Turning points of nonlinear circuits

Ignacio Garcfa de la Vega' and Ricardo Riaza?

Abstract Bifurcation theory plays a key role in the qualitative analysis of dynami-
cal systems. In nonlinear circuit theory, bifurcations of equilibria describe qualita-
tive changes in the local phase portrait near an operating point, and are important
from both an analytical and a numerical point of view. This work is focused on
quadratic turning points, which, in certain circumstances, yield saddle-node bifur-
cations. Algebraic conditions guaranteeing the existence of this kind of points are
well-known in the context of explicit ordinary differential equations (ODEs). We
transfer these conditions to semiexplicit differential-algebraic equations (DAESs), in
order to impose them to branch-oriented models of nonlinear circuits. This way, we
obtain a description of the conditions characterizing these turning points in terms of
the underlying circuit digraph and the devices’ characteristics.

1 Introduction

The context of the present work is the study of bifurcation phenomena in nonlinear
circuits. We have focused on quadratic turning points, which are related to certain
local bifurcations in dynamical systems, in particular to the saddle-node bifurca-
tion. With terminological abuse, we will often use the expression “turning point”
to mean a “quadratic turning point”. We are interested in the analysis of turning
points in the equations governing nonlinear circuits, which have the structure of a
semiexplicit DAE. Therefore, our first efforts are directed to adequate the classical
conditions characterizing turning points in ODEs to a semiexplicit index-one DAE
context (Section ). Afterwards, in Section [l we will analyze these reformulated

12 Depto. de Matemética Aplicada a las Tecnologfas de la Informacién y las Comunicaciones
Escuela Técnica Superior de Ingenieros de Telecomunicacion

Universidad Politécnica de Madrid

Ciudad Universitaria s/n. 28040 - Madrid, Spain

e-mail: ignacio.garciadelavega@gmail.com, ricardo.riaza@upm.es

This is the authors’ version of the paper published in the proceedings of the Scientific Computing
in Electrical Enginnering 2014 conference, Mathematics in Industry 23 (2016) pp. 21-29, Springer.
The final publication is available at Springer, cf. http://dx.doi.org/10.1007/978-3-319-30399-4_3,


http://dx.doi.org/10.1007/978-3-319-30399-4_3

2 Ignacio Garcia de la Vega and Ricardo Riaza

conditions in terms of the circuit topology and the devices’ characteristics. Finally,
Section @ briefly compiles some concluding remarks.

Turning points in explicit ODEs. Let us recall the algebraic conditions defining
quadratic turning points in ODEs. Consider the ordinary differential equation

X =[x p), &)

with x € R”?, and f sufficiently smooth and depending on a parameter y € R. Pro-
vided that f(x*,u*) =0, (x*,u*) is called a quadratic turning point of [ if the
conditions 1-3 below are satisfied [4]].

Itk fi(x*, u*) =n—1,

2. wl fu(x, u*) #0;

30w fuext, %) (vv) £0.

Here v (resp. w) denotes a right (resp. left) eigenvector of the zero eigenvalue of

the matrix of partial derivatives f,(x*, t*). Such turning points are important e.g. in
numerical continuation theory [1]]. If, additionally,

4. the algebraic multiplicity of the null eigenvalue of fi(x*, u*) is one; and
5. the remaining eigenvalues of f,(x*, t*) have non-zero real parts,

then (x*,u*) is called a saddle-node bifurcation point, because the system under-
goes a saddle-node bifurcation as u crosses p* [5L[7,10]. Near (x*,u*) we will
observe that when p < pu* (resp. when u > u*) there are no equilibria, whereas
for u > p* (resp. u < u*) there are two hyperbolic equilibrium points. These two
equilibria differ in the sign of one real eigenvalue, being in particular a saddle and a
node when x € R?.

2 Turning points in semiexplicit DAEs

Our purpose is to characterize the existence of turning points and saddle-node bi-
furcations in electrical circuit models and, specifically, in branch-oriented models.
These models have the structure of a semiexplicit DAE [3l[8], that is,

y = h(y,z, 1) (2a)
0=2g(yzu), (2b)

where y € R", z € R?, u € R, and & and g are sufficiently smooth. We will group
together y and z into a single variable x = (y,z) € R", with n = r+ p. For later use
let us also define the matrices

_(hy h ~ M
M= (gy gz>’ M= ((detM)x> ' ®)
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Specifically, we will work in a local index-one context [3[8]); this means that the
matrix of partial derivatives g.(y*,z*,*) is non-singular. By the implicit function
theorem this implies that there is a local map y/(y, i) such that 0 = g(y,z, ¢t) if and
only if z = y(y,ut), with y, = —(g,)~'g,. This, together with (Za), enables one to
express the local dynamics of the DAE (@) in terms of the reduced ODE

