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Abstract. In this paper we study the inverse of the eigenfunction sin, of the one-dimensional p-Laplace
operator and its dependence on the parameter p, and we present a Turdn type inequality for this function.
Similar inequalities are given also for other generalized inverse trigonometric and hyperbolic functions. In

particular, we deduce a Turan type inequality for a series considered by Ramanujan, involving the digamma
function.

1. Introduction

P. Lindqvist [25] studied the eigenfunction sin, in connection with unidimensional nonlinear Dirichlet
eigenvalue problem for p-Laplacian. This function has become a standard tool in the analysis of more
complicated equations with various applications e.g, see [7, 8, 14, 17, 18, 20, 26].

Motivated by the work of Lindqvist, several authors have studies on the equalities and inequalities of
the generalized trigonometric functions e.g, see [10, 11, 16, 21, 22, 31] and their bibliography. Motivated
by the many results on these generalized trigonometric functions, in this paper we make a contribution to
the subject by showing some convexity properties [2, 5] and Turan type inequalities for the inverse gener-
alized trigonometric functions. These kind of inequalities are named after the Hungarian mathematician
Paul Turdn who proved a similar inequality for Legendre polynomials. For more details on Turan type
inequalities we refer to the papers on hypergeometric functions [3, 4, 6, 23] and to the references therein. We
deduce also a Turan type inequality for a series involving the digamma function, which was considered by
Ramanujan [9]. The monotonicity of the function 7, ; is given in [21], here we prove that the function 7, is
strictly geometrically convex and log-convex. We note that this study gives us new bounds for elementary
functions in terms of generalized trigonometric and hyperbolic functions. We also mention that the results

of this paper complements the known Turén type inequalities for Gaussian hypergeometric functions, see
for example [4, 23].
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For the formulation of our main results we give first the following definitions of some classical functions,
such as gamma function I, the psi function 1 and the beta function B(:,-). For x > 0, y > 0, these functions are
defined by

“ ! I'(x)r
I'(x) = j(; e ' dt, P(x) = %, B(x,y) = —F((z)+($))'

For the given complex numbers a,b and c with ¢ # 0,-1,-2,..., the Gaussian hypergeometric function is
the analytic continuation to the slit place C \ [1, o) of the series

(@, n)(b,n) 2"

F(a,b;c;z) = 2F1(a, b;c;z) = (c,n) n!’

|z| < 1.
n=0

Here (a,0) = 1 for a # 0, and (4, n) for n € N is the shifted factorial or the Appell symbol
@n)=a@+)@+2)---(a+n-1).

For x € (0,1) and p > 0 the generalized inverse trigonometric functions are defined as follows

* 11 1
arcsiny(x) :f (1—tp)_1/pdt:xF(—, —;1+—;x”),
0 pr p

* 1 1
arctan,(x) = f (1+ ") dt = xF (1, —1+=; —x”),
0 P P
. g Yy 11 1
arcsinhy(x) = | (1+ )" /Pdt =xF|=,=;1+ —;=x"|,
0 pr p

arctanh,(x) = f (1—t")"'dt = xF (1 , 1,' 1+ 1;x”),
0 p p
and arccos,(x) = arcsin,((1 — x” )!/P). We note that the eigenvalue problem [19],1 < p < o
~Aput = = (u'P2u’) = AP, u(0) = u(1) =0,

has eigenvalues A, = (p — 1)(n7,)F, and eigenfunctions t + sin,(nm, t), n € N, where sin, is the inverse
function of arcsin, and

