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This paper is a continuation of [10], where P. Erdds, A. Hajnal, V. T. S6s, and E. Szemerédi
investigated the following problem:

Assume that a so called forbidden graph L and a function f(n)=o(n) are fixed. What is
the maximum number of edges a graph Gn on n vertices can have without containing L as a
subgraph, and also without having more than f(n) independent vertices?

This problem is motivated by the classical Turdn and Ramsey theorems, and also by some
applic?tions of the Turdn theorem to geometry, analysis (in particular, potential theory) [27-29],
[11-13].

In this paper we are primarily interested in the following problem. Let (Gp) be a graph
sequence where G, has n vertices and the edges of Gy, are coloured by the colours x1,...,Xxr,
so that the subgraph of colour x, contains no complete subgraph Kp,, (v =1,...,7). Further,
assume that the size of any independent set in G is o(n) (as n — o0). What is the maximum
number of edges in Gy, under these conditions?

One of the main results of this paper is the description of a procedure yielding relatively
simple sequences of asymptotically extremal graphs for the problem. In a continuation of this
paper we shall investigate the problem where instead of a(Gn) = o(n) we assume the stronger
condition that the maximum size of a Kp-free induced subgraph of Gn is o(n).

Notation. In this paper we shall primarily consider graphs without loops and
multiple edges. However, (as tools to prove our results) we shall also use coloured
graphs with weighted edges and vertices. Given a graph G, e(G) will denote the
number of its edges, v(G) the number of its vertices, x(G) its chromatic number,
a(G) the maximum size of an independent set in it. Given a graph, the (first)
subscript will denote the number of vertices: G, Sp,...will always denote graphs
on n vertices. R(ky,...,kr) will denote the usual Ramsey number, i.e., the minimum
t such that for every edge colouring of K; in r colours K; contains a monochromatic
K}, for some colour X,. One more convention on the colouring of graphs: whenever
we use two colours X1 and x2, we shall call the first colour RED, the second one
BLUE.

Given two disjoint vertex sets, X and Y, in a graph Gy, eg(X,Y’) denotes the
number of edges joining X and Y, and dg(X,Y) dendtes the edge-density between
them:

1 da(X,Y) = EGQ(_’L)

AMS subject classification code (1991): 05 C 35, 05 C 55
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The number of edges in a subgraph spanned by a set X of vertices of G will be
denoted by ez(X). We shall say that X is “completely joined” to Y if every vertex
of X is joined to every vertex of Y.

Given two points z, y in the Buclidean space B, p(z,y) will denote their
distance.

Given two graphs G, and H,, their distance A(Gy,H,) is defined as the
minimum number of edges one has to delete from and add to Gy, to get a graph
isomorphic to Hy,.

1. Introduction

This paper is a continuation of [10], where P. Erdés, A. Hajnal, V. T. Sés, and E.
Szemerédi, investigated the following problem:

Assume that a so called forbidden graph L and a function f(n)=o(n) are given.
What is the maximum number of edges a graph Gy, can have without containing
L as a subgraph, and also without having more than f(n) independent vertices?

This problem is motivated by the classical Turdn and Ramsey theorems [25,26],
[19], (see also [1,21]), and also by some applications of the Turdn theorem to
geometry, analysis (in particular, potential theory) [27-29], [11-13].

In 1930 Ramsey proved his famous theorem [19):

Ramsey theorem for ordinary graphs. Given r integers k1,...,kr, there exists a
threshold integer R = R(k1,...,k.) such that if a complete graph K, is edge-
coloured in 7 colours and n > R, then for some v < r it contains a Ky, in the
vth colour.

Motivated by this theorem, Turdn posed the following question:

What is the maximum number of edges a graph G, can have without containing
a complete Kg?

Obviously, if we partition n vertices into ¢ — 1 classes as equally as possible
and join two vertices iff they belong to different classes, then we obtain a graph not
containing Kg4. This graph will be denoted by 7}, 4—1, and called the Turdn graph
on n vertices and ¢—1 classes.

P. Turdn proved (1940) [25,26], that

Turén theorem. Given n and q, (1 < ¢ <n), all the graphs G, on n vertices not
containing a Kg have at most t(n,q —1) =e(T, g—1) edges, and this maximum is
attained only by Ty 4—1.

Note that
t(n,qg—1) = (1 - ai—l—> (g) +0(1).

As Turan observed, both Ramsey’s and his theorems are, in some sense, gener-
alizations of the Pigeon Hole Principle, and therefore they are applicable in many
different situation [21]. He himself started a new line of applications [27-29], [11-
13] in geometry and analysis (primarily potential theory). Another line was started
by G. Katona, where some Turan type theorems were used to obtain inequalities in
Probability Theory. One of the limitations of these applications seemed to be that
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in Turdn’s theorem the graphs attaining the maximum (called extremal graphs) are
too special e.g. they have “large” independent sets. The question is, how stable
the extremal graph is? In [22] the following was asked:

How many edges can a graph G, have if it contains neither a K4 nor such an
“enormous” independent set?

Since that a whole theory has emerged around this and similar questions. We
first formulate a general question in this field.

Question. Let L,,...,L, be given graphs and a graph G, on n vertices be coloured
by r colours x1,...,Xxr. Assume that the subgraph of colour x, contains no L,,
(for v=1,...,7), and a(Gn) < m. What is the maximum of e(G) under these
conditions? This maximum will be denoted by RT(n,L1,...,L,,m), and the L,’s
will be called forbidden graphs.

In the case when the forbidden graphs are complete graphs, L, = K}, we shall
use the simpler notation RT{(n,k1,...,kr,m). Mainly we will be interested in the
case m= f(n)=o(n), and use the (simplified) notation RT(n,k1,...,kr,0(n)).

In [10] primarily the problem of RT(n,L,o(n)), i.e. the case of r =1 and
arbitrary L was investigated. Here we consider the problem for r> 1.

It is probably hopeless to give an exact description of the optimum. Quite
often, instead of looking for the optimal (or so-called extremal) graphs, we try to
find an asymptotically extremal sequence of graphs of relatively simple structure.
“Relatively simple” means that its structure depends very loosely on n.

Definition 1. (Asymptotically extremal graphs) Given the forbidden graphs
Li,..., Ly, and the function f, a sequence of graphs (S, ) will be called an asymp-
totically extremal sequence for RT(n,L1,..., Ly, f(n)) if the edges of S, can be
r-coloured so that the vth colour contains no L,, for v=1,...,7, a(Sp) < f(n) and.
e(Sa)=RT(n,Ly,...,Ly, f(n)) +0(n?).

In this paper we give upper bounds on RT'(n,L;,...,Lr,0(n)) and show that
a generalization of the Bollobds-Erdds graph [2] forms an asymptotically extremal
sequence for the problem of RT(n,k1,...,kr,0(n)). In Sections 2,3 we shall define
the generalized Bollobas-Erdds graphs, and formulate our corresponding results.
We shall also establish some results concerning particular cases of this problem. In
Section 4 we give the proofs.

In a continuation of this paper we shall investigate the problem where instead
of a(G,) = o(n) we assume the stronger condition that the maximum size of a
Ky-free induced subgraph of G, is o(n).

Since we will be able to state our main result only after having introduced
some involved definitions, here we give a simplified version of it.

It is easy to see, that for every Ly,..., L, there exists a minimum ¥(L1,...,Ly)
such that whenever f(n)=o(n), then

(2) RT(n,Ly,..., Ly, f(n)) < 9(L1...., L )n% + o(n?).

