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Turbulene Model and Numerial ShemeAssessment for Bu�et ComputationsEri GONCALVESLEGIBP 53, 38041 Grenoble edex 9, FraneEri.Gonalves�hmg.inpg.frRobert HOUDEVILLEONERA-Toulouse, Department of Aerodynamis and Energetis,BP 4025, Toulouse, 31055 edex, FraneRobert.Houdeville�oneert.frAbstratThe predition of shok-indued osillations over transoni rigid airfoils is important for abetter understanding of the bu�eting phenomenon. The unsteady resolution of the Navier-Stokes equations is performed with various transport-equation turbulene models in whihorretions are added for non-equilibrium �ows. The lak of numerial e�ieny due to theCFL stability ondition is irumvented by the use of a wall law approah and a dual timestepping method. Moreover, various numerial shemes are used to try and be independentof the numerial disretization.Comparisons are made with the experimental results obtained for the superritial RA16SC1airfoil. They show the interest in using the SST orretion or realizability onditions to getorret preditions of the frequeny, amplitude and pressure �utuations over the airfoil.KeywordsBu�et, Unsteady Flows, Turbulene Modelling, Numerial Sheme1



Nomenlature
x, y, z loal wall frame (boundary layer)
Uτ frition veloity
Cf shear stress oe�ient
Cp pressure oe�ient
Fc, Fd onvetive and di�usive �ux densities
Pk turbulent kineti energy prodution
M∞ in�nite Mah number
Rec Reynolds number based on the mean hord
Ti stagnation temperature
u, v, w veloity omponents in the loal wall frame
q total heat �ux, qv + qt

k turbulent kineti energy
P stati pressure
Pr, Prt Prandtl numbers
T mean stati temperature
α angle of attak
ε dissipation rate
κ von Karman onstant
ω spei� dissipation
µ, µt moleular and eddy visosity
ρ density
τ total stress tensor, τv + τ t

w wall value
+ wall sale
1 adjaent ell with respet to the wall
v visous
t turbulent
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1 INTRODUCTIONThe numerial simulation of unsteady turbulent �ows around airfoils is motivated by theneed to better understand omplex �ow phenomena appearing in aeronauti appliationssuh as �ows over airraft wings. The present work fouses on the transoni bu�et. Thisaerodynami phenomenon results in a self-sustained periodi motion of the shok wave overthe surfae of the airfoil, due to the development of instabilities aused by the boundarylayer separation and the shok wave interation. The shok-indued osillations (SIO) overrigid airfoils in transoni regime have been lassi�ed by Tijdeman for fored instabilitiesusing a moving trailing edge �ap [1℄. A detailed desription of the physial features ofSIO is given by Lee [2℄. This problem is of primary importane for aeronauti appliationsas it an lead to the bu�eting phenomenon through the mehanial response of the wingstruture. The large amplitude periodi variation of lift assoiated with bu�et limits theruising speed of ommerial airraft and severely degrades the maneuverability of ombatairraft. Aurate preditions of suh �ow phenomena is of signi�ant tehnologial inter-est and their simulation remains a hallenging problem due to the omplex physis involved.Today, despite the fast improvement of omputer performanes, the unsteady resolu-tion of the Navier-Stokes equations remains a di�ult problem. Three-dimensional time-dependent omputations obtained with large eddy simulations (LES) and espeially withdiret simulations (DNS) are not yet pratial for this kind of appliations beause of thehigh demands in omputer resoures. In this study, the Reynolds deomposition was usedwith an averaged statistial proessing resulting in the RANS equations for the mean �owquantities. This approah leads to a low frequeny separation between modeled and om-puted sales. It is well known that these equations an be legitimely used for �ows inwhih the time sale of the mean �ow unsteadiness is muh larger than the harateristitime sale of the turbulene. This is the ase with the transoni bu�et in whih the shok-indued osillation frequeny is around 100Hz.The Reynolds deomposition introdues additional unknown quantities like the Reynoldsstress tensor and requires a turbulene model to lose the equation system. Various tur-bulene losures an be found in the literature of unsteady numerial simulation �owsassoiated with bu�et, osillating airfoils or dynami stall. Models are more or less sophis-3