1
T = gf (1—s) Mpstrlgs = gB(l ! 1) 2—7'(
P Jo p p s1n(%)

p'p
see [18]. The other generalized trigonometric and hyperbolic functions cos,, : (0,4,) — (0, 1), tan, : (0,b,) —
(0,1), sinh,, : (0, 0) — (0, 1), and tanh,, : (0,0) — (0, 1) are defined as the inverse of the generalized inverse
trigonometric and hyperbolic functions arccos,, arctan,, arcsinh, and arctanh,, where

s 1+
ap=—p,bp=ll/J—P _lpl =2 lrE 1,1;1_,_1;1_
2 P\ \ 2p 2p ppp2
We also consider for p, g > 0 and x € (0, 1) the generalized inverse trigonometric functions
* 11 1
arcsiny, ,(x) = f (1—t1)"Vpdt = xF(—, =1+ —;xq),
0 P q q

arcsinh, 4(x) = f (1 + 1) Vrdt = xl—"(l , 1; 1+ 1; —xq),
0 P q q
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which for p = g reduces to arcsin,(x) and arcsinh,(x), also we denote arcsin, 4(1) = 7,,/2.

Before we present the main results of this paper we recall some definitions, which will be used in the
sequel. A function f: (0,00) — (0,0) is said to be logarithmically convex, or simply log-convex, if its
natural logarithm In f is convex, that is, for all x, ¥ > 0 and A € [0,1] we have

fAx+ 0=y < [FOI [l ™.

The function f is log-concave if the above inequality is reversed. By definition, a function g: (0, c0) — (0, o)
is said to be geometrically (or multiplicatively) convex if it is convex with respect to the geometric mean,
that is, if for all x, y > 0 and all A € [0, 1] the inequality

g('y"™ < [g@1 g1

holds. The function g is called geometrically concave if the above inequality is reversed. Observe that the
geometrical convexity of a function g means that the function In g is a convex function of In x in the usual
sense. We also note that the differentiable function f is log-convex (log-concave) if and only if x = f’(x)/ f(x)
is increasing (decreasing), while the differentiable function g is geometrically convex (concave) if and only
if the function x = xg’(x)/g(x) is increasing (decreasing), for more details see [5]. Finally, we recall that a
function h: (0, 00) — R is said to be completely monotonic if & has derivatives of all orders and satisfies

(-1)"h"(x) > 0
forall x > 0 and m € {0,1,2,...}. For properties of completely monotonic functions we refer to the paper

[27] and to the references therein.

2. Main results
Our first main result reads as follows.

Theorem 2.1. For all x € (0,1) fixed, the following hold:

(1) The functions p + arcsin,(x) and p + arctanhy(x) are strictly completely monotonic and log-convex on
(0, 00). Moreover, p + arcsiny(x) is strictly geometrically convex on (0, o).

(2) The function p — arctany(x) is strictly increasing and concave on (0, o).

In particular, the following Turdn type inequalities are valid for all p > 1 and x € (0,1)

arcsing(x) < arcsin,-1(x) arcsing1(x),

arctanhﬁ (x) < arctanh,_i(x)arctanhy1(x),
arctanl% (x) > arctan,_1(x) arctan,.1(x).
The next corollary follows from Theorem 2.1.

Corollary 2.2. For x € (0,1), we have

arctanh3(x) arctan3(x)

———— <arctanh(x), —————
arctanhy(x) ) arctany(x)

2
arcsing(x)

< arcsin(x), > arctan(x),

arcsing(x)
and each inequality is sharp as x — 0.

The proof of the following result follows from Theorem 2.1 and Lemma 4.1.
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Corollary 2.3. Forp > 0,a > 1and x € (0, 1), the following inequalities hold

arcsing,(x)arcsiny, (x)*

1/a
arcsiny(x) < ( ) < arcsin(x),

arcsing,(x)

arctanhy,(x)arctanh, (x)*

1/a
arctanhy,(x) < ( ) < arctanh(x),

arctanhg,(x)

with equality when p =2 and a = 1.
Based on computer experiments we believe that the following results are true.