(The equality is attained for some functions f(n) for which f(n)/n — 0 suffi-
ciently slowly. Of course, if f(n)/n — 0 too fast, then this ¥ can be replaced
by a smaller constant. Still, when we speak (sometimes a little loosely) about
RT(n,L1,...,Ly,0(n)), we will always mean the determination of this minimum .
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Theorem 1. Given the integers ky,...,kr >3, for RT(n,kq,...,kr,0(n)) there exists
a fixed t and a sequence of asymptotically extremal graphs (Sy) such that the
vertices of S,, can be partitioned into t classes X1,...,X; where

—es, (X;)=o0(n?) fori=1,2,...,t,
and for 1<i<j<t
— either dg, (X;,X;)=3%+0(1) or dg, (X;,X;)=1+0(1).

To get some insight first we construct some graphs which later will turn out
to be extremal in most of our problems.

The Erdds graph. The simplest statement in our field is as follows. If a(Gp)=0(n)
and K3 Z Gy, then e(Gn)=0(n?). One immediately wants to know if such graphs
(with a(G) =o(n) and K3 € G) do exist at all. The existence of such graphs
can be proved by using probabilistic arguments but there is a more useful way to
get such graphs. In [14] Erdés and Rogers constructed a graph sequence (Gr,) for
which a(Gn,) =0o(m) but K3Z Gp,.

Combining the Erd6s (or Erdgs-Rogers) graph with Turdn’s graph we get some
very useful graph sequences.

Definition 2. (Canonical colouring with respect to a vertex-partition) Given a graph
Gn the vertex set of which is partitioned into the classes X1,..., Xy, an r-colouring
will be called canonical, if the colour of an edge depends only on the classes its
endpoints belong to: all the edges (z,y) : z,y € X; have the same colour x,,, and
for 1<i<j<q all the edges (z,y):z € X;,y € X; have the same colour x, ;.

Construction 1. Given the integer d, consider T;, 4, with the classes Cy,...,Cy, and
put into each C; an Erdés graph H of [%] vertices, with a(H)=o0(n). Thus we get
a graph U, =U(n,d) with o(U,)=0(n).

(a) Since K9g+1 € Un, therefore
(3) RT(n,2d + 1,0(n)) > e(T, 4)-

(b) Colouring the edges of T, ; by RED and the edges in the classes C; by
BLUE we obtain a graph not containing RED K, nor BLUE Kj:
(4) RT(n,d+1,3,0(n)) > e(T,, q).

We shall prove (see Theorem 4) that this is asymptotically sharp for d=2 and
d=3. However for d=4 we get the extremal sequence by the following:
Construction 2. Let t=R(q,s)—1 (where R(q,s) is the Ramsey function). Colour
Tnt by RED and BLUE canonically (with respect to the classes of Ty ¢) so that
the coloured graph should contain neither RED Ky, nor BLUE K. Put into each
class of this graph a RED Erdds graph. Then the resulting graph U, =U(n,q,s)
will contain neither a RED K241, nor BLUE Kj. Clearly,

e(Un) > (1 - %) (Z)

and
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a(Up) = o(n).
Hence
(5) RT(TL, 2q - 15 S’O(n)) 2 e(Tn,t)-
Let us list the already known upper bounds on RT(n,ki,...,kr,m). If

m = n, then there is no real restriction on a(Gr). Put T(n,k1,....kr) =
RT(n,ky,...,kr,n). This case is described by

Theorem [22]. Let k1,...,kr > 3 be given integers, and let T(n,ky,...,ky) denote
the maximum number of edges an r-coloured G;, can have under the condition that
it does not contain a Ky in its vth colour. Then

T(n,ky,... k) < (1- R(kh_'ikr)_l) (;’)

This inequality immediately follows from Turdn’s and Ramsey’s theorems.

Indeed, if
1 n
e(Gn) > (1‘ R(kl,..-,kr)—l) (2>

then it contains a complete Kg for R=R(ky,...,kr). This is coloured by r colours,
hence for some v it contains a K in the vth colour.

The theorem is sharp up to an additive constant O(1).

If r=1, then this theorem reduces to Turdn’s theorem.

Remark 1. Clearly, if m> m, then

RT(n,kl,...,kr,m) = T(n,kl,...,kr).

On the other hand we shall always assume that m is so large that n <
R(k1,...,kr,m).

The problem of T(n, Ly,...,Ly):=RT(n,Ly....,Ly,n) is still “easy”:

Theorem. [7] Let t =¢(Ly,...,Ly) be the smallest integer for which there exists a
v>0 such that

Kt(’U,. o ,’U) - (Ll, e ,LT),
(or, in less formal language), for any r-colouring of Ki(v,...,v) there exists a colour
v and a monochromatic L, in this colour. Then for some constant ¢>0,

T(n,Ly,...,Ly) = (1 - ﬁ) (’2’) +0(n?°).

This is related to some results of Burr, Erdés and Lovdsz [7] and Chvétal. Ap-
plying their results and the Erdés-Stone Theorem [16] a slightly weaker form of the
above theorem immediately follows. The proof of this version uses a strengthening
of Erdés-Stone Theorem [16], the Erdés—-Simonovits Theorem (8], [20], and is easy.

These are results where we used colourings but actually there were no restric-
tions on the independent sets. The first theorem where a(Gyr)=0(n) was assumed
is
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Theorem. [15] For g=2k+1
(6) RT(n,q,0(n)) = (1 - E) <2> + o(n?).

(See Construction 1.)

Intuitively the theorem asserts that for large g, if we add (in Turdn’s theorem
on K,) the extra condition that a(G,)=o0(n), this will have roughly the same effect
as excluding a complete graph of half the original size.

For g=3 the theorem is trivial, since in that case K3 is excluded, which implies
that each degree is o(n). The previous theorem leaves open the question of the even
values, which is much more difficult. For quite a long while the question whether

RT(n, K4,0(n)) = o(n?)
seemed to be untractable. Then Szemerédi found a nontrivial upper bound:
Theorem. [23]

(7 RT(n,Ky,0(n)) <

It came as a surprise — when Bollobds and Erdés proved — that (7) is sharp:

Theorem. [2] (Construction)
(8) RT(n, K4,0(n)) >

Finally, the problem of K5, and many related problems were settled in [10].
Theorem. [10] For q¢=2k,
_13¢-10 ,

2
= 33¢-1 + o(n*).

(9) RT(n, K¢,0(n))

2. The Bollobas-Erdds graph and its generalization

First we describe the original construction of Bollobas and Erdds used to prove (8).
We shall fix n points on the surface of a high dimensional unit sphere S “uniformly”.
Speaking of the relative measure of a set X on S we will mean the measure of X
divided by the total measure of S.

In the definition of the BE-graph [2] the following fact is used:

Given 6,17 >0, for any £ >0 small enough and integer h > ho(e), if S is a unit

sphere in the h-dimensional euclidean space E", then for p=¢ / Vvh

(*) for every sufficiently large n S can be partitioned into n sets of equal
measure and diameter < 1/10;



TURAN-RAMSEY THEOREMS 37

(xx) the relative measure of the spherical cap of diameter 2 — % 4 is at most §;

(**x) given a point z, the relative measure of the set of points y with p(z,y) <
V22— is almost %, more precisely, at least %—n.
Based on this, let us partition S into % subsets Ay,..., A4,y as described in

(*), select two sets of vertices, X1, X9 of size %, each containing exactly one point
from each A;, and then join two vertices ang y by an edge iff

(i) either € X; and y€ X5_;, and p(z,y) <V2—pu
(ii) or z,y€ X; i=1or 2 and p(z,y) >2—p.