tiated, from the Baldwin-Lomax algebrai model [3, 4℄, to one or two transport-equationmodels [5, 6, 7, 8, 9℄, to EARSM [8℄, RSM [9℄ and non-linear models [9℄. Regarding theshok loation for steady �ows, algebrai models annot give preditions with an aept-able level of auray. The standard eddy-visosity models based on the linear Boussinesqrelation are known to be a�ited by numerous weaknesses, inluding seriously exessivegeneration of turbulene at impingement zones, an inability to apture the boundary layerseparation and a violation of realizability at large rates of strain. Moreover, theses modelsare formulated following the spetral energy of Kolmogorov with an equilibrium assump-tion of turbulene and they are alibrated for steady �ows. However, for unsteady �ows,the presene of oherent strutures an break this equilibrium and lead to a di�erent en-ergy distribution. An observed onsequene is the over-prodution of eddy-visosity, whihlimits the unsteadiness development and modi�es the �ow topology. The present studyinvestigated some orretions for standard linear models suh as the shear stree transport(SST) Menter orretion and the use of realizability onstraints. A �rst study was on-duted, onsisting of numerial simulation of transoni bu�et over airfoils [10℄ with the SSTorretion. It were shown the great in�uene of this limiter for two-equation models andgood results were obtained. Other ways of limiting the eddy-visosity or the prodution ofturbulene kineti energy an be used, suh as a derease the value of the Cµ oe�ient [12℄or the introdution of the vortiity in the prodution term [13℄ but they were not tested.Another important aspet onerns the numerial methods and the omputer ost.Indeed, unsteady RANS omputations with turbulene models remain expensive. Expliitmethods solved the equations using a global time step omputed as the minimum of theloal time step assoiated with eah grid ell. The CFL stability riterion drastiallyredues the method e�ieny for �ne meshes for whih the dimensionless mesh size atthe wall must be of unity order, in wall units. To overome this di�ulty, a wall lawapproah is used to relax the mesh re�nement near the wall [11℄. Moreover, omputationsare performed with an e�ient impliit method allowing some large time steps and with thedual time-stepping approah allowing the use of aeleleration tehniques suh as multigridalgorithm and loal time step. Finally, the paper presents a numerial sheme omparisonto study the in�uene of the sheme on these unsteady omputations and to try and beindependent of the spatial disretization. 4



2 NUMERICSThe numerial simulations were arried out using an impliit CFD ode solving the unou-pled RANS/turbulent systems for multi-domain strutured meshes. This solver is basedon a ell-entered �nite-volume disretization.2.1 Governing equationsThe ompressible RANS equations oupled with a two-equation turbulene model in in-tegral form are written for a ell of volume Ω limited by a surfae Σ and with an outernormal n. These equations an be expressed as :
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where w denotes the onservative variables, Fc and Fd the onvetive and di�usive �uxdensities and S the soure terms whih onern only the transport equations. Ψ is thelength sale determining variable.The exat expression of the eddy visosity µt and the soure terms depends on the turbu-lene model, as well as the onstants σk and σΨ.The total stress tensor τ is evaluated following the Stokes hypothesis and the Boussinesqassumption. The total heat �ux vetor q is obtained from the Fourier law with the onstantPrandtl number hypothesis.
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(
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2.2 Numerial methodsFor the mean �ow, the spae-entered Jameson sheme [14℄ was used. It was stabilizedby a salar arti�ial dissipation onsisting of a blend of 2nd and 4th di�erenes. For theturbulene transport equations, the upwind Roe sheme [15℄ was used to obtain a morerobust method. The seond-order auray was obtained by introduing a �ux-limiteddissipation [16℄. The Harten's entropy orretion was used.Time integration was performed through a matrix-free impliit method [17, 18℄. Theimpliit method onsists in solving a system of equations arising from the linearizationof a fully impliit sheme, at eah time step. The main feature of this method is thatthe storage of the Jaobian matrix is ompletely eliminated, whih leads to a low-storagealgorithm. The visous �ux Jaobian matries are replaed by their spetral radii. Theonvetive �ux are written with the Roe sheme instead of the Jameson sheme beauseof the dissipation term, the use of an inonsistent linearization having no onsequene forsteady omputations. The Jaobian matries whih appear from the linearization of theentered �uxes are approximated with the numerial �uxes and the numerial dissipationmatries are replaed by their spetral radii.Conerning the turbulene transport equations, the di�usive �ux Jaobian matrix are alsoreplaed by their spetral radii. The soure term needs a speial treatment [19℄. Only thenegative part of the soure term Jaobian matrix is onsidered and replaed by its spetralradius.The impliit time-integration proedure leads to a system whih an be solved diretly oriteratively. The diret inversion an be memory intensive and omputationally expensive.Therefore, an impliit relaxation proedure is preferred and the point Jaobi relaxationalgorithm was hosen.For steady state omputations, onvergene aeleration was obtained using a loaltime step and the full approximation storage (FAS) multigrid method proposed by Jame-son [20, 21℄. Foring funtions are de�ned on the oarser grids and added to the residualsused for the stepping sheme. The orretions omputed on eah oarse grid are transferredbak to the �ner one by trilinear interpolations. The turbulent equations are only solvedon the �ne grid and the omputed eddy visosity µt is transferred to the oarse grids. The6