Conjecture 2.4. For x € (0,1) fixed, the function p — arcsinhy(x) is strictly concave on (0, 00). In particular, the
following Turdn type inequality is valid for all p > 1 and x € (0,1)

arcsinhpz(x) > arcsinh,,_1(x)arcsinhy1 ().
Conjecture 2.5. The following Turdn type inequalities hold for all p > 1 and x € (0, 1)

sini (x) > siny_1(x) siny41(x),
cosg(x) > cosp-1(x) cosp11(x),
tan,%(x) < tany,_1(x) tany1(x),

sinhj(x) < sinh,,_1(x) sinhy,1 (%),

tanh’(x) > tanh,_; (x) tanhy, (x).

Now, we focus on the arcsin, ;, and arcsinh,, ; functions.

Theorem 2.6. For all x € (0,1) fixed, the following hold:

(1) p & arcsin, 4(x) is completely monotonic and log-convex on (0, o) for q > 0.
(2) p & arcsiny 4(x) is strictly geometrically convex on (0, o) for q > 0.
(3) g+ arcsiny 4(x) is completely monotonic and log-convex on (0, o) for p > 0.

(4) p & arcsinhy ,4(x) is strictly increasing on (0, 00) and concave on (log V2, 0) forq > 0.
(5) g+ arcsinhy, ;(x) is strictly increasing on (0, o) for p > 0 and strictly concave on (0, o) for p > 1.

In particular, the following Turdn type inequalities are valid for x € (0,1)

arcsinﬁlq(x) < arcsin,_1 4(x) arcsing,14(x), p>1,4>0,

arcsinhﬁ/q(x) > arcsinh,,_1 5(x)arcsinhy,14(x), p > log V2 +1, g > 0.

Moreover, for x € (0, 1) we have the next Turdn type inequalities

arcsinifq(x) < arcsing 4-1(x) arcsing 4+1(x), p>0,9>1,

arcsinh.’%,q(x) > arcsinh, ;_1(x)arcsinh, 411(x), p>1,9> 1.
The next corollary follows from Theorem 2.6.

Corollary 2.7. For x € (0,1) and p > 0, p > log V2 respectively, we have

arcsinf] (%) arcsinhlz, (%)
—————— <arcsiny(x), arcsinh,(x) < —————,
arcsingo »(x) arcsinhy, ,(x)

and both of inequalities are sharp as x — 0.
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3. Concluding remarks and further results

A. We would like to mention that it is possible to prove that p + arcsin, x is strictly decreasing and
log-convex by using the hypergeometric series representation. Namely, it can be shown that for x € (0, 1)
fixed the function a — F(a,a;a + 1;x/%) is strictly increasing on (0, o). For this, first observe that

a(a, n) x"*

F(a,a;a + 1;x"%) = a(a), wh n(a) = :
(a,aqa+1;x'") Z(p(a) where @,(a) parp—

n>0

Taking the logarithm of ¢,(a), we get
log(pn(a)) = log(a) + log(I'(a + n)) — log(I'(a)) — log(a + n) — log(n!) + g log(x).

Differentiating log(q,(a)) with respect to a we get
@) 11

©n(a) T4 a+n

+ 9@+ )~ (@) - = log(x),

which is clearly strictly positive for all a > 0 and x € (0,1). Here we used tacitly that the gamma function
I' is log-convex, that is, the digamma function ¢ is increasing. This implies that a — ¢,(a) is strictly
increasing on (0, o) for each n € {1,2,...} and x € (0, 1) fixed. Consequently, for x € (0, 1) fixed the function
av— Faaga+1 s x/ 7) is strictly increasing on (0, ), as the infinite series of increasing functions. This in
turn implies that indeed p +— arcsin, x is strictly decreasing on (0, o) for all x € (0, 1). Moreover, since the
digamma function is concave, it follows that foralla > 0, x € (0,1) and n € {1,2,...} we have

pn@] 1 1
@n(a) T2 * (a + n)?

which means that a — ¢,(a) is strictly log-concave on (0, o) for each n € {1,2,...} and x € (0, 1) fixed. Now,
since forn € {1,2,...}, p > 0 one has

+ ¢y @a+n) -9+ 121—21 log(x) <0,

w1 (en/p)Y 2 eu(/p)
(log ¢x(1/p)) = ((pn a /p)) o

we get that p — @, (1/p) is strictly log-convex on (0, o) for each n € {1,2,...} and x € (0, 1) fixed, and hence
p b arcsiny, x is indeed strictly log-convex on (0, o) for all x € (0, 1), as the infinite sum of strictly log-convex
functions.

