A, and T = 4. 2K, r = 0.1. 
c 

--------~,_- ........ 

= 21TkBT/i <f> • 
c 0 

For 
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= 2[ .·~1 ~)]4~T\ i. BV Q l + 2 I R 
.. 0 

(5. 3) 

for frequencies in the range v (l-l/2Q) < V < v (l+l/2Q). The flux noise 
0 0 

- . 
induced by the circulating current noise is uncorrelated with the voltage 

noise and has a spectrum B¢ given by 

(5.4) 

We turn now to the preamplifier noise. At a frequency of 100kHz, the 

1/f noise of the preamplifier is quite negligible. The noise of the FET 

* input stage may be characterized by a noise voltage source with a white 

power spectrum FV and an independent noise current source with awhite 

power spectrum Fe. 
. (A) .. 

The total voltage power spectrum S referred to the 

input of the preamplifier is thus 

(5.5) 

4 2 
The voltage noise dominates for Q ~ < FV/FC while the current noise 

4 2 
dominates for Q ~ > FV/FC. The two contributions are equal for 

4 2 
Q RD = FV/FC. It is useful to compare Eq. (5.5) with the Johnson noise 

spectrum S(J) = 4kBT~Q 2 
of a resistance ~ at 4.2K referred to the output 

* For a discussion of the optimization of noise in amplifiers, see, for 

example, S. Letzter and N. Webster, IEEE ·spectrum]_, 62 (1970). 
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(5. 6) 

The ratio S(A)/S(J) is plotted as a function of Q in Fig. 9, for the values 

FV = 2xlo-
18

lHz -l and F.c = 4xl0-
28

A
2

Hz -l that are typical for our pre

amplifiers, and~= 10. The ratio S(A)/S(J) has a minimum value of about 

0.25 at Q = 265. This implies a preamplifier noise temperature of about lK. 

However, as discussed in Section 4.2, it is preferable to.use a some-

what smaller Q, typically 100 or 125. For these .values of Q, FV com-

pletely dominates Fe Q 4 ~. If we take into account the voltage noise from th.::! SQUID 

(Eq. 5.3), the total voltage noise power spectrum SV referred to the input 

of the preamplifier is then given by. 

(5.7) 

We now determine the flux resolution of the SQUID at frequencies· 

0 < v ~ v /2Q ~ 500Hz. To obtain the flux resolution it is necessary to 
0 

take into account the fact that flux applied to the SQUID is modulated at 100 

kHz and that the output of the ac amplifier is demodulated with a multi-

plier. With the feedback loop open, the voltage noise and flux noise 

will produce a total mean square voltage P (f) in a bandwidth df at some 
n 

frequency v = f (0 < f < v /2Q) at the output of the multiplier. One 
- - 0 

~ defines the flux resolution per square root Hertz, Set>, as the equivalent 
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rms flux noise that must be applied to the SQUID to produce the same mean 

square voltage P (f). When the SQUID is in a flux locked loop the action 
n 

of the feedback circuit is to supply,a real flux noise to the SQUID with a 

spectrum given by S~. ·In Appendix C we show that S~ is related to 

SV [ Eq. (5. 7)] and B~ [ Eq. (5.4)] through the expression 

(5.8) 

In the flux locked loop (av ./a~ )
1 

is given by Eq. (2.5). If we insert 
c· q o 

Eqs. (2.5), (5.3), (5.4), (5.7), and Q = w 0 L/~ into Eq. (5.8) we find that 

s~ == 

(5.9) 

. .· 
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5.2. 1/f Noise in the SQUID 

At some low frequency we. expect the SQUID noise to becomedominated by 1/f 

noise. As in the case of white noise, the 1/f noise will appear both as 

voltage noise and flux noise. The voltage noise component will be 

eliminated by the ac modulation technique, While the flux noise will not. 

We estimate the magnitude of this noise. 

Clarke and Hawkins
30 

studied the 1/f noise in single shunted tunnel 
similar to those used in the S 

junctions They found that the measured noise.was quantitatively pre-

. 31 
dieted by the thermal fluctuation model of Clarke and Voss . According 

to this model equilibrium temperature fluctuations in the junction give 

rise to fluctuations in critical current,. and thus to fluctuations in 

voltage when the junction is biased with a constant current i
0 

at a non

zero voltage. The power spectrum of the voltage fluctuations is predicted 

to be 

s 
v 

kBT
2
(3v/3ic)~ {qic/dT)

2 

= ~~-------~~0~~~~~ 
[ 3 + 2ln(w

1
/w

2
IT Cf 

(5.10) 

In Eq. (5.10), w
1 

and w
2 

are the gre~ter and smaller widths of the junction. 

C is the heat capacity defined by 

(5.11) 

where ~Pb and ~Nb are the Ginzburg-Landau coherence lengths in lead and 



-34- LBL-4552 

niobium and cPb and cNb are the specific heats of lead and niobium 

at the temperature of the experiment .. Inserting the values 

-3 -1 -3 
w

1 
= 150lJm, w

2 
= 75lJm, cNb = 2.5xl0 J K em , 

-3 -1 -3 
cPb = 8xl0 J K em , 

t,;Nb = 400A, and t,;Pb = 80oA at 4. 2K, we find C = 8.5xl0-12 JK-1 • From 

Eq. (2.2), for r ~ H'2 and i
0
/ic ~ 1.3 we find (C3v'/C3ic)i. ~ 1.2n. For 

i = 2.5lJA,at4.2K we find typically that (di /dT) ~ llJAK-~ 
c c 

Inserting 

these values into Eq. (5.10) we find s ~ 9xlo-
24 

;(1Hz/f)V
2Hz -l. 

v 

The voltage noise of each of the two junctions in the SQTJID will contribute 

independently to the flux noise. The flux noise power spectrum for the SQUID 

can therefore be written as 

(5.12) 

. -9 
Using the values L ~ 10 H and ~ ~ 1n, we find a mean square noise of 

about l0-12 (1Hz/f)¢
2

Hz -l. Noise rounding of the i'-v characteristic will 
0 

change the value of (<W/I3i/i somewhat, but probably by no more than a 
0 

factor of 2. 

5.3. Measured Power Spectrum 

In Fig. 10 we show the power spectrum, S<P, of the noise of a shielded 

SQUID at 4.2K with no input coil. The power spectrum was taken by 

digitizing the signal from the output,of the flux-locked system, and 

storing the digitized signal in a PDP-1V20 computer. A Fast Fourier 

Transform of this signal was taken, squaredr. and stored, and the process 

repeated, typically 30 times, to obtain an averaged power s.pectrum. 
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The noise of the SQUID is nearly white between 2xl0-2Hz and 200Hz with 

an rms value of about 3~5xl0- 5 ~ Hz-~. The roll-off in the noise above 
0 

200Hz is a result of filtering in the electronics. -2 
Below 2xl0 Hz the 

power spectrum is approximately 1/f, with a mean square value of about 

-10 . 2 -1 
10 (1Hz/f)<j>

0
Hz. At 4.2K, the maxim'lDI ac signal from the tank circuit,· 

V~max), was about 30l.tV. · When SQUIDs were cooled t~ 1. 8K, the wh.i te noise was 

lowered somewhat, typically to 2x10- 5 ~ Hz-~. At the same time, the 
0 

signal from the tank circuit increased by a factor of about 1.2. 