Denote the obtained graph by BE(n,h,e). It is not uniquely determined by
the above construction, but any realization of it will have the properties we need:

(a) a(BE{(n, h,e)) <26n.
(b)
(c) K4y BE(n,h,e).
(d)

In our main theorems the asymptotically extremal graph sequences will be
given by some generalizations of the BE-graph. In this generalization we use many
sets X1,...,X; on the sphere and of different sizes.

the degrees of the vertices are > (% ~7)n.

the subgraphs spanned by X, and X9 are K3-free.

Definition 3. (Weighted t-partite BE graphs, construction). The graph to be
defined below will depend on the integers h, ¢, n1,...,n¢, and on a small positive
number u, and will be denoted by

B(h,tin1,. .., nelp).

We shall subdivide the points of the A-dimensional sphere S into n; sets according
to (%), for each i. For i=1,...,1, k=1,...,n; choose a vertex x;; from the kth set

t
of the ith partition. Put X; ={x;z, 1 <k <m;} for 1<i<t and let V(B)= {J X,.
i=1
For each pair z,y € X; we join them iff p(z,y) >2— pu. For some pairs (4,7) (i #j)
we join every vertex of X; to every vertex of X;, for all the other pairs we build
a Bollob4s-Erdds graph between the two classes: join z € X; to y € X; iff p(z,y) <

V2 — . The resulting graph is the monochromatic generalized Bollobas-Erdés or
shortly GBE graph. If two classes are joined completely, we shall call this a “full”
connection; if they are joined by a Bollobds-Erdds graph, we shall call this a “half”
connection.

Remark 2. The graph B{(h,t|n1,...,m¢|u) is not completely determined by the
parameters listed, even when the “full” connections and “half” connections are
determined, since the embedding of the vertices into the sphere also can slightly
influence its structure. However, in all our statements these minor variances can
be neglected. We shall choose the parameters so that with £ — 0 slowly enough
and h — oo (at a speed, depending on ¢), u =: ¢/vh and n > ng(h,e). Under
these assumptions our assertions will not depend on the choice of these “hidden
parameters”.
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3. Main results

Our main results solve asymptotically the problem of RT'(n,ky,...,k.,0(n)), (Theo-
rem 2) and yield an upper bound on RT(n,L1,...,Ly,0(n)), (Arboricity Theorem).
The structure of the asymptotically extremal graphs is given by

Theorem 2. Let k1,...,kr >3 be given integers, then for some fixed t there exists
a sequence of graphs B(h,t|n1,...,nt|p) asymptotically extremal in the problem
of RT(n,ki,...,kr,0(n)). (Meanwhile y—0 and h— 00.)

Obviously Theorem 2 immediately implies Theorem 1.

Let A be a t x ¢t matrix, whose diagonal entries are all 0’s and a;; = % or 1
depending on whether the ith and jth classes of B(h,t|ni,...,n¢u) are joined by a
BE-graph or completely. Let us normalize the integers ny,...,ns by putting

U

yong

u; =

Then
(10) e(B(h,tIni, ..., nep)) = udu*n? + o(n?)

(as h— 00, e =0, n—00). If uAu* attains its maximum on the standard simplex

t
{u: > u =1, uizo(izl,...,t)}
=1

on the boundary, i.e. for some u;, = 0, then the GBE-graph will be called
degenerate. If there are no maxima on the boundary, then one can easily see
that there is exactly one maximum and the structure of this GBE-graph will be
called dense.

An equivalent form of Theorem 2 is

Theorem 2°. Given the integers ki,...,kr > 3, then for some fixed t there ex-
ists a sequence of dense graphs B(h,t|nj,...,n¢|u) asymptotically extremal for
RT(n,ky,...,kq,0(n)).

Indeed, assume that Theorem 2 is already proved. If there exists a de-
generate asymptotically extremal structure B(h,t[nq,...,n¢|p) for the problem of
ki1,...,kr, then we may assume that n; = 0, i.e. we got an asymptotically ex-
tremal structure with fewer classes. Consider an asymptotically extremal structure

B(h,t|n,...,nt|p) with minimum ¢. It must be dense.

Remark 3. Our problem is strongly related to multigraph and digraph extremal
problems. The notion of dense structures was introduced by Brown, Erdés, and
Simonovits in [3], (see also [4-6]).

To get some more information on RT(n;k1,...,kr,0(n)) first we define the
generalized complete graphs, then define a Ramsey number 8 = §(k1,...,k,) for
generalized complete graphs, and finally prove that ¥(k1,...,kr)=08(k1,....kr).

Definition 4. (Generalized complete subgraphs) Let R be a graph some vertices of
which are “marked”, the edges of which are weighted by the weights O, % and 1.
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X CV(R) and Y C X span (by definition) a generalized complete subgraph of the
size | X|+|Y] if

(a) all the vertices of Y are “marked”;
(b) all the edges in ¥ have weight 1,
{c) all the edges in X have weight > %

Definition 5. ( Weighted Ramsey numbers). Assume that the vertices and the edges

of a K} are coloured by the colours x1,...,xr, and the edges are weighted by % and
1. For the colour y, we define RY as a weighted graph, where a vertex is “marked”
iff its colour is x,, and the edge e gets weight % or 1 if its colour is x, and its

weight is % or 1 respectively. (If its colour differs from y,, then its weight is 0 in
t
RY.) Finally, assume that there is a distribution u=(uy,...,ut) (u; >0, Y u;=1)
=1

on the vertices of K;. If we wish to emphasize that K; is weighted, we shall write
Ki(w). Let

(11) g(Ki(w)u) = Y wyjuu;.

1<i<j<t

where w; ; is the weight of (4,7). We define the edge density of such a weighted
graph as
(12) g(Kt(w)) = g(Kt(w),u) = mgxz Wy Ul -

The weighted Ramsey number 3(ky,...,kr) is the maximum B such that
(%) there exist a t and a weighted colouring of K; with edge density B for
which none of the subgraphs RY of colours x, (in Kt) contains a generalized Ky, .
Clearly,

(12%) t < R(ky,... kr).
Theorem 2”. Let kq,...,kr >3 be given integers, then
(13) Hk1,. . kr) = B(k1, ... k).

In other words,
(13*) RT(n,ki,...,kr,0(n)) = Blky,..., k- )n® + o(n?).

Corollary 1. There exists a finite algorithm to find an asymptotically extremal
sequence for any RT(n,k1,...,kr,0(n)).

Motivation of the previous definitions. We shall consider a graph G, the edges
of which are coloured with r colours, and will approximate it by some (canonically
coloured) H, = B(h,t|ny,...,nt|p). This approximation will be “encoded” using
a graph Ry defined on the index set {1,2,...,t} of the classes X; of Hp, (see
Definition 3).
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(a) The encoding goes as follows. If two sets X; and X ;j are joined completely,
(in Definition 3) in RED, then 7 and 7 will be joined in R; by a RED edge of
weight 1. If they are joined by a RED BE-graph, i and j will be joined in R;
by a RED edge of weight % If the edges in X; are RED, “mark” i in RED.

(b) This encoding will be useful, since the maximum size of a RED ordinary
complete subgraph of G, will be at least as large as that of B(h,t|ny,...,n[p)
and this will be exactly as large as the maximum size of a RED generalized
complete subgraph of R;.