Now, recall that a continuous function f : (0, 00) — (0, %) is a Bernstein function (see [30]) if (1) f® (x) <
Oforx >0andk € {1,2,...}, thatis f" is a completely monotone function. We would like to mention that
ifa>0n¢€{l,2,..}and x € (0,1) are such that ¢,(a) > 1, then the function a2 — log(@,(a)) is in fact a
Bernstein function, that is, (—1)flog(¢,(a))® < 0 fora > 0, x € (0,1) and k € {1,2,...}. Indeed, for a > 0,
xe€(0,1)and ke {1,2,...} we have

(=1Yk!n
ak+1

l_ 1
a  (a+n)

log(@a(@)® = (=1 (k - 1)! [ ] + D@+ n) - &) + log(x)

and consequently

(—Dflog(@a@)® _ 1 1 1 1 I
k-1t _[E_ <ﬂ+n>"]+z[(a+n+m)k - (u+m)k]+aﬁ1°g(") <0.

m>0

Here we used tacitly that

¢<k-”(a+n>—¢<k-”<a>=<—1>k(k—1>!7_][ ! ! ]

K k
s @+n+m¥ (a+m)
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Finally, we mention that a similar procedure to that mentioned above can be applied to prove that

1 1 xPn
p — arctanh,(x) :xF(l,—;l + —;x”) =x
P % % Zapn+1

is strictly decreasing and log-convex on (0, o) for all x € (0, 1) fixed.

B. In the first main theorem we mentioned that the function p + arcsin,(x) is strictly geometrically
convex on (0, o) for x € (0, 1), and in the proof we used Lemma 4.2. We note that the origins of such kind
of results goes back to Montel. More precisely, Montel [28] proved the following result: if the function

X

f:(0,a) = (0, 0) is geometrically convex, then the function x f(#)dt is also geometrically convex on
0
(0, 4). Moreover, it is known (see [5, 33]) that the above result remains true if we replace the word “convex”

with “concave”. Now, consider the functions f, g,7,5 : (0,1) — (0, o), defined by
fO =A=MY, gty=1+F)7, 1) = A +P)VP, s(t)=(1-#)"L.

Then for all t € (0,1) and p > 0 we have

[ts«t)]’_ [tf'u)]’_ LA

so | Pl | T a-wp
and ()/ , 2ot

tgO _ ()| p

) =+ | =t <

Combining these with the above results it follows that for p > 0 the functions x ~ arcsin, x and x
arctanh,, x are strictly geometrically convex on (0, 1), while the functions x + arcsinh, x and x + arctan, x
are strictly geometrically concave on (0, 1). These results for p > 1 were proved recently in [10] by using a
different approach.

C. Observe that

P 1 1 1
a, = 7” = arcsin,(1) = fo (1 -t Vrdt = ; fo (1 —s)"Vrst/r-1gs,

Now, since by Theorem 2.1 we have that p - arcsin,(x) is strictly geometrically convex and log-convex on
(0,00) for x € (0,1), by letting x tend to 1 we get that p > 1, = 2arcsin,(1) is strictly geometrically convex
and log-convex on (0, ). Consequently, for @ € (0,1) and p, g > 0 such that p # g we have

Tag-a < TOT

1-a
Peq P g

1_
and  Tlapi(i-a)yy < ngnq a,

The first inequality implies that we have also
Tpagi-a < aTty + (1 — )7

Observe that for@ = 1, p = s—1and q = s+1 the second inequality reduces to the next Turdn type inequality
fors>1

