Two approximation problems in function spaces
Lars Inge Hedberg?

0. Introduction

The first problem we shall treat is an approximation problem in the Sobolev
space W2 (RY). This space is defined as the Banach space of functions (distributions)
f whose partial derivatives D*f of order |x|=m all belong to L?(R%. Let K be
a closed set in R?% The problem is to determine the closure in W2 (R?) of C7 ([K)
the set of smooth functions which vanish on some neighborhood of K.

The second problem is closely related to the first one by duality. It concerns

e 1 1 . .. .
approximation in L?, —;-I—-q—=l, on compact sets by solutions of elliptic partial

differential equations of order m.

After some necessary (and well-known) preliminaries it is easy to give a con-
dition that f has to satisfy in order to be approximable as above. We recall that
W2(R? is continuously imbedded in C(R?) if mg=>d, but not if mg=d. (We
assume throughout that 1=<g<e<c.) In the case mg=d the deviation from con-
tinuity is measured by an (1, g)-capacity which is naturally associated to the space.
For a compact K this capacity is defined by

Coy(K) = inf 913,

where the infimum is taken over all C= functions ¢ such that ¢=1 on K, and
| +1ln,q denotes a norm on W7 (R%. The definition is extended to arbitrary sets E
by setting

C,o(E) = ggg C, ,(K), K compact.
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If a statement is true except on a set ECR? with C, (E)=0 we say that it is
true (m, g)-a.e.

Now let feW2(R% and let {¢,}:, be a sequence of test functions such that
lim, , , I f=@,ll,. ,=0. Then it is well known that there is a subsequence {¢,};Z,
such that {<p,,i(x)}§"=1 converges (m, g)-a.e., and uniformly outside an open set
with arbitrarily small (m, g)-capacity. This makes it possible to define f(x)(m, g)-a.e.
as lim, __ ¢, (x). We then say that f is strictly defined. In what follows we shall
always assume that Sobolev functions are strictly defined. In particular the (dis-
tribution) partial derivatives D*f of order |¢|, which belong to Wff.—|¢1(Rd)a are
strictly defined in that space.

The following necessary condition for approximation is now obvious.

Theorem 0.1. Let KCR? be closed and suppose that fe WI(RY), l<g<oo,
can be approximated arbitrarily closely by functions in Cy ([K). Then f(x)=0
for (m, g)-a.e. x€K, and D*f(x)=0 for (m—|a|, q)-a.e. xcK for all multiindices
o with lo|=1,2,...,m—1.

Our problem, therefore, is to decide whether for all closed K this necessary
condition for approximation is also sufficient. When this is the case we say that
K has the approximation property for W2 (R%).

It is possible that all closed sets have this property, but we can only prove
this for g¢=max [g, 2—%} (Corollary 5.3). In the general case we need a weak
condition on K. The precise results are formulated in Theorems 3.1, 4.1, and 5.1.
These results go considerably further than earlier results in this direction due to
J. C. Polking [37] and the author [23].

The problem has also been treated earlier for more general function spaces
(Bessel potential spaces, Besov spaces etc.) but to the author’s knowledge only
when K is a (d—1)-dimensional smooth manifold. See J. L. Lions and E. Magenes
[24], [25], [26], and H. Triebel [41].

It must also be said that our results are new only when m>1. The case m=1
is much simpler because of the fact that truncations (and other contractions) operate
on W{. The difficulty in the general case comes from the presence of higher deriv-
atives. It is, in fact, known that all closed K have the approximation property for
WER?), 1<g=<oo. For g=2 this is (in dual formulation) a spectral synthesis result
of A. Beurling and J. Deny [9] (see also J. Deny [16]). For 2=g<<o the result is
due to V. P. Havin [19], and in the general case to T. Bagby [6]. See also the author
[21; Lemma 4] for a simpler proof. A similar result for Cauchy transforms of boun-
ded functions was proved by L. Bers [8]. Our method of proof in the present paper
goes back to that paper.
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Dually, the approximation problem can be stated in the following way. Let
T be a distribution in W? ,(R?%, 1 <p<o, pg=p+gq, with support in K. Can T
be approximated in the Banach space W2 (R%) by measures supported in K and
their derivatives?

In this formulation the problem leads directly to our second approximation
problem. Let XCR? be compact, and let P(x, D) be a linar elliptic partial differential
operator of order m with coefficients that are in C* in a neighborhood of X. We
say that uc¢s#(X) if u satisfies P(x, D)u=0 in some neighborhood of X, and we
denote by #7(X) the subspace of LP(X) consisting of functions # such that
P(x, Dyu=0 in the interior X° The problem is whether # (X) is dense in #7?(X).
This problem is dealt with in the last section of the paper. Using the results from
the earlier sections we improve the earlier results of Polking [37] and the author [23].

The case m=1, i.e. the Cauchy—Riemann operator, is again special, and has
been treated earlier by S. O. Sinanjan [38], L. Bers [8)], V. P. Havin [19], T. Bagby [6]
and the author [21]. See also the survey article of M. S. Mel’nikov and S. O. Si-
nanjan [33].

In the next section we shall give some facts about (m, g)-capacities and the
related potentials, which although known may not be well-known. Some new results
about non-linear potentials are found in Section 4.

The proofs of our main results depend on an estimate given in Section 2
(Lemma 2.1), which generalizes an estimate of V. G. Maz’ja [28], and may be of
some interest in itself.

1. Preliminaries

We use the abbreviated notation V¥f={Df; |a|=k}, and |V*f|=2),_,|D*f].
Thus the space WZ(R? is normed by |f lm,g= 2o 1VEf Nl

We shall use the Bessel potential spaces ZIRY)={J,(f); feL‘R?Y}, s€R,
where the operator J,=(I—A4)~¥* is defined as convolution with the inverse Fourier
transform G, of G,(&)=(1+4n2|E)~%% For O<s<d the “Bessel kernel” G,
is a positive function which satisfies

(.1 Ay xF4 = Gy(x) = Ay |x]~? for |x] =1,

and tends to zero exponentially at infinity.

We write J_,(f)=f©, ie. if fc%? we have f=J,(f)=G,xf®, fOcLa
We norm Z2 by |ifll, ,=|/®l,. When s is an integer and 1<g<eo this norm
is equivalent to the Sobolev space norm. For this reason we shall not distinguish
between the norms of W and %, for integral m, and by | -|, , we shall mean
whichever norm that is most convenient for the moment. For the above (and other)
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properties of Bessel kernels and Bessel potentials we refer to A. P. Calderén [11]
and N. Aronszajn and K. T. Smith [5].

We now define an (s, g)-capacity for arbitrary s>0 and arbitrary sets EC R?
by setting C,  (E)=inf,|fl|Z,, where the infimum is taken over all fc.Z7 (R%
such that f®=0 and f(x)=1 for all x€ E. The definition makes sense since f(x)=
Jra Gy (x—»)fO(»)dy is defined everywhere.

When s is an integer and K is compact this definition clearly gives a capacity
which is equivalent to the capacity we defined before. That this equivalence extends
to all Borel (and Suslin) sets is a deeper fact which was proved by B. Fuglede [18]
and N. G. Meyers [34] using Choquet’s theory of capacities. In fact, for any Suslin
set E we have C; (E)=supk C, (K) for compact KC E. Because of this equiv-
alence we shall not distinguish the differently defined capacities by different letters.

Practically by the very definition of (s, g)-capacity the functions in £? are
defined (s, ¢)-a.e. The values of these functions agree (s, g)-a.e. with the values of
the strictly defined functions defined before, according to a generalization of a the-
orem of H. Wallin [42] due to V. G. Maz’ja and V. P. Havin [31, Lemma 5.8]. (See
also T. Sj6din [39], where Wallin’s proof is generalized.) Therefore we shall not
distinguish between functions in W2 and Z2.

We also note the following Lebesgue property. If f€%7 then

lim |B@x, 9|7 f, | If»)—f®)tdy =0

for (s, g)-a.e. x. (B(x, 8) denotes the ball {y; [y—x|=68} and |B(x, 8)| its volume.)
Thus also lim;_, |B(x, d)|™* f 3,5 S Ay=f(x) for (s, ¢)-a.e. x. This and other
results are found in T. Bagby and W. P. Ziemer [7]. (See also Remark 2 in
Section 2.)

Fuglede and Meyers also proved that C;, can be given a dual definition. In
fact, for all Suslin sets E
(1.2)  C, (E)/=supu(E), where the supremum is taken over all positive
measures p with support in E such that || J,(u)l,=1, 71—4-—3—:1.