If the SQUID and its shield were cooled in the presence of a mag-

netic field greater than about lG we observed microphonic noise. The 

power spectrum at low fields was not significantly dependent on whether 

or not the bath temperature was regulated. Also, the noise was not notice-

ably different when the SQUID was in liquid helium rather than in thevacuum 

The rms noise predicted by Eq. (5.9) with V(max) = 30~V, I /I = 1.3, 
· c o m 

L = 10-9H L = 
' T 

. -5 -~ 
3.2xl0 <P Hz . 

' 0 

200~H, T = 4.2K, R = 0.5Q, and FV~ · = 1.4nVHz-~ is 

Given the uncertainties in the values of the parameters, 

the agreement with the measured noise is excellent. 

At 1.8K the predicted rms flux noise is 2.0xl0-S<P Hz-~, a value which 
0 

is somewhat closer to our measured noise then we can justify with our 

model. The fact that the 

can. 



-36- LBL-4552 

flux resolution of the SQUID improves as the temperature is· lowered 

strongly suggests that the noise is domimated by intrinsic thermal noise 

in the SQUID. 

The measured 1/f noise power spectrum is about two orders of magni

tude higher than that predicted by Eq. (5.12). To check that the 1/f noise 

was not generated at the lock-in detector, we remeasured the noise power 

spectrum with several different values of gain in the ac amplifier. 

The measured noise did not change significantly when the gain was varied 

over a factor of ten, implying that the 1/f noise originated in the SQUID. 

In view of the rather large discrepancy between the observed and calcu

lated values of 1/f noise we believe that this noise is not thermally 

generated in the junctions. The source is unknown, but we speculate 

that the motion of flux pinned in the thin films of the sensor could 

possibly contribute to the noise. 

5.4 Drift 

We found that the output of the flux-locked loop tended to drift 

over long periods of time (hours). Because a low drift is essential for 

some applications, we investigated the cause of the drift in some detail. 

MOst of the drift was found to be associated with the temperature 

dependence of the signal from the SQUID. Although the mechanism of the 

temperature dependence is not completely understood, we have been able 

to characterize it in an empirical way through a number of experiments. 

As a result, we have been able to achieve a very low drift rate in our system. 
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We have resolved two contributions to the temperature sensitivity, 

dcp/dT, of the SQUID output. One contribution is roughly proportional to 

the axial magnetic field trapped by the superconducting shield a~; it is 

cooled below its transition temperature. The sign of this contribution de

pends on the polarity of the axial field. The other c0ntribution is 

nearly independent of magnetie field. The fielQ dependent contribution 

·.,.,'"-dominates for fields> a -2--G·-· ---·------
. - . . 
Curve 1 of Fig. 11 shows the variation -1 

of cp dcp/dT with temperature 
0 

for a SQUID with leads attached with indium contacts*. 
--------------------

This curve was reproducible from d~y~ t-~ dayt;;- ~b~~-t- ~5% for a given 

SQUID/shield combination. The SQUID was 

mounted in a lead shield.with lead support screws, and was cooled in an 

axial field of 2.85G. Two ~-metal cans around the cryostat reduced the 

transverse components of the earth's field to less than lOmG. The axial 

field was turned off once the shield was below its transition temperature. 

The temperature sensitivity has a sharp peak at about 3.4K produced by 

flux. exclusion from the indium contacts. The peak is superimposed on a 

background value of dcp/dT that decreases with decreasing temperature. 

The fact that the background is decreasing rather than increasing with 

temperature indicates that it is not produced by paramagnetic impurities 

in the quartz substrate or in the delrin rod on which the modulation coil 

is wound. 

-------------------------------· 

* Our earliest SQUIDs had In-Bi alloy contacts. We found that at 4.2K 

dcp/dT was about 50 times greater than for SQUIDs with indium contacts. 

The transition temperature of the In-Bi was smeared over the range 3.4K 

to 6K. As the temperature was lowered flux was progressively expelled 

from the contacts giving rise to a temperature dependent flux through the SQUID. 
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The magnitude of d<l>/dT is too large to be attributed to the L 

temperature dependence of the superconducting penetration depths or to 

thermal contraction or expansion of the shield or SQUID. We suspect 

·that the magnetic field-related temperature dependance arises from 

the reversible motion of flux lines pinned in the shield. To further 

investigate this hypothesis we measured d<j>/dT as a function of tempera

ture for a SQUID mounted in shields made of lead (with lead and fiberglass 

support screws)., niobium(with niobium and fiberglass support screws), and 

50/50 lead-tin solder (with solder support screws). The results are 

shown in Fig. 11,· curves 2-6. The system was always cooled in an axial 

field of 2.85G. The same SQUID was used when taking all data for curves 

2-6. However, a different SQUID and lead shield were in use when data 

points for curve 1 were taken. It seems reasonable to assume that the 

value of the trapped field will be comparable for open-ended cylinders 

(i.e., those with fiberglass support screws) of different materials. 

However, it is by no means clear that a cylinder with superconducting 

·support screws will trap the same flux as the same cylinder with non-

superconducting support screws. In the case of the lead cylinder, 

there seems to be no difference in the results obtained with superconducting 

and fiberglass support screws, whereas with the niobium cylinder d<j>/dT 

was somewhat lower for fiberglass support screws than for niobium 
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support screws. The shapes of''the curves for lead and niobium are very 

simi,lar between 4.2K and 6K, although apparently there is a small drop 

in d<P/dT for Nb near 6.5K. For the solder cylinder d<P/dT was subntantially 

higher than for the lead and niobium cylinders, and had a different 

temperature dependence. The relatively poor performance of the solder 

f 

can probably be attributed to a very broad superconducting transition 

caused by inhomogeneities. The lowest dependence achieved was with the 

niobium cylinder with fiberglass support screws, for which d<P/dT ~ 

"-1 -1 
0.6<P K G at 4.2K. 

0 

The fact that d<P/ dT is higher for solder and lead than for 

niobium imples that the effect is inherent in the solder and lead shields. 

In the case of the niobium shield, although we suspect the effect is still 

inherent in the shield, we have no certain way of establishing that we are 

not observing a contribution to d<P/dT that is intrinsic to the SQUID. 

We also measured d<P/dT when the SQUID and its shield were cooled in 

ambient fields of lOmG or less. For a niobium shield, the expected value 

of d<P/dT , based on the measurements in higher fields, is about 6xl0-3<P K-1 • 
0 

Iri fact, d<P/dT was found· to be an order of magnitude higher, typically 

O~OS<P K-
1

.to O.l<P K-l. We shall denote this residual field-independent 
0 . 0 

component by d<P/dTI • We ~ound that d<P/dTI had no systematic temperature 
0 0 

dependence, varied somewhat from SQUID to SQUID, and reversed sign when I was 
0 

reversed. We suspected that the effect was related to an asynnnetry in 

the SQUID. If the two junctions of the SQUID are not identical I will 
. 0 

divide unequally between them, thereby linking flux to the SQUID. 
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. -
If the critical currents change with temperature tbe flux generated by I will 

0 

change, and produce a temperature.:..dependen:t drift. The s'ign of d<jl/dT I will depend 
. 0 

on' the polarity of I • The fact that the SQUID is iocked to a maximum 
0 

or minimum of the I vs. <P curve implies that for a perfectly symmetric 91UID the· ' 
c . 

