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TURBULENCE TRANSPORT EQUATIONS FOR VARIABLE-DENSITY
TURBULENCE AND THEIR RELATIONSHIP TO TWO-FIELD MODELS

by
Didier Besnard, Francis H. Harlow, Rick M. Rauenzahn, and Charles Zemach

ABSTRACT

This study gives an updated account of our current ability to
describe multimaterial compressible turbulent flows by means of
a one-point transport model. Evolution equations are developed
for a number of second-order correlations of turbulent data, and
approximations of the gradient type are applied to additional
correlations to close the system of equations. The principal fields
of interest are the one-point Reynolds tensor for variable-density
flow, the turbulent energy dissipation rate, and correlations for
density-velocity and density-density fluctuations. This single-
field description of turbulent flows is compared in some detail
to two-field flow equations for nonturbulent, highly dispersed flow
with separate variables for each field. This comparison suggests
means for improved modeling of some correlations not subjected
to evolution equations.

1. INTRODUCTION

Turbulence in complex, high-speed, high-Reynolds number flows has been of wide
Laboratory interest for many years. Predictive capabilities in the Inertial Confinement
Fusion (ICF) and certain Strategic Defense Initiative (SDI) programs have relied crucially
on modeling the effects of material mixing and enhanced momentum and thermal transport
brought about by turbulence. The Laboratory’s ability to model turbulence has improved
significantly with the advent of high-speed computers and increased theoretical knowledge
about the proper manner of modeling the ensemble-averaged Navier Stokes equations. Our
recent goals have focused on understanding the theoretical foundations of variable-density

turbulence and mixing and the implementations of simple models into existing computer
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codes, like CAVEAT [1]. This manuscript will outline our current state of expertise in
modeling variable-density turbulence and propose some simpler models for everyday use

in laboratory codes.

We are primarily interested in describing multimaterial compressible turbulent flow;
the different materials might not be initially mixed, which means that the mixing process
itself must be modeled as well. The potential applications of such a description range
from volcanic eruptions, where a plume of hot air containing ash and rocks mixes with
surrounding cold air, to consideration of laser-driven ICF, where the mixing of the outer
shell and the inner fuel may lead to decreased neutron yield. In the first case, the
mixing is predominantly due to highly nonlinear stages of Kelvin-Helmholtz instability at
the interface between hot and cold fluids; in the second instance, Richtmeyer-Meshkov
and Rayleigh-Taylor instabilities can play a dominant role. Other temperature and
pressure regimes can be studied through laboratory experiments, such as the shock-
tube experiments of Sturtevant (2], Houas et al. [3], and Andronov et al. [4]; in these
experiments, a thin (1 mm or less) membrane initially separating two test gases of different
densities is shattered by an incident shock wave. The details of membrane destruction
are poorly characterized, however, but subsequent shocks reflected from the end wall
interact with the mixing zone established by initial shock passage to greatly increase the
growth rate of the mixed region. In addition, the AWE in Great Britain has performed
experiments by accelerating a tank containing two incompressible materials initially in a

stable configuration downwards at about 40 times the acceleration due to gravity [5).

All of these applications are time-unsteady flows involving two or more materials.
Turbulence models that attempt to analyze and characterize these flows need to pay
attention to issues of initialization of turbulence field variables, which is a serious challenge
for most usual turbulence theories. Ideally, the model should mimic the linear phase of
instability as well as the fully turbulent late-stage mixing. Traditionally, two approaches

have been taken. One scheme postulates the existence of multiphase flow equations
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[6,7] while the other uses the more usual Reynolds decomposition of the Navier-Stokes
equations for a single field with potentially large density variations [8~12]. The different
approaches are compatible and, as we shall show here, an equivalence between schemes
can be demonstrated in some interesting cases.

From our single-field modeling, we produced a report a few years ago that used
standard turbulence closures [12], and the first part of this work will revisit those equations,
modifying them at some points and looking more closely at the assumptions of closure. In
that earlier effort, we realized that the Reynolds stress models must consistently include
evolution equations for all relevant second-order correlations, in order to describe flows of
this nature adequately. Since then, the formal parallels between two-field formulations
and the unmodeled turbulence equations were exposed by us in an unpublished and
unfinished working paper, and have more recently been completed by Lance Collins at
Penn State. We will be reviewing these results near the end of this paper. First, however,
in Section 3, we derive the turbulence equations in a standard fashion by dividing the
flow variables into mean and fluctuating parts. The resulting equations are closed by
postulating, with some (admittedly incomplete) physical justifications, appropriate models
for unknown higher moments of the fluctuating variables. Because instability-driven
mixing is of particular interest to laboratory programs, we then specialize the equations in
Section 4 to the cases of Rayleigh-Taylor and Kelvin-Helmholtz instabilities and compare
the behavior of our equations to other published work. Finally, in Section 5 we show
an interesting correspondence between our unmodeled equations and the two-field flow
equations describing nonturbulent highly-dispersed flow with separate field variables for
two-field flow. We believe that new directions in variable-density turbulence modeling will

arise from considering this correspondence.



2. DESCRIPTION OF TURBULENT FLOW OF COMPRESSIBLE
FLUIDS

2.1. Formulation

Turbulent flows develop whenever incipient instabilities, driven by the advection terms
in the flow dynamics, are not dissipated quickly enough by the action of fluid viscosity. As
a result, fully developed turbulence is often characterized by the interactions of random,
nonlinear modes of motion, typically swirling, overlapping eddies of fluid. Despite the
appearance of complete disorder, turbulent flows often exhibit rather universal average
behavior. Boundary layers, jets, and wakes all have been studied extensively in the past
and, while the details of each experiment are not repeatable, even by a single researcher,
the observables in each set of experiments have been well correlated and used to great
advantage by engineers and scientists worldwide. The basic notion is that while turbulence
cannot be analyzed in every detail, either by computer or by experiment, enough can be
extracted from physical or numerical experiments to deduce the effects of turbulence on
what we routinely observe in the typical design of aircraft, mixing vessels, heat exchangers,
and piping systems.

The point of departure for nearly all engineering analysis of turbulent flows is the
set of Navier-Stokes equations for compressible, variable-density flow of a single material.
As convenience dictates, we denote vectors and tensors in Cartesian coordinate form or
by bold letters. (The tensor symbols will be Latin capitals or Greek.) The equations for

density, velocity, and internal energy are:

9p -
Opu
— +V:(puu)=V-.o, (2)
ot
Opl
-tV (pul)=0:Vu+ V- (sVT), (3)



where o;; = —P6;; + Tij. Generally, the pressure P is a function of species mass fractions
ci, as well as p and I. The viscous stress 7 is taken as
r,-,-=u(§7u;+%—§6ijv-u) . (4)

The molecular viscosity u and the thermal conductivity x are taken as constants for this
analysis.

For the mass fraction, we apply Fick’s law of diffusion with a constant diffusion
coefficient D:

Opci

=2+ V- (puci) = V- (pDVey). (5)

Typically, we separate turbulent flow properties into mean parts, such as the turbulent
velocity profile in a pipe, which for an incompressible fluid is a radial function only, and
fluctuating parts that account for eddy motions that are not reproducible or describable in
detail. The details of these fluctuations are determined in a strict sense by extremely fine-
scale irregularities in the boundary and initial conditions of the experiment, but mean-flow
properties are assumed to be deterministic and reproducible.

We denote average properties by overbars and fluctuations by primes. The appropriate
average is taken over many members of an ensemble of experiments that are indistinguish-
able macroscopically, but may differ in microscopic detail in no controllable manner. Thus,
u=t+u,P=P+P,p=5+/, etc.