These dual extremal problems are connected in the following way: There exists
a positive measure v supported by the closure E of E such that

1.3 F) =V, = J((J;0))P )X =1 (s,9)-ae on E
and
1.4 IfOlL = 1J,Ml5 = Cq,((E)-

For the theory of such “non-linear potentials” we refer to the papers by N. G.
Meyers [34], V. G. Maz’ja and V. P. Havin [31], [32], D. R. Adams and N. G.
Meyers [2], [3], other papers by these authors, and Hedberg [21].

We shall need the fact that there is a constant 4 independent of E such that
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the capacitary potential satisfies
(1.5) Vl,(x)=4 for all x.

This “boundedness principle” is due to Maz’ja and Havin [31, Theorem 3.1]
and Adams and Meyers [3, Theorem 2.3].

Throughout the paper we shall use the letter 4 to denote various positive con-
stants that may take different values even in the same string of estimates.

If d—sq<0, then C,,({x})=0. Thus only the empty set has non-zero
capacity. If d—sg=0, then

(1.6) A718s1 = C, (B(x, 9)) = 461, 0<J=1,

and if d—sq=0, then

(1.7) A7Y(log2/6)' 1 = C, ,(B(x, §)) = A(log 2/5)'79, 0<d=1.
For any set ECR? we define the Hausdorff measure A (E), «=>0, by

A(E) = lim AP (E), where AW(E)=inf{3r%; EC U B(x;, r), 1, = g}
o iZ1

Then, if E is Suslin and d—sq=0

(1.8) C;,(E) = AAZ) (E),
and
(1'9) Ad—sq(E) <o = Cs,q(E) =0.

See Meyers [34], and Maz’ja and Havin [31].
Let ECB(x,0). In the case d—sg=0 we shall sometimes use the capacity
C, ,(E; B(x, 28)) defined by

(1.10)  C, ,(E; B(x, 28))/1 = sup {i(E); [1J;()l Lo(a(x, 25 = 1, supp uC E}.
It is then easily seen that

(1.11) A1=C, (B(x, 0); B(x,20))= A, 0<o=1.
For any set ECR? we set

C..(EnB(x,6)6 4 if d—sq=0
(.12 CoalBs X, 0) = { 1, ’q(if d——(sq <))o. ’
For d=sq we write
(1.13) ¢o.o(E, %, 85 26) = C,, ,(E~ B(x, 5); B(x, 25))
Following Meyers [36] we say that E is (s, g)-thin at x if
(1.14) /. (Cs.a(B, X, 871671 d5 <o,

Otherwise E is (s, g)-fat at x. (See also Adams and Meyers [2] and the author [21],
where other definitions of (s, g)-thinness are given.) Thus, if sg>d, every E is
(s, 9)-fat at all of its points.
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We shall need the following generalization of Kellogg’s lemma. See [21 ; Theorem
6 and Corollaries].

Theorem 1.1. If q>2———3 the subset of ECR? where E is (s, q)-thin has (s, q)-
capacity zero. In particular C; ,(E)=0 if E is (s, q)-thin at all of its points.

Whether this theorem is true for all g=1 is unknown to the author. The follow-
ing is known, however ([21, Theorem 8]).

We say that E is uniformly (s, g)-thin on F if there is an increasing function
h such that [ h(8)""'6 'dé<e and limsup,_,c, (E, x,8)/h(6)<e for all
x¢F.

Theorem 1.2. Let 1<g<oo,s=0. Then any subset F of ECR? where E is
uniformly (s, q)-thin has C, ,(F)=0.

The following continuity property will be used in Section 6. See the author
[21, Theorem 5}, and Meyers [36; Theorem 3.1].

Theorem 1.3. Let f€ %2, 1<g<oo, s=0. For (s, q)-a.e. x, the set
{x; [fx)—f(xo)|=¢e} is (s, q)-thin at x, for all £=0.

In Section 4 it will be convenient for us to use Riesz potentials 7_(g),
LW = [, x—y ‘e dy, 0<s<d,

instead of the Bessel potentials J,(g).

Any function fin W2(R? or £2(R? can be represented as a Riesz potential,
S=L(f), where f@cLI(RY), but the converse is not true in general. (We have
used f@ to denote two different functions, but this should not create confusion.)
If geL?(RY, then I (g)cL7(RY), q—l,zé———%, by Sobolev’s inequality. Thus 7.(g)
belongs to L, but not necessarily to L%

(s, @)-capacities, say C; (+), can be defined using Riesz potentials in exactly
the same way as for Bessel potentials, if 0<sg<d. Then

Cs 4 (E) = AC, (E)
for all sets E, and

C,,o(E) = AC; ,(E)
for all sets E contained in a fixed ball.

If sg=d this definition would make the (s, ¢)-capacity equal to zero for all
bounded sets. In this case we modify the definition by only considering sets con-
tained in a fixed ball, and by taking norms with respect to a ball of twice the radius.
With this modification

ATIC, (E) = C; (E) = AC, (E).
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In what follows we shall only use capacities in situations where C, , and C,,
are equivalent. Therefore we shall not hereafter take the trouble to distinguish
them by different notation.

The maximal function will be denoted M(f), i.e.

M(f)(x) = sup |BCs, §)|7 [, 1) dy.

Then, by the Hardy—Littlewood—Wiener maximal theorem.
(1.15) IM(Nlg=Alfllg, 1 <g<eo.
The following elementary lemma will be used repeatedly.

Lemma 1.4. (a) Let f be measurable. If O<s<d, then for all x¢R* and all
6=>0

S XU dy = 45MUA) ().
(by If 5s=0, then for all xcR? and all 60
Sy nims BT O dy = 467 M) ).
The following is a simple consequence. See Hedberg [22; Theorem 3].
Lemma 1.5, If f=0 is measurable on R?, O <s<d, and 0<0<1, then
Lo (N)(X) = AM(f)(x)' °L(f) (x)°.

Corollary 1.6. Let feWi(R%, and let 1=j=sk=m. Set |f™|=g. Then

(J. @)-a.e.
[Vm=if| = ALi(8) = AM (g}~ I (gV'™.

2. An estimate

In this section we shall give an estimate, which will be crucial for what follows,
for f(x) near a set where f and a certain number of its derivatives vanish.

Lemma 2.1. Let fe WA(RY), l<g<oo, mcZ*, let k be an integer, 1=k=m,
and suppose that Vif(x)=0n (k, g)-a.e. on a set K for all j,0=j=m—k.
Then, for all balls B(x,, 6),

5(m—k +1)q

ddyv =4 —— . Sk si-1) m—k+i ady.
oo SOy = 4 Ty S0 S V"SI

If kq=d, the inequality is still true if ¢ 4, (K, Xo,0) is replaced by
&, an(K, X9, 65 28). (See (1.12) and (1.13).)
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Remark 1. In the case k=m (i.e. j=0) the lemma is due to V. G. Maz’ja
[28, Lemma 1]. He also showed that the estimate is sharp in a certain sense. (See
also Maz’ja [29], and {30].) Maz’ja’s lemma was later rediscovered by J. C. Polking
[37; Lemma 2.10], and used in a context similar to the present one. Our proof
follows that of Polking.

Remark 2. T. Bagby and W. P. Ziemer [7] have proved the following related
result: Let fc W2(R?), and let k be an integer, 1=k=m. Then, for (k, g)-a.c. x
there is a polynomial P""~® of degree =m—k such that as -0

J—1 fB(x'J) f)—Pm=P(p)ady = o(8m—ha),

For a full statement of their theorem we refer to [7]. See also Meyers [35], and
C. P. Calderén, E. B. Fabes, and N. M. Riviére [13].
Remark 3. Meyers [36; Theorem 2.1] has proved that if g€L? then

S [, Oy T 671ds <=

for (s, g)-a.e. x.
In the case k=1 Lemma 2.1 gives that

gma=m=a [ |f(y)ady = 45 [

B(x,d) B(x,268)

1
Vv f(»ady - T Kx)
»q 44 b4

It follows from Meyers’ theorem and the definition (1.14) of (1, g)-thinness that
for all x such that the set K in Lemma 2.1 is (1, g)-fat at x we have

L —d—(m~—1) —
liminf & a fm,” IfG)|edy = 0.

Thus the polynomial P™~P=0 for (I, g)-a.e. x€K if q>2—l, according to
Theorem 1.1.