SQUID output should not'charige when,Ic is changed. 

We have made estimates of d<jl/di. on one SQUID by measuring the change 
0 . 

in the output of a flux-locked SQUID when I · was changed.· We found 
0 

d¢/di ~ 0.007¢ ~A-l at 4.2K. This result 
0 0 

imples that a stability of 1 

part in 10-
3 

in I is sufficient to reduce the 
0 

drift to' ·below ib-5
cp • 

0 

We were able to reduce d¢/di significantly by controlling the distribution 
0 

of I between the two junctions. The wire connected to the SQUID cylinder 
0 

was removed and reattached to the lower end of one of the niobium strips. 

A third lead was attached to the end of the other niobium strip. The 

division of I between the two strips was controlled with a potentiometer. 
0 

The output of the flux- locked SQUID varied wfth the potentiometer setting 

as I was redistributed around the Pb/In band. It was possible to find a 
0 

se'tting for which the SQUID output was independent of I , i.e.;- for which 
0 . 

I linked zero flux to the SQUID. 
0 

This setting did not pro-

duce d<j)/dT = 0: In fact, the value of the residual d¢/dT did _not depend, 

strongly on the setting. This result is expected for non-identical 

junctions. Independently of the initial distribution of I , a-change in 
0 

temperature, and thus in the junction critical currents, will result in a 

redistribution of'I , and an accompanying change iri the flux linked to the 
0 

SQUID by I . 
0 
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Since it is possible to change both the sign and magnitude of the 

magnetic field-related component of d~/dT one can cool down the SQUID 

and its shield in an appropriate field so that the magnetic field related 

d~/dT cancels d~/dTI • There is then a limited temperature range over 
0 

which the temperature dependence of the drift will be small. In 

practice, it is not difficult to obtain a net temperature dependence 

< 5xl0- 3 ~ K-l over a ~ange of SOmK. 
0 

From our measurements of d~/dT we can estimate the expected long term 

drifts in the SQUID output resulting from decreases in the hydrostatic 

4 . . 
head presssure of the He bath and variations in atmospheric pressure. 

In our fiberglass cryostat, the liquid helium level drops at a rate of 
. . . -1 

no more than 25mmh when the bath is at 4.2K. This drop results in a 

-1 
temperature decrease of up to 0.3mKh , and a corresponding magnetic 

-4 -1 -1 
field related drift of -2xl0 ~ G h • Atmospheric pressure related 

0 

drifts, although typically comparable, may be a factor of five or more 

greater under extreme conditions. Thus for a SQUID and shield cooled in 

-4 -1 
the earth's field, c!Irifts of up to 5xl0 <P h are to be expected. To 

0 

obtain low long term drift, one must either regulate the temperature of the 

SQUID or cool down_ the shield and SQUID in a magnetic field that minimizes. d¢/dT. 

From a practical point of view it is inconvenient to cool the SQUID 

and its shield in exactly the right field to give a small net temperature 

dependence. As mentioned in section 3.3 we have constructed a simple 

temperature regulator that stabilizes the temperature to ±50~K. In 

Fig. 12 we show the drift over a 20h period of a temperature regulated 
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-1 
shielded SQUID whose temperature sensitivity wa.s O.l<f> 

0
K .•. The measurement 

. -5 -1 
bandwidth was OHz ta 0. 25Hz~ , The avera'ge drift is about 2xl0 <I> h . 

. . ·o 

We have also measured the drift in the output of a SQUID cooled in a 

magnetic field chosen to minimize d<f>{dT. Without temperature regulation 

the drift was again typically 2xl0-S<f> h-
1

• 
0 

The fact that the output of the flux-locked SQUID does drift des-

pite all precautions suggests that yet another source of drift is present. 

The mechanism has been identified with a phase shift in the lOO~Hz 

signal produced by changes in the capacitance of the cable connecting 

the tank circuit with the preamplifier. The cable capacitance changes 

4 
with t~mperature as the liquid He level falls. In an ideal system in 

which the signal into the lock-in detector is maintained at a value 

close to zero by the feedback,this phase shift would not be important. 

However, because of the inductive coupling between the modulation coil 

~nd the SQUID, there is an unavoidable lOQ!< ~z feed through signal th_at is 

amplified by the tank circuit, and that is not reduced by the feedback. 

A change in the phase of this feedthrough will produce a change in the 

output of the lock-in. We found that a capacitance change of less than 

lpF (0.01% of the tank circuit capacitance) could account for the drift 

observed over a 20h period. We hope to reduce the sensitivity to capaci-

tance change in a future design of the electronics. 



0 0 t~ 

'·' u 6 4 

-43- LBL-4552 

6. COIL COUPLING CONSIDERATIONS AND NOISE 

6 .1. Introduction 

. . In most SQUID applications. the signal to be measured is coupled 

to the SQUID by means of a superconducting input coil. To make a volt-

meter. the signal source and a calibrated resistor are connected in series 

with the coil. In the case of magnetometers. gradiometers. or suscepto-

meters, the input coil is part of a superconducting flux transformer. 

Almost invariably the SQUID is used.as a nun detector by incorporating 

it into a negative feedback circuit. Thefeedback current can be coupled 

to these circuits in two ways. In most applications. it is highly de-

sirable to use a "current null ing" technique wherein feedback is applied 

to the primary circuit rather than directly to the SQUID~ For a voltmeter. 

the feedback current passes through the series resistor to. maintain zero 

current in the circuit. This potentiometric technique has the obvious 

advantage -,of presenting a high input impedance to the signal source. 

Furthermore.calibration involves only a knowledge of the value.of the 

series resistor. Extraneous circuit resistances and the mutual in-

ductance between the input coil and the SQUID enter only in the loop 

gain of the feedback circuit.· In the case of a flux transformer. the 

feedback current is coupled inductively to the transformer. This techni-

que has the great advantage of introducing very little distortion into 

the field to be measured. In addition only a knowledge of the mutual 

inductance between the flux transformer and the feedback coil is re~ 

quired in the calibration. Stray circuit inductances and the mutual 
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inducta~ce between the input coil and the SQUID affect the loop gain, but 

do not enter into the calibration of the flux sensitivity of the trans-

former. 

In the alternative feedback mode which we shall refer to.as "flux 

nulling" the flux applied to the SQUID by the input coil is canceled by 

an opposing flux generated by a feedback coil that couples directly to the 

SQUID. This method has the disadvantage of maintaining a non-zero,current 

in the voltmeter circuit or flux transformer. One also needs to know 
input 

the mutual inductance between thefcircuit and the SQUID and the values of 

the extraneous resistances (for a voltmeter) or inductances (for a flux 

transformer) in order to calibrate the system. However, there are some 

9 
measurements for which the flux nulling technique is essential. 

