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TVB Boundary Treatment for Numerical Solutions
of Conservation Laws

By Chi-Wang Shu

Abstract. In the computation of hyperbolic conservation laws u, + f(u), = 0, TVD (total-
variation-diminishing) and TVB (total-variation-bounded) schemes have been very successful
for initial value problems. But most of the existing boundary treatments are only proved to be
linearly stable, hence the combined initial-boundary scheme may not be TVB. In this paper
we describe a procedure of boundary treatment which uses the original high-order scheme up
to the boundary, plus extrapolation and upwind treatment at the boundary. The resulting
scheme is proved to be TVB for the scalar nonlinear case and for linear systems.

1. Introduction. In this paper we consider the numerical solutions to the hyper-
bolic conservation law

(1.1a) u,+ f(u), =0,

(1.1b) . u(x,0) = uy(x).

Here u = (u,,...,u,)", and the Jacobian matrix A(u) = df/0u has s real eigen-
values

A(u) <Ap(u) < - <A (u)

and a complete set of eigenvectors.

On a computational grid x; = jAx, t, = nAt, we use u] to denote the computed
approximation to the exact solution u(x;,1,) of (1.1).

For pure initial value problems, i.e., problems with u,(x) in (1.1b) to be either
periodic or to have a compact support, the recently introduced TVD (total-
variation-diminishing) and TVB (total-variation-bounded) schemes have been very
successful. See, e.g., [1], [2], [3], [4], [7], and the references listed there. The total
variation of a discrete scalar solution is defined by

(12) TV(“)=Z|u‘,‘+1 - ujl»
J

and if

(1.3) TV(u"*') < TV(u")

we say the scheme is TVD; while if

(1.4) TV(u") < B
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124 CHI-WANG SHU

for some fixed B > 0 depending only on #° and TV(u°) and all possible n and Ar
such that nAr < T, we say that the scheme is TVB in 0 < ¢ < 7. Clearly TVD
implies TVB.

One major advantage of TVB schemes is that there is a convergent (in L'<)
subsequence as Ax — 0 to a weak solution of (1.1). If an additional entropy
condition, which implies uniqueness of weak solution to (1.1), is satisfied, then the
scheme is convergent. See, e.g., [2].

For initial-boundary value problems we hope the boundary treatment can still
retain the TVB property of the scheme. The usual method is to use a lower-order
scheme near the boundary. This not only reduces the order of the scheme near the
boundary, but also makes any theoretical results about TVB of the initial-boundary
scheme very hard to prove. In this paper we present an approach to the treatment of
boundaries which uses the same high-order scheme up to the boundary, plus
extrapolation and an upwind treatment at the boundary. The resulting scheme is
proved to be TVB for the scalar nonlinear case (Section 2) and for linear systems
(Section 3).

Our boundary treatment is based on the globally high-order TVB schemes
discussed in [4], [6], [7], and [8]. These schemes have natural upwind-downwind
decompositions which help us to implement and prove the TVB boundary treat-
ments.

We include several numerical results in the appendix to demonstrate the useful-
ness of the TVB boundary treatment in Sections 2 and 3.

2. Scalar Case. In this paper we use the following three equivalent forms of an rth
order (in space and time) TVB scheme (see [4], [6], [7], and [8] for details):

(2.1a1) u)*t = [aku k+|,BkP\(Cj(fl/"2’A 7k~ DU"TRA ul” " ] + cor/,
k

where
(2.1a2) G20, D200 1=NCuypp+ Diyyp) 20,

J

(2.1a3) |cor| < BAX?.
Or,

(2.1b1) wftt = Y [aul * + BN (CUTAN ul ™k = DT RA ur k)],
k=0

where

(2.1b2) COTIA ur = = CUTIHA un = + cor 177+,
(2.1b3) ~D{"TRA urk = —D{"THA ur~* + cor2nk,
with

(2.1b4) |cor1}""| < BAX?, |cor2}""| < BAx?, corl77% + cor27~* = cor/"*.
Or

Qie) = E et s 8] - (o))
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TVB BOUNDARY TREATMENT FOR SOLUTIONS OF CONSERVATION LAWS 125

with
(2.1¢2) Df7 =XC, oA u;.  Dff =AD;_, A u,.

In (2.1), «, and B, are such that
(2.2) a, >0, k=0,1,....,m,
(2.3) Yo =1,

k=0
(2-4) Bo — Z (kak_ﬁk)= 1,
k=1
(2.5) (-1)'Y k' Ykay—1B) =1, 1=23,...,r.
k=1
The CFL condition is
a
(2.6) )\g)\o-min(—k),
koA Byl

where A, satisfies (2.1a2).
We now consider the equation (1.1) defined on

(2.7) 0<x< 4o, t>0,

and still assume that uy(x) in (1.1b) is zeroin x > L.

