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Two-Dimensional Burst Identification Codes
and Their Use in Burst Correction

KHALED A. S. ABDEL-GHAFFAR, ROBERT J. MCELIECE, FELLOW, IEEE,
AND HENK C. A. VAN TILBORG, SENIOR MEMBER, IEEE

Abstract — A new class of codes, called burst identification codes, is
defined and studied. These codes can be used to determine the patterns of
burst errors. Two-dimensional burst correcting codes can be easily con-
structed from burst identification codes. The resulting class of codes is
simple to implement and has lower redundancy than other comparable
codes.

I. INTRODUCTION AND SUMMARY

N MOST memory devices, information is stored in two

dimensions. In such cases, errors usually take the form
of two-dimensional bursts. For example, VLSI RAM chips
are sensitive to alpha particles and other radiation effects
which can cause two-dimensional bursts of errors. Two-
dimensional burst correcting codes can be used to combat
such errors. Elspas [1] has shown that the product of two
cyclic codes is a burst correcting code. Later, Imai [2], 3]
has constructed a class of two-dimensional burst correcting
codes based on generalizing one-dimensional Fire codes
[4). Interleaving techniques were also used in [2] to con-
struct two-dimensional burst correcting codes.

We construct a new class of two-dimensional burst
correcting codes. The main idea behind this class is what
we call “burst identification codes.” Two-dimensional
codes, as well as burst'identific_atipn codes, are defined in
Section II. A detailed study of one-dimensional and two-
dimensional burst identification codes is given in Sections
II1, IV, and V. In Section VI two-dimensional burst cor-
recting codes are constructed using burst identification
codes. To compare our two-dimensional codes with other
codes mentioned in the literature, a criterion, which we call
the “excess redundancy,” is used to estimate the re-
dundancy in each class of codes. The codes constructed in
Section VI are generally better, in terms of excess re-
dundancy, than the other classes of codes. Although the
codes constructed in Section VI are noncyclic, the com-
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plexity of their encoders and decoders, which are described
in Section VII, is comparable to the complexity of the
encoders and decoders of cyclic codes.

II. PRELIMINARIES AND DEFINITIONS

An n, X n, array, where n, and n, are positive integers,
is an array of n; rows and n, columns. A binary two-
dimensional code of area n; X n, is a set of n, X n, binary
arrays, whose elements are called codewords. A binary
linear two-dimensional code % of area n; X n, is a subspace
of the n,n,-dimensional space of n, X n, arrays over F,.
Let k be the dimension of ¢, and [g")],- - -,[g{*)], where
0<i<n;, 0< j<n,, beabasis for €. The n, X n, matrix
G=[g, ] whereg, ;=(g®, -, g*)is called a generator
matrix of €. The dual code of €, denoted by % *, is the
null space of €. If the n; X n, matrix H= [h; )] is a
generator for €+, then H is called a parity check matrix
of the code ¥. The elements of H are elements in the
r-dimensional vector space over F,, where r=nn, —k is
called the redundancy of the code. The syndrome
of a binary array [a, ;] of area n; X n,, with respect to
the parity check matrix H of ¥, is defined as
Y7o'Ehy'a, sk, . Thus a binary array of area ny X n, is a
codeword in € if and only if its syndrome is zero with
respect to any given parity check matrix.

The map [a; ;] a(x, y) =LZ1,'T70'a, ;x'y/ defines
an isomorphism between the n,n,-dimensional vector space
of n; X n, arrays over F, and the vector space of bivariate
polynomials { p(x, y) € E[x, y]: deg,p(x, y) < ny,
deg,p(x,y) <n,}. We will frequently identify each array
with its image under this isomorphism.

A binary two-dimensional linear code % is said to be
cyclic if xe(x, y) and yc(x, y), both mod(x™ +1, y" +1),
are in ¢ for each c¢(x, y)€%. Thus a cyclic code of
area n, X n, is an ideal in the residue class ring F[x, y]/
(x™+1, y"2 +1).

The pairs of positive integers will be partially ordered by
saying that (b,, b,) is less than (ny, n,) if by <n,, by <n,,
and b;b, # n;n,. We denote this by (b, b,) < (n, n,). A
by X by-burst, (b, b,)< (ny, n,), is a nonzero n; X n, bi-
nary array whose nonzero components are confined to a
rectangle of area b; X b,. Let {(i, j): u; <i<u;+bj,u, <
J<u,+b;}, where 0<u;<n,—b{, 0<u,<n,—bj, be
the smallest rectangle containing the nonzero components
of the b, X by-burst B=[a; ;},0<i<n;, 0< j<n,. Then
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B is said to have area bjXbj. For b;<b{ <b, and
b < by’ < b,, we say that B has the pattern (a; ;] u; <i<
u, + by’ u, < j<u,+ by, starting at position (uy, u,). In
the following, it is more convenient to speak about “the”
pattern of B by considering [a, ], u; <i<u;+b{,u, < j
<u,+ by, to represent the same pattern for all bf <
by <b, and b} < by < b,. By this convention, it is to be
noted that the pattern and the starting position of any
burst are unique. Thus [a; ;] is a b; X by-burst if and only
if a(x,y) =L/ 'Lyla, x'y/=x"y“b(x, y), for some
O<wuy<n —b, 0<su,<n,—b,, and b(x,y)€RB,,,
where

B,,,= { p(x,y) €F[x, y]: deg, p(x,y) <b,,

deg, p(x, y) <b,, p(x,0)#0, p(0, y) #0}.

In such case the burst pattern is given by the polyno-
mial b(x, y) and its starting position is (u;,u,). The
array [a; ;},0<i<n;,0< j<n,,is called a by X b,-cyclic
burst if a(x, y)= Zf’;},liﬁiglai'jx’yf = x*“y“p(x, y)
(mod x™+1, y"+1), for some 0<u; <n,0<u,<n,,
and b(x, y) € #,,,,- Thus a by X by-burstis a b, X by-cyclic
burst, but the converse does not always hold. The starting
position (u;, u,) of the cyclic burst and its pattern, which
is given by b(x, y), are not necessarily unique. This will be
considered in the following lemma.

Lemma 1: A necessary and sufficient condition for all
by X by-cyclic bursts [a; ;],0<i<n;,0< j<n,, to have
unique patterns and starting positions is n; > 2b, —1 and
ny,>2b,-1.

Proof: 1f n; <2b,—1, then the burst [a; ], defined by
a; ;=1if and only if (i, j) € {(0,0),(b, —1,0)} has start-
ing positions (0,0) and (b, —1,0) since

1+ xh - l=x2" Y1+ xm"5*) (mod x™+1, y" +1)

and deg, (1+x" A"y =n —b +1<b. Thus n >
2b, —1 is a necessary condition. By similarity, n, >2b, —1
is also necessary. Conversely, suppose n;>2b,—1, n, >
2b,—1, and

x“y“b(x,y)=x"y"b"(x,y) (mod x"+1, y™+1)
where 0 < u;, v, <ny, 0<u,,v,<n,, b'(x,),b"(x,y)€
B, Multiplying both sides by x™ ~*“y"27*2 we obtain
bl(x, y)+ xv,—ulyvz-uzb//(x’ y) =0

(mod x™+1, y™ +1).
From b7(0, y) # 0, it follows that 0 < v, — u; <b,. From
b'(0, y) # 0, it follows that v, —u; <0 or v; —u;>n; —b,.