To properly characterize the sensiti.vity and noise of a SQUID in 

these applications, a knowledge of the flux noise power spectrumalone 

is not sufficient. One also needs to know how efficiently .the· signal to 

be measured can be coupled to the SQUID. This fact was recognized by 

14 
Radhakrishnan and Newhouse , and has been discussed subsequently by 

9 11, 27, 32-34 
other author.s. , A figure of merit that is appropriate 

for both magnetometers and voltmeters is the energy resolution per Hz 

referred to the input coil coupled to the SQUID. 

.. 
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A further parameter of interest is the mutual inductance Mif between 

the input and feedback coils; the possibility of such a coupling appears 

17 
to have been neglected prior to t.he work of Webb, Giffard, and Wheatley. 

Following their development, in the next section we consider a model circuit 

of a flux-locked SQUID coupled to a flux transformer, aQd:discuss the 

influence of Mif on the behavior of the system. A method of measuring 

Mif is described. We show that Mif does not affect signal-to-noise con

siderations. 

6.2. Model Circuit and Noise 

Figure 13 shows a flux transformer with a pick-up loop of inductance 

Lp and an input coil of inductance Li that is coupled to the SQUID via a 

mutual inductance Mi = a(LLi)\ For simplUity, we neglect the stray in

ductance of the transformer, and assume that the pick-up coil has a single 

turn. The feedback coil of inductance Lf has a mutual inductance 

~ ' 17 ' ' c 

Mf = B(LLf) with the SQUID. Webb et al. introduce a third mutual 

inductance Mif between Li and Lf. Ii (t) and If(t) are the currents in 

the flux-transformer and the feedback coil. The negative feedback 

maintains the flux in the SQUID at a constan~ value. 

Suppose a flux change ll<P is applied to.Lp. In the flux transformer 

we have 

(6.1) 



-46-

From the action of the feedback circuit we also:have: 

Miii + Mfif + cpN ::: 0, 

where <PN(t) is the total effective flux noise of the SQUID. 

Eliminating If between Eqs. (6.1) and (6.2) we find 

I 
i 
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(6.2) 

(6. 3) 

From Eq. (6.3) we deduce two results. First, a fraction of the flux 

noise of the SQUID is coupled into the flux transformer. Second, the 

effective inductance of the input coil is reduced to a value 

(6.4) 

. 17 
This is just the result obtained by Webb et al. in their analysis of 

a voltmeter circuit. The effect of Mif is thus to increase the trans

former current Ii generated by a given flux ~¢. 

We can also eliminate Ii between Eqs. (6.1) and (6.2) to find 

[ ~¢M/(Lp + Li)]- ¢N 

If = Mf[ 1 - MifMi/:(Lp + Li)Mf] ' 
(6.5) 

From Eq. (6.5) we see that the presence of Mif is exactly equivalent to a 

reduction of Mf to an effective value 

~ 
MifMi ) 

Mf = Mf l - M ·(1 +t ) ' 
f i p 

(6. 6) 
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In the limit L.P = 0, Mi /Mf = Lj_ /Li. The effect of Mif is to in

crease the feedback current If required to oppose a flux change ··flcp by a 

factor ~ /M£ • In turn, the dynamic range and loop gain of the flux-
' 

locked SQUID are decreased by a factor Mf/Mf'. However, in priciple, it 

is possible to restore the dynamic range and loop gain to their original 

values by reducing the feedback resistor, ~, to RFMf'/~. If Mif > 

Mf (1 i + Lp ~-/M 1 , the phase of the feedback will be reversed, and the SQUID 

will lock-in at a maximum rather than a minimum in I or vice versa. In 
c' 

this situation, the feedback is predominantly into the flux transformer 

rather than into the SQUID. If Mif = Mf(Li + L )/Mi, the loop gain be-
. p 

comes zero. 

' 9 
The measurement of Mif is straightforward. With the feedback loop 

open, one applies the appropriate current to the feedback coil to pro

duce a flux change of exactly <P in the SQUID in each of two cases: 
0 

(i) with Li open, and (ii)with Li superconductively shorted (Lp = 0). 

The required currents in the two cases are: 

(6. 7) 

and lli(s) = <P /M ' 
f 0 f 

(6.8) 
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We can easily see .. from Eq. (6.5) that the flux resolution is 

independent of Mif" The smallest change in flux applied to the pick-up 

loop that can be resolved per 1HZ is just 

L + L. 1><' 

p~ !.< 1 s:, (6. 9) 

aL 1 2 
'+' 

i 

and is independent of Mif" The smallest value of 6¢ in a given pick

up loop that can be resolved is found by optimizing Eq .. (6.9) with 

f ~~ i h L 14,34 respect to Li. We ind that u'+' has a min mum wen Li = p' Thus 

(6.10) 

The minimum detectable current per 1HZ in the input coil is 

' 2 
The energy resolution per Hz, Li(~Ii) /2, is then 

(6.11) 

2 
The quantity S¢/2a L is an appropriate figure of merit for the SQUID/coil 

combination. 



0 0 ' 0 4 .q 0 \} I 
,. 

4;i a 0 • 

1B1-4552 

The smaller the value of S~/2a 2 1 the better is the performance of the 

SQUID/coil combination. One can readily measure 1i and Mi and thus 

2 
estimate a 1. It does not appear possible to measure separately a and 

L, whose values would be of some interest. 

One other comment concerning the coupling of a SQUID to a flux 

transformer is appropriate here. If the SQUID is coupled to a super-

conducting circuit of total inductance 1~ via a mutual inductance Mi, 

32 . 
Zimmerman has pointed out that the effective SQUID inductance will be 

reduced to a value 

1 I = 1,1 - Mi 
2
) . 

\ 11~ 
(6.12) 

As a result, the signal available from the SQUID [Eq. (2.4)) will be en-

2 -1 
hanced by a factor (1 - Mi/11~ • A corresponding improvement in the 

flux resolution and loop gain ls to be expected. Now when the transformer 

is optimized, 1~ = 21i (ignoring stray inductances), a~d M~/L 1~ = a 2 
/2. 

2 
As we shall see in section 6.3, a ·is at ·mast 0.4, and the corresponding 

enhancement of the flux resolution is at most 20%. We have not felt it 

worthwhile to include this correction in the discussion of the optimi-

zation of the flux transformer. 

2 
We next describe the determination of 1i' Mi' a 1, Mf' Mif' and 

1~ . 



-50- LBL-4552 

6.3. 
2 

Determination of Li, Mi, a L, Mf, Mif' and L~ 

Our method of winding input coils is described in section 3.2. 
1 

Four different coils were tested. The first was a relatively short coil 

(-lmm long) consisting of 8 closely spaced turns of 7S~m diameter in-

sulated niobium wire. The remaining three coils were all about 6mm in 

length, and consisted of 8, 16, and 24 turns respectively. To measure 

their inductance, each coil was connected in series with a resistor 

Ri = 3.9~Q. The leads between each coil and the resistor,typically 

* 60mm long, were twisted, and had an inductance of about 20nH. Thefree standing 

35 
inductance of each coil L was calculated using standard formulas and 

c 

is shown in Table I. The coil was mounted in a lead shield together with 

a flux-locked SQUID, as shown in Fig. 14. The mutual inductance between 

-12 
the coil and the working SQUID was very small, typically 10 H or less, 

so that its inductance was not materially affected by the presence of 

the working SQUID. A sinusoidal current was applied to the coil circuit, 

and the output of the flux-locked SQUID measured as a function of fre-

quency. The one-half power point was used to determine the inductance. 

