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Turbulent Heat Transfer for Pipe Flow 
with Uniform Heat Generation 
T.Y.  Na, D e a r b o r n  and J . P .  Chiou, Detroi t  

A b s t r a c t .  An Analy t ic  solut ion is  p r e sen t ed  of the p rob lem of tu rbu len t  heat t r a n s f e r  in pipes with in t e rna l  heat 
gene ra t ion  and insu la ted  wall by applying a r ecen t ly -deve loped  eddy conduct ivi ty  model .  The r e s u l t s  ag ree  
c lose ly  with ava i l ab le  expe r imen ta l  data for  a wide range  of P r a nd t l  n u m b e r  ( 0 . 0 2 - 1 0 . 5 ) .  

Turbulen te  W~irmeiibertragung in F l t i s s i gke i t s s t rSmungen  durch Rohre bei gleichm~igiger W~irmeerzeugung 

Z u s a m m e n f a s s u n g .  E ine  ana ly t i sche  Lbsung des P r o b l e m s  der  tu rbu len ten  W~irmeiibertragung in Rohren  mit  
i n n e r e r  W~irmeerzeugung und i s o l i e r e n d e r  Wandung wird v e r m i t t e l s  e ines  neu entwickel ten  Modells  fiir das 
W i r b e l l e i t v e r m 5 g e n  angegeben.  Die E r g e b n i s s e  s t i m m e n  mit  den zug~nglichen e x p e r i m e n t e l l e n  Wer ten  i n n e r -  
halb e ines  ausgedehnten  Be re i ches  der  P r a n d t l - Z a h l  ( 0 . 0 2 - 1 0 . 5 )  bef r ied igend  i ibere in .  
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damping factor for eddy viscosity 
pipe radius 
dimensionless pipe radius, a~-~-/-~ 

damping factor for eddy conductivity 
constant pressure specific heat 

thermal conductivity 
mixing length 
dimensionless mixing length, l ~ - ~  
Nusselt number 
P randtl number 
P~clet number, Pe = RePr 
static pressure 
heat flux 
rate of heat generation 
Reynolds number, u(2a)/~ 
radial coordinate 
Stanton number 
temperature 
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em, e h 
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axial velocity 
dimensionless axial velocity, u/~-/~ 
axial coordinate 
transverse coordinate normal to wall 

thermal diffusivity 
viscosity 
eddy viscosity and eddy conductivity, 
respectively 
kinematic viscosity 
density 
shearing stress 

Subscripts 

B bulk 
h heat 
m momen tum 
o wall 

Introduction 

Recent advances in the formulation of turbulent eddy 

viscosity and eddy conductivity have led to many use- 

ful contributions in the field of turbulent flows. One 

of such contributions is in turbulent heat transfer in 

channel flows. The purpose of this work is to solve 

the problem of turbulent heat transfer in pipes with 

internal heat generation and insulated wall [1-4] by 

applying a recently-developed eddy conductivity mo- 

del [5, 6]. It will be shown that the results from the 

theory agree very closely with available experimen- 

tal data for a wide range of Prandtl number (0.02- 

1 0 . 5 ) .  

Analysis 

Consider the heat transfer of a Newtonian fluid inside 

a smooth and insulated circular pipe. Heat is gener- 

ated uniformly in the fluid. The flow is considered 

turbulent and steady with the temperature and the 

velocity profile fully-developed. Under these condi- 

tions the momentum and energy equations can be 

written as : 

dp 1 b [ r ( ~ +  p e a  ) bu l 
dx : r - ~  " ~  (I) 

u~bT rl b'~b [r(k PP~h ) ~-rbT] pCpU -<=. = + + Q �9 (2) 
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The boundary conditions are: 

bu bT 
r=O: %-~ =0, br 0 

bT r = a :  u:O, - - : 0  br 

where em and eh are the eddy diffusivities of mo- 

mentum and energy respectively and "a" is the ra- 

dius of the pipe. 

The differential equation for the solution of the 

velocity distribution can be obtained from Eq. (1) as : 

p ( v + ~  ) 
m bu r 

"r w br a 
(3)  

where the shear stress at wall, Tw, is given by 

adp 
%: -~ dx" 

In terms of the usual d i m e n s i o n l e s s  notation, 

+ y v  @ 4 a v  @ + U 
- a : U : - -  y - 

M ' V ' V @ 

where y = a - r, v* is the frictional velocity, 

and v is the  kinematic viscosity, Eq.  (3)  becomes: 

1 + du----~+ = 1 - L 

dy + a + 

Combining Eqs. (2) and (6) and integrating over 

r, we obtain: 

For the case of constant heat flux on the wall, it 

is well-known that 

dTB f bT r2Q 
pCp ~ J urdr = r(k+ pCpeh) ~ + 

0 

When Eq.  (9) i s  eva lua ted  at the  wal l ,  the r e s u l t  i s :  

a 

dTB a 2Q 
pCp ~ f u r d r  : 2' 

0 

By dividing Eq. (9)  by Eq. (I0) and introducing 

T - T B 

@ - TO - T B 

(4) and the dimensionless variables y+ + , u , and so on, 

(5) 

bT bT0 dTB 
b-~ = bx = dx (6)  

where T O is the wall temperature and T B is the bulk 

temperature defined by 

(7) 

(9)  

a 

TB _T O = I 2~ ru(T T 0 ) d r  . 
a 2 

In Eq. (7), u is the average velocity defined by 

(10) 

a 

1 / 2w rudr 
2 ! 