Proof of Lemma 2.1. We prove the lemma for kq=d, the case kg=>d being
easier. We first let f be an arbitrary C= function. Then, for all x and y in R? we
have by Taylor’s formula

f(x) = PO (x)+Ri" Y (x),

where
mek 1 ,
PR (x) = 38 ﬁ((x—y)-V)’f(y),
and
1 ¢

(m—k) —_ aym—k( . Tym—k+1

R} = o fo(t )" *-V) f(y+1o)dr.
Here

t=|x—y|, and ¢ ={x—y)/t
Without loss of generality we set x,=0. Let ¢ be a C* function such that ¢(y)=1
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on B(0, 4,) ¢ (»)=0 off B(0,25), and |V/g(y)|=45-7 for j=m. Let p be a positive
measure with support on Kn B(0, 6) such that ||J,(u)|,=1. Let x€B(0, §). We have
FIEl =) [ o) dp®) = [ eG) P9 (x) dp()+ [ ¢ () RSP (x) du(y)
= LX)+ I,(x).

Here [I,(x)|=A[l@RP(x)ly, 4l Jk(Wli,. In order to estimate I,(x) it is sufficient
to estimate ||Vi(¢ ()R P(x))||,- By Leibniz’ formula and the assumption on ¢
this reduces to estimating 3 67 |[VET RIP ()| 50.25-

We first let i=k. We have

IRP ()] = Ak [ [VmkHif(y 1) de
= gm—k+1/pf [ [gm—k+1 1/q
= At t{{ f v f+ro)tdd™.

Thus, using polar coordinates centered at x,

(m—k) = 45m—K)g+q—1 T om—k+1
fB(o,za) IR E(ltdy = gim=Bae fB(o,za) dyfo V=t f (v +10)lt de
§A5(m—k)q+q-1+d—1f

lol=1 daf;(a)dtf; V=¥ 41 f(x—(t—7)o)|*dr
= A5(m-k+1)q+d—1f lvm_kﬂf(f)]qlf—ﬂl""df.

B(0,268)
Integrating over |x|<& we obtain

574 [ o VRPN p 2 dx = 4GBt Davd [ ymkrif e,

(0, 23)
Now let i=k—1. We have.

V, R0 (x) = Vy(f(x)——Z"f:k 1 (k=) VY1)

=- ,((x VYV )+ 7 V =) VY
==2 ((x - V)’Vf(y)+ ok = ), (=) - VY V()
e el (GO ) /(008

It follows from Leibniz’ formula that for 0=i=k—1
VE- R4 ()| = 4 S510 [x—yim skttt ymokered f(y)
= 4 JhTI g |ymok a1t f(),
Thus
2120 67HIVET RIP (1)1 50,20
= A5t De ShE S Sl ynk 1S
= A5m—2k+1g Z" =1 siq ||V"""‘+1+’fl|q B(0,25)*
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Integrating over |x|<d and combining with the estimate for i=k we finally
obtain
fB(o,a) [L(x)1dx = A5m—2+Da+d 21;;‘1] 5jqf

m ek 41+
50,25) % Jf(x)1dx.

Now let fe W2, and suppose V/f(x)=0 (k, g)-a.e. on K for all j,0=j=m—k.
Then there exists a sequence {f,};° of C= functions such that lim,_ | f~f,ll,, ,=0,
and such that |Vif(x)—Vif,(x)|~0 uniformly for 0=;j=m~—k, except on a set
G with, say, C q(G)<—’2~Ck, q(K n B(0, 6)). Our measure g is now chosen with
support in (KA B(0, NG, with [jul=3C, (KnB(©,8), and |, (wl,=1.

If the above Taylor expansion is applied to f, for arbitrarily large n, we obtain
that [, (x) is arbitrarily small, and the lemma follows by letting » tend to infinity.

The modification for kg=d is proved in the same way since it is easily seen
that what is really needed is only that || J, (1)l Ls(p(0, 25y =1-

3. The approximation property for everywhere fat sets

This section is devoted to proving the following theorem.

Theorem 3.1. Suppose that K is compact and (1, g)-fat at each of its points.
Then K has the approximation property for all W2, m=1,2,....

Proof. Let f€¢ W&, and suppose that V*f(x)=0 (1, g)-a.e. on K for Osk=
m—1. (It follows that V™f(x)=0 Lebesgue a.e. on K). Suppose that K is as in
the theorem.

We want to construct a C™ function w such that w(x)=1 in a neighborhood
of K and | fwl|,,, is small. Then a suitable regularization of f(1—w) is a C* func-
tion that vanishes on a neighborhood of K and approximates f.

We decompose R? into a mesh of unit cubes, whose interiors are disjoint, and
we denote this mesh by .#,. By successively decomposing each cube into 2¢ equal
cubes, we obtain meshes .#,, #,, ..., so that .#, is a mesh of cubes with side 27"
The cubes in 44, are enumerated in an arbitrary way and denoted by @,;, =0, 1,2, ....
By rQ,;, r=0, we mean the concentric cube with side r27".

The definition of (1, g)-fatness can be formulated equivalently as

ni?

(3.1) o o{CL (K A B(x, 27) 2091 = o, x¢ K.

Weset {C, (Kn5Q,)2"@~p~1=) .= and observe that if Q,, intersects K,
and @, is adjacent to Q,, (i.e. 0,,=3Q,,), then for some x,€ K we have B(x,,27")
<30Q,,<50,, so that

(3.2 A = {Cy, (K N B(x, 277) 20@- 0},
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Lemma 2.1 applied to V"~*f (the components of which belong to W) gives
that for each Q,,

(3.3) [ o V" dx = Adyrear f o V7Sl dx.
ni

ni

Using (3.1) and (3.2) we shall construct the function w in such a way that its
derivatives match the factor A}77 in (3.3). The idea of such a weight function goes
back to a construction of Ahlfors (see L. Bers [8], and also the author’s papers
[20] and [23]), but in the present case the construction is complicated a great deal
by the fact that we have assumed no uniformity of the fatness of K. An easier con-
struction would also be possible if we only wanted to control the first derivatives
of w. The construction of w is the object of the following lemma.

Lemma 3.2. Under the above assumptions there exists a C* function w with
the following properties:

(a) w(x)=0 outside an arbitrarily prescribed neighborhood V of K;
(b) w(x)=1 on a neighborhood of K;
(©) 0=w(x)=1,;
(d) For all x there is a Q,; containing x such that
3.4) VEo(x)| = A4, 2%, k=1,2,...;
(A is allowed to depend on k.)
(e) There is a constant A, only depending on d, such that for all x
3.5 S0 S bt (x: 100) = 4,

where the sum is extended over only those indices i for which Vo is not identi-
cally zero on Q,;. (x(-, E) denotes the characteristic function of E. )

We assume the lemma for the moment, and proceed with the proof of the
theorem.

[reloffdx= fy|fl%dx is clearly arbitrarily small, so it is enough to estimate
fre[V™(wf)|?dx. Thus, by the Leibniz formula, it is enough to estimate

fRd V|t |V*=¥fl2dx for k=0,1,2,...,m.

We decompose R? as a disjoint union U, ,e; Qn» Where Q;; is a subset of

0, such that (3.4) holds for all x€Q;;. Then, for k=1,2, ..., m, by (3.3) and (3.4)
fRd lvkwlq IVm—kf[‘I dx = Z(n,i)elfg;d lea)l‘l ‘Vm—kf lq dx
= A2 e Hi2™ f Qi V"=tfledx = 4 20, ner A f 0 Ve s1e .
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Here 2’ indicates that we sum over only those Q,; where Vo is not identically
zero. Thus, the sum is finite, although K is covered by infinitely many cubes 70,,;
with (n, )€1

By (3.5) we obtain

Zzn,i)gl ;Lnif

70

V" flrdx = [ (S ner axCe; 1Q.0) V" f 10 dx
= Afy, V™ £l dx,

where V'V is small if V is small.
For k=0 we have

fRd vV flidx = [ |V"f17dx.

Since V™f(x)=0 a.e. on K the right hand side in these inequalities is arbitrarily
small, and the theorem follows.

ni

Proof of Lemma 3.2: Before constructing the function © we make some pre-
liminary observations.