Notice that (2.1) has a more than three-point stencil in x only because of the C’s
and the D’s. Near the boundary x = 0 we may not have the necessary u_;, u_,,...
etc., to define C and D. In this paper we always use extrapolation with order r to get
the necessary u_ . For example, if r = 2, we may use u_; = 3u, — 3u; + u,, etc. It
is well known that extrapolation may cause instability, but due to the upwind-biased
property of our scheme (2.1), we shall prove that the resulting initial-boundary
scheme is still TVB. With the help of extrapolation, the boundary problem
simplifies to that of determining u, only. From the well-known properties of the
hyperbolic equation (1.1), we know that we should prescribe u(0,¢) = g(¢) on the
boundary x = 0 if f'(u(0, ¢t)) > 0 (corresponding to case (a) of Theorem 2.1 below),
and should prescribe nothing at x = 0 if f'(u(0, ¢)) < 0 (corresponding to case (b)
of the theorem).

THEOREM 2.1. In the region defined by (2.7):
(a) The scheme (2.1) for uj, j > 1, with the above-mentioned extrapolations for
computing the C’s and D’s, and initial condition uj(-) = u(x;,0) and boundary condition

(2.8) ug = g(1"),

where g(t) is a function of bounded variation in 0 < t < T, isTVBin 0 <t < T.
(b) Define

(2:9) Df; = min(|Dfy |.|Dfy | + KAt) - sign(Dfy)

in (2.1c), where K > 0 is a constant. Then the scheme (2.1), as in part (a) where us**

is computed by (2.1c) with Df; replaced by Dfy , is TVBin0 <t < T.
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126 CHI-WANG SHU

Proof. (a) We use form (2.1a):
¢ AN . ne
A+“;"+l = Z (ak(l : ( (4",1/’(2)+D_[(+1/k2)))<A+uj k)
k=0
+| B, IAC j+3/2(A ul"+l")+|ﬁk|)\D("1/2(A uj” ))+cor ; — cor/’
for j=1,2,...
and

A u6:+1 u1n+1 (tn+1)

x~ x
1Ms 1=

[akul +|:Bkl>\( C{7 A up ™k — Df;z_k)A-uln_k)] +cor{ — g(¢"*?)

[o (™% = ug™*) +|BN(CLo P8 up=* = D oA _up)]

m

+corf — Y a,(g(e"*h) — g(t"%)).

k=0

Hence, by (2.1a2) and the CFL condition (2.6), we have
Tv(un+l) — Z ]A+u;'+1|
j=0
o v 1Bl y ( rin- o e
<X X {a [l ‘—: (Cj(+l/k2)+Dj(+l/k2)) |A+“j ¢

+ |Bk |}‘Cj(:3_/k2)|A “J+1 | + |Bk |>‘D("1/k2)IA+“;—_1k

+|cor/, | +|cor; |}

tE [ (1 —MAD% “)lws-*l+|Bklcs‘75“|A+“f"k']
+ X o lg(tm ) —g(1" )|

k=0
0 m m
< Z Z ak|A+u;'_"|+ 2BNAX? + Y a,|g(t"t) — gt %)|
k=0

< Y o, TV(u"*)+ BAt +(m + 1) Y |g(t"**1) — g(e" %) |,
k=0 k=0

where N = L/Ax, B =2BL/\.
Hence clearly

TV(u") < max TV(u*) + BT +(m + 1)°TV(g)

O0<k<sm

for all nAt < T.
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TVB BOUNDARY TREATMENT FOR SOLUTIONS OF CONSERVATION LAWS 127

(b) Similarly to part (a), we have

V) < ¥ Zak|A+u7"‘|+ iak(ﬁfg ~ Dfy) + 2BNAX?
k=0

j=0 k=0

< Y oTV(u"*) +(B +K)At
k=0
(see (2.9)).
Hence clearly
TV(u") < max TV(u*) +(B+K)T

O<k<sm

forallnAt < T. O
Remark 2.1. From Definition (2.9) we see that

(2.10) Df, = Dfy
if and only if
(2.11) | Dfy | <|Dfy |+ KAt.

Since scheme (2.1) is upwind-biased, we should expect the “downwind” part | Dfy |
to be less than the “upwind” part |Dfy| if f'(u(0, 1)) < 0. With the help of KAz, we
may be very safe to expect (2.11), hence (2.10), to be almost always valid. Hence,
since we used extrapolation of sufficient accuracy to approximate u_, the accuracy
remains rth order up to the boundary. This is superior to the usual way of using a
lower-order scheme with narrower stencil near the boundary.