We subtracted. the estimated stray inductance, 20nH, from the 

measured inductance. The resulting shielded inductances,Lsh ,ar·e listed 

in column 3 of Table I, and are consistently lower than the calculated 

free standing inductances. This reduction is due to the ground-planing 

effect of the lead shield (see footnote on page 17). For each coil the 

ratio of the shielded inductance to the calculated inductance is listed 

_.... __ .._. ____ ... ....._ .. __ ,._ ..... _~ ... .w-··--· 

* 9 Giffard et al. have found that the self-inductance of a pair of 

-1 
tightly twisted superconducting leads is approximately 300nHm . 
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in column 4 of Table I. As expected the· value of this ratio for the 

long coils, O.J5, is close to 1-& where 6 =coil area/shield area. 

When the input coil is mounted on a SQUID, the inductance is fur-

ther reduced by the ground-planing effect of the superconducting films. 

To estimate this effect, the coil was placed on an "open" SQUID in 

which the gold shunt and the Pb/In tee had been severed. Thus no currents 

circulated around the SQUID loop, hut the ground-planing effect was 

comparable to that with a working SQUID. The-measured inductances 

in this configuration minus -20nH are shown in. column 5 of 

Table I. This shielded inductance is considerably lower than the free-

standing inductance, and will be taken as the value of Li. The total 

reduction in inductance in the presence of both the.lead shield and the 

SQUID is higher for the short coil than for the long coil, as is seen 

froin the ratio Li/L shown in column 6 of Table I. It should be noted . c 

that L/Lc is essentially constant for the long coils. 

The mutual inductance, Mi' of each coil with the SQUID was determined 

by measuring the current change required to produce a flux change ¢ in 
0 

the SQUID with the feedback loop open. The values of Mi are shown in 

column 7 of Table I. The next column lists Mi divided by N, the number 

of turns on the coil. M./N is remarkably constant for all of the coils 
]. 

measured. 
2 2 

Column 9 lists the values of Mi/Li = a L. The values for 

the long coils increase slowly with the number of turns from 0.31nH 

for the 8-turn coil to 0.37nH for the 24-turn coil. As expected, a
2
t is 

smaller for the short 8-turn coil than for the long 8-turn coil. As 
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remarked previously, we cannot separately measure a .. and L. ·Hewever, 

2 
if we take our earlier estimate of L ~ lnH, then we find a ~ 0.37 for 

the 24-turn coil. It should be noted· that the coil can couple flux . 

/ 

only to the cylindrical inductance of the SQUID, and not to the stray 

inductance associated with the Pb/In and niobium strips. If ~e use our 

previous estimate of O.SSnH for the shielded inductance of the SQUID 

cylinder, then the coupling between the cylinder and the 24-turn coil 

is relatively good, with a2 ~ 0.7. 

The values of Li and Mif were determined for the short 8-turn 

.. coil and the long 24-turn coil. The 2-turn feedback coil used in these 

measurements had an inductance Lf of approximately lOnH. Its mutual 

inductance with the SQUID, Mf ,was determined by measuring. the current 

(o) 
change Aif required to produce a flux Ghang~ ¢>

0 
in the SQUID with the 

input aoil and the feedback loop open, and using Eq. (6.7). We found 

Mf = 0.33nH. The value in the absence of the input coil was not signifi

{s) 
cantly different. We next measured 6If , the current change in the 

feedback coil required to produce a flux change <I> in the SQUID with 
0 

the input coil superconductivity shunted and the feedback loop open.. We 

{C?) (s) 
found 6If /6If = 0.5 for the 8-turn short coil, and 0.12 for the 

(o) (s) 
24- turn long coil. From Eqs. (6.4), (6. 7) ,and (6.8), we Und LHf /Mf = 

Li'/Li = (1- MifMi/MfLi). We thus immediately deduce Li, and, knowing 

Mi' Mf, and Li, calculate Mif. The values of Li and Mif are shown in 

the last two.columns of Table I. For the 24-turn coil, the reduction 

r 
in the effective inductance of the input coil is substantial. 

.. 
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The non-zero values of Mif have one other implication, namely that 

there will be coupling of the ac modulation flux to the input coil. 

For some applications it is important to reduce this coupling. Such 

coupling can be reduced significantly by means of a thin normal metal 

cylinder between the SQUID and .the input. coil. This cylinder will 

necessitate winding a signal coil with a slightly larger diameter, and 

. 2 
will give rise to a somewhat lower value of a. L. 

6.4 
. 2 

Value of S~/2~ L 

2 
The value of S~/2a. L for the SQUID whose noise spectrum is shown 

in Fig. 10 with the 24-turn coil is 

(6.13) 

in the white noise region. The right hand ordinate of Fig. 10 has 

been labeled in units of J Hz-
1

• 

The short input coil and long input coils with fewer turns had . 

smaller values of a.
2
L and correspondingly larger values of S~/2 a

2
L 

For magnetometer and gradiometer applications the input coils tested had 

inductances of the appropriate order of magnitude. In voltage measuring 

applications somewhat higher values of Li may be desirable. A factor 

of 10 could be easily achieved while keeping a.
2
L ~n4 by winding a 

long, single layer; close-spaced input· coil with ·the· 75· l-Im diameter 
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niobium wire. L. could be further increased by using a multiple 
1 
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2 
layer input coil, although a L would decrease somewhat due to the in-

creased separation of the outer turns from the surface of the SQUID. 

To obtain Li > 3~H it would be advisable to go to a smaller wire size 

and retain the single layer configuration if possible. 

7. DISCUSSION 

We have used our SQUIDs in the laboratory as voltmeters. We have 

also used bare SQUID sensors in a three-axis magnetometer for geophysical 

exploration. We have found the design of our SQUIDs to be quite satis-

factory, and no immediate changes in design are planned. The SQUIDs are 

very reliable with regard to thermal cycling and room temperature storage. 

Several SQUIDs were inadvertantly damaged in the process of mounting 

input coils. A small number of SQUIDs became inoperative after many 

thermal cyclings when the Duco cement layer cracked in the vicinity of 

the pressed indium contacts where the thickness was greater than else:-

where. Such SQUIDs could usually be repaired and used again. In the 

future, SQUIDs may be made entirely of niobium films using the Nb-Nb 

36 
tunnel junctions recently developed. Such SQUIDs should be more re-

sistant to mechanical damage than the present SQUIDs. 