Since n, > 2b; —1, we have u, = v;. Similarly, u, = v, and
hence b’(x, y) = b"(x, y). a

The following lemma gives the number of distinct
b, X b,-burst patterns, which we denote by N(b,, b,).

Lemma 2: The number of distinct b, X by-burst pat-
terns N(b,, b,) is given by

N(bl’ bz) = 2b1bz‘1 +(2b1-—1 _1)(21),—1 _1) xz(bx‘l)(bz‘l).

Hence
20 L < N(by, by) < 2bb
and the equality holds if and only if b, or b, is 1.

Proof: From the definitions, it follows that N(b,, b,)
is the total number of binary b, X b,-arrays with the prop-
erty that their first row and column are nonzero. The first
and second terms give the number of arrays satisfying this
property with “1” and “0” at position (0,0), respectively.

O

In this paper, we will consider binary linear codes only.
If n; =1, we say that the code is a one-dimensional code of
length n,. In such case, the first dimension will be sup-
pressed. Hence, from Lemma 2, it follows that the number
of distinct b-burst patterns is given by N(b)=2""1
According to our notation, the parity check matrix of a
one-dimensional code of length » and redundancy r is
1X n matrix [hg,---, h,_,], where hy,--- h, | EF,.

A two-dimensional linear code € is said to be a b; X b,-
burst identification code if no codeword is a b, X b,-burst,
or a sum of two b, X b,-bursts of different patterns. Equiv-
alently, the code % is a b, X b,-burst identification code if
and only if the syndromes of the b, X b,-bursts with re-
spect to any given parity check matrix of ¢ are nonzero
and distinct for distinct burst patterns.

If a b, X by-burst identification code is used over a

channel that may add to any transmitted codeword a
b, X by-burst, then the receiver can determine the burst
pattern added by the channel. It is important to note that
the receiver may not be able uniquely to determine the
burst position. Hence the transmitted codeword may not
be uniquely determined. Thus a b, X b,-burst correcting
code is a b, X by-burst identification code, but the converse
does not always hold. In other words, a b, X b,-burst
identification code may contain a codeword which is the
sum of two b, X b,-bursts of the same pattern.
We define r, ., (by, b,) to be the minimum redundancy
required to construct a b, X b,-burst identification code of
area n;Xn,. Clearly, r, ., (b;,b,) is a non-decreasing
function in n, and n,. In Section IV, we will derive an
upper bound on r, ., (b;, b,) which is independent of n,
and n,. Thus r, ., (b, b,) is constant for n; and n,
sufficiently large. This constant will be denoted by
r(b;, b,). In the next section, we start studying burst
identification codes by considering the one-dimensional
case.

III. ONE-DIMENSIONAL BURST IDENTIFICATION CODES

A one-dimensional code is a b-burst identification code
if and only if the syndromes of the b-bursts are nonzero
and distinct for distinct burst patterns. Since the number
of different burst patterns is N(b) =271, it follows that
the minimum redundancy required to construct a b-burst
identification code of arbitrarily large length is bounded
by r(b) > [log, (1+2°71)], which implies r(b)>b. It is
obvious that r(1) =1, which is achieved by a code whose
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parity check matrix is H =[1,1,- - -,1]. The bound r(b) > b
follows also from the following lemma which is an im-
mediate consequence of the definition.

Lemma 3: Let H be a parity check matrix of a b-burst
identification code. Then, every b consecutive elements of
H are linearly independent.

The next lemma shows that a stronger bound holds for
b=3.

Lemma 4: Let H be a parity check matrix of a b-burst
identification code of length n > 2b ~2. Then every 2b —2
consecutive elements of H are linearly independent.

Proof: If b <2, the result follows from Lemma 3. So,
we assume in the following that b>3. Let H=
[k, by, -+, h,_} and suppose that LY jah,, = 0, where
a,€F,ay=a, 1=1,1<u<2b-2, and O0</<n~u
Lemma 3 implies that ¥ > b +1. The burst pattern (1, a, +
1,a,,a,.,,- -, a,_,) starting at position / + b —2 has syn-
drome hy,,_,+(ay+Dhy +E{ 50k =T 5ah,,,
+(a,_,+Vhy_r+(a,+a,_+1h,,,_,. However, the
burst pattern (1, ay, -, a,_3,a,_,+1,a,+a,_; +1)
starting at position / has the same syndrome, but obvi-
ously a different pattern (compare the second coordinate
in the burst patterns). This contradicts the assumption that
the code is a b-burst identification code. a

It follows from this lemma that r(b)>2b—2. The
following theorem gives a construction of b-burst identifi-
cation codes, for b>2, of arbitrarily large lengths and
with redundancy 2b — 2. First, we define e, =
(e, 001" "> €iap-3) 05i<2b—2, by e, =1, and
e, ;=0 for i # j. So e, is the ith canonical vector of length
2b-2.

Theorem 5: Let b > 2 and e; be the ith canonical vector
of length 2b — 2. Then the code ¥ of length n whose parity
check matrix is given by H=[hy, hy,---, h,_,], where
h,=e; 04052 15 a b-burst identification code with re-
dundancy 25 —2.

Proof: Consider a burst of length b’ <b. Let (ag=

1, ay,- -+, a,_,=1) be its pattern and / its position, where
0 </ < n—b’. The syndrome of this burst is
b -1 b -1
§= ‘Zo ah,, ;= 'Eo i€+ imod (2b-2)"
i= i=

The vectors e, modp-2) for 0 <i<b’ are distinct since
b’ < b <2b—2. Hence the weight of the vector s, i.e., the
number of its nonzero components, is equal to the weight
of the burst pattern. This ends the proof for b = 2 since the
burst patterns are either (1) or (1,1). Now, let b > 3. Then
5= (80, S, - -, S25_3) is a cyclic shift of the (26 —2)-tuple

(ag, ay,- -+, a, _1,0,---,0). Hence if s has a unique cyclic
string of consecutive zeros of length >b—2, then the
burst pattern (ay, a;,* -+, a, _,) can be uniquely deduced

from s. If this is not the case, then s has two cyclic strings
of b —2 zeros each, which occurs if and only if 5’ = b and
the burst pattern is (4,=1,0,0,---,0,4,_,=1). Also in
this case the burst pattern is uniquely determined from the
syndrome. |
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Combining Lemma 4 and Theorem 5, along with the
fact that (1) =1, Theorem 6 follows.