We shall characterize below the relative sizes of the classes X;, i=1,...,t by
the distribution vector u.

(c) The size |X|+|Y| of a generalized complete graph is used because if Ry
contains a generalized K; with the vertex-sets X and Y C X (as described
above), then we shall be able to find a K, CG,, with ¢=]X|+|Y|: each vertex
of Y will yield 2 vertices of this ordinary K, and each vertex of X —Y will
yield one vertex of Kg.

Until now we restricted our considerations to the case of complete graphs.
As described in [10], RT(n,L,0(n)) depends in some sense on the arboricity of L
defined below — differently from the usual one — as follows. To consider arbitrary
Ly,...,Ly in our problem, we need the

Definition of Arboricity. (a) L € Arb(2k) if the vertices of L can be k-coloured so
that the subgraph spanned by the vth colour is a forest, for v=1,2,... k.

(b) L€ Arb(2k+1) if the vertices of L can be k+1-coloured so that the subgraph
spanned by the vth colour is a forest, for v=1,2,...,k and the vertices of colour
k+1 are independent.

Remark 4. A slightly different definition of arboricity used to be given as the
minimum k for which L can be coloured in k colours so that each colour-class
spans a forest.

Arboricity Theorem. Given r graphs L1,...,L, with L, € Arb(k,), then

RT(n,Ly,...,Lr,o(n)) < RT(n,ky,. .., kr,o(n)) + o(n?).

Unfortunately, we have only upper bound for the general case. We do not even
know the truth for r=1, not even for one of the simplest cases: we do not know if
RT(n,K(2,2,2),0(n)) = o(n?) or not. The Arboricity Theorem will not explicitly
be proven here: we shall prove Theorem 2 and the reader can easily generalize the
upper bound of Theorem 2 to the Arboricity Theorem, applying the Tree-building
lemma, and the ideas given (in details) in [10].

We determine RT{n; L1, La,0(n)) for some special Ly, Lo.

Definition 5. We shall say that for a problem RT(n,Li,...,Lg,0(n)) the weak

stability property holds if for any two sequences of asymptotically extremal graphs,
say (Sn)oo and (Zn)oo their distance is o(n?): A(Sn,Zn)=0(n?).
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Theorem 3.
(a) 9(K3,K3)=

;11 U(n,?2) is an asymptotically extremal sequence.
(b) 9(K3,K4)=5 (1

1

Z

). U(n,3) is an asymptotically extremal sequence.
(c) 9(K3, K5)=

(d) (K4, Kq) = 5 (1—%). The sequence in Construction 4 below is an
asymptotically extremal structure.

1
]
(1- %) U(n,3,3) is an asymptotically extremal sequence.

(e) In all these cases the weak stability holds.
Theorem 4. If p and g are odd integers, then

(14) RT(n,Cp, Cy,0(n)) = "T +o(n?).

4. Proof of Theorems 2—4

Proof of the lower bound for ¥(ki,...,kr). Construction. There exists a corre-
spondence between the coloured-weighted K;’s with distribution u and the graph
sequences {B(h,t|n1,...,n¢|u)}.

Given a coloured weighted K; with a distribution (with a fixed r-colouring of
the edges and vertices of K, with a distribution u1,...,us on the vertices of Ky and
the weights 4 and 1 on the edges), then there are canonically coloured generalized
Bollobés—Er(?os graphs B(h,t|ny,...,n¢|u) corresponding to these data. Namely,
given the dimension h and g > 0, fix the sets Xi,...,X; on the h-dimensional
sphere S, so that

(a) | X;|=n;=u;n+o(n) and
(b) the set X =X;U...UX; be distributed as described in Definition 3.

{c) take a “half” resp. a “full” connection between X; and X if w(i,j) :%
resp. w(t,7)=1.
Obviously e(B(h,tIni,...,nt|p)) = g(Ki(w),u)n? +o(n?).

We need also

Lemma 1. The above B(h,t|ni,...,n¢|u) does not contain Ky in colour x, iff the
corresponding coloured weighted K; does not contain a generalized K in colour x,,.

Proof. If zy,...,24 form a RED K;C B(h,t|n1,...,n¢|p), then each X; contains at
most 1 vertex of this K, unless X; is RED. Even so, it contains at most 2 vertices.
Further, if X; and X both contain 2 vertices of this Ky, then they must be RED
and joined by RED edges completely. Hence the corresponding coloured, weighted
K} contains a RED generalized K. This proves half of Lemma 1. The other half
is left to the reader. |
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Now, given an arbitrary colouring ¢ of K} satisfying the property (*) in
Definition 5 (of G(ki,...,kr)), build a B(h,t|ny,...,n¢|p) with the corresponding
colours and weight function w and distribution u. Then — by Lemma 1 and the
Definitions 3, and 5 — Ky, € B(h,t|n1,...,n¢|p) in colour x,, and it will have

Bk, .. .,lcr)n2 + o(nz)

edges. (The error term comes from the fact that there is an error term in the
BE-graph and that the vertices cannot be distributed exactly according to the
distribution u.} Hence

(15) RT(n,ky, ... kry0(n)) > B(ky,. .., k. )n? + o(n?). ]

Proof of the upper bound

In the proof of the upper bound our first problem is that the condition a(Gp)=
o(n) applies only to the union of the colours, and so Gy, could contain cn indepen-
dent vertices in each separate colour. We need a lemma to overcome this difficulty.

Lemma 2. Fix an € >0. If Gy, is an r-coloured graph with o(Gp)=em, then one
can partition the vertices of G, into r+1 classes Cy,C1,...,Cr so that |Cy| <2{/em
and for 1<v <r for each C, every subset Y C C, of size > {/eém contains an edge
of the vth colour xy.

Remark 5. One can ask if this partitioning is really necessary or under the condition
of Lemma 2 there must always exist a colour x and a constant 7 tending to 0 as ¢ —
0, for which every set of size >#nm contains an edge of colour x. The partitioning is
needed. Let G, be the disjoint union of two Erd6s graphs, one of which is coloured
in RED, the other in BLUE. Then (fixing any n € (0,3)), there is no fixed colour
xo (=RED or BLUE) such that every vertex set Y of size >nm contains an edge
of colour xgq.

Proof of Lemma 2. Let us assume that G, is coloured by r colours: x1,...,xr. For
the sake of simplicity, we shall call x3 RED, x2 BLUE ...and yx, BLACK. Let n=
{/¢ and call an X CV(Gr,) RED if

(a) | X|>em and

(b) every X*C X of size >7|X| contains a RED edge.

Clearly, the disjoint union of RED sets is RED. (However, a subset of a RED
set is not necessarily RED). Fix a maximal RED subset of V{(Gy,). Denote it by
V3. In the remaining part fix a maximal BLUE subset V5,..., and finally — in the
rth step — fix a maximal BLACK subset. Put Uy =V (G,) —U;V;. If [Up| < ym
then we are home.

Suppose that |Up| > nm. If every nm-tuple of Uy contains a RED edge, then
we are home.

In the remaining case Uy contains a U; of > nm vertices but not containing
RED edges. We shall use that — by the maximality of the V; no subsets of U can
be BLUE,...or BLACK. Since U; is not BLUE, it contains a U of n?m vertices
but not containing BLUE edges. ...Since U,_; is not BLACK, it contains a U, of
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>n"m vertices but not containing BLACK edges. Clearly, U,_; is an independent
set of >em vertices, a contradiction.