Two important measures of a turbulent regime are K(x,t), the turbulent kinetic
energy per unit mass, and €(x,t), the rate of dissipation of turbulent kinetic energy per
unit mass (i.e., irreversible conversion into internal energy). These are defined explicitly
below by ensemble averages. One identifies a turbulent velocity scale K1/2, a turbulent
time scale ty,p, = K/¢, and a turbulent length scale Ly, = K3/2/e. These may be thought
to characterize the motion, period, and size of the dominant turbulent eddies. They may
be compared to scales for the mean flow: ¢, = sound speed, tyean = |0u;/0x jl—l, and

Lyean = scale for variation in physical space of mean-flow properties.



In conventional one-point analyses of constant-density flows, the assumption
Lyt /Lmean < 1 is commonly made, explicitly or implicitly, and facilitates the model-
ing of the pressure-velocity correlation W Realistically, Liyp, and Lyean may have
comparable size, though one expects Lyyrb / Lmean DOt to exceed unity; otherwise, the logic
of separation of variables into mean and fluctuating parts is sacrificed.

The assumption tiurh/tmean < 1 is also frequently made. It suggests, as noted by
Lumley [8], that the distribution of turbulence modes among different length scales has
time to achieve approximate spectral equilibrium, and this underlies the logic of one-
point modeling. It is an essential assumption in the argument for closures of otherwise
undetermined correlations. In the case of constant-density fluids, the paradigm for such

closures is (with account for symmetry if X' has factors of u’):

ut X' = (constant) -I?( ulul, %Y . (6)

Hereafter, we refer to this as a gradient closure or gradient approximation. Realistically,
tiurb need not be small compared with tpean in regimes of rapid time and space variation,
such as shock-driven flows or interfacial instability flows. Therefore, it is preferable to
construct evolution equations for what appear to be the more important second-order
correlations. We cannot avoid gradient closures for some higher-order correlations entirely.
By limiting their use to terms of presumed secondary importance, we hope to capture the
main physical consequences of turbulence in evolution equations.

A third inequality assumed for the purposes of this paper is that the sound transit
time Lyean/¢s across typical mean-flow length scales be much less than the dominant-eddy

turnover time, which translates into

K L
\/——<< turb,zl.

Cs Lmean

That is, the turbulent velocity scale is subsonic. Then the fluctuating velocity field may
be taken as divergenceless; V - u' = 0. We qualify this by allowing nonzero V - u’ when

heat conduction or mass diffusion between species is important; see Section 3.4.
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Fourth, we assume that the turbulent Reynolds number of the system, defined by
(Re)eurb = pK?/(pe), be large compared to unity. This condition separates the dissipation
scale from the dominant-eddy scales, allowing the neglect of viscous diffusion and viscous
stresses relative to turbulent diffusion and pressure effects, respectively; and, as in the
constant density case, is a requirement for the viability of a one-point model in which
the dimensionless parameters of the model are hoped to have constant values valid for a
general class of phenomena.

2.2. Mass-Weighted Averages and Mean Flow Equations

For any fluid variable X, the separation X = X + X' (Reynolds decomposition) is

based on the uniformly-weighted ensemble average X. The separation X = X + X" (Favre

decomposition) is based on the mass-weighted ensemble average X, defined as
X=0X/p.

Such averages, and especially the mass-averaged fluid velocity, appear naturally in
conservation relations, as is the case in multispecies flow equations [13].

We shall use the following relations among these constructs repeatedly:

X' =pX"=0,

Il

XY=XY+X7Y',

pXY =pXY + pX"Y"

XY =XY =XY",
X -X-X=-7X/5.

The list of important averages begins with p and the mass-weighted velocity & = pu/p.

Then come the density-velocity correlation A and the associated velocity a:

A=pu=pu" ; a=Afp=-u". (7)




Note that A is the net mass flux relative to W, the unweighted average velocity, and that

i=u+A/p=u+a, - (8)

W'=u-Afp=u-a. 9)

Next are the generalized Reynolds stress tensor R and the turbulent flux of internal energy

S:

Rij = puj'u] =P ujuj — paiaj + p'uju (10)

Si=pl'"ul' =p I'ul —a;p'I' + p'I'u}; . (11)

Ensemble averages of the flow equations (1), (2), (3), and (5) now yield the mean-flow

equations:

dp o _.

_a—g + Oz, (pitn) =0, 2
aﬁﬁ' 6 —— A a a? 6?,"

_— . —R, . = ——— 1

at + a n( unu:)+ 6annz axt + axn b ( 3)

%‘ﬁf-{- 5 (pu,j) + ai S, =-PV.0-PV. U
o, 7
+Tam g + ,',maa: + V- (xVT), (14)

6. 08 ..\, 0 —_ 0 (0 0 p 9
51 PC; +5Z(punc,)+ . pulte! = F pDa + = . D@ c! (15)

With V- u' =0, as assumed above, the P'V - u’ term drops, and

, Oup 1 (0uj + ou!, Ou!, + Ou!,
T o m 2P\ Ozm | Ozn ) \Ozm | Ozn )’




which is observed to be nonnegative. In the more general case, we can write

Oou!, Oul, 2 g
i Gt = 3 Z(a:m _"E(V'“')'S""‘> |

n

which is still nonnegative.
2.3. Energy and Energy Dissipation

The inertial and advection terms of averaged evolution equations are best expressed
by mass-weighted averages, because physical conservation applies to aggregates of mass,
momentum, energy, etc. The stresses, lacking factors of p, are probably best described in
terms of unweighted averages.

The Favre technique points to a conception that may usefully guide modeling. The
Favre velocity 4@ is a mean variable that includes, in addition to %, the part of the
velocity fluctuation correlated with density fluctuation. Then u” is not the whole of the
velocity fluctuation, but only the part uncorrelated with density; pu” = 0. How quadratic
and higher functions of velocity fluctuation, whether in unweighted or in mass averages,
contribute to density-correlated or uncorrelated effects is not, in general, easy to sort out.

For the ensemble average of total fluid kinetic energy density, we have

pu? = 1 (1) + 1 o(un? .

Do

If we regard 1 p(i1)? as the energy density due to the combined mean and density-correlated
turbulent motion, then 1 p(u")? = 1 trace R;; measures the residual turbulent motion. The
generalizations of K, the turbulent energy per unit mass, and €, the dissipation rate for

K, as originally defined for constant-density one-phase flow, are now chosen to be

pK = } trace Ry, (16)

pe = 1!,.0ul, [0z, . (17)

The first definition motivates the second, for pe as defined here represents the irreversible

conversion of turbulent kinetic energy into internal energy in the 71 evolution equation
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and is also (one-half of) the decay term in the trace of the R;; evolution equation, to be
given in Section 3.

Also suggestive are the equations

pu = pu" T | Paa;

" II_
ujuyj = uu + aia; .

These are relations between nonnegative definite tensors with nonnegative diagonal

elements. They indicate that pu,uJ and u{'uj carry more of the effect of the density-

" II

correlated turbulent motion than do pul'u! and uju’;, respectively.

5
2.4. Turbulence Variables of the Present Theory (Summary)

The flow equations for the mean variables p, i, I, and & introduce second-order
averages, and equations for the latter introduce further correlations. A judgment must be
made as to which turbulent variables are to be subjected to evolution equations and which
are to be regarded as secondary and modeled by constraint equations, relating them to the
more primary data at a common time.

