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Abstract

We study the problem of designing at minimum cost a two-connected network suchthat
eachedge belongs to a cycle usingat mostK edges. This problem is a particular caseof the
two-connected networks with bounded meshesproblem studied by Fortz, Labb́e andMaffi-
oli [6].

In this paper, wecompute a lower bound on thenumber of edgesin a feasible solution, we
show that theproblem is strongly NP-completefor any fixedK, andwe derive new classes of
facetdefininginequalities. Numerical results obtainedwith a branch-and-cutalgorithm using
theseinequalitiesshowtheir effectivenessfor solving theproblem.

Keywords: network design,combinatorialoptimization,branch-and-cut

1 Introduction

Telecommunicationnetwork planninghasbecomein the last decadean importantproblemarea
for developing andapplyingoptimizationmodels.Telephonecompanieshave initiatedextensive
modelingandplanningefforts to expandandupgradetheir transmissionfacilities.

Recently, Fortz et al. [6] introduced a new model for the topological designof backbone
telecommunicationnetworks. The two-connectednetwork with boundedrings(or meshes)prob-
lem(2CNBR) consists in designingaminimumcostnetwork N with thefollowing constraints:

1. N containsat leasttwo node-disjoint pathsbetweeneverypair of nodes(2-connectivitycon-
straints),
and

2. eachedgeof N mustbelongto at leastonecyclewhoselengthis boundedby agiven constant
K (ring constraints).�
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In themostcommonmathematical modelfor topological network design,a graphG � �
V � E �

is consideredwhereV is thesetof nodesthathave to beconnectedandE is thesetof edges,that
is thesetof potentiallinks betweennodes.Eachedgee of E hasa fixednonnegative costce and
the objective is to find the subsetF of E of minimum total cost,suchthat the resultingnetwork
N � �

V � F � satisfiessomesurvivability requirement.This requirementcan be that the network
beeitherk-edge-connectedor k-node-connected, which meansthat theremoval of any

�
k � 1� or

feweredges(respectively, nodes)leavesG connected.
In mostcases,two-connectednetworks have beenfound to provide a sufficient level of sur-

vivability . Hence,a considerableamountof researchhasfocusedon so-calledlow-connectivity
constrainednetwork designproblems,i.e. problemsfor which eachnode j is characterized by a
requirementsr j �	� 0 � 1 � 2 
 andmin � rv � rw 
 node-disjoint pathsbetweeneverypairof distinctnodes
v, w arerequired.Work on this kind of problemgoesfrom theearlycontributionsof Steiglitzet
al. [12] to themorerecentarticlesof GrötschelandMonma[7], Boyd andHao[3], Monma and
Shallcross[10], Grötschelet al. [8, 9], andothers.For in depthsurveys in this areathereaderis
referredto Fortz [4] andGrötschelet al. [9].

Theminimum-costtwo-connectednetwork is oftena Hamiltoniancycle. Therefore,any edge
failurewould requireto reroutetheflow thatpassedthroughthatedge,usingall theedgesof the
network, anobviously undesirablefeature.Fortzetal. [6] proposedto addring constraintsto limit
theregion of influenceof thetraffic which is necessaryto rerouteif a connectionis broken. They
implementeda first branch-and-cutalgorithmto solve theproblemaswell asseveralconstructive
heuristics.More recently, Fortz andLabb́e [5] studiedthestructureof theunderlyingpolyhedra,
deriving new classesof facet-defining inequalities.

An importantapplicationof ring constraintsappearin topologiesusingtherecenttechnology
of self-healingrings. Self-healingringsarecyclesin thenetwork equippedin sucha way thatany
link failure in thering is automatically detectedandthe traffic reroutedby thealternative pathin
thecycle. Dueto technologicalconstraints,thelengthof self-healingringsmustbe limited. This
is equivalentto setaboundon thelengthof theshortestcycle includingeachedge.In practice,the
lengthof thering is computedasthenumberof hops, i.e. thenumberof nodesthatcomposethe
ring. This correspondsto theparticularcaseof 2CNBRthatariseswhena unit lengthis givento
eachedge.

In this paper, we derive additionalpropertiesfor this particularcase.The next sectionintro-
ducessomenotationanda mathematical formulation for our model. In Section3, we compute
a lower boundon thenumberof edgesin any feasiblesolution. This boundis usedin Section4
to show that theproblemis NP-completeevenfor K fixed,andis thenextendedto a new classof
valid inequalitiesin Section5. Theseparationproblemfor theseinequalitiesis studiedin Section6,
andabranch-and-cutalgorithmis outlinedin Section7. Numericalresultswith thisalgorithmare
presentedin Section8.

2 Notation and model

As mentionedbefore,we representthe given setof nodesandpossible cableconnectionsby an
undirectedgraphG � � V � E � . Throughoutthispaper, n : ���V � andm : �
�E � will denotethenumber
of nodesandedgesof G.
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GiventhegraphG � � V � E � andW � V, theedgeset

δ
�
W � : � ��� i � j 
 � E � i � W� j � V � W 


is calledthecut inducedbyW. Wewrite δG
�
W � to makeclear— in caseof possibleambiguities—

with respectto which graphthe cut inducedby W is considered.The degreeof a nodev is the
cardinalityof δ

�
v� . Theset

E
�
W � : � ��� i � j 
 � E � i � W� j � W 


is thesetof edgeshaving bothendnodesin W. We denoteby G
�
W ��� �

W� E � W ��� thesubgraph
inducedby edgeshaving bothendnodesin W. If E

�
W � is empty, W is an independentset. G� W

is the graphobtainedfrom G by contractingthe nodesin W to a new nodew (retainingparallel
edges).

WedenotebyV � z : � V � � z
 andE � e : � E � � e
 thesubsetsobtainedby removingonenode
or oneedgefrom thesetof nodesor edges,andG � zdenotesthegraph

�
V � z� E � δ

� � z
���� , i.e. the
graphobtainedby removing a nodez andits incidentedgesfrom G. This is extendedto a subset
Z � V of nodesby thenotationG � Z : � � V � Z � E � � δ � Z ��� E

�
Z ����� .