multigrid algorithm is applied through a V type yle.For unsteady omputations, the dual time stepping method, proposed by Jameson [21℄,was used to takle the lak of numerial e�ieny of the global time stepping approah.The derivative with respet to the physial time is disretized by a seond-order formula.Making the sheme impliit with respet to the dual time provides fast onvergene tothe time-aurate solution. Between eah time step, the solution is advaned in a dualtime and aeleration strategies developed for steady problems an be used to speed upthe onvergene in �titious time. The initialization of the derivative with respet to thephysial time was performed with a �rst-order formula.2.3 Far �eld onditionsAt the outer edge of the omputational domain, a non-re�eting ondition is used with avortiity orretion in order to simulate a uniform in�nite �ow. It is dedued from the �ow�eld indued by a single vortex, the strength of whih is given by the airfoil lift [22℄.2.4 Turbulene ModelsVarious popular two-equation turbulene models were used in the present study : theSmith k − l model [23, 24℄, the Wilox k − ω model [25℄, the Menter SST k − ω model[26, 27℄, the high Reynolds version of the Jones-Launder k − ε model [28℄, the Kok k − ωmodel [29℄ and also the one-equation Spalart-Allmaras model [30, 31℄.As the disretization sheme does not insure the positivity of the turbulent onservativevariables, limiters were used to avoid negative k or Ψ values. These limiters were set equalto the orresponding imposed boundary values in the far �eld.SST orretionThe Menter orretion is based on the empirial Bradshaw's assumption whih binds theshear stress to the turbulent kineti energy for two-dimensional boundary layer. Thisorretion was extended for the k − ε model and the k − l model.
7



non-equilibrium orretionThe nonequilibrium orretion of Smith [32℄, developed for the k − l model, onsists inmodifying the omputation of the eddy visosity by introduing a funtion σ :
µt = σµteq ; σ =

α− 0.25α1/2 + 0.875

α3/2 + 0.625
; α =

min
(

Pkeq , 0
)

ε
(4)where the subsript eq denotes the equilibrium value. The non-equilibrium funtion washosen to limit the eddy-visosity when prodution is greater than dissipation and to in-rease the visosity above the equilibrium model value in the ontrary ase.Durbin orretion - link with realizabilityBased on the realizability priniple (the variane of the �utuating veloity omponentsshould be positive and the ross-orrelations bounded by the Shwartz inequality), a mini-mal orretion was derived for two-equation turbulene models and was shown to ure thestagnation-point anomaly [33℄. The ondition to ensure realizability in a three-dimensional�ow is :

Cµ ≤
1

s
√
3

; s =
k

ε
S ; S2 = 2SijSij −

2

3
S2
kk (5)A weakly non-linear model was thus obtained [35℄ with a Cµ oe�ient funtion of thedimensionless mean strain rate :

Cµ = min

(

Co
µ,

c

s
√
3

) with c ≤ 1 (6)where Co
µ is set to the onstant value 0.09. Durbin �xed the value of the onstant c to 0.5for good results in impinging jets [34℄. Then, the following relation was obtained for the

k − ε model :
µt = ρCµ

k2

ε
; Cµ = min

(

Co
µ,

0.3

s

) (7)And for the k − ω model :
µt = ρCµ

k

ω
; Cµ = min

(

1,
0.3

Co
µs

) (8)It should be noted that this orretion is similar to the SST formula by replaing Ω with
S. Yet, the Durbin orretion is established with mathematial onepts and is availablefor three-dimensional �ows whereas the SST orretion is based on an empirial two-dimensional hypothesis. This model has been suessfully tested on shok wave/boundarylayer interations with the Wilox k − ω model [35℄.8



Realibration of the onstants for the Kok modelThe Kok model has been built in order to resolve the dependene on freestream values of
ω. The turbulene transport equations of the model are given by :

∂ρk

∂t
+ div [ρkV − (µ+ σkµt) grad k] = Pk − β∗ρkω

∂ρω

∂t
+ div [ρωV − (µ+ σωµt) gradω] = Pω − βρω2

+σd
ρ

ω
grad k. grad ωKok obtained additional onstraints for the onstants :

σω − σk + σd > 0

σk − σd > 0The hoie of Kok was :
σω = 0.5 ; σk = 2/3 ; σd = 0.5The onstant values were hanged, following all onstraints, to show the sensitivity ofthe model to the ross-di�usion term grad k. grad ω in the ω equation for these unsteadyomputations. test 1 : σω = 0.5 ; σk = 2/3 ; σd = 0.65test 2 : σω = 0.5 ; σk = 1 ; σd = 0.852.5 Wall law approahAt the wall, a no-slip ondition was used oupled to a wall law treatment. It onsists inimposing the di�usive �ux densities, required for the integration proess, in adjaent ellsto a wall. The shear stress τ and the heat �ux q are obtained from an analytial veloitypro�le :