In the present paper, we prescribe evolution equations for R, S, a, or equivalently

A = pa, and also for a density self-correlation b defined by

b=—o(3) . (18)

Alternatively, because —p'(1/p) = +(p — p) /p,

b=7(3)-1. (19)

A third alternative,

b=—p (m—f) (@[ (7) ,

makes clear that b is nonnegative and that the approximation b ~ (p')?/(p)? would apply
if p' < 5. We also encounter w = p'I' /5 in the evolution equation for S and write an

evolution equation for w but without modeling it in detail.
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As a simplified alternative to the R equations, we can set forth K and € equations as
generalizations of the K—e model for incompressible low. In these, the anisotropic part of

R is replaced by its gradient approximation:
2_., ou; Ou; 2 -
with yy the turbulent viscosity, given by

e = C,[ﬁKz/e ; ¢y = constant .

The a equation requires consideration of uju}. We shall finesse this by expressing uﬁu;
in terms of primary data and a triple correlation, then applying a gradient approximation

to the latter:

uiu} = aia; + Ri;[p ~ p'ulu}/p, (21)
—_— K 6(1_,' 6(1,'
pluiu; = —GDa? (RinaTn + Rj"bx—,,) ; Cpa = constant . (22)

Some of the gradient closures involved in the next section have a rationale based on
consideration of terms likely to be dominated in evolution equations for the next higher-
order equations as noted in Section 3.2.
2.5. Realizability

Realizability, the notion applied by Schumann to constant-density flows, also applies
to variable-density flows. If v; , 1 < ¢ < N, is any sequence of fluid variables, and

ei , 1 <i < N, is any constant vector, then p(e;v;)? > 0 and hence
€i€j PLiVy 2 0.

Then pv;7; is a nonnegative definite tensor, and all of its principal minors have nonnegative

determinants. From this, we can infer that

Ri1 >0, RyuRy—(Ri2)? >0, detRi; >0,
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and

Sai = Ful 7 Y2 (—\ /2
par = pull = (o [p77) p2ul < ((0PTp) - (o)
whence, applying the third definition of b in the previous section,
a? < bR /P -

Gradient approximations are not always consistent with realizability and should be

checked in practical applications.

3. TURBULENCE EQUATIONS

A summary of the evolution equations to be developed for the primary turbulence
variables is given in Section 3.9.
3.1. Preliminaries

We note that, in view of (1), (12),

ot .pu') azn (punu') =p ot PlUn 03711 ’
and
_ 6" i 0t
at(Pu:) +5— 6 (Piinili) = P + Pling — -

Subtracting (p/7) times Eq. 13 from Eq. 2, and utilizing the above, we get a useful form

for the u” equation:

0 n Ol p 0
" .
at (P ) + Zn (pu"u ) + naxn _p. 6:1:,, Rn:

aUm

= "(P/_) 3:12': oz,

(23)

A second useful form (set @; = u; — u} in the third term of (23)) is

aué' ~ 6u:’ n Ou; 1 ORy; _ 106, 100y
ot +u"3xn +u"3xn " P 0zn P Ozn + p Oz, (24)

As a notational device aimed at conciseness without loss of clarity, we write

Zs (product of tensors)
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to denote a symmetrizing procedure with respect to the free indices in the indicated product
of tensors. Specifically, 3 ° is the instruction, first, to replace each of the tensors by its
symmetric part with respect to its free indices, and second, to supplement the result by
adding to it the minimal number of like terms, with free indices permuted, to make the
final result symmetric. One could also make the notation more complete by writing f: i
to show that there are N permutations in the final result. For example,

3 ai% (BiCaji) =Y 5% [Bi (Crjk + Cux;) /2]

19
= 29z (BiChjk + BiCukj + BjCaki + BjCrit + BiChrij + BiChji) ,

and, if a; = b; + ¢;,
3.2 3.
aia;ar = b,‘bjbk + Z b.'bjck + Z b,'Cjck + ¢icjck .

Note that 5° aTa,. (BiChrji) differs from % 3-° (BiChnjk) because the latter is to be
symmetrized over four free indices.

Now let the definition.of the R tensor be generalized to

.. _ n, .n,.n n
Rijk..m = pu; ujuy...oup .

We observe that

s 0 0 0 0 . 0
Z uf ... ul, [-55 (pul') + P (punuZ’)] = ERij...m + 9z, (@nRij..m) + 'az—an'j...m .

More generally, if X;, X,, ... X,, are any fluid variables, then

™ s d ] %
Y XoX3... Xm [5 (PX1) + 35— (pu,,xl)] = XX Xm

Tn

0
6:):,, punX1X2 e Xm .

3.2. Equation for the Generalized Reynolds Stress

+

To obtain an evolution equation for R, multiply (23) by u}, apply 3°°, and take the

ensemble average. Apply pu” = 0 and

u'! 00 i o (65,,,- + 60:;:’) 05 ni ' 60':"-

N = U = —Q;— + u
7 Oz, I\ Oz, Oz, I 9z, J Oz,
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and integrate the last term by parts. Then

3 9 9 o4 B
e Rii + g, (@nRis) + 5= Ruij + Ring 2 =1 +Rj,,5§;

o _ d ,
2 { (5 - 5“)"5— (o P = 72)

, Ou; au: ,
+P axJ "~ Oz, T"’}

The terms requiring modeling are, in order of occurrence in this equation, (1) the triple

correlations Rpij, (2) stress-velocity correlations occurring in a transport term, (3) a
correlation of pressure and velocity gradient that is traceless for the assumed case V-u' =0,

and (4) the average of (Ou;/0z,) 7]

vj» Whose trace represents the dissipation of turbulent

energy, and whose residual, traceless part may be grouped with the term (3). Insight

provided by a spectral approach to constant-density flow suggests, by analogy to the
present case, that the term (4) will be diagonal for large turbulent Reynolds number,
that is, for large p K2 /(ue); see Section VA of [14].

We now exhibit a rationale for a gradient approximation of the R,;; term. Multiply
(23) by u}uy, apply y.?, and take the ensemble average. The left side of the resulting

equation is

0 g
E;R;'jk “|" ('U'n :ch) + 'ka + Z { :Jn (RJk/p) a } .
Set
3
Rpiji = Roji + ) °RijRuk /P -
This is, in the first instance, simply a definition of the fourth-order cumulant R€. But
if p were constant and the velocity fluctuations followed a gaussian random distribution

law, then R® would vanish. Let us disregard R® in the present case. Then the left side

simplifies to

6 Rijk + (un Rijk) + Z { (RJk/P) + RtJngu: } .
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Next, we suppose that in the absence of the source term 3_° Rin 52~ 3o (Rjk/P), the turbulent
stresses on the right-hand side of the R;j; equation would drive R;jx to zero on the
turbulent time scale t4;1,, and let this effect be modeled by a decay term proportional
to (¢/K)R;jk. If the inertial terms and any transport terms implicit in the stresses change
on a time scale of ¢t;,ean, and tmean > tiurb, then we may have an approximate equilibrium

set up, expressed by
Rijk = —C'DR— Z Rm (RJk/P)

This takes care of the modeling of 5 Rm j. If there were residual effects correlated with
density, they might be simulated by terms proportional to }_° -‘-9—‘2—" (aiRy;) and requiring
an additional dimensionless phenomenological constant; we do not include such terms in
the present theory.

Next, we discard the transport terms of the form

o]
Oz

This follows the precedent established for treatment of constant-density one-phase flow,

[t (6P = 72) + 4 BuiP — 0] -

though the justification remains obscure.