3. Linear Systems. The techniques discussed in Section 2 can be generalized, via
Godunov’s, Osher’s or Roe’s field-by-field decompositions, to nonlinear systems
(1.1). See, e.g., [4], [5]. Even for pure initial value problems, at present there is no
theory about total variation boundedness for general nonlinear systems. For a linear
system

(3.1) u,+ Au, =0,
where, for simplicity, A4 is assumed a constant matrix (we may generalize the theory

to the case A = A(x)), we have a similar theory as in Theorem 2.1.
Assume A has s nonzero real eigenvalues

(3.2) >\1<)\2<"'<A~Y|<O<)\-“1+1<"'<)\

s

with a complete set of right eigenvectors r|, r,, ..., r,. Then we can write

(3.3a) u(x,t)= Z 8P (x,t)r,,
p=1

(3.3b) Au(x,t) = 21Ap8‘”)(x.t)rp,
p=

where the scalar functions 87’ satisfy the scalar conservation laws

(3.4) 5P + A8 =0,
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128 CHI-WANG SHU

Hence a generalization of the scalar TVB scheme (2.1) is just using (2.1) on (3.4)
for each p:

N

urtl = ) { i [ak(g(p));""'
(35) p=1\Vk=0
+1B(((p8 Y ) = (D8P ),”-"‘)]}rp~

For pure initial value problems, the scheme (3.5) decouples to s scalar schemes,
hence TVB of (3.5), with TV defined by

(3.6) V() =Y ¥ [871 - 8],
J p=1
is an immediate consequence of TVB of each of the decoupled scalar schemes.
Now we consider the initial-boundary value problem defined on (2.7).
By (3.2), on the differential equation level, it is well known that a boundary
condition

§G1t1(0, 1) §M(0,1)
(3.7) : =s(@)| +(1)
840, 1) 861(0,1)

is well posed.

We obtain the discrete form of (3.7) via the following procedure:

(i) Use extrapolation of order r to find the necessary 8{# in order to compute

C’sand D’s near j = 0;

(ii) Let
(3.8) D&+ = min(|D8{P* |,(1 — ¢)| D8P | + K At) - sign( D8§P*),
where K, > 0,0 <& < 1areconstantsand p = 1,2,...,s,.

Notice that (i) and (ii) are similar to the scalar case treatment. By Remark 2.1 we

should expect that most of the time D§{”* = D§{»*.
(ii1) Define

n

SGi+b " §W
(3.9) : =S@m)| | +sg"),
EXEI 60 [,
where S(¢) = (S;;(#)) is a (s — s;) X s; matrix function with each of its elements
being Lipschitz continuous in0 <t < T
(3.10) |S,;(t) = S ()| < Llty — 5] forO<t, 6,< T

and g(z)is a (s — s;) X 1 vector function of bounded variationin 0 < ¢t < T.
(3.9) is just the discretization of (3.7).
Notice that the scheme (3.5) is coupled by the boundary condition (3.9).

THEOREM 3.1. The scheme (3.5) with boundary treatment (i)-(iii) is TVB in
0<t<T.
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TVB BOUNDARY TREATMENT FOR SOLUTIONS OF CONSERVATION LAWS 129

Proof. Let

| S—5

_ 2 |8, _ | B
0= mx{1.F {215 = o1 3 o 120 man, 1,00
<p<s

and define

(3.11) TWM=2%Q§+*§ZM&ﬂ 37,

Jj p=1 p=s+1
Clearly,
(3.12) TV(u) < TV(u) < Q - TV(u).
Since
(8977)g = Z (8D)o + g,(1"),
we have
A (80rem)!

= (§Grp) L (et

3 [0+ 1B A((Corm3a, (s

(D(s|+p)) kA (8<s|+m)" k)]
|:E n+1 (1) "+1 +gp(tn+l)l+corf

( Mi(w“m%%hw“myk
HmeWWHXLQMWW*%wm'

- [ DI A AR C I R G M

=1 k=0
+ Y e (g, (") —g,,(t"‘k))}-
k=0
Notice that
Spr8) = spk(80) g
n iN\" - Hn-k n n—
= S ((8)g T = (8T + (8o H(St = siF),

and, since u(x) is zero for large x and the numerical solution has a finite speed of
propagation, we have (§”) = 0 for large enough J, so

5 5 5
Y (80)] = L) =85l < X X [(89)1 =(8)]]
i=1 i=1 i=1,>0

< TV(u") < TV(u").
(This is the maximum principle for TVB schemes. See Remark 3.1 below.)
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So, following the lines of the proof of Theorem 2.1, we have