Theorem 6: r(1) =1, and r(b)=2b—2 for b>2.

IV. Two0-DIMENSIONAL BURST IDENTIFICATION CODES

A two-dimensional code is a b, X b,-burst identification
code if and only if the syndromes of the b, X b,-bursts are
nonzero and distinct for distinct burst patterns. Since the
number of different patterns is N(b, b,), as given in
Lemma 2, it follows that the minimum redundancy re-
quired to construct a b; X b,-burst identification code
of arbitrarily large area is bounded by r(b;,b,) >
[log, (1 + N(b,, b,))], which implies r(b,, b,) > b,b,. In this
section, we will prove that 2b,b, —2 <r(b;, b,) <2bb,.
The following two lemmas are the two-dimensional ver-
sions of Lemmas 3 and 4.

Lemma 7: Let H=[h, ], 0<i<n,0<j<n, be a
parity check matrix of a b, X b,-burst identification code.
Then, for every pair of integers (u;, u,), such that 0 <u, <
n—b,0<u,<n,—-b, the vectors h; ;, for u,<i<
u, + by, u, < j<u,+ b, are linearly independent.

The proof of the previous lemma follows immediately
from the definition.

Lemma 8: Let H=[h, ;J, 0<i<n;, 0<j<n,, be a
parity check matrix of a b; X b,-burst identification code.
LetO<uj,v,<n—b, 0<uy,v,<n,— by, I, = {(i, j):
u <i<u +b,u,<j<u,+b,}, and define J, , simi-
larly. If |1, , N1, ,|>2, then the vectors h; ;, (i, j) €
I, .Ul are linearly independent.

w4y v, 0,

Proof: Without loss of generality, assume that u; < v,
andu,<v,. LetJ=1, , N1, ,={{i ) v <i<u+b,
v, < j<u,+b,}, and suppose |J|=2. We may assume
that u;, + b; — v, > 2, otherwise interchange i and ; (see
Fig. 1). Now, suppose that X, ;¢ Ty Ul 0% h 0,
a; ; € F,, and not all are zero.

ij=

U, Vs

Uy

Uyl

M| }zz

and 1,

ooy’

Fig. 1. I

uy. uy

Let x be an indeterminate. Define the array [c, ],
0<i<by, 0<j<b, by co=1, ¢;p=x, and ¢, ;=
4y, +i,0,+; Otherwise. The array [c, ;1 defines the pattern of
a b, X by-burst starting at position (v;,v,). Let B, be this
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burst. The syndrome of B, is

b1 by —1

Z Z Cl/ o tisvaty

i=0 ;=0
=h, o, txh, 1,
+ )y a; ;h;
(o) € Ly~ (0 ) (0 + 1)
=1+ al,l‘vl)hl,l_uz+(x+ ayir )Ry o1,

+ Z a; ;h; ;
. el .,

- 3

() € Q=

a; h, +(1 + aul’%)h

i % U1, 0y

+()C + aul+1‘zn:)hvl+l,uz'

Define the array [d; ;], 0<i<b,0<j<b,, as

Ay viiuy+jo if(u1+i’u2+j)61u1‘uz_‘];
S e, if (uy+ivuy+ j) = (0,,0,):
ij . . .

X+ ay if (uy+i,u,+j)y=(v;+1,0,);

0, otherwise.

Let B, be the burst whose pattern is defined by the array
[d,,1,0<i<b,0<j<b,, and whose starting position is
(u], u4), where u{ =u;+t,us=u,+t,, and ¢t ¢t, are the
maximum values for which the rectangle {(i, j): 1, <i <b,,
t, < j<b,} contains all the nonzero components of the
array [d; ], 0<i< bl, 0 < j<b,. From Lemma 7, it fol-
lows that (ul, u3) €1, , —J. The syndrome of B,, which
is Thgly "Z'ld, ,hu,+. u,+j» 18 the same as the syndrome of
B,. Hence B, and B, should have the same pattern. This
implies that d,.; ., =¢ ; for 0<i<b —uf 0<
Jj<b,—uj (see Fig. 2). In particular, it implies that
d,; 11,4 =%, independent of our choice of x! However,
(u{,u3)€l, , —J implies (u{ +1,u3) # (v, +1,0,). Since
d, i1, is the only element in the array [d, ;], 0 <i <b,,
0 < j <b,, that depends on x, it follows that d,, ., ,, does
not depend on x. By choosing x=1+d, ., ., we get a
contradiction. O

It follows from the previous lemma that r(bb,) >
2b,b, —2.

{0}
{33

{1
{4}

{21}
{57

) 7 ®)
(03 (e (2.5
(76 (@) (587
(6.0} (717} (82

497

U

W= =

[ey]

Fig. 2. Arrays[¢, ;] and [d, ;]

Before presenting a construction of a b, X b,-burst iden-
tification code with a redundancy 2b,b,, we have to say
something about the notation that we shall use. Let 2 be
the set {0,1',---,(b;b,—1)Y}U{0",1",---,(bb, — 1)"}.
A vector h € F*" can be represented as h =
(hg by -+ h(blb’_l,, By Bymys =+ By, 1y7 ). We associ-
ate with every vector h pA F2hb: its characteristic set 4 =
{qeﬂ h,=1}. In partlcular the parity check matrix

={h, ] can be represented by the sets 5, ; instead of
the vectors h,

In the followmg construction of burst identification
codes, we define a matrix H—[h,’]], 0<i<2b, 0<
J <2b,. The parity check matrix of a code of area
nyXn,, denoted by H=[h; ], 0<i<n;,, 0<j<n,, is
then defined periodically by A h, mod 26y, j mod 26, L1€
matrix H is called the buzldmg block of the code.

Theorem 9: Let the elements of the 2b, X2b, building
block 2 be defined as

#, = {(iby+ j))

A

‘in,j+b2= {(ib2+j)"(ibz+ f)”}
Ai+bl,j= {(ib2+ j)',(((i‘*'l) mod bl)b2+ j)”}
3?,4171,,4»2: {(ib2+j)"}

where 0<i<b,, 0< j<b, Then, # is the building
block of a b, X b,-burst identification code of redundancy
2b,b,.

Before giving the proof, the following is an example of
the construction of the building block for b, = b, =3.
Example: With b, = b, = 3, the building block H# is

{0’,0”} {l’,l”} {2/’2//} ]
{3/’3//} {41’4//} {5/’5//}
{61,6”} {7/’7//} {8/,8//}

() g

{37}
{6"}

(1)
(#)
()

{2}
{5}
{8}
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Proof: 1t is clear from the construction that the re-
dundancy is 2b,b,. Let B be a b, X b,-burst whose pattern
is [a; ;], 0 <i <by,0 < j <b,, starting at position (uy, u,).
Its syndrome is given by

by—1b,-1

s = Z Z alj i uytj
i=0 j=0

Let J={(u;+i,uy+ j): a; ;=1} be the set of positions
of the nonzero elements of B. The projection of the burst
B on the building block is a cyclic burst B, where the
positions of its nonzero components are given by the set
J={i niod 2b,, j mod 2b,: (i, j) € J}. Since the area of
building block is 2b, X 2b,, it follows from Lemma 1 that
the cyclic burst B has unique burst pattern and starting
position. Hence, it suffices to show that the burst pattern
of B can be uniquely determined from the syndrome s. In
fact, we will show that from s we can even uniquely
determine J, except for few cases in which J is determined
up to a shift of b, and b,, in the vertical and horizontal
directions, respectively. .