0 

(8) 

(ll) 

u = 

we get : 

+ 
a 

k(T0 - TB ) 2 
- __ f (a+-Y+) u+x 

a2Q +2 + 
a u 0 

a + 1 + \2 t 
, ' .,,, dy + (12) 

where the dimensionless form of the average velocity, 

defined in Eq. (8), is given by: 

+ 
a 

+ 2 ~ (a + + + + 
u - +2 - y )u dy . 

a 
0 

(13) 

Equations (5) and (12) are the equations for the 

calculation of u + and k(T 0 -TB)/a2Q, respectively, 

if the eddy viscosity and the eddy conductivity are 

known. The expressions chosen here are those given 

by Na and Habib [5] and Habib and Na [6], which are: 

.t l 
- 7 -  = ( a + ) a  . 4 a  § - \ a + /  + 

( ;12 2 - . 6  • { 1 - e x p ( - y + / A  +) } bu+ (14) 
by + 
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and 

~h Y+ - .44 + .24 - T - ( a + ) 2  .4  a + 

- . 6  X { l ~ e x p ( - y + / A + ) }  X 

x 
' (~ + 

Y 

where 

(15) 

A + : 26 

and 

5 

B + : ~ ,  C i ( l o g P r )  i ' 1  

i = l  

with 

C 1 : 3 4 . 9 6  

C 2 : 2 8 . 7 9  

C 3 : 3 3 . 9 5  

C 4 : 6 . 3 3  

C 5 : - 1 .  186 

T h e s e  e x p r e s s i o n s  h a v e  b e e n  a p p l i e d  to t h e  c a s e s  of 

t u r b u l e n t  h e a t  t r a n s f e r  in  p i p e s  w i th  c o n s t a n t  wal l  

h e a t  f lux  [5 ]  a n d  w i t h  c o n s t a n t  wa l l  t e m p e r a t u r e  [ 6 ] .  

R e s u l t s  f r o m  t h e s e  s t u d i e s  h a v e  s h o w n  t h a t  the  p r e -  

d i c t e d  r e s u l t s  a g r e e  v e r y  c l o s e l y  w i t h  e x p e r i m e n t a l  

d a t a  f o r  a w ide  r a n g e  of  P r a n d t l  n u m b e r s  ( 0 . 0 1  to 

14. ) .  
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Fig. I. Comparison of resulls with experimental data 
(Pr = 3 . 9 )  
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Fig. 2. Comparison of results with experimental data 
(Pr = 0.02) 

C o m p a r i s o n  w i th  E x p e r i m e n t a l  D a t a  

E x p e r i m e n t a l  d a t a  a v a i l a b l e  in  t h e  l i t e r a t u r e  on  t u r b u -  

l e n t  f low in  p i p e s  w i t h  h e a t  g e n e r a t i o n  a r e  l i m i t e d  to 

t h e  w o r k s  of  K i n n e y  a n d  S p a r r o w  [ 1 ] ,  P o p p e n d i e k  [4 ]  

a n d  M u l l e r  [3 ] .  The  d a t a  t a k e n  by  K i n n e y  a n d  S p a r r o w  

[I] used salt water and are for the Prandtl number 

range of 2.9 to 4.0. Poppendiek [4] used sulfuric 

acid solution in his work and the Prandtl number 

L3J s work is on liquid range is 4.6-10.5. Muller r 7 , 

metals where he used mercury (Pr = 0.02) as the 

working medium. 

F i g u r e  1 s h o w s  t h e  c o m p a r i s o n  of k (T  0 - T B ) / a 2 Q  

w i t h  e x p e r i m e n t a l  d a t a  f o r  P r  = 3 . 0  a n d  3 . 9 .  A l s o  

s h o w n  in  t h i s  f i g u r e  a r e  t h e  t h e o r e t i c a l  c u r v e s  of  K i n -  

ney  a n d  S p a r r o w  [1 ]  a n d  C h u n g  a n d  T h o m a s  [ 2 ] .  The  

a g r e e m e n t  i s  s e e n  to be  v e r y  c l o s e .  C o m p a r i s o n  i s  

a l s o  m a d e  w i t h  e x p e r i m e n t a l  d a t a  t a k e n  by  M u l l e r  

f o r  t u r b u l e n t  f l ow  of  l i q u i d  m e t a l s  ( P r  = 0 . 0 2 )  w i th  

h e a t  g e n e r a t i o n .  The  r e s u l t s  a r e  s h o w n  in  F i g .  2. 

A g a i n ,  t h e  a g r e e m e n t  i s  e x c e l l e n t .  F o r  h i g h e r  

P r a n d t l  n u m b e r s ,  on ly  l i m i t e d  d a t a  w e r e  g i v e n  by  

P o p p e n d i c k  [4 ]  f o r  t h e  r a n g e  of P r  b e t w e e n  6 . 0  a n d  

8 . 7 .  They  a r e  s h o w n  in  F i g .  3, t o g e t h e r  w i t h  t h e  a n -  

a l y t i c a l  c u r v e  b a s e d  on  t h e  p r e s e n t  m o d e l  ( f o r  P r = 7 ) .  
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Fig. 3. Comparison of results with experimental data 
(Pr = 6 to 6.8) 

Even though each data point on this figure represents 

slightly different Prandtl numbers, they appear to 

be quite close to the theoretical curve based on the 

average Prandtl number of 7. 

The above shows that the model used in this work 

gives excellent prediction of heat transfer in pipe 

flow with heat generation in the turbulent regime for 

a wider range of Prandtl numbers than other avail- 

able theories. 
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