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ABSTRACT

TWIST-BENDING VIBRATIONS OF HORIZONTALLY
CIRCULAR CURVED BEAMS CONSIDERING EFFECTS OF
TRANSVERSE SHEAR, ROTATORY INERTIA AND
WARPING

by

BOR-TSUNG HSIAO
University of New Hampshire, May, 1988

This thesis is devoted to the dynamic analysis of horizontally circular curved
beams. The direct stiffness method is used to derive the dynamic stiffness
matrix for finding the natural frequencies and joint moments of curved beams
having different rectangular cross—sections. Four examples are presented to
illustrate the application of the proposed method and to show the effects of
rotatory inertias, shear deformation, warping and opening angle of the arc on
the beam. First three examples are for the free vibration of the beam. In these
examples, beams with different thickness are used for finding effects of warping.
In each example, there are three cases; case (a) consider rotatory inertias,
shear deformation and warping effects; case (b) consider flexural rotatory
inertia, shear deformation and warping effects; and case (c) consider rotatory
inertias and shear deformation effects. Example four is for the forced vibration
of the beam subjected to a uniformly distributed harmonic load. The results of
the last example show the effects of cases (a}), (b) and {(c) on the joint moment of

the beam.
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CHAPTER 1

INTRODUCTION

The first study on horizontally curved beams was made by Saint—Venant
[ 1 ] who investigated a circular curved cantilever bar under the action of a load
applied at the end of the beam and normal to the plane of initial curvature. He
also presented a solution for the deformations and internal forces of the bar.
Since then, many investigators have used different approaches to solve curved
beam problems; such as: the methods of virtual work, stiffness, flexibility and
conjugate beam [ 2 ). Vlasov [ 3 ] derived the general differential equations
governing the behavior of horizontally curved girders and obtained the closed
form solutians.

The first dynamic analysis of the transverse vibrations of a ring with
arbitrary cross section were treated by Love [ 1 ]. Ojalvo [ 5 ] carried out a
mathematical study of the free vibrations of elastic rings employing the
equations of motion given by Love.

Den Hartog [ 6 ] used the Rayleigh—Ritz technique for finding the lowest
natural frequency of circular arcs. His work was extended by Volterra and
Morreill [ 7 ] for vibrations of arcs having center lines in the form of circles,
catenaries, cycloids, and parabolas. Culver [ 8 ] investigated the free vibrations
of simple horizontally curved beams with fixed and hinged ends. Culver and
Oestel [ 9 ] applied the Rayleigh—Ritz method to find the natural frequencies of a

1




two—span curved beam. Chen [ 10 ] developed the dynamic three—moment
equation for finding the natural frequencies of multispan beams on rigid,
nontwisting supports. Recently, Wang, Nettleton and Keita {11] analyzed the
free vibration of continuous circular curved beams by means of the dynamic
slope—-deflection equations.

The classical Bernoulli-Euler theory of flexural motions of beams has
been known to be inadequate for the vibration of higher modes. It is also known
to be inadequate for those beams when the effect of the cross—sectional
dimensions cannot be neglected. The effect of rotatory inertia on the
cross—section of beams was first considered by Rayleigh { 12 ]. His work was
extended by Timoshenko [ 13,14 ] to include the effect of transverse-shear
deformation. However the values of the shear coefficient obtained by
Timoshenko are less accurate in the low—frequency range than in the
high—frequéncy range [ 15 ]. Cowper [ 15 ] inproved Timoshenko's beam theory
and derived a new formula for the shear coefficient. Numerical values of the
shear coefficient obtained by Cowper are satisfactory for high—frequency as
weli as low—frequency deformations of beams.

In 1971 Rao [ 16 ] investigated the coupled twist—bending vibrations of
complete and incomplete rings considering the effects of shear and rotatory
inertia. More recently, Wang, Laskey and Ahmad [ 17 ] presented the dynamic
stiffness matrix for analyzing out—of-plane free vibrations of continuous curved
beams including both shear and rotatory inertia effects.

There have been many investegations of curved members applied to
bridge structures since 1960s. In 1968 Tan and Shore [ 18 ] analyzed a
simply—supported horizontally curved bridge under the passage of moving

vehicles considering the effect of warping of the cross—section. Four years later,




Shore and Shaudhuri [ 19 ] investigated the free vibration of horizontally curved
beams with the effects of shearing deformation and flectural rotatory inertia
being considered. The free vibration of horizontally curved girder bridges on
the basis of the theory of orthotropic plates with the effects of warping of the
cross—section neglected was studied by Yonezawa [ 20 ]. Resently, Just and
Walley [ 21 ] studied the torsion of rectangular beams and found the importance
of the warping effect on the torsional response.

The objective of this study is to present a general method for the dynamic
analysis of circular curved beams, single or continuous, including the effects of
transverse-shear deformation, rotatory inertia, associated with coupling of
bending and twisting and warping. In the present investigation, the general
dynamic stiffness matrix which includes the effects of a dynamic distributed load
in terms of rotations, angles of twist and vertical deflections has been derived. A
three-span circular curved beam undergoing out-of—plane free and forced
vibrations is provided to illustrate the application of the proposed method.
Numerical results are given to show the effects of shear, rotatory inertia,
warping and opening angle of the arc on beams for a wide range of vibration

modes.




2.1.

CHAPTER 2

GENERAL DERNATION

Basic Assumptions

1. Assume linear stress-strain relations.

2. The vibrations of the circular curved member are considered small. As

a result, the effect of high order differentials are neglected.

3. The mass of the member is assumed uniformly distributed across the

span.

4. Cross-section plane of curved members do not remain plane after they

have been twisted.

5. Neglect axial forces and damping effect.

6. Concentrated loads and/or uniformly distributed loads will be

considered.

7. Assumed free and forced harmonic vibrations.

4




2.2. Derivation of Equations of Motion

Figure 1a. shows the out-of-plane small vibration of a horizontally circular
curved element subjected to a dynamic uniformly distributed load 9Ct) with the

effects of shear deformation, rotatory inertia and warping being considered.

The expressions for the bending moment, M , and twisting moment, T , of

a curved member can be written as [ 3 ]

00

m(e. ‘)*%(3" ﬂ) (1)

_ clo Cufd% o°
T(e-‘)=ﬁ(a—ﬁ+“’)“ o5 2% @)
0 R"\ae ae

where El is the flexural rigidity ,C the torsional rigidity, Cw the warping rigidity, ¥
the bending slope, B the angle of twist, 6 the angular coordinates, R the radius
of a circular member and t the time.

The total angle between the deformed and undeformed center lines of

the member is [13]

Rag V'O (3)

where ¢ is the angular shear deformation, and y the vertical displacement.
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Figure 1a. A horizontally circular curved member
subjected to a uniformly distributed load.
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Figure 1b. Element of a horizontally curved member
subjected to moments and load.
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Figure 2. Element of a horizontally curved member
subjected to forces and moments.




The transverse shearing force may be expressed as [ 13 ]

V6, 1) = kpAG = KAG | 1L %Y —
R a6

where Kk is the cross-sectional shape factor , G the modulus of rigidity,
and A the cross-sectional area.
Figure 1.b and Figure 2., the conditions for equilibrium of the curved

element give

2F, =0
= 2
V+[V+Ngs)- vaRIY g Rde =
V+(V+ae de) '\,'AHatz do+qRdo=0 (5)
Z ﬁ=0|
~Mcos d6 + Tsin d6 —(VR)sinde + (qde) RZ%sin 38 -+ (\dRaz"’ de) cos —2—-
at
yARa—Zde Rsin 32 4 |, Rﬂ dolsin 32 . (M4 M 4ol0
ot? 2 at 2 26 (6)
z T=0|

—Tcos d6 — Msin do — VR{1 — cos de)+(g dB)R2(1 - cos 29_)

2
2 de
R (1 — CcOoSs T)

+ ylﬂgil{de sind—9 -
a2 2

2
yA—a—y de
at2

—v H_ﬁde}os——+(7+£ d9)=0 (7)

2 o8
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Factoring and/or negiecting higher orders, equations (5), (6), and (7)

become
oV 2°
—é—— - YAR =— y +qR=0 (8)
8 at?
M oo = %y
— a7 32B

When equation (4) is substituted into equation (8) one has

2 —_
kAGZY —k’;G 0% . yardY _gR
20 INCAL (11)

Introducing equations (1), (2) and (4) into equation (9) yields

o) (92 220l (5

2o

a2
-pR=¥ -0
ot (12)
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Finally, substituting equations (1) and (2) into equation (10) one obtains

4
‘E—IB—%azg"'Y‘pﬂazB+ Cw 24P —(g+ C)allf + Cwa31y=

R 3
R 50 a® RPze" \R Rjae Ry (13)

2.2.1.For free vibrations.

Setting q (t) = 0 in equation (11), gives

dy _ kAG 9%
o8 R 3g2

9% _

Assuming the beam is excited with a natural frequency Q and letting
y(e, 1) = Y(8)e'!

w(o, 1) = F(8)e™*!
(15)

B(6, ) = B(6)e™'

where Y, ¥ and B are normal functions of y, y and B, respectively.

According to equations (15) , equations (14), (12) and (13) can be written

as
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(18)

Cwd’B

o) 05

El ,_Ca°B
R R
29

4 3
ro%g, Cwd B _(EI g)d‘l' L Cwd™¥

(kAGF\ yIRQ ¥=0

3 3

+%)‘P+(%+C;')d ¥
R de R”) 4o’

(17)

=0

3 & \R'R (18)

3 3
R™ do a9  R" go

By using the linear operator method [ 4 ], equations (16), (17) and (18)

may be expressed as :

(D%+b%%)Y-RDY =0

(19)

@Y + Rsz(—lz —p+br+ Dz+w02)‘P+Rsz(-—D—pD +WD?)B =0

S

------ (20)
(-D —oD +w03)‘P+(1.—pD2—nb2r2+wD4)B=O (21)
where
D:i’ 2 'YAF{4 , 2_ El . r2=L, p=9_, W = Cw'n___!g
de El AGRZ ARZ El - 1
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With the operators defined as follows :

L,=D%+b%, L,=—RD, Ls=0

L,=D, Lg= Rs,"’(--i—'2 —-p +b2r2+D2+wD2) , Lg= Rsz(—D-—pD+WDS) ,
s

L, =0, Lg=-D~pD +wD? , Le= 1.—pD%=npr°+wD*

------ (22)
Equations (19), (20) and (21) can now be written as
LiY+L,¥W+LyB=0
LyY+Lg¥P+LgB=0 (23)

L7Y+L8‘P+L9B=O

where the L's are linear differential operators in 8. The unknown functions Y, ¥
and B are to be determined as functions of 8. The operators involved are
commutative, all unknown functions except one can be eliminated successively
from the given set of linear differential equations to give a new set of equations,
each involving only one unknown function.
For non-trivial solutions, equations (23) can be shown [ 4 ] to imply that

AY =0, A¥=0, AB=0 (24)

where the determinantal operator A is defined as
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Ly Lo Lg
A=|Ls Lg Lg (25)
L7 Ls Lg
Expanding expression (25) one has
A=Ly (Lslg—LsLlg)—Lo(la Lo —Le L7) + s (Lu Ls —Ls L7) (26)
Introducing equation (22} into equation (26) gives
A = {wD8 + (wb2r2—p + wb2s2 + 2w )D6
+ (—wb2 —p b2 12 + wbd r2s2 — pb2s2 —nb2 12 + w -nwb2 2 - 2p
+2wb2s2 YD4 + (pb2 — p + pnb2 12 + b2 12 — pb4 r2s2 — 1y b4 14— b4 r2s2
+wb2s2 —nwb4 r2s2— 2pn2s2 ) D2 + (b2 + b4 rr— pb2 s2 + pnb4 r2s2
+ bAres2—nbbéras2 )} (27)

The details of derivation of equation (27) are shown in Appendix A.

In order to study the effects of torsional inertia and warping on the beam,
the following cases are considered :
Case (a) consider the effects of rotatory inertia r, shear deformation s, torsional
inertia it and warping w considered (r #0, s #0, n # 0, w # 0 ). Substituting

equation (27) into AY = 0 of equations (24) one obtains




186

6, 4
d8z+k1d \:'l'kzd Z+k3d2+k4Y=0

(28)
de de do do
where

ki=2.+ b2r2+ b252——9-—
w
ko=1. +2 bzs2 + b4r282— bz—nb2r2~(2p + pb2r2 + pbzs2 + nbzrz)‘:v—

ky= b252— nb"'r2s2 + (pnbar2 + t)2r2 + pb2 -p- 2pb232 - pb4r?'sz——nb4r4

4 2 2\1.
-mbrs w

1

Kg= (b"'rzs;2 + nb“r2 + pnb4r252—b2— pbzsz— nb6r452) W

The solution of equaticn (28) may be expressed as

8
Y(0) =3 a,e*®

n=1

(29)

where the a,, are constants to be determined from boundary conditions and 2,

are the roots of the characteristic equation as shown below.

A KA +KA +KoA +K4=0 0)
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Similarly, for AW =0 and A B = 0, one has the same form as equation (28) and

their solutions are, respectively

8
RY¥(e) = anel"e (31)
N=1i
8 A,0
RB(6) = che (32)
n=1

Substituting equations (29) and (31) into equation(19) yields

by=faap (33)

where

2
(7\.“+ bzsz)

A

n
n

Similarly, introducing equations (31) and (32) into equation (21) one has

Ch=Upnag (34)

2\ 2
(+ 1. +p —wln)(ln+ bzsz)
2 4
(1.—pln—nb2r2+wln)

where

Un=
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Thus, equations (31) and {32) become respectively

RW¥(e) = 8f a e’““e

"E nen (35)
8 A0

RB(96) = Yu,a,e . (36)

n =i

If the individual effects of transverse shear s, rotatory inertia r, torsional inertia n
and warping w are to be determined, the foliowing specializations of equation

(28) can be used.

Case (b) Effect of torsional inertia neglected (n=0,r#0,s#0 w# 0 ), equation

(28) becomes :

8 6 4
9V PIY ,(@dY C2)d2Y <&

=0 (37)
de de de 46"
where
kP2 +b7¥ %" -2
w
22 2 2
kDo 1. +20%2 +b4%2_p2-20 _PPT _pbs

w w w
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22 2 22 422
kg2)=b282 +br +pb __p__2pbs _pbrs
w w w w w

k52) (b42 2 _ 2 bs )1

Case ( ¢ ) Effect of warping neglected (w =0, r# 0, s #0, n # 0), in this case

equation (28) becomes :

4
ROLR k(S)dZY T o

— t Ky 2 T 5 3 =
6 4 2
de de de (38)
where

22
(3)-2 +b r + b"s2 + nb 1

p

22 4 4 42 2
KS? = 1.420%% +b*’s% b2 bp’ +"Zr —mb%? 4 MR TS
2 42 2 64 2 42

k§?-b%? % _b ;)S +nbpr S —nt:)r — nb*%s®

The solution of equation (38) takes the form of

Y(o)- ng a,e"n’ (39)
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where the constants a', are to be determined from boundary conditions and the

A, are the roots of the following auxiliary equation

8 /7 4 S 4
A+k A +k A +k =0 (40)
1 2 3

From equations (29), (31) and (32) it can be seen that the solution for (9 ) and

B (8 ) will have the same form as equation (39). Thus

R¥(6) =3 b’ e™®

n=1

(41)

RB(6) = 3 ¢’ e™°®

n=1

(42)

In order to find the relation among a’',, b', and ¢', equations (19) and (21) are

rewritten as follows :

d¥ dZY bzszY

R -2,

dé  4o° (43)

2

dw 22 dB
1. —=1.—mbr)B—p—
( +p)de (1.—nb%3 B —p .

de (44)
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Substituting equations (39), (41) and (42) into eqautions (43) and (44) will yield

and

(45)

(46)
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2.2.2. For Forced Vibrations

Consider again a curved beam subjected to a uniformly distributed
dynamic load q ( t ) acting normal to the horizontal plane and undergoing out-

of-plane vibrations as shown in Figure 1a.