u+ = y+ if y+ < 11.13

u+ =
1

κ
ln y+ + 5.25 if y+ > 11.13

u+ = u/Uτ ; y+ =
yUτ

νw

(9)In equation (9), u represents the van Driest [36, 37℄ transformed veloity for ompressible�ows.
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Conerning transport-equation turbulene models, k was set to 0 at the wall and its pro-dution was imposed aording to the formulation proposed by Viegas and Rubesin [38, 39℄.The seond variable was dedued from an analytial relation and was imposed in adjaentells to a wall. The harateristi length sale of the Chen model [40℄ was used for thedissipation rate ε and the spei� dissipation ω. For the Smith model, a standard linearlaw for the length l was used.For the one-equation Spalart-Allmaras model, the transported quantity was imposed inadjaent ells to a wall by using the losure relations of the model, the veloity pro�le anda mixing-length formulation for the eddy-visosity. More details onerning the wall lawapproah are given in [11℄.For unsteady boundary layers, the existene of a wall law was assumed valid at eahinstant. As shown in [41℄, the veloity phase shift is nearly onstant in the logarithmiregion and equal to the shift of the wall shear stress phase. This is true for a Strouhalnumber up to 10.When using the wall law approah with the multigrid algorithm, the wall law boundaryondition was applied on the �ne grid and the no-slip ondition was applied on the oarsegrids.
3 Numerial results3.1 Experimental onditionsThe experimental study was onduted in the S3MA ONERA wind tunnel [42℄ with theRA16SC1 airfoil. It is a superritial airfoil with a relative thikness equal to 16% anda hord length equal to 180mm. The RMS pressure �utuations were measured from
36 Kulite transduers installed in the airfoil. The �ow onditions were : M∞ = 0.732,
Ti = 283K, Rec = 4.2 106 and the angle of attak varied from 0 to 4.5◦. Transition was�xed near the leading edge at x/c = 7.5% on both sides of the airfoil.
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3.2 Computational onditionsFor the omputations, experimental orretions were used. The Mah number was de-reased by 0.09 and the angle of attak was dereased by 1◦ at all inidenes with respetto experiment. The grid was a C-type topology. It ontained 321× 81 nodes, 241 of whihwere on the airfoil(f. �gure 1, 2). The y+ values of the oarse mesh, at the enter of the�rst ell, are presented in �gure 3 for a steady omputation at α = 4◦.The numerial parameters used for the omputations were :- the dimensionless time step, ∆t∗ =
∆tai
c

= 0.2where c is the hord of the airfoil and ai the stagnation sound veloity- grid levels for the multigrid method, 2- sub-iterations of the dual time stepping method, 75 up to 100By inreasing the number of sub-iterations, it was heked that the same solution wasahieved.- the CFL number, 200- Jaobi iterations for the impliit stage, 14- the arti�ial dissipation of the Jameson sheme introdues two oe�ients, one for theseond-di�erene term: χ2 = 0.5 and one for the fourth-di�erene term: χ4 = 0.016. Forthe seond grid level, the oe�ient χ4 was �xed at 0.032- the oe�ient of the Harten's orretion, 0.05Computations started from a uniform �ow-�eld using a loal time step and one gridlevel. After 50 iterations, the dual time stepping method was used with the mulgridalgorithm and osillations develop with a growing amplitude.3.3 Comparison of turbulene modelsThe frequeny f and the amplitude of the lift oe�ient ∆CL are reported in table 1 forall turbulene models and for three angles of attak α = 3, 4 and 5◦, orresponding to thebu�et onset, established phenomenon and bu�et exit, i.e. the return to a steady state,respetively.The apaity of turbulene models to restitute the natural unsteadiness of the �ow11