Remark 6. It is easy to see that {/em cannot be replaced by any essentially smaller

value. To see this fix an integer p, put ¢ =p" and ¢ = %. Take a Turdn graph

Tm,q, enumerate its classes by r-tuples (p1,...,pr), where 0 <p; < p. Colour the
edges joining the class C(ay,...,a,) and C(by,...,b,) with colour j if the two index-
sequences ai,...,ar and by,...,b, differ first in the jth position. In this graph each
. . . . 1
set of size > em contains an edge, and one can easily see that with an < S

the lemma does not hold.

Symmetrization

One of the basic tools we shall use to prove our theorems is the symmetrization.

Let us modify Definition 5 by allowing (besides the weights % and 1) the weight
0 as well. (This corresponds to allowing pairs of classes in B(h,t|ny,...,n¢{i) not
joined at all.) If there exists such a 0 weight in our graph, call the graph deficient.
(12*), namely t < R(ky,...,kr) does not hold anymore for these deficient K3’s: the
problem becomes infinite as soon as we allow deficient graphs. The next lemma
tells us that for each deficient K; there exists a non-deficient one, at least as good
as the deficient one.

For a (coloured) graph G, with the distribution u on the vertices and weights
w on the edges let the weighted degree of a vertex x be

d@)=n Y, ey,
(z,9)€E(Gn)
where F is the set of edges.

Lemma 3. Let K;, w and u be as in Definition 5, with the only exception that
some weight, e.g., the weight of the edge (x,y) be 0. Let d(z) > d(y). Then
g((Ke—y)(w')) > g(K¢(w)) if w' is the weight on K;—y where the (original) weight
of y (in K;) is added to the weight of x (in K;—y).

Proof. Trivial.

Generalized Szemerédi Lemma.

Szemerédi Lemma [24] asserts — loosely speaking — that given an ¢ >0, the
vertex-set of every G, can be partitioned into a bounded number of classes so that
almost all the pairs of classes will be ¢ -regular in the following sense.

Regularity condition. Given a graph G, and two disjoint vertex sets in it, X and
Y, we shall call the pair (X,Y) ¢ -regular if for every subset X*C X and Y*CY
satisfying | X*|>¢|X| and [Y*|>¢|Y],

|[d(X*,Y*)—-d(X,Y)] < e.

The regularity condition means that the edges behave (in some weak sense)
as if they were random. The following generalization asserts that if the edges of
Gy, are coloured by a bounded number of colours, then one can find a partition
for which the assertion of Szemerédi Lemma holds for each colour simultaneously.
Below we formulate this lemma in the form we shall need it. Let d,(X,Y) denote
the density in colour x, .
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Generalized Regularity Lemma. For every ¢ >0, and integer Ag there exists a A¢
such that for every r-coloured G, V(Gy,) can be partitioned into sets V,V1,..., V)
— for some Ao <A< A, — so that each |V;| <en, |V;|=m (is the same) for every i >
0, and for all but at most 5(’2\) pairs (i,7), for every X CV; and Y C 'V}, satisfying
| X1],|Y|>em, we have

IdV(X7Y) - dl/(vtlvv‘})l <eg
for every colour x,.

This generalization does not seem to follow from the original lemma, however,
the original proof can easily be modified to yield it. The role of V4 is to make
possible that all the other classes be exactly of the same size, and the role of Ag is
to make the classes V; sufficiently small, so that — counting the edges — we could
forget about the edges inside those classes.

Proof of the upper bound. (A) First we sketch the proof of the upper bound
for 9(ki1,...,kr), (or, equivalently, for RT(n,ky,...,kr,0(n))), and also fix some
parameters.

Let us fix an arbitrary £ > 0. We shall also use a constant 1 >0 which must
be much smaller than ¢, however, still fixed, and an €5 >0 much smaller than ¢ but
much bigger then ;. If S=k1+...4+k,, then

(16) e1=(g/(165)%5, &g = (¢/(16S))5

is an appropriate — perhaps too cautious — choice.
Assume that a graph sequence (Gr) is given with a(Gpn) =:6pn=o0(n). Let
Tn= v/ 0pn. Here bn,mn, — 0. We shall fix an ng so that if n>ng, then

(17) T < (€/168)%5.

Let Gy be coloured by r colours x1,...,Xxr, and let G}, be the graph spanned by
the edges of colour x,. We shall apply the Generalized Szemerédi Lemma to Gp,
with 7, €1 and a lower bound /\0-—-% on the number of the classes.

(B) We shall prove that if K, ZGr, (v=1,...,r) then

e(Gp) < B(ky,. .., kp)n? + 3ren?,

Below we sketch the proof and the details will be given in (C) and (D).

For each G, — for n > ng, in paragraph (Cs) below — we shall define a
weighted, coloured graph H(wq) (with a weight function wg and a distribution uy,
and allowing also multiple edges) so that

(18) e(Gp) < g(H(wp), ug)n? + 3ren?,

We shall call a weighted graph complete if any pair of vertices is joined by an
edge of positive weight. H(wp) is not necessarily complete.,

We shall apply symmetrization to H(wg) to obtain a weighted, coloured
complete graph K¢(w) satisfying

(1%) g(Ke(w),u) > g(H (o), uo)-
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(2*) If K¢(w) contains a generalized complete K, in colour x,, then H(wy)
also contains a generalized complete K in that colour and also an ordinary K, C
GY.

(3*%) Each pair of vertices of Ki(w) is joined in exactly one of the colours
X1,---,Xr and with weight % or 1. Since G}, contains no Ky, , therefore Ki(w)
contains no generalized K of colour .

By (3*) Ki(w) occurs in the set of weighted coloured graphs in the definition
of B(k1,...,kr). Hence g(K¢(w)) <B(k1,...,kr). By (1*), and (18).

e(Gn) < g(Ki(w))n? + 2ren? < Bk, ..., kr)n® + 3ren?.

Obviously, this (together with the already obtained lower bounds (15)) will

prove Theorem 2”.
(C) Now we define H (wyg).

,
(C1) Using Lemma 2 for n large enough we take a partition V(Gn)= |J U,
v=0

so that |Up| <nnn and for 1<y <r every Y CU,, with |Y|>nnn contains an edge
of colour y,.

(C2) Applying the Generalized Regularity Lemma to G, with the €7 >0 and
Ao (fixed above) we obtain the classes Vg, Vy,..., Vi, with |V;|=m, 1<i<T, |Vp| <
e1n, (where T'> Ag). We delete Vj.

{(C3) Consider the “union” of the two partitions; the classes defined by Vij=
VinUj;, 1<e<T, 1<j<r. Keep only the graph G* spanned by the vertex set

vi= U vy
|Vi,j|>€2m

We shall use the notation W1y,..., Wy for these classes V; ; in V*,
Observe that we deleted at most (¢2+47,)n points; |V*|> (1~¢e5 —nn)n.

(C4) For all but 72¢4 (1\2/[) pairs {(1,7), (7,5)), i#4%, for every Xj
|y, (X, Y) = dy; (Viw, Ve jr)| < 2e1,
HXCVi;, YTV o, |X[,]Y|>e1m. Indeed, if (V;,Vy) is a regular pair, then

|dx (X, Y) = dx (Vi 3, Vi)l < 1dx (X, Y) — dy (Vi, Vi)
+ldx (Vig, Virjr) = dy (Vi, Vir)| < 261

(Cs) Now we define a weighted, coloured graph H(wq) whose vertices are the
classes V; ;, V; ; CV*.