Foilowing the same procedure as given in the previous section, the same
form of equations (11), (12) and (13) for coupled bending-twisting vibrations can

be obtained as :

KAGY - KAG 9% ,ARYY _gR
08 a6 at (47)
3 2
KA a_y) (El _) ap c“,a B (kAGR C)v _+_
30 R R/as R®3e° 92
)
- =0
L ot2 (48)
El, C 228

0%  Cwa'B _(E+ C) 8‘4»‘ Cw 83‘4!

2
=ZB-Z 2RI
RT R 5e? a® Rige’ \R % R 30° (49)

Assuming the beam is excited with a forcing frequency ¢ and letting




22

y(6.t)=v()e "

w(e, t)=w(@)e™

(50)
B (e, t)=B(@)e'™"
q(t)=Qe™
where, Y, ¥, B and Q are normal functions of y, v, B, and a respectively.
Substituting equations (50) into equations (47), (48) and (49) gives
2 2
d¥ 4% WwQ R
R = Y :
p” d92+ G +kAGQ (51)
3 2
kA ﬂ)—(%+% dB +%———--—d 2 —(kAGR+%)‘P +(%+Q\;_v) d ‘:
do 6 R 4o R/ de
—2
+YIRQ ¥ =0 (52)
2 4
El, Cd°B —2  CwdB (El C\d¥ Cwd’¥
RB-Rg—z YR Br—g—F ‘(ﬁ* ﬁ) PR o =0 (53

de | R" de

In operational form [ 4 ], equations (51), (52) and (53) become




23

4
(02+5%%) v - RDW =_(52)9§.I_

(54)
2
D) Y + Rsz(-1—2 —p+b s D2+w02)‘{'+ F\’sz(-D—pD +w03)13 =0
S
------ (55)
3 2 w2 2 4
(—-D-—pD+wD)‘P+(1.-pD -mbr +wD)B=0 (56)
where
2
4—
_2 C |
p-4 pP.MRe 2 B 2 1 Cc . Cu L
de El KAGR? ARC El - |
Defining the foilowing operators as
2 =22 2 QR4
L,=D%+b s, L,==RD,  L3=0, Ly=-(s3 1
-2
Le=D,Ls=Rs’[- L —p + B "+ D% wD?|, Le=Rs*[-D-pD+ WD } (57)
S

2
Ly=0, Lg=-D—pD +wD?, Lg= 1.—pD°—mp r +wD*
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equations (54), (55) and (56) can be written as

L1Y+L2‘P+L3B=L1o (583)
LuY+LlsW+LgB=0 (58b)
LY+ LgW+LlgB=0 (58¢)

The system of equations (58) implies that

A¥ =0, AB=0 (59)

where the determinantal operator A is again defined as

Ly Lo Ls
A= L4 Ls L6

60
L; Lg Lo (60

For case (a) effects of rotatory inertia r, shear deformation s, torsionai

inertia n and warping w considered (r #0, s 20, n = 0, w # 0).

Substituting equations (§7) into equations (58) yields

8 6 4
dY+k1dY+k2dY+k
8 6 4

de de de de

d%y . or’
3= tkaY=ks - (61)




8 6 4 2
d 2-+k1d E-+k2d E-+k3d B-+

de de de de

where

2 2
ky=2.+br +bs—2
w
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(62)

(63)

2 _2 _2
422 2 2p pb r? pb 52 nb i —2 2
- W - - - nor

k2—1+2b3 +br -b

22 —2 —2 2
pnbr +br +pb _B__gpbs

W w w

_a
pb s

k bs—brs
3% n T w w w W w

—d —4
_mb et _mb r’s”
w w

6
k4 (b rs +nb ¢ +pnb rs —b —pb s —nb r4 2)(‘1')

w
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The general solution for Y{ 8 ) may be written as

Y(0)=Yh(8) + Y, (64)

where Y, (0) is the homogeneous solution given by expression (29) and Y, is

the particular solution for equation (61).

By undetermined coefficient method, it can be found that

ks\ Qr*
Yp=(k_4) El ¥p=0,B,=0 (65)

Substituting equations (65) into equation (58) one obtains

1.

b (66)

Therefore, the particular solution Y, can be written as :

1. R’
P™ 2 EI (67)

[y

Y

o

Thus equation (64) becomes
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8 A0 4
Y(e)-3 a,e"” - 1. QR (68)
n=1 B

where a, are defined already and A, are the roots of the following characteristic

equation :
8 6 4 2
l+k1x +k27\. +kal +k4=0 (69)

Similarly, for AW =0 and A B = 0 ,the following equations which have

the same forms as equations (35) and (36) can be obtained:

& An©
RW(e) = Y f.a.,e (70)
Nl
8 A0
RB(6) =Y ua,e (71)
n=1
where
(li+5282)
and
2 2 _2p
" - (+ 1. +p "Wln)(ln"' bs )

2 2> 4
1l.—pA,—mb r +wa_




Case (b) Effect of torsional inertia neglected (n =0, r #0, s #0, w# 0 ),

dly | (2)d6Y k(z)dY cz)d%r NOVENOle ;)
de’ de’ de’ deo’ ok

where

-2 -2
K$P=2 4B r+b $*- £

_4 2 2 br’ pbs
«P-1. +2bs° +brs*~b -2 PO T _pbs
w w w
—2 0 2 —2 2 —4 2 2
_2
kg2)=bsz +br +pt'.t _g_zpbs _pbrs
w w W w w

-4 —2
kc2)=(b ’s? ~5 = pb 52)%

@1, @
b

28

(72)
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Case ( ¢ ) Effect of warping neglected (w =0, r #0, s #0,n=0),

4 4
Y Y%
——de\; fkPAY - kP4 Y o kS =k53)——c§l (73)
do de de

where

2
kS3)=2.+b ’+b's° +

—22 —4 4 —42 2
_2 _4 2 _2
kP = 1.+2B8% +B 2B -2 LB i, MR
P P
_2 _4202 —64 2 =42
_2 —
kg3)=b52+b _brs +T]brs _nbr -nbr252

p p p

=22
b

The solution of equation (73) takes the form of

0 or*

-1
-2 E|

6 ;A
Y(e)= 3 a,e™" (74)
n=1
Where the constants a',, are to be determined from boundary conditions and

the A, are the roots of the following auxiliary equation :
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l6+k’17\‘4+k'27\'2+k’3=0 75)

Again the soiution for ¥(6 } and B(6 ) will have the same form as

equations (41) and (42). Thus

6

R¥(e) = 3 b',e™’ (76)
nw=1

RB(e) = i ¢’ e’ (77)
n=1

In case w = 0, rewritting equations (54) and (56) as follows :

4
Rcd’—.:- =d—2:+5252Y+(52)—gé—:1|— (78)
de
a¥ (, -2 2) d’8

When equations (74), (76) and (77) are substituted into eqgautions (78) and (79),

the following relations among a'y, b', and ¢’ are obtained :




and
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(80)

(81)




CHAPTER 3

DERIVATION OF GENERAL DYNAMIC STIFFNESS MATRIX

Consider a horizontally circular curved member of constant cross-section
subjected to harmonic displacements linear, rotational, twisting and warping, at

the two ends a and b as shown in Figures 3 and 4.

Figure 3 Positive moments of a circular curved beam.

32
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BMab,

Ta

NNNN
»
o]
777

o)
>

BMba | ]r

Yb

NANN

7777
<
|

Figure 4. Positive warping moments and vertical forces of a

circular curved beam.
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For harmonic vibrations, let

M, ) =M(@©) e

T )=T®e ™ (82)

Ve, y=ve)e ™

where M, T, V are the normal functions for M, T, V, respectively.

Introducing equations (15) and (82) into equations (1), (2), {(4) and omitting the

common term e i 2t gives

M (0) == [B @)~ ¥ (©)] (83)

T =Z[p ©@+¥ @©)]- % (B @+ %" @©)] (84)

1.o, .
V (0) = KAG {ﬁv (8) — P (e,] (85)

where the primes for Y, ¥ and B represent differentiation with respect to 0

respectively.
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Consider the effect of warping due to torsion, the warping moment BM is

given by [3 ]

C. # ” ,
BM (e)=-—é‘gr(e)=—%[3 (8) + ¥ (e)] (86)

where the warpage (8 ) is given by

46) = 1—'[3'(9)4- ‘P(e)] (87)

2

)

Substituting equations (29), (35) and (36) into equations (83)—(86) one

obtains the following equations :

M(e)_;n;1m nd@n e™ (88)
T(e)_R nz-:t ane’™ (89)
V(e)hﬁ_n- “oan e (90)
BM (e):—c—‘: i Z.a, e"“9 (91)

R N=1
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where

My = U — Aty

3 2
ta=p{(AnCn +bn )~ Wi cn +2,b,

2
Zp= A u, +A, 1,

Referring again Figure 3, the geometric boundary conditions at the beam

ends are
P =¥ (0), ¥, =¥{a)
B,= B (0], By, =B (o)
(92)
Y.=YI(0), Yp=Y(a)
1,=1(0}, 1, = (o)

and the force boundary conditions are
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My =M (0), Mg =—M (o)

Tao=T©), Tpa=-T(0) (93)

Vap =V (0), Vpy =V (x)

BM,, =—BM (0}, BM,, = BM (o)
3.1 Free Vibrations of Beams.

The same cases discussed in the previous chapter will again be
considered.

Cases (a) and (b) with warping effect being included.

Substituting equations (29), (35), (36), (87) and (88)—(91) into equations (92)

and (93) yield the following equations in matrix forms

g1=.e.1'l1 (94)
El
E.={—|H+ X,
Ra (95)
in which
T
| Moy My, Tap Tpa BM,, BM,,,
E.= R B R R ' Ve R R (96)




D, =’i_m'a R¥, RB, RB, Ya Yy thaﬂz'tb]

T
K1=[a1 dp a3 a4 as ag ay aa]

U1 U2 U3 u4 US
A A A
ue™ Fuye’™ %y e Fy ety ety
A=
1 1 1 1 1
A A A o
M gh2® R Mo A

38

T
(97)
(98)
fe fs fq
e)‘6 « f',!e;LT o faela ©
Ug uz Ug
o ® Lyl Xy ehe
1 1 1 (99)
el Ma  Aga
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m, m, Ms my Mms me m- Mg

-m|el' o:._mze zu._maelgot,_m@kqu_mse&sot._mselgoz__mﬁaqa_ maeaeoc
t, t, ty tq ts te ty ts

H, - e * et g oM _teM™MX 1 M5% o’ oM _plex
Yy Y, Va Y4 Vs Ve Ve Vg

vieM* v, e’ % v oM* oMt A8 e AT, e
91 Q2 Q3 d4 ds S| q7 JQs

—qe™* —qe’ 2™ —qeM* —qe™™ qe’S* —qe’t ™ —qR™ ™ —qe™™

(100)

and where R4 is the displacement matrix_ E: the force matrix, Ay the shape
matrix for displacements, H1 the shape matrix for forces, and 51 the amplitude
matrix.

Eliminating X, from equations (94) and (95) yieids

El -1
E = ;51211'51 Di=s,- D, (101)

where §, the dynamic stiffness matrix for a horizontally circular curved beam

member, is given by
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§1= S41 S42 S43 S44 S45 S46 847 848

(102)

Case (c) with warping effect being neglected.

Substitutung equation (39), (41) and (42) into equations (83)—(85) will yield:

M(e)—EIZmae

R®n-1 (103)

'r(e)=— Zt a e’

R n=1 (104)

v(e)- Zvnan o™’

R’ n-1 (105)

where

(1086)
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t,,=p(x,,un+fn) (107)
o A -1,
Vn= 5 (108)
S

The geometric boundary conditions are

¥, = ¥ (0), ¥, = ¥ (o)
B,=B(0), By, = B () (109)
Y,=Y(0), Yy =Y (o)

and the force boundary conditions are

My =M(@©), Myg=—M (@)

Ta=TO0), Ta=—T(a) (110)

Vo =V(0), Vea=V ()

Equations (96)—(102) can be written as



2>

42

(111)

(112)

(113)

(114)
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my mp M3 mgy Ms Mg
~me™ %—me™® _me™ % m,eM % —me *-mett®
H ty ta t; ty ts te
S2 —t,ex‘a —t,02% —,068% —t,em¢ -tselsa --tﬁe?”BOL
Vi V2 Va Vg Vg Vg
v,ek' © va‘e?L20£ vaelaa v4el4a vselsa vee s %
(115)
Where
D, E, A, H, and X, are defined the same as those of cases (a) and
(b).
and

F,=S,'D, (116)

The dynamic stiffness matrix for case (c) is given by

Il

S

(117)
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3.2. Forced Vibrations of Beams.

Consider a horizontally circular curved beam under the action of a

harmonic uniform load q (t) as shown in Figure 1a.

Cases (a) and (b) with warping effect being included.

The geometric boundary conditions for both ends a and b being fixed are

¥, =¥ (0)=0, ¥, =¥ ()=0
B,=B(0)=0, B,=B(®)=0
Y,=Y({0)=0, Y=Y (a)=0 (118)
T.=T(0)=0, T,=T (@)=0

Substituting equations (68), (70), {(71) and (87) into equations (118) gives

D3=A3X3 —L@—EE =0 (119)

where FE=[00100010]7
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Premuitiplying both sides of equation (119) by an Ab"‘ yields

1. QR* :
Ka=;§ =5 = A; “EE (120)

Introducing equation {120) into equations (88)—(91) one obtains the

fixed-end moments and forces as follows :

1. 2 -1
Mip= — QR"[m]A; FF
b (121)

Mipa = '}'5092[’“’ o"*|A3'EE
b (122)

Trap= 1—'2'092&] A?E

- (123)
bea=§'2-092[t'em A3 EE (124)
Viap=—QR[V]A; EF (125)
Vipa = %W[V'em] A3'EE (126)
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-1 3 -
BMis=——wWQR [q] A3 EE
=2 (127)

-1, 3 A -1
Bbea= ——2WQH I:Q'e “ AS -EE (128)
b

where [m].[me’“‘],[t],[tem],[v],[ve"“],[q]and[qem]aregiven in

Appendix B.

The general solutions for the bending, twisting, and warping moments
and for the vertical shears can be obtained by combining equations (93) and
(121)—(128) and the results are

Map = M(0) + Mgy (129)
Mpa = M(a) + Myp, (130)
Tap=T(0) + Tyap (131)
Toa= T() + Tipa (132)
Vab=V(0) + Viap (133)

Vpa= V(@) + Vg, (134)
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BMab= BM(O) + BMfab

(135)
BMba= BM((I) + Bbea (1 36)
or in the following form
Ea= —E—;)Hs'xs+E3=(E—;)HS'A;'Q3+E3 (137)
R R
=S3D3+F;

where
_ T
E3=[ Miab Mia Ttab Tma Viab Via BMfabBbea]

and D3 As X3 Ea Ha S3 have the same forms as those for free vibration

cases (a) and (b).

Case (c) with warping effect being neglected.