without and with any orretion was �rst examinated.The Spalart-Allmaras model an reprodue the bu�et phenomenon, the frequeny beingunderestimated with respet to the experimental values. The lift amplitude was very weakfor the bu�et onset and the bu�et exit was not obtained.The Smith k− l model needs a orretion to obtain unsteady results. The Smith orretiondoes not seem to be e�ient for these unsteady omputations. Yet, the SST orretionsenable the model to simulate the bu�et. As for the Spalart-Allmaras model, the lift ampli-tude was largely underestimated for the bu�et onset and the bu�et exit was not predited.The Jones-Launder k − ε model an provide unsteady solutions without any orretion.Yet, the lift amplitude was largely underestimated for α = 4o and the model ompletelydamped the natural unsteadiness for the onset. The shok-indued osillations appear atan angle of attak of 3.7o rather than 3o for the experimental value. Thanks to the additionof the SST orretion a larger amplitude of the lift oe�ient was obtained but the bu�etonset was not predited. The realizability onditions of Durbin enable the model to preditthe bu�et onset but the lift oe�ient amplitude obtained is largely underpredited. Forthe established phenomenon, the amplitude is loser to the experimental value when usingthe Durbin orretion in omparison with the use of the SST orretion. The bak to asteady state was not simulated for the three omputations with the k − ε model.The Wilox and Menter k−ω models fail to ompute this appliation, the results obtainedbeing ompletely steady. Adding the ross-di�usion term grad k. grad ω in the ω equationof the Menter model, in omparison with the Wilox model, does not enable the model topredit shok-indued osillations. Adding the SST orretion to the Menter model hasa great in�uene and allows self-sustained osillations to be predited with a very goodagreement with respet to the experimental data.The Kok k − ω model an ompute natural unsteadiness for the established phenomenonbut the bu�et onset and the bu�et exit are not predited. It seems that the SST orre-tions and the realizability onstraints do not modify the behaviour of the model.The realibration of the onstant of the Kok model was tested for the three angles of attak.The frequeny and amplitude of the lift oe�ient are reported in table 2. Inreasing the
σd oe�ient indued an inreased amplitude of the lift oe�ient for all angles of attakand allowed the predition of the entrane in the SIO domain. Yet, there is no bu�et exitat α = 5o. 12



When omparing all turbulene models, the best results are learly obtained with theSST Menter model, for the three angles of attak. The amplitude of the lift oe�ientis remarkably predited and the bu�et exit is only predited when using this model. Allthese results show the interest of the use of a orretion for this unsteady appliation.The RMS values of the pressure �utuations over the airfoil are ompared in �gure 4with experimental results at the angle of attak α = 3o. The pressure side is represented bythe negative values of the absisse. The SST Menter model learly provides the best result.Over the pressure side the omputed pressure �utuation is in very lose agreement withthe measured values. The peak on the upper side, orresponding to the shok movement,is well loated but underestimated by 15%. The results obtained by the other turbulenemodels are very far from the experimental data, pressure �utuations over the airfoil beinglargely underestimated.Figure 5 presents the RMS pressure �utuations over the airfoil obtained with the modi�edKok k − ω models. For the two tests, the peak over the upper side is at a downstreamloation in omparison with the experiment. Both models under-estimate the maximumvalue on the upper side, espeially the test-1 modi�ed model and the amplitude of theshok displaement. Over the pressure side, the test-1 Kok model under-predits the levelof pressure �utuations. It seems that the inrease in the oe�ient σd allows a betterapture of the unsteadiness of the �ow.The RMS values of the pressure �utuations over the airfoil are plotted in �gure 6 foran angle of attak α = 4o and just for the k − ε models. The great in�uene of the SSTorretion and the realizability onstraints an be observed. Without any orretion, thepressure �utuations are largely under-estimated on the pressure side and on the trailingedge of the upper side. The amplitude of the shok displaement are too weak in ompari-son with the experimental values and the peak is not well loated on the upper side. Withorretions, the pressure �utuations on the trailing edge of the upper side are lose to theexperimental data. The amplitude of the shok and the peak loation are in better agree-ment with the experiment. Yet, the maximum value on the upper side is over-preditedwhile, on the pressure side, the �utuations level is over-estimated. The hange of the13



value of the onstant c in the realizability onstraints should improve the results.The RMS pressure �utuations over the airfoil obtained with the Kok k − ω modelsare the same and are not plotted together. In �gure 7, the RMS pressure �utuations areplotted for all generi turbulene models. Over the pressure side, the k − ε model withthe Durbin orretion over-predits the pressure �utuation and all other models give goodresults. Over the upper side, the peak is well loated exept for the Kok model. The maxi-mum value is under-estimated by the SST Menter model. Downstream the shok loation,at the trailing edge, a large disrepany with experimental values, whih an reah 50%,is observed for all models.Finally, the RMS values of the pressure �utuations over the airfoil are presented in�gure 8 for the Kok k − ω models. When the onstant σd is inreased, the displaementof the shok over the upper side is extended and the pressure levels beome more important.3.4 In�uene of the numerial shemeThe previous paragraph analyzed various turbulene models omputed with one numerialsheme for the mean �ow : the Jameson sheme. This part presents the in�uene of thenumerial sheme, all omputations being arried out with one turbulene model. For thequality of results, the SST Menter model was seleted. Conerning the integration of theturbulent transport equations, a seond-order Roe sheme is always used.We onsider the upwind Roe sheme [15℄, the AUSM+ Liou sheme [43℄ and the Jame-son sheme in whih the dispersive error is anelled. The Roe and Liou shemes beingof �rst-order spatial auray, the MUSCL extrapolation is used to inrease the spatialauray. Extrapolated values at a ell interfae are given by :
wL
i+1/2,j = wi,j +