Eachedgee : � � i � j 
 � E, hasa fixedcostce : � ci j representingthe costof establishing the
directlink connection.Thecostof anetwork N � � V � F � whereF � E is asubsetof possibleedges
is denotedby c

�
F � : � ∑

e� F
ce. Thedistancebetweentwo nodesi and j in this network is denoted

by dF
�
i � j � andis givenby theminimumnumberof edgesin apathlinking thesetwo nodesin F.

A usefultool to analyzefeasiblesolutionsof 2CNBRis the restrictionof a graphto bounded
rings. Givena graphG � �

V � E � anda constantK � 0, we definefor eachsubsetof edgesF � E
its restrictionto boundedringsFK as

FK : � �
e � F :

ebelongsto at leastonecycle
of lengthlessthanor equalto K in F ���

ThesubgraphGK � � V � EK � is therestrictionofG toboundedrings. Remarkthatanedgee � E � EK

will neverbelongto a feasiblesolutionof 2CNBR.
In orderto formulatethe2CNBRproblem,weassociatewith everysubsetF � E an incidence

vectorxF � � xF
e � e� E ��� 0 � 1 
! E  by setting

xF
e : � �

1 if e � F �
0 otherwise�

Conversely, eachvectorx ��� 0 � 1 
  E  inducesasubset

Fx : � � e � E � xe � 1 
 �
Furtherwedenoteby " G # K thesetof incidencevectorsxF with F � E suchthat

1. F is two-connected,

2. F � FK.
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Then,the2CNBRproblemconsistsin

min $ ∑
e� E

cexe : x � " G #K % �
Sinceall costsce � e � E areassumedto be positive, therealwaysexists an optimal solution

of 2CNBR whoseinducedgraphis minimal with respectto inclusion. Hence,2CNBR can be
equivalently formulatedas

min $ ∑
e� E

cexe : x � ZZ& andthereexistsy � " G #K : y ' x % �
For any subsetof edgesF � E wedefine

x
�
F � : � ∑

e� F
xe �

Wealsodenoteby ei the i-th unit vectorin lRn.
If a subsetof edgesS � E is suchthat

�
G � S� K is not two-connected,thenG � S doesnot

containa feasiblesolution, andthereforeeachfeasiblesolution containsat leastoneedgefrom S.
As we areonly interestedin minimal feasiblesolutions,this is sufficient to formulatethe2CNBR
problemasthefollowing integerlinearprogram:

min ∑
e� E

cexe

s.t.

x
�
S��( 1 S � E � � G � S� K is not two-connected� (1)

xe ( 0 e � E � (2)

xe integer e � E � (3)

Constraints(1) arecalledsubsetconstraintsandprovideasetcoveringformulationof the2CNBR
problem.This formulation wasintroducedby Fortz andLabb́e [5]. They alsocharacterizedwhich
subsetconstraintsarefacet-definingfor)

G # K : � conv � x � lR E  : x satisfies
�
1�*� � 3�+
,�

thepolyhedronassociatedto the2CNBRproblem.Thispolyhedronis fully dimensional.

3 A lower bound on the number of edges

In this section,we computea lower boundon the numberof edgesin any feasiblesolution of
2CNBR.Thisresultis usefulfor showing thattheproblemis NP-completefor any fixedK ( 3 and
for deriving new valid inequalities.

We first needthe following definitionsandpropertiesfrom graphtheory. Let G � �
V � E � be

a connectedgraphwith n �-�V � nodesand m �-�E � edges,and let T be a spanningtree in G.
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1 0 0 0 1 1 0 1 0
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0 0 0 1 1 1 1 0 1

2433335
Figure1: An exampleof graphandits fundamentalcyclematrix

The additionof an edgeto T createsexactly onecycle, calleda fundamental cycle. Sincethere
arem � n 6 1 chordsin G, thereareexactly m � n 6 1 fundamentalcyclesassociatedwith each
spanningtree.

Now, supposethe edgesof G areorderedase1 � ����� � em, andwe have a setof cyclesσi � i �
1 � ����� � k. Then,wecandefineacyclematrixC � � ci j � k 7 m in which

ci j � �
1 if σi containsedgeej �
0 otherwise.

If the cyclesσi arethe fundamentalcyclesassociatedto a spanningtreeT, this matrix is called
fundamental cycle matrix. Moreover, if edgesin G are numberedstartingfrom the edgesnot
belongingto T, andthefundamentalcyclesarenumberedaccordingly, thenthefundamentalcycle
matrixhasthefollowing form :

C �98 Iµ;Ct : �
where Iµ is an identity matrix of dimensionµ � m � n 6 1, andCt is the remainingmatrix of
dimension µ ; � n � 1� correspondingto theedgesof T.

Figure1 shows anexampleof graphwith its associatedfundamentalcycle matrix, wherethe
fundamentalcyclesaredefinedby thespanningtreedrawn in bold.

It is clearthat the rank of the fundamentalcycle matrix C is µ � m � n 6 1. With respectto
scalarsin � 0 � 1 
 and the additionmodulo 2 (that we denoteby < ), the fundamentalcyclesare
independent,andwecandefineavectorspacefor whichthefundamentalcyclesform abasis.This
vectorspaceis called the cyclespace, andall the othercycles in G canbe obtainedasa linear
combination of rowsrepresentingthefundamentalcyclesin C. Thedimension µ of thecyclespace
is alsocalledthecyclomaticnumberof thegraph.

Moredetailsaboutfundamentalcyclesandthecyclespacecanbefounde.g.in Berge[2].
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We cannow provethefirst importantresultof thissection.

Theorem 1 Let G � �
V � E � be a two-edge-connectednetworkwith n �=�V � nodesand m �=�E �

edges. If there existsa coveringof theedgesof thenetworkby cyclescontaining at mostK nodes
each, thenthereexistssuch a coveringusingat mostµ � m � n 6 1 independentcycles.

Proof. SinceG is two-edge-connected,eachedgebelongsto a cycle, which canbe obtained
by a linearcombinationof theelementsof a basisof thecycle space.This meansthateachedge
mustbelongto at leastonecycle in a basis,or, in otherwords, that a basisof the cycle space
coverstheedgesof thenetwork. Moreover, eachcyclematrixof rankµ definesabasisof thecycle
space.This impliesthatthesetof cyclesdefinedby any cyclematrixof rankµ — andin particular,
fundamentalcycles— coverstheedgesof thenetwork.