The geometric boundary conditions for both ends a and b being fixed are
¥,=¥(0)=0, ¥, =%(a)=0
B,=B(©0)=0, B,=B(a)=0 (138)

Ya=Y{(0)=0, Yo=Y (x)=0
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Substituting equations (74), (76) and (77) into equations (138) one obtains

Ds=As X4 -—-—=+EE>=0 (139)
b

where EE,=[0 0100 1]

Premultiplying both sides of equation (139) by an A, yields

4
1. QR ,p-1
54:%5 = A, FF, (140)

Introducing equation {(140) into equations (88)—(90) one obtains the following

fixed-end moments and forces :

1. 2 -1
Mtap= — OR [(mm]A, EE,

5 (141)

Mipa = —1-5 ng[mm. em] AY'EE,

(142)

1. 2 -1
Tiab=j2'QR [tt:l A4 Ez (143)
b
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1. 2 Aa] , -1

bea=§QR [tt'e ]A4 EF> (144)
1. -1

Vfab=§mEVV]A4 EFE, (145)
1. ra] o -

Vfba=?m[vv'e "|AJEE, (146)

where [mm],[mme™ ], [tt],.[tte* ), [vv]and[vve™] aregiven in

Appendix C.

The general solutions for the bending, twisting and warping moments
and for the vertical shears can be obtained by combining equations (110) and
(141)—(146) and they are

Map = M(0) + Mgz (147)
Mpa = M(cx) + My, (148)
Tao=T(O) + Teap (149)
Tpa=T() + Tipa (150)

Vap=V(0) + Vyap (151)
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Vipa= V(ot} + Vyp, (152)

or in the following form

| =(E—;)H4'2(.4 +F,4 =(E—;)H4'AZ1 D4+F4

R R
=S4D4+E, (153)
where
_ T
E. =[Mfabebanab Tta Viab Vfba:I (154)

and D, As X4 E4 H, S,4bhavethe same forms as those for free vibration

case (c).




CHAFTER 4

NUMERICAL EXAMPLES

In the following examples, the effects of opening angles, warping and
torsional inertia on the free and forced vibrations of beams having same height

and different thickness will be investigated.

Example 1.

A three-span horizontally circular curved beam undergoing vertically free
vibrations as shown in Fig. 5 will be analyzed for natural frequencies.

In this example the beam has height h =12 in., thickness t = 12 in. and
radius of curvature R = 60 in. The properties of the beam materials are
E =29 (10)8 psi and G = 11.2 (10)6 psi.

According to Oden [ 22 ], the torsional constant Jand the warping

constant I

can be expressed as

J=0.141h . r-ht

For the beam supported as shown in Fig.5, it is assumed that no deflection or
twist is allowed at the joints, thus the boundary conditions are
Yo=Y, =Y.=Yy=0and B,=B,=B. =By =0
51




Cen -
- - i I

Figure 5. Three-span horizontally curved beam.
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Consider first the effects of rotatory inertia r, shear deformation s, torsional
inertia n and warping w, i.e., case (a) as described previously. The dynamic

equilibrium equations for moments at A, B, C and D are

Myp =0

Mpa + My =0 (155)
Mgy + Mg =0

Mg =0

From expression (101) one obtains M,, as

Mab= %S 11R"Ila+ S12Rq’b+ S17R2'ta+ S 18‘:‘21b:|
R (156)

According to the second assumption, the vibrations of the beam are
considered small; and also the rate of change of the twisting angle B’ is much

smaller than the bending slope y; therefore B’ can be neglected. Thus equation

(87) reduces to R*T(0) =R ¥ (0).

Equations (156) now becomes

Mab=§{{311+S17}aH‘Pa+{S12+S18}aR\Pb] (157)
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Similarly, one can also obtain

El

Mba =Ei{821 +S27’3H‘Pa+{822+ 828 }aRle:l (158)
El

Mbc=—-2-[{811 +S17}bR‘Pb+ {S12+S18}bR‘PC:| (159)
R
El f

Mcb = a {821 +827}bH\Pb+\322+828 }bR\PC (160)
El

Mcd=?[{s11+S17)CR\PC+{S12+S13}CR\PC’] (161)
El

Mac =?[{521 +Sp7) R¥ + {S 20+ Sg }cR\Pd] (162)

Substituting equations (157)—(162) into equations (155) yeilds the

following frequency equation :

(S11+S17), (S12+S 1), 0 0

(S21+S527)q (S22+S28)a*(S11+S17)y, (S12+S1s), 0 =0
0 (S21+S27)y, (S22+S28), +(S11+S17) . (S12+ S1e), -
0 0 (Sa1+Sa7), (S22+ S2s),

Since the beam for this example has three identical spans, expression (163)

can be rewritten as
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(S11+S17) (S12+S19) 0 0

(S21+S27) (S22+S2s) +(S11+S17) (S12+S1s) 0 ~0
0 (S21+S27) (S22+S28) +(S11+S17) (S12+S1s)
0 0 (S21+S27) (S22+S2s)

(164)

A computer program has been written to find the natural frequencies and
it is given in Appendix D. The program uses two | MSL library subroutines and
they are

(i) ZPOLR--- for finding the roots of the characteristic equation, and

(i ) LEQ2C---compute the determinant values for complex matrices.

For case (c) with warping effect being neglected, the expression (164)

can be written as

S 14 Sz 0 0

S21 S22+S841  Si2 0 =0

0 821 822+S11 S12 - (165)
0 0 S 24 Saz

The computer results for the first 5 modes of the natural frequencies for
cases (a), (b) and (c), respectively are given in Tabie 1 and are also been

plotted In Figure 6 for comparison.




(a)

(b) (c)

MO
0 r¥0,s30,wAONN0 r%0,s%0,wX0,1=0 r\0,s%0, MA0,w=0
]

1st | 2nd [3rd |4th | 5th |1st | 2nd|3rd | 4th [5th | 1st | 2nd} 3rd | 4th | Sth
30 |2828 | 3250] 4095 4.3 86252850 |3276 [41.13 |sa.38 8673 |o7.45 Br1.72 l0.47 |76.48 7979
at |1313 | 1627 2041] 4578| 4g.38] 13:30 | 1639 |22.25 |46.05 |48.72 1286 |1595 |21.78 [43.71 (4635
go |71 | 930 | 1341 281§ 3057} 750 939 | 1353| 2842 3081] 695 | 9.15| 1326| 2745 [ 2984
75 1417 | 579 | 881| 1869| 20.70) 422 | 585 | ess | 1890{ 2000 | 407 | s570| 72| 18362034
90 {256 | 381 | 609 | 1307 14.71“ 258 | 385 | 615 |13.22 |1488 | 248 | 370 6.05 | 1286 [1451

Table 1. Natural Frequencies for Example 1 ( h = 12 in., t =12 in. )

9g§
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—-—-— Case (8) = 0,80, 1=0,w=0

— —— —: case (b) r= 0,8=0,n=0,w=0
: case (¢) r=0,8:x0, 10, waQ

Figure 6. Variation of b with a for cases (a), (b) and (c)

with dimensionsh=12in,t=12in.
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Example 2,

The same curved beam as example 1 will now be analyzed for natural

frequencies with the following beam dimensions:

h=12in,, t=6in., J =0.229h 12 [22].
Applying the same procedure as used in the previous example, one obtains
another three sets of the natural frequencies for cases (a), (b) and (¢) as shown

in the Table 2 and also Figure 7.

Example 3,

In this example, the dimensions of the beam discussed in the previous

examples become
h=12in., t=4in, and J=0.263ht.
Again the three sets of the first 5 modes of the natural frequencies for cases (a),

(b) and (c), respectively can be obtained and are shown in Table 3. The

differences among these cases are found to be very small.




(@)

(b) (¢c)

O
D rN0,s50, M0, w0 rx0,s30,wx0,N=0 r%0,s%0, N0, w=0
E
a 1st { 2nd ] 3rd | 4th Sth{1st | 2nd|3rd | 4th [5th | 1st | 2nd{ 3rd | 4th | 5th
30 |32-60| 40 46| 55.86 | 116.16| 125.24 32.75 | 40.64 | 56.08 |116.51 h25.50 |32.37 l4027 {5572 h16.41 hoss2
45 |[142318.38 | 2664 56.36| 6246 14431 1851| 26.80 | 56.66 | 62721 14.12 | 18.30| 2658 | 56.22 | 62.30
60 | 755 | 1014 15.18] 3252 36.57J 7601|1018 | 1526 | 3269 |36.77 | 747 Y005 | 1542 3237| 36.45
75

441 | 617) 960 | 2074 2364 444| 622 | 967 | 2090} 2378 436 | 614 | 958| 2067 2355
90

271 | _404] 652 ] 1424 1632 273 [406 | 655 |14.20 [16.42 | 267 | 401 | 650 |14.11 | 1626

Table 2. Natural Frequencies for Example 2 ( h =12 in., t = 6 in. )
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.\\\‘ ——.—: Case (8) r= 0,6=0,1=0,wx=0
\ \ —— — — case (b) r=0,5=0,n=0,w=0
sok \J \ : case (C) r=0,8x0,1=0,w=0
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Figure7. Variation of b with a for cases (a), (b) and (c)
with dimensionsh = 12in,t=6in.




(a)

(b) (c)

o)
D r*ols%ol n‘EO-W‘FO f%O,S’(U,W%O, n:o rko’s*o'n*o’w=o
E
a ist | 2nd | 3rd {4th 5th | 1st 2nd|3rd | 4th | 5th tst | 2nd| 3rd | 4th | 5th
30 | 3369| 42.7d 60.96 122.14 141.4133.83 | 42.93 | 61.21 [128.77 |142.23) 3350 42.60| 60.90 | 129.27h143.25
45 |4443| 1891 27_84J s938] 66.73] 14.56] 19.02| 28.01 [59.77 | 67.24 | 14.38| 18.84| 27.82| 59.40] 66.90
60 j765 | 103q 1560 3362 382 768 1035} 1567 | 33.77 | 3839 ] 758 | 1025 1555 | 3350 | 38.11
75

441 | 625 | 979 | 21.26| 2435] 4.49| 630 | 983 | 21.37| 2448 442 | 623 | 976 | 21.17| 2420
90 275 | 409| 661 14460 1669 o761 410| 664 | 1452| 1678 272 | 406! 660 1438|1664

Table 3. Natural Frequencies for Example 3 (h = 12 in., t = 4 in. )
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Example 4

A three-span horizontally circular curved beam of a square cross-section,

is subjected to a vertical dynamic distributed load as shown in Figure 8.

In this example the previous assumption that no deflections or twists are
allowed at the joints will again be considered. The conditions of dynamic

equilibrium at joints A, B, C and D may be written as

Mg, = O
Myg + Mg =0 (166)
Mg +Mcg =0

Mg =0

From Figure 9 one can write

Mcg = Mcg + Mygq (167)

Mge = Mge — Myge (168)

where M,,4 and My, are the fixed-end moments for a uniformly distributed load

acting on span CD and M4 and Mg, are the joint moments.

Substituting equations (167) and (168) into equations (166) gives
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a(t)

Figure 8. Three—span horizontally curved beam with a uniformly
distributed load q ( t ) at span CD.




Figure 9. Combined moments of a curved beam sysytem

with common factor eIm omitted.
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M, =0

My, + My, =0 (169)
My + Moy + Myeg =0

My — Mg =0

Consider case (a) (r=#0,s#0,n#0,w=0) and

case (b) (r=0,s#0,n=0,w=#0) Form expressions (95)-(102) one
obtains

Mab=%[{811+s17}n‘ya+{812+S18}R\Pb] (170)

El
My, + Mbc=E§[{SZ1 +Sz—,}R‘Pa+({Sp_2+ Sza} +{S 11 +S17}) RY,

+ {S 12+ S1e}R‘Pc] (171)

Mcb +Mcd= %[(821 +827} R‘Pb+({822+ 823) + ‘811 +S17}) RTC

+{S12+S1g) R¥ +Mycq (172)
Mg = E(S 5, +8
dc=R2{ 21 + 27} R‘Pc-l-{Szz-i- Sza}R‘Pd —Mfdc, (173)

Substituting Expressions (170)-(173)into equations (169) one has the

equations in the following matrix form :
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S5y DDy = Ex» (174)
in which the fixed-end force matrix E22, stiffness matrix 321 and the displacement

matrix R4 are given as follows :

RY,
g oo | A
Eza= 1=
2 —Mfcd R‘Pc
‘
(S11+S47) (S12+S18) 0 0
ss (S21+S27) (S22+S28) +(S11+S17) (S12+S1a) 0
=1 0 (S21+S27) (S22+S28) *+ (S11+S17) (S12+Sys)
0 0 (S21+S27) (S22+ S2s)
py

and where M4 and My, can be obtained from equations (121) and (122) as

1. -1

Mica= _—20':‘?[’“]&3 EE (175)
b
1. A -1

Mfdc=j,_;QR{m‘e a] A EE (176)
b

Solving equations (174) for DD, one has
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DD, =SS, Ex (177)

A computer program has been written to find the unknown displacements
Y, Wy ' W Wy from equation (177) and the moments M.y, Mg and My, from
equations (167), (175) and (176). In the process the same iwo IMSL
subroutines ZPOLR and LEQ2C as for the free vibration cases have been used.

Using this program, the values of the moment coefficient f.4 (= Mq /QR2)
were obtained for the first five modes of vibration for o = 30°, 60°and 90° with
the frequency parameter b varying from 0 to 200. The results are shown in the
Figures 10 to 11 with the effects of shear, rotatory inertia, warping and torsional

inertia all being considered.
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0.0
Figure 10. Case (b) forf.4vsb with opening angle = 30°60".90




case (a) r= 0,8x0,n=0,w=0
— .. cBse (b) r=0,8<0,n=0,w=0
- = = = ; cas58 () r=0,5<0,n=0,w=0

]
i
|
|
|
l
|
|
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Vo)
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160

120

100

Figure 11. Variation of { ,qwith b and opening angle @ = 60
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for cases (a), (b) and (c).




CHAPTER 5

DISCUSSIONS AND CONCLUSIONS

5.1 Discussions

Four examples have been given to show the effects of rotatory inertia,
shear deformation, warping and opening angles on natural frequencies and on
moments of the curved beam. In each example, three cases are studied to
show the influence of these various effects.

The first three examples are for free vibrations of curved beam with
different cross-sections; a square one, a rectangular one and a thinner
rectanguiar one. It is noted that as the beam become siender, the effects of
rotatory inertia r, shear deformatiom s, torsional inertia n and warping w are all
become small.

Table 1, 2 and 3 show that the natural frequencies of the beam increase
as r and s decrease; and the effects of r and s on the natural frequencies
increase with decreasing opening angle. From equation (18), it can be seen
that the effects of warping and torsional inertia are in opposed direction. These
opposite effects also can be observed from Figures 6 and 7 for the cases of free

vibration and from Figures 10 to 11 for forced vibration case.
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in these Figures, it is seen that the differences among cases (a), (b) and
(c) are smaill at lower modes of vibration. However, for higher modes, the
influence of trosional inertia on the natural frequencies of the beam become
important. Also, for thick beams these curves reveal the significance of warping
effect on natural frequencies of the beam.

The last example is for the case of forced vibrations of the beam. Again
the same cases as for free vibrations are being investegated. From Figure 10, it
is noticed that, for a beam of given section, the load frequency decreases as the
opening angle increases. Figure 11 reveals that the significant effect of
torsional inertia on the joint moment of a beam having the same section and

opening angle.

5.2 Conclusions

From the previous discusions the following conclusions may be drawn :

1. For thick beams, the contributing of warping effect on the natural

frequencies of the beam increases as the beam thickness increases.

2. At lower modes of vibration the warping effect on the beam is

insignificant and therefore can be neglected.