(1) We colour a vertex Wy=V; ; by colour X, (here V; ; CU;).
(i) We assign the weight u,:= % to the vertex Wy, 1<f< M.

(iii) We join two classes Wy =V ;, Wy =V;r j» in colour x, with weight
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0, if dy, (We, Wpr) < 2¢ or (V;,Vyr) is not eq-regular or ¢ = ¢';
wy, (6,€) = %, if 2e < dy, (W, Wy) < % +2¢,1 # 1 and (V;,Vy) is e1-regular;
1, if & +2 <d,, (Wp,Wp),i#7 and (V;,Vy) is e1-regular.

Below, comparing e(Gp) and g(H(wg))n?, we encounter 4 types of errors

(typical in the applications of the Regularity Lemma):

— We have discarded a small number of vertices, V —V™*;

— We have discarded all the edges joining pairs in the same V;’s;

— We have replaced e(V;,V;r) by 0 for the irregular pairs;

— We had a “rounding” error 2¢ while counting the edges between a regular
pair (V'uV'L’)

There is still a fifth type of error, coming from the fact that we have many
colours. Namely, we shall estimate e(W,, W) by

SN @OWl W <> wy, (6,8 upupn?,

e v o v

where the “total density” 3", wy, (¢,£') > 1 can occur. In such cases we agree to
replace some wy, (£,¢')’s by 0 to get >, wy, (£,£')=1. Since e(Wy, Wy ) <|W,||Wy |,
the estimates below will still hold.

Clearly,

n2
T

*) & ! 2 2 2 2
e(G )_ZZwXU(E,E)ugugn +ren® +réen” + T

e v

where the term ren? comes from the “rounding” in the definition of wy, (¢,€),
r2¢1n? estimates the number of edges corresponding to irregular pairs. The term

9;— < en? represents the edges the endvertices of which belong to the same groups V;.
From

g(H(wo),u0) = DY wy, (6 € )uguy
o0 v
we have
e(G*) < g(H(wp), up)n? + 2ren?.
By [V -V*|<(nn +(r+2)e2)n,

e(Gp) —e(GYS |V -V n< (g +(r + 2)eg)n? < 2en’.

Therefore
e(Gp) < g(H (wo))n? + 3ren?.
(D) Now we define a weighted, coloured K; which satisfies (1*), (2*) and (3*).
(D1) Assume that Wy and Wy are independent in H(w), i.e., wy, (We, Wy )=
0 for 1 <i<r. Let d(W;) > d(Wy). Provide W, with the weight uy+uy and
delete Wyr. Obviously this contraction will not decrease the edge-density and will
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not increase the maximum size of a generalized complete subgraph in any colour.
(Actually, this is the symmetrization lemma.) We repeat this step until all the 0
densities disappear. And even then we repeat this deletion and weight shifting until
we get a dense K.

(D2) We show that if for some ¢,¢ w,, (£,¢') >0 for more than one v, then
without increasing the maximum size of a generalized complete subgraph in any
colour, we can replace all these coloured edges with one appropriately coloured edge
of weight 1. ’

Indeed, if wy, (¢,¢') > 0 e.g. for v,v/, corresponding to the RED and BLUE
edges between Wy and Wy, then we may assume that Wy is not BLUE. We replace
all the edges between Wy and Wy with a BLUE edge of multiplicity 1. Obviously
this cannot increase the maximum size of a generalized complete subgraph in any
colour but BLUE. (As a matter of fact, there may be at most 2 such colours and
both must have weight 21-)

We show that it does not increase the maximum size of a K, in BLUE either.

Suppose that after this step the sets X, Y define a BLUE generalized K. Then
We,Wp € X, and Wy ¢ Y because Wy is not BLUE, (see Definition 4). Hence the
contribution of W, to |X|+|Y] is 1, independently of the weight of (Wy, Wy ).

Clearly the edge-density will not increase at this step.

The only thing left to be proven is (2*): if we choose the parameters as
described in (A) and if a generalized RED Ky C Ki(w), then (i) a generalized
RED K, C H(wgp), and (ii) (an ordinary) K, CGEFP. Here (i) is trivial.

Remember that the vertices of H(wp) represent classes of vertices of Gy, of size
> g9, and the pairs of positive weight wg have the regularity property on level
e1. Let our generalized RED K|, be spanned by the vertex sets X and Y C X (as
in Definition 4.) Then, if 1,9 and &, satisfy (16) and (17), then we can choose
recursively 1 vertex from each class represented by the points in X—Y and 2 vertices
from each class represented by the points in Y which form the RED Ky, as follows.

Assume that we wish to choose the vertices e.g. from the classes Wy,..., Wl x| and
have already chosen the corresponding vertices from ¢ classes Wy,..., Wy so that
these vertices have at least ¢/|W;] common neighbours in W;, i = £+ 1,...,|X].

Denote the class of these common neighbours by Wf . Now we pick 1 or 2 vertices
(according to the “plan”) from Wy, so that they be joined to at least Wy
common neighbours in W;, i=£+2,...,|X|. This can be done because

— all the sets Wf in this argument have >e;m elements and are in some Vj.
Thus the regularity lemma is applicable to them with ¢5.

— By the regularity, all but S-e;m vertices of Wy, are joined to each Wf by

their “typical” densities: >2¢ when we wish to pick 1 vertex; by > % +2¢e when we
have to pick two vertices. Denote the set of these vertices by W' 1 Now the first
case is trivial, we may pick any of these vertices.

— In the second case W/, is in Wggp and is too large to be independent
in RED. Hence it contains a RED edge uv such that at least 25[Wf+1| vertices of

Wf“ are joined in RED to both v and v. So we pick these u and v and go on with
the recursion. [ |
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Proof of Theorem 2’. It follows from the above argument and the construction in
the proof of the lower bound.

Proof of Corollary 1, using Theorem 2”. Basically we have to show that § of
Definition 5 can algorithmically obtained. Since the coloured Ky we use to get
¥(k1,...,kr) contains no Ky of colour x,, therefore

t < R(ky,...,kr)

(see (12*)). Further, given a t, and the weights w;;, we can find the optimum
distribution

u:(ulﬂ"'vut) (uzzo,Zuzzl)

for which g(K¢(w),u) is the maximum. This maximum was denoted by g(Ki(w))
and called the density of Ky(w). To find S in the above definitions it is enough to
regard finitely many values of ¢, finitely many colouring and weighting (x,w) for
each ¢, check if there is a “bad” colour (containing a Ky ). If not, then “g(K;(w))
is good”. Then we have to take the maximum of the good g(K;(w))’s. Hence there
is a finite algorithm to determine B(k1,..., k). .

Proof of Theorem 3. Theorem 3(a) is generalized to Theorem 4, therefore its proof
will follow from that of Theorem 4. The proof of the stability property in (a)-(d)
is left to the reader.

Lemma 4. Let B, be a graph and A a set of vertices in By,, m=n—|A|l. If A
contains o(n?) edges, and

then

Or equivalently, if for a vertex x € K¢(w)

g(Ki(w) - 2) < (1 - ﬁ) ,

then
g(Kr(w)) < (1 - %) .

The meaning of this lemma is that if we can delete a set of independent or
almost independent vertices of a graph Gy, so that the resulting graph G, has only
as many edges as the “best” k—1-chromatic graph on m vertices, then G,, has only
as many edges as the “best” k-chromatic graph on n vertices. The proof is trivial.

Lemma 5. [3] The optimal weight distribution of vertices of a dense Ki(w) is
attained when all the weighted degrees are equal. Then the density equals the
half of this weighted degree.