_From the definition of S, it follows that ¢, ; and
K,  are disjoint if (i, j)# (i',j'), |i—i'|<b;, and
|/ = J'| <b,. So, if & denotes the characteristic set of the
syndrome s, then from the construction of the parity check
matrix of the code we have

&L= U A'%oi,j
G.jyet

@)

where U denotes the union of disjoint sets. It also follows
from the definition of J# that if 9? contains /" or /",
then / = j (mod b,). Let J
S ={s'e& s=l (mod b)), ' ={s"eS s=I
(mod b,)}, and ¥, = %Y%), where 0 </ < b,. Thus J, is
the restriction of J to columns / and [+ b,. Hence, J=
U0<,<bJ,and S =Y. <p,S) Where &)= U,,)ej,fi.,
for 0</< b,, which follows from (2). It is sufficient to
show that from each individual &), where 0 </<b,, we
can determine uniquely the burst pattern defined on J,,
which is a b; X 1-burst. This is demonstrated only for / =0
since the other values of / can be treated similarly.

Notice from the construction of J# that the number of
elements contained in 3?,.'0 from the set {0°,1,---,
(byb, —1)} is at least equal to the number of elements
contained in 5, o from the set {0”,17,---,(b b2—1)"}
Of course, the same holds for disjoint unions of Ji”, o- The
converse holds for 9?, b Equality occurs only in .9?, o for
by<i<2by, and in .%jb for0<i<b,.

Hence we have the following set of rules for identifying
the b, X 1-burst pattern defined by JO from %,. For other
values of I, these rules are also applicable after obvious
modifications.

Rule 1, If |S|> || or || =" and S+
{(ib,)": (iby) € &'} In this case, the elements of Jy are
of the form (,0). In fact, JO {(1,0): (ibY € &, (i +1)
mod b,)b,)" & F/ YU{(i+ b,0): (ib) €L, ((i+1)
mod b,)b,)’ € F'}.

{G, J)EJ Jj=1(mod b,)}, "
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Rule 2, If |F|<|H') or |F|=|%'| and Fy' +
{(((i +1) mod b))b,)": (ib)) € &'}: In this case, the
elements of J are of the form (i, b,). In fact, J0 {(i, by)
(b)Y € &, (iby)" € S5y U {(i + by, by): (ib)) & 5,
(iby))" & S }.

Rule 3, If S = {(ib,)": (iby)y € 3} = {(((( +l) mod
b)b,y)": (iby) € & }: In this case, either & = =%
= ¢, the null set, which implies J =¢, of ¥ = {(zbz)
0<i<b } and &' = {(ib,)": 0<i<b}. The latter case
implies that Jo {(1 0): by<i<2b;} or J {(i,b)): 0 <
i<b,}. However, these two possibilities for Jy give the
same pattern. -

By applying this algorithm to %, for /=1,2,---,b, -1,
this ambiguity will be resolved unless when rule 3 is
applicable for all values of /. In the latter situation, two
possibilities for J can be deduced from the syndrome .
However, both give the same burst pattern. O

Example (continued): Let & = (2,5, 6,7, 8, 4, 5",
6”, 77, 8”} be a syndrome with respect to the building
block of the 3X3-burst identification code given in (1).
Then Sy ={6"}, £ = {6"}. Rule 2 applies, and we find

={(2, 3)} Slmrlarly, L =T}, ={4",7"}, and rule
2 yields J, = {(2,4),(4,4)}. Finally, &) = {2,5,8'}, %" =
{5”7,8”}, and rule 1 yields S = {2 2) (3,2),(4,2)}. Thus
the cyclic burst B deduced from Jo, J, s

00 0 0 0 O
0 0 00 0O
0 01110
0 01 0 0 O
0 01 01 0
0 0 0 0 0 0

and its pattern is given by

1 11
1 0 0]
1 01

Example (continued): Let & = {0, 1', 3, ¢, 0, 3", 4",
6”, 8"} be a syndrome with respect to the building block
of the 3X3-burst identification code given in (1). Then
Lo ={0,3,6"}, &' ={0",3",6"}, and rule 3 yields J, =
{(3 0),(4,0),(5,0)} or {(0,3),(1,3),(2,3)}. We also have
S = {1}, ¥ = {4"}, and rule 1 yields J, = {(3,1)}. Since
the burst is assumed to be confined to a rectangle of area
33, then JO {(3,0),(4,0),(5,0)}. Finally, % =¢, %"
= {8”}, and rule 2 yields J2 {(5,5)}. So, the cyclic burst
B deduced from Jo, J J2 is

= O OO
SO OOO
DO OCOoOoOoO
oo O
OO OO O
HOOoOOoOOoOOo

and its pattern is given by

0 1 1
01 0]
11 0
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The next theorem, which is the most important result of
this section, follows from Lemma 8 and Theorem 9.

Theorem 10: Let r(by, b,) be the minimum redundancy
required to construct a b, X b,-burst identification code of
arbitrarily large area. Then

2b,b, —2 < r(by. by) < 2b,b,.

V. SoME SPECIFIC BURST IDENTIFICATION CODES

In this section we will consider b, X b,-burst identifica-
tion codes for some specific values of b, and b,. We note
that if H is a parity check matrix of a b, X b,-burst
identification code, then the transpose of H is a parity
check matrix of a b, X b,-burst identification code, and so
r(by, by) =r(by, by).

A. 1Xb-Burst Identification Codes

Obviously, r(1,1) =1 which is achieved by a code whose
parity check matrix is composed of ones. So, in the follow-
ing we take b>1. The next theorem gives an explicit
construction for 1 X b-burst identification code with 25 —2
redundant bits.

Theorem 11: Let b>1 and let e, be the ith canonical
vector of length 25 —2. Then, the code of area n, Xn,
whose parity check matrix is given by H=[h, ;] 0<
i<n,0<j<n, where h, ;=e; . 405-2 15 a1Xb-burst
identification code of redundancy 25 —2.

Proof: The patterns of the 1 X b-bursts are the same as
those of the one-dimensional b-bursts. In Theorem 5, a
construction is given of a one-dimensional b-burst identifi-
cation code. Hence the code defined in Theorem 11, which
is simply the code defined in Theorem 5 repeated n; times,
is a 1X b-burst identification code. The redundancy is
obviously 26 — 2. a

Combining this result with Theorem 10, we obtain the
following theorem.