3. For higher modes the effects of torsinal inertia and warping on the
beam is become very important, and thus the both effects need to be

considered.
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APPENDIX A

EXPANSION of OPERTOR A IN EXPRESSION (25)

A=L1 (Lsloa—Lslg)—La(lu Lo ~Ls L7) + La (La Le = L5 L7)
=(D2+b2s2)(Rs2)((~1./s2) —p+b2 12+ D2 +wD2 )(1. —pD2 — b2 r2
+wD4 ) ~(D2 + b2 52 )(Rs2 )(-D — pD + wD3 )2 — (~RD2 )( 1. —pD2 —mb2 r 2

+wD4)

2 2 2
~(p2+ bzsz) (Rs? —-ﬁ + pSDZ - Tl:zl' —~ WSZ —p +(pD)* + pnb22- pwD*

+b%&?=pbA?D?—nb%* + bT2WD* + D2~ pD*—NMb%2D2+ WDS+wD2—pW D *
—nwb2D?+ w2D6) - (02 +p2D2+w2D® 4+ 2pD2- 2wD*- 2wa4)}

+ RD{L —~pD2mb%F24 wD4)

2

4 2.2 6
=(rs?)<{ —=5-b+ o, pszz+M+ nb42-W0" _wb2p4_ pp2
g2 g2 2

S

—pb%s?+ pb%?D2 + pnb*?s? + bA2D2 +b* %2 - pbA2D* —pb 4 3s2D2— nb%2D2
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-nb®*s? + wb?s?D® + wb*%s2D* - pD - pb3s°D* - b F°D* - nb*%s%D? + wD?
+ wb?s?D8 + wD* + wbZs2D?— nwb¥2D*— nwb*%s?D?—2pD* - 2pb?s2D?

+2wD64+ 2 wb2s204}+ R02(1. —pD%—nbA%,+ wD‘)

Simplitying one obtains
A ={wD8 + (wb2r2—p + wb2s2 + 2w )D6
+ (—wb2 ~—p b2 r2 + wb? 1252 — pb252 —mb2r2 + w —nmwb2 12 — 2p + 2wb2s2)
D4+ (pb2—p + pnb2 r2 + b2 r2 — pb4 r2s2 —n b4 r2—n b4 r2s2 + wb2s2 — nwb4
r2s2—-2 pb2s2 ) D2 + (b2 + nb4r2— pb2 52 + pnb4 r2s2 + b4 r2s2 — 1 bé r2s2 )}
(27)
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APPENDIX B

EXPRESSIONS FOR [m],[t],[v], [@] MATRICES
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APPENDIX C

EXPRESSIONS FOR [mm ], [tt], [vv] MATRICES

[mm] = [ my mz M3 my Mg Mg ]
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ek fefehhhhhhAhhkhhkhhhhhhhkhhihthhihkhhkhiik

PROGRAM OPH3.FOR
Sededekokiekdkfedhdohkhdh ik hkihkkdkkkdxkikiRhkkk

TH!S IS A COMPUTER PROGRAM FOR FINDING THE NATURAL FREQUENCIES
OF QUT~-OF-PLANE VIBRATIONS OF THREE-SPAN CIRCULAR CURVED BEAM
CONSIDERING SHEAR DEFORMATION, ROTATORY INERTIAS AND WARPING
EFFECTS.

dededekdekdhkhhkhhkhkhkhhkhhkhhkhhihhhkihhhhik

DECLARE ALL VARIABLES.
FikFekkkhikkitdokhkdkhhkhiokkkkkikiididkk

IMPLICIT REAL*8 (A-H,0-2)

COMPLEX*16 ALAM(8) ,FN,UU,UD,UN,PN,VN,MN,CE,BM(8,8) ,WA (80) ,wa2 (24)
&,QN,TN,DET,A(8,8),DM (B, 8) ,BC (k, L) ,DUMMY (8,8)

REAL*8 G {(9) ,WK (8) ,wK2 (4)

LB TR A S IR A R S S R R Y R Y L T T T
WE ARE GOING TQ USE LAGUERRE'S METHOD FOR FINDING QUADRATIC
FACTORS OF POLYNOMIALS.

SOLUTIONS OF POLYNOMIAL UP TO X**100 WITH REAL COEFFICIENTS,

NDEG DESIGNATES THE DEGREE OF THE POLYNOMIALS.
FARKEAIRKAXRIAAIRAKKRAAKAARKARARARKRAA P KA KRR RAR Ak ARhhhfhkhhihidik

OPEN (UNIT=1,F{LE='0PV.DAT',STATUS='0LD")
READ (1,#) EX,H,T,GR, CASE, ALPHA
WRITE (2,11)EX,H,T,GR, CASE, ALPHA
11 FORMAT (6X, 'EXAMPLE=',F5.1,2X, 'H=',F3.0,' INCHES,',' T=',f3.0,
&' INCHES,',' CURVATURE=',F3.0,' INCHES,',//.6X,'CASE=',F3.0,
£6X,' ALPHA=',F3.0,' DEGREES.',/)
READ (1,%) IN,GG,C1
WRITE (2,12) IN,GG,C)
12 FORMAT (6X, 'NUMBER OF ITERATION=',15,5X, ' INCREMENT INTERVAL=',
&F7.2,//,6X, 'COEFFICIENT OF TORSI|ONAL CONSTANT=',F6.3,//)
DG 500 ID=1,IN
FG=0.DO
B=FG+ (1D~ 1) *GG
If (ID.EQ.1)B=.01D0
THETA=ALPHA

RARRRIRRKKAKKRRRRARKRKRAAKARRARAAKRKKRAR AR A KRR ARk AXX

CALCULATE THE ROOTS OF CHARACTERISTIC EQUATION.
KAKARKRIRKKKAKRKRAARKK KKK A khkRkideddhhhhhkiiiihikkk

CALL CHARAC(G,B,B2,R2,S2,THETA,ETA,ELO,W,H,T,C1,GR)

9 NDEG=8
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CALL ZPOLR (G,NDEG,ALAM, | ER)
DO 604 NDEG=1,8
WRITE (2,44) (NDEG,ALAM(NDEG))

604 CONTINUE

L
c
c

8c

100

c

FORMAT (5X,'LAMBDA(',12,') =',5X,2(F10.4,5X))

kRkkhkkhkhRAAKARRANRARA AN RA R kAhkhkhkhkhhhkhkik

SETUP "A'' AND "H'" MATRICES.

ook dedededede do o Fodk ok e e e e vle e e o o o e e vk e de de vk ek ke Ak ek ok

Do 100 J=1,8

FN={ALAM (J) #%2+B2%S52) /ALAM (J)
UU=(1.DO+ELO-WXALAM (J) *%2) % (ALAM (J) *%2+B2%S2)
UD=(1.DO-ELO*ALAM (J) **2-ETAXB2*R2+WHALAM (J) ®%h)
IF(UD.EQ.C.DO) GO TO 500
UN=UU/UD
PN= (UN*ALAM (J) +FN)
CE=CDEXP (ALAM () XTHETA)
A{1,J)=-FN
A{2,J) =-FN*CE
A(3,J)=UN
A (L,J) =UNXCE
A(5,d)=(1.,0.)
A (6|J) =CE
A(7,J)=PN
A(8,J) mPNXCE
MN=UN-ALAM (J) *FN
TN= (ELO* (ALAM (J) XUN+FN) ~W# (ALAM (J) **3XUN+ALAM (J) X%2%FN) )
VN= (ALAM (J) ~FN) /52
QN=-Wx (ALAM (J) XX 2% UN+ALAM (J) *FN)
BM(1,J) =MN
BM (2, J) =-MNXCE
BM (4,J) =-TN
BM(5,J) =VN
BM(6,J) =sVN*CE
BM (7, J) =QN
BM (8, J) =-QN*CE
CONT INUE

AAAKRAKRAAARKRAAARKkAKRAARhkkhkhkhhhhhhhkhkdhhihrhhhhkikk

CALCULATE INVERSE MATRIX FOR ''A",
it LB D s P T P T P T T T T Y T

DO 601 1=1,8

D0 601 J=1,8

DUMMY (1 ,J)=(0.,0.)

IF(1.EQ.J) DUMMY (I, ,N)=(1.,0.) -




s NaNe]

(aNa el

OO0

601

602

101

102
103

600

CONTINUE

| A=8

IB=8

N1=8

M1=8

1 JOB=0

CALL LEQ2C (A,N1,1A,DUMMY,M1,I1B,IJOB,WA,WK, |ER)
DET=(}.,0.)

PO 602 i=1,N]

I PVT=WK (1)

{F(IPVT.NE.I)DET=~DET
INDXa |4 (1-1) N1

DET=DET*WA {INDX}

CONTINUE

WRITE (2,101) DET

FORMAT (5X,2D15.8)

IF (CDABS (DET) .LT..1D-8) GOTCQ 500

% e e e sk e v ok o ok e e e e o e e o e e e ke ok ok ok e ok ke e A Kk ok e sk ok ok

FORMAT STIFFNESS MATRIX S (=DM).
hAKKARRKRKKAKRKRAKAKRRKK KK KA KR gk dede ke ek &

DO 103 KI=1,6

WRITE (2,102) {A(KiI,KJ) ,kd=1,6)
FORMAT (//,3(5x,2(2D13.4) ,/))
CONT I NUE

CALL PRODCT (8,8,8,BM, DUMMY, DM)
DO 600 I1=1,4
DO 600 J=1,4
DUMMY (1,J)=(0.,0.)

IF (1 .EQ.J) DUMMY (1,J)=(1.,0.)
BC(1,4)=(0.,0.)

khdkhhdkkhkhkhikhkhkhhkAkhhhkhkikkhhhkhkhhkhhhkhhkhhkhkhkikik

FIND NATURAL FREQUENCIES FOR THREE-SPAN BEAM.
Khkkkkkhdkkkkihikhkhkkhkhkkhikkkiddkihkkikkkkihhhkdkikk

BC(1,1)=DM(1,1)+DM(1,7)
BC(1,2)=pM(1,2)+DM(1,8)
BC(2,1)=DM(2,1)+DM(2,7)
BC(2,2)=DM(2,2)+DM(2,8)+BC(1,1)
BC (2,3)=BC(1,2)

BC (3,2)=8BC (2,1)

BC (3, 3)=BC (2,2)

BC(3,4)=BC(1,2)

BC (4,3)=BC (2,1)

BC (L,L4)=DM(2,2)+DM(2,8)
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cc
cC
cC
cc
cc
cc

603
250

500
000

10
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i A=
| B=L
N2=l
M2=l
| JOB=0
CALL LEQ2C(BC,N2,1A,DUMMY,M2,1B, |JOB,WA2,WK2, |ER)
DET=(1.,0.)
DO 603 (=1,N2
I1PVT2=WK2 (1)
IF(VPVT2.NE.I)DET=-DET
INDX2=1+ (1-1) %N2
DET=DET#WA2 (INDX2)
CONTINUE
WRITE (2,250) DET
FORMAT (5X,' DET. OF STIFFNESS MATRIX =',D15.8,'+',D15.8,'1"',//)
CONTINUE
STOP
END

SUBROUT INE CHARAC (G,B,B2,R2,S2,THETA,ETA,ELO,W,H,T,C1,GR)
IMPLICIT REAL%8 (A-H,0-2Z)

REAL*8 G (9)

XI=MOMENT OF INERTIA OF BEAM WITH RESPECT TO X---AXIS

Y |=MOMENT OF INERTIA OF BEAM WITH RESPECT TO Y---AXIS
POI=X(+YI :
XJ=TORS t ONAL CONSTANT

UNITS: INCHES , POUNDS, SECONDS

DO 10 I=1,9
G(1)=0.D0

U=0.3D0

E=29.D+6

GE=11.2D+6

AmHAT

CK= (10.D0+ (1.D0+U) ) / (12.D0+11.00%U)
Xi=HAT%%3/12.D0

Y1=T%H®3/12.00

XJ=C1*HATA%3

POI=XI+Y]|

ETA=POI/XI

ELO= (GE*XJ) / (E*X1)

GAMMA=H*X 3XTx%3/ 144, DO
W=GAMMA/ (X | XGR*%2)
R=DSQRT (X / (AXGR**2))

S=DSQRT (2.D0* (1.D0O+U) /CK) *R
B2mB%%2

BlmB2%%2

B6=B2%%3
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S2=S k%2

R2=R*%*2

Ri=R2%*%2

G{1)=1.D0

G{3)=(2.D0+B2*R2+B2%S2) -ELO/W
G(5)=(1.D00-B2+2.D0*B2*S2+BL%*S2%R2-ETA*B2*R2)

&-{2.DOXELO+ELO*XB2*R2+ELOXB2*S2+ETAXB2*R2) /W

G(7)=(B2*S2-ETA*BL*xS2kR2) + (ELOXETA*B2*R2+B2*R2+ELO*B2-ELO

§-2.DOXELO*B2AS2-ELO*BUAS2XR2-ETAXBLA*RL~ETA*BL*S2*R2) /W

G (9) = (BLAXR2XS2+ETAXBLAR2+ELOXETAXBLXR2%S2-B2-ELO*B2*S2

E-ETA*BE*RLAS2) /W

THETA=THETA*3.1415926539/180.00

WRITE (2,300) R,B,THETA

FORMAT (2X,'R =' ,F8.5,5%,'B =',F12.5,5X,' THETA =',F8.5,/)
RETURN

END

SUBROUTINE PRODCT (N1,M2,N2,A,B,EE) |
COMPLEX*16 D,A(N1,N2},B(N2,M2) ,EE (N1,M2)
DO 270 i=1,N]

DO 270 J=1,M2

D=DCMPLX (0.,0.)

00 280 K=],N2

D=D+A (1 ,K) *B (K, J)

CONT INUE

EE (1,J)=D

CONTINUE

RETURN

END
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PROGRAM OPNT3.FOR
Fede e e ek fede oo de ok ek e fe e ek de ek e e e e ke e e o o ok e ek ek e o e e de e e ke ok

THIS 15 A COMPUTER PROGRAM FOR FINDING THE NATURAL FREQUENCIES
OF OUT-OF-PLANE VIBRATIONS OF THREE-SPAM CIRCULAR CURVED BEAM

85

CONSIDERING SHEAR DEFORMATION, ROTATORY INERTIA (NEGLECT TORSIONAL

INERTIA) AND WARPING EFFECTS.
kkkkkkikkidkhdkhhikhkhihkdkkikkrkkikiik

DECLARE ALL VARIABLES.
Fodede dek ko ded ok dede ek ke Aok Fdede ke fe ke kK ek ook

IMPLICIT REAL*B (A-H,0-2)

COMPLEX*16 ALAM(8) ,FN,UU,UD,UN,PN,CE,CEE,DEE,VN,MN,BM(8,8) ,CE1(8)

E,QN,TN,DET,A(8,8) ,DM(8B,8) ,BC (4,4) ,DUMMY (8,8) ,WA (BO) ,wA2 (24) ,CE2

REAL*8 G (9) ,WK (8) ,WK2 (4)

dhkRkickikhkhhkhhihkhkhkhkhkhRhhkikkhiiohhkdikkkiiidhihkiikikkikkiiohkkkik
WE ARE GOING TO USE LAGUERRE'S METHOD FOR FINDING QUADRATIC
FACTORS OF POLYNOMIALS.
SOLUTIONS OF POLYNOMIAL UP TO X%%100 WITH REAL COEFFICIENTS.