Proof of Lemma 5. It follows easily using symmetrizations. See also [3].
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Lemma 6. If in a dense K:(w) each vertex is incident to at least X half-edges, then

29(Ky(w)) < (1 S %) |

If there exist no A-regular graph on t vertices, then we have strict inequality:

sgketw) < (1-1-2).

Proof of Lemma 6. Let d(:), 1 <4 <t be the weighted degree of the vertex i in
Ki(w). Let i1,--,45(;) be the vertices joined to i with a “half”-edge. For 1<i<¢

. . . 1
d(i) = E w(l,j)uj < l—-w- 5(“11 +...+ ui,\(i))
J#

Since each u; occurs in at least A inequalities, summing the above inequalities for
1< <t we get

1 1 A 24X
in d(i) < ;Y. d(6) € 5 (t-1-5) = 1-=—2=
2l 40 < 3 i d) < t(t ! ) ==

By Lemma 5 this proves Lemma 6.
Below we formulate a Jemma to calculate the density of some graph structures.

Lemma 7. Let — in Ky(w) — g vertex-independent K3’s and r independent edges
be given, where the edges and triangles are also pairwise vertex independent.
Assume that the edges in this system (i.e. the edges and the pairs in the triangles)
have weight % Then

29(K(w)) < (1 - 67?9%—_—5) |

(There may be some further half-edges as well!)

Proof of Lemma 7. If we replace a half-edge by a full edge, that cannot decrease the
density. Therefore we may assume that 3q vertices are covered by K3's; 2r vertices
are covered by the independent half-edges, and all the other edges are full edges.
There are s=t~—3g—2r other vertices. This structure will be denoted by W(q,r,s).

One could easily prove this lemma, using the Lagrange method. Below we shall
use an equivalent but more combinatorial technique. One can easily prove that if
we have two dense structures A and B and join each vertex of A to each vertex of
B with weight 1, then the obtained structure is dense again. Hence W{¢,r,s) is a
dense structure.

Further, by Lemma 5, the optimum distribution u yielding g(K¢(w)) can be
characterized by the fact that all the weighted degrees are equal. If the optimum
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distribution is z,z,...,2,y,-..,¥,%,..., 2, the corresponding vertices of K¢(w) satisfy
the following equations:

3
1-2z=1-cy=1-
z 5Y 2,

Hence, if z=6m, then x =3m, y=4m. Thus 1=9¢gm+8rm+6(t—3q—2r)m=
(6t —9g — 47)m, and consequently,

1 6
g(K(w)) = 3 (1 - m) )

In the proofs below we apply Theorem 2. If B, = B(h,t|m,...,n¢|u) is an
asymptotically extremal sequence then we consider the corresponding coloured,
weighted graph K¢(w) defined in its proof.

We agree to call a K; RED (or BLUE) if its edges are RED (or BLUE) and
this has nothing to do with the colours of the vertices.

Proof of Theorem 3(b). The lower bound is given by U(n,3) of Construc-
tion 1(b). Let B = B(h,t|ni,...,n¢|p) be an asymptotically extremal structure
of RT(n,K3,K4,0(n)), with its canonical extremal colouring. Let Ki(w) be the
corresponding weighted coloured complete graph.

Now, if in K;(w) there exists a BLUE point incident to a BLUE edge, then
we have a BLUE K3 C By, and we are home. So we may assume that if there is
a BLUE point z; € K¢(w) at all, then all the edges joining it to the other vertices
are RED. Let X be the corresponding class of B,. We may apply Lemma 4 to
By, =By —Xj: it contains neither a BLUE K3, nor a RED K3. Therefore e(By,) <

%m2 +0(m?), and consequently, e(B;,) < %nz +o(n?). 1

Proof of Theorem 3(c). Let {1,2,...,t} be the vertices of Ki(w).

If one of the vertices, say = is BLUE, then all the edges (z,y) of K¢(w) are
RED, otherwise we had a BLUE K3 in G,. Hence the remaining part contains
neither a RED K4, nor a BLUE K3. By Theorem 4(b), its density is at most
% (1- %), hence — by Lemma 4 — g(K(w)) < %— (1- ;11) < % (1- %)

So we may assume that all the vertices of K¢(w) are RED. Hence

(¥) K¢(w) contains neither a BLUE K3, nor a RED K4 with edges of arbitrary
weights. Hence t<R(3,4)=09.

(x+) All the edges of a RED K3 have weight %

In case of t <5 the density can be at most %(1— %) This is achieved only
when t=5 and all the edges are “full”. Hence the colouring of K5 is the colouring
of U(n,3,3), the PENTAGONLIKE colouring: otherwise (%) would be violated.

Assume now that t=6. Since — by (*) and Ramsey Theorem — there exists
a RED Kj in Ki(w), therefore, by (xx), its edges must be of weight %

Apply Lemma 7 with ¢=1, r=0:

2 1
1-1 4 t=s
%-3° 5 '

29(Ky) <1 -

Finally let 7<t<9.
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1. Observe that each z is joined to at most 3 other vertices in BLUE. Indeed, if
z is joined to y1,¥2,...,¥:, then — since the BLUE K3’s are excluded, — y1,...,y;
form a complete RED graph. Thus i <4.

2. We show that for t>7 each z is incident to at least ¢t —5 (RED) half edges.
Indeed, if z is joined to y1,...,%; in BLUE and to 21,...,2; in RED, and, say, zz; is
a full RED edge, then it is not contained in RED triangles. Therefore 27 is joined
to all the other 2’s in BLUE. If there is another full RED edge, say zy2, then 2
is also joined to all the other y’s in BLUE. Since there is no BLUE triangle, thus
j < 3: there are at most 2 BLUE edges incident with x. Since there are at most 3
BLUE edges zy, — if 2 of these RED edges are full, then t<143+2=6.

Since £ > 7, z is incident to at least 2 RED edges (with weight %) So we can

apply Lemma 6: 2g(K¢(w))<1-— % <1- % if t<9.

Proof of Theorem 3(d). The following conditions must hold on the colouring of the
extremal B(h,t|ny,...,neu).

(a) There are no 4 classes C;, Cj, Cy and Cp, joined in the same colour (i.e.
forming a monochromatic K4 in the reduced graph).

(b) If A=(C;,C;,Cy) is RED, then all its “vertices” C;,C; and C}, are BLUE
(where a RED triangle means that the edges between the different groups are
RED!)

(c) If C; and C; are RED, then either they form a RED Bollobds-Erdés graph
or they are joined, by a BLUE edge.

(a’)-(c’) If we swap BLUE and RED, (a)-(c) still hold.

(As a matter of fact, the converse statement is also true:

if for B(h,t|ny,...,nt|p) (a—’) hold, then it contains no monochromatic Ky.)
(A) First we prove, that {=6.

1. Suppose that t<4. Then

1 11

29(Kq(w)) < (1 - z) <X

2. Let t=>5. If there is at least one “half” edge, then similarly as in the proof

of 4(c) we get
10 11
29(Ki(w) < 33 < 17

Consequently, we may suppose, that all the edges are “full”. In that case we
shall prove that in any colouring of K5(w) — satisfying (a)—(c’) — there must be
a monochromatic K4 in By.

The PENTAGONLIKE colouring is excluded, since in that case we can always
find two classes of the same colour and a full connection between them in the same
colour. This would yield a monochromatic Kjy.