1

4
[(1− κ)(wi,j − wi−1,j) + (1 + κ)(wi+1,j − wi,j)] (10)

wR
i−1/2,j = wi,j −

1

4
[(1 + κ)(wi,j − wi−1,j) + (1− κ)(wi+1,j −wi,j)] (11)The onstant κ is set to 1/3. This hoie allows the dispersive error to be minimized andthe third-order spatial auray to be approahed. Although the �ow presents a disonti-14



nuity with the shok wave, no slope limiter, ensuring the TVD property, was used. Indeed,omputations of the bu�et over transoni airfoil with a limited Roe-MUSCL sheme showedthe great in�uene of the slope limiter on the amplitude of the lift oe�ient [44℄.The frequeny and amplitude of the lift oe�ient are reported in table 3 for all nu-merial shemes and for the three angles of attak. For the entrane in the SIO domain,at α = 3o, the amplitude of the lift oe�ient is largely under-estimated with the Liouand Roe shemes. In omparison with the experiment, the lift amplitude obtained withthe Jameson orreted is less lose to the result obtained with the Jameson sheme.For the established phenomenon, at α = 4o, the Liou and Roe shemes gave very loseresults with respet to the experiment, in omparison with the result obtained with theJameson sheme. The use of the Jameson orreted sheme allows the improvement of thefrequeny and amplitude of the lift oe�ient.For the bu�et exit, at α = 5o, the bak to a steady state is predited by all shemes exeptby the Jameson orreted one. The omputed exit of the SIO domain is probably due toa numerial artefat.The RMS values of the pressure �utuations over the airfoil are plotted in �gure 9 foran angle of attak α = 4o. The Jameson shemes provide approximately the same solu-tion. The Roe and Liou shemes largely under-predit the peak in the sution side. It issurprising that the Jameson sheme gives better results than the Roe and Liou shemeswhih are less dissipative.To explain these surprising results, weighted shemes were implemented to take intoonsideration the mesh deformation. Indeed, as shown in �gure 2, the seond adjaent ellto a wall is largely �ner than the �rst one, due to the use of a wall law approah. Thisimportant hange of ell size indues a loss of spatial auray whih an be orreted. Theentered numerial �uxes and the gradient omputations are orreted by using a weighteddisretization operator µ̃wi+1/2 instead of the lassial operator µwi+1/2 = 0.5(wi+1 +wi).Let A and B two points and M an interior point of the segment AB, the weighted disreteoperator is de�ned by :
µ̃B
AwM =

MB

AB
wB +

AM

AB
wA (12)15



For the MUSCL reonstrution, a orretion is also used, the extrapolated values at aell interfae beome, for three points P,Q,R orresponding to i− 1, i, i + 1 :
wL
i+1/2,j = wi,j +

PR

2PQ

[

(1− κ)(wi,j − wi−1,j) + (1 +
PR

RQ
κ)(wi+1,j −wi,j)

] (13)
wR
i−1/2,j = wi,j −

PR

2PQ

[

(1 + κ)(wi,j − wi−1,j) + (1−
PR

RQ
κ)(wi+1,j − wi,j)

] (14)It is also possible to take into aount the mesh deformation in the omputation of theJameson arti�ial dissipation. The formulation of the third derivative of the onservativevariable δ3w, for four pointsM,P,Q,R orresponding to i−2, i−1, i, i+1, an be expressed :
δ3wi+1/2,j = 6PQ3

(

wi+1,j

RQ× PR×MR
+

wi,j

QR× PQ×MQ
+

wi−1,j

PQ× PR×MP
−

wi−2,j

MQ×MR × PM

)Yet, the use of the orreted arti�ial dissipation (alled Jameson weighted 2 in thefollowing) makes the onvergene more di�ult to obtain. The χ4 oe�ient is set to
0.032 for the �rst level grid. The Jameson sheme in whih the dispersive error has beenanelled is not tested with a weighted formulation.The frequeny and the amplitude of the lift oe�ient are reported on the table 4 onlyfor one angle of attak α = 4o. The weighted orretion yields an inrease of the amplitudeof the lift oe�ient and a redution of the frequeny for all shemes.The RMS values of the pressure �utuations over the airfoil are plotted in �gure 10for α = 4o. We an see that the weighted orretion allows to improve the result forall shemes in omparison with the experimental values and with the standard Jamesonsheme. Moreover, results obtained with the Roe and Liou shemes are approximativelyidential and are very loser to those obtained with the Jameson weighted sheme. Wehoose to use the Roe-MUSCL weighted sheme in the following of the artile rather thanthe Jameson weighted sheme. Indeed, it allows to eliminate two parameters, the χ2 and
χ4 oe�ients.3.5 In�uene of the veloity pro�le in the wall law boundary onditionThe wall law approah is based on the use of an analytial veloity pro�le in the turbulentboundary layer. The two-layer model omposed by a linear law and a logarithmi law is16



one of the simplest. We have implemented the Spalding law [45℄, more sophistiated, toevaluate the in�uene of the veloity pro�le. This law is given by :
y+ = u+ + exp (−κC)