We have shown that the white noise of our de SQUIDs at 4.2K, typically 

-5 -~ 
3.5xl0 ¢Hz , is close to the noise limit set by Johnson noise in the 

0 

resistive shunts of the tunnel junctions. Although the noise theory needs 

further investigation,it is,apparent that the only way to improve the 

. ' 



0 0 ,~ l • 
~ -'l 0 1 •' 5 -~} ~,J. (,';) I 

-55- LBL-4552 

SQUID performance is to increase the resistance of the shunts. Because 

2 
of the restriction on the hysteresis parameter (8 = 2Tir i C/¢ < 1) 

c c 0 

an increase in r must be accompanied by a reduction in either i or C. 
c 

·However, because of noise rounding of the i-v characteristic it is un-

desirable to reduce i below its present value. Thus C alone can be 
c 

decreased. This reduction can be achieved only by decreasing the area 

of the tunnel junction. 
J... -!.: ~ 

Since s~~ a: r 2 
a: c 

v 
(for fixed S ), an order 

c 

of magnitude reduction in rms voltage noise would require a 4-order of magnitude 

reduction in junction area. The junction would then be of micron dimen-

sions, a size that is attainable only by modern photoresist technology. 

However, a reduction in the volume of the junctions is expected to in-

crease the 1/f noise of the junctions. In the presenf SQUIDs, the 

measured 1/f noise power spectrum was 2 orders of magnitude greater than 

that expected from the intrinsic 1/f noise in the junctions. Thus a 4-

order-of magnitude reduction in the junction volume would be expected to 

increase the 1/f noise power spectrum of the SQUID by 2 orders of magni-

tude. It appears that a substantial reduction in the white noise can be 

achieved only at the expense of increased 1/f noise. 

-5 -1 
The long term drift of the SQUID output has been reduced to 2xl0 ¢ h 

0 

by regulating the temperature of the helium bath. We believe that this 

. . 4 
residual drift results from the dependence on He level of the capacitance 

of the leads connecting the tank circuit to the FET preamplifier. We hope 

to largely eliminate this source of drift in a future design of the electronics. 



-56- LBL-4552 

The energy resolution of our SQUID using a 24-turn input coil, 

2 . -30 -1 
S~/2a L,_ is about 7xl0 JHz . It is of interest to compare this value 

with that of rf SQUIDs currently in use. The de SQUID effectively gene-

rates and time-averages its own high frequency bias. At a typical bias 

voltage of llJV, the Josephson frequency is about SOOMHz. Thus one might 

expect the de SQUID to have a comparable noise performance to an rf SQUID 

_o_f_the same inductance operated at 500Ml2 • __ _ T. D. Clark and 
37 

L. D. Jackel found for their 450MHz rf SQUID: 

-8 -5 
3.5xl0 H, and Li = 3xl0 H. These values yield 

This energy resolution is about a factor of 7 

poorer than that of our de SQUID, which operates at a comparable frequency. 

* We have also made measurements on two commercial toroidal rf SQUIDs, 

operated at 19MHz and 30MHz. 2 -29 -1 
In each case, S~/2a L ~ SxlO JHz , with 

an rf frequency about 20 times lower than the Josephson frequency of the 

de SQUID. The best energy resolution that we are aware of was achieved 

by Pierce et aL
33 

using a lOGHz rf SQUID. The resolution was 2xlo- 30JHz-l 

at frequencies above a few kHz; at lower frequencies the noise was 

appreciably higher. 

* . Manufactured by S.H.E. Corp., San Diego, California, and Superconducting 

Technology Inc., MOuntain View, California, respectively. 
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APPENDIX A. ESTIMATE OF TANK CIRCUIT OUTPUT AND FLUX SENSITIVITY FOR DC SQUID 

We first calculate the amplitude V of the signal developed across the capacitor 
c 

of the tank circuit in Fig. 4 when an ac flux at the resona~t frequehcy is 

applied to the SQUID. 

the quasistatic flux 

Second, w~ calcul~te the quantity (aV/a¢q)I
0 

when 

¢ is near n~ or (n + ~)~ . We neglect the effects 
q 0 0 . 

of noise rounding on the I-V characteristic, and assume that the I-V 

. 19 20 2 2 ~ 
characteristic is of the Stuart-McCumber ' form: V = R(I - I ) · . (Here, I 

0 c c 

is a function of time through its dependence on the ac flux.) This form 

will be valid when a~ 1, i.e. ~I /I < 1. We approximate the I vs. ¢ 
c c c 

curve by a triangle pattern (Fig. 15) defined by 

I + 2~I [ (~/~ ) - (n + 1)], [ (n + ~)~ ~ ~ ~ (n + 1)~ ] 
m c o o · o 

I = 
c 

I - 2~ I [ ( ~ N ) - n] , 
m c o 

(Al) 

[ n~ ~ ~ ~ (n + ~)~ ] . 
0 0 

Here, I is the maximum critical current, and ~I is the modulation depth. 
m . c 

We expect our model of a triangular I vs. ~ curve to break down when 
c 

~I > O.SI . 
c - c 

Because the tank circuit at resonance presents a low impedance to 

the SQUID, the SQUID is no longer current biased. If I is the de bias 
0 

current applied to the SQUID, we assume that I (t) flows through the 
s 

SQUID and that I -I (t) is the current through the capacitor and coil 
0 s 

(Fig. 4). By equating the voltage across the SQUID with that across the 

tank circuit, it is easy to show that the time dependent voltage V(t) across the 
c 

capacitor is the solution of the differential equation 
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(A2) 

where Is = I
0 

- CTVc. Eq. (A2) may be solved by squaring each side and 

substituting the Fourier series 

v 
c 

=a + 
0 

00 

I: 
n =1 

inw t -inw t 
a e o + S e o , 

n n 
(A3) 

-~ where w
0 

= (LTCT) • If the flux in the SQUID is of the form 

<P = ct> + <P cosw t (cp is the amplitude of the modulation flux), then we 
q m o m 

may expand I
2 

in a cosine series: 
c 

where 

a 
= --2. + 

2 

00 

~ an ( inw t + -inw t) 
~ e o e o , 

n=l 
2 

cos nw t dt. 
0 

By solving for an and Sn in terms of an we find 

v =- v 
c c 

(A4) 

(AS) 

(A6) 

where Vc = W
0
1Ta

1
/2I

0
• Since R/w

0
LT ~ 10-

2
, the signal is almost per

fectly sinusoidal and has an amplitude independent of R. It is important 

in designing a flux-locked 
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loop to realize that Vc is in quadrature with the ac modulation. 