Yy =n(u), )

with n(y,it) = h(y, w(y, ), 1t). In turn, this makes it possible to define an equi-
librium (y*,z*, u*) of the semiexplicit index-one DAE (@) as a (quadratic) turning
point (resp. a saddle-node bifurcation point) if the reduction (@) satisfies the condi-
tions 1-3 (resp. 1-5) stated in Section [1l

Theorem [Tl provides conditions for system (2)) to have a turning point. Additional
conditions for the existence of a saddle-node point will be formulated in terms of
the reduction (@); this point of view will be exploited in Section 3l

Theorem 1. Consider the semiexplicit DAE @) and assume there exists a point
(x*, 10*) such that h(x*,u*) = 0 and g(x*,u*) = 0, with g,(x*,u*) non-singular.
Then (x*, L") is a quadratic turning point if the following conditions are satisfied:

L. tkM(x*,u*)=n—1;

2 (”“) (v, 1") ¢ imM (x°,15%);
8u
3.tk M(x*,u*) = n.

Proof. Write x* = (y*,z*) and note that (y*,1t*) is an equilibrium point of @), be-
cause 1N (y*,u*) = h(y*,z",u*) = 0. We check below that conditions 1-3 in Section
[Mhold for the reduction @) at (y*, it*).

1. If we compute 1y in terms of the maps & and g, we obtain

My = (hy hz) ((gzglg}) =hy _hZ(gZ)ilgy’

which is the Schur complement of g, in M [6]. The corank of a matrix and the
corank of its Schur reduction are equal, therefore rk M (x*,u*) = n — 1 implies
tkn, (", u*)=r—1

2. The second condition is an,L (y*,u*) # 0, where w is an eigenvector asso-
ciated to the zero eigenvalue of the matrix AT with A = ny(y*,u*); note that
wl'A =0« wl LimA. Therefore, w' 1, (y*,u*) # 0 < nu(y*, u*) ¢ imA, that
is, (hy —h.g: 'gu)(x*,1*) ¢ im (hy — h.(g;)~'g,)(x*, ") which is equivalent to

()ewrem (3

3. Equation w! 1y, (y*, u*) (v,v) # 0 can be recast as My, (y*, £*) (v,v) & im 1, (y*, 1 *).
The fact that for a C> map f : R* — R" satisfying cork f'(x*) = 1 we have
(det f'(x))'v#0< f”(x)(v,v) ¢ imf'(x), where v is a non-null vector belonging to
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ker f’(x), allows us to transform this condition into (det (1)), (y*, 1t*)v # 0, where
v € kern,(y*,u*). Additionally, because 1), is the Schur complement of g. in M, we
have det 1, = det (gz_l) det M, and then

(det(ny))y = (det (gz'))det M <(gz§‘1gy) +det (g2 1) (det M), <(gz§‘1gy> .

Condition 1 states that Tk M (x*, u*) = n— 1, thus det (M (x*, u*)) = 0. Addition-
ally, det (g-!) (x*, u*) # 0; therefore condition 3 is satisfied if and only if

(@@eran), o)) (5, )20,

for some (hence any) non-vanishing vector v belonging to kern, (y*, u*). Because of
the identity kern, (y*, u*) = ker(hy — h(g;)~'gy)(x*, u*), condition 3 is then equiv-
alent to the requirement that the system

(hy_hz(gz)ilgy)(xﬁl«l*)v =0 (5a)
((det M), — (det M).g; ' gy) (x*, ")y = 0 (5b)

only possesses the trivial solution. Equivalently, the matrix of coefficients of (3)),

_ hy_hz(gz)ilgy K
My = (detMydethnggy 17,

must have maximum column rank. But M; is the Schur complement of g, in the
matrix M (x*,u*) arising in the statement of condition 3 of Theorem [T} hence, the
maximum column rank condition on M is transferred to M (x*, u*). This means that
condition 3 in Section[Mholds for @) at (y*, it*) and the proof is complete.

3 Nonlinear circuits exhibiting turning points

In this section, we characterize the existence of turning points and saddle-node bi-
furcations for nonlinear circuits, under certain restrictions to be specified later. For
this purpose, we use branch-oriented circuit models [8]] defined by:

Cve)V. = ic (6a)
L(i))i) = v (6b)
0 = Beve +Bvi+Bgve +Byv, +Bjv; + B,V (6¢)

0 = Qcic+ Qi1 + Qg V1 (ve) + Ono (V) + Qj1 + Oviy, (6d)

where we denote the branch voltages by v, the currents by 7, and use the subscripts
¢, 1, g, n, j and v to denote capacitors, inductors, passive resistors, non-passive resis-
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tors, current sources and voltage sources, respectively. All devices may be nonlinear,
often without explicit mention. We assume that there exists only one non-passive re-
sistor and a unique DC current source, whose current i; = u is the parameter of the
system. The reader may think of a tunnel diode as an example of a (locally) non-
passive resistor. We also assume that there exists an equilibrium point that we will
denote by (x*, u*) = (V,if, it v}, Ve, v, Vi, i¥, *). The incremental capacitance and
inductance matrices, C and L, are both non-singular at (x*, t*) and, finally, V' is the
vector of voltages in the DC voltage sources.