Theorem 12: r(1,1)=1, and
for b>1.

r(1, b)=r(b,1)=2b—-2

B. 2X2-Burst Identification Codes

From Theorem 10, we know that 6 < r(2,2) < 8. Here,
we will prove that r(2,2)=7. First we will show that
r(2,2) > 6. Suppose that H is a 3 X4 submatrix of a parity
check matrix of a 2X2-burst identification code with re-
dundancy 6. By studying the structure of H, we will
establish a contradiction. By Lemma 8, we may assume,
without loss of generality, that H has the form

P e e u
q e, e v
t e, es w

where e, is the ith canonical vector of length 6, and p, ¢,
t, u, v, and w are vectors of length 6. We shall write
p=(Py P, "5 Ps), and the same notation holds for the
other vectors.
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Lemma 13: q,=¢qgs=vy,=0,=1.

Proof: Suppose that g, =0. By Lemma 8, applied to
{(i, j): i=1,2, j=0,1,2}, it follows that g, =1. The burst

0 1 0 0
1 1+49, 0 O
0 0 0 0
has syndrome (0,0,1, g5, g4, ¢5), as does the burst
0 0 0 0
0 1 g5 0}
0 g g5 0

while obviously these two bursts have different patterns.
This contradiction proves that g; =1. For reasons of sym-
metry, gs=v,=uv,=1. ]

Lemma 14: p=e;, t=e,, u=e,, and w=e.

Proof: Let x be an indeterminate. Since ¢;=1 by
Lemma 13, it follows that the burst B, given by

1 potpgo 0 0
2 X 0 0}
0 0 0 0

has syndrome (0,0, p, + pig; + X, p3 + p1g3, Py + P1das
Ps+ Pigs), as does the burst B, given by

0 0 0 0
0 p+pgotx p3s+tpgs 0
0 Pat Pi4s pstpigs O

Hence these two bursts should have the same pattern. By
taking x =1, it follows that p,+ p,g, =0, py+ pigp=
P3+ P1dy, P1= Pyt Prds, and ps+ pigs=1. Hence

0 0 0 0
B,=|0 x potpgy 0
0 p 1 0

If we now take x =0, and compare B, with B,, it follows
that p,= p,= 0. Substituting this in the previous equa-
tions, we get p,=p,;=p,=0 and p;=1. Hence p =e;.
By symmetry, we get t =¢,, u=e,, and w=e,. a

By Lemma 14, H has the form

es e, e e,
q € € v
e, e, e5 e

Furthermore, by Lemma 13 we have ¢, =¢s=1 and v, =
vy =1. The proof of the next lemma contradicts the as-
sumption r(2,2) = 6.

Lemma 15: r(2,2) > 6.

Proof: By Lemma 8, applied to {(i, j): i=0,1, j=
0,1,2}, {(i, j): i=1,2, j=0,1,2}, and {(i, j): i=0,1,2,
Jj=0,1}, we get ¢, =g, =q,=1. Hence g = (1,1, ¢,,1,1,1).
By symmetry, v=(1,1,1, v;,1,1). However, the burst

0 1 0 0
1 14+g, 0 0
0 0 0 0
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has syndrome (0,1,1,1,1,1), as does the burst
0 0 0 0

0 0 1+v; 1
0o 0 0 1

’

while, obviously, these bursts have different patterns. This
contradiction proves the lemma. O

The following theorem gives a 2 X2-burst identification
code with redundancy 7. As in Theorem 9, the parity check
matrix H=[h, ;J,0<i<n,0<j< ny, is defined periodi-
cally by the 4><4 building block H= [h ] 0<i<4,
O0<j<4,ash,; h,m“.jmo“,whereh EFz

Theorem 16: Let

e, e e, e
e, es e 1
¢, € e €
e 1 e, e

HA=

where e, is the ith canonical vector of length 7, and
1=(,1, 1 1,1,1,1). Then H is the building block of a
2 X 2-burst identification code of redundancy 7.

Proof: 1t is clear from the construction that the re-
dundancy is 7. Since the building block has size 4X4, it
suffices, as we have demonstrated in the proof of Theorem
9 by using Lemma 1, to show that the burst pattern of any
2% 2-cyclic burst B on the building block can be uniquely
determined from its syndrome.

Let B be a 2x2-cyclic burst, and let s be its syndrome,
whose weight is denoted by w(s). Let S be the set of
positions of the nonzero components of B. From the
construction of H, it follows that each vector we€
{eq, e, - -, e, 1} occurs twice in H, namely at positions
(@, J)and (i +2 mod 4, j +2 mod 4), for some 0 < i, j < 4.
Since B is assumed to be of area 2X2, or less, it follows
that no vector u can contribute twice to s. The weight

w(s) = 4 if and only if the pattern of Bis i ] For all

1
other burst patterns, w(s) >4 if and only if J contains
(1,3) or (3,1). So we may replace 1 by e, in the burst
identification algorithm, where we now view the e; as the
canonical vectors of length 8. The weight of the burst is
now equal to w(s). Let u be one of the vectors that
contributed to s. The nonzero components of the burst B
are contained in a 3 X 3 subarray, which corresponds to the
3% 3 submatrix

u, u u

H(u)= ["3 u U,

u, us uy

where the vectors u,;, 0 <i <5, and u are all different and
from the set { ey, e,," - -, €;}. Note that this 3X 3 submatrix
is the same for the two positions of u in H. The burst
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pattern of B can now be easily determined from s and
H(u). o

Combining Lemma 15 and Theorem 16, we arrive at the
following theorem.

Theorem 17: r(2,2)=1.

C. 3% 2-Burst Identification Codes

The following theorem is stated here without its lengthy
proof which can be found in [5].

Theorem 18: 11 <r(3,2) <12.

VI. BURST CORRECTING CODES

A two-dimensional linear code % is said to be a b, X b,-
burst correcting code if no codeword, except the all-zero
codeword, is a b, X b,-burst or a sum of two b, X b,-bursts.
Equivalently, the code ¥ is a b, X b,-burst correcting code
if and only if the syndromes of the b, X b,-bursts with
respect to any given parity check matrix of & are nonzero
and distinct.