[

exp (κu+)− 1− κu+ −
(κu+)2

2
−

(κu+)3

6

]The wall skin frition is omputed from this law with a Newton algorithm .A omputation is realized with the Roe-MUSCL weighted sheme and the SST Menterturbulene model for an angle of attak α = 4o. The frequeny and the amplitude of thelift oe�ient are reported on the table 5.We note that the frequeny of the shok indued osillations and the amplitude of thelift oe�ient are idential with the two formulations.The RMS values of the pressure �utuations over the airfoil are plotted in �gure 11.Results are very lose, a little disrepany is observed on the peak on the upper side. Itseems that the veloity pro�le has a weak in�uene for these unsteady omputations.3.6 In�uene of the Harten's entropy orretionFor the turbulene transport equation integration, numerial �uxes are omputed with aseond order Roe sheme in whih the Harten orretion is added. This orretion was usedfor transoni appliations and improved the robustness of omputations integrated downto a wall with a very �ne mesh. The orretion ats on the eigenvalue of the turbulentsystem, the normal veloity to an interfae, by trunating it near the wall. There is, apriori, no solid arguments to use it for the turbulent system exept the onvergene aspet.With the use of a wall law treatment, the robustness is largely improved and the Hartenorretion an be anelled. A omputation is realized with the Roe-MUSCL weightedsheme, the SST Menter turbulene model, the Spalding veloity pro�le and without anyHarten orretion for an angle of attak α = 4o. The frequeny and the amplitude of thelift oe�ient are reported on the table 6. We an see that the Harten orretion has a sig-ni�ant in�uene on the amplitude of the lift oe�ient and limits the bu�et phenomenon.
17



The RMS values of the pressure �utuations over the airfoil are plotted in �gure 12.The Harten orretion dereases the displaement of the shok wave over the upper sideand limits the pressure �utuations over the airfoil. Without the Harten orretion, resultsobtained are in better agreement with the experiment over the sution side and over-preditthe pressure �utuations over the pressure side.3.7 Simulation of the bu�etComputations are made with the SST Menter turbulene model, the Roe-MUSCL weightedsheme, the Spalding veloity pro�le and without the Harten orretion for seven anglesof attak from α = 3o up to α = 6o.The entrane in the SIO domain is well predited by the numerial simulation for bothfrequeny and amplitude of the phenomenon. The bak to a steady state is evidened bythe omputations for an angle of attak of 6o. That is one degree more in omparison withthe experimental value. It learly shows the in�uene of the numeris on theses unsteadyomputations for the bu�et exit.The evolution of the redued frequeny 2πfc/U∞ and the RMS amplitude of the lift oef-�ient versus the angle of attak are plotted in �gures 13 and 14. Disrepanies betweenomputations and experimental data are observed but the tendeny is well reprodued bythe omputations. As the angle of attak grows, the frequeny of SIO inreases, the ampli-tude of the phenomenon reahes a maximum value and dereases up to zero. Unfortunately,the omputed frequeny is under-estimated and the RMS amplitude is over-predited. Itis di�ult to explain the gap of one degree for the exit of the SIO domain.The RMS values of the pressure �utuations over the airfoil are plotted in �gures 15, 16and 17 for three angles of attak. The evolution of pressure �utuations is remarkably es-timated over the both side for all omputations. The peak value is a little under-estimatedfor the entrane of the bu�et. For the other angle of attak, the peak and the amplitudeof the shok displaement are well omputed. Over the trailing edge of the pressure side,RMS values are in good agreement with the experiment, the largest disrepanies are ob-served at the bu�et onset.
18



4 ConlusionThe unsteady two-dimensional omputations of the transoni bu�et over a superritialairfoil are performed with an impliit solver whih reveals the great sensitivity to the tur-bulene modeling and the numerial shemes. Usual turbulene models fail in orretlyprediting SIO and the introdution of a weakly non-linear orretion in the de�nition ofthe eddy visosity yields better results. Two di�erent approahes are tested, the use ofthe empirial Bradshaw's assumption through the SST orretion and the enforement ofthe realizability priniple. Another approah onsists in realibrating the onstant of themodel for unsteady �ows. For the Kok model, by inreasing the onstant of the ross-di�usion term, results are improved and the bu�et onset an be predited.The paper presents also the in�uene of the numerial shemes and the signi�ant improv-ments brought by onsidering the mesh deformation espeially for the Roe and AUSM+Liou shemes. The numeris has also a signi�ant in�uene for the omputation of the SIOdomain exit to a steady state.Finally, the omplete SIO domain is omputed with a weakly non-linear turbulene modeland a weighted sheme assoiated with a wall law approah for the RA16SC1 airfoil. Theevolution of the frequeny and the amplitude of the phenomenon is qualitatively well pre-dited. The bu�et exit is also well reprodued but the orresponding angle of attak isshifted by one degree. Yet, the RMS pressure �utuations over the airfoil, diretly relieson the physis of the phenomenon, are in very good agreement with experimental values.
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α = 3o α = 4o α = 5omodel f (Hz) ∆CL f (Hz) ∆CL f (Hz) ∆CLexperiment 88 0.11 100 0.308 probablysteady stateSpalart-Allmaras 82 0.0146 92 0.325 100 0.55
k − l - - steady state - -