Next, we consider the pressure-velocity gradient correlations. Again, we make
extensive use of ideas of other researchers. For constant-density flows, one usually solves
a Poisson equation for P’, forms the correlations of interest, and notices that there are
two types of terms involved: those specified by a product of turbulence variables and those
with explicit factors of mean velocity gradient. For variable-density flows, even if V-u' =0

is assumed, the analog of the Poisson equation is more complex:

8 (19 N _ 8 8 . ., ., —— 0 9 4
5 (G = g (B + iy ) = vy

and more difficult to solve for P'. We adopt a simpler approach and model the pressure-

velocity gradient correlations in complete analogy to the constant-density case. For the

“slow” part, we set
1
(7{;{),']' = —CIR-I% (Rz] - §5innn) ’ (25)
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and for the “rapid” part, we use the straightforward extension of Launder, Reece, and

Rodi’s [15] simpler model to the variable-density case:

r _ 6&] 0&, 2 B&m
(WR)ij - CZR (Rtn'a—a':: + R]né"m—n - §6:]Rmn'a—zn‘) . (26)

In principle, we should also consider a third contribution arising from the interactions of
a and the mean pressure gradient. This model would presumably look like
oP oP 2 —
Py _ el 2 _Z28..a .
(WR)ij = —Csp (a, 7, + aj B, 35,1 a VP) , (27)
though we have not explored this possibility in detail in our simulations.
The fourth and last group of terms to be modeled make up the dissipation tensor.

Again proceeding from experience with constant-density models, we assume it to be

adequately modeled by

s Ou' 2
- Z 55-1-7':1]- = —gﬁeé,-j + traceless part .
n

In the limit of high Reynolds number, € is expected to be independent of viscosity. The
traceless part is either zero or is lumped with the pressure-velocity gradient correlations
8]
3.3. Equation for the Density-Velocity Correlation

We work with a = A /5 as our primary variable, instead of A. Because a = —u", we

average (24), and then multiply by 5. Observe that with V- u' =0,
0 o _ 0

H —_— n v " !
U = U us + u U, = —a t; +
"Or, "Orn | "oz, "Ozn

and with b =5 (1/p) — 1,

= 1
_i Eni+£_?"0m‘ =bi '&_ni"rﬁ(l) 0 o ..
P T

1 ,,!
u unu" N

Oz, Oz, Oz, p) Oz, ™
Hence
N ey v v SRR 3
ot (pa,)+ axn (punal) +pa"3xn Ui = paxn UnU, aanm
o __ _(1\'[oP 8
_baxnani +P(;) (a_l'; - aanni> . (28)

16



Again, we are prepared to ignore the viscous stress terms when compared to pressure

effects at high Reynolds number. The contributions from u'u’ and R from (28) can be

written as
- 2 1,0 0 (pluéu,ﬂ B Rin) aﬁ - 2 1ol 0,0
: ni — nQs) — 73— ;- 29
”azn Unths aan P Oz, t ”ax,, (anai) Oz, plnt (29)

The modeled form of p'ul,u} was given in (22). Finally, the density-pressure correlation
in the a equation is split into two parts: that which responds to mean flow gradients and

that which involves only turbulence. The latter (“slow” part) becomes a decay term
€
e = —Claﬁ—k-a , (30)
while the rapid part introduces a mean velocity gradient term that is modeled as
7w, = Cap(a- V). (31)

Also, as in the R equation, terms containing the mean pressure gradient could emerge

from the pressure-density correlation in a manner something like
w2 = —C3,bVP (32)

but this has not been utilized in the current implementations of the model. This completes
our specification of the a equation.
3.4. Equation for the Modified Density Self-Correlation
From the mass equation, one may deduce an equation for the specific volume, v = 1/p,
and hence for v:
Jv

E+Ti-V’17=5V-Ti—u’-Vv'+v’V-u’. (33)

From this, the equation for b = v — 1 follows:

o b+1_ _ (1)' (1)
—+({@ - Vb+—V-pa+pV-{ (=)0 ]|-25(-) V-u =0 34
5 (@ V) SV Pty P "\ (34)
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There are two expressions to be modeled. We apply a gradient closure to the first and

apply (19):
1)/ kR,,. o [1+5b
P p Oz, P

The last term provides for decay of b and requires some care. As previously stated in this

report, we are considering only subsonic turbulence. Therefore, V - u' is nonzero only in
the presence of heat conduction and/or mass diffusion. For example, when two species
with different microscopic densities are interdiffusing with a constant diffusion coefficient
D at an equilibrium pressure and temperature, then p is a function of concentration only

and

Vou=-V. (%Vp) : (36)

B0 (=)

In the limit of high Peclet number for mass transfer, which is also the limit of small D,

Then

we model this decay term for b to be independent of D, in the same way that energy

dissipation e is independent of viscosity in the limit of high Reynolds number. Thus

(2 v w=—cu® (37)
pp u = IbK.

We note two circumstances in which this form is not appropriate. First, if D is large
(small Peclet number), the rate of b-decay will depend directly on D, and not merely on
turbulence variables. Second, if D is strictly zero, e.g., for a system of two immiscible
incompressible fluids, then V - u’ = 0 and b would not decay. Questions related to b decay
need further study and are not resolved here.
3.5. Equation for the Turbulent Heat Flux

From the internal energy equation, the fluctuating momentum equation for u”, and
the mass equation, it is straightforward to derive an equation, in the limit of incompressible

turbulence, for the turbulent flux of internal energy pu”I" = S:

asi , 8 . ol O Gni (- _—\0E
Bt e (@050 + Ring— + Sup b + 5 Tt (0T 0m ~ ¥iohm) 55

pull IIIII =w
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7 5 T
+a"nip-a,-ﬁe+u:.%rnm—a,-—§—( 6T> , 0 (KaT')’ (38)

Oz, Oz Oz, m@?,,‘ _""67,, Oz,

where w = _p-’_ﬁ/ﬁ = —I". We will not attempt to propose closures here for all these
unknown terms, because we have not had much experience with this equation. We merely
point out that pressure-internal energy correlations and pressure-density correlations, such
as those found in the a equation, should behave in analogous fashions, thereby introducing
a decay term and some modified production terms. Furthermore, the triple correlation
pu"u"T" could also be modeled by the approach used for pu"uu’.

As a simpler alternative for S, one could use the standard analogy to the gradient

approximation, appealing to the concept of an effective turbulent thermal conductivity:

pu" " = pu'l" = -co,g(n- Wi . (39)

For completeness, an equation for w can be derived to give

5+ r (PUnw) + Pang— + (Sn = FTT) = [5 =P —(aw) + o= P
O, 1\'  ou, 1\’ B!
= — —_— 7 - ' = — bpe —~Dl — - ! m
T <7 (5) g~ 19 =5(5) om + i) o (40)

~ bV - (kVT) qa(-i)lv (KVT).

The last two terms on the right-hand side could be modeled as decay of w. Once again,
we would model the triple correlation by a gradient approximation leading to a diffusion
term.

3.6. Equation for the Rate of Turbulent Energy Dissipation

An exact € equation could, in principle, be derived from the Navier-Stokes equations,

much as an equation for (9u!/8z,) (Ou./dz,) was originally derived by Daly and Harlow
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[16]. More concisely, however, most researchers have merely formed the equation for K by

taking the trace of the R,; equation:

0 _. Ol oP 0 0K -
ot (PK) + (PunK) + Bpm—5— oz, = Gn oz, + Oz, (ﬂt 3:1:,,) - pe (41)

where the anisotropic part of R is given by the gradient approximation stated earlier
(Eq. 20). Then, we form a dimensionally correct equation for € from the K equation.