Let C be a fundamentalcycle matrix for G. If a subsetof the fundamentalcyclesthatuseat
mostK nodescoverstheedges,it formstherequestedcovering. Otherwise,we transformC in a
cycle matrixC> of rankµ suchthat thesubsetof cyclesof C > thatuseat mostK nodescoversthe
network.

In order to obtain that transformation, we now show that a cycle matrix of rank µ, defining
r
�
r ' µ� cyclesusingat mostK nodes,andsuchthat theser cyclesdo not cover thesetof edges

E, canbetransformedinto a cycle matrix of rankµ, definingr 6 1 cyclesusingat mostK nodes.
By applyingthis constructioniteratively to thefundamentalcycle matrixC, we createa sequence
of matricesof rankµ, thuscoveringtheedgesof thenetwork by independentcycles,andsuchthat
thenumberof cyclesusingat mostK nodesis increasedby oneat eachstep.We stopwhenthese
cyclesusingatmostK nodescoverthenetwork, i.e. theseform therequestedcovering. Thisoccurs
in a finite numberof steps,sincein theworstcase,we endwith a matrixcontainingµ cycles,each
usingat mostK nodes,andthatcoverall theedges.

Let C1 bea µ ; m cycle matrix of rankµ andsuppose therearer cyclesusingat mostK nodes
in C1. Without lossof generality, wecansupposethesecyclesform ther first rowsof C1, i.e. C1 is
of theform

C1 �@? Cr

Ct A �
whereCr is a r ; mcyclematrixsuchthateachcycledefinedbyCr usesatmostK nodesandCt is
a
�
µ � r �B; mcyclematrixsuchthateachcycledefinedby Ct usesat leastK 6 1 nodes.
Supposecyclesin Cr do not cover thenetwork, i.e. thereexists anedgee � E which doesnot

belongto any cycle in Cr . This edgemustbelongto a cycle σ usingat mostK nodes.SinceC1 is
of rankµ, σ canbeobtainedby a linearcombinationof its rows. Moreover, sinceno cycle in Cr

usese, the linearcombinationusesat leastonerow of Ct . Replacingthis row of Ct by the linear
combination of rowsdefiningσ, weobtainanew cyclematrixC2 of samerankµ anddefiningr 6 1
cyclesusingat mostK nodes. C

Interestingly, Theorem1 still holdsif thegraphG containsmultiple edges.Notethatthecycles
in thecoverdonotnecessarilycorrespondto aspanningtree.Theconstructiveproofof Theorem1
is illustratedby thefollowingexample.Considerthegraphof Figure2 with thefundamentalcycles
associatedto thespanning treedrawn in bold,andsupposetheringsmustuseatmost3 nodes.The

6



e1

e3

e2 e4

e5

e8e7

e6 e9

e11 e12

e10

Figure2: An illustrationof Theorem1

fundamentalcyclematrix is

C � .0000001
e1e2e3e4e5 e6e7e8e9e10e11e12

1 0 0 0 0 0 1 1 0 0 0 0 σ1

0 1 0 0 0 1 0 0 0 1 0 0 σ2

0 0 1 0 0 0 0 0 0 0 1 1 σ3

0 0 0 1 0 1 1 1 0 1 1 1 σ4

0 0 0 0 1 1 1 1 1 1 1 1 σ5

243333335 �
ThematrixCr of cyclesusingatmost3nodesconsistsof thefirst3 rowsof C. However, thecolumn
correspondingto e4 in Cr is null, meaninge4 is not coveredby Cr . But e4 � σ � � e4 � e5 � e9 
 andσ
is obtainedby combining σ4 andσ5. Wecanthusreplaceσ4 by σ andweobtainthenew matrix

C> � .0000001
e1e2e3e4e5 e6e7e8e9e10e11e12

1 0 0 0 0 0 1 1 0 0 0 0 σ1

0 1 0 0 0 1 0 0 0 1 0 0 σ2

0 0 1 0 0 0 0 0 0 0 1 1 σ3

0 0 0 1 1 0 0 0 1 0 0 0 σ
0 0 0 0 1 1 1 1 1 1 1 1 σ5

243333335 �
Cyclesusingatmost3 nodesaregiven by thefirst 4 rows,andnocolumnof thecorrespondingsub-
matrix is null, meaningσ1 � σ2 � σ3 andσ form acoveringof thenetwork asrequestedin Theorem1.

Theorem1 is thekey to establishthemainresultof thissection.

Theorem 2 Let G � �
V � E � be a two-connectednetworkwith n �D�V � nodesand m �D�E � edges,

such that thereexistsa coveringof thenetworkbycyclesusingat mostK nodes.Then,

m ( M
�
n � K � : � n 6 min ?FE n � K

K � 2 G � E n
K � 1 G A � (4)

i.e. G containsat leastM
�
n � K � edges.

Proof. FromTheorem1, thereexists a coveringof G by at mostm � n 6 1 independentcycles
usingat mostK nodes.We considertwo disjointcases:
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Figure3: Combinationsof a cycleσ andanoutsidepathP to generatecyclesσ1 andσ2

1. There existsa coveringsatisfyingTheorem1 andusingat mostm � n cycles.

In this case,thesumof the numberof edgesusedin eachcycle is greaterthanor equalto
m, sincethecyclescover thenetwork. Moreover, sinceeachcycleusesat mostK edges,we
have

m ' � m � n� K �
andtheintegrality of m allows to concludethat

m ( n 6 E n
K � 1 G � (5)

2. All coveringssatisfying Theorem1 useexactlym � n 6 1 cycles.

It meansthat thereexists sucha coveringwhich is alsoa basisof thecycle space.We first
show that eachcycle in this covering sharesat leastoneedgewith the others. Supposeit
is not thecasefor somecycle σ in thecovering. Sincethenetwork is two-connected,there
exist two nodesu andv in thesubsetof thenodesof σ adjacentto nodesthatdo not belong
to σ (theboundaryof σ) andthatarelinkedby apathP with noedgein commonwith σ, as
depictedin Figure3. Two otherpathsP1 andP2 betweenu andv form σ. Combining P with
P1 andP2 respectively, we obtaintwo new cyclesσ1 � P < P1 andσ2 � P < P2. Sincethe
coveringdefinesa basis,σ1 andσ2 canbeobtainedby a linearcombinationof thecyclesin
thecovering.