NDEG DESIGNATES THE DEGREE OF THE POLYNOMIALS.
FAkFkFkkhkARhkkRhhkkhhhkhhhfhikhhhhhhhhhkkhhkkhhkrkhhkhhkhkhkkkhkkhkhkhkkk

OPEN (UNIT=1,FILE='QPV.DAT',STATUS='0OLD")
READ(1,%)EX,H,T,GR,CASE,ALPHA
WRITE(2, V1) EX,H,T,GR, CASE,ALPHA
11 FORMAT (6X, 'EXAMPLE',F5.1,2X,'h="' _F3.0,' INCHES,',' t=',F3.0
&,"' INCHES,',' CURVABPURE=',F3.0,' INCHES,',//,6X,'CASE=',F3.0
£,6X,' ALPHA=',F3.0,' DEGREES.',/) ’
READ (1,%) IN,GG,C)
WRITE (2,12) IN,GG,C1
12 FORMAT (6X, '"NUMBER OF I1TERATION=',}5,5X, ' INCREMENT INTERVAL=',
6F7.2,//,6X, 'COEFFICIENT OF TORSIONAL CONSTANT=',F6.3,//)
FG=0.DO
WRITE (2,607) FG

607 FORMAT (5X,'INITIAL B = ',F7.3,/)

DO 500 iD=1,IN

B=F G+ {1D-1) *GG

tF (ID.EQ.1)B=.01D0
THETA=ALPHA

deede e sk A iR R sk e dedo e do R K vedk defo ok s e e o e e ok v e e e e ok ok ok e e e ok ok ek ok

CALCULATE THE ROOTS OF CHARACTERISTIC EQUATION.
KAKKKRRKAKKKRRARAKARAKKARRAARAKRA KA K AAKARAAARKAN AR RK

CALL CHARAC (G,B,B2,R2,52,THETA,ETA,ELO,W,H,T,C1,GR)
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100

NDEG=8

CALL ZPOLR (G,NDEG,ALAM, |ER)

DO 604 NDEG=1,8

WRITE (2,44) (NDEG, ALAM (NDEG) )

CONTINUE

FORMAT (5X, 'LAMBDA (',12,') =',5X,2(F10.4,5X))

Rekk kR R KkK KR KA KA KRKK KKK A ARk K kK K Ak kokok ek
SETUP "A" AND '"'H" MATRICES.

DO 100 J=1,8

FN= (ALAM (J) 2% 2+B2%S2) ZALAM (J)
UU= (1 .DO+ELO-WHALAM (J) *%2) % (ALAM (J) **%2+B2#52)
UD=(1.DO-ELO*ALAM (J) x*x2+WXALAM (J) %xl)
IF (UD.EQ.0.DO) GO TO 500
UN=UU/UD
PN= (UNXALAM (J) +FN)

WRITE (2,%) ALAM(J)
CEE=ALAM (J) ATHETA
CE=CDEXP (CEE)
A(1,J)=-FN
A(2,J) =-FN*CE
A (3|J)-UN
A (L, J) =UNXCE
A(5,J)=DCMPLX(1.,0.)
A(6,J)=CE
A(7,J)=PN
A (8,J) =PNXCE
MN= (UN-ALAM (J) XFN)
TN= (ELO-WXALAM (J) **2) % (UNXALAM (J) +FN)
VN= (ALAM (J) -FN) /52
QN=-Wx (ALAM (J) XX 2XUN+ALAM (J) XFN)
BM(1,J)=MN
BM{2,J) =-MNXCE
BM(3,J) =TN
BM (L,J) =-TN*CE
BM (5,J) =VN
BM (6, J) =VNXCE
BM(7,J) =QN
BM (8, J) =-QN*CE

CONT INUE

ARARKRRKAARAARARR AR AR hkfhkhkhkhkhkhhhkhhkhhkhkkikikik

CALCULATE INVERSE MATRIX FOR "A".

Rfkdkhhhdedehdhhhkhhhkkkihhkkhhhkkhhhkihkhrikhkkd

DO 601 1=1,8
Do 601 J=1,8
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DUMMY (1 ,J)=DCMPLX(0.,0.)

IF{1.EQ.J) DUMMY (I,J)=DCMPLX(1.,0.)

CONT INUE

| A=8

IB=8

Ni=8

M1=8

| JOB=0

CALL LEQ2C (A,N1,1A,DUMMY, M1,1B, 1J0B,WA,WK, |ER)

DET=DCMPLX(1.,0.)

DO 602 I=1,NI

IPVT=IDINT (WK (1))

IF (IPVT.NE.{) DET=-DET

INDX=1+{1-1) ®*N1

WRITE (2, *) WA (INDX)

IF (WA (INDX) .EQ.0.DO) GOTO 500

DET=DET*WA (INDX)

DET=DET*CE1 (1)

CONTINUE

WRITE (2, 101) DET

FORMAT (5X,2D15.8)

|F {CDAES (DET) .LT..10-8) GOTO 500
.ttt t s d.3.3.83.3.3..2.3.2.3.4.8.8.3.8.2. 8 2 8.8 8 2 2 2 08 2 Y

FORMAT STIFFNESS MATRIX S (=DM).
khkkhkfkhkhhkhhkkhkhhkhrhkkAkhkhkhkhkhkkhhhhkhkkhkhkk

CALL PRODCT (8,8,8,BM,DUMMY,DM)

khkkhkhhkhkhhkhkkhkhhkhhhhhkhhhhkhhkhkhkhkhkhkkhhkhkkhkhkikhkihk

FIND NATURAL FREQUENCIES FOR THREE-SPAN BEAM.
KkAk kAR RRARK AR Ak kIhhARAKRKEKKARRAKhkkkdhkhhhkhik

DO 600 |=1,4

DO 600 J=1,k

DUMMY (1 ,J) =DCMPLX (0.,0.)

1F (1 .EQ.J) DUMMY (1 ,J) =DCMPLX (1.,0.)
BC (1,J) =DCMPLX (0.,0.)
BC(1,1)=DM(1, N+DM{1,T)
BC(1,2)=DM(1,2)+DM{1,8)

BC (2, 1)=DM(2,1)+DM(2,7)
BC(2,2)=DM(2,2)+DM (2,8)+BC(1,1)
BC(2,3)=BC(1,2)

BC (3,2)=BC {2,1)

BC (3,3)=BC(2,2)

BC (3,4)=BC(1,2)

BC (4, 3)=BC (2, 1)

BC (L,L)=DM(2,2)+DM(2,8)
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| A=L
| B=L
N2=k
M2=l
1JoB=1
CALL LEQ2C (BC,N2, |A,DUMMY, M2, 8,1J0B,WA2,WK2, |ER)
DET=DCMPLX (1.,0.)
DO 603 |I=1,N2
1PVT2=WK2 (1}
IF{IPVT2.NE.I)DET=-DET
INDX2=1+ (1-1) #N2
WRITE (2,%)WA2 (INDX2)
DET=DETAWA2 (INDX2)
CONT INUE
WRITE (2,250) DET
FORMAT (5X,' DET. OF STIFFNESS MATRIX =',D15.8,'+',D15.8,'t',//)
CONTINUE
STOP
END

SUBROUTINE CHARAC(G,B,B2,R2,52,THETA,ETA,ELO,W,H,T,C1,GR)
IMPLICIT REAL*8 (A-H,0-Z)

REAL*8 G (9)

X 1=MOMENT OF INERTIA OF BEAM WITH RESPECT TO X---AXIS

Y | =MOMENT OF INERTIA OF BEAM WITH RESPECT TO Y---AXIS
POI=X1+Y|

XJ=TORS |ONAL CONSTANT

UNITS: INCHES , POUNDS, SECONDS

b0 10 I=1,9

G (1)=0.D0

U=0.3D0

E=29.D+6

GE=11.2D46

AmHAT
CK={1C.D0+(1.D0+l) )} /(12.D0+11.D0*U)
Xi=H&*T*%3/12.D0

Y )=TxH%%3/12.D0
XJ=C1RHAT*%3

POI=XI+Y)

ETA=POI /X!

ELO= (GE*XJ) / (E%XI)
GAMMA=H*X3xTA%3/144L . DO
W=GAMMA/ (X1 XGR*%*2)
R=DSQRT (X1/ (AXxR%x*2) )
S=DSQRT (2.D0%* (1.D0+U) /CK) *R
B2=B%%2

BLmB24k2

BEmB2%%3
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S2mShk2
R2=R%k2
RL4=R2%%2
G(1)=1.D0
G (3)=(2.D0+B2*R2+B2#S2) -ELO/W
G(5)=(1.00-B2+2.DO*B2*S2+BL*S2%R2) - (2.D0*ELO+ELOXB2*R2
1+ELO*B2%S2) /W
G(7)=(B2*S2)+ (B2*R2+ELO*B2-ELD
1-2 . DOXELOXB2%S2~-ELOXBL*S2%R2) /W
G (9) = (BLU*R2*S2-B2-ELO*B2*S2) /W
THETA=THETA®*3.1415526539/180.D0
WRITE (2,300) R,B,THETA
FORMAT (2X,'R =',F8.5,5X,'B =',F12.5,5X,"' THETA =',F8.5,/)
RETURN
END

SUBROUTINE PRODCT (N1,M2,N2,A,B,EE)
COMPLEX*16 D,A(N1,N2) ,B(N2,M2) ,EE (N1,M2)
DO 270 I=1,N]

DO 270 J=1,M2

D=DCMPLX (0.,0.)

DO 280 K=1,N2

D=D+A (1 ,K) *B (K, J)

CONT I NUE

EE(I,J)=D

CONT INUE

RETURN

END
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PROGRAM OPNW3.FOR
dededekk ok dekde ke doddkkk Rk kdedede e deded kiR K kR dhRh ki kdkk

THIS IS A COMPUTER PROGRAM FOR FINDING THE NATURAL FREQUENCIES

OF OUT-OF-PLANE VIBRATIONS OF THREE-SPAN CIRCULAR CURVED BEAM
WITHOUT WARPING EFFECY.
(WITH SHEAR DEFORMATION AND ROTATORY INERTIA EFFECTS.)

fehkkdkhkhkhhkhhhkhhhhhhkhkhhhhhhhhhhkhhkhhhkik

DECLARE ALL VARIABLES.
FekhkkrkkRhAKERAXIAK Ak KA ARIAKAKKL

IMPLICIT REAL*8 (A-H,0-2)

COMPLEX*16 ALAM(6) ,FNN,FN2,UNN,VNN,MNN,CE,BM(6,6) ,WA (48)
&, TNN,DET,A(6,6) ,0M(6,6) ,BC(4,4) ,DUMMY (6,6) ,WA2 (24)

REAL*8 G (7) ,WK (6) ,WK2 (&)

KhkkhhkhkkRRkARKRRARA KA Ak RkhRRhkRkkhkhhhdhhhhhhkhhhdkhhhkhhkhhhhkhhki
WE ARE GOING TO USE LAGUERRE'S METHOD FOR FINDING QUADRATIC
FACTORS OF POLYNOMIALS.

SOLUTIONS OF POLYNOMIAL UP TO X**100 WITH REAL COEFFICIENTS.

NDEG DESIGNATES THE DEGREE OF THE POLYNOMIAL.
FekddkhkkhhhhhkARhRhhRARARRKAKARAAA AR AKARAkARAARRARAXAARRAIAKxExN

OPEN(UN{Tw=1 ,FILE='OPV.DAT',STATUS='0LD")
READ (1,%*) EX,H,T,GR,CASE,ALPHA
WRITE (2,11) EX,H,T,GR,CASE,ALPHA
11 FORMAT (6X,'EXAMPLE=',F5.1,2X,'h="' _F3,0,' INCHES,',' t=',F3.0
&,' INCHES,',' CURVATURE=',F3.0,' INCHES,',//,6X,'CASE=',F3.0
&,6X,' ALPHA=',F3.0,' DEGREES.'/)
READ {1,%*) IN,GG,C1
WRITE (2,12) IN,GG,C1
12 FORMAT (6X, 'NUMBER OF ITERATION=',15,5X, ' INCREMENT INTERVAL='
&,F7.2,//,6X,'COEFFICIENT OF TORSIONAL CONSTANT=',F6.3,//)
FG=0.DO
WRITE (2,607) FG

607 FORMAT (5X,'INITIAL B = ',F7.3,/)

DO 500 iD=1,IN
B=FG+ (I D-1) *GG

IF (ID.EQ.1)B=.01D0O
THETA=ALPHA

Ak RRRAARAKAARRARRAR KA ARk hhkhhhkidhikidhiiiiihhkiiiikdikkiidskkiik

CALCULATE THE ROOTS OF CHARACTERISTIC EQUATION.
AARAAKKKRARKRKRARKAKRKAKRRKRRRRARRREKARAARRAAKARARKRAXARKA KA KRR AKX

CALL CHARAC(G,B,B2,B4,R2,52,THETA,ELO,ETA,H,T,C1,GR)

90




9 NDEG=6
CALL ZPOLR(G,NDEG,ALAM,ER)
DO 604 NDEG=1,6
WRITE (2,44) (NDEG,ALAM(NDEG))
604 CONTINUE
L& FORMAT (5X,'LAMBDA(',12,') =',5X,2(F10.4,5X)})

kkhkhkhARRAkXAAAKIARARRXK KKK KKK KK
SETUP "A'" AND "H' MATRICES.

.....................
WLTITITITNNN

80 DO 100 J=1,6

FNI=ELO*S2/ ((B2*R2%S2-ELO*S2-1.D0) * (1 .DO-ETA*B2*R2))
FN2=ALAM (J) *%h4+ (2 .0O+B2XR24+B2%S2+ (ETAXB2XR2 /ELOD) ) *ALAM (J) **2
&+ (2.D0O*B2%52-B2-1.00/ (ELO*S2) +BL*S2*%R2+ (ETAXBLAR2%S2/ELO)
&+ (ETA%*B2*R2/ (ELO*S2)))

FNN=ALAM (J) *FN1*FN2

UNI=(1.D0O+2.DO*ELQ) /ELD
UN2=(ELO/{(1.DO+ELO) * (1.DO-ETA%XB2%R2)))

UNN=UN2* (ALAM (J) *%l+ (UN1+B2%R24+B2%S2) *ALAM (J) **2
&+ {UN1%B24S2-B2+BL*R2%S52) )

CE=CDEXP (ALAM (J) *THETA)

A(1,J) =FNN

A{2,J) =FNNXCE

A(3,J) =UNN

A(L,J) =UNNXCE

A(5,J)=DCMPLX (1.,0.)

A(6,J)=CE

MNN=UNN-ALAM (J) *FNN

TNN=ELO* (FNN+ALAM (J) *UNN)

VNN= (ALAM (J) -FNN) /S2

BM (1, J) =MNN

BM (2, J) ==MNN*CE

BM (39 J) -TNN

BM(4,J) m:=TNNXCE

BM (5, J) =VNN

BM (6, J) =VNNACE

100  CONTINUE

*‘;t*******t******************************x hi.d

CALCULATE INVERSE MATRIX FOR "A".
kkhhhhkkRkhkidkdhkhhidhikihikhhhkhhihhiiihiidkhkik

DO 601 I=1,6

DO 601 u=1,6

DUMMY (I ,J)=(0.,0.)

FF(1.EQ.J) DUMMY (I, ) =(1.,0.)
601  CONTINUE
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| A=6

| B=6

N1=6

M=

i JOB=0D

CALL LEQ2C(A,NT,1A,DUMMY,M1, B, 1J0B,WA,WK, |ER)
DET=(1.,0.)

DO 602 I=1,N]

IPVT=WK (1)

IF(IPVT.NE.|) DET=-DET

INDX=14 (I=1)*N1

DET=DET*WA (INDX)

CONT | NUE

WRITE (2,101) DET

FORMAT (5X,2D15.8)

|F (CDABS (DET) .LT..1D-8) GOTO 500
DO 103 KI=1,6

WRITE (2,102) (A(KI,KJ),KJ=1,6)
FORMAT (//,3(5x,2(2D13.4),/))
CONTINUE

Khkkhkkhkhkkhkikikhhkkhhhhhkhhhhhihihihkhhhkihhidhki

FORMAT STIFFNESS MATRIX S (=DM) .