T2 < Tl Tss1
which is equivalent to

Sil’l2 % 52

- . > .
sin f5sindy  (s—D(s+1)

We also mention that the first inequality of this remark for a = ] and the third inequality of this remark for
a € (0,1) were proved recently by Bhayo and Vuorinen [10].
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D. Now, we focus on b,. Observe that

1
b, = arctany(1) = f (1 + tP)~Ldt.
0

Now, taking into account that according to Theorem 2.1 the function p — arctan, x is strictly concave on
(0,00) for x € (0, 1), by tending with x to 1 we obtain that p - b, is also concave on (0, ). In particular we
have

bap+(1—(1)l] > Olbp + (1 - a)bq > (bp)a(bq)l_a

forall @ € (0,1) and p,q > 0 such that p # g. Choosinga =  and p =5 — 1,4 = s + 1, we obtain for s > 1 the
next Turdn type inequality

b? > bs—l bs+1 .

We note that the series b, was considered by Ramanujan [9, p. 184-190] and for p € {3, 4,5, 6,8, 10} its values
were computed. For example, we have

T n log ( V2- 1)
b, = arctany(1) = 1 b; = arctans(1) = = log2 + ——, by = arctany(1) =

w@ V2 2v2

and hence the above Turdn type inequality for s = 3 becomes

2 2 n log ( V2 - 1)
0.6983089976. .. ( log2 + ) -— = 0.68091899109.. ..
3v3) T16v2 4 2v2
E. Finally, we consider the expression
Ta _ arcsin, ,(1) = fl(l — ) Vrdt = g (1 _1 1)
2 " 0 q p'a

Recall that Theorem 2.6 asserts that p +— arcsin, 4(x) is strictly geometrically convex and log-convex on
(0,00) for x € (0,1) and g > 0. By tending with x to 1 we get that p > 7, is strictly geometrically convex
and log-convex on (0, o) for q > 0. Consequently, for a € (0,1) and p1, p2, g > 0 such that p; # p, we have

e 1a

Toepieq < T gThpyg AN Tlapis(-aypng < T,

P14 PZLI

The first inequality implies that we have also

T <amy g+ (1 -a)m,,.

PPy

Observe that for @ = 1, p; = s — 1 and p, = s + 1 the second inequality reduces to the next Turan type

inequality fors > 1and g > 0
ﬂg,q < ns—l,qns+l,q-
These results extend the results from remark C. We also mention that by means of Theorem 2.6 the function

q > T, is strictly log-convex on (0, o) for p > 0 and the next Turdn type inequality is valid for s > 1 and
p>0

2
np,s < np,s—l 7Tp,s-%—l .
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4. Lemmas and proofs of the main results

In this section our aim is to present the proofs of the main results together with the preliminary results
which we use in the proofs.

Lemma 4.1. [29, Thm 2.1] Let f : (0,00) — (0, 00) be a differentiable, log-convex function and let a > 1. Then
g(x) = (f(x))*/ f(a x) decreases on its domain. In particular, if 0 < x <y, then the following inequalities

)y _ @)
flay) = fax)

hold true. If 0 < a < 1, then the function g is an increasing function on (0, o) and inequalities are reversed.

< (fo)y"

Lemma 4.2. Letb > a > 0. If the positive function v — K(v, t) is (strictly) geometrically convex on [a, b] for t € [0, x]
with x > 0, then the function

v Fu(x) = f K(v, t)dt
0
is also (strictly) geometrically convex on [a, b].