If wesupposetheedgesareorderedstartingfrom thosein P1 thenP2, andfinally theremain-
ing edges,thevectorcorrespondingto σ hastheform�

1 ����� 1I J4K L
P1

1 ����� 1I J4K L
P2

0 ����� 0 �
while theothercyclesin thebasishave theform�

0 ����� 0I J4K L
P1

0 ����� 0I J4K L
P2

; ����� ;M�
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sincewesupposedσ hadnoedgein commonwith any othercyclein thecovering.Moreover,
thevectorcorrespondingto σ1 hastheform�

1 ����� 1I J4K L
P1

0 ����� 0I J4K L
P2

; ����� ;N� �
It is clearfrom theform of thosevectorsthatσ1 cannotbeobtainedby a linearcombination
of cyclesin thecovering,which leadsto acontradiction.

Soeachcycle in thebasissharesat leastoneedgewith someothercycle in thebasis.The
sumof thenumberof edgesusedin eachcycle is thusgreaterthanor equalto 2m � n, since
at leastm � n repetitionsof edgeoccurin this counting.This sumis alsolessthanor equal
to
�
m � n 6 1� K sinceeachcycleusesat mostK edges.Wecanconcludethat

2m � n ' � m � n 6 1� K �
or, sincem is integral,

m ( n 69E n � K
K � 2 G � (6)

Sinceoneof thesetwo casesmustoccur, (5) or (6) is satisfied,thusthe numberof edgesm
satisfies(4). C

Theorem2 providesa lower boundon thenumberof edgesin a feasiblesolution. This bound
is tight, aswe will seein the proof of Theorem6, andit is useful for showing that the problem
is NP-complete,which is donein thenext section.Moreover, a similar applicationof Theorem1
leadsto someclassesof strongvalid inequalitiesthataredescribedin Section5.

4 Complexity

In this section,we show that the recognitionversionof the 2CNBR problemis NP-completefor
any fixedvalueof theboundK.

Problem 3 (R2CNBR) Let G � �
V � E � bea graph,K ( 3 a givenconstantandB ( 0 an integer.

To each edge e � E is associated a costce and a unit lengthde � 1. Doesthere existsa subset
F � E of edgessuch thatFK is two-connectedandc

�
F �O' B ?

Theorem 4 R2CNBRis NP-completefor anyK ( 3.

Proof.
It is easyto seethat R2CNBRbelongsto NP. We show that the Hamiltonian cycle problem

reducestoR2CNBR, for any fixedK ( 3. LetG � � V � E � beagraphwith n �P�V � nodesandm �P�E �
edges,andsupposeV � � v1 � ����� � vn 
 . The Hamiltoniancycle problemconsistsin determiningif
thereexistsa Hamiltoniancycle in G.

Thisproblemis NP-completeandit canbetransformedinto R2CNBRin thefollowing way.
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Figure4: Transformationof Hamiltoniancycle into 2CNBR
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If K ( n, findingaHamiltoniancycle is equivalentto findinga two-connectednetwork of cost
lessthanor equalto n, for thesamegraph,with unit edgecosts.But K ( n impliesthatR2CNBRis
equivalentto thetwo-connectednetwork problem,sincetheconstraintsontheringsareredundant.
ThustheHamiltoniancycleproblemreducesto R2CNBRif K ( n.

If K Q n, defineagraphG>�� � V >R� E >S� with

V > � K T 2U
kV 0

Vk � whereVk � � vk
1 � ����� � vk

n 
,� k � 0 � ���W� � K � 2 �
and

E > � U
i # j: X vi # v j Y � E

��� v0
i � v0

j 
,� � v0
i � vK T 2

j 
,� � v0
j � vK T 2

i 
�
Z� K T 3U
kV 0

nU
i V 0
��� vk

i � vk & 1
i 
�


A unit costis againassignedto eachedge.This transformation is illustratedin Figure4 for K � 5.
G> is composedof n>�� � K � 1� n nodesandm>�� 3m 6 � K � 2� n edges.Thetransformationcan

thusbeperformedin polynomial timeandspace.Wewill show thatthereexistsa feasiblesolution
of 2CNBRof costlessthanor equalto Kn in G> if andonly if thereexists a Hamiltonian cycle in
G, andconversely.

SupposethereexistsasolutionF of 2CNBRof costlessthanor equalto Kn in G > . Sinceedge
costsareunitary, thenumberof edgesin F is equalto thecostof thesolution, c

�
F � . By Theorem2,

we thushave

c
�
F �O( n> 6 min ?[E n>4� K

K � 2 G � E n>
K � 1 G A �

But n>\� � K � 1� n, sowehave
n>

K � 1
� n

and
n> � K
K � 2

� �
K � 1� n � K

K � 2
� n 6 n � K

K � 2
� n � n>

K � 1
�

sincen � K andK ( 3. Thus,

Kn ( c
�
F ��( n> 69E n>

K � 1 G � � K � 1� n 6 n � Kn �
andF containsexactlyKn edges.

SinceF is two-connected,thedegreeof eachnodein this solution is at leasttwo. Moreover,
for eachvk

i , i � 1 � ����� � n � k � 1 � ����� � K � 3, thereareonly two possible edges,andtheseedgesmust
belongto any feasiblesolution. Thereare

�
K � 2� n suchedgesthat form n pathsof lengthK � 2,�

v0
i � v1

i � ����� � vK T 2
i � , asillustratedin bold in Figure5. Sinceeachedgein thesepathsmustbelong

to a cycle usingat mostK nodes,two edges
�
vK T 2

i � w� and
�
w� v0

i � mustbein thesolution to close
eachpathandform afeasiblecycle. It is clearthattheonly possible choicefor w is anodev0

j � V0.

In this way, we get a subgraph
�
V > � F � with Kn edges,with exactly n edgesin F

�
V0 � , corre-

spondingto edgesin E. We show thattheseedgesform a Hamiltoniancycle in G. Sincethereare
exactly n edges,it is sufficient to show that theseinducea two-connectedsubgraphof G, i.e. that
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Edgesthatmustbelongto any feasible solution

TSPsolution for theoriginal graph
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Figure5: A solutionof R2CNBRandthecorrespondingHamiltoniancycle

F
�
V0 � is two-connected.Let v0

i andv0
j beany two nodesin V0. In F , therearetwo node-disjoint

pathsfrom v0
i to v0

j , sinceF is two-connected.If thesepathsuseonly nodesin V0, theexpected

resultholds. Otherwise,eachnodeof thesepathsnot belongingto V 0 mustappearin a sequence
of theform v0

k � v1
k � ����� � vK T 2

k � v0
l . By our previousconstruction, this imply that

�
v0

k � v0
l � is alsoin the

solution. Replacingeachsequenceof the form v0
k � v1

k � ����� � vK T 2
k � v0

l usingnodesoutside V0 by the
correspondingshortcut

�
v0

k � v0
l � leadsto two disjoint pathsfrom v0

i to v0
j in E

�
V0 � .