Let x,€K, and let {Q,},2,, O, €-#,, be a sequence of closed cubes that con-
tain x,. There is some arbitrariness in the choice only if x, belongs to the boundary
of some of the cubes. Consider the sequence {3Q,,}s -

Set A,=min {4,; 0,;C30,0}. It follows from (3.2) and (3.1) that 3 A,=-°.
Set 1,=max {4,;; 0,,C30,0}. If Q,,=30,, we have

Ani — {C1,q(K('\ SQni)zn(d—q)}p—l = {Cl,q(Kﬁ SQ"+1,j)2(n+1)(d-—q)}p—12—(d—q)(p—1)

for all Q,41,;C3Q,+1,0- Thus,

(36) i" = M_12n+1:
where M=20@-90(~1D)

Now to the actual construction. For each Q,; we define i} by
2" = max {Amj2™; Omj > Qi)
We set
. 3
o) = min {127 xe > 0,4,
Thus @,(x)=4,2" for x€3Q,;. It follows that if ¢=0 has support in
B(0,27""% and [ @dx=1, then
3.7 (@, *p)(x) = 4,,2" for x€Q,;.
We denote by G, the union of Q,; such that

(3.8) . %M‘ll,’fi, (Jg = 0 for n = 0)
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and we set
3.9) G, = {x€ G,; dist(x, 0G,) = 27"},

We define a function o, by setting
wy(x) =0 for x4Gy,

wy(x) = min {1, inffr(x) Qo(t)|dt|} for x€Gy,

where the infimum is taken over all paths y(x) that join dG, to x. w, is clearly
Lipschitz, and |V, (x)]= gy (x).

Let ¢=0 bea C™ function with support in the unit ball such that f o(X)dx=1.
Set @,(x)=2"¢(2"x), n=1,2,.... We observe that the convolution @,*@,1*...
*@, .., hasits support in B(0,27"*?) for all m.

We regularize @, by setting @,=w,* @,. It follows from (3.7) that

[V@o* @y ... x@(x)| = Ay; for x€Q, and for all I,
and that for all &

IVE(@o % @ % ... x o) (X)] = [V, % VE L0y % oy % ... * @ (x)| = Adg;

for x€Q,; and all /. Here A is allowed to depend on k.
We now assume that o, and &,=w,*¢,,, have been defined for m=
1,2,...,n—1. We define w, by setting

a),,(x)=(7),,_1(x) for XQG,’,,
and

@, (%) = min {1, inf (&,-, () + fm x)xgggm(t)uq}, for x€G,,

where the infimum is taken over all y€9G,, and over all paths y(y, x) joining y to x.
We then set @,=w,* @p43.
We assume that @,_, has the following property: Suppose m=n—1 and

let Q,,cG,. Then for all xcQ, \(U27)G)

m+1
(3.10) V@1 % Q% ... %@, (X)) = 2%,2™ for all |,
and
@3.11) IVE®, 1% Qpys*... %@, (X)| = AA%; 2™ for all k and I,

where 4 is allowed to depend on .

We claim that @&, has the same property. Let Q,,CG,. On G, we have Vo, (x)=
max,, ., 0,(x), and outside G, we have Vw,(x)=V@®,_;(x). It follows easily from
(3.7) and (3.10) that

IVCT)n ¥Qpig¥... % (Pn+l(x)| = j’:l 2n’
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and
]Vk(d’n*¢n+4* %P ) X)) = Vo, ¥ VE1 @, g% Qg * . % 04 (X)]

= AiN2"™, for x€Q,.

For x¢ G, we have dist(x, G))=27""% Thus &,(X)=&,_ %@, 5(x), and V*&,=
Vi@, _, %@, 5. The claim follows from (3.10) and (3.11).
Let 0, <G, x€Q,\U,.,, G;- By (3.8) we have

(.12) V&, (x)| = AMA,,2™ for all n=m.

We claim that &,(x)=1 in a neighborhood of X if n is sufficiently large. Con-
sider again x,€ K and the sequence {Q,.}.~, of cubes containing x,.

Let {1, 2™};_, be the sequence of succesive maxima of {1,27}7, ie. 4,2"<
2, 2™ for n<n,, 2,2"=], 2™ for n,=n<n,, 1, 2¥<1, 12"v+1

Then Smiitl=f, 2% 30, 27=1,, so that  3r,J,=2371,,

n,+1
which implies that the last series diverges. It follows from (3 6) that also

ZT:O )“nv——1= .

Moreover, (3.6) implies that 3Q, _,,CG, ;. In fact i, =M1, by
(3.6) and , 2™=>2y , 2~ forall i such that Q,, ~1,iC30, _y - Thus 4, _,,>
M i for these i, which is (3.8).

Thus 3 Q,l 1,0 G, ;. Since 30, ,C20Q,_,,, it follows that the distance
from 30, , to 3G w1 18 "at least 2~"™~L. Thus, if x€3Q, ,and y€dG, _,, we have
[0y M8y 3 0 (D]t =27712, 2P =22, . If x€Q, , the integral
is =34, _,. Consequently, if &, ,(x)=L on 3Q, 1,0, it follows that

1(x)>L+4 An—1 o0 30, o, and that the convolutions O 1 ¥ Py o¥ ...
*e(pn +1 satisfy the same 1nequahty, as long as L+32, n—1= 1 In any case, the
d1vergence of >4 4, —, implies by induction that & (x)=1 in a neighborhood
of x, for sufficiently large ». It follows from the compactness of K that ultimately
@,{(x)=1 in a neighborhood of K.

We set w=a®, for some sufficiently large n. It is clear that by starting
the construction from .#, for some large n, instead of from .#, we can construct
o with support in an arbitrary neighborhood of K.

All that remains to prove now is (e). Let x be arbitrary and let N(x)=N be
the largest index # that appears in the sum in (3.5). Let x, be the point in K that
is nearest to x, and let x,€Q,,, n=0, 1, ..., as before.

Suppose x€70Q,;. For each n there are only 4, such cubes, where 4, only depends
on d, so that 3 x(x,7Q,)=A4,. Moreover, if 4,>0 the cube 50, intersects
K, so that 5Q,,C AQ,, for some 4. It follows that ,l,,iéAI,,_,,o for some 4 and
ng, and hence that 3, 4,x(x, 7Q D=Aky—y,

On the other hand 3V 1, =Aw(x)= A by the construction above. Since
Ay is always bounded by a fixed constant (3.5) follows.
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4. The approximation property for sets with zero capacity

Theorem 4.1. Suppose that K is compact, and that C,_, ,(K)=0 for some
integer k, 2=k=m. Then K has the approximation property for W2IR?Y if
liminf;_ o ¢ (K, x,8)=0 for all x€K (thus in particular if kq=>d). In the case
kq=d the result is true with ¢, (K, x,8) replaced by ¢, (K, x, 3; 20).

The plan of the proof is the following: We assume that f¢ W2, and that f(x)=
Vix)=...=V**f(x)=0 (k, q)-ae. on K. (Note that the higher derivatives,
Vr-ktif(x), i=1, 2, ..., automatically vanish (k—i, g)-a.e. on K, since C,_, (K)=0.)
Again we shall estimate | fwll,, , where the function w equals 1 in a neighborhood
of K and this time is such that lolly_,,, is small.

o will be constructed by modifying a non-linear potential, and the additional
information we need about such potentials will be given in a series of lemmas.

The information we need about fis contained in Lemma 2.1, and in the follow-

ing lemma,

Lemma 4.2. a) Let f¢ LI(R?), where 1 <q<oo, s>0, and sq=d. Let E, denote
the set of points x where

M,(N@ =sup{r=* [, @)l dy}" = 1fe
Then C, (E)=Ae|f1,.

b) Let feZ2,(R%, where l<q=<o, O<t<s, and sq=d. Let E, denote the
set of points x where

M (NG =supr{r=t [ 15y} =1

(x,7)

Then C, (E)=AA (E)=Ae|f|2

d-—sq s—t,q°

The lemma is contained (somewhat implicitly) in the papers of A. P. Calderén
and A. Zygmund [12; Theorem 4, p. 175, and 195—197] for ¢ =0, and T. Bagby
and W. P. Ziemer [7; Theorem 3.1 (c), p. 136] for ¢ =0. For the reader’s convenience
we prove the lemma here.

Proof of a). We have f=J,(f®), fOcL It is no loss of generality to assume
that f©=0.