We must now evaluate a
1

• From Eq. (Al),I
2

(t) is of the form 
c 

{
Il!l + 2l:!I [(cp + 4> cosw t) /4> -. (n + 1)1} 2, 

c q m o · o 

[ (11 + ~)4> «P +4> cosw t<(n+l)4> ] 
o q m o o 

{
Im- 2l:!I k4> + 4> cosw t)/4> ~ n]}

2
, 

c q m o o (A7) 

[ ncp<:"cp +cf> cosw t:<;(n~)cp ] • 
o q m o o 

We restrict ourselves to values of ac flux such that' <fi < 4> /4, so that 
m o 

the ac modulation sweeps over at most one cusp of the I vs. 4> curve. 
c 

There are then two distinct forms for a
1 

depending on whether the ac flux 

sweeps over a maximum or minimum of I· • Using Eqs. (A6) and (A7) we find 
c 

for modulation about a minimum 

Sl:!I 4> ~ -net>~ t 1T a = c m 9 0 
1Tl:!I +(I -l:!I ) Y --· 

1 rr4> cp c m c n 2· 
0 0 

(AS) 

where y = 
n 

co~ -Ir (net> - <P )/4> ] • For modulation about a maximum we find 
o q m 

~( <P 9 -(n+l)<jl~ _ ( _ 2!. _ sin2yn+~ 
<P rrl:!Ic Im yn+l 2 2 ·• 

q 

[<n~)~ 0 ~ ~ (n+3/2)~ 0 (A9) 

The maximum amplitude V(max)= I V(t) I max across the tank circuit occurs when 
c c 

<P ~ (n ± !.:;)<jl and <P = <P /4. From Eqs. (AS) and (A9) we then find 
q o nt o 
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a1 =±~I (I -~I /2), 
c m c (AlO) 

the sign depending on whether di /d~ is pos.itive or negative. Inserting 
c q 

Eq. (AlO) in Eq. (A6) we find 

v<max) = 
c 

w L fl.I or c 
2I 

0 

(I - ~I /2). 
m c 

(All) 

To calculate the sensitivity of the SQUID in a flux-locked loop one 

needs to calculate (av /a~ )I 
c q 0 

Eq. (A6) we have 

near a maximum or minimum in I . 
c 

(::c) • 
q I 

0 

Using Eq. (AS) one obtains 

_da_1 = _16_~_I..::;.c 
d~ 'IT~ 

q 0 

while from Eq. (A9) one obtains 

From 

(Al2) 

(Al3) 

da
1 

16~Ic 

d~ = 'IT~ 
q 0 ~ TI~Ic~m - I siny +1] ' r(n~H <; ~ <; (n+3/2)~ ] . (Al4) 

. 2 ~ m n [ o o 
0 . 

/ 



-62- LBL-4552 

At a minimum in I , y = n/2 and 
c n 

da
1 

min 16LU tM $ J = 
c 

2cp: _rn + Im- Aic , (Al5) 
dcf> ncp 

q 0 

while at a maximum ~n Ic,yn+l = n/2 and 

da
1 

max 16LU c 

d cp = -n--,cp,.......=. 
q 0 

[
TIM. cp J C m 

24> o - Im . (Al6) 

The two expressions differ slightly because of the asymmetry introduced 

into the V vs.cp curve by the non-linearity of the I-V characteristic. 
. q 

For the case cp = cp /4, we finally find 
m o 

(Al7) 

and 

(Al8) 

From a practical point of view, it is useful to relate the maximum 

signal available from the tank circuit (at cp = (n±~)cp ) with the feed-
q 0 

back loop open to (3V /34> )I near a maximum or minimum in I . Comparing 
c q . c 

0 

Eq. (All) with Eqs. (Al7) and (Al8) one finds 

(I -LU /2) 
n m c 

= 4 (I; m -K lU c ) 
(Al9) 



.... _ 

0 0 

where 

u I 

K = ln/8 

1 -
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near <P = n<f> 
q 0 

n/8 near <P = 
q 

.· LBL-4552 

(A20) 
(n + ~)<!> • 

0 

In our measurements, we find that the SQUID noise is not signifi-

cantly different when the SQUID is locked at a maximum or minimum in I . 
c 

In view of the various assumptions made in our calculation, the value of 

K may be a little unrealistic. It is therefore not unreasonable to re-

place K with its average value of 1/2. This assumption leads to the 

simple result 

16 V (max) 
c 

1T <P 
0 

(A21) 
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APPENDIX B. ATTENUATION OF MAGNETIC FIELD BY A HOLLOW SUPERCONDUCTING CYLINDER 

The magnetic field inside an open-ended hollow superconducting cylinder 

of internal radius p and length 2z in the presence of an external field 
0 0 

can be calculated as follows. The magnetic field is given by B = -~¢ , 
""" *' m 

where¢ is the magnetic scalar potential. ¢ can be expressed as [see Fig.l6(a)} 
m m 

00 00 

= L E J (K p)[slnhK z(A sinm<j>+B cosm<j>)+_ 
m=o n=O m mn mn mn mn 

oash K z(C sin m<j> +D cos m<j>)} - B z. 
mn mn mn o 

(Bl) 

Here, K = y /p, where theY· are the roots of a[J (p)}/()p = 0 
mn mno mn m 

(y
00

= 3.83, y
10 

= 1.84, y
20 

= 3.05). B is the field trapped when the 
0 

cylinder becomes superconducting. If the magnetic fields in the planes 

I iZ I = z are known, the coef.f!iicfents A, B, C, D can be determined. The most 
0 

penetrating magnetic field modes are those with m = 1, n = 0. 

The even J mode couples to fields with components of C1B /C1x or 
1 z 

C1B /C1y [Fig. 16(b)}. The odd J mode couples to fields perpendicular 
z 1 

to the axis of the cylinder [Fig. l(c)J . At a distance of about 32mm 

from either end of the tube (i.e. at either end of the SQUID) the J
1 

8 
modes have been attenuated by a factor of 10 At. the same position, the 

next most penetrating modes (m = 2, n = 0) are attenuated by a factor of 

over The actual flux coupled to the SQUID by the field that does 

penetrate into the shield depends on the exact location of the SQUID. 

For both J
1 

modes the coupling to a symmetrically located SQUID should 

be extremely weak: 
11 

We estimate the attenuation to be as high as 10 

The use of superconducting support screws may further attenuate externally 

applied fields. 
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APPENDIX C. FLUX RESOLUTION OF THE DC SQUID. 

LBL-4552 

We calculate the flux resolution S~ at low frequencies of a de SQUID. 

The voltage noise power spectrum, due to both SQUID voltage noise and 

preamplifier voltage noise, is SV ~ Eq. (5. 7)] , and the flux noise power 

spectrum is B~ [Eq. (5.4)]. We consider the case where the flux applied 

to the SQUID is modulated by an ac flux ~m cos 2rrv
0
t. The output of the 

SQUID is passed through a tank circuit that is resonant at v · and that 
0 

has a bandwidth 2B = v /Q. The signal from the tank circuit is amplified 
0 

and then demodulated by a multiplier with a reference voltage that varies 

as sin 2rrv t. The multiplier output is filtered to remove frequency components 
0 

near v and 2v , and thus only contains frequencies in the range 0 < v < B. 
0 0 

Let P (f) be the mean square voltage noise at a particular frequency 
n 

. . 
v = f in a bandwidth df at the output of the multiplier. One may write 

(Cl) 

where P(V)(f) and P(~)(f) are the contributions from the voltage and flux 
n n 

noises. We have to calculate the value of the equivalent mean square 

• flux S~df that must be applied to the SQUID in a bandwidth df to produce 

a mean square voltage P(f) at the output of the multiplier equal toP (f). 
n 

The time dependent voltage noise v (t) at the preamplifier input 
n 

leading to P(V)(f) at the multiplier output contains frequency components 
n 

in the two bands v - (f + df) < v < v - f and v + f < '(} < \! + f + df. 
0 0 0 0 

For noise with a white spectrum we have 



v (t) 
.n 

where 

=' 
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2 

= 'E v .· ( t) ' . 
j=l OJ 
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(C2). 