Proof. [Proof of Lemma 4.2] The result follows immediately from the well-known Holder-Rogers inequality
for integrals. Namely, we have

Fpapia(x) = fo K(V“yl_a,t)dtﬁ fo K*(v, K ™% (u, t)dt

x a X 1-a
< [ fo K(v,t)dt] [ fo K(y,t)dt] = Fy(0)F, " (x),

wherev,p € a,blanda € [0,1]. O

Proof. [Proof of Theorem 2.1] For the proof of part (1), let f € (0,x), x € (0,1) be fixed. Let us consider the
function f : (0,0) — R, defined by

f(p) =log(1 - )" = —% log (1.

Observe that forp > 0and t € (0,1)

N
f(p)_;;l—

P ogt+ Slog(1—#) <0
tpog +I?Og(_)</

5 2 #(logt\" 2
fp) = —?mlogu ;(1 _gtp) - E1og(1 — ") > 0.
Consequently, the function f is strictly decreasing and convex, which in turn implies that p > (1 — 7)™/ is
strictly decreasing and log-convex on (0, ). In other words, the integrand of arcsin,, x is strictly decreasing
and log-convex on (0, ). Now, by using the fact that the integral preserves the monotonicity and log-
convexity, it follows that the function p + arcsin, x is strictly decreasing and log-convex on (0, ). Now,
observe that for s(p) = /) we have

ps'(p)
sy 1-w

’ ’ p 1 t2
[PS(p)] _ 1t 1ogt+t’”( o8 ) —%log(l—fp)>0,

logt + %log(l - ),

sip) |~ p1-tv 11—t
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where p > 0 and t € (0,1). This means that the integrand of arcsin, x is strictly geometrically convex on
(0, 0). By Lemma 4.2, it follows that p - arcsin, x is strictly geometrically convex on (0, o).
Now, for t € (0,1) fixed let us consider the function g : (0, ) — R, defined by

g(p) =log(1- )" = —log(1 - t").

We get
£

logt g
/ — ’’ — p
7 () 1_ﬂglogt<0,g(p) t(l—tr’) >0,

and consequently p + (1 — )" is strictly decreasing and log-convex on (0, ). By using again the fact
that the integral preserves the monotonicity and log-convexity, it follows that the function p + arctanh,x is
strictly decreasing and log-convex on (0, oo) for all x € (0, 1) fixed.

Thus, we proved that the functions p + arcsin,(x) and p - arctanh,(x) are indeed strictly decreasing and
log-convex on (0, o). Now, let us focus on the complete monotonicity. Recall (see [27]) that the composition
of a completely monotonic function with a function whose derivative is completely monotone is also
completely monotonic. This implies that for t € (0,1) the function p — g(p) = —log(1l — #’) is completely
monotonic on (0, o) since p — —logp is completely monotonic on (0,1) and p — —*logt is completely
monotonic on (0, ). On the other-hand it is known that the product of completely monotonic functions is
also completely monotonic (see [27]), which in turn implies that p — f(p) = % - (= log(1 — 7)) is completely
monotonic on (0, o0) for t € (0, 1). We note that the positive function ¢ is said to be logarithmically completely
monotonic if it satisfies (—-1)" [log (p(x)](m) >0 forallx > 0and m € {0,1,2,...}. We also note that every
logarithmically completely monotonic function is completely monotonic, and each completely monotonic
function is log-convex, see [8] and [32, p. 167]. The above results imply that the functions p — (1 — )}
and p — (1 — #)7V/7 are logarithmically completely monotonic, and hence completely monotonic on (0, o)
for t € (0,1). These show that indeed the integrands of arctanh, x and arcsin, x are strictly completely
monotonic and log-convex as functions of p on (0, o) for t € (0,1), and also for t € (0,x). Thus, by using
the property that the integral preserves the complete monotonicity (see [27]), we proved that the functions
p > arcsiny(x) and p > arctanh,(x) are indeed strictly completely monotonic and hence log-convex on
(0, 00).