Supplying constants to all production terms, we get

Jpe o ._. € Oty e OP 8 (PpK? O¢ €2p
ot a_; (pune) + CIET('an'a—;: = 035_}2(“(17: oz, + Chpe oz ( p 3a:,,) Cse 17
(42)

This is the natural generalization of the most frequently used form of the constant-density
¢ equation. We shall, however, modify it slightly, adding another production term on the
right hand side (—Cjy(peV - 1) to give the correct length scale behavior during compression
and expansion {17].
3.7. The Concentration Equation

The ensemble-averaged mass conservation equation for a species ¢ interdiffusing in a
mixture was given in (15). Once again, we identify the last term on the left side as a

turbulent diffusion of species mass fraction, and model it as

pciu" = pciu' = -CDC§(R -V)éi . (43)

To complete this set of equations, the equation of state needs to be specified.
3.8. Mixture Equation of State Considerations
Generally, the pressure can be expressed as a function of all but one of the mass

concentrations, the system density and internal energy:

P=f(p,I,Cl,62,...,Cn_1). (44)

Hence

_13=f(P,I,C1,02,---,Cn—-1) (45)
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which is not necessarily the same as f(7, I&,.. .), but this last approximation is accurate
up to inclusion of second order correlations. What we can say is that, because of the
assumptions of nearly incompressible turbulence outlined in the introduction, the pressure
is constant among a group of eddies encompassing a region small compared to the mean flow
gradient length. This constancy implies relationships among the fluctuations in density,

internal energy and concentrations, such that
P=f(p+s, [+ & +c,..)=P (46)

everywhere. For a single material gamma-law gas with constant specific heat, P = P

implies pI = pI; hence p(I + I'') = I = (p — p')I. Then
— ==, (47)

but no specific relationship can be inferred about p’/p. The assumption of eddy pressure
equilibrium breaks down in a shock but holds after a shock has left the mixing zone
between two materials. A self-consistent description of the interactions of the shock and
the fluctuations is not possible with this postulate. Nonetheless, we expect that the jumps
of mean and turbulent quantities can be sufficiently well described by this model.
3.9. Summary of Turbulence Model Equations

We now summarize our model equations, which should be most relevant in the limit
of fully developed turbulence:

OR;; b

20 4 oo (@nRig) + Ringed + Ryn o

Rjn_aTZ:—,:

o (0P O o 0 [Kp 0 (B
-3 (az, 3 ) + Oongem | Ry (22} 8

€ 1 01l ; ou; 2 Oty 2. _
- CIR‘E (Rij - §6innn) - Csr (RinaTi + Rjn'az_n - §6inmn"a';:) - §5ijP€ )
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9pas ou; (a‘ﬁ _ 6?,,,-) _Rin 3p
7

n =b
1) +p pa awn

ot

+ CDapé—x: [—e% (R'"EZ + Rmnm)]

_ 0 _€ _ Ou
+ P axn - Clapfaz + CZapaanz:: ) (49)
ob ob b+1 0 0 (K 0 1+ €
ot +un6xn + P Ozp (Pan) = pCDb@mn ( o [tnm ™ T m (—ﬁ—)) _Clb}{—b (50)
Jpe o . € Ol e OP
5 5;; (ptine) + CleR:Rmn-ézz = CSeZana:
Lop 2 (PRE 0N _(, €7 _ ¢, 5Dl 51
' Peas e Oz, K 4€p€3xn ’ (51)
as; , 98 . o1 O OP  OFy S0u, _  Oinm
—6—{ + aTn (8a5;) + Rm"a-;: + S"a:c,. =w (_a_x, + 5z, ) + a; <P%: - T'""_ax,,)
0 K 0 S; 0 Sn
ooy [ (Rmem (3) + 2o (3))
0 oT D Oil;
—7)'0,'6 - a,-—a—;— (K,am ) - C]afke'sz' + C2sSn5ii' ’ (52)

opu
ot
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_ 0 [K ow -
+ C'pra,;: [anmm] — peb
0 oT pe _ oI
_— b-ax—n (Kiaxn) - Clw}{-w - ngpa,, amn ; (53)
s, 8 . .. B (B o (K. &
B+ oy i) = g (P05 ) + O (TRumgs) - 60

The equations for S and w could be omitted if (39) is adopted as a simpler model for the

turbulence heat flux.

4. SPECIALIZATION OF EQUATIONS TO INSTABILITY-DRIVEN
TURBULENCE

One of the major goals of our work is to utilize these model equations to describe
instability-driven turbulence accurately. The different types of instabilities encompassed
by the equations are pressure-gradient driven, as in Rayleigh-Taylor instability or its
shock-driven counterpart, Richtmeyer-Meshkov instability, and shear instability, commonly
known as Kelvin-Helmholtz instability. To show that our model can reproduce the
statistical effects of these instabilities, we first specify that the flow is nearly incompressible,
but variable-density, and we define a coordinate system for the general case of variable-
density turbulence in a combined pressure gradient and shear flow. Let us dictate that
the initial flow velocity (u) is aligned with the x-axis, while the pressure gradient acts in
the y-direction, which is the same direction in which the x-velocity varies. Furthermore,
we are interested in the ability of the model to predict how mean flow variations affect
these instabilities, and so we ignore the secondary effects of turbulence on itself. Triple
correlations, decay terms, and the “slow” parts of the pressure-containing correlations
will be dropped. This amounts to rapid distortion theory applied to instability-driven

turbulence. Further, in source terms, gradients of turbulence variables are dropped and i
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is replaced by u. The turbulence equations for the Reynolds stresses and the turbulence

mass flux vector components are, in this special case (with D/Dt = 3/0t + @ - V),

DRy _ 94,22 _20,2r,, %" (5)

Dt - 2y ~ 3Vl

Dgt”’ =—(1- CzR)Ryyg—Z + azg ) (56)
Dhes _ (—2+ 2o R"”_Z (57)
Das _ _’Epg_z . (59)

The rapid parts of the pressure-velocity are included here because they affect the qualitative
conclusions about forms of instability growth rates. We are now in a position to examine
the description of instabilities by these simplified equations.

For pure shear flow in a constant density medium, the pressure and density gradient
terms disappear. If the mean flow gradient is taken to be approximately constant over the
time scale of interest, then differentiation of Eq. 55 gives

D*R,, 2. DR, du

Dz~ 3 T Dt by

2 Fi\’ 1 Au\? (60)
= 3C2r(1 — Car)Ry, (5!;) ~ 5l (E)
if C2r is near 0.5. The resulting expression for the growth rate of the instability is
w= ! k,Au , (61)

VG
where k, = (L,)”!, which nearly corresponds to the growth rate of Kelvin-Helmholtz

instability [18] at a wavenumber characteristic of the mixing layer width.
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On the other hand, for pressure-gradient driven circumstances, with no initial flow in
the x-direction, all equations with time-derivatives of x-direction variables disappear. By
differentiating Eq. 55 in much the same manner as above for Kelvin-Helmholtz instability,

we get

Da, 6P (b 0P R, a-) oP
= — =2 == — 62

9y
The first term on the right side of this equation describes the effect of a pressure gradient
(acceleration or shock) interacting with the turbulent density fluctuations, as measured by
b. This always leads to increase of turbulent energy but is not present in purely Rayleigh-
Taylor instability.