AFAKEKKARKRARKARAKRARKXKRRKRRARKKA AR KRRk AhAhkikk

CALL PRODCT(6,6,6,BM,DUMMY,DM)
DO 600 1=1,4

DO 600 J=1,4

DUMMY (I ,J)=(0.,0.)

IF (i .EQ.J) DUMMY (! ,J)=(1.,0.)

e e e fe e do e K e Je e e e e e e o e e e ek ok vk ok e e e e e de e e e ok K e e ok e ok e e e ok ok e e e

FIND NATURAL FREQUENCIES FOR THREE-SPAN BEAM.

hhkkkhkkhkhkhkhkhkkkhhkkhhkhkhhkkhkkhhkhkhhkhkhkhhhkkhkhkhhkhkhkhhhhkhhhk

600

BC(l,J)=(0.,0.)
BC(1,1)=DM(1,1)
BC(1,2)=DM(1,2)
BC(2,1)=DM(2,1)
BC(2,2)=DM(2,2)+DM{1,1)
BC(2,3)=DM(1,2)
BC(3,2)=DM(2,1)
BC(3,3)=DM(2,2)+DM (1,1)
BC (3,4)=DM{(1,2)

BC (4,3)=DM(2,1)

BC (4,4) =DM (2,2)

P A=l

) B=k
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N2=4

M2=4

i JOB=0D

CALL LEQ2C (BC,N2, A,DUMMY,M2,!B,|JOB,WA2,WK2, |ER)
DET=(1.,0.)

DO 603 I=1,N2

[PVT2=WK2 (1)

IF (IPVT2.NE.1) DET=-DET

INDX2=14 (1-1) *N2

DET=DETXWA2 (1NDX2)

CONT{NUE

WRITE (2,250) DET

FORMAT (5X,' DET. OF STIFFNESS MATRIX =',D15.8,'+',D15.8,'1',//)
CONTINUE

STOP

END

SUBROUTINE CHARAC(G,B,B2,Bk,R2,S2,THETA,ELO0,ETA,H,T,C1,GR)
IMPLICIT REAL*8 (A-H,0-2)

REAL*8 G (7)

A imMOMENT OF INERTIA WITH RESPECT TO X---AXIS

| mMOMENT OF INERTIA WITH RESPECT TO Y---AXIS

POI=X14Y ]

XJ=TORS | ONAL CONSTANT

UNITS: INCHES , POUNDS, SECONDS

DO 10 I=1,7
G(1)=0.D0

U=0.3DO

E=29,D+6

GE=11.2D+6

A=HuT
CK=(10.D0+(1.D0+U)) / (12.D0+11,DO*U)
X|=HXxT%x%*3/12.00

Y |=TkH**3/12.D0

XJ=DBLE (C1*H*Tx%x3)
POI=XI+Y!

ETA=POI /X

ELO= (GE*XJ) / (E*X1)
GAMMA=HX%k 3%xTx%3/ 144 . DO
WeGAMMA/ (X ) XGR**2)
R=DSQRT (X1 / (AXGR**2))
S=DSQRT (2.D0* (1.D0+U) /CK) *R
B2=Bxx2

BlmB2%%2

B6=B2%3

R2=R*%2

Ruy=mR2%%2

S2mShA2
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G(1)=1.00
G(3)=2.00+B2*R2+B2*S2+ETA*B2*R2/ELD
G(5)=1.D0-B2-B2*%R2/ELO+2 .DO*B2*S2+BL*R2%S2
E+ETAX ( (BUXRLU+BLA,S2%R2) /ELO-B2%R2)
G(7)=B2/ELO+B2*S2-BU*R2%S2 /ELO+ETA* ( (B6*RL*S52-BL*R2) /ELO
&-Bu4*S2%R2)
THETA=THETA*3.1415926539D00/180.D0
WRITE (2,300) R,B,THETA
FORMAT (2X,'R=',F8.5,5X,'B=',F18.12,5X, 'THETA =',F7.3)
RETURN
END

SUBROUTINE PRODCT (N1,M2,N2,A,B,EE)
COMPLEX*16 D,AfNV,N2),B(N2,M2) ,EE (N1,M2)
DG 270 I=1,N1

Do 270 J=1,M2

D=DCMPLX (0.,0.)

00 280 K=1,M2

D=D+A (I IK) *B (K!J)

CONTINUE

EE(I,J)=D

CONTINUE

RETURN

END
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Fkkikhhdhkhkhhhhhkhhhhhkrhhhkhhkhkiokkkik

PROGRAM OPH3F.FOR
Kkdededdhkdehhihkhhkhhihkihkhkhkkhhkhhkhiik

THIS IS A COMPUTER PROGRAM FOR FINDING THE JOINT MOMENTS OF
OUT-0OF-PLANE VIBRATIONS OF THREE-SPAN CIRCULAR CURVED BEAM,
WITH A UNIFORMLY DISTRIBUTED LOAD q{t) ACTING ON THE RIGHTMOST
SPAN, CONSIDERING SHEAR DEFORMATION, ROTATORY INERTIAS AND
WARPING EFFECTS.

hkkhhhkhkhhkhhhhkhkhkkhhhht

DECLARE ALL VARIABLES.
Fkhkkhikkhkihkhikhkhkhhkkk

IMPLICIT REAL*8 (A-H,0-2)

COMPLEX*16 ALAM(8) ,FN,UU,UD,UN,PN,CE,CEE,VN,MN,BM(8,8),S51 (4,4)
&,QN,TN,DET,A(8,8) ,AA(8,8) ,DM(8,8) ,DM1(8,1) ,DM2 (4, 1) ,ST (L4, 4)
&,5T1(1,4) ,DUMMY (8,8) ,wA (80) ,wA2 (24) ,CE2,MFCD,MFDC,MCD,F22 (4,1)
£,FF (8,1)

REAL*B G (9) ,WK (B) ,WK2 (&)

Fokhdekhdeddedeh ket e dek Kook A Kk ded g Aok e de sk dede e ook ok de dode de e sk e sk e ook o e ok ok ok
WE ARE GOING TO USE LAGUERRE'S METHOD FOR FINDING QUADRATIC
FACTORS OF POLYNOMIALS.

SOLUTIONS OF POLYNOMIAL UP TO X*%100 WITH REAL COEFFICIENTS.

NDEG DESIGNATES THE DEGREE OF THE POLYNOMIALS.
RhkhkhkhhhkhkhkhhhAkkrkrkk kA kkAhkhkhkkhhhkRrkhkkAhkhhkhhkhhkrhkrkhhkkikkhhhkkk

OPEN(UN!T=1,F!LE='0OPV.DAT',STATUS='QLD')
READ{(1,%) EX,H,T,GR,CASE,ALPHA
WRITE (2,11) EX,H,T,GR,CASE,ALPHA
11 FORMAT (6X,'EXAMPLE',F5.1,2X, 'h=',F3.0,1X, ' INCHES,',1X,"'t="',F3.0,
&1X, ' INCHES,"',1X, 'CURVATURE=',F3.0,1X, ' INCHES,',//,6X, 'CASE="'
&£,F3.0,6X, 'ALPHA=',F3.0, 'DEGREES."'/)
READ (1,%) IN, GG,C1
WRITE (2,12) IN,GG ,C1
12 FORMAT (6X, 'NUMBER OF I[TERATION= ',)5,5X, ' INCREMENT INTERVAL= '
&,F7.2,//,6X, 'COEFF. OF TORSIONAL CONSTANT=',F6.3,//) :
FG=0.DO
WRITE (2,607) FG

607 FORMAT(5X,'INITIAL B = ',F7.3,/)

DO 500 ID=1,IN
B=FG+ (I1D-1) #GG

IF(B.LE. {(0.DO)) B=.01DO
THETA=ALPHA

RAKXKXRRAKARARRARAAKAAAkARRRAXAARRhdhikhkkhhhhhihid

CALCULATE THE ROOTS OF CHARACTERISTIC EQUATION.
KRKKAKAKKAKNKKRKAXAKKARRAARRKAAKAAKIARK AR NEXKKK
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CALL CHARAC(G,B,B2,B4,R2,R4,52, THETA,ETA,ELO,W,H,T,C1,GR)

NDEG=8

CALL ZPOLR{G,NDEG,ALAM, | ER)

DO 60k NDEG=1,8

WRITE (2,44) (NDEG,ALAM (NDEG) )

CONTINUE

FORMAT (5X, 'LAMBDA(',12,') =',5X,2(F10.4,5X))

Rhkkhkhhkikkhhhkhkhhhkkikhhkkhhkik

SETUP "A' AND '"H" MATRICES.
FhKKFIAKKRRARRAKKAKRKRKAKAKKK

DO 100 J=1,8
FN= (ALAM (J) *%2+B2%S52) /ALAM (J)
UU= (1 .DO+ELO-WXALAM (J) A%2) % (ALAM {J) ¥*2+B2%S2)
UD={(1.DO-ELO*ALAM (J) **2-ETAXB2*R2+WHALAM (J) **L)
IF (UD.EQ.0.DO) GO TO 500
UN=UU/UD
PN= (UN*ALAM (J} +FN)
WRITE (2,%) ALAM (J)
CEE=ALAM (J) *THETA
CE=CDEXP (CEE)
A{1,J)=-FN
A(2,J) =-FNXCE
A(3,J)=UN
A (L, J)=UNXCE
A(5,J)=DCMPLX (1.,0.)
A(6,J)=CE
A(7,J)=PN
A (8,J) =PNXCE
MN= (UN~-ALAM (J) XFN)
TN= (ELO-WXALAM (J) %%2) * (UNXALAM (J) +FN)
VN= (ALAM (J) -FN) /52
QN=-Wx (ALAM (J) **2%UN+ALAM (J) *FN)
BM (1,J) =MN
BM (2, J) =-MN*CE
BM(3,J)=TN. .
BM (4, J) =—TNACE
BM (5, J) =VN
BM (6, J) =VN*CE
BM (7.J) =QN
BM (8, J) =-QN*CE
CONT INUE
DO 601 1=1,8
DO 601 J=1,8
DUMMY (1, J) =DCMPLX (0.,0.)
IF (1.EQ.J) DUMMY ({,J)=DCMPLX (1.,0.)
CONT INUE
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1A=8
| B=8
N1=8
M1=8
| JOB=0

hhkkhhhkhkhkhkhhkhkhhhkhkhhhkhhhhhhhhhhhkrix

CALCULATE INVERSE MATRIX FOR '"A",
Kk R A KRR KA KKK AKRKKARRKKK Kk Rk dekdkikk

CALL LEQ2C (A,N1,1A,DUMMY,M1,IB, I JOB, WA, WK, IER)
DET=DCMPLX (1.,0.)
DO 602 I=1,N1
IPVT=|DINT (WK (1))
FF ()PVT.NE. 1) DET=-DET
INDX=t+ (1-1) %N
WRITE (2, *) WA (INDX)
I F (WA (INDX) .EQ.0.DO) GQTO 500
DET=DET:*WA {INDX)
DET=DET*CE1 (1)
CONT INUE
WRITE (2,101) DET
FORMAT (5X,2015.8)
IF (CDABS (DET) .LT..1D-8) GOTQ 500

khkhkAhhkhhhkkhkhhkhkhkAkhhrkkhhkhkhkhkkhhkhhhkhkk

FORMAT STIFFNESS MATRIX S (= DM).
kidekkhhkrk ARk hRkAkfdihhhRihkihihiihkiikkik

CALL PRODCT {8,8,8,BM,DUMMY,DM)

DO 621 |I=1,8

DO 621 JJ=1,8

AA (11,JJ) =DUMMY (11,JJ)

CONT INUE

DO 600 I=1,4

DO 600 J=1,4

DUMMY (1, J) =DCMPLX (0.,0.)

1F (i LEQ.J) DUMMY (1 ,J) =DCMPLX (1.,0.)
ST (t,J)=DCMPLX (0.,0.)

ARARRRRKRKRARAARKARARKARKARA kR AR AAARAkRkhkRkhhkhhikhkk

FORMAT STIFFNESS MATRIX SS1 (=ST}.
defe ek ek ek e ek e kg de gk e K e Ao Ao de g ek de e de ek A de ek ke e de

ST(1,1)=DM(1,1)+DM(1,7)
ST(1,2)=DM(1,2)+DM(1,8)
ST(2,1)=DM(2,1)+DM(2,7)
ST(2,2)=DM(2,2) +DM(2,8)+ST (1,1)

97



o000

603

250

703

709

704

ST(2,3)=5T7(1,2)
ST(3,2)=ST(2,1)

ST (3.3)=5T7(2,2)
ST(3,.4)=5T7(1,2)

ST (L,3)=ST(2,1)

ST (4,4)=DM(2,2)+DM(2,8)
| A=l

| B=b

N2=L

M2=l

| JOB=1

CALL LEQ2C(ST,N2,|A,DUMMY,M2,1B, | JOB,WA2,WK2, ER)
DET=DCMPLX(1.,0.)

DO 603 I=1,N2
FPVT2=WK2 (1)

IF (IPVT2.NE.|)DET=-DET
INDX2=1+(1-1) *N2

WRITE (2,%) WA2 (INDX2)

DET=DET*WA2 (INDX2)
CONTINUE

WRITE (2,250) DET

FORMAT (5X,' DET. OF STIFFNESS MATRIX =',D15.8,'+',D15.8,'{")

e e dc e o e e e e s Ao o e e e e e e e dhe e de A o e o e ke e e e e e e ke e e e e

SETUP INVERSE MATRIX FOR SS1.
KRAKKKRKKIKAKKKAKKRKXARKRRKKRKK KRR KAk KAk

1JOB=0

CALL LEQ2C (ST,N2,1A,DUMMY,M2,1B, | JOB,WA2,WK2, |ER)
DO 703 i=1,N2

DO 703 J=1,M2
S$S1{1,J)=0UMMY {I,4)

CONT INUE

DO 709 K=1,8

FF(K,1)=(0.,0.)

CONT INUE

FF(3,.1)=(1.,0.)
FF(7,1)=(1.,0.)

CALL PRODCT(8,1,8,AA,FF,DM1)

AARRAKAAKRAKKAKRKKRAARRARRIK KKk AAkhhhhkhikihikhkiik

FIND FIXED MOMOENTS -MFCD/R AND MFDC/R.
KERIARAKRRKARKKAKKARARARAKKRAARAKRKRKRAL A KR KKK

MFCD=(0.,0.)

MFDC=(0.,0.)

DO 704 =1,8
MFCD=MFCD+BM (1, 1) *DM1 (1,1)
MFDC=MFDC+BM (2, 1) *DM1 {1, 1)
CONT INUE
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MFCD= (1/B2) *MFCD

MFDC=(1/B2) *MFDC

WRITE (2,705) MFCD, MFDC

FORMAT (5X,' MFCD/QR**2 = ', F10.3,'+',F10.3,5X,' MFDC/QR**2 =1,
EF10.3,'+',F10.3)

F22(1,1)=(0.,0.)

F22(2,1)={0.,0.)

F22(3,1)=-MFCD

F22 (4, 1) =MFDC

¥ K e do e o e e e K e e e de e e de e e e ook v ke ke e e e e e ke e e s e e e e ok ok e e e e e de ek

FIND MOMENT MCD. (HERE DM2 REPRESENTS DD1)
hdhhkhhkhhRhkkkhrRARkXAAARARArRAXAIAARL KR KA KAKR KKk

CALL PRODCT (4,1,L4,551,F22,DM2)
sST1(1,1)=(0.,0.)
sT1(1,2)=(0.,0.)
ST1(1,3)=ST(1,1)
ST1(1,4)=S8T(1,2)

MCD=(0.,0.)