We are mainly interested in b; X b,-burst correcting
codes whose areas are much larger than b, X b,. In this
section, we will construct a class of burst correcting codes
using burst identification codes. To compare this class of
codes with other classes mentioned in the literature, the
following measure is used to estimate the redundancy
required in each class. Consider an infinite class & of
b, X b,-burst correcting codes, and suppose that for every
positive integer n, the subset ¥ (n) of codes in & of area
ny X n, for some (n;,n,) > (n,n) is nonempty. For each
¢, let njgXn,e and r, denote the area and re-
dundancy of ¥, respectively. Then, we define the excess
redundancy of the class & as

Fo(by, b)) = lim inf (rg—log, (niense)),
n—o ¥e€L(n)

if such limit exists. The concept of excess redundancy is a
modified version of an earlier measure of efficiency of
one-dimensional burst correcting codes developed by
Fire [4]. Note that r.,(b,b,) exists if and only if
infg ¢ o, (rg —10g, (n147,¢)) is bounded as a function of
n since it is a nondecreasing function. If this function is
unbounded, we take 7,(b,, b,)=00. The definition of
excess redundancy may need some clarification. A b, X b,-
burst correcting code of area n; X n, and redundancy r
must have distinct syndromes for all distinct 1 X 1-bursts.
Since there are n;n, such bursts, it follows that r should
be at least log,(n;n,). This explains the term “excess”
used to describe 7o(by, b,). It follows from the definition
of excess redundancy that if r,(by, b,) is finite, then for
every €>0 and every positive integer n, there exists a
b, X by-burst correcting code in &% of area n, Xn,, for
some (ny, n,)>(n,n), whose redundancy is less than
T (by, by) +log, (nyny) + €.
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For a code of area n; X n,, it can be easily shown that
the total number of b, X b,-bursts is

by
(”1 - b1)(”2 - b2)N(bl’b2)+(n1—bl) Z_ N(bl’ bﬁ)

by h b
+(ny=by) X N(bj, b))+ X X N(bi,b}),
b =1 b =1b5=1
where N(b,, b,) is the number of distinct patterns of
b, X by-bursts. Hence if the code is a b, X b,-burst cor-
recting code of redundancy 7, then 2" —1 should be at least
equal to this number. This implies the following result.

Theorem 19: Let r(b,,b,) denote the excess redun-
dancy of the class of all b, X b,-burst correcting codes.
Then,

7(by, by) =10, N(by, by).

Our main aim is to develop two-dimensional burst cor-
recting codes whose excess redundancy is small. Before
doing that, it may be illuminating to consider one-dimen-
sional codes whose theory is better understood.

Hamming codes are 1-burst correcting codes whose
excess redundancy is 0. For 2-burst correcting codes,
Abramson codes [6] have excess redundancy 1. The excess
redundancies of these two classes of codes satisfy the
minimum bound of the one-dimensional version of Theo-
rem 19 with equality. For b-burst correcting codes, with
b > 3, the best known class until recently in terms of excess
redundancy was Fire codes [4]. The excess redundancy of
this class is (2b —1)—log, (26 —1). However, it has been
shown recently [7] that for every positive integer b >3, a
class of cyclic b-burst correcting codes exists whose excess
redundancy is b — 1. This class satisfies the lower bound of
the one-dimensional version of Theorem 19 with equality.

We return to two-dimensional burst correcting codes.
The first class of such codes ever reported in the literature
is due to Elspas [1]. The codes in this class are products of
cyclic codes. The excess redundancy of these codes is
infinite for all values of b, and b,. However, note that
these codes have other error correcting capabilities, in
addition to correcting two-dimensional bursts. Moreover,
the excess redundancy is useful in measuring the efficiency
of a b, X b,-burst correcting code only if its area is much
larger than b, X b,. For example, codes obtained by inter-
leaving have infinite excess redundancy. However, some of
these codes are asymptotically optimum as b, and b, tend
to infinity [2].

The yB-codes developed by Nomura ez al. [8], are cyclic
1 X 1-burst correcting codes whose excess redundancy is 0,
which meets the lower bound of Theorem 19 with equality.
The class of two-dimensional Fire codes [2], [3] has excess
redundancy (26, — 1)(2b, — 1) —log, (2b, — 1)(2b, — 1).
Apart from the codes developed in this paper, this excess
redundancy is the best known value in case (b, b,) > (1,1).

Let 4, be a b, X b,-burst identification code of area
n, X n,. Then %, has no nonzero codeword which is a
b, X by-burst or a sum of two b, X b,-bursts of different
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patterns. Suppose that €, is a code of area n; X n, that
has no nonzero codeword which is a b, X b,-burst or a sum
of two b, X by-bursts of the same pattern. Then the sub-
space ¥ =%, N ¥, is a code of area n, X n, that has no
nonzero codeword which is a b, X b,-burst or a sum of two
b, X b,-bursts. In other words, ¢ is a b, X b,-burst cor-
recting code. The code €, is called a b, X b,-burst locating
code since it can determine the location of any single burst
if its pattern is known. The redundancy of € is at most
equal to the sum of the redundancies of ¢, and %,. A
code whose redundancy is the sum of the redundancies of
%, and %, and which is a subspace of ¥, N¥, will be
called a burst identification and locating (BIL) code.

Starting with the one-dimensional burst identification
codes of Theorem 3, it is possible to construct a family of
one-dimensional BIL codes whose excess redundancy is
r(b) as given in Theorem 6. The required burst locating
codes are simply Hamming codes. One-dimensional BIL
codes have a simple structure although they are not cyclic.
However, their excess redundancy, which is 2b—2 for
b= 2, is slightly larger than the excess redundancy of the
class of cyclic Fire codes which is (26 —1)—log, (2b —1).

Obviously, the redundancy r of a b, X b,-burst locating
code of area n,Xn, must satisfy 2"—1>nn,. In the
following theorem, a technique which is due to Nomura
et al. [8] is given to construct burst locating codes which
satisfy this bound with equality.

Theorem 20: Let m; and m, be positive integers. Let
be a primitive element in Fym~,. Let n; and n, be positive
integers such that the following conditions are satisfied:

1) nn,=2""—1.
2) m, is the multiplicative order of 2 modulo n,.
3) GCD(nj,n,)=1.

Let y =a" and B = a™. Then,

i}  The orders of y and B are n, and n,, respectively.

ii) The minimal polynomial of y over F, is of degree
m;y, and the minimal polynomial of 8 over F,., is of
degree m,.

iti) The elements yB8/, for 0 <i<my, 0 < j<m,, are
linearly independent over F,.

iv) yB/=1if and only if n,|i and n,|;.

v)  The matrix [y8/],0 <i < n,, 0 < j < n,, is a parity
check matrix of a cyclic m; X m,-burst locating
code of area n; X n, and redundancy m,m,.

Proof: Part i) immediately follows from condition 1).
From condition 2) it follows that the minimal polynomial
of y over F, is of degree m,. The degree of the minimal
polynomial of B over F,. is the least positive integer d
such that 2™9=1 (mod »n,). Conditions 1), 2), and 3)
imply that for such 4, we have 2™ =1 (mod 2™": —1)
and hence d = m,. This proves ii).

Now, suppose that

my—1 m —1

Z Z ai.J’Y’BI:O

j=0 i=0
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where a; ; € F,. The fact that the mmrmal polynormal of B
over Fzm1 is of degree m, implies /™ ;¥'=0 for all
0 < j <m,, which implies a; ;=0 for all 0 <i<m; and
0 < j<m, as the minimal polynomial of y over F, is of
degree m,. This proves iii).