M- Llof v ¥ Jjaey|

/=0 p=1 p=s+1

p=1]|,>0

<Q Z [Z (k OaklA (87

+ KAt = Ne(CP)101 AL (89)) 7]

[

J20\ k=0

2

S| Z IBkIA( CON AL (857
+(D)AA_(89)57H|)

b a1
k=0

n+l _ gon-—k
Sy Sy J

m

+

aklgp n+l) gp tn k)l

} + 2NBAx?
,\_

<Y akﬁ(u"’k)
k=0

> iak[(@s— Z

p=1k=0

Sn+1|) C(P’){'/zk,A (6@)0" ’<|}
+(m + 1)LAt Y o, TV(u""*)
k=0
+(m+1) X ¥ [g,(1" 1) — g, (1" %) | + HAr
p=1k=0

< X a1+ LA TV(um*)

k=0
+(m+1) 2 Y |g, (e ) - g, (1" %) + HA:.
p=1k=0

Hence, clearly,

TV(u") < (1 + LAr)" max TV(u*)

O<k<sm
§—8 nm
+ Z L+ LA)" 7 (m+ 1) T X g, (1741) — g, (#~%)| + HAr
p=1k=0

< e max TV(u*) +e?7[(m +1)’TV(g) + HT].

O<ksm
This, together with (3.12), proves that
TV(u") < B- max TV(u*)+ B

O<k<sm

for some B, B> 0. 0O
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Remark 3.1. With the help of the conservation form, we do not need to require
that u,(x) have compact support to prove the maximum principle for a TVB scheme
in the half-plane (2.7). Taking a scalar conservation TVB scheme

uitt =) = (= ho1p)

as an example (the same idea certainly works for the general TVB scheme (3.5)), we

have
(3.13) max («”) — min (u”) < TV(u") < B - TV(u°).
j>0 7 j>0 7
Let
1 N-1
Sy == u?;
N N /=6 J
then
N-1

N-1
(“J"' ) +hl, - h'ri/—ll/z

Since h is Lipschitz continuous in its arguments and we may assume (inductively)
that u} is bounded for k < n, the sum

n—1

2 (hlfl/z - hll(\/—l/2)
k=0

is bounded independent of N. Hence

= o l1v-1 . .
T ol = T 5 L uf] <l
Clearly,
mjm(uj") < sy < mjax(u;').
So

max (u]') < B - TV(u°) + min (u}) < B-TV(u®) + sy < B~ TV(4®) +][u°]|o.
J J

Similarly,
min (') > max(u}) — B- TV(4°) > sy — B~ TV(u°)
J J
> -[B-TV(u®) +[u°]].
Hence

max |u]| < B - TV(u°) +[[u’] .
j
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Appendix: Numerical Results. The numbers in this appendix are often written in
exponential forms, e.g., 4.2 (-3) means 4.2 X 1073,

All the tables are collected at the end.

Example 1. We use the boundary treatment (2.8)—(2.9) and 3-3 (third order in
space and time) TVD and TVB schemes discussed in [4], [6], [7], and [8] to solve the
following scalar initial-boundary value problem:

u,+tu, =0, -1<x<1,
(A1) : .
u(-1,1) = sinmt,  u(x,0) = sin7x.

The boundary condition given is well posed.
The 3-3 TVD and TVB schemes we use are (2.1c) with

16 11 16 44
(A.2) m—3, ai_ﬁ’o’o’ E, B,"’ 390’07 ﬁo
1

- . -, 1 . (+)
(A.3a) Df:, = —A[dfltl/z + EA—(dj+l/2) + EA_(df)_l/Z) * ]a

1 5, 1
(A.3b)  Dfy = —A[dff;‘/z N §A+(dff:1/2)( '+ €A+(dff.1/z)(+)],

where
(A4) dffere=fj01) = hjar s df 1= hji10 = f(u)),
with
1
( ) h/’+1/2= E[f(“j+1)+f(uj)—aA+uj],
A5

o= max [ f(u)

mm/ u1<u<max_, I.lj

i)

being the first-order monotone Lax-Friedrichs flux (we may also use any other
smooth monotone flux here), and the limited quantities defined by

(A.6) )9(:1)/2 = m(}’jn/z, b)’,~+3/2)3 yj(;l)/Z = m()’,‘+1/2a byj—l/Z)'
Here b = 4, and the function “m” is defined by

(A7a)  m(a,B) = minmod(a, B) = (signa) max(0, min(|a|, Bsigna))

in the TVD case, and

(A.7b) m(a, B) = minmod(a, B + MAx?signa)

in the TVB case. (We choose M = 50.)