The second term on the right, proportional to mean-density gradient, gives the effect

of Rayleigh-Taylor unstable conditions on turbulence, as these are characterized by the

interaction of density gradient and acceleration. This term gives exponential growth to

£, [2 (};%’) — +V3wrr (63)

where g = —1 22 wherever g2 > 0. If we interpret 1 22 to be a density difference between
p 9y 9 8y P p Oy y

R,, at a rate determined by

two superposed fluids divided by their sum times the reciprocal of a gradient scale length
(B,), we recover the form of the expression for the growth rate for large wavenumber

disturbances (k > f,) in gradient-stabilized Rayleigh-Taylor instability:

w29 At S, , (64)

in which At is the Atwood number. Turning now to shock-driven growth, we use the other
term in Eq. 62. The weak shock is approximated [19] by a velocity jump V induced by an
impulsive pressure gradient (1/5)dpé(t)/dy . Then V = (8p/dy)/p and

a, =bV, (65)
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Ry, = bpV?, (66)

which agrees with Saffman and Meiron’s result for initial turbulence kinetic energy after
a weak shock contacts a density discontinuity, here modeled by a finite value of b.

When considering a combined Kelvin-Helmholtz-Rayleigh-Taylor instability, the
equations become somewhat more complicated [20]. From Eq. 62 and the time differential
of Eq. 56, a fourth-order equation for Ry, emerges:

D*R,,
Dt4

2 ow\*\ DR
= (&U%T + '3-023(1 — C2R) (-3—:‘;) ) thyy _ Zw}tzTRyy , (67)

where wgr is given by Eq. 63. We will restrict the discussion to cases in which the density
and pressure gradients have the same sign, the classically stable Rayleigh-Taylor case.

Then wk; < 0 and the combined growth rate is given by

1 2 ou\?
WhoTAL = 5 (3‘“%27* + §C2R (1~ Cag) (-B—y) )

2
1 2 o\

2
which will have a real portion if 3 |""%2T| < %CzR(l — C2Rr) (5—3:—) . If the density and

(68)

velocity gradients have the same characteristic wavenumber kjs, then we expect growth

for cases where, for ¢ and Ap taken as positive,

94y 1
2 p JCr(1-Car)

kM(Au)2 > (69)

5. COMPARISON TO TWO-FIELD MODELS
Two-field descriptions of instability-driven turbulence and mixing hold some advan-
tages over the approach taken thus far in this paper, e.g., the ability to describe interpen-

etration naturally by keeping two separate velocity fields, and the marking of the mixture
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fraction at any point, among others. Further, the two means of analyzing mixtures are
equivalent in some simple, yet interesting cases. The two-field continuum flow equations
can take on many forms, depending on the amount of detail that the researcher wishes to
capture. Here, for present purposes, one of the simplest forms of these equations, written
for two microscopically incompressible fields, will suffice.

The model equations of Section 3 should include the capability of describing the
interpenetration processes of two-field flow. To define the concepts of mean and fluctuating
part in the two-field context, we consider the system composed of particles or droplets
dispersed within a continuous surrounding fluid.

Two-field flow theory would allow for fluctuations from particle to particle and from
point to point within the fluid. The dynamics of the system is described by field variables
at several levels of specificity.

First, there are subscripted variables pertaining to the individual fields. The field
densities pg, k = 1, 2, are constants. The characteristic function Bir(x,t) satisfies B =1
for regions of x-space occupied by the k*! field and Bk = 0 elsewhere, so that 3, Bx = 1.
The velocity vi(x,t) of the k*! field is defined where S = 1 and B (x, t)vi(x,t) is defined
for all x (within the physical region occupied by any field).

Second, one computes averages of these field data, either ensemble averages, or space
averages over control volumes small compared to significant macroscopic length scales, but
large compared to droplet size and separation scales. The volume fractions a; are defined

by

ar(z,t) = Be(z,t), 0<ax(x,t) <1 (70)

and obey ), ax = 1. Then an averaged velocity ui(z,t) is defined for each field and all x
by

ai(z,t) up(z,t) = Br(x, t)ve(x,t) . (71)

Other averaged individual field data, such as internal energy I; are defined similarly.
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Next, “mixture” variables that characterize the system of fields as a single fluid are
defined by sums over k, weighted by the characteristic functions f; (unaveraged mixture
variables) or by the volume fractions aj (averaged mixture variables). In this way, we
arrive at analogs of the turbulence averages, denoted with overbars or tildes, and the

turbulence fluctuations, denoted by primed variables:

P=Eﬂkpk, ﬁ=zakpk, pP=p-7, (72)
k k
u=Zﬂkvk, _ﬁZZakuk, ll'k=uk—'l'l—, (73)
k k
and
= ZkCEPRUE g Doponprl (74)
>k CkPE 2k QkPk

The evolution equations for the interacting averaged field variables are developed in
detail by Ishii [6], starting from the statements of conservation of mass, momentum, and

total energy for each field. We have

Ja
Tkpk + V- (akprur) =0, (75)
0
—EE 1V - (arprurur) = —ax VP + Kpp(up — ui) (76)
Oapili

0
+V. (akpkuklk) =-P (—ng +V- akllk)

+ RrpCom (T — Tk) + Kpp (upr —ug) - (W — ug) .

These equations represent averages over realizations of flows at high Reynolds number,

ot (77)

and viscous stress terms are ignored. P is the spatially averaged pressure of the surrounding
field. Cyn, is an effective specific heat of the mixture. Ry is a heat-exchange function and
K p is a momentum-exchange function (inverse drag time scale); they result from modeling

of the interactions at field interfaces. For present purposes, we need not specify how their
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time and space variations are determined. T} is the temperature of the k*h field and
subscript k' refers to the field other than the k' field. We wish to demonstrate a close
relationship between these equations and the turbulent transport equations of Section 3.9.

The correlation functions studied in the first part of this paper can be expressed, in

the two-field system, in terms of sums weighted by the volume fractions:

R;; = Z akpr (ux — 1), (ux —0); , (79)
k
a=-)Y op(w—8)=i-1, (80)
k

S=Y awps (me— @) (L - 1) (81)
k

| =

= - a —-D —1———_— = — Xk a
b= Xk: k (pr p)(pk (p)) 1+§k:pk}; nPn (82)

Zk:ak(/)k—?)([k—j) N . -
w = = =——2k:ak(fk—I)=I—I. (83)

In general, to form any correlation (which, previously, we had associated with turbulence),
one averages the departures from the mean, either mass-weighted or uniformly weighted,

over the number of materials. Another example of a correlation of fluctuations is

szak(uk—ﬁ)(uk—ﬁ) .
k

These relationships hold for any number of fields, but we are most interested in a two-field
description because of the additional relationships that apply. Thus, for two fields, we

have:

p=ai1p1 +azpsz, (84)
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_ aaz(p1 — p2)(w1 — up) , (85)

3
_ 2
P P2 P1pz
_ ayas(p1 — p2)(I1 — L) (87)
ﬁ b
Ry = 2a0zp1p2(m — ua)i(w — wa); _ aiasp (88)
= b
and

S ala2plp2(u1_; u)(h — ) _ aTw 3. (89)

In this model, evolution equations for R and S are not needed and only the a, b, and w
equations need to be examined.
From the two-field equations and the two-field definitions outlined above, an equation

for a follows:

a—

b + V -pat + p(a- V)u + u'u’ Vﬁ+V-'ﬁaa(1—

) B (90)
bVP — K}ap,

where B = 3, a1az(p1 — p2)?[P° = p [B* = bp1p2 /P* and K}, = Kpp?/ (cnazpipa) -
By comparing this equation to (28), the turbulence equation for a, and to (29) we can

infer a new modeling for the correlation p'u'u’:
mz_pau- 1—l+-1- (91)
17 Laad) B b :