So,F
�
V0 � is two-connectedandthen edgesin F

�
V0 � correspondto aHamiltoniancycle in G.

Conversely, it is easyto seethatwecancompleteanedgesetF
�
V0 � correspondingto aHamil-

tonian cycle in G, definedby the sequenceof nodesvi1 � vi2 � ����� � vin � vin] 1 � vi1, into a feasible
solution F of 2CNBRwith Kn edgesby addingthepathsv0

ik
� v1

ik
� ���^� � vK T 2

ik
� v0

ik ] 1
for k � 1 � ���^� � n to

theedgesalreadyin F
�
V0 � .

Thisconcludestheproofof Theorem4. C
5 Cyclomatic inequalities

Fromthelowerboundon thenumberof edgesin a feasiblesolution obtainedin Section3, we can
concludethat

∑
e� E

xe ( M
�
n � K �_� n 6 min ?`E n � K

K � 2 G � E n
K � 1 G A

is a valid inequality for 2CNBR. In this section,we extend this result to new classesof valid
inequalitiesfor 2CNBR.
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Figure6: A graphG, thecontractedgraphĜ andthe two stepsof G construction,with a bound
K � 4.

Our first resultis anextensionof Theorem2 to apartition of V.

Proposition 5 LetG � � V � E � beagraphwithn �a�V � nodes,K ( 3agivenconstant,andW1 � W2 � ����� � Wp
�
p (

2� a partitionofV. Then
1
2

p

∑
i V 1

x
�
δ
�
Wi ����( M

�
p � K � (7)

is a valid inequality for 2CNBR.

Proof. Let F be a feasiblesolution to the 2CNBR problemandlet Ĝ denotethe contracted
graph

�
V � F ��� W1 � ����� � Wp, andm̂ thenumberof edgesin Ĝ. Weshow thatm̂ ( M

�
p � K � .

It is easyto seethatĜ is two-edge-connectedandthateachedgein Ĝ belongsto acycleusing
at mostK edges.

If Ĝ is two-connected,Theorem2 holdsfor Ĝ, i.e m̂ ( M
�
p � k � . Otherwise,Ĝ containsq ( 1

articulationpoints. Let z beoneof thesenodes,obtainedafter thecontractionof a subsetZ � V
of nodesin G (Figure6(a,b)). SinceF is two-connected,theboundaryof Z containsat leasttwo
nodes.Let u beoneof thesenodes.Replacingz by two nodesz1 andz2, andreplacingeachedge
incidentto zby anedgeconnectedto z1 if thecorrespondingedgein G wasconnectedto u, andby
anedgeconnectedto z2 otherwise,weobtainagraphwith onearticulationpoint less,asillustrated
in Figure6(c). However, it is possible that this new graphcontainssomeedgesnot belongingto
a cycle usingat mostK edges. In this case,let e be oneof theseedges.Before replacingz, e
belongedto at leastonefeasiblecycle. Eachof thesecycleshasbeenreplacedby a pathfrom z1

13
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Figure7: F1 andF2 for n � 12andK � 4

to z2. It is easyto seethat oneof thesepathsmustcontainat mostK � 1 edges,otherwisethe
correspondingedgein F cannotbelongto a feasiblecycle. Therefore,addinganedgelinking z1

andz2 is sufficient to createafeasiblecyclecontaininge (Figure6(d)). Repeatingthisconstruction
for eacharticulationpoint, we obtaina two-connectedgraphG suchthateachedgein G belongs
to a cycle usingat mostK edges.SinceG hasp 6 q nodes,it containsat leastM

�
p 6 q � K � edges

by Theorem2, andby ourconstruction, it containsat mostm̂ 6 q edges.Therefore,

m̂ ( M
�
p 6 q � K �b� q � p 6 min ?`E p 6 q � K

K � 2 G � E p 6 q
K � 1 G A ( M

�
p � K �c�

andwehaveprovedProposition5. C
Inequalities(7) arecalledcyclomaticinequalities. Thenext theoremshows thattheinequality

boundingthetotalnumberof edges(i.e. p � n) is facet-definingfor completegraphs.

Theorem 6 Let G � �
V � E � be a completegraph with V � � v1 � ����� � vn 
 , and 3 ' K Q n a given

constant.Thenx
�
E �d( M

�
n � K � definesa facetof

)
G # K.

Proof. We considerseparatelythe two casescorrespondingto the two possible valuesof
M
�
n � K � .

M
�
n � K �_� n 6�e n T K

K T 2 f .
Let bTx ( β bea facet-defininginequalitysuchthat thefaceinducedby x

�
E �g( M

�
n � k � in)

G #K is containedin the facetFb inducedby bTx ( β. Our aim is to show that be hasthe
samevaluefor all e � E.

Considerapermutation � i1 � ����� � in 
 of � 1 � ����� � n 
 , andthetwo following setsof edges:

F1 � n T 1U
j V 1
��� vi j � vi j ] 1 
�
B� ��� vi1 � vin 
�
B� ��� vi1 � viK 
�
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�ih n j 2
2 k K j 2lRm T 1U

j V 1
��� viK ]nk j j 1lok K j 2l � vin] 1 j j k K j 2l 
�


� h n j K
2 k K j 2l m T 1U

j V 1
��� vin] 1 j j k K j 2l � viK ] j k K j 2l 
�
,�

F2 � n T 1U
j V 2
��� vi j � vi j ] 1 
�
B� ��� vi1 � vin 
�
� ��� vi1 � viK 
�
B� ��� vi2 � viK ] 1 
�
� h n j 2
2 k K j 2lRm T 1U

j V 1
��� viK ]nk j j 1lok K j 2l � vin] 1 j j k K j 2l 
�


� h n j K
2 k K j 2l m T 1U

j V 1
��� vin] 1 j j k K j 2l � viK ] j k K j 2l 
�
 �

Theseconstructionsareillustratedin Figure7 for n � 12andK � 4. It is easyto seethat
F1 andF2 definefeasiblesolutions of 2CNBR, andthat �F1 ���p�F2 �n� M