We use (2.8) at the left boundary x = -1 and (2.9) at the right boundary x = 1.
The necessary extrapolations are done to third order. We use K = 1.0 in (2.9).

The numerical results are listed in Table 1.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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By comparing Table 1 with the results in [7] (same scheme for pure initial value
problem), we see that the boundary treatments (2.8) and (2.9) work quite well: We
get almost the same accuracy as in the pure initial value calculations.

Example 2. The same 3-3-TVB scheme as in Example 1 with the TVB boundary
treatment (3.8)—(3.9) is applied to the problem

u\ _ (-1 0)[u
(o).~ (70 D). o<xsn

(A.8) u(x,0) = v(x,0) = sin2mx,
u(0,¢) = -v(0,1), v(1,t) = -u(l,1).

We apply (3.8)-(3.9) to both boundaries. € and K, in (3.8) are taken to be 1.(-2)
and 1, respectively. The exact solutions of (A.8) are

u(x,t) =sin2x(x —t); v(x,t) =sin27(x + t).

We list the numerical errors at ¢ = 2 in Table 2.

Table 2 shows that the boundary treatment (3.8)—(3.9) works very well for smooth
problems.

Example 3. The same scheme and the same boundary treatment are applied to the
same equation as in Example 2 with a discontinuous initial-boundary condition:

il 2
(A9) u(x,0)={1’ if 5 Sfcs 3 v(x,0)=0 forx > 0;
0, otherwise,

u(0,1) = v(0,1).

We use the 3-3-TVD scheme (in order to see how the boundary treatment itself
affects the total variation) and the 3-3-TVB scheme with M = 200 in (A.7b). For
Ax = 1/20 the solutions at ¢ = 0.5 and ¢ = 1 are printed (the exact solutions have
values 0 and 1 at two sides of the star*):

(i) 3-3-TVD:
t = 0.5, u: .98, .97, .87, .57* .25, 4.3(-2),0.0,...
1 =0.5, v: .98,.98, 85,.59%, .29, 7.1(~2), 8.3(~3), 8.8(~4), 0.0, . ..

t = 1.0, u: -6.4(-4), 1.1(-3), 1.6(-3), 3.4(-3), 1.4(-2), 9.6(-2), .32, *.60, .84, .95,
.96, .94, .81, .57*, .30, 9.7(-2), 7.2(-3), 0.0, ...
(ii) 3-3-TVB with M = 200:
t = 0.5, u: 1.06, 1.08, 0.85, 0.53*, 0.23, 5.2(-2), -1.8(-2), -2.3(-2), -1.0(-2),
-1.1(-3), 1.4(-3), 9.0(-4), . ..
t =105, v: 1.09, 1.01, 0.84, 0.60*, 0.33, 8.3(-2), -4.9(-2), -5.8(~2), -1.4(-2),
1.2(-2), 7.8(-3), . ..
t =10, u: 4.2(-3), -7.9(-3), -5.1(-2), -7.1(-2), -2.1(-2), .12, .33, *.59, .84, 1.03,
1.11, 1.02, .81, .54*, .28, 9.7(-2), -9.0(-4), -3.1(-2), -2.6(-2), -1.2(-2)
We can see that 3-3-TVD has essentially no overshoots or undershoots. This
implies that the boundary treatment itself does not increase the total variation in this
case. For an M as big as 200 and a Ax which is not too small, we still get reasonable
results for the 3-3-TVB scheme.
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134 CHI-WANG SHU

TABLE 1 (Example 1)

r: numerical order

L -error L,-error
Ax TVD r TVB r TVD r TVB r
1/10 | 6.5(-2) 9.4(-3) 1.7(-2) 3.5(-3)

1/20 2.2(-2) 1.59 1.3(-3) 2.80 3.5(-3) 2.30 5.1(-4) 277
1/40 7.1(-3) 1.61 2.0(-4) 275 6.9(-4) 234 8.2(-5) 2.65

TABLE2 ( Example 2)

L: L_-error; L,: Li-error; r: numerical order

u v

Ax L, r L, r L r L, r
110 | 6.5(-2) 36(-2) 6.5(-2) 3.8(-2)

1/20 1.1(-2) 253 7.1(-3) 235 1.1(-2) 253 7.0(-3) 2.42

1,40 | 1.7(=3) 272 11=3) 270 | 17(=3) 272 11(-3) 269
1/80 | 24(-4) 283  1.5(-4) 284 | 24(-4) 283  1.5(-4) 284
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