k − l orreted - - steady state - -
k − l SST 79.5 0.0084 97.6 0.296 101.8 0.53

k − ε steady state 95.6 0.17 97.6 0.43
k − ε SST steady state 95.6 0.48 101.8 0.67

k − ε Durbin 85.2 0.012 93.7 0.437 101.8 0.67
k − ω Wilox - - steady state - -
k − ω Menter - - steady state - -

k − ω SST Menter 90 0.11 96.6 0.33 steady state
k − ω Kok steady state 94.6 0.26 95.6 0.48

k − ω Kok SST steady state 94.6 0.26 96.6 0.445
k − ω Kok Durbin steady state 94.6 0.26 96.6 0.45Table 1: Frequeny and amplitude of the lift oe�ient
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α = 3o α = 4o α = 5omodel f (Hz) ∆CL f (Hz) ∆CL f (Hz) ∆CLexperiment 88 0.11 100 0.308 steady state
k − ω Kok steady state 94.6 0.26 95.6 0.48

k − ω Kok - test 1 91 0.051 93.7 0.318 95.6 0.55
k − ω Kok - test 2 87.6 0.084 91 0.46 91 0.735Table 2: Frequeny and amplitude of the lift oe�ient - Kok model
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α = 3o α = 4o α = 5omodel f (Hz) ∆CL f (Hz) ∆CL f (Hz) ∆CLexperiment 88 0.11 100 0.308 probablysteady stateJameson 90 0.11 96.6 0.33 steady stateRoe MUSCL 90 0.014 99.7 0.3 steady stateAUSM+ MUSCL 90 0.018 98.6 0.307 steady stateJameson orreted 91 0.097 97.6 0.327 99.7 0.46Table 3: Frequeny and amplitude of the lift oe�ient
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α = 4osheme f (Hz) ∆CLexperiment 100 0.308Jameson 96.6 0.33Jameson weighted 96.6 0.346Jameson weighted 2 95.6 0.343Roe MUSCL 99.7 0.30Roe MUSCL weighted 96.6 0.34AUSM+ MUSCL 98.6 0.307AUSM+ MUSCL weighted 98.6 0.358Table 4: Frequeny and amplitude of the lift oe�ient
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α = 4oveloity pro�le f (Hz) ∆CLexperiment 100 0.308two-layer model 96.6 0.34Spalding law 96.6 0.34Table 5: Frequeny and amplitude of the lift oe�ient
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α = 4of (Hz) ∆CLexperiment 100 0.308with Harten orretion 96.6 0.34without Harten orretion 93.7 0.40Table 6: Frequeny and amplitude of the lift oe�ient
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SST Menter model experimentangle of attak f (Hz) ∆CL f (Hz) ∆CL

α = 3o 89 0.106 88 0.11
α = 3.5o 90.1 0.28 92 0.25
α = 4o 93.7 0.40 100 0.31
α = 4.5o 96.6 0.44 108 0.26
α = 5o 98.6 0.50 probably steady state
α = 5.5o 104 0.47 -
α = 6o steady state -Table 7: Frequeny and amplitude of the lift oe�ient
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Figure 5: RMS pressure �utuations over the airfoil - α = 3o k − ω models
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Figure 6: Rms pressure �utuations over the airfoil - α = 4o k − ε models
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Figure 7: Rms pressure �utuations over the airfoil - α = 4o
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Figure 8: Rms pressure �utuations over the airfoil - α = 4o
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Figure 9: Rms pressure �utuations over the airfoil - α = 4o
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Figure 10: Rms pressure �utuations over the airfoil - α = 4o
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Figure 11: Rms pressure �utuations over the airfoil - α = 4o
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Figure 12: Rms pressure �utuations over the airfoil - α = 4o
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Figure 13: Redued frequeny versus angle of attak
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Figure 14: Amplitude rms of the lift oe�ient versus angle of attak
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Figure 15: Rms pressure �utuations over the airfoil - α = 3o
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Figure 16: Rms pressure �utuations over the airfoil - α = 3.5o
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Figure 17: Rms pressure �utuations over the airfoil - α = 4o
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