�
n � K � . Therefore,

theincidencevectorsof F1 andF2 lie in Fb. SinceF2 is obtainedfrom F1 by replacingedge� vi1 � vi2 
 by � vi2 � viK ] 1 
 , weobtainthatb X vi1 # vi2 Y � bX vi2 # viK ] 1 Y .
Considerthreedistinct nodesvi � v j andvk. Sincethe permutationdefinedabove wasarbi-
trary, any permutation suchthat i1 � i � i2 � j andiK & 1 � k leadsto bX vi # v j Y � bX v j # vk Y . If
vi � v j � vk andvl are four distinct nodes,we obtain by transitivity that b X vi # v j Y � bX v j # vk Y �
bX vk # vl Y , andthereforebe hasthesamevaluefor all e � E.

M
�
n � K �_� n 6 e n

K T 1 f .
Let bTx ( β bea facet-defininginequalitysuchthat thefaceinducedby x

�
E �g( M

�
n � k � in)

G #K is containedin the facetFb inducedby bTx ( β. Our aim is to show that be hasthe
samevaluefor all e � E.

Considerapermutation � i1 � ����� � in 
 of � 1 � ����� � n 
 , andthetwo following setsof edges:

F3 � ��� vi1 � vin 
�
Z� ��� vi1 � vin j K ] 2 
�
B� n T 1U
j V 1
��� vi j � vi j ] 1 
�


�rq n
K j 1 s T 1U

j V 1
��� vi1]nk j j 1lok K j 1l � vi1] j k K j 1l 
�
,�

F4 � ��� vi2 � vin 
�
Z� ��� vi2 � vin j K ] 2 
�
B� n T 1U
j V 1
��� vi j � vi j ] 1 
�
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Figure8: F3 andF4 for n � 15andK � 4

�rq n
K j 1 s T 1U

j V 1
��� vi1]nk j j 1lok K j 1l � vi1] j k K j 1l 
�
 �

Theseconstructionsareillustratedin Figure8 for n � 15andK � 4. It is easyto seethat
F3 andF4 definefeasiblesolutions of 2CNBR, andthat �F3 ���p�F4 �n� M

�
n � K � . Therefore,

the incidencevectorsof F3 andF4 lie in Fb. SinceF4 is obtainedfrom F3 by replacing
edges� vi1 � vin 
 and � vi1 � vin j K ] 2 
 by � vi2 � vin 
 and � vi2 � vin j K ] 2 
 , we obtain that bX vi1 # vin Y 6
bX vi1 # vin j K ] 2 Y � bX vi2 # vin Y 6 bX vi2 # vin j K ] 2 Y .
Considerfour distinct nodesvi � v j � vk andvl . Sincethepermutationdefinedabove wasarbi-
trary, any permutationsuchthat i1 � i � i2 � j � in � k andin T K & 2 � l leadsto

bX vi # vk Y 6 bX vi # vl Y � bX v j # vk Y 6 bX v j # vl Y �
Similarly, any permutationsuchthat i1 � k � i2 � l � in � i andin T K & 2 � j leadsto

bX vi # vk Y 6 bX v j # vk Y � bX vi # vl Y 6 bX v j # vl Y �
This leadsto b X vi # vk Y � bX v j # vl Y .
It remainsto beshown thattwo edgeshaving acommonendpointhavethesamecoefficient.
If vi � v j � vk � vl andvm arefivedistinctnodes,weobtainby transitivity thatb X vi # v j Y � bX vl # vm Y �
bX vi # vk Y , andthereforebe hasthesamevaluefor all e � E. C

6 Separation of cyclomatic inequalities

Themaindifficulty thatappearswhentrying to separatecyclomatic inequalitiesis thefactthatthe
right-hand-side of theinequalityis not linearin thenumberp of subsetsthatdefinethepartition.
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To overridethisdifficulty, wedecidedto approximateM
�
p � K � by a linearfunctionof theform

a
�
p � 1� . Therefore,we try to find amostviolatedinequalityof theform

1
2

p

∑
i V 1

∑
e� δ tWi u xe

a
( p � 1 �

which canbeperformedin polynomial time usingBarahona’s algorithm[1] for partitioninequal-
ities. If sucha violatedinequality is found,it is sufficient to checkthat thecyclomaticinequality
definedby thesamepartitionis alsoviolated.

Theeffectivenessof thisproceduredependsheavily on thechoiceof a in orderto havea good
approximationof M

�
p � K � . Our choicewasto take

a � nK�
n � 1� � K � 1�

which leadsto a
�
p � 1�O� n 6 n

K T 1 for p � n. Figures9 and10 illustratethis approximation for
K � 4andK � 7, respectively, andn � 50. Wecanobservethattheapproximationisquiteaccurate,
andgives goodresultsin practice.

7 Implementation of the Branch-and-Cut algorithm

In this section,we describesomestrategic choicesthatweremadein the implementationof our
Branch-and-Cutalgorithmfor the2CNBRproblem.Our aim hereis not to describein detail the
generalBranch-and-Cutframework, but to emphasizethe problem-specific aspectsof our algo-
rithm. For a generalintroduction to Branch-and-Cut,we refer the readerto Thienel [13] or to
NemhauserandWolsey [11] for a morecompletesurvey on combinatorial optimizationandpoly-
hedraltheory.

The algorithmwasimplementedin C++, usingversion2.0 of the ABACUS library (Thienel
[13, 14]), andCPLEX 4.0asLP-solver.

The initial linear programis definedby degreeconstraints x
�
δ
�
v���v( 2 for all v � V andthe

lowerboundon thenumberof edgesx
�
E �O( M

�
n � K � .

An importantissuein the effectivenessof a Branch-and-Cutalgorithmis the computation of
goodupperbounds. Due to the effectivenessof the Tabu Search heuristicpresentedin [4], we
perform600 iterationsof Tabu Searchin parallelwith the Branch-and-Cutalgorithmto obtaina
goodupperbound.