Suppose that r~¢ [ seen SOV dy=e7%

Then, either r~¢f, dy{fB(x'zr) G,z—nfO@)dzf=A72%% or else
[ra Gsz— ) fO(2)dz= A 1e~! forall y€B(x,r).
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In fact, for any y,€B(x, r) we have

Jon Gue— 3O @dz= 4 inf [ G(=)fO@)dz.

y€B(x,1)

But for any y€B(x,r) we have by Lemma 1.4 and (1.1)

Lo G Z= DI (@) dz = AMFO)O)r.
Thus, either
q—d (s)\a = A—-1lp—4
r fB(x’r)M(f Yedy = A~1¢™9,

or J(f®)(y)=A-1e~! on B(x,r).

By definition a union U, of balls where the second alternative holds has
C, ,(U)=4¢|f|2, If d>sq any union U, of disjoint balls such that the first
alternative holds has C, ,(Up)=AA, (Up)=4e? [ M(fO)dy=4¢ [ (fO)dy=

d—sq

Ae?)f12,, by (1.8) and (1.15). If d=sq the first alternative is impossible if & is
small enough. An application of a well-known covering lemma finishes the proof.
(See e.g. Stein [40; Lemma I. 1.6], see also Bagby and Ziemer [7; Lemma 3.2].)

Part b of Lemma 4.2 is a consequence of the following lemma. (Notation as
in Lemma 4.2).

Lemma 4.3. Let fc %2 ,(RY, l<q<oo, O<t<s, sq=d. Then M, (f)(x)=
AM, ((f¢7) ().

Proof. We set x=0 and assume that f¢ ?=0. For |z|=r we obtain
_ (s—-1) s =t—d £(s—1)
Soany Gomi =Py = A [ ly—2F772fC0()dy
- s—t—d £(s—t) _ o s—t—d £(s—t)
sAf WOy = AZT [ e PETTT Oy
- o n—1\s—t—d (s—t) 1/q md/,
=4 Zn, eyt U ey
=AM, (f¢)O)r* 3, 27" = AM, (fE)(©0)r.
On the other hand, for the same values of z we have by Lemma 1.4

Soan, Gomi 0= Ay = A [ ly=2f 20 dy =AM @r

Iyl=2r

where M (f¢~9) here denotes the maximal function of the restriction of f¢~? to
the ball B(0, 2r).
Thus, for all >0,

Pt [ (Gepn [z
=AM, (F) O+ Ard [ M) dz
=AM, (FO)OF + AP [ (FO0Ydz = AM, (f¢)0)

|zl=2r
Here the second inequality follows from (1.15).
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Lemma 4.2 now follows, because it is easily seen that the set G, where
M, (9)=1/e, g€LY, has AL, (G)<Aeg]2.

We now turn to the function @. In section 3 we defined meshes .#, of cubes
Q with side 27" According to a well-known lemma of H. Whitney (see e.g. Stein
[40; Theorem 1.3]) the complement [X is a union of cubes Q with disjoint interiors,

such that each Q belongs to some .#,, and such that for each Q
diam @ = dist(Q, K) = 4diam Q.

We choose such a covering of (K. In what follows the cubes in this covering
will be called Whitney cubes with respect to K.

For technical reasons it will be more convenient to prove the following lemmas
for Riesz potentials than for Bessel potentials.

Lemma 4.4. Let V) =I.(g), g=(L, (W)™, where v is a positive measure with
compact support, 0<s<d, and l<q<oco. Let Q be a Whitney cube with respect
to supp v with side 27". Then V], has the following properties.

a) For 0=j<s and xcQ

VIV ()] = AL ;(9)().
b) For any x and y in Q

A7) = L-;(9)(x) = AL j(9) ()
(the Harnack property).
¢) For all integers j and for all x€Q
ViV, (0l = 427 V2, ().
d) There is a function h=0 with
Ikl = Aligll,,
such that for all j=s and x€Q
VIV, ()] = A2U~9"h(x),
and for all x and y in Q
A7 () = h(x) = 4h(y).

Proof. (a) follows immediatelly from the fact that ’Vf ]xl“"]éA x|,

We prove (b) by proving that for any « and B, O<a, f<d, V()=
[ Ix—yfF=2{f |y—z|*"*dv(z)}*~*dy has the Harnack property, A~1V(»)=V(x)=
AV(y) for x and y in a Whitney cube Q. Essentially the same result was proved
by Adams and Meyers [2; Theorem 6.1] and the author [21; p. 305], but we include
a proof here for the sake of completeness.
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Let x=0, and suppose dist (0,supp v)=56=0. It is enough to prove that
V(y)=A4V(0) for |y|=25. Set (I,(v))’ *=g. Then

— —¢|8-4
o) = f Irl§(3/8)5+f 1t1=(3/8)8 y— 1" g@ar.

For [t[=26 we have |[p|=30==Z[t|, |y—t|=|t|—|y|=3|t]. Thus
f!tl§(3/8)6 (y—tlfdg()dt=4 f}r!g(als)a 1t\#~4g(r)dt =AV(0). On the other hand,

—tjf—d = p—d _
f]tl§(3/8)61y g (1) dr f!y—t|§(3/8)6lti g(y—0dr

= B—d g yla—d p~-1
= Vs [t {fm;a ly—7—2| dV(Z)} dz.
For |1]=36 we have |z+1|=|z|—|t|=|z|—3lzl=3lz), |y|=ilzl=diz+1),
and thus |y—t—z|=|z+1|—|y| =5z +1].
Thus
B—d e |a—d p-1
flr\é(s;s).s Il {fm;‘, ly~1—12| dV(Z)} dz

= A‘/.ltl§(5/8)5 S‘Elﬁ—d {f|zl§6 ,t +Zla—d dv(z)}p_:l dr

=

f, . |t|f~4g(x)dz = AV(0), which proves (b).

Now let j be arbitrary, let |y|=+5, and consider ViI(g)(y). We split the
kernel [x|""¢ by setting |x[*"?=R,(x)+R,(x), where R,c¢C=, and

Ri(x) = |x}*~¢ for |x]= -;—5;
3
Ri(x)=0 for |xj= 74—5;
. Cia 1 3
VIR, (x)| = Ao~ for 56 = x| = —4—6

We have V(R g)(3)=(R,xV/g)(»)

- le(f)ng(y—r) dr = fltléaéu RI(T)V£ {flzlzé ly~T—le—ddv(Z)}p_1dt,

Now |y—t—z|=|zl—|y|~|t|=6~16-26=10, and thus |Vi|y—1—~z]'"=
A8 |y—1t—z~? for all j. Thus

VLG (-0 =V [

|z|=d

Y=tz dv(2)| = AL ~).

By Leibniz’ formula and induction we obtain [Vig(y—~1)|= ]Vf (LM (y—D)P~ 1] =
A5 I g(y—1), and hence

4.0 V(R * g) ()] = 4677 (Ry* 9)(3)-
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Moreover, we have g(y—1)=A4g(0), so
4.2) Vi(R, % g)(y)| = 4677g(0) [ Ry(z) dr = Ag(0)& .
On the other hand, [V/(R,* g)(M)|=|f VIR,(y—1)g(t)d|=4577 [ R.(y—1)g(¥)dt.

Together with (4.1) this proves (c).
But for j=s we also have

|[VIR.(y—1)g(®) dt| =4

by Lemma 1.4,

Since |M(g)l,=Algll,, and since it is easily seen that M(g)(y)=AM(g)(0),
this proves (d) (with h=M(g)) for j=s.

The case j=s has to be treated separately. It is easy to see that

VI (Ry % ) (1)~ VI (Ry ) O)] = [ [VR,(y— 1)~ VRy(~1)| gDt

= Iyllz] =9 1g(Hdt = Aly|6—*M(g)(0) = AM(g)(0)

T J p=/2)6

ly—tls—i-g(H)dt = A5~ IM(g)(y),

ly—tl=(1/2)

by Lemma 1.4. According to (4.2) we have |V/(R, * g)(»)|=4g(0).

Thus  |[V/(I,(2)(»)|=A4|V/(I;(2)(0)|+AM(g)(0). The lemma follows since
V4 (7,())|l,=Allgll, by the theory of singular integrals.

Now let V7 , sq=d, be the capacitary potential for a compact set F, so that
Vy,x)=1 on suppyc F. Then V] (x)=A4 for all x by the boundedness prin-
ciple (1.5). Let @(r), =0, be a non-decreasing C* function such that ¢(0)=0,
and @(r)=1 for r=1. Set o=@V .

Lemma 4.5, There.is a function h=0 and constants A such that for any Whitney
cube Q with respect to F with side 27"

(@) f B dx = AC, (P).