For the proof of part (2), let us consider the function i : (0, o) — R, defined by h(p) = (1 + )71, for fixed
t €(0,1). We have

#(1 - t)

Hip) =~ BENGE

logt >0 and h"(p) = (logt)* <0,

#
(1 + tr)?

and consequently £ is strictly increasing and concave. Consequently, the function p + arctany(x) is strictly
increasing on (0, oo) for all x € (0, 1) fixed. Moreover for ¢ € (0,1), a € (0,1), p,q > 0 such that p # g we have

h(ap + (1 — a)q) > ah(p) + (1 — a)h(g),
and hence
arctan g (1-a)yg(x) = f ) h(ap + (1 — a)q)dt
0
> fx h(p)dt + (1 — o) fx h(g)dt = a arctan,(x) + (1 — @) arctan,(x),
0 0

which means that p +— arctan,(x) is strictly concave on (0, o) for all x € (0, 1) fixed. Now, since the concavity
is stronger than the log-concavity, it follows that p > arctan,(x) is strictly log-concave on (0, o). This
completes the proof. [
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Proof. [Proof of Theorem 2.6] We consider the two-variable functions f, g : (0, c0)> — (0, %), defined

fp.q) =@ =07, g(p,q) = 1+,

wheret € (0,1). Since p — 1/p is completely monotonic on (0, o), the functionp — log f(p,q) = —:—7 log(1—t7)
for g > 0 and t € (0,1) is completely monotonic on (0, o), and consequently the function p — f(p,q) for
g > 0and t € (0,1) is also completely monotonic on (0, ). This implies that the function p + arcsin, 4(x)
is completely monotonic, and hence log-convex on (0, o) for ¢ > 0 and x € (0,1). According to the proof
of Theorem 2.1, the function q — log f(p,q) for p > 0 and ¢ € (0, 1) is completely monotonic on (0, o), and
consequently the function g = f(p,q) for p > 0 and ¢ € (0, 1) is also completely monotonic on (0, o). This
implies that the function g + arcsin, 4(x) is completely monotonic, and hence log-convex on (0, o) for p > 0
and x € (0,1).
Since for g > 0 and ¢ € (0, 1) the function

If(p.g)

p 8p 1
- = ~log(1 — 1)
™ g " p 8

is strictly increasing on (0, o), by Lemma 4.2 we obtain that p + arcsin, ;(x) is strictly geometrically convex
on (0, o) for g > 0 and x € (0, 1).
On the other hand, for ¢ € (0, 1) we have

ag(p,
gg; D %<1+tq>—””10g<1+t">>0f if p.q>0,
*g9(p,
PR = S50+ log(1 + )= 2 log(1 4.9 <O, i p> log V2,40,
a , _1_
PR L0+ Ay gt >0, if g >0,

Pap, 1
%(qu 90 _ —%(1 LY 24 (p — M) (log £ <0, if p>1,q> 0.

Consequently the integrand of arcsinh,, ;(x) is strictly decreasing on (0, co) with respect to p, and also with
respect to g, when p,q > 0. Moreover, the integrand of arcsinhy,;(x) is strictly concave with respect to p on
(log V2, %) for g > 0and t € (0,1); and is strictly concave with respect to g on (0, o0) for p > 1 and t € (0, 1).
Since the integral preserves the monotonicity and concavity, it follows that p +— arcsinh,,,(x) is strictly

decreasing on (0, ) and concave on (log V2, o) for g > 0and x € (0,1); and g + arcsinh, 4(x) is strictly
decreasing and concave on (0, ) for x € (0,1), p > 0, and p > 1 respectively. Finally, since the concavity
implies the log-concavity, the proof of this theorem is complete. [

Note added in proof

Itis important to mention here that during the evaluation process of the present paper, the corresponding
parts of Conjecture 2.5 for sin,, sinh, and tanh, have been already confirmed and extended by Karp and
Prilepkina [24]. Moreover, the corresponding parts of Conjecture 2.5 for tan, and cos, were confirmed also,
under the restriction x € (0, log2), see [24, Theorem 1].
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