System (@) has the semiexplicit DAE structure displayed in @) with y = (v, i)
and z = (i¢, vy, Vg, Vn,Vj,iy). Note that equations (6a) and (6B) stand for the consti-
tutive relations of capacitors and inductors, whereas equations (6cl) and (&d) are the
expression of Kirchhoff laws. In (&d) we have eliminated the resistors currents us-
ing the constitutive relations y; and 7». In the formulation of Kirchhoff laws we have
made use of the so-called loop and cutset matrices B, Q, which are well-known in
digraph theory and whose main properties are compiled in Lemma[Tl [2,[0]].

Lemma 1. The loop and cutset matrices B, Q of a digraph verify the following.

1. Bk (resp. Q) has full column rank if and only if the branches specified by K do
not contain any cutset (resp. loop).

2. The loop and cutset spaces are orthogonal to each other, that is, if columns of Q
and B are arranged in the same order, then QBT = 0.

3. Suppose the branches of a given digraph are split in four disjoint sets K, K, K3
and Ky, and denote by B; and Q; the submatrices of the loop and cutset matrices
defined by K;; assume additionally that P is a positive definite matrix. Then

ker <%1 22)2 QB33P) =kerB; x ker 0, x {0}.

These properties allow us to prove Theorem[2] which characterizes turning points
and saddle-node bifurcations for the circuit model (@). By a K-loop (resp. K-cutset)
we mean a loop (resp. cutset) defined only by elements of K; this way, for instance a
JCN-cutset is a cutset defined only by current sources, capacitors and/or non-passive
resistors. JLN-cutsets, VC-loops, etc. are defined analogously.

Theorem 2. In the setting defined above, assume that ¥,(v;) =0, ¥ (v}) # 0 at the
equilibrium point (x*,0*). This equilibrium is then a turning point of (6D if

o there is a unique JCN-cutset, which includes the current source, the non-passive
resistor and at least one capacitor; and
e there are no JLN-cutsets, VC-loops or JVL-loops.

1If, additionally, L and C are symmetric positive definite and there are no VCL-loops,
then the turning point yields a saddle-node bifurcation.

Proof. The matrices g, (x*,u*) and M (x*, u*) read for system (@) as:
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00Cc'o0 0 000
« «_ (0B By B,B; 0 s . |00 0L O 000
gz(x’“)_(QCOQgGO 00) MHI=1p 0 0 B B, BB 0|
OQZQCOQgGOOQv

where G =y, (vZ) is the incremental conductance matrix of passive resistors, which
is positive definite. In light of item 3 in Lemmal[ll non-trivial entries in ker g, (x*, t*)
must come either from ker (B; B, B;) or from ker (Q. Q,). Since there are neither
JLN-cutsets nor VC-loops, we conclude that g, (x*, u*) is non-singular.

1. The non-singularity of C, L allows us to study the rank of the matrix M (x*, u*) in

terms of
(BC 0 B, B,B; 0)
00 0,G0 009,/

By applying item 3 of Lemmal[ll non-zero entries of ker M (x*, t*) must come either
from ker (BC B, B j) or from ker (Ql Qv). Since there is a unique JCN-cutset and no
JVL-loops, we have null (BC B, B j) = 1, where null stands for the nullity, that is,

the dimension of the kernel, null (Ql Qv) = 0 and therefore null M (x*, u*) = 1, that

is, tk M (x*, u*) = n— 1, which is condition 1 in Theorem[Il

2. The second condition in Theorem[Ilmay be restated as null M (x*, u*) = null M (x*, u*),
with

00C' 0 0 0000
v o |00 0OLT 0O 0000
M) =1p 0 0 B B, B.B; 0 0
OQIQC OQgGO OQij

Proceeding as above, we observe that non-trivial entries in ker M (x*, u*) must be
due to those in ker (B, B, B;) or in ker (Q; O, Q;). The absence of JVL-loops im-
plies null M (x*, u*) = null (B, B, B;) and therefore null M = null M.