(If sq=d the integral is taken over a fixed ball containing F.)
b) ATTh(Y)=h(x)=Ah(y) for x and y in Q
©) Vo (x)|=A4h(xy""* for j=s and x¢ F
(d) VVo(x)=A4r(x)2"9 for j>s and xcQ.

Proof. Cf. Littman [27], and Adams and Polking [4]. Set y=V; =I(g),
g=L,(»" "

Then Vo=@ -V, Vio|=|D"] VY |2+ || V2|, etc., Vio|=
AZ |09 ST VY|, where the last sum is taken over all i-tiples
(¢, ..-, %) such that >;_, o=/, and all o,=1.
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If o,<s we have by Lemmas 4.4 (2) and 1.5

(4.4) Vay| = AL,_, (g) = AM(g)"¥*~%, where 6, = -‘;‘-'
By Lemma 4.4 (c) we also have

4.5) V| = 42" in Q.

For o,=s Lemma 4.4 (d) gives

4.6) [Vay| = A2"®-9h,

where i has the Harnack property.
Thus, for j<s, we find by (4.4) and (1.5)

Vol =437, Sey. vomys 1y M@Y= = AM(gysyi~Il = AM(g)’F,

and similarly by using (4.5) and (4.6) |V:o|=A(M(g)+h) (f s is an integer),
and for j>s |Vio|=A(M(g)+h)2"U~9. Since both M(g) and % have the Har-
nack property the lemma follows.

For technical reasons we shall need the following lemma.

Lemma 4.6. Let F be compact, and let v be a positive measure such that V; (x)=
I(ILP )(X)=1 (s, q)-ae. on F, and V] (x)=M everywhere. Suppose that
F contains a cube Q. Then there is a constant ¢=>0, independent of F and Q, such
that Vg ,(x)=c for x€2Q.

The lemma follows immediately from the following somewhat more general
lemma.

Lemma 4.7. Let F be compact, and let v be a positive measure such that V; (x)=
LImP ) x)=1 (s,9)-ae. on F, and V) (x)=M everywhere. Suppose that
C, ,(FAB(xy, )6 4=c>0 (C, ,(FNB(x,,6); B(xo,20))=c if sq=d) for some
0=>0. Then V; (xg)=Ac? ~1 where A is independent of v, F, x4, 8, and c.

Proof. The proof is basically the same as that of the Wiener Criterion (Theorem
2) in [21].

Set x,=0. Let o¢; be a unit measure on FnB(0,0)=F;, such that
1L, (6)1,=2C, o(F5)™"% (such that {f =emms L (657 dx}?=2C ,(F;; B(0, 26))~"
if sg=d). Such a measure exists by the dual definition of C; ,. Then 1= f Ve dos=
fral.(65)1,(v)»"*dy. We denote ¥ _(0) by ¥ and assume that V<1. If |y[=36
we have I (g;)(y)=A|y["% and thus

V= [y Lop-tdy = 47 I (o) LGP~ dy

I(c) Loy dy).

Iyl=(3/2)8

= b (1 -
l=(8/2)6
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We denote the restriction of v to B(0, 46) by v,,. Using the definition of 6, and the
boundedness of V! _, Holder’s inequality gives

s,q°

~[|Y|§(3/2)6 I(o5) I,(vss)’ " dy = 2Cs,q(F5)—1/q s (va)lZ~1

= 2C, ,(Fy)~VaMYay(B(0, 45))'s.

We want to estimate [, /ms L (05) [, (v—v,)P " dy=
[d05(%) [yi=mms X = Y7 [ 4zas |y =1 %dv(1)}* " dy. For these x, y, and ¢ we
have |y—t{=;|t—(y—x)|, and thus |y—t}""9=4)t—(y—x)P"% It follows that

~[|y|§(s/2)a =y~ {fmy.s y— =< d"(t)}p—ldy

= - s~ p-1
=4 fb,]§(3;2)6 |x—yl*=¢ {fnd t—(y—x) "dv(t)} &y
= s—d p—1 -
- Aflzlécs/z)a 2l L )P (2)dz = 4V.

Thus [\, =/s L@ L) dy=AC; (F;) Y v(B(0, 49)) /2 + AV.
But according to [21; (4), p. 303] we have for sg=d

vz A [ (B0, P-1ridr = A((B(O, 45)5 1,

By assumption C, ,(F;)=c6* . Thus C, ,(F;)~"2v(B(0, 46))/9=Ac""2V"?, and
thus

“dy = A(c~VayY = Ac-Vapu
fly|§(3/2)6 I(o) (WP~ dy = A(c™YayP4Y) = Ac~Hay e,

Hence, either Ac VapVr=lyYr=14"1c", or else AVz=1—Ac Yay¥r=3.
But since V=V"?, the last inequality gives Ac™Y¥V¥?=1. The lemma follows.

Proof of Theorem 4.1. K is the given compact set, Cy_,; ,(K)=0 for some
integer k, 2=k=m. Let {Q} be a Whitney covering of [K.

Let feWIR?, and suppose that f(x)=Vf(x)=...=V"*f(x)=0 (k, g)-a.e.
on K.

Lemma 2.1, applied to f and to V™ if, j=k, k+1,...,m—1, gives for a
Whitney cube Q with side 27" and center x,,

.7
S, VISl S Aoy (K, xg, L2127k tme S o=t [ jymokeiflady,

Here L, and L, are suitable constants, only depending on d, chosen so that L,27"=
2dist (xy, K), and L,0DB(xg, L;277).

Let &>0 and denote by G,=J,,Q, the union of all Whitney cubes Qy
such that

(4.8) Ii‘='1 ond—(i-1)ng f

m—k+i -
LyQ,,; EV flq dy >
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or
4.9 md [ L (f™) -4,
49) 2, LS ™ydy =

By Lemma 4.2 we have C,_, ,(G))<d4e|fI2, 4+ Therefore we can choose a neigh-
borhood G, of K such that G,CG,, and such that C,_, (G)<A|f]|2, . We
can also assume that G\ K is a union of Whitney cubes.

Let v be the (k—1, g)-capacitary measure for G,, so that V;_, /X¥)=1 on G,.
Let U,=U(90Q,), the union being taken over all Whitney cubes Q,,<G,. Then
Vi_1,,x)=c>0 on U, by Lemma 4.6.

Now set w=®o(c™'V}_, ), where &(r), r =0, is a non-decreasing C*~ function
such that @(r)=0 for 0=r=2 and &(r)=1 for r=1. Thus w has compact sup-
port and w(x)=1 on U,.

Consider a Whitney cube Q contained in G,. Then w(x)=1 on 9Q. Since any
Whitney cube adjacent to Q has at most 4 times the side of Q, it follows that
o(x)=1 on any such cube. Thus, for a Whitney cube Q with side 27" such that
Vo (x)#0 on Q, we have dist(Q,dG,)=A4dist(Q, K)=A2"". Therefore Lemma
4.5 applies to w and the Whitney covering of [K, although v is supported by G,.

We now assume for the moment that ¢, (K, x, 6)=n=0 for all x€K as soon
as 6=4,.

We have to estimate [p, [V/io|?|V"~I fl9dx for all j, 0=j=m. Let Q be a
Whitney cube where Vw does not vanish identically.

First we consider the case k=j=m, i.e. 0=m—j=m—k. For large enough n
we have by Lemma 4.5, (4.7), and (4.8)

[, Vol vn=ifidx
= Ah(rg)2U-H ey =i g==kedme FE oo [ gk flagy

= Anh(xg)12 et = dn~le [ , h@rdx.
Thus
S V0LV flidx = 3, [ IV olt[Vmifltdx
= Ar]‘la‘qfkd h(x)?dx = An~Y| fll3, ,-

Now let 1=j=k—1. Set j/(k—1)=60. We can assume that f"™=0. By Lemma
4.5, Corollary 1.6 and (4.9) we have

S, Vol ive=iflidx = Ah(xgy® [ V"= fl1dx
= Ah(x)® [, M(F™)E DLy (f™) dx
= A(hGr 27y { [, MG ™y axf {2 [ 1, (f ™y ax)?
=4{f o e ax{ [ , MUy dx} e,
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By Hoélder’s inequality for sums

fRd Vip|t |V —ifladx = A { fRd h{(x)? dx}" { fRa M(fmys dx}l—o 10
= AC 1, (G If 15V = AllflE, o

Finally f re [0V flidx= f swppw [V f1%dx is arbitrarily small, since mes K=0.
Thus by the Leibniz formula fg.|V™(wf)%dx is uniformly bounded, independently
of & On the other hand, w(x)f(x)~0 pointwise on [K as ¢—~0. By weak com-
pactness there is a sequence {w,} such that {w,f} converges weak* in WZ2(R).
By the Banach—Saks theorem there exists a sequence of averages w, such that
{w, f} converges strongly in W2(R?%), which finishes the proof under the restriction
made on K.