BO 706 i1=1,4

MCD=MCD + ST1(1,1)*DM2(1,1)
CONTINUE

WRITE (2,707) MCD

FORMAT {(6X,' fCD=(MCD/QR**2)= ‘' ' (' F10.3,'+',F10.3,')',//)
CONT INUE

STOP

END *

SUBROUT INE CHARAC (G,B,B2,B4,R2,R4,52, THETA,ETA,ELO,W,H,T,C1,GR)
IMPLICIT REAL*8 (A-H,0-2)

REAL*8 G (9)

X 1=MOMENT OF INERTIA OF BEAM WITH RESPECT TO X---AXIS

Y |=MOMENT OF INERT!IA OF BEAM WITH RESPECT TOQ Y---AXIS
POI=X)+Y |

XJ=TORS | ONAL CONSTANT

UNITS: INCHES , POUNDS, SECONDS

DO 10 I=1,9
G(1)=0.D0

U=0.3D0

E=29.0+6

GE=11.20+6

A=HXT
CK=(10.00+(1.00+U)) / (12.00+11.D0O%U)
X1=H*T*%x3/12,00

YI=TAH*%3/12.D0

XJmC I XHAT X% 3
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POI=XI|+YI

ETA=POI /XI

ELO= (GE*®XJ) / (E*XI)
GAMMA=H#®*3xT**x3/14L .00
W=GAMMA/ (X *GR*%2)
R=DSQRT (X |/ (AXGR#**2) )

S=DSQRT (2.D00* (1.D0+U) /CK) *R
B2=Bk#A2

BL=B2%%2

B6=B2%%3

S2=5%%2

R2=R%%2

RU=R2%*2

G(1)})=1.D0
G(3)=(2.D0+B2%R2+B2%*52) -ELO/W
G(5)=(1.D0-B2+2.DO*B2*S2+BL*S2%R2~ETA*B2*R2)

€-(2.DO%ELO+ELOXB2*R2+ELO*B2XS2+ETAXB2*R2) /W

G(7)=(B2*S2-ETA*BL*S2%R2)+ (ELOXETA*B2*%R2+B2*R2+ELO*B2-ELO

&-2.DOXELO*B2#S2-ELOXBLXS2*R2-ETAXBL*R2* (R2+52) ) /W

G(9) = (BLAR2%S2-B2-ELO*B2*S2+ETA*BL*R2+ETAXELOXBLUXR2%S2

E-ETA*BH*RLAS2) /W

THETA=THETA*3.1415926539/180.D0

WRITE (2,300) R,B,THETA

FORMAT (2X,'R =',F8.5,5X,'B =' F12.5,5X,' THETA =',F8.5)
RETURN

END

SUBROUTINE PRODCT (N1,M2,N2,A,B,EE)
COMPLEX*16 D,A(N1,N2),B(N2,M2) ,EE (N1,M2)
DO 270 I=1,N1i

DO 270 J=1,M2

D=DCMPLX (0.,0.)

DO 280 K=1,N2

D=D+A (1 ,K) *B (K, J)

CONT INUE

EE (I,J)=D

CONT INUE

RETURN

END
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kivkhkkfhhkhikhkhhkhhhhkhkhhhhdkhihhhkhhdkhiohkkikd

PROGRAM OPNT3F.FOR
Fkfekdoikdieddkk kkhihdhkikkidokkhiohkddkdkikkik

THIS IS A COMPUTER PROGRAM FOR FINDING THE JOINT MOMENTS OF
OUT-OF-PLANE VIBRATIONS OF THREE-SPAN CIiRCULAR CURVED BEAM,
WITH A UNIFORMLY DISTRIBUTED LOAD q(t) ACTING ON THE RIGHTMOST
SPAN, CONSIDERING SHEAR DEFORMATION, ROTATORY INERTIA (NEGLECT
TORSIONAL INERTIA) AND WARPING EFFECTS.

hkhkhkkhkhhkhkihhkhkhhhkhkhihhhkhhkhhhkhkhfkfhkk

DECLARE ALL VARIABLES.
ek e ook e de e ke e e e e oo ek g e e e ek de e dedk ke Ak ook

IMPLICIT REAL*8 (A-H,0-2)

COMPLEX*16 ALAM(8) ,FN,UU,UD,UN,PN,CE,CEE,VN,MN,BM (B,8),551 (4, 4)
£,QN,TN,DET,A(8,8) ,AA(8,8) ,0M(8,8) ,DM1(8,1),DM2(L4,1),ST (4, 4)
&,ST1(1,4) ,DUMMY (8,8) ,wA (B0) ,WA2 (24) ,CE2,MFCD,MFDC,MCD,F22 (L, 1)
&,FF (8,1)

REAL*B G (9) ,WK (8) ,wK2 (L)

RKAAKKKKAKRARRRKARAKRRARRKKkKkRRKkhkkhkkhhkhkhhkhhrkkkhkhkkhhhdhhk
WE ARE GOING TO USE LAGUERRE'S METHOD FOR FINDING QUADRATIC
FACTORS OF POLYNOMIALS.

SOLUTIONS OF POLYNOMIAL UP TO X**100 WITH REAL COEFFICIENTS.

NDEG DESIGNATES THE DEGREE OF THE POLYNOMIALS.
FhkhkhhkhkkrkAhkkkkkhthkikhhhhkhrrh kR ARk hhhkihRkkkikhkxhkkhrhikk

OPEN (UNIT=1,F{LE='QPV.DAT',STATUS='0OLD"')
READ (1,*) EX,H,T,GR,CASE,ALPHA
WRITE (2, 11)EX,H,T,GR,CASE, ALPHA
11 FORMAT (6X, 'EXAMPLE',F5.1,2X, 'H=',F3.0," {NCHES,',' T=',F3.0,
&' INCHES,',' CURVATURE=',F3.0,' INCHES,',//,6X,'CASE=',F3.1
€£,6X,"'ALPHA="' _F3.0, 'DEGREES."',/)
READ (1,%) IN,GG,C1
WRITE (2,12) IN,GG,C1
12 FORMAT (6X, 'NUMBER OF ITERATION=',|15,5X," ' INCREMENT OF INTERVAL=
&',F7.2,//,6X,'COEFF. OF TORSIONAL CONSTANT=',f6.3,//)
FG=0.DO
WRITE (2,607) FG

607 FORMAT (5X,'"INITIAL B = ' ,F7.3,/)

DO 500 1D0=1,IN
B=FG+ (!D-1) *GG

IF(B.LE. (0.DO)) B=.01D0
THETA=ALPHA

RARKEARAAARRRANRRRRARAARAARKARARAAARAARAR A A RA KKk kX

CALCULATE THE ROOTS OF CHARACTERISTIC EQUATION.
ARRKARKAKKRKRKRKRRRKARAAARARRTARAAARKARARRAXRA KKK kAX




c

o0

6Ok

bl

CALL CHARAC(G,B,B2,R2,S2,THETA,ETA,ELO,W,H,T,C1,GR)

NDEG=8

CALL ZPOLR{G,NDEG,ALAM, |ER)
DO 604 NDEG=1,8

WRITE (2,44) (NDEG, ALAM (NDEG) )
CONT I NUE

FORMAT (5X, 'LAMBDA (',12,') =',5X,2(F10.4,5X))

AhkkhhhhkAhhhkhhkhkhhkhhkhhhkhikihhhiik

SETUP '""A" AND "H'' MATRICES.

o e e e de she sk e e I e A e v de v e e de e e o o e e e e e e e e o

80

100

601

Do 100 J=1,8
FN=(ALAM (J) %%2+B2%S52) /ALAM (J)

UU= (1.DO+ELD-WXALAM (J) *#%2) % (ALAM (J) A*2+B2%52)

UD= (1 .DO-ELOXALAM (J) A 2+WAALAM (J) *%4)
IF(UD.EQ.0.DO) GO TO 500
UN=UU/UD
PN= (UN*ALAM (J) +FN)
WRITE (2,%)ALAM(J)
CEE=ALAM (J) *THETA
CE=CDEXP (CEE)
A(1,J)=—FN
A{2,J) =-FN*CE
A (3,J) =UN
A (L, J) =UNXCE
A(5,J)=DCMPLX(1.,0.)
A(6,J)=CE
A(7,J)=PN
A (8,J) =PNXCE
MN= (UN-ALAM (J) *FN)
TN=(ELO-WXALAM (J) *%2) % (UNXALAM (J) +FN)
VN= (ALAM (J) -FN) /52 )
QN=-W* (ALAM (J) X*%2XUN+ALAM (J) XFN)
BM(1,J) =MN
BM (2, J) =-MN*CE
BM (3, J) =TN
BM (L, ) =-TN*CE
BM (5, J) =VN
BM (6, J) mVNXCE
BM(7,J) =QN
BM (8, J) ==QN*CE
CONT I NUE
DO 601 1=1,8
DO 601 J=1,8
DUMMY (1, J) =DCMPLX (0.,0.)
IF(1.EQ.J) DUMMY (I1,J)=DCMPLX (1.,0.)
CONT I NUE

102
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C RAhhkhhkhrAAhAkhhkkrhkhhhkhhkhkhkkkrhkkihkikx

C CALCULATE INVERSE MATRIX FOR "A'.
c ootk ok f ke K Fededed dedeok e de ok ke ok e de ek e ek de ko

[A=8

18=8

N1=8

M1=8

1 JOB=0

CALL LEQ2C (A,N1,1A,DUMMY, M1, 1B, |JOB,WA,WK, [ER)
DET=DCMPLX (1.,0.)

DO 602 I=1,N]
IPVT=IDINT (WK (1))

iF (IPVT.NE.|)DET=-DET
INDX=1+{1-1) N1

C WRITE (2, %) WA (INDX)
o IF (WA (INDX) .EQ.0.DO) GOTO 500
DET=DET:WA {INDX}
c DET=DETXCE1(l)
602  CONTINUE
c WRITE (2,101) DET
101 FORMAT (5X,2D15.8)
|F (CDABS (DET) .LT..10~-8) GOTO 500
C o e e e Yo de e e e ke A A e A ok vk e ok e e e A ok ok e ek ok e e ok ok e K o o ke o e
c FORMAT STIFFNESS MATRIX S (=DM)
Cc ok 33k e ok e ek ke T v e Fe e e do A de T e e Je ok Yo v e e e e e AR e Ao e ke ok
CALL PRODCT(8,8,8,BM,DUMMY,DM)
DO 621 |i=1,8
DO 621 JJ=1,8
AA(11,JJ) =DUMMY (11, 4J)
621 CONTINUE
C Fe e e v e e e v e Je R e e Fe Ao Fo A K Fe et e Ao e o e vk e R e e e ke ok e ok e e ok ok
c FORMAT STIFFNESS MATRIX S51(=ST).
C oo v de e e e e e v e e I e e ek ke e e v e e e e ek e g v g ke ok vk Kk g e k ke Kk

DO 600 I=1,4

DO 600 J=1,L

DUMMY (1 ,J) =DCMPLX (0.,0.)

IF(1.EQ.J) DUMMY (I ,J) =DCMPLX (1.,0.)
600  ST(!,J)=DCMPLX(C.,0.)

ST(1, 1) =DM (1,1)+DM(1,7)

ST(1,2) =DM (},2)+DM(1,8)

ST(2,1)=DM(2,1)+DM(2,7)

ST(2,2)=DM(2,2)+DM(2,8)+ST(1,1)
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ST(2,3)=ST(1,2)
ST(3,2)=5T(2,1)
ST(3,3)=S8T(2,2)
ST(3,4)=ST(1,2)
ST(L,3)=ST(2,1)
ST(L,L4) =DM (2,2)+DM(2,8)
} A=k

| B=b
N2=4
M2=L

1 JOB=1
CALL LEQ2C(ST4N2,1A,DUMMY, M2,1B,|J0OB,WA2,WK2, |ER)
DET=DCMPLX (1.,0.)
DO 603 I=1,N2
IPVT2=WK2 (1)

'F (IPVT2.NE. 1) DET=-DET
INDX2=1+ (1-1) *N2
WRITE (2,%) WA2 (INDX2)
DET=DET#WA2 (INDX2)

CONT INUE
WRITE (2,250) DET
FORMAT(5X,' DET. OF STIFFNESS MATRIX =',D15.8,'+',D015.8,'(")

ARARAKRRRRKRARAARAKARKAKRAARRARK kA RARAh XAk kkk

SETUP INVERSE MATRIX FOR SS1t.

FehkhkhkRhkkkkkkAhkhhkhkihkkkhkkhhkhhhhkkkkhhhkhhhdhdhk

1 JOB=0

CALL LEQ2C (ST.N2,1A,DUMMY,M2,18B,1J0B,WA2,WK2, IER)
DO 703 I=1,N2

DO 703 J=1,M2

551 {1,J) =DUMMY (1,J)

CONT I NUE

DO 709 K=1,8

FF(K,1)=(0.,0.)

CONT INUE

FF(3,V)=(1.,0.)
FF(7,1)=(1.,0.)

CALL PRODCT (8,1,B8,AA,FF,DM1)

hehdekdkdddehkddkdkhkdhkhikkidedhhhkhkhhhhkhkkiohkdkidhhikkkkikk

FIND FIXED MOMOENTS -MFCD/R AND MFDC/R.

Akkhdkddhdhhhkd i ARt Rk ki ik ik ki ki k k% kd g d ok ek ok ok ki

MFCD=(0.,0.)

MFDC=(0.,0.)

DO 704 1=1,8
MFCD=MFCD+BM (1, 1) *DM1 (i ,1)
MFDC=MFDC+BM (2, 1) *DM1 (1, 1)
CONT INUE
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MFCD= (1/B2) *MFCD
MFDC=(1/B2) *MFDC
C WRITE (2,705) MFCD,MFDC
705  FORMAT (65X, 'MFCD/QR**2 = ', F10.3,'+',F10.3,5X, 'MFDC/QR%%*2 =1,

&F10.3,'+',F10.3,//)
F22(1,1)=(0.,0.)
F22(2,1)=(0.,0.)
F22(3,1)=-MFCD
F22 (4, 1) =MFDC

C hhkdhkkhkhkhkRAkkkkkhhifhhkhhkhihkhk Ak kikkhhkk
c FIND MOMENT MCD. (HERE DM2 1S DD1)
c KkkkhhhhhhkhhkhhkihkRikihikhhkhkkikkkkhkkriik

CALL PRODCT (&4,1,4,S51,F22,0M2)
ST1(1,1)=(0.,0.)
sT1(1,2)=(0.,0.)
ST1(1,3)=5T(1,1)
ST1{1,4)=ST(1,2)
MCD=(0.,0.)
DO 706 I=1,4
MCD=MCD + ST1(1,1)*DM2(1,1)
706  CONTINUE
WRITE (2,707) MCD
707  FORMAT(5X,' fCD=(MCD/QR*%x2)= ' ' (',F10.3,'+',F10.3,")"',//)
500 CONTINUE
1000  STOP
END

SUBROUTINE CHARAC (G,B,B2,R2,S2,THETA,ETA,ELO,W, H T,C1,GR)
IMPLICIT REAL*B (A-H,0-2)
REAL*B G (9)

cc X I=MOMENT OF INERTIA OF BEAM WITH RESPECT TO X---AXIS
cC Y |=MOMENT OF INERT!A OF BEAM WITH RESPECT TQ Y---AX!IS
cC POI=XI+Y]
cC XJ=TORS | ONAL CONSTANT
cC UNITS: INCHES , POUNDS, SECONDS
cc
B0 10 |I=1,9
10 G(I)=0.D0C
U=0.3D0
E=29.D+6
GE=11.2D+¢&
A=H*T

CK=(10.D0+(1.DO+U)) / (12.D0+11.00%*Y)
XI=H.kTx%*3/12 D0

Yi=TAH*%3/12.D0

XJ=C ] XHATxx3




300

280

270

POI=XI+Y]|

ETA=POI /X

ELO= (GE*XJ) / (E*XI)

GAMMA=H%X34T*%3 /144 . DO

W=GAMMA/ (X | *GR**2)

R=DSQRT (X1 / (A*GR*%2))

S=DSQRT (2.D0O* (1.D0O+U) /CK) *R

B2=Bk#2

BL=B2#%2

B6=B2#%3

S2=S5%*2

R2=mR%%2

RLmR2 %% 2

G(1)=1.D0

G(3)=(2.D0+B2*R2+B2%52) ~ELO/W

G(5)=(1.D0-B2+2.DOXB24S2+BhL*S2%R2) - (2.DOXELO+ELO*B2%R2
E+ELO%*B2%52) /W

G (7)=(B2%S2)+ (B2#*R2+ELO*B2~ELO
£-2.DOXELOXB2%S2-ELO*BL*S2%R2) /W

G(9)=(BL*R2*S2-B2-ELOXB2%52) /W

THETA=THETA*3.1415926539/180.D0

WRITE (2,300) R,B,THETA

FORMAT (2X,'R =' ,F8.5,5X,'B =',F12.5,5X,' THETA =',F8.5)

RETURN

END

SUBROUTINE PRODCT (N1,M2,N2,A,B,EE)
COMPLEX*16 D,A{(N1,N2) ,B(N2,M2) ,EE (N1,M2)
DO 270 I=1,NI

DO 270 J=1,M2

D=DCMPLX (0.,0.)