To prove iv), note that n|i and n,|;j implies Y8/ =1
from i). On the other hand, if Y8/ =1, then y"2 =g /m =1,
which gives n,|in,. This implies n,|i by (3). Hence /=1,
which gives n,| ;.

Next, we prove v). Let [¢; ;}, 0<i<n;, 0< j<n,, be
an array over F,. The syndrome of this array is given by

nm—1n;—1

§= Z Z ¢, leBj

i=0 j=0
Thus the array [c; ;] is a codeword if and only if c(y, 8) =
0, where ¢(x, y) =Lio'Tryle; x'y/. Hence the code is
an ideal in Fz[x,y]/(x"l +1 y"z +1), and thus is cyclic.
Hence to show that it is an m; X m,-burst locating code, it
suffices to prove that if

c(x,y)=b(x,y)+x"y*b(x,y) (mod x™ +1, y" +1)

is a codeword, where b(x,y)€ %,,,,, then nyju; and
n,|u,. Suppose c(x, y) is a codeword. Then b(y,B)+
v“B*“b(y, B) = 0. However, from part iii), it follows that
b(y,B8) # 0, which implies y*“g“:=1. Part iv) gives n,|u,
and n,|u,.

Thus the code is indeed a cyclic m; X m,-burst locating
code of area n; X n, and redundancy < m,;m,. However
from iii), it follows that the redundancy is exactly m,m,.

[m]

A code whose construction is as given in Theorem 20
will be called a yB-code with parameters (m;, m,). The
yB-codes presented here are the duals of the codes studied
in [8], which are called yB-array codes.

In the following, we will show that for all positive
integers b, and b,, there exists an infinite number of
b X bz-burst locating codes within the class of yB-codes.
The basic argument in the proof is due to Gordon {9].

Theorem 21: For every pair of positive integers (m,, m,)
such that m; # 6 and m; > m,, there exists a yB-code with
parameters (m,, m,).

Proof: Let m;# 6 and m; > m,. From a result in [10],
it follows that a prime p exists such that m; is the
multiplicative order of 2 modulo p. This implies m; < p —1
by Fermat’s theorem. Let p¢|[2"™ —1 for some positive
integer a4, i.e,, p*R™ —1 but p**'+2™ —1. Assume that
pl2™™: —1)/(2™ —1). Then

20ma=Dymy y olma=2my 4 ... 42m 1] =0 (mod p).

m, terms

Since 2™ =1 (mod p), it follows that p|m,. Hence m, > p
> m, +1, which contradicts m;>m,. Thus p+ (2™ —
1)/(2™ —1), which implies p + (2™ —1)/p*. Let n, = p*
and n, = (2™™ —1)/p® Then, conditions 1)-3) of Theo-
rem 20 are satisfied, and hence there is a yB8-code with
parameters (m;, m,). O
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Corollary 22: If b,, b,, and n are positive integers, then
there exists a b, X b,-burst locating code which is a y8-code
of area greater than n X n with parameters (m,, m,) for all
sufficiently large m, and m,.

Proof: If (by, by)=<(m;, m,), then an m; X my-burst
locating code is a b, X b,-burst locating code. The corollary
now follows from Theorem 21 and conditions 1) and 2) of
Theorem 20. |

Some practical applications may require the areas of the
burst locating codes to be squares or close to squares. In
the construction given in Theorem 20, it follows that
n;<2™~1 and

2mma 1 QMM —]
=
ny 2m—1

Thus, if n, and n, are required to be large and close in
value, then m, is restricted to be less or equal to 2.
However, this may restrict the yB8-code to be a b, X b,-burst
locating code with b, =1 or 2 only.

In the following, we construct b, X b,-burst locating
codes of square areas for all positive integers b, and b,.

> 2m1(m2~1).

n,=

Theorem 23: Let b,, b,, 1, t,, and m be positive in-
tegers, m>1. Let a and B be primitive elements in F,n,
not necessarily distinct. Suppose that the following condi-
tions hold.

1) The elements a™*/, 0<i<b;, 0<j<b,, are lin-
early independent over F,.

2) The elements B'*/%2, 0 <i<b,, 0< j<b,, are lin-
early independent over F,.

3) GCD(#t,—-1,2"-1)=1.

Then the code with parity check matrix [k, ], 0 <i, j <2”
—1, given by h, .= (a™*/, ") isa cycllc b, X by-burst
locatlng code Of area 2™ —1X2™ -1, and redundancy 2m.

Proof: Let n=2"—1. An armay [, ], 0<i,j<n,
over F, is a codeword if and only if its syndrome is zero,
i.e., if and only if

n—1n-1 n—1n-1
Z Zci lll+j_ Z Zc’ IBH»IIZ_
i=0j=0 Y i=0,/=0
Let c(x, y) =Lno'Ehle, x'y/, then it follows that

c(x,py)isa codeword 1f and only if c(a",a) =c(B,B"?) =
0. Thus the code is an ideal in F[x, y]/(x"+1, y"+1),
and hence is cyclic. To prove that the code is a b, X b,-burst
locating code, it suffices to show that if

c(x,y)=b(x,y)+x"y*b(x,y)(mod x"+1, y" +1)

is a codeword, where b(x,y)€E€ %,,, then u;=
(mod n). Suppose ¢(x, y)is a codeword then

b(a,a)+ a"1*“p(a, )
=b(B,B'z)+'B“1+“z'zb(B‘B’z) =0

From conditions 1) and 2), it follows that b(a",a) and
b(B, B'2) are nonzero, which implies

u, =0

ity +uy=u; + uyt, =0 (mod n).
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From condition 3) it follows that u;=u,=0 (mod n).
Thus the code is a b, X b,-burst locating code of area
2" —1x2™ —1, and redundancy 2m at most. Since the
redundancy of a burst locating code of area n X n should
be at least log, (n*+1), it follows that the redundancy is
exactly 2m. ml

A code whose construction is as given in Theorem 23
will be called an afB-code. These codes have the largest
possible areas among all burst locating codes of square
areas.

Conditions 1) and 2) of Theorem 23 may be tedious to
check. In the following, we will give a systematic technique
to satisfy these conditions if m is large with respect to b,
and b,.

Lemma 24: Let by, b,, t,, t,, and m be positive integers
such that

1) tHy=2by,and m= (b, —1)t;+b,.
i) t,2b, and m>(b,—1)t,+b,.

Then, the following holds for any primitive elements a and
B in Fyu:

1) The elements a“*/, 0<i<b,, 0< j<b,, are lin-
early independent over F,.

2) The elements '/, 0<i<b,, 0<j<b,, are lin-
early independent over F,.

Proof: 1t suffices, by symmetry, to prove that condi-
tion i) implies 1). From i), it follows that the numbers
it,+ j, where 0<i<b,, 0< j<b,, are distinct and lie
between 0 and m —1. Since the minimal polynomial of «
has degree m, then condition 1) holds. O

The following is an immediate corollary of the previous
lemma.