Moreover, we try to transformeachLP-solutionobtainedin theBranch-and-Cutto a feasible
solutionby rounding up to 1 all thevariableswith fractionalvalue.

Thepool usedto storegeneratedinequalities is thestandardpool in ABACUS.We startwith
a pool size equal to 100 times the numberof nodesin the network, and we allow this size to
be increaseddynamicallyif necessary. All the generatedinequalitiesareput in the pool andare
dynamic,i.e. they areremovedfrom thecurrentLP whenthey arenot active. Theseparationof
valid inequalitiesis performedasfollows. Wefirst separateinequalitiesfrom thestandardpool. If
all the inequalities in thepool aresatisfiedby thecurrentLP-solution, we separateinequalitiesin
thefollowing order:
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1. cyclomatic inequalities;

2. subsetinequalities;

3. cut constraints;

4. ring-cutinequalities;

5. node-partitioninequalities;

6. metricinequalities.

Subset,cut, ring-cut,node-partition andmetric inequalitiesarestudied in [5]. Theorderof sepa-
rationwaschosenafteraseriesof numericalexperiments,thechoiceof inequalitiesseparatedfirst
seeminglybeingthebesttrade-off betweenseparationtimeandefficiency of thecuts.

Moreover, wegoto thenext classof inequalitiesonly if thenumberof generatedcuttingplanes
is lessthan50. Otherwise,wesolve theLP againandrestarttheseparationprocedure.

All inequalitiesareglobal (i.e. valid in all thetree),exceptring-cut inequalitiesthatarevalid
locally.

8 Computational Results

We presentin this sectionnumericalresultsobtainedfor the 2CNBR problemwith the Branch-
and-Cutalgorithm.

The Branch-and-Cut was implementedusing ABACUS 2.0 and CPLEX 4.0, and testedon
a SUN SparcUltra 1 workstationwith a 166 Mhz processorand 128 Mo RAM. We fixed the
maximumCPUtime to 10 hours,exceptfor randomlygeneratedproblemswith 40 and50 nodes,
whereit waslimitedto 3 hours,dueto thelargenumberof problemsto solve. Moreover, for these
largeproblems,wenoticedthattheboundsdid not improvemuchafter3 hours.

We considercostsequal to the roundedEuclideandistance. Testswere madefor differ-
ent valuesof the bound, for instancescoming from real applications, with 12, 17, 30 and 52
nodes,and for randomproblemswith nodesuniformly generatedin a squareof size 250 ;
250. Randomproblemswith 10 to 50 nodeswere generated,and we testedfive instances
of eachsize. Data on the randomly generatedtest problemsare available at the Web page
http://s mg.ulb.ac.b e/˜bfortz/ 2cnbm/data. html . TheCPUtimesreporteddo not include
theTabu Search procedure,asit wasrun in parallelonanotherprocessor.

Table 2 reportsresultsobtainedfor problemscoming from real applications, while Table4
reportstheaverageresultsobtainedfor randomlygeneratedproblems.Abbreviationsusedin the
tablesaresummarizedin Table1.

For 20 nodesor less,all problemscould be solved to optimality. For larger problems, we
remarkthat theproblemswith a smallvalueof K aremuchharder, thelower boundat theroot of
theBranch-and-Boundtreebeingfar from theoptimum.

Problemswith alargevalueof K areeasiertosolvedueto thefactthattheseproblemsarecloser
to thetwo-connectednetwork problem(without ring constraints), which canbesolvedefficiently
usingcutandnode-partitioninequalities(for theinstancesweconsidered).Themostdifficult cases
seemto befor K between3 and5, andespeciallyfor K � 4.
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�V � numberof nodesin thegraph�E � numberof edgesafterpreprocessing
K boundon thelengthof cycles
p/o for randomproblems, totalnumberof problems/numberof problems

solvedto optimality
# ineq. numberof inequalitiesgenerated
# B&B nodes numberof Branch-and-Bound nodesexamined(including the root

node)
LB (root) lowerboundobtainedat therootnodeof theBranch-and-Boundtree
LB (final) globallowerboundat theendof theoptimization
UB bestupperboundfound
Gap gapbetweenthefinal upperandlowerbounds:

gap � 100t UB T LBu
LB

CPUtime timespentin theBranch-and-Cut (without theTabu Search)

Table1: List of abbreviations

Theseinstanceswerenottestedin [6] and[5]. Ourmainnew contributionis theintroduction of
cyclomatic inequalities.To testtheir impactontheefficiency of ouralgorithm, we testedthesmall
instancescomingfrom real applications(12 and17 nodes)without the cyclomatic inequalities.
ThemaximumCPU time wassetto 30 minutessinceall the instancesweresolved to optimality
within this time limit usingthecyclomaticinequalities. Resultsarereportedin Table3 andclearly
show thattheuseof cyclomaticinequalitiesconsiderablyimprovesthelowerboundsanddecreases
thecomputing times.

9 Conclusion

In this paper, we studytheparticularcaseof the2CNBR problemin which eachedgehasa unit
length.This problemis harderto solve thanits weightedcounterpart.We presentherenew struc-
tural propertiesof this problem,leadingto new facet-defininginequalities.Numericalresultsob-
tainedwith a branch-and-cutalgorithmusingthesenew inequalitiesaswell asinequalities intro-
ducedin Fortzetal. [6] andFortzandLabb́e [5] arereported.Fromtheseresults,wecanconclude
that theBranch-and-Cut algorithmis ableto solve to optimality instancesof smallsize(up to 30
nodes).However, problemswith a smallvalueof thebound(3 to 5) remaindifficult to dealwith
andshouldprobablyneedspecificmethods.
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w
V
w