(Instead of using the weak compactness argument we could also use a strong
type estimate of D. R. Adams [1]. His estimate implies in fact that
liminf,_,&e7?C;_, ,(G;)=0, which is all we need.)

Now assume that K satisfies only the hypothesis in the theorem. We can write
K=U; K, where K,={x€K; ¢ ,(K,x,6)=27" for 6=27"}. Then it is easily
seen that the closure K,cK,,,. By the above proof f can be approximated ar-
bitrarily closely by a function that vanishes on a neighborhood of K, for each n.
By the compactness of K one of these neighborhoods is a neighborhood of X, which
proves the theorem.

5. The approximation property for general sets

Putting the results from Sections 3 and 4 together we obtain the following
theorem.

Theorem 5.1. Let KCR? be a closed set. Then K has the approximation pro-
perty for W2 if the following conditions are satisfied.
(@) The subset E,C K where K is (1, q)-this has C, ,(E)=0.
(b) For 2=k=m the subset E,CE,_; where liminf,_, ¢, , (K, x, 5)=0
(cr,4(K, x, 85 20) in case kg=d) has C, ,(E)=0.
Lemma 5.2. Let f¢WZI(R?), and let FCR? with C,, ,(F)=0. Then for any

e>0 there exists a function w€W?2 such that w=1 in a neighborhood of F,
SU—)eWEINL”, and | fol,, ~<e.

Proof. We assume, without loss of generality, that f can be written f=1,(f™),
f™=0. Let G,={x; f(x)>1""}. Then G, is open and C, (G)<AA|f™]2.
There is a function @ such that w(x)=1 on G, 0=w(x)=1, and |o|? =
AC,,,(G)).
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We want to estimate || foll,, .. It is enough to estimate f Viw@|V™~ifldx
for 0=j=m. The term for j=0 is easily seen to be arbitrarily small. For 0<j<m
we use Lemma 4.5. Thus |[Vw(x)|=Ah(x)™, Al2=AC,, ,(G)). By Corollary
1.6 we also have

Ve=if] = AL(T™) = AM(F@Y LY, 0=
Since V/w(x)=0 wherever f(x)>A"1 we obtain

f Vol \Vm=ifladx = AA~U/m fRd (RimM(fmy—iimya g

= ar-um{f  h ([ MGy axfiim
= A|f ™G M(F™))30 - = A) 118,

Again an application of weak compactness and the Banach—Saks theorem or of
D. R. Adams’ estimate [1] finishes the proof.

Proof of Theorem 5.1. Suppose that K satisfies the above conditions, and that
SEW2 and V™ if(x)=0 (j, ¢)-ae. on K for j=1,...,m. Since we can always
assume that f has compact support, it is no restriction to assume that K is compact.
It is clear from the proof of Theorem 3.1 that K\ E, is a countable union of compact
sets each of which has the approximation property, and similarly it is clear from
the proof of Theorem 4.1 that each of the sets E,\E,, ..., E,_.;\En, is also a
countable union of compact sets with the approximation property. Now by Lemma
5.2 f can be approximated by a function f; that vanishes in a neighborhood of E,,
and still satisfies the hypothesis of the theorem. Then, by Theorem 4.1, f, and thus
f can be approximated by a function f, that also satisfies the hypothesis and
vanishes on a neighborhood of a part of E,_,, etc. By Theorem 3.1 f can be app-
roximated by f,,,; that vanishes in a neighborhood of a compact part of K. The
theorem now follows from the compactness of K.

The following corollary follows immediately from Theorems 5.1 and 1.1.

Corollary 5.3. Every closed KCR® has the approximation property for W2
for allm if g=max (%, 2—3).

Remark. That the approximation property holds for g>d was known before.
See. J. C. Polking [37], and V. 1. Burenkov [10].

Remark. If we could weaken the hypothesis (b) to requiring only that the set
E,CE,_, where K is (k, g)-thin has G, ,(E)=0, it would follow that the approxi-
mation property holds for g>2—3 for all K. If in addition Theorem 1.1 could be
extended to 1<g<o the approximation property would follow for all K and
Wi l<g<eoo,
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We give another corollary that can be formulated without using capacities.

Corollary 5.4. Let KCR? be a closed set, and suppose that every compact subset
of K has finite k-dimensional Hausdorff measure for some integer k, 1 =k=d. Suppose
Sfurthermore that K is sufficiently regular so that for (m, q)-a.e. X€K there exists
a truncated cone V,CK with vertex at x such that A,(V,)>0. Then K has the
approximation praoperty for WI(RY), l<g<co.

Proof. The assumption that A,(KnB(0, R))<eo implies that C; ,(K)=0
for jg=d—k, by (1.9). Let j, derfote the integer part of (d—k)/q. Then (j,+1)g=>
d—k, k=d—(j,+1)q, and it follows that Cjo+1,q(Vx) >0. (Maz’ja and Havin
[31; Theorem 7.11). Then it is easy to prove by a homogeneity argument that
Clpr1,o(KNB(x, 5))%Cjo+l,q(Van(x’ 5))§A5d~(j°+1)cho+1,q(Vx » if d=(jo+1Dg,
for 6 small enough, and that C; ., (K~ B(x, 8); B(x, 20))=

Cior1q(Ven B(x,0); B(x, 20))=AC; ., (V) if d=(j,+1)q.

6. Approximation in L? by solutions of elliptic partial differential equations

We first state as a theorem the dual formulation of the approximation property
given in the introduction.

Theorem 6.1. 4 closed set KCR? has the approximation property for W2 if
and only if (signed) measures with support in K and their partial derivatives are dense
in W2 _(K), the distributions in WP, (R% with support on K.

Proof. A distribution T in W?  (R%), i.e. a bounded linear functional on W2(R?),
belongs to W2, (K) if and only if (T, ¢)=0 for all C= functions ¢ with support
off K.

Denote by L(K) the linear span of all distributions in W?_(K) that are measures
or derivatives of measures. Suppose f€W2(R?. It is easily seen that (7, f)=0
for all T€L(K) if and only if V¥f(x)=0 (m—k, g)-a.e. on K for k=0, 1, ..., m—1.

Thus L(K) and W? _(K) have the same annihilators if and only if K has the
approximation property for W2(R?), which proves the theorem.

Now let P(x,D)=2,<,a,(x)D* be a linear elliptic partial differential
operator of order m with C= coefficients defined in an open set QCR? If F is
relatively compact in  we denote by #(F) the set of all functions u that satisfy
P(x, D)u=0 in some neighborhood of F. We let l<p=<oo, pg=p-+gq, and we
set HP(F)=3¢(F°)nLP(F), i.e. the subspace of LP(F) that consists of functions
u such that P(x, D)u(x)=0 in the interior of F.
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Following Polking [37] we assume that P(x, D) has a bi-regular fundamental
solution E(x, y) on Q. Le. E(x, y)€L} (2XQ), is infinitely differentiable off the
diagonal in QX Q, and satisfies the equations P(x, D)E(x, y)=9J,, and
‘P(y, D)E(x, y)=4,.

It follows moreover that for each compact Fc €, and each multiindex o,

ID*E(x, y)| = A |x— yjm~ld=4, x,y€F, if jaj+d>m,
and
ID*E(x, )| = dy+4oflog [x—y]|, x y€F, if lal+d=m.

(See also Fernstrom and Polking [17] for more details.)

Let GCQ be open and relatively compact. It follows from the above that
if 4 is a measure with compact support in 2\ G, such that J,,_; (u)€ L7 (R for some
k=0,1,...,m—1, and l<p<eco, then u(x)=[DE(x,y)du(y)c#"(G) for
la]=k. The following is an immediate consequence of Theorem 6.1.

Theorem 6.2. 5#7 (G) is spanned by solutions of the form u(x)= f D3E(x, y)du(y),
supp u< Q\G, if and only if (G has the approximation property for W} RY.