3. The third condition in Theorem ] says that the matrix M (cf. (3)) has full column
rank or, equivalently, rk M = n. Provided that nullM = 1, requiring M to have full
column rank is equivalent to (det M),v # 0, where v is any vector that spans ker M.
For any point £ = (v¢,iy,ic,vi,Vg, Vi, Vj,iy), M(%,1t) is a singular matrix because
%(vi) = 0. Thus, (det M), = (0000 0 a 0 0) and a # 0 because % (v;;) # 0.

The absence of VL-loops and the existence of a JCN-cutset imply that vectors be-
longing to ker M have the form of v where v = (v1,0,0,0,0,vg,v7,0). Additionally,
the fact that there are no JC-cutsets implies vg # 0; it follows that the multiplication
of (det M), by vectors of ker M does not vanish.

4. To complete the proof it remains to show that the absence of VCL-loops leads to
a saddle-node bifurcation. To do this we make use of conditions 4 and 5 in Section
m

In order to prove that the zero eigenvalue is simple, we will show that the in-
tersection of the kernel and the image of 1, = (hy, — h.(g:)'gy) at (x*,1*) only
contains the null vector. First, a vector u belongs to im 7y, if and only if i belongs to
imM, with 47 = (uT O), that is, if and only if there exists a vector v satisfying
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up =C s (7a)
uy =Ly (7b)
0 = Bevi +Bva+ Bgvs + B,ve + Bjvy (7¢)
0= 02+ 0cv3+ QgGvs + Oyvs. (7d)

On the other hand, a vector u belongs to ker 1), if and only if

c' 00000\, , (B.0\ [0
0 L10000)8 oo )" =\o)

In order to satisfy this relation there must be a vector y such that

0 0
0 0
B.u B.u
-1 cU1 Y1 Ui Y1
= = = s

(8 )<Q1M2> V2 <Q1M2> 8 |y

y3 y3

Y4 Y4

that is,

Beuy = Bgy1 + Byy2 + Bjy3 (8a)
Quuz = QgGy1 + Oyya. (8b)

Using the orthogonality of the cutset and loop spaces, namely, the fact that ker B and
ker Q are orthogonal to one another (cf. [2]]), it is not difficult to obtain from (8} the
relation leGyl = 0; y; must then vanish because G is positive definite. Making use

of ([Za) and (Zh), equations (8a) and (8B) then read as
0 =B.C 'vi—Buy2— Bjy3 (%a)
0=0iL 'va—Ouys. (9b)
Therefore if u € kerny Nimmny, then (Zd), (Zd) and (@) must hold. Applying the

aforementioned orthogonality property to (Zd) and (OB) we obtain that VEL_1V4 =0
and from equations (Zd) and @a), v} C~'v; = 0. Altogether this yields u = 0.

5. It remains to be proved that if there are no VCL-loops then 7, (x*,u*) has no
purely imaginary eigenvalues. A complex number A is an eigenvalue of 7, (x*, u*)

if and only if
10 hy h
2 — () (e,
(o)~ (5.)

is singular or, equivalently, there exists non-trivial solutions to

0 = A" 'B.C i+ ABLij + Bgvg -+ Byvy, + Bivi (10a)
0 = Qeic + Qi + Qg Gvg + Oy, (10b)
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The orthogonality of the cutset and cycle spaces implies that if Op =0 and Bg =0
then p’q = 0. Applying this result to the conjugate of (I0B) in conjunction with

(I0a)), we obtain
0=A""ilC  ic + AifLi;+ v Gy, (11)

where * stands for the Hermitian (conjugate transpose). If we take the sum of (1))
and its Hermitian, we obtain:

0=2Re(A™")ifC "ic +2Re(A )i Li; + vy(G+ G )v,. (12)

For purely imaginary eigenvalues, Re(A ') = Re(4) = 0 and therefore we must
have v, = 0 for (I2)) to hold. System (I0) can be then simplified to:

0 = A~ 'B.C7 i, + AB,Li; + Byv, + Biv; (13a)
0 = Qcic + Qris + Oviy. (13b)

Since there are no VCL-loops, (Qc 0 Qv) has full column rank and, consequently,
i. =iy = i, = 0 must hold to satisfy (I3B). The absence of JLN-cutsets then yields
v, = v; = 0 from (I3a). This means that (I0) only has the trivial solution, and this
rules out purely imaginary eigenvalues. The proof of Theorem[2lis then complete.

4 Concluding remarks

We have performed a circuit-theoretic analysis of the existence of turning points and
saddle-node bifurcations in nonlinear circuits. The analysis of these phenomena in
broader contexts, including e.g. other non-passive devices, higher-index configura-
tions or parameters with other roles, as well as the study of other related bifurcations
in similar terms, are in the scope of future research.
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Innovacién, Spain.
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