DO 280 K=1,N2

D=D+A (I ,K) *B (K, J)

CONT I NUE

EE(1,J) =D

CONTINUE

RETURN

END
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fekdededekRhhhkhhhhkhkkhhhhkhhhhhhhkhhihkhkk

PROGRAM OPNW3F .FOR
FkdekkkRhkhkd ek kihkkrhhddodkkkiodkikkdk ik

THIS IS A COMPUTER PROGRAM FOR FINDING THE JOINT MOMENTS

OF OUT-OF-PLANE VIBRATIONS OF THREE-SPAN CIRCULAR CURVED BEAM,
WITH A UNIFORMLY DISTRIBUTED LOAD q(t) ACTING ON THE RIGHTMOST
SPAN, CONSIDERING SHEAR DEFORMATION, ROTATORY INERTIAS EFFECTS.

khkhhkhkhhkhhkhhhkhihhkhhhkhhhkhhk

DECLARE ALL VARIABVLES.
hkdkhkhikhkihhkhhhhkhhkkihkhk

IMPLICIT REAL*8 (A-H,0-2)

COMPLEX%16 ALAM(6) ,FN,UU,UD,UN,PN,CE,CEE,VN,MN,BM{6,6),551 (L, 4)
&,QN,TN,DET,A(6,6) ,AA(6,6) ,DM(6,6) ,DM1(6,1) ,DM2 (4, ) ,ST (L, L)
&,ST1{(1,L) ,DUMMY (6,6) ,WA (48) ,wA2 (2L4) ,CE2,MFCD,MFDC,MCD,F22 (L4,1)
&,FF(6,1)

REAL*8 G (7) ,WK (6} ,WK2 (4)

fikkkkhkhkhkdkhhkhkhhikhhhkhhkhhhhkhhhkhkhhhkhhhkhhhhhhhhhkhhhhhhikkhikk
WE ARE GOING TO USE LAGUERRE'S METHOD FOR FINDING QUADRATIC
FACTORS OF POLYNOMIALS.
SOLUTIONS OF POLYNOMIAL UP TO X*%100 WITH REAL COEFFICIENTS.

NDEG DESIGNATES THE DEGREE OF THE POLYNOM!ALS.
hhhRhkXhRAhRKkkkAhkihkdhhkhidnhhkikkhkAr kiRt idkkiikhiok ki

OPEN (UNIT=1,FILE='0OPV.DAT',STATUS='0LD")

READ (1,%)EX,H,T,GR,CASE, ALPHA

WRITE (2,11)EX,H,T,GR,CASE, ALPHA
11 FORMAT (6X,'EXAMPLE',F5.1,2X,'H="',F3.0,1X, ' INCHES,',1X,'T=',F3.0,

&1X, ' INCHES,',' CURVATURE=',F3.0,' INCHES,',//,6X,'CASE=',F3.0

&,6X, 'ALPHA=' F3.0, 'DEGREES.', /)

READ (1,%) IN,GG,C]

WRITE (2,12) IN,GG,C1
12 FORMAT (6X, 'NUMBER OF ITERATION=',15,5X, ' INCREMENT OF INTERVAL'

&,F7.2,//,6X, 'COEFFICIENT OF TORSIONAL CONSTANT=',F6.3,//)

FG=0.D0

WRITE (2,607) FG

607 FORMAT(5X,'INITIAL B = ',F7.3,/)

DO 500 ID=1,IN
B=FG+ {1D-1) *GG

IF(B.LE.(0.DO)) B=.01DO
THETA=ALPHA

AARKARKAAKRKRRARRRARAAAAKAA KRR RARAKRARK AR AKX AR Akkk

CALCULATE THE ROOTS OF CHARACTERISTIC EQUATION.
AXKRRRKKKKKRRRAKRKIAALLRKRRARKAKAKIIARKA AR KA KKK




CALL CHARAC(G,B,B2,B4,R2,R4,S52,THETA,ETA,ELO,H,T,.C1,GR)

9 NDEG=6
CALL ZPOLR(G,NDEG,ALAM, |ER)
DO 604 NDEG=1,6

c WRITE (2, 4L4) (NDEG, ALAM (NDEG) )
604 CONTINUE
L4 FORMAT (35X, 'LAMBDA(',i2,') =',5X,2(F10.4.5X))

C Fede s dke ok dedk & ok deodedede ke dede g e e e e e de ke ok ook e ke kede ek de ke ek

c SETUP "A' AND '"H'' MATRICES.
c dedekdehkdhhhkhkdedhkhhhkhdhkhhiiikkiikidkkikkk

80 DO 100 J=1,6
FN= (ALAM (J) %%2+B2*52) /ALAM (J)
UU=(1.D0+ELOD) * (ALAM (J) **24+B2%*52)
UD=(1.DO~ELOXALAM {J) #*2-ETA*B2#*R2)
IF(UD.EQ.0.DO) GO TO 500
UN=UU/UD
C WRITE (2,%)ALAM(J)
CEE=ALAM (J) *THETA
CE=CDEXP (CEE)
A{1,J)=-FN
A(2,J) =-FN%CE
A{3,J)=UN
A(L,J) =UNXCE
A(5,J)=DCMPLX(1.,0.)
A(6,J)=CE
MN= (UN-ALAM (J) *FN)
TN~ELO* (UNXALAM (J) +FN)
VN= (ALAM (J) -FN) /S2
BM(1,J) =MN
BM(2,J) =—-MNXCE
BM(3,J)=TN
BM (L, J) =-TN*CE
BM(5,J) =VN
BM{6,J) =VNXCE
100 CONTINUE
D0 60) iI=1,6
DO 601 J=1,6
DUMMY (1 ,J) =sDCMPLX (0.,0.)
IF(1.EQ.J) DUMMY (I,J)=DCMPLX (1.,0.)
601 CONT INUE

C khkkkkhkhkihkhhkhhhhhkhkhkhkhkhkhhhkhkhkhkhkhkhkhhhkhkikikk

o CALCULATE INVERSE MATRIX FOR "A".
¢ Rkkkhhkhhkkkkihkhkkhhkhkrkkhkfrhkkhkhhkkhhkkik
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602

101

OO0

621

OO0

600

1A=6
| B=6
N1=6
M1=6
1JOB=0

CALL LEQ2C (A,N1,!tA,DUMMY M1,IB,IJOB,WA,WK, |IER)

DET=DCMPLX (1.,0.)

DO 602 I=1,N1
IPVT=)DINT (WK (1))

{F (IPVT.NE.|)DET=-DET
INDX= 1+ (1=-1)*N1
WRITE (2, %) WA (INDX)

1# (WA (INDX) .£Q.0.D0) GOTO 500
DET=DET*WA (INDX)
DET=DET*CE1 (1)

CONT INUE

WRITE (2,101) DET

FORMAT (5X,2D15.8)

IF (CDABS (DET) .LT..1D-8) GOTO 500

Fekkdhhhhhkhkhhhhhhkhhkhhiikhhkidhkhkkikiihkkiix

FORMAT STIFFNESS MATRIX S (=DM).

AARAARARKARKAA KA A AR AR AXAARARRARAkAkkhkhkhkkk

CALL PRODCT (6,6,6,BM,BUMMY,DM)
DO 621 11=1,6

D0 621 JJ=1,6
AA(11,JJ) =DUMMY (11 ,JJ)

CONT INUE

khkkhhkhkfehdhhkhhhhhihkhdhikkhkkkhkkidkikikikiikiik

SETUP STIFFNESS MATRIX SS51(=ST).

AERRAKKRARARK AR AR kRhRERkkhhhhhkhhihihhkkihihiik

DO 600 i=1,b4

DO £50 Jm=i,k

DUMMY (I ,J) =DCMPLX (0.,0.)
LF (t LEQ.J) DUMMY (I ,J) =BCMPLX (1.,0.)
ST(1,J)=DCMPLX (0.,0.)
ST(1,)=DM(1,1)
ST(1,2)=DM(1,2)
ST(2,1)=DM(2,1)
ST(2,2)=DM(2,2)+DK (1, 1)
ST(2,3)=DM(1,2)
ST(3,2)=DM(2,1)
ST(3IS)-ST(2o2)
ST(3,4)=DM(1,2)

ST (h,3)=DM(2,1)

ST (k,4)=DM(2,2)
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| Amdy
1B=4
N2=4
M2=4
[JOB=1
CALL LEQ2C(ST,N2, |A,DUMMY, M2, IB, | JOB,WA2,WK2, | ER)
DET=DCMPLX (}.,0.)
D0 603 1=1,N2
FPVT2=WK2 (1)
IF(IPVT2.NE.|)DET=-DET
INDX2= i+ (| =1) *N2
o WRITE (2,%)WA2 (INDX2)

DET=DETAWA2 (INDX2)

603 CONT INUE
WRITE (2,250) DET

250 FORMAT(5X,' DET. OF STIFFNESS MATRIX =',D15.8,'+',D15.8,'1")

C Kk okkhkkhihkikhkkhkikhkkkhhkkkhkkfihhkhkdkihkik
c SETUP INVERSE MATRIX FOR SS1.
C Fokhkhhhkhkhikidkidkdkhhkiikhkikhdokikhkhihkhrrkk

| JOB=O
CALL LEQ2C (ST,N2,1A,DUMMY,M2,1B,!J0B,WA2,WikZ, lER)
DO 703 1=1,N2
DO 703 J=1,M2
$S1(1,J) =DUMMY (i ,J)
703  CONTINUE
D0 709 K=1,6
FF{K,1)=(C.,0.)
709  CONTINUE
FF(3,1)=(1.,0.)
FF(6,1)=(1.,0.)
CALL PRODCT (6,1,6,AA,FF,DMI1)

ARAAKERKAARAAAXAARRKRAKKRARRKA AR KRRk hhhhkhkikkhhhkhkhhkhhhkhkhkhkki

FIND FIXED MOMOENTS -MFCD/R AND MFDC/R.
Tk ek Rk dkdedkddeh kR ik k ki kikhikdiediikh iR ARk dodk sk ki khikk

e Ne Nyl

MFCD=(0.,0.)

MFDC=(0.,0.)

DO 704 1=1,6
MFCD=MFCD+BM (1, 1) *DM1 (1,1)
MFDC=MFDC+BM (2, 1) *DM1 (1,1)

704 CONT I NUE

MFCD= (1/82) *MFCD
MFDC=(1/B2) *MFDC
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cc
cc
cc
cc
cC
cc

WRITE (2,705) MFCD, MFDC

705 FORMAT (5X,' MFCD/QR**2 = ', F10.3,'+',F10.3,5X, "MFDC/QR*%*2 ="',

6F10.3,'+' ,F10.3)
F22(1,1)=(0.,0.)
F22(2,1)=(0.,0.)
F22(3,1) =MFCD
F22 (4, 1) =-MFDC

RekkdededhhdhkAAhhhhAhhkkrhkhkhhkhhkihdhkhikhikhhhkk

FIND MOMENT MCD. (DM2 STANDS FOR DD1)
KhhkAdededfohiohkRhhkhhkkrhhhkiihkhhhkdkhkhkhkkhrhhhik

CALL PRODCT (4,1,4,SS1,F22,DM2)
ST1(1,1)={0.,0.)
$T1(1,2)=(0.,0.)
ST1(1,3)=5T(1,1)
ST1(1,4)=sT(1,2)
MCD=(0.,0.)
DO 706 1=1,L
MCD=MCD + ST1(1,1)*DM2(1,1)
706  CONTINUE
WRITE (2,707) MCD
707  FORMAT (5X,' fCD=(MCD/QR**2)= ', ‘(' ,F10.3,'+',F10.3,'}',//)
500  CONTINUE
000 STOP
END

SUBROUTINE CHARAC(¢,B,B2,8B4,R2,R4,52,TYETA,ETA,ELO,H,T,C1,GR)
IMPLICIT REAL*B (A-H,0-2)
REAL*8 G(7)
X |=MOMENT OF INERT!A OF BEAM WITH RESPECT TO X---AXIS
Y 1=MOMENT OF INERTIA OF BEAM WITH RESPECT TO Y---AXIS
POI=Xi+YI
XJ=TORS | ONAL CONSTANT
UNITS: INCHES , POUNDS, SECONDS

DO 10 I=1,7

10 G(1)=0.D0
U=0.3D0
E=29.D+6
GE=11.2D+6
A=HXT
CK= (10.D0+(1,D0+U) ) / (12.D0+11.D0O%U)
Xl=H"T%xx3/12.DC
Y I=TxH%%3/12.0D0
XJmC L AHAT *%3
POI=XI+Y!
ETA=POI| /X1
ELO= (GEXXJ) / (E*X1)
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GAMMA=H%%3xTx%3/14L DO
W=GAMMA/ (X | XGR*%*2)
R=DSQRT (X1/ (A*XGR*%2) )

S=DSQRT (2.DO% (1.D0+U) /CK) *#R

B2=B%*2

BL=mB2%%2

B6=B2%%3

S2=S%%2

R2=R%*%*2

Ru=R2%%2

G{1)=1.00
G(3)=(2.D0+B2%R2+B2*S2+ETA%XB2*R2/ELD)
G (5) =~ETA*B2%R2-B2*%R2/ELO-B2+1.D0+2.D0*B2*S2+BL4*S2*R2

E+ETAXBLX*R2* (R2+52) /ELD

G (7)=(-BLAR2*XS2+B2+ETA* (B6XRUXS2-BL*R2) ) /ELO+B2%S2

E-BUXR2XS2*ETA

THETA=THETA*3,1415926539/180.D0

WRITE (2,300) R,B,THETA ‘
FORMAT (2X,'R =',FB.5,5X%,'B =',F12.5,5X,' THETA =',FB8.5)
RETURN

END

SUBROUTINE PRODCT(N1,M2,N2,A,B,EE)
COMPLEX*16 D,A(N1,N2) ,B(N2,M2) ,EE (N1,M2)
00 270 I=1,N1

DO 270 J=1,M2

D=DCMPLX {0.,0.)

DD 2B0 K=1,N2

D=D+A (i ,K) *B (K, J)

CONTINUE

EE(1,J)=D

CONT I NUE

RETURN

END
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