Corollary 25. If b, and b, are positive integers, then a
b, X b,-burst locating code exists which is an afS-code of
area 2" —1x2™ —1, for all sufficiently large m.

In the beginning of this section, we have shown a
technique to construct BIL codes which are burst cor-
recting codes using burst identification codes and burst
locating codes. Using the class of yf3-codes or the class of
af-codes, it can be shown easily that the excess re-
dundancy of the class of BIL codes is given by

Fai (b, by) =r(by, by),
which is the minimum redundancy required to construct a

b, X b,-burst identification code of arbitrarily large area as
defined in Section II. From Theorem 10, it follows that

2b,by —2 < Fyyy (by, by) < 2byb,.

From Section V, we also have ry; (1,5)=2b-2 for b>1
and 7y (2,2) = 7. It follows that the excess redundancy of
the class of BIL codes is less than the excess redundancy of
the class of two-dimensional Fire codes for all values of b,
and b, except if b, or b, is 1, or by = b, =2, and possibly
(by, by) =(2,3) or (3,2).

The excess redundancy Fyp (b, b,) is about twice the
lower bound of Theorem 19 which is log, N(b,, b,). It is
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shown in [5] that a class of cyclic burst correcting codes
exists whose excess redundancy is [log, N(b,, b,)]. The
proof of the existence of this class of codes is a two-dimen-
sional generalization of the proof of the existence of the
one-dimensional optimum cyclic burst correcting codes as
given in [7). This proof depends on some results from
algebraic geometry, namely, Weil’s estimates for character
sums. However, these codes are hard to find and may not
exist unless the areas are very large.

VII. EncopING AND DecoDING BIL CODEs

A BIL code, as explained in the previous section, is
constructed from a burst identification code and a burst
locating code. Now we will assume that the burst locating
codes are cyclic. As explained in Section VI, the classes of
yB-codes and «fB-codes are cyclic burst locating codes
which can be used to construct BIL codes whose excess
redundancy is minimum. We do not assume that the BIL
codes considered in this section are necessarily cyclic.

The techniques presented here are generalizations of
encoding and decoding techniques of one-dimensional
cyclic burst correcting codes. Both one-dimensional encod-
ing and decoding techniques were generalized by Imai in
[3], [11] to two-dimensional cyclic codes. We will briefly
describe these techniques and modify them to be suitable
for BIL codes.

Let H=[h; ;],0<i<n;, 0< j<n,, be the parity check
matrix of a b, X b,-burst correcting code of redundancy r.
Let = {(, ) 0<i<n;, 0<j<n,}. From the defini-
tion of b, X b,-burst correcting codes, it follows that no
codeword is a b, X b,-burst. Hence a set of parity check
positions I1 of cardinality r exists such that {(i, j): 0 <i
<b,0<j<by)CIL

A. Encoding and Decoding Cyclic Burst Correcting Codes

Shift registers are commonly used to encode and decode
one-dimensional cyclic codes [12]. A two-dimensional shift
register is described by Imai [11] in which |II| storage
devices are arranged in the form of the parity check
positions given by II. The connections of the register are
determined according to the parity check matrix of the
cyclic code. We represent the contents of the shift register
by the polynomial o(x, y) =%, ;e Ho”vx"yf, where o, ; €
F, is the content of the storage device at position (i, j).
The register can be shifted in the x and y directions.

First, we will describe the encoding of two-dimensional
cyclic codes. Let m; , where (i, j) €l — I, be the infor-
mation bits. Let m(x, y) =L ; eqm, X'/, where m,
=0 for (i, j) € II. The coefficients of m(x, y) are fed into
the register. After a number of shifts in the x and y
directions, the contents of the register, represented by
o(x, y), give the parity check bits of the codeword ¢(x, y)
corresponding to the information polynomial m(x, y), i.e.,
c(x, ¥) = m(x, y)+o(x, »).

Now, we describe the decoding process. Consider a
cyclic b, X b,-burst correcting code. Let v(x, y) = c(x, y)
+ e(x, y) be the received word, where e(x, y)is a b, X b,-
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burst of error added to the transmitted codeword c(x, y).
Then e(x, y) =x"y*“b(x, y) for some (u,,u,) €L and
b(x,y) € By p,

Imai [11] has given a two-dimensional version of the
error trapping algorithm which is well-known for decoding
one-dimensional cyclic burst correcting codes [12]). The
received word v(x, y) is fed into the two-dimensional shift
register. The register is then shifted in the x and y direc-
tions without an input until its contents, represented by
a(x, y), display a pattern of a b; X b,-burst, i.e., o(x, y) €
B, b, In this case, b(x, y)=o(x, y) and the burst posi-
tion (u,, u,) is determined by the number of shifts in the x
and y directions. Hence e(x, y)=x"y*“b(x, y) is de-
termined.

B. Encoding and Decoding BIL Codes

Consider a b, X b,-burst correcting code which is a BIL
code. Its parity check matrix can be written as (h/ ;, h7'}),
O0<i<n, 0<j<n, where [h] ] is the parity check
matrix of a cyclic burst locating code, and [A} ] is the
parity check matrix of a burst identification code.

Let II be parity check positions for the BIL code such
that (i, j) €1l for 0 <i<b,, 0< j<b, The information
bits are represented by the polynomial m(x, y) =
L. yeam X'y’, where m, ;=0 for (i, j)€Il. Let
m(x, y) be encoded for the cyclic burst locating code using
the two-dimensional shift register described before. Let
¢'(x, y) be the codeword corresponding to m(x, y) in the
burst locating code. Naturally, ¢’(x, y) may not be a
codeword in the burst identification code. Let s, denote its
syndrome with respect to the burst identification code. We
will obtain a codeword ¢”(x, y) =X jyenc/ x'y’ in the
cyclic code whose syndrome with respect to the burst
identification code is sp. The polynomial ¢”(x, y) is de-
termined by

L clhi ;=0
G.j)yen
Y ki =g
WS
G, Hell

From the definition of II, it follows that the elements

(h’;, k[ ), where (i, j) €I, are independent. Hence these

equations can be solved to obtain ¢”’(x, y). Now, ¢(x, y)
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=c'(x, y)+c"(x, y) is the codeword in the burst cor-
recting code corresponding to the information bits repre-
sented by the polynomial m(x, y).

Now, we describe a technique to decode BIL codes. We
use the burst identification code to determine the burst
pattern b(x, y). Then we use the two-dimensional shift
register applied to the cyclic burst locating code until the
contents of the register display the burst pattern, i.e.,
o(x, y)=b(x, y). The burst position (u;,u,) is de-
termined by the number of shifts in the x and y direc-
tions.

Note that in many cases encoding and decoding of BIL
codes are not computationally difficult. The reason is that
the burst identification codes as given in Section V and VI
are periodic with periods in order of b, X b,.
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