If the vertices z1,z2,z3 of K5(w) form a RED triangle, then z1,z9,r3 must
be BLUE by (b).

By (a) there exists a BLUE “full” connection between 4 and z1,z2,73. Hence
(by (c)) £4 must be RED. Similarly, z5 is also RED. Hence (by (c’)) they are joined
by BLUE.
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There are at most two RED edges between {z1,z2,z3} and {z4,25}. Otherwise
say x4 were joined to two of z1,z9,23 by RED edge and consequently, we would
have a RED triangle, say (z1,x9,24) with one RED vertex x4, contradicting (b).
There are at most three BLUE edges between {z},z2,23} and {z4,z5}: otherwise
say x1 were joined to both z4 and z5 in BLUE, yielding a BLUE triangle (z1,4,25)
incident to a BLUE vertex.

Since there are 6 edges between {z1,z2,23} and {z4,z5}, 5 vertices with all
“full-connections” cannot be properly coloured.

(B) Next we consider the case when ¢t > 6.

First we prove, that in an admissible colouring of K;(w) all the monochromatic
triangles have the same colour. Indeed, assume that xj,z2,z3 is a RED, y1,392,93
is a BLUE triangle Then z;’s are BLUE and y;’s are RED vertices. At least 5 of
the 9 connections x;y; have the same colour, say RED. Thus we get a RED triangle
T;, Tk, Y;, contradicting (b).

Assume that there exists at least one BLUE vertex, say zj, and all the
triangles are also BLUE. Then there is no RED triangle. z; cannot be contained
in a BLUE triangle, by (b’). This implies that x; has at most 2 BLUE connections:
otherwise, say 2, 3 and z4 were joined to 1 in BLUE, and therefore z9,23,24
were a RED triangle. Similarly, z; is joined to at most 3 other vertices in RED,
otherwise we have a BLUE K4 in Kt(w). Hence z; can be joined to at most 5 other
vertices, a contradiction.

So the only remaining case to be settled is when all the groups are RED, and
all the triangles are BLUE.

First observe that in this case each vertex in K¢(w) is joined to at least ¢t —6
other vertices in RED: otherwise, say, 1 were joined to the remaining 6 vertices
in BLUE and 3 of these vertices would form a BLUE triangle, yielding with z; a
BLUE Kj4. Now (c¢) and Lemma 6 yields

‘ 1 t—6\ 1t+4
20< (1—=— _lt+4
g ( ) 27 ¢

Thus for ¢ > 7 we obtained that 2g<11/14, for t=7 we use the second part of the
lemma: t—6=1 and there is no 1-regular graph on 7 vertices.

(C) Assume now that t=6.

If there exists exactly one half-connection, or two half-connections incident to
the same vertex, say zg, then we can apply (A) to the remaining 5 vertices 1,...,s.
We have seen that in that case one of the conditions (a—c’) must be violated: there
exists a monochromatic Kj.

So we have proved that there exist at least two independent “half- connections”
among the 6 vertices.

To finish the proof we have to give a “good” colouring of such a weighted
K¢ with 2 independent half edges and determine the optimal weight distribution,
showing that its density is % . }7}

This is given by Construction 4.
Construction 4. For n=14t+o(t) fix 6 groups W1,...,Wg as follows:

|W1| = 2t, |Wa| = 2t, |W3| = 3¢, |Wy| = 3t, |Ws| = 2t,|We| ~ 2t.
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W1 and Wy form a RED Bollobds—Erdds graph, W3, Wy, are also RED groups: we
build RED Erdés graphs on them; however, they are joined completely, in BLUE.
W5, and W form a BLUE Bollobds-Erdés graph. All the other pairs of classes are
completely joined, as follows:

(W1, W3), (W1, Wy), (Wa, W3), (Wa, Wy), (W1, Ws), (Wa, We)
are BLUE,
(W37 W5)7 (W37 Wﬁ)v (W47 W5)7 (W4a Wﬁ)s (Wla WG)’ (W25 W5)

are RED. One can easily check that there are two BLUE triangles but all their
groups are RED and the shortest odd RED cycle is a pentagon, and each “full”
RED edge has at least one BLUE endgroup, no “full” BLUE edge connects BLUE
groups. Thus the resulting B(h,6|ny,...,ng/p) contains no monochromatic K4 in
the above colouring and has only o(n) independent vertices.

It is easy to check that in (C) we have the optimal distribution and that e(B)=

%(1—%)n2+0(n2). i

Proof of Theorem 4. We shall call the “odd-girth” of G the length of the shortest
odd cycle in it. Put BLUE Erdés graphs of “odd-girth” > p,q into the classes of a
RED T, 2. The obtained Uy, 2 contains no short odd RED or BLUE cycles. This
yields the {constructive) lower bound in Theorem 3.

Apply the proof methods of Theorem 2”, (upper bound). If the reduced graph
H{(wg) contains a BLUE vertex and a BLUE edge incident to it, then Gy, contains a
BLUE Cj, assumed that e =¢(p, q) is chosen appropriately. The same holds in RED.
Hence in the reduced coloured graph Ki{w) all the vertices have colours different
from the colour of any edge. Therefore all the vertices are of the same colour, say
RED, and all the edges are of the other colour, say BLUE. If K; contains a BLUE
K3, then Gy, contains a BLUE K (p,p,p), a contradiction. Hence there are at most
2 classes: t=2. [ |

5. Open problems

There are various intriguing open problems in connection with the above theorems.
We list below some of them. :

Problem 1. How large can t = t(q,s) be if B(h,t|n1,...,nt|u) is asymptotically
extremal for the problem RT(n,q,s,o(n))?

It is easy to see, that ¢ is at least exponentially large. Indeed, let ¢=2k+1, t=
R(k,s), and consider U(n,t). Clearly, U(n,t) contains neither RED K, nor BLUE
K, and has (1~ 1) (3) edges. Further, all the GBE-graphs with fewer classes have
fewer edges. Hence the extremal GBE-graph has t > R( [g] ,s) classes, otherwise
it has too few edges.

Problem 2. Determine ¥(K,, K3).

Perhaps the following is true.
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Conjecture 1. U(n,k,3) of Construction 2 is extremal for RT(n,3,q,0(n)) if ¢ =
2k+1.

One of the basic problems to be attacked is in general: Given a graph L,
how the graph theoretic properties of L influence #(L)? In case of ordinary graph
extremal problems the chromatic number is the most important factor in determin-
ing ext(n,L). The previous paper [10] showed that the behaviour of ¥(L) largely
depends on the arboricity of L. Still, it did not give a complete solution of the ques-
tion. The case of K3(2,2,2) seemed to be the first real difficulty. Since K3(2,2,2)€
Arb(4), therefore

¥(K3(2,2,2)) < 9(Ky) = %,
(see [10]).
We cannot improve this bound.

Problem 3. Decide if ¥(K3(2,2,2))=0.

One way to settle this question would be to show that the Bollobas-Erdds
graph (or some slight modification of it) contains no K(2,2,2). We cannot decide
even this (seemingly simple) question.

Perhaps replacing o(n) by a slightly smaller functions, say by f(n)= @ one
could get smaller upper bounds.

Problem 4. Is it true that for some ¢>0,

RT (n Ky, —”—> < (l _ c) n2?
logn 8

Problem 5. Is it true that for RT(n,k1,...,kr,0(n)) the asymptotically extremal
structure is weakly stable?

The same type of questions can be asked for hypergraphs.
Some hypergraph results on Turdn—Ramsey problem can be found in [15] and
in [17].
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