K
w
E
w
# ineq.# B&B LB LB UB Gap Gap CPUtime

nodes (root) (final) (root)(final) (hh:mm:ss)
12 39 3 179 31 740 794 794 7.3 0.0 0:00:09
12 39 4 288 105 647 681 681 5.3 0.0 0:00:18
12 39 5 73 7 598 606 606 1.3 0.0 0:00:01
12 39 6 53 5 563 568 568 0.9 0.0 0:00:01
12 39 8 39 13 521 537 537 3.1 0.0 0:00:01
12 39 10 27 7 517 521 521 0.8 0.0 0:00:01
12 39 16 24 1 496 496 496 0.0 0.0 0:00:01
17 88 3 1570 3521 1034 1100 1100 6.4 0.0 0:18:29
17 88 4 2549 5381 907 966 966 6.5 0.0 0:29:37
17 88 5 270 61 837 855 855 2.2 0.0 0:00:26
17 88 6 75 1 797 797 797 0.0 0.0 0:00:02
17 88 8 222 105 752 766 766 1.9 0.0 0:00:22
17 88 10 36 1 715 715 715 0.0 0.0 0:00:01
17 88 16 13 1 711 711 711 0.0 0.0 0:00:01
30 200 3 8481 38011 1310 1417 1431 9.2 1.0 10:00:00
30 200 4 23545 33887 1171 1227 1326 13.2 8.1 10:00:00
30 200 5 22860 35693 1078 1127 1176 9.1 4.3 10:00:00
30 200 6 2683 2721 1018 1055 1055 3.6 0.0 0:45:22
30 200 8 1957 1049 930 956 956 2.8 0.0 0:18:21
30 200 10 315 9 895 901 901 0.7 0.0 0:00:41
30 200 16 1650 781 843 861 861 2.1 0.0 0:08:31
52 622 3 4143 11115 1630 1674 1870 14.7 11.7 10:00:00
52 622 4 5129 5783 1411 1457 1663 17.9 14.1 10:00:00
52 622 5 6474 3781 1303 1354 1478 13.4 9.2 10:00:00
52 622 6 5233 4099 1256 1292 1362 8.4 5.4 10:00:00
52 622 8 5974 3049 1178 1209 1246 5.8 3.1 10:00:00
52 622 10 7535 3933 1136 1160 1208 6.3 4.1 10:00:00
52 622 16 10117 4693 1074 1091 1104 2.8 1.2 10:00:00

Table2: Branch-and-Cutresults,realapplications,unit edgelengths
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w
V
w

K
w
E
w
# ineq.# B&B LB LB UB Gap Gap CPUtime

nodes (root) (final) (root) (final) (hh:mm:ss)
12 39 3 566 371 689 794 794 15.2 0.0 0:01:14
12 39 4 1203 1311 606 681 681 12.4 0.0 0:02:54
12 39 5 542 265 565 606 606 7.3 0.0 0:00:30
12 39 6 221 67 544 568 568 4.4 0.0 0:00:08
12 39 8 105 33 513 537 537 4.7 0.0 0:00:02
12 39 10 94 19 501 521 521 4.0 0.0 0:00:01
12 39 16 24 1 496 496 496 0.0 0.0 0:00:01
17 88 3 2956 5449 965 1057 1108 14.8 4.8 0:30:00
17 88 4 6015 5135 853 911 966 13.2 6.0 0:30:00
17 88 5 1960 1773 798 855 855 7.1 0.0 0:08:52
17 88 6 784 189 772 797 797 3.2 0.0 0:01:17
17 88 8 1134 567 731 766 766 4.8 0.0 0:02:19
17 88 10 71 9 709 715 715 0.8 0.0 0:00:02
17 88 16 217 113 693 711 711 2.6 0.0 0:00:13

Table3: Branch-and-Cut resultsfor unit edgelengthswithout cyclomatic inequalities
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w
V
w@w

E
w

K p/o # ineq. # B&B Gap Gap CPUtime
nodes (root) (final) (hh:mm:ss)

10 25.6 3 5/5 177.8 64.2 5.7 0.0 0:00:08
10 25.6 4 5/5 93.6 35.0 4.7 0.0 0:00:03
10 25.6 5 5/5 72.0 20.6 2.5 0.0 0:00:02
10 25.6 6 5/5 48.8 14.6 3.6 0.0 0:00:01
10 25.6 8 5/5 17.0 5.4 1.0 0.0 0:00:01
10 25.6 10 5/5 3.2 1.0 0.0 0.0 0:00:01
20 74.4 3 5/4 2763.8 17192.2 8.0 1.1 2:15:54
20 68.7 4 5/5 6454.4 24128.2 8.4 0.0 2:29:58
20 68.7 5 5/5 582.8 477.4 4.4 0.0 0:02:31
20 68.7 6 5/5 355.0 169.8 3.7 0.0 0:00:58
20 68.7 8 5/5 322.8 169.4 3.4 0.0 0:00:42
20 68.7 10 5/5 228.8 37.8 2.1 0.0 0:00:19
20 68.7 16 5/5 68.6 7.0 0.7 0.0 0:00:01
30 179.4 3 5/2 4845.6 26101.4 10.8 3.9 7:54:33
30 179.4 4 5/1 15326.2 26165.4 12.2 6.3 8:46:06
30 179.4 5 5/1 15310.0 21576.6 11.1 5.3 8:03:46
30 179.4 6 5/4 7763.2 13739.8 6.4 1.0 5:03:45
30 179.4 8 5/5 2471.2 2261.4 4.1 0.0 0:55:43
30 179.4 10 5/5 2652.8 1824.6 3.1 0.0 0:43:14
30 179.4 16 5/5 2264.0 705.4 2.7 0.0 0:16:27
40 231.6 3 5/0 2237.4 8677.0 10.7 5.8 3:00:00
40 231.6 4 5/0 3790.6 7089.0 10.9 7.0 3:00:00
40 231.6 5 5/0 4203.8 6433.8 10.3 5.8 3:00:00
40 231.6 6 5/0 4863.0 7096.2 8.6 4.3 3:00:00
40 231.6 8 5/2 4336.4 4258.2 5.6 1.4 2:07:27
40 231.6 10 5/2 4573.8 3095.0 5.7 1.6 2:00:23
40 231.6 16 5/4 3850.8 1889.8 3.1 0.4 1:14:11
50 337.2 3 5/0 2089.4 4400.6 12.8 9.3 3:00:00
50 337.2 4 5/0 3123.6 3736.2 15.9 12.2 3:00:00
50 337.2 5 5/0 3680.6 3312.2 13.3 9.7 3:00:00
50 337.2 6 5/0 3871.6 3417.4 12.3 8.9 3:00:00
50 337.2 8 5/0 4227.4 2871.4 8.1 4.9 3:00:00
50 337.2 10 5/0 4315.8 2744.2 5.8 2.8 3:00:00
50 337.2 16 5/1 4448.4 2290.2 3.5 1.3 2:28:00

Table4: Branch-and-Cutresults,randomnetworks,unit edgelengths
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