This gives a wave-like flux term in the a equation, as opposed to the diffusive flux term
that most modelers would use, following (22). For the model of Section 3, taken in the
limiting case of two-field interpenetration, pufu’; u}; should reduce to the right side of (91),

which the gradient closure (diffusive flux) would not.
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If a gradient approximation for a is derived from the balance in Eq. 49 for a between
the decay term (—C},pea/k) and the density gradient production term (R;,/p) (0p/0zy),
then

K., 9

i = —C{.—Rin . 92
a Clae—zR 617,, ( )

We expect that (92) will best approximate a, as a constraint equation relating data at a
common time, in the fully developed turbulence limit when production and dissipation are
in balance. Furthermore, one may show, from the two-field description expressed in terms
of single-field variables with p; and p; as constants, that (expressing a;, a3 in terms of p,
p1, p2, and here A in terms of p, p1, p2, and u; — uy)

al1 1 + 1y 0OA

B b)) 0p°

Then, substituting into Egs. 91-92, symmetrizing the expression and approximating

O0A /Oz, by (0A/0p)(0p/0zy,), the approximation to p'u’'u’ emerges as

- K i, 0
p'uiu'] = _CDa.E—ﬁ (Rznga:AJ + RJn_a.’E—nA') ’ (93)

which is different, and perhaps better, than the form in (22). Also, the decay term in the

newly-derived a equation could be modeled as

. -, v AVa-ap _ ., alafpe
Kpap~ Crg—7—— = Cla gyt - (94)

By extending the analysis for other turbulence quantities, we get, for the evolution of b,
b b+1 2%
—_— 1 - —_— Y ) . — = . 95
6t+(u V)b+ > V.-pa+pV-u (p) 0 (95)

if V.u' = 0. This leads to a revised model for the term we were calling diffusion-like,

which is
1\’ ab
u | - = —-——=. 96)
(p) pB (
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Now we write an equation for B = p'2/p?. The turbulence equation for this is, again

assuming incompressible turbulence,

o’ B
ot

+V-(Up°B)+p°BV-u+2pa-Vp+ V. p?u' =0. (97)

From the two-field description, written in terms of single-field variables, B evolves

according to

2
aﬁatB +V.-(@p’B) +p’BV-1i+2pa-Vp
‘ ) 11 (98)
+V. (p Ba(1—§+3)) =0,
which implies that the triple correlation in Eq. 97 should be modeled as
p'*u' =pBa(l - 1 + : . (99)
B b
A similar treatment of the w equation gives
p'u'l' = pwa 1—l+-1- (100)
B b))’

which also reduces properly in the fully-developed turbulence limit. The potential decay

terms (cf. Egs. 53 and 77) in the two-field version of this equation can be written as

araz(pr — p2)(Th — T3)

_R*T_P vm
P

adps —aip1 afag(p1 — p2)( — ua) - (ug —up)
araz(p1 — p2) 7

+K*5

where R} = Rrp® / (a1a2p1p2). These two expressions can be transformed into single-field

variables, to become

and
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These can be identified with two terms in the original w equation, namely

1\’ €
-2 - . N o~ — D—
p (p) V.- (skVT") CleKw

(1 (.08, , Ounm _
”(7») (P axn”'""axn)"”’e’

respectively, though the second correspondence is less clear.

For the mass concentration equations, a similar formal parallel holds. Applying Eq. 15

for the mass-averaged concentration of material 1 at high Peclet numbers for mass transfer,

(D — 0),
dpy

5tV pa+ Y pdu = 0. (101)

From the two-field description as a point of departure, the mass fraction for field 1, in
the region occupied by field k is c1x = 81x. The associated single-field variables, unaveraged

and mass averaged, respectively, are ¢; = Y, fxc1x = B and
&= Brprcrn/p=a1p:/p . (102)
k

Observe that & +é; = 1 and ¢}y = c1x — &1 is the negative of cj;. Rewriting the unknown

correlation in (101) in terms of two-field variables, we get

pci" = peyu” = aypy (W) — @) = ﬁl..oi%_;’l_/’?(ul — ;). (103)

Thus, the material fluxes can be re-expressed in terms of single-field variables as

~ A

pau’’ = —pcau’ = pa CLbcE sign(p1 — p2) - (104)

If a is again taken in its fully developed turbulence limit (a; = —C?, (K/€p?) Rin (9p/ 0z,))

as in Eq. 92, then, after re-expressing a1, a3, and hence é,é;, in terms of p, p1, p2,

& ¢ K dp _0¢ K _  0¢

- 1€2 . P -9a * :
e )= —C* =R, 25T _ _cr TRt 105
pai[— sign(p1 — p2) Cl“eﬁRmaxnpaﬁ 1= fing (105)
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which agrees with (43), to within an adjustable constant. Thus, we have demonstrated
the relationship of the unmodeled turbulence equations to the two-field equations and, as
a result, suggested some new closures for variable-density turbulence models that capture

both the ordered and fully turbulent limits.

6. SIMPLER MODELS

Implementation of such models in multidimensional hydrodynamics codes can become
extremely tedious and the resulting run times can become unreasonable. (Therefore, it is of
significant interest to develop and program simpler models in order to gain experience with
them and, if they can be demonstrated to be deficient in crucial areas, then improved at a
later time.) One of the simplifications we have used with some success in the CAVEAT code
[1] retains a transport equation for the trace of the Reynolds stress tensor (3Rnn = pK)
and makes use of the Boussinesq (gradient) approximation for specifying the components

of the Reynolds stress tensor in terms of K and e¢. Then

K 0 _. O,  OP 0 0K\ _
ot + —6—;: (pinK) + Bmn Or, @n Oz, + oz, (utaz"> P (106)
- Oui  0ij 2 o &)+ 26 5K
R,] = Ut (6—2}] + a—wz - 55,](V . u)) + 35,_”)]\ y (107)
K2
Mt = C,,ﬁ—;— . (108)

Furthermore, keeping only the most important production terms, the decay term and
a simpler turbulent diffusion term from the a equation (cf. Eq. 49), results in a more

manageable model expression:

%% 1 0 (Giinas) + Pan o = o 2.

ot Oz, plndi) T P "0z, \Oz; Oz,
(109)

Rin Op 8 (PK? da; pe

__ﬁ—axn CDa@:cn ( € 6:1:,,) _ClaKa'
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The proposed € equation is the same as derived previously (cf. Eq. 51), as is the

concentration equation (cf. Eq. 54):

370' o _. 6&,,, € oP 8 (PK? Oe
ot * 5en oz, (piin€) + Cle 6:1:,, - C“‘Ea"a_z; + Cpe oz, ( € 6:5,.)
e2p ot,,
— 6'2e C’4€peazn (110)
356,- 6 . a 9. d (K 0

Further, b can be computed from its own transport equation or, if we assume that there is
no interspecies diffusion, so that the b equation has no decay term, the two-field expression

for b should be accurate:
RY
p= 2122(pr = p2)” (112)
P1p2

In practice, in a computational cell, a;, a3, p;, and p; would be determined from the two
criteria of (1) pressure equilibrium between components, and (2) either adiabatic work
exchange or temperature equilibrium between materials. Finally, the turbulent heat flux,

in accordance with this simplified approach, is given by diffusion of the internal energy, as

K_ dI
S; = —CD,?R,-,,a—% : (113)

This model can be considered a natural extension of K — € models and the modeling
methodology to variable-density flows.