Here, the a.. and 8. are the uncorrelated random amplitudes satisfying 
J J 

2 
<a.·> 

j 
(C3) 

The voltage noise at the output of the multiplier after filtering is ob-

tained by multiplying v {t) by g sin27TV t and dropping terms containing 
n o 

\) .. -

0 
The factor g is the total voltage gain after the 

tank circuit including that of the multiplier. From the definition of 

P(V)(t) we have 
n 

}:' indicates that terms containing V are to be dropped before squaring. 
0 

Using Eq. (C3) with Eq. (C4) it is straightforward to show that 

(CS) 
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To calculate P(<j>)(f) we write the time dependent voltage across the 
n 

tank circuit produced by the flux noise as 

v(<j>)(t) = 
n 

(av /acp )
1 

<1> (t)sin2nv t. 
c q n o 

0 

(C6) 

Because of aliasing by the modulation flux in the SQUID we must consider 

frequency components of <1> (t) near de and near 2v. Wewrite 
n o 

where 

3 

<I> n ( t) = ~ <I> nj ( t) ' 

j = 1 

The Yi and o
1 

are uncorrelated, and satisfy 

Combining Eqs. (C6) and (C7) one obtains" 

(C7) 

(C8) 



-68- LBL-4552 

= g
2

(av /'d<l> )
2(:(t'<l> jsin

2
21rv t1~).' ·.· c qr . _ 

1 
n o , . 

. o J - . 

2 2 1 1 i 
= g (~Vc/'d<l>q>r B~df(4 + 16 + l6) 

·o 

(C9) 

·The total mean square noise is given by adding Eqs. (C5) and (C9): 

Pn(f) = %s2
df{ sv + i-cav/a<l>q>: B<I>J. (ClO) 

0 

To obtain P(f) we assume that the equivalent flux applied to the 

SQUID has frequency components only near de (i.e. none near v or its 
0 

harmonics). The calculation of P(f) otherwise follows the calculation of 

p(<l>~f), and leads to 
n 

(Cll) 

If we compare Eq. (Cll) ,with Eq. (ClO) we find 

S = 2SV'/ ('dV /'d<l>. ) 
2 

+ 3B,J2. 
<j> c :q I "' 

0 

(Cl2) 
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TABLE I 

Inductances and Mutual Inductance of Four Signal Coils. 

measured inductance of coil in lead shield minus 20nH. 

in lead shield minus 20nH. 

Type of 
coil 

8-turn 
short 

S-turn 
long 

16-turn 
long 

24-turn 
long 

L 
c 

(nH) 

280 

114 

380 

817 

Lsh 

(nH) 

228 

85 

290 

613 

L h/L 
s c 

L .. 
~ 

L/Lc 

(nH) 

0.81 76 0.27 

0.75 49 0.43 

0. 75 . 168 0.44 

0.75 356 0.44 

LBL-4552 

(L = calculated free standing inductance, L h = 
c s 

L. = measured inductance of coil wound on open SQUID 
1 

Mi 

(nH) 

3.88 

3.87 

7.61 

11.5 

M/N 
(nH) 

0.49 

0.48 

0.48 

0.48 

2 
M/Li 

(nH) 

0.20 

0.31 

0.34 

0.37 

L' 
i 
(nH) 

38 

43 

MH 

(nH) 

3.2 

9.0 

I 
-...! 

N 
I 
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Fig. 2 

Fig. 3 

Fig. 4 

Fig. 5 
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0 

F1 GURE CAPTIONS 

LBL-4552 

A tunnel junction de ~ UI D. .Each junction is modeled by an 

ideal Josephson junction (X) shunted by a resistor r and a 

capacitor C. A voltage V appears across the SQUID when it is 

biased with a current I greater than. the critical current. 

Sketch of I-V characteristics of a de SQUID with applied flux 

of n<l> and (n~)<l> • When the flux is steadily changed, the 
0 0 

voltage at a constant current bias I oscillates with a peak
o 

to-peak amplitude of approximately ~tcrc' where~ is the 

dynamic resistance. 

Output voltage of SQUID in response to art applied ac flux at 

frequency v
0

• In (a) the quasistatic flux <l>q ~ (n~)<l> 0 , and 

·the output voltage is predominantly at 2v . In (b) 
. 0 

<I> = (n+3/4)<1> , and the output voltage is at v •. The ampli-
q 0 0 

tude, V , of the output voltage at v as a function of <1> . is 
0 0 q 

shown in (c.). 

Schematic of !:QUID showing the ac modulation coil and the 

resonant tank circuit used to read out the SQUID signal. At 

the resonant frequency (100kHz) the bias current I divides as 
0 

shown. The output voltage V of the tank circuit appears across 
c 

the capacitor CT.· 

Configuration of a thin film tunnel junction SQUID. 

SQUID mounted in superconducting shield. 



Fig. 7 

Fig. 8 

Fig. 9 

Fig.' 10 

Fig. 11 

Fig. 12 

Fig. 13 

Fig. 14 

Fig. 15 

Fig. 16 

-74- LBL-4552 

Schematic of the SQUID electronics. Components within the 

4 
dashed box are at liquid He temperature. 

Typical frequency response curve for a SQUID fn a flux-

locked loop. The solid line is calculated with no ad-

justable parameters, and the circles are measured data. 

Ratio of the preamplifier noise power S(A) to Johnson noise 

power in the SQUID shunts S(J) as a function of the tank 

circuit Q. The SQUID is optimally matched to the pre-

amplifier when Q ~ 265. 

Typical noise power spectrum for a SQUID. The roll-off above 

100 HZ is a result of electronic filtering, and is not in-

trinsic to the ~UID. The right hand axis specifies the energy 

resolution with respect to a 24-turn input coil. 

Temperature sensitivity <I> -ld<f>/dT vs. T for various types of 
0 

SQUID shields and support screws. 

Long term output of ,a flux-locked ~UID with the temperature of 

4 
the He bath regulated at a nominal 4.2K. The measurement 

bandwith is de to 0.25Hz. 

Model for the coupling between input coil Li, feedback coil, Lf, 

and the SQUID. Ii(t) and If(t) are the input and feedback 

currents. 

Configuration for measuring the various self inductances and 

mutual inductances of coils. 

Model for the critical current of a ~UID as a function of 

net flux <I> in the SQUID. 

(a) Hollow superconducting shield; (b) and (c) even and odd J
1 

modes excited by external magnetic fields. 
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.---------LEGAL NOTICE-----------, 

This report was prepared as an account of work sponsored by the 

United States Government. Neither the United States nor the United 

States Energy Research and Development Administration, nor any of 

their employees, nor any of their contractors, subcontractors, or 

their employees, makes any warranty, express or implied, or assumes 

any legal liability or responsibility for the accuracy, completeness 

or usefulness of any information, apparatus, product or process 

disclosed, or represents that its use would not infringe privately 

owned rights. 
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