We now assume that G is the interior of a compact set X< Q. We ask if the
measures in Theorem 6.2 can be replaced by point masses in 2\ X, in other words
if #(X) is dense in #?(X). That this is the case if [X is not too fat on too big
a part of dX is the content of the following theorems, which improve on earlier
results of Polking [37] and the author [23], to which papers we refer for more in-
formation concerning the problem. In particular necessary and sufficient conditions
are given in the case when X has no interior, so that #?(X)=L?(X). A related
problem is solved by Fernstréom and Polking in [17].

Theorem 6.3. #(X) is dense in #7(X°) if [X° has the approximation property
Jor WiR?Y), and if furthermore [X is (k, g)-fat (k, g)-a.e. on 8X for k=1,2, ..., m.

Theorem 6.4. #(X) is dense in #P(X°) if [X° has the approximation property
Sor W2(R?) and if furthermore there is an n=0 such that C, s(UN\X)=nC; 4(UNX®)
Jor k=1,2,....,m and all open sets U.

Proof. Suppose that g€L?(X) and that Z(y)= f g(X)E(x, y)dx=0 for all
yEOQN\X. Thus g€ W2 and g(y) vanishes on [X. If X satisfies either of the assump-
tions, it follows that &(y) and V*$(y) vanish (m—k, g)-ae. on 9X for k=
0,1,...,m—1. In the case of Theorem 6.3 this is a consequence of Theorem 1.3,
and in the case of Theorem 6.4 the result is found in [21; Theorem 11].

By the approximation property ¢ can be approximated in W2(R%) by C~ func-
tions ¢ with support in X°. But if u€ L? (X) (we set u=0 on [X) and P(x, D)u(x)=0
on X° we have (g, u)=("P(y, D), u)=(g, P(x, D)u)=lim,_, (¢, P(x, D)u)=0.
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It follows that u can be approximated in L?(X) by linear combinations 37 a,E(-, ),
Y€\ X, which proves the theorems.

Finally we apply Theorem 5.1 to obtain a result where the approximation
property does not enter explicitly in the assumptions.

Theorem 6.5. #(X) is dense in P (X) if [X is (1, g)-fat (1, q)-a.e. on X, and
if liminfs,, ¢ 4((X, %, 8)=0 (k, g)-a.e. on X for k=2, .., m.
(lim inf;o ¢, o CX, x, 8 28)>0, if kg=d)

Proof. By Theorem 5.1 the conditions imply that {X has the approximation
property. The theorem follows as before.

The question of the necessity of the above conditions is somewhat mysterious.
The condition C, ,(UN\X)=C,, ,(UNX?) for all open U is necessary (Polking
[37: Theorem 2.7]). In the case when X° is empty this condition is both necessary
and sufficient (Polking [37; Theorem 2.6]), in particular #(X) is always dense
in LP(X) if mg=>d. It might be tempting to believe that #(X) is always dense
in #P(X) if mg=d, even if X has interior. This would be analogous to the fact
that for holomorphic functions in the plane (m=1) one always has density in
HP(X) if p<2(g=2), but not if p=2, whether or not X has an interior. However,
the following example shows that the presence of an interior really complicates
the situation, and that (X)) is dense in s#7(X) for all X only if ¢g>d. (I am grateful
to A. A. Goncar for prompting me to construct such an example.)

Example 6.6. Let g=d, and let m=1. Then there is a compact set XcR*
such that #(X) is not dense in #7(X) for any P(x, D) of order m satisfying the
above conditions.

Proof. 1t is enough to construct a set X and a function @€ W2(R? such that
supppcCX, and V™ '¢(x)#0 on a subset of dX with positive (1, d)-capacity.

Denote the unit ball in R? by B, and the (d—1)-dimensional ball {x¢RY;
[x|=%,x,=0} by D. We shall choose suitable disjoint balls B,,k=1,2, ..., B,=
{x; [x—x¢|<r}, €D, and set X=B\(Us_, B,)-

Let R,>r, and let x,€C*=(0, ) be such that x;(r)=1 for O0=r=r,, 3, (r)=0
for r=R;, 0=yx=1, and [Diy(r)|=Ar~i(og Ri/r)™}, 1=j=m. Set Y, (x)=
X (jx—x,]), and choose a function @,€Cy(B,) such that @,(x)=x7 "' in a neigh-
borhood of D.

It is easily verified that [ |V™(@e¥)|*dx=A(log Ry/r)'~% if Ry is small
enough. Now choose R, so that >, Ri~'<2'"% and x; so that the balls
{x; Ix—x,/=R,} are disjoint. Finally choose 7, so that 3.7 (log Ry/r)' ¢<eo,
and set @=g4(1—>7 ;). Clearly ¢pcW?, and supppcCX. But every x€D
that is not contained in one of the balls {x;|x—x,|=R;} is a boundary point of
X. On the line perpendicular to D through such a point we have ¢=¢,, and thus
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o7 lo(x)=(m—1)!. Since the set of such points has positive (d—1)-dimensional
measure, ¢ has the desired properties.
An easy modification gives the following example.

Example 6.7. Let d=g+1, and let m=1. Then there is a compact set XcR*
with connected complement which has the properties of Example 6.6.

Proof. Let X,cR?! be the set constructed in Example 6.6, and set
X=X,X[0,1]. Let oc Wi 1(R*") be the function constructed in Example 6.6,
and set P=¢y, where Y€ C;’ [0, 1]. Then & has the desired properties.

Remarks added in November 1977: After this paper had already been accepted
for publication I became aware of some earlier related work that deserves comment.

The problem of approximation in L? by solutions of elliptic equations was
raised in 1961 by I. Babudka [43; Section VI] in connection with a study of the
stability of the Dirichlet problem for the polyharmonic equation 4™u=0. It is
easily seen that Babuska’s definition of A™-stability can be formulated in the follow-
ing way (See [43; Def. 5.1], and also the recent monograph by B.-W. Shulze and
G. Wildenhain [44; Def. IX. 5.6].):

Let G be a bounded domain which is equal to the interior of its closure. Then
G is A™-stable if every function fin W2(R?) that vanishes off G can be approximated
in WARY) by functions in Cy (G).

Thus, as Babuska observed [43; Theorem 6.3 and Remarks] (See also Polking
[37; Theorem 1.11.), approximation in L*(G) by solutions of an elliptic equation of
order m is equivalent to the A™-stability of G, and our Theorems 6.3—6.5 give
sufficient conditions for A™-stability. Babu$ka gave some geometric sufficient condi-
tions for A™-stability, and he also gave examples of a domain in R? which is 4-
unstable, and a domain in R® which is A2-unstable. Our Example 6.6 gives a domain
in R? which is A™-unstable for all m=1.

A necessary and sufficient condition for A™-stability, expressed in terms of
a different capacity, was given by E. M. Saak [45]. Let the capacity N, , be defined
for compact F by N, ,(F)=inf {|o|? ; ©€CF, o(x)=1 in a neighborhood of F},
and for arbitrary E by N, ,(E)=sup{N,, ,(F); FCE, F compact}. (Then it is
known that N,, ,(F) and C,, ,(F) are equivalent in the sense that they have bounded
ratios. See [32, § 5], or [4].) Then Saak’s necessary and sufficient condition can be
formulated as follows: G is 4™-stable if and only if N, ;(B\G)=N,, ;(B\G) for
all open balls B. (In order to facilitate comparison we have modified his statements
somewhat. Also, Saak assumes 2m<d.

The approximation property for W2 studied in this paper (in its dual formula-
tion as given in Theorem 6.1) was introduced by B. Fuglede in 1968 in the case
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g=2 (unpublished, see [44; IX. § 5.1]). Fuglede called this property the 2m-spectral
synthesis property. He noticed that the fine Dirichlet problem for the polyharmonic
equation A™u=0 in a domain G has a unique solution if and only if (G satisfies
2m-spectral synthesis. In other words, 2m-spectral synthesis is true for [:G if and
only if every u in WZ(R% which satisfies 4™«=0 in G and vanishes on ﬂ@ together
with its derivatives of order up to m—1 (i.e. V*u=0 (m— k|, 2)-a.e. on [[G for
|k|=0, 1,2, ..., m—1), has to vanish identically.

It is proved in [44; Satz IX. 5.4] that the fine Dirichlet problem for 4™ is uniquely
solvable in G if G is A™-stable, and a weaker result was given by Babuska [43; The-
orem 7.3]. This is an immediate consequence of Theorem 6.1 above. Moreover,
our Corollary 5.3 shows that the fine Dirichlet problem for A™ is uniquely solvable
in all G in R? and R3.
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