Another type of model would use the two-field (or multifield) flow equations (75~
77) for the stable part of the flow, together with the turbulent transport equations of
Section 3 to represent the multifield instabilities. In this context, the stable part of the
flow has been referred to as “ordered,” while the unstable part may be called “disordered.”
Closures should then be modeled so that they vanish in the pure multifield limit, rather

than approaching their multifield limits as given in this section. The type of turbulence
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model to be used to augment the description of ordered motion could also provide the drag
length scale [6] for the phenomenological momentum exchange coefficient:

3/2
Lp— KE , (114)

The Reynolds stress and turbulence dissipation equations in the disordered portion of
the model are taken from standard turbulence models (e.g., that of Launder, Reece, and
Rodi [16]), but we suppose that the energy lost from the ordered motion (—2K *2;1—7’ =

—-2K *R?;d) acts as a source to disordered energy, not heat:

3R;1, a d d au] d au' - pa a]
ot + _é—_; ( "Rij) + Rma RJna - 2K, b
0 K s 0 ij
(115)
i1 1
—CIR R 6UR C2R 55,']'@""
2Kphp 1 2 _
—Cur ( bD ) (aiaj - §6ijanan) - §5.~jpe ,
aﬁe d aum 6 ?K2 ae
3 TR G = Oy ( ; axn)
(116)
-2
- CZGPTE.‘ — Cycpe(V - 1) ,
0 Oii;
B = (R?"azj * an-gﬁ) - (117)

The “d” superscript refers to only the disordered part of the turbulence and K7}, can be
modeled as in Eq. 94. Then the total Reynolds stress that enters the mean flow momentum

equation is (cf. Eq. 13)

R =R?+ R =R+ ) axpr(ur — 0)(ux — ), (118)
K
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and equations for a, b, and ¢; are not needed. An equation for the disordered part of the

heat flux could be derived in an analogous fashion, with a source term
a
¢=(Kp+Rp)S+Kpy Ry (119)
arising from the decay of the ordered part of S:
as¢ 0

ol Bii;
98¢ . 0 . ocay, pi 108 _
5t T agr (@nSY) + Blag—+ Sa5—

0 [K . 0 Sé a4 O S¢ 12
Cpog—m— |— d )4 — 2t 0
Dsazm [e (R"‘az,, ( ] ) R"‘”ax,, ('ﬁ ))] (120)

_ 0 PEg a O
ClsKS, + CasS;, Bz,

+ (1 - Css)éi .

Then

st = 8% 4 3" arpy (up — i) (Ik - f) . (121)
k

is the quantity needed for the mean internal energy equation.

7. SUMMARY

Starting from the Navier-Stokes equations written for a single field, we have derived
and closed a set of transport equations appropriate for variable-density turbulence when
the fluctuating velocities are far subsonic. This condition implies local pressure equilibrium
among the different eddies and species over a distance small compared to mean-flow
gradients. We have also taken a rather simple two-field model from the literature and
demonstrated that our unclosed equations are formally equivalent to this model if the
densities of the two fluids are constant. From this equivalence, new closures for turbulence
quantities, such as triple correlations, emerge naturally. These new closure ideas have the
ability to describe not only fully developed turbulence but also encompass the limit of

purely ordered interpenetration of two incompressible materials. Therefore, these closures

37



may be superior to those commonly proposed for variable-density turbulence and their

application to real problems should be explored.

We are indebted to Charles Cranfill for discussions and insights on the topics of this

paper.

REFERENCES

1.

10.

11.

38

Addessio, F. L. et al., “CAVEAT: A computer code for fluid dynamics problems with
large distortion and internal slip,” Los Alamos National Laboratory report LA-10613-
MS (1986).

Sturtevant, B., “Rayleigh-Taylor instability in compressible fluids,” Shock Waves and
Shock Tubes, Proceedings of the 16th Int’l. Symp. on Shock Waves and Shock Tubes,
H. Grénig, Ed., RWTH, Aachen, VCH Physik Verlag, p. 89 (1987).

. Houas, L.; Farhat, A.; and Brun, R., “Shock induced Rayleigh-Taylor instability in

the presence of a boundary layer,” Phys. Fluids 31, 807 (1988).

Andronov, V. A. et al, “An experimental investigation and numerical modeling of
turbulent mixing in one-dimensional flows,” Sov. Phys. Dokl. 27,5 (1982).

Read, K. 1., “Experimental investigation of turbulent mixing by Rayleigh-Taylor
instability,” Physica 12D, 45 (1984).

Ishii, M., Thermo-flusd Dynamic Theory of Two-phase Flow, Eyrolles, Paris (1975).

Youngs, D. L., “Numerical simulation of turbulent mixing by Rayleigh-Taylor
instability,” Physica 12D, 32 (1984).

Lumley, J. L., “Computational modeling of turbulent flows,” Adv. Appl. Mech. 18,
123 (1978).

Lumley, J. L., and Mansfield, P., “Second-order modeling of turbulent transport in
the surface mixed layer,” Boundary-Layer Meteorology 30, 109 (1984).

Shih, T.-H.; Lumley, J. L.; and Janicka, J., “Second-order modelling of a variable-
density mixing layer,” J. Fluid Mech. 180, 93 (1987).

Launder, B. E., “Phenomenological modelling: Present...and future?,” presented at
the conference on "Whither Turbulence? or Turbulence at the Crossroads,” Cornell
University, March 22-24, 1989. :



12.

13.

14.

15.

16.

17.

18.

19.

20.

Besnard, D.; Harlow, F. H.; and Rauenzahn, R. M., “Conservation and transport

properties of turbulence with large density variations,” Los Alamos National Labora-
tory report LA10911MS (1987).

Bird, R. B.; Stewart, W. E.; and Lightfoot, E. N., Transport Phenomena, John Wiley,
New York (1960).

Besnard, D. C., Harlow, F. H., Rauenzahn, R. M., and Zemach, C., “Spectral
Transport Model for Turbulence,” Los Alamos National Laboratory report LA-10613-
MS (1986).

Launder, B. E.; Reece, G. J.; and Rodi, W., “Progress with development of a Reynolds-
stress turbulence closure,” J. Fluid Mech. 68, 537 (1975).

Daly, B. D., and Harlow, F. H., “Transport equations in turbulence,” Phys. Fluids
13, 2634 (1970).

Reynolds, W. C., “Fundamentals of turbulence for turbulence modeling and simula-
tion,” Lecture Notes for Von Karman Institute, AGARD Lecture Series No. 86, North
Atlantic Treaty Organization (1987).

Harlow, F. H., “Fluid Dynamics: A LASL Monograph,” Los Alamos Scientific
Laboratory report LA-4700 (1971).

Saffman, P. G., and Meiron, D. 1., “Kinetic energy generated by the incompressible
Richtmeyer-Meshkov instability in a continuously stratified fluid,” Phys. Fluids A1,
1767 (1989).

Chandrasekhar, S., Hydrodynamic and Hydromagnetic Stability, Oxford University
Press (1961).

#U.S. Government Printing OffFice: 1992-673-036/67002 39



This report has been reproduced directly from the
best available copy.

It is available to DOE and DOE contractors from the
Office of Scientific and Technical Information,

P.O. Box 62,

Oak Ridge, TN 37831.

Prices are available from

(615) 576-8401, FTS 626-8401.

It is available to the public from the
National Technical Information Service,
U.S. Department of Commerce,

5285 Port Royal Rd.,

Springfield, VA 22161.



P

LOS AIRIMOS to: Aamos Now woxics 57545



